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Abstract

We introduce and study a surface defect in four-dimensional gauge theories supporting
nested instantons with respect to the parabolic reduction of the gauge group at the
defect. This is engineered from a D3 /D7-branes system on a non-compact Calabi—Yau
threefold X. For X = T2 x T*Cq.k, the product of a two torus T2 times the cotangent
bundle over a Riemann surface Cy ; with marked points, we propose an effective theory
in the limit of small volume of C, ; given as a comet-shaped quiver gauge theory on
T2, the tail of the comet being made of a flag quiver for each marked point and the
head describing the degrees of freedom due to the genus g. Mathematically, we obtain
for a single D7-brane conjectural explicit formulae for the virtual equivariant elliptic
genus of a certain bundle over the moduli space of the nested Hilbert scheme of points
on the affine plane. A connection with elliptic cohomology of character varieties and
an elliptic version of modified Macdonald polynomials naturally arises.

Keywords Non-perturbative effects - Supersymmetric gauge theories - Moduli
spaces - Representation theory
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1 Introduction and discussion

The study of defects can be used to characterize the behavior of physical theories and
the related mathematical structures. In this paper we are interested in surface defects
in four-dimensional supersymmetric gauge theories; namely, real codimension two
submanifolds were a specific reduction of the gauge connection taking place. This
kind of defects has been widely investigated in many contexts from various different
perspectives. The study of the role of defects in the classification of the phases of gauge
theories was pioneered by "t Hooft [1]. Surface defects were introduced by Kronheimer
and Mrowka [2,3] in the study of Donaldson invariants, while their réle in the context
of geometric Langlands correspondence was emphasized in [4]. The correspondence
with two-dimensional conformal field theories [5] prompted a systematic analysis of
surface defects and highlighted their relevance for quantum integrable systems [6,7]
and for the study of isomonodromic deformations and Painlevé equations [8—10]. In
this paper we introduce and study surface defects supporting nested instantons with
respect to the parabolic reduction of the gauge group at the defect. These defects are
engineered from a D7/D3 brane system on a local compact complex surface S. The
brane engineering naturally leads to a description of these defects and their effective
supersymmetric field theories in terms of moduli spaces of representations of quivers
in the category of vector spaces, the objects being the branes and morphisms the open
strings suspended among them. Supersymmetric partition functions of these systems
provide conjectural formulae for topological invariants of these moduli spaces, more
precisely, since these are generically not smooth, for virfual invariants of them.
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The brane system we consider is D7/D3 on a local fourfold embedded in the ten
dimensional IIB superstring supersymmetric background, the D3-branes wrapping the
non-contractible cycle S. The D3-branes effective theory is the topologically twisted
Vafa—Witten (VW) theory [11] with two extra chiral multiplets in the fundamental
describing the D7/D3 open string sector. The D7 branes gauge theory is related to
(equivariant) Donaldson-Thomas theory [12] on the fourfold. Actually, we consider
these theories in a non-trivial 2-background corresponding to the equivariant param-
eters associated with rotations along the non-compact directions of the fourfold. This
leads to a refinement of the above mentioned gauge theories. We focus on the case
S = T? x C, the last being a Riemann surface with punctures {p;}. Surface operators
of this four-dimensional gauge theory are real codimension two defects located at
T2 x {p;}.

The effective theory describing the dynamics of such surface defects is obtained in
the limit of small area of C and turns out to be a quiver gauged linear sigma model
which flows in the infrared to a nonlinear sigma model of maps from 7% to the moduli
space of nested instantons. This is a generalization of the usual ADHM instanton
moduli space, structured on the decomposition of the gauge connection at the surface
defect. It is obtained from the usual ADHM instanton moduli space by implementing
a suitable orbifold action which generates the fractional fluxes of the gauge field at the
defect. The partition function of the D7/D3 effective theory computes the equivariant
(virtual) elliptic genus of this moduli space in the presence of matter content dictated
by the topology of C, which, for genus g amounts to g-hypermultiplets in the adjoint
representation. Their contribution is encoded in a bundle V, over the moduli space of
nested instantons. The general formula for the elliptic genus is (2.16) which, in the
particular case r = 1 and k = 1, calculates the virtual elliptic genus of the bundle V,
over the nested Hilbert scheme of points on C2. The explicit combinatorial expression
of (2.16) is given by (3.57) in terms of nested partitions.

We also study the circle reduction of this system, which leads to a T-dual D6/D2
quantum mechanics. In this case, we find that the generating function of the defects,
obtained by summing over all possible decompositions of the connection at the punc-
ture, or in other terms over all possible tails of the quiver, displays a very nice
polynomial structure in the equivariant parameters.

The partition function of the D-brane system is computed in two ways. One, worked
out in Sect. 3.1, makes use of superlocalization formulae [13] directly leading to a
sum over fixed points with weights computed from the character of the torus action on
the nested instanton moduli space. An alternative derivation is performed in Sect. 3.2,
where the T2 partition function is evaluated via a higher dimensional contour integral
a la [14]. This can be also prescribed via Jeffrey—Kirwan residue method [15,16],
as it was used in the study of D1/D7 BPS bound state counting on C> in [17]. We
remark that although the residue method is computationally more demanding, it has
the advantage of allowing for the study of wall crossing among spaces with different
stability conditions by changing the integration contour [18,19].

When one considers a single D7 brane, the nested instanton moduli space reduces
to the nested Hilbert scheme of points on C2. Our brane construction provides a
conjectural description of this space as the moduli space of representations of the
quiver considered in Sect. 2.6. Moreover, in this case the summation over the tails of
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the quiver gives rise to polynomials related to the modified Macdonald polynomials,
and the whole partition function is related to the generating function introduced in [20]
to describe the cohomology of character varieties. The analog result for the full 72
partition function gives rise to special combinations of elliptic functions which can be
regarded as an elliptic lift of these polynomials. We display few examples in equations
(3.96), (3.99), (3.102). These formulae should encode the elliptic cohomology of
character varieties and can be viewed as an elliptic virtual refinement of the generating
function of [20]. We remark that the D6/D2 quantum mechanical system and its relation
with [20] was studied in [21] via a different approach based on topological string
amplitudes on orbifold Calabi—Yau.

The relation with character varieties can be understood from the fact that Vafa—
Witten theory on § = T2 x Cis known to reduce in the small C limit to a GLSM on T2
with target space the Hitchin moduli space over C [22]. This in turn is homeomorphic
[23] to the character variety of C, namely the moduli space of representations of the first
fundamental group of C\{p;} into GL,(C) with fixed semisimple conjugacy classes
at the punctures.

There are some open questions to be discussed about the above construction. Actu-
ally, the 2d (2,0) D3/D7 quiver gauge theory that we consider is anomalous, the
D3/D7 open string modes breaking (2, 2) to (2, 0) and generating an R-symmetry
anomaly. Indeed instantons in the D7 brane gauge theory are sourced from D3 branes.
The mathematical counterpart is that Donaldson—Thomas (DT) theory on fourfold
has positive virtual dimension and requires the insertion of observables to produce the
appropriate measure on the moduli space [24,25]. To cure this, we introduce new fields
with opposite representations with respect to the gauge group and global symmetries.
These are sources of the insertion of suitable observables which compensate the R-
symmetry anomaly. Actually, the extra fields we consider can be thought as arising
from coupling of D3-branes to D7-branes. It was recently conjectured [26] that D7/D7
system undergoes tachyon condensation leaving behind D3-branes. This proposal is
a generalization of the known condensation [27] of D5/D5 into D3s. Indeed in our
calculations we find that, at special values of the equivariant parameters, the contri-
bution of the D3/D7 and D3/D7 modes to the elliptic genus cancels out, in line with
the above expectations. It would be extremely interesting to further analyze a possible
application of our technique to the string field theoretic description of D-branes/anti
D-branes annihilation.

The mathematical implication of all this is that DT theory on the local surface four-
fold should reduce to VW theory on the complex surface S itself, the corresponding
partition function providing conjectural formulae for VW invariants on S in the pres-
ence of surface defects. We aim to further investigate this reduction in the future and
to analyze the elliptic genus of the nested instanton moduli space and in particular of
the nested Hilbert scheme of points on toric surfaces. This can be obtained via gluing
the contributions of the local patches [28-30]. Let underline that our computations
concern a refined version of VW theory, a refinement being given by the mass m of the
adjoint hypermultiplet. Therefore, by studying the limit atm — oo, with appropriately
rescaled gauge coupling, we reduce to pure twisted A/ = 2 gauge theory computing
higher rank equivariant Donaldson invariants of S. Moreover, while in this paper we
considered S = T2 x C, non-trivial elliptic fibrations or other product geometries
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can be studied. In this way our approach could be used to generalize the results on
Donaldson invariants of [31,32]. The general modular properties of these generating
functions are worth to be analyzed [11,33].

The surface defects considered in this paper are directly related to Hitchin sys-
tem with regular singularities. It would be obviously interesting to consider the case
of irregular singularities, in particular the ones related to Argyres—Douglas points of
gauge theories [9,34], and investigate their rdle and contribution to the above men-
tioned differential invariants [35].

Moreover, the relation of our results to representation theory and quantum integrable
systems should be explored, in particular investigating whether the cohomology of the
nested instanton moduli space hosts representations of suitable infinite dimensional
Lie algebra, generalizing the results of [36—38]. Also the characterization of the poly-
nomials appearing in the quantum mechanical limit is to be worked out, by studying
recurrence relations and/or difference equations they satisfy. This would possibly open
a window on the relation with quantum integrable systems. For example, in [39,40],
the relation between D1/D5 systems on P! and quantum Intermediate Long Wave
hydrodynamics was studied, finding that the mirror of the associated GLSM provides
the Bethe ansatz equations of the latter. Analogous relations between the mirror of
the 2d comet-shaped quiver gauge theories and suitable integrable systems are worth
to be explored. Finally, the F-theory uplift of our construction would help to study
dualities of these defect gauge theories and to generalize them to other gauge groups.

The rest of the paper is structured in two main Sections. In the first one we provide
the general brane setup and a detailed derivation of the comet-shaped quiver from D-
branes on orbifolds. We then discuss the reduction to quiver quantum mechanics and
the relation to character varieties. In the second, we perform explicit computations of
the relevant partition functions and the relation with modified Macdonald polynomials
of the reduced quantum mechanical quiver theory.

2 D-branes, geometry and quivers
2.1 Preliminaries
Let us start by discussing the geometric D-branes setup.

We consider a Type IIB supersymmetric general background built as the total space
of a rank three complex vector bundle Vg’ on a complex surface S

Xs =tot (V3) @1

where supersymmetry requires the Calabi—Yau condition det VS3 = Kgs, where g is
the canonical bundle over S. To place a D3—D7 system in such a background, we
assume that VS has the following simplified structure

Vi=Ks®det'Vi@ V2
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where the rank two bundle VS2 is otherwise unconstrained.

Let us therefore consider the theory of N D3-branes wrapping the complex surface
S in the background of » D7-branes along the local surface fourfold tot (VS2)

The low-energy dynamics of the N D3-branes can be obtained as usual by dimen-
sional reduction of the A’ = 1 D = 10 supersymmetric Yang-Mills theory on X5 down
to their world volume. This produces a topologically twisted version of the N' = 4
D = 4 theory on S [41] whose boson content is given by the gauge connection A, a
section @ of the line bundle £ = Kg®det™! VS2 and a doublet ®,> which is a section
of VSZ, the latter describing the transverse motion of the D3-branes in the ambient Xs.
All these fields are in the adjoint representation of the U (N) gauge group. The above
setup reduces to the Vafa—Witten topologically twisted N'= 4 D = 4 on § if the
rank two vector bundle V52 = C? is trivial and therefore X5 = tot (Kg) x C2. In this
case, the above construction indeed gives the gauge connection A on S, a complex
(2, 0)-form &g valued in the fiber of g describing the transverse D3-branes motion
within the local surface X3 = tot (Ks), while the motion along the remaining C?
transverse directions is described by two other complex scalars B;, withi = 1, 2.

The effect of the additional r background D7-branes on the D3-branes is kept into
account by a further set of two complex scalars / and J in the bifundamental N x r
and r x N of the gauge symmetry group U (N) and flavor global U (r) group. These
are sections, respectively, of Og and det VS2 in general. This follows from the fact that
these fields are in the positive chiral spinorial representation of the transverse SO (4)
and are therefore sections of Sy ~ A ©ven.0) (VSZ), for S a Kahler surface.

The continuous symmetries of this geometric setup in the transverse directions to
the D3-branes are the (C*)*-action on the C? fiber of VS3 with respective weights
(€1, €2, m). These are the global symmetries of the gauge theory on S which can be
uses to define the relevant Q-background after turning on the relative background
gauge fields. The parameter m introduces a mass for the adjoint hypermultiplet of
the four-dimensional theory inducing the supersymmetry breaking from the A" = 4
Vafa—Witten theory to its N = 2* refined version.

In the following, we will study the above general system in the case in which the
complex surface is in the product form § = T2 x C, where C is a Riemann surface
and VS2 is trivial. In this case, the canonical bundle over S reduces to the holomorphic
cotangent bundle over C and

Xs = tot (T*C) x T* x C*.

In order to introduce surface defects in the gauge theory, we’re going to generalize
the above setup to the case in which C is punctured at the points where the defects are
located. More precisely, the parabolic reduction of the gauge bundle at the punctures
is encoded in an orbibundle structure. The effective two-dimensional field theory
describing the dynamics of the defect is obtained from the above setup in the chamber
of small C volume leading to a quiver gauged linear sigma model describing the relevant
open string modes. In the IR this reduces to a nonlinear sigma model of maps from
T2 to the moduli space of representation of the quiver above.
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2.2 D-branes on the orbicurve and defects

Let us now generalize the above setup to the case in which C is an orbicurve, that is,
a Riemann surface with elliptic singular points. This means that the local geometry
at some marked points {Py} of C is that of the Z,, quotient of a disk D acted by
Zg —> WoZg With @l =

Placing D-branes on an orbicurve consists in excising a regular cylinder out of
the total space of the corresponding regular vector bundle and prescribing new local
transition functions defining the lift of the discrete group action to the total space of
the vector bundle. This operation extends the vector bundle to an orbibundle.

Let us therefore consider the geometry of the D-branes in the vicinity of a marked
point P of order s with local coordinate z. The action on the D-brane Chan—Paton
factors induces a modification of the gauge symmetry due to D-branes fractionalization
[42]. Let y, be the number of D-branes in the £th sector, namely the one corresponding
to the charge £ representation z* of Zj. This corresponds to prescribe the new transition
function at the excised disk as

s—1
¢
8p = @Z L,
=0

and, correspondingly the local behavior of the gauge connection as

s—1 1

- dz dz\ ¢
Ap = gplng = <?) GBE L, = <7) @;lw’
=0

=0
where Z = z*. This finally induces the local prescription on the curvature 7 = d.A as

s—1

Fp/@m) ==18G)dz A dZ P (f) 1,,
=0

which implements the realization of the real codimension two defect in the four-
dimensional gauge theory. Let us remark that from the algebraic geometry viewpoint
this corresponds to study sheaves on root stacks, which is a natural framework were
fractional Chern classes appear [43].

One can better describe the resulting gauge theory structure of the local D-brane
configuration from the viewpoint of the geometry of the covering disk with local
coordinate 7 = z* (Fig. 1).

In the s-covering of the quotient disk, the y, D-branes in the £th sector and their
images span £ Riemann sheets. As a consequence the £th Riemann sheet is spanned
by an overall number of n, = Zz;le ye D-branes. Let us notice that the outward of
the quotient disk is joined to the rest of the Riemann surface by the first Riemann sheet
which is consistently covered by all the ng = ZZ,;IO ye¢ = N D-branes.
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71++ +7871:n1

N+ttt Ba=n (=n)

Vs—1 = Ms—1

+ Vs—1 = Ns—2

Fig.1 The “brane cake” describing the covering structure the D3-branes on the local orbifold disk

Fig.2 Quiver gauge theory }
29

arising from the
T @

compactification on Cg o

2.3 Two-dimensional quiver GLSM from the reduction to small C volume: bulk
part

Let us consider now the reduction to small C volume of the system above. This leaves
behind a gauge theory on the leftover 72 world volume whose spectrum can be com-
puted by harmonic analysis. We denote by g the genus of C.

Let us first discuss the reduction on a regular Riemann surface and then the more
general situation in which C is an orbicurve.

The complex scalars I and J get simple dimensional reduction and stay scalars in
the bifundamental, the gauge connection .A on § = C x T2 leaves behind the gauge
connection A on T2 and g complex scalars in the adjoint, while other g complex
scalars in the adjoint arise from the reduction of the transverse field ® . These will be
denoted as B;’) and Bf), wherei =1,...,g.

The other two complex scalar fields in the adjoint, namely By and B;, get simply
dimensionally reduced.

This field content results in the quiver in Fig. 2.

The relations of this quiver can be read from the reduction of the F-term equations
in “Appendix A” (A.1) and (A.3) by expanding in harmonic modes along the curve C.
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More explicitly, the @ field and the component of the gauge connection A along C
give rise to the g hypers in the adjoint representation (Bél), Bf()), wherei =1,..., g,
obeying the BPS equations

[Bi,Byl+1J =0, [B, B]1=0
[By, Bi1=0, [By,Bi]1=0, [B, Bi1=0, [By, Bi] =0
BiI=0,JBi=0,BiI=0,JB,=0 (2.2)

The above equations are equivalent to g commuting copies of the ADHM equations
for gauge theory with one adjoint hypermultiplet [13], as it can be shown by a simple
squaring argument.

In the general Q2-background the supersymmetry of the D3-brane system reduced
on T2 is (2, 2), while the combined D3/D7-brane system reduced on 72 has (0, 2)
supersymmetry due to the presence of the chiral fields / and J and the above field
content, augmented by the relevant fermions, form the corresponding multiplets.

Let us underline that this theory itself suffers of a U (1) g-symmetry anomaly due to
its chiral unbalanced field content. This can be immediately understood from the fact
that the D3-branes profile produces an instanton background in the D7-brane gauge
theory inducing chiral symmetry breaking. From the mathematical viewpoint it is
known that the Donaldson—-Thomas theory on fourfold has positive virtual dimension
which implies that one has to introduce observables matching the dimension counting.
We propose that the suitable set of observables is given by a compensating sector of
opposite charges—given by 7, J and other fields associated with the g-hypers to
be specified later—which cancels the anomaly. This sector may be interpreted as a
background antiD7-brane system.

2.4 Two-dimensional GLSM of the defect: the nested instanton quiver

When the curve C is extended to an orbicurve, at each orbifold point the gauge sym-
metry is reduced and further 2D degrees of freedom are present. These correspond to
the open strings stretching between the twisted D-branes and, from the gauge theory
viewpoint, to the degrees of freedom defining the codimension two defect prescribed
by the singular behavior of the gauge curvature at the orbifold points.

To obtain the effective low-energy quiver description, we excise a disk around each
puncture of C and discuss the local behavior of the D-branes system at the orbifold
points computing the associated low-energy quiver gauge theory. We then glue back
the disks to the bulk Riemann surface obtaining the full description of the gauge theory
with defects reduced to two dimensions by the small C-volume limit. This procedure
is pictorially described in Fig. 3.

The relevant open strings degrees of freedom can be inferred from the D-branes
distribution as in Fig. 1. More precisely, see for example [44,45], the Chan—Paton
space of the D-brane system decomposes into irreducible representations R, of the
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Fig.3 Disk excision and gluing

local discrete group Zs as

s—1

V=>"V/®R (2.3)
=0
s—1

W = Z W, ® Ry 24
=0

where each of the D3- and D7-brane charged sectors is denoted as
Vy=C", W, =CPr. (2.5)
As depicted in Fig. 1, the £th Riemann sheet of the covering hosts a net number of

nj = ng;; ve D3-branes and of r; = Z;;; B¢ D7-branes so that the open string
degrees of freedom are represented as linear maps among the spaces

s—1
Vi=>V, (2.6)
=j
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Fig.4 Quiver gauge theory
arising from the
compactification on Cg

no n1 s Ns—1
To ™ Ts—1
s—1
W, = ZW( 2.7
l=j

Let us now discuss the corresponding quiver gauge theory. This consists of a (0, 2)

.....

coupled to two chiral multiplets in the adjoint Blj , Bé € EndV; and each pair of
successive nodes by a chiral in the bifundamental F/ € Hom (V, Vj_H) for j =
0,...,s — 1. The D3—D7 open strings modes are described by the linear maps I/ €
Hom (V;, W;) and J/ € Hom (W;, V;). Summarizing, the local D3—D7 system is
effectively described by

B, Bj € EndV;, F/ € Hom (V}, V;41)
I/ € Hom (V;, W;) and J/ € Hom (W, V;) (2.8)

As is shown in “Appendix A” these fields obey the relations

B/, BJ1+ 10/ =0, B/F —F/B/*' =0
BIFI —FiB/" =0, J/F/ =0 (2.9)

Therefore, the resulting quiver describing the local D3—D7 system at the defect is
given in Fig. 4.

The moduli space NV, ;. ,,,, of its representations describes nested instantons. Indeed
the n D3 branes realize an n-instanton profile for the U (r) D7 gauge fields, preserving
the flag structure at the puncture. The partitions A = (A > A > ---) of r and
w = (1 = u2 > ---) of n describe, respectively, the decomposition of the D7 and
D3 Chan-Paton vector spaces into representations of the Z; group. More precisely,
as shown in Fig. 4, one gets the quiver of the flag manifold realized by the Chan—
Paton vector spaces of the D3-branes V,_; C Vs_p C --- C Vp with dimensions
nj =ng— lezl wy framed by the D7 branes vector spaces with dimensions r; =

ro— le: | A1 The heights of the columns of each partition is obtained from an ordering
of the data of the dimensions vector spaces ¢ and y, of (2.5). Indeed, these can
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Fig.5 Chain-saw quiver .
no n @

To ™ T's—1

be ordered by using Weyl symmetry of D3 and D7 branes gauge groups such that
Yozyi=--=ys—1and fo = B = - = Bs—1.

The moduli space of nested instantons has a natural projection to the standard
ADHM instanton moduli space M, ,

T Neanpy = Mrn (2.10)

which is realized by setting all the open string twisted sectors to be empty, namely
by setting to zero all the fields Fl, j=0,...,5s —1and (Ij, JI, B{, Bé) for j =
1,...,s — 1.

2.5 Relation to other quiver defect theories

Some comments are in order regarding the quiver theory of the defect we obtain in
our construction with respect to other quiver defect theories. The quiver we study
is derived from a Dp/Dp+4 system via an orbifold action which affects a transverse
direction to both the brane types. In this respect, it is different from the chain-saw
quiver describing affine Laumon spaces [46], where the orbifold acts instead on the
coordinates B1, By describing the motion of Dp branes inside the Dp+4. This induces
a different quiver with a different set of relations. A quiver which relates to the one in
[46] can be obtained by considering a different specialization of the general geometric
background for the D3 /D7 system described in section 2.1. More precisely, one can
consider 72 x X¢ x C,,, where Xg = tot [O(p) & O(—p + 2g — 2)]e,, is the total
space of a sum of two line bundles on the orbicurve such that the Calabi— Yau condition
is satisfied. In such a geometry we can consider the D3-branes along T2 x Cg.x and
the D7 say along T2 x Y4 x Ce,, where Y4 = tot [O( p)]c P and the fiber still hosts the
torus action corresponding to the e;-parameter of the Omega background. For p > 0
in the vicinity of the orbifold points the geometry in the fiber direction is sensitive to
the orbifold group.

Since the corresponding modes in the open string sector get twisted, the quiver
changes. Instead of an adjoint multiplet per node, one gets a new bifundamental,
while the fields J; will now point from the gauge node #n; to the nearby framing node
ri+1. The resulting local quiver at the defect is then the chain-saw quiver, as displayed
in Fig. 5.
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Fig.6 Quiver gauge theory for
D3-branes at a single puncture
no ny ce Ns—1
Fig.7 Nested Hilbert scheme
quiver
no ni S Ns—1
1

This can be also obtained from a D1/D5 system with both D1 and D5 wrapping
Cg.x via a double T-duality along transverse directions to both.

Since on the other hand both quivers are describing the parabolic reduction of
the gauge connection on a surface defect, it is conceivable to expect that a relation
can be found between the associated partition functions at least in some limit or
suitable parameterization. This could require non-trivial combinatorial identities on
the partition functions themselves, similarly to what discussed in [47] concerning the
relation between orbifold and vortex-like defects.

Moreover, when decoupling the D7 branes by setting I/ = 0, J/ = 0, the descrip-
tion of the D3-branes at the defect leads to the quiver in Fig. 6 which describes a flag
manifold with extra adjoint hypers at each node.

We notice that also the TSU[N] quivers for defects studied [48-53] are based
on flag manifold quivers but display a different field content. It should be possible
to compare the two kind of defect gauge theories in suitable limits by finding an
appropriate dictionary.

2.6 Nested Hilbert scheme of points

The nested instanton moduli space is expected to reduce for a single D7-brane r =
ro = 1 to the moduli space of the nested Hilbert scheme of points on C2, Hilb™* (C?).
In this particular case the quiver described in the previous subsection reduces to the
one of Fig. 7 with relations

(B, B91+1°7° =0, [B],BJ1=0, j=1
BI/F/ —FiB/"' =0 BJF/ —F/BJT =0, J°F'=0. (.11
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(1
731)—1

S

k
Tik)—l

Fig.8 The comet-shaped quiver

The moduli space of representations of this quiver is expected to provide an explicit
description of Hilb™*(C?). This has been indeed proven for the particular case of
two-step nested Hilbert scheme n; = 0 for j > 2 in [54], where it is also shown that
this variety is smooth for n; = 1. Indeed it is known that for n; > 1 the two-step
nested Hilbert scheme is singular. Moreover, nested Hilbert schemes with more than
two steps are always singular, and a fortiori also the nested instanton moduli space.
The D3/D7 partition functions we will evaluate via localization will then compute
virtual invariants of these moduli spaces, since a perfect obstruction theory for them
is expected to exist.

2.7 Comet-shaped quiver

Finally, the description of the D3/D7 system on the full geometry gives rise to the
comet-shaped quiver in Fig. 8.

This is obtained by gluing the nested instanton moduli quivers describing the decom-
positions of the branes at the defects to the bulk quiver in Fig. 2. The number of tails
in the comet quiver is equal to the number of punctures of the Riemann surface, while
their length is related to the flag structure due to the parabolic reduction of the con-
nection at each puncture. All in all, the effective theory describing the D3—D7 system
on T2 reduces to a GLSM with target space the total space of the bundle

Ve = ((T*Mr,n)eag ® (det’I)l_g) (2.12)
over the moduli space of nested instantons ;. . - Where the collection of partitions
A=Y A and w = (il ..., 1b) describe the decomposition of D7 and D3

branes, respectively, under the cyclic groups Zs, , i =1, ...k acting at the punctures.
The physical interpretation of the above bundle is the following: The first factor is
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simply the contribution of the g hypermultiplets in the adjoint representation of the
bulk theory described in Sect. 2.3. Regarding the second factor, let us remark that the
couplings of the D3/D7 brane system turns on a background line bundle describing
the determinant bundle of the Dirac zero modes in the instanton background. This is
given by the determinant of the tautological bundle 7 over M, ,,. The power (1 — g) is
due to the multiplicity of fermionic zero modes on the Riemann surface C. In the limit
of degeneration of the T2 to a circle this leads to a Chern—Simons interaction term for
the resulting D2/D6 system. This term is essential in the comparison with results on
character varieties and will be discussed in detail in Sect. 2.9, while in the next one we
will briefly recall some basic definitions about character varieties that will be useful
for the subsequent discussion.

2.8 Character varieties

Given a Riemann surface C of genus g with k punctures D = Zf‘: | Pi» one defines
the G L, (C) character variety as the moduli space of representations of the first fun-
damental group of C\ D into GL,(C)

Go = {p € Hom (71 (C\D) , GL,(C)) [p(yi) € Ci} //PGL,(C)  (2.13)

where Cy,...,Cr C GL,(C) are s'emis_imple‘conjugacy classes of type ol, ..., ok,
namely the parts of the partition o', (0] > 05 > ---), describe the multiplicities of
the eigenvalues of any matrix in the conjugacy class C;.

When non-empty (2.13) is a smooth projective variety of dimension

N\ 2
dy =n*Q2g —2+k) —Z(o’j) +2
ij
To describe the cohomology of (2.13), Hausel-Letellier—Rodriguez—Villegas [55]
introduced the k punctures, genus g Cauchy function

k
Qz,w) =Y Holz,w) [ | Hl(xiz 2%, w?) (2.14)
oeP i=l1

where P is the set of partitions, I:I(’, (xi; z2, wz) are refined Macdonald polynomials
and

(Z2a(s)+1 _ w2[(s)+1)2g
Ho(z,w) =[]

seo

(2.15)

(ZZa(s)+2—w21(°'))(Z2a(S) _ w2l(s)+2) :

where a(s), [(s) are, respectively, the arm and leg length of the s box of the Young
diagram o representing the partition (see Fig. 9). Equation (2.14) turns out to be the
generating function of the cohomology polynomials of G L, (C) character varieties,
summed over 7.
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Fig.9 Arm and leg length of a
box in a Young diagram

I(s)

Let us now outline the connection with the brane construction described in the
previous subsections. The dynamics of D3-branes on the local surface S is refined
Vafa—Witten theory. When § = T? x C, this reduces in the limit of small area of C to a
gauged linear sigma model from 7% to Hitchin’s moduli space on C [22]. On the other
hand, in [23] it was proved that (2.13) is homeomorphic to the moduli space of Higgs
bundles with parabolic reduction on the divisor D = Z{F:l pi. In presence of D7
branes, the non-perturbative effects on their dynamics are obtained by summing over
the D3-branes partition functions. One then naturally obtains a generating function of
the elliptic cohomology of G L, (C) character varieties. Summarizing the 72 partition
function of the D3—D7 comet-shaped quiver reads

Zr=Y0 Y @R (N Vo) (2.16)

npePmyk
k 1 |1, | i
with (¢)" = [Ti—, [To 2o (%-,”5 ) and

B (NG fon s Ve ) = EUCTY"Meh (V) 0 [Nr,&,n,g]m- 2.17)

For a single D7 brane r = r¢ = 1, the above formulae can be understood as an elliptic
virtual generalization of the generating function introduced by LHRV. Indeed, we will
show in the following that in the limit of degeneration of T? to a circle, one obtains
LHRYV formulae, or more precisely a virtual refinement of them.

2.9 Reduction to quantum mechanics, Chern-Simons term and LHRV formulae

In this subsection we summarize the reduction of the D3/D7 system on 72 to a quantum
mechanical system in a T-dual picture. More precisely, if the two torus factorizes as
T? = S' x S! and one of the two circles is taken to be very small, our D-brane system
can be T-dualized along the small circle and reduced to a corresponding D2/D6 system
on C x S'. This corresponds to the quantum mechanics of the comet-shaped quiver
with a Chern—Simons coupling, given by a phase factor e/ CS(A.F) — gim [d* A,
so that the particle is coupled to an external vector potential. Let us briefly recall how
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this works in the standard ADHM case [56] in order to then generalize it to the nested
instanton moduli space. The partition function is the equivariant index

Zsi =Y q" Ind (M, . LZ™), (2.18)

where L is the determinant line bundle £ = Det I3, whose fiber on the space of con-
nections A/G s (det ker I 4)* ® (det ker IZ)L). By making use the ADHM construction
for the moduli space of ASD connections, the n-dimensional vector space Vj is actu-
ally the space of fermionic zero modes. In order to compute the Chern—Simons level,
we make use of the Atiyah—Singer index theorem for a vector bundle £ — M

Ind(M, E) = Ind(D) = / A(TM) AChE, (2.19)
M

which gives the index of the Dirac operator twisted by E,ie D : SQ E — SQE, S
being the spin bundle over M. To compute the CS level in the case at hand one has to
consider the geometric background S' x T7*C x C? x R. Because of the twisting of
the supersymmetric theory along C, the Ip operator along C reduces to the 3 operator
and the roof genus A(TM ) to the Todd class. Thus, when we take the effective theory
obtained by shrinking the size of C, Ind(d)¢ gives the multiplicity of the fermionic
zero modes, according to the decomposition W@ = Iﬂéo) ® vj((COZ)' The index theorem
along C reads

Ind(@)¢ = / Td(TC) =1—g, (2.20)
C

which determines the level of the Chern—Simons interaction to be m = 1 — g. Finally,
the partition function is given by the following equivariant (virtual) index

Zsi =3 3 @ Ind (A Det(BSI ), (2.21)
n ueP(n)
where we use the notation q* = g - .. ¢! and

Ind (M‘,X,n,u’ Det(¢)®(l—g)) — A(TY" A ch (Det(¢)®(1—g)) AN dn]™
(2.22)

In the quiver representation of the nested instanton moduli space, the Ip operator on C?
appearing in the above equation is given by the pull-back of the tautological bundle 7°
on the ADHM moduli space M, ,, so that its determinant line bundle coincides with
the one of 7, which will be used in the equivariant localization formulae.

In the following Sect. 3 we will show that the above partition function, when
computed for the particular case of the nested Hilbert scheme of points on C2, gives
a virtual generalization of LHRV formulae and reduces precisely to them when the
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nested Hilbert scheme is smooth. Let us remark that the quantum mechanical system
of the nested Hilbert scheme of points and its relation with LHRV formulae has been
studied in [21] via a different approach based on topological string amplitudes on
orbifold Calabi—Yau.

3 Partition functions

In this section we proceed to the evaluation of the partition function of the effective
quiver gauge theories of the D3 /D7-system discussed in the previous section in the
limit of small volume of the wrapped curve C. This is performed by making use of
supersymmetric localization which is a version of equivariant localization formulae
[57] for super-manifolds which allows a generalization to supersymmetric path inte-
grals in quantum field theories. The only configurations contributing to the latter are
the fixed loci of the supersymmetry transformations. When these are isolated points,
the path integral reduces to a sum over them weighted by one-loop super-determinants
of the tangent bundle 7" at those points, that is,

)

Z SdetTy @1

xe{FP}

where {F P} is the set of fixed points, S(x) is the value of the action at x € {F P} and
T, = T| is the restriction of T at x.

In the following we will implement the above computational scheme by calculating
the above data for the relevant quiver gauge theories on 72. We will first focus on the
contribution of a single defect on the sphere encoding the parabolic reduction of the
connection at a given point, which is described by a single legged quiver. Then, we will
consider the case of higher genus Riemann surface and combine all the contributions
in the comet-shaped quiver theory partition function.

3.1 Contribution of a single surface defect on the sphere
3.1.1 Field content and superpotential

The matter content of the GLSM we are interested in is the one summarized in Table 1,
where G = U(ng) x U(n1) x --- x U(nsg—1) and UJ; denotes the Young diagram
corresponding to the fundamental representation of U (n;).

The relations satisfied by the quiver GLSM are enforced by the superpotential W
in (3.2).

N
W=Tro [xo(1B), B+ 1) |+ Y Tri [ LBl B3 + 1 (B F' = FiBi()3 )
i=1 .

tx B (BIVF - FiBé)] s
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Table 1 Field content for quiver in Fig. 10

Gauge G Flavor U (1) x U (1)2 Twisted mass R-charge

B{ O o0 11,0 —€1 q
B} 0 e0; Lo, 1 —€ q
1 Uo Oo,0) —a q+p
J Do Oa,n a—e€ q—7p
F! 0 ® 0 1(0.0) 0 0
x! 0 ®0; T-1,-1 € —2q

,-Bl 0 o0 L-1.0 €] —q

,-32 0 e Lo,-1 € —q
XJF i Oa.n €—a Pr—q

Let us notice that, as we already pointed out, the locus cut out by WV through the D-term
equations is overdetermined. Thus, we still have to introduce s — 1 additional chiral
fields Q;, i = 1,...,s — 1 taking care of the relations over the constraints. These
additional fields will transform in the O; ® O;_; representation of U (n;) x U (nj—1).
We will assign them R-charge 2¢ and they will be charged under the U (1) flavor
symmetry with charge (1, 1). The relations over the constraints induced by these chirals
are

0=[B\~', B "IF + B\ (B 'F' — F'Bl) — (BI"'F' — F'B})B}

e (< X )
+ By F — FiBY) B — BITY(BIVFT — FUBY) — FU[BY, BS),
when i > 1, while
0= (B, B+ 1/)F' + BYBYF' — F'B]) — (B)F' — F'B])B) G
+(BYF' — F'B)B] — B)(BYF' — F'Bly —I1(JF') — F'[B},B}]
covers the remaining case i = 1.
The chiral supersymmetry transformations of the above fields are

QI =pr, Qui=Dsl+¢°1—1Ia (3.5
OJ =uy, Oupy=Dad—J¢"+al—elJ (3.6)
OBl =M}, OM| =DsB] +[¢', Bi]—¢€B] (3.7)
QVr=F', QOF =DaYp — 'V + '™ (3.8)
Oxi =hi, Ohi=Dax;i+I[¢' hil+ €h; (3.9)

Oxsr=hir, Qhjr=Daxsr+I[0°, xsrl+ (€ —a)xsr  (3.10)
oxP =nl, on? =DaxP + o'y — X vax” @31
Oxg; =hg,. Qhg, =Daxo +¢' 'xo, — x0.0' +exo,  (3.12)
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QA=n, On=F4, QA=0 (3.13)

where (A, A) is the connection on 72in holomorphic coordinates and Fjy4 its curvature
two-form, ¢, [ = 1, 2 are the equivariant weights of the U (1)? rotation group acting
on C? and € = €1 + €2. Moreover, ¢i, i =0,...,5 — 1 are the zero modes of the
A-connection implementing global U (n;) gauge transformations of the ith-node. The
fixed points of the above supersymmetry transformation impose that the connection
(A, A) is flat. Then, by a standard squaring argument one can show that the other fields
must be constant so that the supersymmetry fixed locus reduces to the fixed locus of
the U (1)"*+?-torus action on the nested instanton moduli space, where U (1)" is the
Cartan torus of the U () gauge group with equivariant parameters ap, b =1, ...,r.

3.1.2 Anomaly and observables

As we already discussed at the end of Sect. 2.3, the (0,2) D3/D7-branes theory
displays a U (1) g anomaly whose compensation can be obtained via the insertion of
suitable observables. To this end we introduce a sector of additional degrees of freedom
I and J with opposite gauge global charges w.r.t.  and J which, once integrated out,
produces the insertion of the observables. These will be properly taken into account
in the following computations.

3.1.3 Fixed points

The characterization of the fixed locus of the torus action on the moduli space of
nested instantons N(r, no, ..., n5—1) 2 N, ;17 ,u(n) 1S Most easily understood by
describing it as the moduli space of (suitably defined) stable representations of the
quiver in Fig. 10. In this setting we associate to the quiver in Fig. 10 the vector spaces
W and V;, in addition to the space

X = End(Vp)®? @ Hom(Vy, W) & Hom(W, Vp)

s—1
® [@ (End(v))®? & Hom(V;. V; — 1))}

i=1

of the morphisms of the quiver corresponding to the matter fields B{yz, Fi,Iand J.
In this language, the quiver in Fig. 10 would be represented graphically as the one in
Fig. 11.

On X we have a natural action of G = GL(Vp) X - - - x GL(V;_1), which preserves
the subscheme X of those points satisfying the relations (2.11). Then, given a framed
representation (W, Vp, ..., Vs_1, X), X € Xy of the quiver in Fig. 11, one can prove
that there is a suitable definition of stability such that, in a particular chamber of the
parameters at play, semi-stability is equivalent to stability (also as a GIT quotient), so
that it makes sense to talk about the moduli space of stable framed representations of
the quiver in Fig. 11 without any further specification. This space will be denoted by
N(r, ng, ..., ng_1) := Xo/ x G, for some suitable choice of an algebraic character
of G.
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Fig. 10 Low-energy GLSM

quiver in the case of g =0,
k=1
no nl P ns—l

B! Bj B3

Fig. 11 General representation of quiver in Fig. 10

By means of this construction one can show that there is a sum decomposition
Vo=V,®V,and V; = Vie1 ® Vz+1, such that V; = V; @ V;_;. This sphttlng also
induces the following block matrix decomposition of the morphisms Bl,z’ I and J in
(3.14),

BY = Bi Iill ., BY= BEBE ,
0 B 0 B

such that (W, V;, B, Bi, I', J') is a stable ADHM datum.

Once an equivariant action of a torus T ~ N(r, ng, ..., ng_1) is introduced in the
natural way suggested by the SUSY construction of the quiver in Fig. 10, the previous
observations make it possible to characterize the T-fixed locus of N(r, no, ..., ng_1)
in terms of those of some moduli spaces of stable ADHM data. This is all summarized
in the following proposition

Proposition 1 The T -fixed locus [N(2, 3, 2, 1) of N(r, ng, ...,ns_1) is described
by s-tuples of nested colored partitions ju;  --- C ey S pg, with |pg| = no and
[isol = no — ni.

1=<’ij), J=07). G4

Example 1 As an example, consider the moduli space N(2, 3,2, 1). Its fixed point
locus will be described by the following couples of nested partitions,

( 21 31 ) (11’21’21;11)’(11’21;11’11’11)’(11’11’21;11’11)’
(1t 2t 2y, ottt 2y, (it ittt 2ty (9,11, 21, 3Y),
M2,3,2, D17 < (112" 2" 0), (11,2, 217) (11 12,21 ), (2210, 17,21
(ll 12 13 ) (11’12’12;11)’(11’12;11’11)’(11’11’12;11’11)’
(1t 2y, (o a7y, (i 1?) (g 1121,
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where each term on the rhs has to be interpreted as a couple of nested partitions, e.g.

(12.211,31210) — |2 @ Hg B ) @0

The notation we use for a partition p € Pis descriptive of its corresponding Young
diagram in the following sense: [,ulll e u'jj - - - ] denotes the partition

4 i
PB[,ull'~--,u]:’~-~]:(,ul,...,/“,...,u.,',...,,uj,...),
il ij

or, in other words, i; counts the number of rows of length 1 ; stacked one over the
other.

3.1.4 Character computation

The super determinant weighting the contribution of each fixed point can be computed
from the character decomposition of the torus action on the (virtual) tangent space:

TN, no, . ..., ns—1) = End(Vp) ® (Q — 1 — A2Q) + Hom(W, Vp) + Hom(Vy, W) ® AZQ+
— Hom(Vi, W) ® A*Q+
s—1

+ Y [End(V,) — Hom(Vp, V;-1)] ® (Q — 1 — A*Q)
=1

(3.15)

where Q denotes the representation 77 + 73 in the representation ring R(7T'). In the
previous presentation of the virtual tangent space, the first line accounts for the standard
ADHM quiver (BO, Bg, I, J) and their constraints, the second line for the constraint
JF! = 0 and the third line for the maps in the tail, their constraints and the relations
among them.

By decomposing the vector spaces V; in terms of characters of the torus action
T~ .A/r,[rl 1.n, We can then study the character decomposition of the virtual tangent
space to the moduli space of nested instantons and obtain

@ p®
MO NO

vir - -1 i_”'(lb;’ i _j+”“(1ui)/+1
TN, it = TpMong + 30 0 ) RoRSH Ty T =T {1,770 T

a,b=1 i=1 j=1
(a)/7 (a_)/

(a)
_Tz—j+uf,‘_’)/+1> B Mi Hou L 7i T2_1+u‘l73/+
=1 j=l (3.16)
s—1 rooM§? Néh) i ® i ®
+ Z Z Z ZRbRa_] (Tl - T MHJ)
k=2 | ab=1i=1 j=1

@/’

—j+n 1 —j+ul) +1
(T2 P TR 4 s = DT,
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where the fixed point Z is to be identified with a choice of a sequence of colored
nested partitions gy S py_1 S --- S py_; S Ko, as in proposition 1, 7 < o, L
denotes the partition transposed to p and 7;, R, are the generators of the torus action
of U(1)"*!. Let us also point out that the last term, namely (s — 1)(T; T2) has been
added in order to take into account the over-counting in the relations [B’, ’] =0
due to the commutator being automatically traceless.

3.1.5 Determinants

Having the character decomposition of the virtual tangent space to the moduli space of
nested instantons enables us to easily compute the 2d N = (0, 2) partition functions
of the low-energy GLSM of Sect. 2.4 in terms of the eigenvalues of the torus action,
which we will do in the particular case of r = 1 for the sake of simplicity. The partition
function we want to compute on the sphere Co = S with 1 marked point will take the
form

1, 2. _ lwol lro\mtl [o\us—11 —ell
ZMS%q0. g = Y. q) gy gz )
Hn1S--Cuo

(3.17)

with | \ uj| = | l,Ll | — |u | denoting the number of boxes in the skew Young diagram
Yunu; ;o while Ze o i is the contribution at a fixed instanton profile.

In partlcular once we fix an instanton configuration by choosing a sequence of
nested partitions w1 C --- € uy—1 € po we can write the torus partition function as

11 11 g ell 72l el 1l 1l
Z?MO’HI ~~~~~ Hs—1) ‘Ce 'Ne NZ«O,IICLO MITZO Ml)/\)zo ,,,,, Hs—1" (3.18)
where
Loy =[] exp [—Vol(Tz) (¢(s)—$)], (3.19)
SEYMO
1
Ny = : 3.20
Ko Sl:[ O1(T|E(s)01(T|E(s) —€) ( )
Ho
11 . _
Nw= [ 01tigs) —a)o1(zlp(s) —a +e), 3.21)
seY, O\D
Moy 1o,i—H1,i
T =11 1 6Glei+el+mum, (3.22)
i=1 j=1
1
?H = 3.23
wn= 1 gepe—ave 629
SEYH it
s—2

1 ﬁﬁ O1(tlerli + prj) + €(thyy; —j + 1)
1 Or(tler(i — 1, ) + €y ; —Jj+ 1)
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Moy No

1—[ 1—[ O1(tler(i — prt1,) +e(ug; — j+ 1)
O1(zler( — pk,j) + (g, —Jj+ 1)

, (3.24)
i=1j=1

and for any box s in a Young diagram Y, we defined ¢ (s) to be the quantity (3.25)
¢(s) =a+ (@@ —Der+(j — Dea, (3.25)
and
E(s) = —€1a(s) + e2(I(s) + 1), (3.26)

with a(s) and [(s) being, respectively, the arm and leg length of s in Y,.

Notice that /\/Zl(l) is the elliptic analog of the Nekrasov partition function, while N;l(l)
is its ADHM analog due to the D7 coupling, and by @ we mean its Coulomb parameter.
As in [58,59] the D7-branes get stabilized in the presence of a B-field flux, so that
their presence does not break supersymmetry and the low energy description of the
D7/D7 system is that of a U (N|N) gauge theory, [60—62]. Moreover, the contributions

. 11 =ell . .
from the functions 7}, , ’Z‘;O’ wy and Wy altogether encode the contribution

of the surface defect insertion. Finally, Eil(l) encodes the CS-like term we discussed
in Sects. 2.7 and 2.9 . This is interpreted as a CS-term contribution when the limit
to QM is taken, and a 5d partition function on R* x S is retrieved. In any case, it
comes from the coupling to a background connection on the determinant line bundle
Det /) encoding fermionic zero modes. This background connection is mirrored by
the presence of £ in (3.19), which is intended to be later specialized to £ — a.

Because of the previous observations it is instructive to perform the summation
over all the sequences of s nested partitions in two steps. First we sum over all the
smaller partitions 1 € -+ € ug—1 S wo at fixed puo € P. It will prove useful for
what we will do later to define the rational function Pﬁg as in (3.27).

ell _ 1 el 11
P no Z 7, lf V\/ZO

o \pet | 10\ ps—11
HOs 41 % o511 1 gy . (3.27)
M1E--Cps—1

’--waxflq

Finally, by summing also over the pg partitions we can rewrite the full partition
function as in (3.28),

2% g0, . oqem) = Y gl Vel pell, (3.28)
1o

where we defined

11
Vi = Lao NN (3.29)

and Pﬁg are particular elliptic functions which can be regarded as an elliptic virtual
uplift of modified Macdonald polynomials. The first few examples are listed in (3.96),
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(3.99), (3.102). As a useful remark, we want to point out that by taking the limit

. . . . . i~0—0
gi-0 — 0 we can effectively switch off the tail of the quiver, since P/‘;:)1 G077 ,and

we recover the partition function on the sphere with one puncture of trivial holonomy,
Z5(5% q0)-

3.2 An alternative derivation: contour integral formulae

In this section we will be explicitly computing the partition functions of the low-
energy theory coming from the D3/ D7 system described in Sect. 2.4 by reducing the
supersymmetric path integral to a contour integral via supersymmetric localization
[15,16].

The model we are interested in gives rise to a 2d N = (0,2) GLSM on T2. The
mechanism of supersymmetry breaking from the maximal amount to A" = (0, 2) in
the reduction to the low-energy theory leaves us with a matter content comprised of
chiral fields corresponding to the morphisms in the representation theory of quiver in
Fig. 7 in the category of vector spaces, and Fermi fields implementing the Lagrange
multipliers in the superpotential. Let us first study the partition function for the quiver
GLSM of Fig. 10, having fixed the numerical type of the quiver to (1, ng, ..., ns_1).
In this case the localization formula is given by

1
Z = N fc Z12 | _10op(T5 2, X) (3.30)

where C is a real N-dimensional cycle in the moduli space of flat connections on
T2 to be fixed with the Jeffrey—Kirwan prescription, x denotes the collection of the
(exponentiated) coordinates we are integrating over and

o 01 (|01 (1 — 29 + €)

Zr2 ) 1oop(T 2.0 = 2
o ) ey ey

no 1
1 O1(z|u) + 2(q + p)/2 — )01 (t|u) — 2(g — p)/2 —a+ e))

i=1

sl;[l 1'3[ 01 (xluf))01 (tluf; — 2 + €) (3.31)
Loy +2q/2 = enorxluf, + 292 — &) '
g Mk—1 01(7:|uf.< —ukt 2q/2 + 61)91(1:|u{-‘ —ukt = 29/2 + €2)

J J
91(1:|u1;_1 — uf)91(1:|u1;_1 — uf +2z9 —¢€)

11

i=1 j=1

n
[Torclu! +20 - )2 —a+ e,
i=1
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with

11[[ ( 270?(1)01 (| — 29 + €) )} (2 (x))ro (3.32)
01(tlzq/2 — €1)0i(zlzq/2 — €2) ) | (in(x))™ '

As was already pointed out in Sect. 2.3, the coupling of the D3-branes to the D7-branes
makes the theory anomalous. This chiral anomaly is encoded in the contributions
dependent on the fields coupled to the framing, namely / and J, which break a chi-
ral half of the original N' = (2, 2) supersymmetry. From the point of view of the
localization formula this is most easily made manifest by studying the transformation
properties of the integrand under shifts along the generators of the torus. Let us the
recall that the Jacobi ] (7 |z) function is defined in terms of the exponentiated modular
parameter ¢ = e**1*, 37 > 0, and y = "% as

01(tl2) = ¢"By™12(q, 9) b (z]2),

where 6(t|2) = (v, 9)oo(qy™", @)oo and (@, @)oo = [[;2o(1 — ag) is the g-
Pochhammer symbol. By this definition it is easy to see that the Jacobi function
01(t|z)isoddin z,i.e. 01 (t| —z) = —61(t|z), and that it is quasi-periodic under shifts
z—>z+a+br,a,bel:

01(tlz +a + br) = (= 1)+ 2mibe=inlTg 112y va b e Z.

The anomaly then comes from the fact the integrand is unbalanced in terms of the
theta functions, exactly due to the presence of / and J (indeed their contribution
appears in the second and last lines in Eq. (3.31)). The part of the 1-loop determi-
nant coming from adjoint and bifundamental fields does not contribute to the gauge
anomaly, as it comes from an A" = (2,2) multiplet. As we already explained in
Sect. 2.3, we take care of this anomaly by introducing extra Fermi fields 7 and J,
which we think can be interpreted as accounting for interactions with D7-branes. In
this way we get that the 7' partition function is corrected by the presence of the D7
as

A03/D7/ﬁ( - ﬁ 91(f|MQ~)91(T|uQ' —zq+¢€)
T,2,X) =
7 1-loop Lo (elud; + 2q/2 — enor (tluy + 2q/2 — )

1’2[ 01(t|ud + zR7/2 — )01 (t|u® + zR7/2 — @ + €)
01Tl + 2(q + p)/2 — )i (t|u) — 2(g — p)/2 —a +e€)

s=1 [ 01 (x|uf )61 (zluf; — 2q + €)

I1 (3.33)

k=1 ,;A,Gl(f'” +ZQ/2—61)91(TIM +129/2 — €)
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e g (uk — kT — g2 + 01 (Tluk — Wk — 2q/2 4+ @)

1_[1_[ J J

k—1 k k—1 k
io1 j=1 Ql(rluj —ui)Ql(rluj —u; +zq9 —¢€)

e O(tlu} +2(p—q)/2 —a+e)
O1(tlu} + zRj/2 —a +€)

i=1

with

2—(—1)”‘ﬁ L( 277 ()61 (t] — 29 +€) ) (3.34)
- i Lnit \O1(t1zq/2 — €)b1(t]29/2 — €2) : :

Two observations are due here:

1. An appropriate choice of the R-charges Ry and Ry (which also determines the R-
charge Ry relative to the multiplier for the constraint J F' = 0) makes it possible
to overcome completely the anomaly issue in the integration variables and in the
U (1) g fugacity. However, asking for the double periodicity of the integrand forces
us also to impose a constraint on the twisted masses a and a, namelya = a—a € Z.
This condition is responsible for the fact that introducing the extra fields needed
to cure the anomaly does not change the fixed point structure of the localization
computation. The procedure we adopted has one additional beneficial side effect.
In fact, even though the theory involving the D7 branes is different from the one
we started with, however it is still an interesting quantity, as it should compute a
generating functions for insertions of observables, as it was proposed in the D8/D§
case by Nekrasov in [63].

2. As for the second remark, it is interesting to study the QM limit (z — ioco) of
the partition function at hand. In fact when we shrink one S' in 72 to a point, we
can decouple the contribution of the D7 branes by taking very large values of @
and by then rescaling the relevant gauge coupling. By doing this we recover the 5d
partition function one can independently compute on R* x S!, apart from an overall
normalization factor. This will give us the equivariant Euler number of the nested
Hilbert scheme of points on C2, possibly twisted by a power of the determinant
line bundle of the Dirac Ip operator.

Now, in order to explicitly compute the partition function we need to remember
that the Jacobi 61 (r|z) function does not have any pole; however, it has simple zeros
on the lattice z € Z + tZ. Moreover, it is simple to verify that 6(t|z)~! has residue
in z = o 4 Bt given by the following formula

1 1 (— 1)a+ﬂeiﬁ2r
i = . 3.35
271 Jo=q4pe 61(7]2) 2703 (1) ( )

In general a careful analysis of singularities would be needed in order to understand
which poles are giving a non-vanishing contribution to the computation of the partition
function on 72, In our particular case the poles contributing to the residue computation
will be classified in terms of nested partitions 1 C - -+ € ug—1 € po. Inprinciple this
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Table 2 Poles and zeros for {u?}

]
=]
=
[
w
N
)
=
Q
w

and {u}} in (3.33) - —
u;=a u;=a
u?:a—e u?:E—e
Ll?]-:él Ll?j:O
W0 = a0 — e
u}:u? u}:ug)fq
u}-:u?fe u}:u?fez
u}:ﬁ—é u}:a—e
u}j:q u}]-:O
ul=e uly = e

result could be obtained via the systematic approach of Jeffrey—Kirwan. Here we follow
an alternative procedure by giving a suitable imaginary part to the twisted masses (for
example through the R-charges via a redefinition of the relevant parameters, as in
[64]) and by closing the integration contour in the lower-half plane. In this particular
setting we take care of redefining a, €; in such a way that Ja, J¢; < 0 and Ja > Je.
By the requirement on the Cartan parameters of the D7-branes, namely a —a € Z,
we also have Ja = Ja < 0. It is sufficient to study the pole structure of the first two
integrations (namely {u(j).} and {u}. })in (3.33), whose poles and zeros are schematically
shown in Table 2.

The integration over the {u(]).} is standard, as it is has the same pole structure of the
standard Nekrasov partition function [64,65], and the poles contributing to the residue
computation will be described by partitions . Each box in ug will then encode
the position of a pole for the first n¢ integrations. As for the integrations over the
{ul} variables we first point out that the 1-loop determinant due to the D7-brane, as
a —a € 7Z and the corresponding pole falls out of the integration contour. In the same
way also poles of the 1-loop determinant of Q; give a vanishing contributions, because
of one out of two different reasons: Either the singularity falls out of the integration
contour, or its contribution is annihilated by a zero coming from the determinants of
XlB ', Any pole that might fall outside the Young diagram associated with 1y must
also be excluded from the computations, because of the flag structure of the quiver
in Fig. 10. These considerations lead us to the classification of poles of the {u}.}
integrations in terms of partitions as follows: By choosing the order of the integration
to be u}, ué, 7 ,111 poles are chosen by successively picking outer corners of Y, so
that the complement in Y, is still a Young diagram corresponding to a partition 1,
with |u1| = ng — n1. The procedure we just described is depicted in Fig. 12.

Any successive integration is done in the same way, and the poles contributing to
the integration are classified by sequences of nested partitions, as we discussed in
Sect. 3.1.3.

Boxes in the skew partitions g \ @ will denote positions for poles in the jth
integration, according to the following rule: A box of Y,,,\,, located at position (i, j)
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Fig. 12 Procedure for picking poles of {u}} from Y,

inside Y, (this is required by the nesting phenomenon) corresponds to the coordinate
ul(k) =a+ (i — 1)e; 4+ (j — 1)ea. One thing to be pointed out is that the assignment of
a certain Young diagram configuration do in fact specify a particular pole only up to
Weyl permutations of the coordinates: Because of this we choose a particular ordering
of the coordinates and neglect the counting factor (ng! - - - ns—1 !)’1 in Z.

The partition function Z ?23 /PT/DT il then take the following form
_ s—=2
3 5 _ _ _
Z7l~)2 IPTDT — Zo Z (Z,LO (e1, €2, a)Z,ifﬂo (e1,€2,a) 1_[ Zyir i (€1, €2, a)) ,
M1 S s —1 S0 i=0

(3.36)

with

s—1 .
2 n 1 01(t] —zq +¢€) )”']
Zes =D 5 3.37
b il:!)[”i!(Ql(ﬂﬂ]/z_51)91(T|Zq/2—62)n(r) (3.37)
O1(tlp(s) —a)0i (z]p(s) —a+e)
01(tle(s))01(T|@p(s) + €)

Zyy(ere.a) =[]

sepo\O
H ( O1(tlp(s) — d(s")  O1(zlp(s) — p(s)) +¢) ) (3.38)
o O1(t]p(s) — Pp(s') — €1) O1(zlp(s) — P(s) — €2) '
S,X’G;Lo
_ O1(tlgp(s) — P (s (] (s) — P (s') +€)
P (€1 2D = 1;[ (61 @l6() — BG) — DB EIDG) — BT — 62>> '
s5.5"€pmo\ti+1
l—[ (91 (Tlp(s) — (") + €1)01(z|p(s) — p(s') + 62)) (3.39)
. O1(t|p(s") — P(NO1(TlP(s)) — P (s) — €) '
SEMLO\Mk+1
s'epo\ 1k
o _ 61(zl$(s) + €)
ZM’MO(Q,GQ,a)— l_[ —91(T|¢)(S)—E+E) (340)
sego\m
RS}

These formulae are to be compared with the contribution of a quiver with fixed numer-
ical type to ZTH(S 2. q0, - - -, gs—1), in particular the contribution at each fixed point
will be the same as Z¢l! et)’ which was defined in Sect. 3.1.5, but in principle

one could use the same technique in order to compute partition functions in the more
general case of a genus g Riemann surface C,.
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2g+2{

U ni s Ng—1

r

Fig. 13 Low-energy GLSM quiver for a general Cg |

3.3 General Riemann surfaces

When we switch from the genus 0 case to a generic Riemann surface C, with 1 puncture,
we are effectively turning on a matter bundle corresponding to the contribution of g
adjoint hypermultiplets, and the quiver in Fig. 10 describing the GLSM we are studying
gets modified into quiver in Fig. 13.

This GLSM encodes the ADHM construction of N, 1}, . With additional g hyper-
multiplets in the adjoint representation, all of them with twisted mass m, which
reproduces an ' = (0, 2)* theory.1 In the same spirit as in [13], from the point of view
of the matter fields this consists in introducing 2g adjoint chirals and 2g fundamental
chirals, with appropriate relations dictated by the brane system. As it was the case for
the theory without any adjoint hypermultiplet, each of the fundamentals we introduce
makes the theory anomalous by breaking a chiral half of the supersymmetry, and this
phenomenon can be cured by insertion of observables, encoded in D7 contributions.
The additional field content of Table 1 is summarized in Table 3, while the ADHM
relation on the ng node must be modified

8
(BY. BY + Y (BY . By 1+ 17 =0 (3.41)

i=1

and the relations (3.42)—(3.45) must be enforced through Xé3’4)’i, K;and L;.
&% = 1By, B} - [B]. B}] (342)
dj i it

&) =[B1, Byl - [B], By ] (3.43)
&y = i1 — By U7 (3.44)

1 Strictly speaking we are dealing with an A" = (0, 2)* theory only in the case in which Cisa g = 1
Riemann surface. In the same spirit we might want to point out that the 5d partition function to which the
elliptic index is reduced in the QM limit is not really computing the equivariant virtual xy-genus of the
vector bundle Vg, but rather the equivariant virtual Euler characteristic of an antisymmetric power of V.
This also means that the torus partition function is not, strictly speaking, the (equivariant virtual) elliptic
genus as it is defined in [66], as it is instead an elliptic generalization of the virtual Euler characteristic.
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Table 3 Hypermultiplet additional fields for quiver in Fig. 13

Gauge G Flavor U(1) x U(l)2 Twisted mass R-charge
Bé Do ® 0o 10,0 m —q+t
Bf‘ Do ® O L1, €—m —q —t
K; ﬁ() E(0,0) a—m —p—1
L; o D(l,l) —a+e—m p—t

3),i =
xé i Oo ® 0o L(0,1) € —m —t
X(()4)’l Do ® O L—1,0) m— e t
fun __ pi it gt
e = ByI + By'J (3.45)
1

The partition function for a general genus g Riemann surface C, with one puncture
will now read (we take the r = 1 case for the sake of simplicity)

o, _ leol ro\pil lmo\res—1] ell,g
Z'Coiqo, gm0 = Y a2 L (3.46)
M1SSHo
with
ell,g _ pell pell j 2l cell el el 11 1l
Z(uo,ul,---,um) - Euomomo%quoi,uoﬁo,m720,#1V\/fto,--.,mfl’ (347
where we defined
iy = ]_[ 0F (t|E(s) — m)0; (T|E(s) — € + m), (3.48)
SE€Y)y,
& =TI : (3.49)
210 s 0f (tlp(s) —a —m)o; (x| (s) —a + € —m)
We remark that by setting g = 0 we readily recover the function Z?}}O ot D) which
is needed in order to compute the partition function Z?II(S 2, qo, -, qs—1)-

In the same way as we did in Sect. 3.1.5, we can compute the full partition function
Z‘i’“ (Cq5 qo, - - ., gs—1) by first summing over the nested partitions t1 C -+ C ps—1
and use the definition (3.27) of P°!" in order to get

ZCyiqo. . qs—) = gy VN, Pl (3.50)
®o
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(nil—)l)
(ngi)l)

Vel = c AR et 2l (3.51)

Fig. 14 Comet-shaped quiver

with the following definition of yg{lﬂo

qi>0—0 qi>0—>0
_—

Again we remark that Pﬁg 1 so that Z‘l’" Cg5 90, -+, qs—1)

Z(Cys qo).

3.3.1 Comet-shaped quiver

Finally, we are interested in computing the partition function on a Riemann surface
C, with k punctures of generic holonomy, whose low-energy GLSM is in general
described by the quiver in Fig. 14.

We will start from the case of Cy = S2? which will take the form (3.52)

k
' . [0\
2% q0 gt gl D= qg 2 H < o
1230] =

{llllg EMV 1}, 1=

|M0\Ms_| | ell
951 ) (s {ph et )

(3.52)
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In this case the virtual tangent space to N, (1 ,. 10 (3.15) will be modified to be of
the form (3.53).

TYN(r, {n),...,nt_|}) = End(Vo) ® (Q — 1 — A>Q) + Hom(W, Vp)

k
+Hom(Vo, W) ® A2Q — Y Hom(V,", W) ® A?Q
i=1
k s—1
+y [ (End(ve(")) — Hom(V,®, v,}f)l)) ®
i=1 {=1

®(Q -1 —AZQ)]-
(3.53)

By a simple generalization of the computations leading to (3.16) itis possible to see
that Z,‘;H(SZ; 90,141, - - - q;_,}) takes a form similar to (3.28), as is shown in (3.54)

ZM(S% g0, {g}. ... gl 1})_Zq|l£0|yzl(l)npﬁgl’ (3.54)
with
pelli _ Z U F el (,)Iuo\ull (l. )Iuo\ui,ll
Moo ) . l/-(J»ILli V“O’Mll “0""’“.1;—1 q1 I /A s
whCul_,
(3.55)

and the functions T’“ 7;1(1) i and W ot take the same form as in Egs. (3.19)—
(3.24).

By a completely analogous procedure we can get that partition function of the low-
energy theory relative to a general Riemann surface of genus g, possibly g = 0. By
using the results of Sect. 3.3, we easily see that

=~

. . | \ jl
ZMCiqo gl caio =Y a1 (qlm’ SRS
Ko

gy i, J=1 (3.56)

Iuo\m_l\ ell,g
. ’ VA ; .
51 (o i ool 1D

By turning on the matter bundle described in Sect. 3.3 on the moduli space of nested
instantons N(r, no, {ni,..., ”271 }), whose virtual tangent space is given in Eq. (3.53)
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as an element of the representation ring of the torus R(7'), the suspersymmetric local-
ization theorem (or equivalently the equivariant one) gives us (3.57),

k
ZMCoiqo gt - gl ) = ag L T P, (3.57)
1o

i=1

where Pﬁg'i is defined in (3.55) and ))Z,l,lﬂo is the same one as in Eq. (3.51).

A couple of final remarks are due here. First of all we notice that we can switch off
any number of the contributions of the tails of the comet-shaped quiver in Fig. 14 by
taking the limit to O of the respective instanton counting parameters. Then, given any
k" < k we have that

. . -0 . .
ZM(Cqiq0.{a}. - q' 1D —— ZM(Coiqo gl gl D). (3.58)

J=k 1,k

Moreover, we expect our partitions functions to be computing the equivariant elliptic
cohomology of the moduli spaces of stable representations of quivers in Figs. 10, 11,
12 and 14, as in [67].

3.4 Limit to supersymmetric quantum mechanics

We now want to study a particular dimensional reduction of the 2d N = (0, 2) system
we studied on 72 in the previous subsections. By reducing on a circle we get the Witten
index of an A/ = 2 SQM. This dimensional reduction can be obtained from the elliptic
case we just studied by taking the limit e>"1" — 0. In this scaling limit we can use the
fact that 6 (t]z) — 2¢'/3sin(rrz) as ¢ = e*™I* — 0. In the resulting theory on !
we can decouple the D7 branes by taking very large values of the Cartan parameter a
and then rescaling the gauge coupling. Moreover, the quantum mechanical partition
function can be obtained by itself via localization, and the result agrees with the
decoupling procedure we just described. Indeed, the D7-branes only act as a source
of observables matching the anomaly, so they do not give rise to new poles in the
localization integral. Moreover, the observables they generate do not contribute in the
dimensionally reduced theory, whose moduli space is zero-dimensional, i.e. it does
not display unbalanced fermionic zero modes. As we already anticipated, we will see
how the results we obtain by this procedure compute particular equivariant virtual
invariants of the bundle V; over the moduli space of nested instantons N, .17, ,»
which is described by the stable representations of the quiver in Fig. 13. A bit of care
is required in order to take the correct scaling limit, and in particular one has to require
that ¢ — 0, while vol(T?) — B = rgi. Moreover, one should take into account
that in the S' theory twisted masses are also rescaled by 8, so that the result may be
expressed in terms of g1 = ef€1/2, g, = eP2/2 and y = e=F™.

The geometric interpretation of the Witten index of the quiver gauge theories
described in the previous section is the equivariant (virtual) Euler characteristic of
a given bundle over the moduli space of nested instantons. Then, computing the Wit-
ten index geometrically amounts to studying the stable representations in the category
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of vector spaces of the quiver in Fig. 4 under suitable stability conditions. This proce-
dure has the advantage of letting us compute the weight decomposition of the virtual
tangent space TZVir./\/,‘[ru .n,u at the fixed points Z in the representation ring of the torus.
The way in which this is done is very briefly described in Sect. 3.1.3. As it is shown in
Sect. 3.1.3, the fixed locus of the torus action consists only of isolated points, which are
characterized in terms of s-tuples of nested colored partitions gy S -+ - ;1 S Mo,
such that |py| = no = n, while | ;| = no —n;.

Once the fixed point locus has been completely characterized and a weight
decomposition of the virtual tangent space is at hand, one can in full generality
define an s-parameter family of partition functions on N, 1), u» With parameters
p = (po, 1, - - -, Ps—1) € Z*. Interms of the quiver vector spaces (W, Vy, ..., Vs_1)
one can introduce (s + 1)-tautological bundles W and V;, i = 0,...,s — 1, with
W= O .., Wecanthen define £; = detV;, Lp = X, /jl@pi and compute the
virtual Euler characteristic of the bundle S ® Lp over N, [,1) . > With S an arbitrary
irreducible representation of 7. The generating function of the virtual Euler charac-
teristics of the moduli space of nested instantons in (3.59) will then reproduce the QM
partition function 2.21, whenp = (1 — g, 0, ..., 0).2

N
Zlv’lr(ch 42, X) = Z chr X%lr (A[r,[rll,n‘/u EP) Hx;li' (3.59)

s ;—
neZZo i=1

In the following we use the notation chr to denote the 7T-equivariant Chern character
of a vector bundle, which has a very convenient representation in the representation
ring R(T). The usual Chern character is defined as follows: If E is rank r vector bundle
over X, with Chern roots xi, ..., x,, then one defines

ch(E) =) e", (3.60)

i=1
which can be equivariantly extended to a ring homomorphism chg : K 6 X)) —
Hé(f(,(C), where X = {(x,g) € X x Glxg = x} = ]_[g X8 and H&()A(, C) ~
) G
[@g H' (X8, (C)] . The effect of chg can be concretely characterized as follows:

If E is a G-equivariant vector bundle on X, for each x € X&, we can compute the

eigenvalues (supposed to be distinct) A1, . . ., A, of the G-action, and the corresponding
eigenspaces E j ..., E%, so that E|y¢ can be represented as the direct sum of vector
bundles

Exe=E'® - ®E". (3.61)

2 Itis interesting to compare the role of this line bundle £ to the way in which the Chern—Simons term was
introduced in Sect. 2.9. In particular it turns out that the vector space V(y can be recognized to be the space
of fermionic zero modes, [56,68,69], so that the identification of L1 q,... o) = det)) with Det D is in fact
quite natural.
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Finally, one defines chy (E) = ), A, ch(E"), so that

G

chg(E) = @chy(E) € | P HY(X5.0) | . (3.62)

geG geG

The Chern character, and also the equivariant Chern character, satisfies some impor-
tant properties which we will use extensively in the following:

ch(E® F)=chE+chF, ch(E® F)=chEchF. (3.63)

If we restrict to the case p = (po, 0, ..., 0), the fiber of £, at a fixed point Z <>
S C pue_y € po will be given by (3.64),

M(a) (ﬂ)/ Po
’ Ko
Lz="Ly=|]] ]_[ ]_[ T, 17 (3.64)
a=l1 i=1 j=I
where (T1, T2, Ty, - - ., Ta,) denote the fundamental characters of T x (C*)" acting

(a) (@) r(@) (@)

et @and Mo = o1, Noooo= g g
Then, supersymmetric 1ocahzat10n (equlvalently equivariant localization) can be
exploited in order to compute partition functions (equivalently virtual equivariant
Euler characteristics). If we start from the case g = 0 we get

Z ChT Ez
ZeNT | Ao [Tglr'/\c/,[r'],n,u:l

rriln,p

C k)
i Z (% ”“O’I"l(QI, q2)-

m S Cpe 1SR r.no

on

chT[ i (Afr, m), z:p)]

: W[Lo,...,[l.s_| (611 ) 612)) )
(3.65)

with A (E) = ) i t' A E for any (equivariant) vector bundle E on N, [71].n.0> While
Luo(q1,92)s Whg,...ns, (@1, q2) and Ty (g1, q2) are given by Egs. (3.66)—(3.68),

(a)’ Po
r M(()a) MOI

Lug(ara) = | [T T T1 pati™'a3 ™" (3.66)

a=1i=1 j=1

(@) _ (a)
r M(ga> M“Ot Mll

T @) =T][] TI ( — pady qzj_”"") (3.67)

a=1 i=1 j=1
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(a) £r(b) b . . (ay
r My Ny —1 P TE Tyl

s—2
1—
Wi ome_1 (@1, q2) = 1_[ l_[ 1_[ 1_[ ( Pally QIU 92 @y ?

b T
—1 M1t J*“k+1,i*)

k=0ab=1i=1 j=1 \ (1 = p,p; 'q, 95
(b) P (a)
—1 Mg, =E J—Hg; 1
- Pa Py, 1‘]1 ) )
T o
A —=papy ay" @y " )

with p; = ch T, and similarly ¢; = ch T;.

The generalization to the case of a general Riemann surface C, of genus g is
immediate, as it only amounts to computing the “virtual Hirzebruch x,-genus” of the
bundle 7*Vy — N, ;1) ,.,,- This is obviously the same as turning on a matter bundle
relative to additional g adjoint hypermultiplets, whose twisted mass m is naturally
identified with y in the Hirzebruch genus by exponentiation.

chr XyT’Vir (JT*Vg,./\/;.’[rl ]’n,#) = Z

M S-S Sho

s—2
Ty o @1-a2) [ [ W2, (ql,fm) :

i=0

chy (L) chy Ay[(Tuy M ) P81 _
chr A [TﬂOMerlo]

(3.69)

Surprisingly enough, explicit computations suggest that the partition function of each
choice of numerical type for the nested instantons quiver should consists of a usual
Nekrasov partition function multiplied by a polynomial in the torus characters. This
observation is summarized in the following conjecture.

s, (q1, q2) is a polynomial in

,,,,,

Conjecture 1 he function 3, Ty, (q1,42) Wi,

q= qfl andt = q{l with rational coefficients in the {p; }1<;<,, while it is a polyno-
mial with integer coefficients when r = 1.

3.5 Comparison to LHRV formulae

The Nekrasov partition function on R* x S! is known to have the following form

28 3 ﬁ sinh [g(E(s) - m))] sinh [g(m) e+ m)]

Yi o h=15€Ys sinh [gE(s)] sinh [g(E(S) . E)] , (3.70)

where E(s) = a,; —€1h(s)+e€2(v(s)+1), and given two Young diagrams ¥y, Y5 € Yi
the quantities i (s) and v(s) are defined to be h(s) = v;, — j, and v(s) = f)}k —
i). We will be interested in the specialization of the Nekrasov partition function to
the case N = 1, so that h(s) and v(s) will become, respectively, the arm length
a(s) and leg length I(s) for the box s in the Young tableaux classifying a given pole
configuration. Now, following the conventions of [55], let x; = {x;,1, x12,...} and

Xt = {Xk,1, Xk.2, . . . } be k infinite sets of variables and let moreover A(Xy), ..., A(Xk)
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be the corresponding rings of symmetric functions. Given a partition A, Hy (X; ¢, 1) €
A(x) ®7Qlq, t] will denote the modified Macdonald symmetric function. The k-point
genus g Cauchy function Q2 (z, w), with coefficients in Q[z, w] ®7 A(X1, ..., Xg), is
defined as follows:

k
Qzw) =Y Halz,w) [ [ Hrtxi; 22, w?), (3.71)
reP i=1
with
2a(s)+1 _ . 20(s)+1\2g
z w
Moz, w) = l_[ 2a(s)(+2—w%<s> 2a(s) )21(v)+2 ‘ (3.72)
vo, (@96 ) (2748 — w9)+2)
The modified Macdonald polynomials H; (x; g, 1) are defined as
Hy(x:q.1) =Y Kux(g. )5 (x), (3.73)

m

where s, (x) are the usual Schur functions, while K au(g, t) denotes the modified
Kostka polynomials, which are expressed in terms of the usual Kostka polynomials
as

Kiu(g, 1) = t"WK; (g, 1), (3.74)

withn(u) = Zﬁ(:”]) wi(i—1),and K, (q, t) can be interpreted as being a deformation
of the Kostka coefficients K3, appearing in the expansion of the Schur polynomials
in terms of the monomial symmetric functions:

51(X) = Kpump(x). (3.75)
“w

Moreover, the modified Macdonald polynomials can be viewed as a g-deformation
of the standard Hall-Littlewood polynomials, and are related in a non-trivial way to
the Macdonald polynomials P, (x; g, t), which are eigenfunctions of the trigonometric
Ruijsenaars—Schneider Hamiltonian [70,71]:

AX; g, 01 = "0 | —X g 1, (3.76)
=1/t

where X denotes the plethystic substitution X = x; 4+ x2 + x3 + - - -, the square
brackets are to be intended as a plethystic insertion and

L g0 =[] (1= O+ P g.0). (3.77)

SEA
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The modified Macdonald polynomials are also eigenfunctions of a linear operator A,
[72], which acts on a symmetric function f as

Af = f|:X+—(l_Q)Z(1_t)}Q

[—zX]

: (3.78)

70

where Q[X] = 220:0 h,(X) and (e)|,0 denotes the constant part in z.

We will think to €2(z, w) as being a function associated with a genus g Riemann
surface with k punctures. Moreover, if we are give u = (u', ..., u%) € P* we can
define the following function

Hy (z, w) = (z2 — (1 — w?)(PLQ(z, w), hy), (3.79)

where hy = h,1(X1) - h (X)) € A(Xq, ..., Xg) are the complete symmetric func-
tions, and (-, -) is an extension of the Hall pairing. The interest in H, (z, w) lays in
the fact that it encodes information both about GL,(C) character varieties M, of
k-punctured genus g Riemann surfaces with generic semisimple conjugacy classes of
type p at the punctures and about comet-shaped quivers Q,, with g loops and k tails of
length defined by . It is in fact conjectured that through the knowledge of H, (z, w)
we can get the mixed Hodge polynomial and the E-polynomial (and thus the Euler
characteristic) of both these character varieties and quiver varieties.

If we now study the particular case of comet-shaped quivers with k = 1, [(n) = 1
and g = 1, whose corresponding quiver is the Jordan quiver, we can specialize X =
(T, O0,...) for some variable T and I:IA(T, 0,...;z,w) = T, so that

(ZZa(s)-H _ w2](s)+1)2

— [A]
ez uw =3 > ] (220012 ) (260) — 22 . (3.80)

k |r=k

If we now compare (3.80) to (3.70) in the case N = 1, with m = €/2, we can
4
immediately see how closely Q2 (z, w) resembles to ) _, Z]]Elxs' g as long as we make

the identifications z2 = ef€1, w2 = ef2 and T = q, q being the instanton counting
parameter.

If we next take g to be arbitrary, but still take k = 1 and /() = 1 a generalization of
our previous observations is straightforward. In fact, as we already pointed out in the
previous sections, adding loops to the Jordan quiver has the net effect of introducing
2g + 2 matter fields By, B», Bél), Bf) (withi =1, ..., g) transforming in the adjoint
representation of the gauge group U (k). The role played by each of the Bé’), Bf) fields
is analogous to the one of B3 and By in the ADHM linear sigma model with adjoint
matter. Since all of these fields do not contribute with poles to the residue computation
of the localization formula, if we choose their twisted masses and R-charges to be the
same as the ones for B3 and Bj their net effect will be that of introducing a gth power
to the numerator of (3.70) (which really is the meaning of turning on a matter bundle
for g adjoint hypermultiplets twisted by their mass m).
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Actually one needs to turn on a Chern—Simons coupling in order to exactly repro-
duce 2 (z, w) starting from a gauge theory. In fact we can rewrite (3.80) as

1(Z2a(s)—‘,-l 21(&)+1)g
g
Q2 w) = ZZH (=D 24200 +2
K |h=k ser (3.81)

.(1 _ Z—2a(s)—1w21(s)+l)g(1 _ ZZa(s)-i—lw—Zl(s)-i-])g TI)»I
(1= ZfZa(s)72w21(s))(1 _ Z2a(s)w72l(s)72)

and we can easily see that

(Z2a(s)+1 w2[(s)+1)g

2a(s)+2 21(3)—&-2 g—1
Z2a(s)+2w2l(s)+2 (zw)W 1—[( )

SEA
-1

_ 1 (ZzZs<a<s>+1)w2Z.v<l(s)+1)>g
EBEAS

__ (arieey, ie)
T (zw) <
A(2g—2
_(aw)H@s (a 2i(s)-1) 2(1‘(s>—1>)g
ea(g 1)|)\|(Zw)|)‘|

-1

which apart from a harmless overall normalization, is the contribution of a Chern—
Simons interaction at level 1 — g, [56]. Thus, we conclude that the partition function
for the 5d N = 1* ADHM quiver theory with g adjoint hypermultiplets and a Chern—
Simons term at level 1 — g reproduces the Cauchy function (3.82) when resummed
over all the instanton sectors (see also [73]).3

( 2a(s)+1 _ 21(s)+1)2g

A
ez uw =3 > 1] (22002 Z 2 ®) (240 — w21(3)+2)T| LG8y

k |Al=k

As it was shown in [21,48], one interesting thing to point out in Eq. (3.82) is that
it computes a generating function for a geometric index. It is actually known that the
moduli space of stable representations for the ADHM data (3.83) is isomorphic to the
Hilbert scheme of dim(V') = n points in C2 when dim(W) = 1.

By
0,
\% ? w, [B1,B]+1J =0 (3.83)
U
By

3 The 5d N = 1+ theory here is intended to be abelian (as we focused only on the case N = 1 after eq.
(3.70)) and it amounts to a free theory of g adjoint hypermultiplets, as displayed in Eq. (3.72).
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Then, ©5(q1, g2) such that Q(z, w) = >, Q5. (z%, w?)T™ is computing the Hirze-
bruch x,-genus of a vector bundle over ((Cz)["]. In particular we have [21,74]

)
> a2y =chr x, [(TV(CZ)['”) " ® (@etD)! (Cz)["]}
A€P(n)

chy (det 7)' ¢ chy A, [(T, (C)1"))¢]
chy A_; [T,V (C?)M]

- ¥

reP(n)

9

(3.84)
where det 7 denotes the determinant line bundle on (C2)" and y = e=".

It was proved in [21] that a similar result holds true also for the genus g Cauchy
function relative to punctured Riemann surfaces with non-trivial holonomy around
the punctures. In the case of a single puncture (assumed to be generic) of type u, the
Cauchy function at fixed || = n computes the residual equivariant Hirzebruch genus

of a vector bundle over a nested Hilbert scheme of n points NV} 117, , on C?:

> Mo w)Hi(x; 22, w?) = chr xy [TVe. Ny 1110 - (3.85)
LeP(n)

where 77 : N 11y, s (C?)["] is the natural projection of the nested Hilbert scheme
to the underlying Hilbert scheme of n points on C2, and V, = (TV((CQ)[”])@g ®

(det 7)!~8. Moreover, the rhs of (3.85) can be computed in terms only of characters
of vector bundles over (C?)I"! = Hilb” (C?) due to a result by Haiman, [21,75], and
we have that

chy xy [T Ve, N (111 m.e]
_y chy (det 7' =8 chy A, [(T; (C?)I"))®¢]
reP) chr At [T/ (€]

chr(P)).,  (3.86)

where P is a vector bundle over (C?)"] whose fibers over closed points [/] € (C?)["]
are isomorphic to permutation representations of S;,.

By virtue of what we showed in Sect. 3.4, we expect our results to give a virtual
refinement of the formulae found in [21,55]. For the sake of simplicity, let us start
from studying the case of a quiver consisting of only two gauge nodes and r = 1,
corresponding to a complex curve C of genus g = 0. We already computed in Sect. 3.4
the partition function relative to any generic quiver of the type shown in Fig. 4, with
(ro,r15...,r5—1) = (r,0,...,0). We will then be computing the generating function

1

1
ZSfro’pl) = Z Zr(npo’p])nxini = Z chr xz" (NI,[I'],n,y(n)v‘C(P()J’]))Hxini’
i=0

2 2 =
neZZo neZZo i=0

(3.87)
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where y (n) is the ordered sequence determined by n; determining the relevant quiver
variety of numerical type (1, 71g, 711).

We will restrict our attention to p = (po, 0), in which case the restriction Lz of
L py.0) to the fixed point under T ~ N 11 ) 18

My v o

co= T[] . (3.88)

i=1j=1

The result obtained in Sect. 3.4 by means of SUSY localization then specializes in
this case to the form (3.89):

zPo0) Z chy Lz
Z=(v) [TV“NVUI ny(n)]
(Ivl,lpD=y ()
L,(q1, )W :
_ Z v(q1, q2) (u,p.\)/(Ql LI2)7 (3.89)
Z=(v,p) Ay [TZMl,no]
(Ivl,IpD=y ()
with
v Po
Ly(q1.q2) = Hﬂq a | (3.90)
i=1j=I
and
M xt,t/v _,Jul 1 My vi— J—m;
(1 —gq )(1 1—171 ‘g,
Wy = - — 0 o
ﬂjnla—q""’ gy " 1)(1— " ‘)ﬂj P (—arah

(3.91)

where as usual, g1 = chy T} and g = chy T>.

In order to support our conjecture that the quiver we studied so far do indeed provide
an ADHM-type construction for the nested Hilbert scheme of points on C? we will
show some relevant examples in the following. In the two-step quiver case this is true
by a result of [54], which moreover implies that the non-abelian quiver provides an
ADHM description for the moduli space of framed torsion-free flags of sheaves on
P2 A very brief review of the result of [54] which are useful for what follows can
be found in “Appendix C.” Even in the two-step case we can still compare the results
coming from direct localization computations to the formulae in [21,55]. In particular,
since the nested Hilbert scheme of points is known to be non-smooth except for the
case (ng,n1) = (n,1) or (ng,n1) = (n,0), the polynomials we get multiplied by
the Nekrasov partition function order by order are expected to reproduce the modified
Macdonald polynomials PNIA (x; g, t) whenn = 1. For the sake of ease of comparison,
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in what follows we will use the notation N(r, ng, . . ., ns—1), whichis foundin [21,54],
instead of V,. ;1) -

Example 2 1f n = (n, 0) we need to compute the partition function for N(1, n, 0), and
obviously the partition function reproduces the result in Eq. (3.82), for g = 0.

Example 3 Taken = (1, 1), so that F(1, 1, 1) ~ N(1, 2, 1) >~ Hilb4-2(C?), [54]. We
have two different choices for the fixed points:

=L ] =1 or v, ) = H = 12,1Y) 3.92)

and we have for the partition function

1—-g,0 1—-g,0
zy % xiq.0 =Y 23, *Vxiq.1)

Vv

Log—) =YW -1 41
= xox| Z (g ) (v,;L)(CI )

(3.93)
(v, 1) Ao [TZMY,HO]
with
205 g = 29D g
X0q, )= —F——"~v 7 X0X
n,2! q A—l [TleYno] q)XoX1
Lo f’]) (3.94)
(1-¢,0) 12 )
Z 2 xg. 1) = ————— = (1 +xox
n,1 A [leMino]
By putting together with the previous example, we have that
1-g,0 »Cv(q_lvt_l) 5 A
L=y = Z WHU(XO,M,L]J)
- v 1,n
veP(2) »10 (3.95)
= > HEO (@ w)Hy(xo, x15 2%, w)
veP(2)

We want to point out that the elliptic counterpart to the polynomials determined by
Wi, are the following

61(t[2€1)
Plx; e, €2)| =—"72,
- o ailen
o (3.96)
61(t]2¢2)
PEl(x; €1, =—,
g (e e) )
X0X1

which obviously reduce to the corresponding modified Macdonald polynomials coef-
ficients when T — ioo.
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Example 4 Let’s now consider n to be such that ng + n; = 3. The only quantity we
need to compute is related to n = (2, 1), which corresponds to N(1, 3, 1). We have
the following possibilities for the fixed points:

fw.y={ LT T, , , (3.97)

and

Wen (@ i) =04+qg+4¢

1

W@ h+wg @ = +g+0) (3.98)

VVB @ LY =0+14+1%

As in the previous example, we can exhibit explicitly the elliptic counterparts to these
modified Macdonald polynomials, which read:

_ 0i(t]3€1)

PEA(x €1, €2) =
oo\ =1 ’
2 91(T|61)

X5x1

(91(T|261 —€) 01(t]2e2 —€1)
O1(tler — €2) O1(tlex — €1)

Pég(X; €1, €) ) . (3.99)

2
XgX1

_ 01(|3€2)
) 61 (tler)
XgX1

PEH(X; €1, €2)

Example 5 As a final example of a smooth nested Hilbert scheme of points we will
take NV(1, 4, 1), so that the fixed points will be

(.= T T , , I

(3.100)
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by which we get

Wmam @ ) =0+q+¢*+4¢%)
Wap @+ Wp @ T =d+g+47 +0)
W@ ™) =U+qg+1+qn (3.101)

ng (@' h +VVB3 @'Y =0+t+12+9)

VVE G L h=04t+2 41

which again reproduce modified Macdonald polynomials which can be found tabulated
in the mathematical literature. Their elliptic counterpart is now given by:

01(zl4er)
P (X €1, ) =—,
; O1(tler)
XpX1
el o 01(t|2¢1) O1(T|3€1 —€2)  O1(T]2¢x — 2¢1)
PE]](X’ 61 ) 62) = El
i O1(tler) O1(t|2e1 —€2)  O1(tlex — 2¢€1)
01(z12€1) 61(712€2)
Pell 7 , — ,
B )| ( b (zlen) Or(zle) (3.102)
XgX1
Pll(x: €. €2) _ (91 (t]2€2) O1(t|3e2 —€1)  O1(T|2€1 — 262)>7
H \ f1(tler) O1(x)2e2—€1)  Oi(tler —2€2)
XgX1
01(t|4e2)
P xe )| =———2.
E 01(tle2)
XjX1

The following is the easiest example of a non-smooth nested Hilbert scheme, namely
N1, 4,2), and we can see how in this case our computation does not reproduce the x
genus of [21], hence the formulae of [55], giving instead their virtual generalization.

Example 6 Take (ng,n1) = (4, 2). The prescription for the fixed points gives us

(<wu>>’[[]:|:|, e ml , ]
(3.103)
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by which we get
Weam (@t Y =14+q4+2¢° + ¢ +¢* — ¢*t — ¢t —2¢*t — ¢°1 — ¢%
W&D(q_l,t_l)+waﬂ(q_l,t_l)=1+q +2¢%> + 1 +qt — g%t — gt
gt — g — 2 —
W@ TH W@ T =1+ g g+ 12— g —qr?
— 202 — B — (3.104)
q-t qt qt
ng(q_l,f_l)-l-ng(q_
_ g — g’ — g2 — gt
—1

Vit =14 q+1+qt + 21> — g%t — g1

Y =14 420 42 41— qi? — g —2q1* — g — ¢f®

WE (q
The polynomials above contain the coefficients for the modified Macdonald polyno-
mials which in this case read
I:I _ 2 3 4

oo (¢, Dz =1+q+2¢"+q" +¢q

ﬁEl:n (q,t)lxgxlz =14qg+2¢>+1t+gqt

HEg @ 0lgg =1+q+4° +14q1 40 (3.105)

ﬁﬁj(q,t)lxgxlz =14q+1+qt+2°

0*1

I:‘IE(‘]’I)'xz 2:1—|—t+2t2+t3+t4

As a final remark let us point out that, even though the GLSM partition function is
naturally computing virtual invariants, as the moduli space N(r, ng, n1) is in general a
singular quasi-projective variety, [76], however one should be able to use equivariant
localization to compute usual topological invariants also for singular varieties [77,78].
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Appendices
A Low-energy theory for D3 /D7

Let us here sketch a derivation of the low-energy effective theory of the D3—D7
system at an orbifold point by studying the equations of motion reduced on 72 x C.
This amounts to solve the BPS equations

F®O =0, 9405=0, 04Bi=0, 941 =0, 94/ =0 (Al
®- F+[B;, B1+[®s, L1+ 171 —JJ" =1y (A.2)

while we minimize the super potential
W ="Tr{®s ([B1, B21+1J)} . (A.3)

Let us now focus in the vicinity of the orbifold point, where the local geometry of C
is C/Zs and that of T*C is the ALE quotient C?/Z;. There the Chan—Paton bundle
of the open string modes decomposes in Zg-representations as already discussed in
Sect. 2. (A.1) admit vortex solutions centered at the orbifold point, whose vorticity
is fixed by the order of the cyclic group. On the vortex background, the gauge field
along C/Z, becomes massive due to the Higgs mechanism and decouples from the
low-energy spectrum.

Unpacking the open strings moduli in the V; twisted sectors one gets the degrees of
freedomin (2.8) and the relations (2.9). Let us now discuss how these arise. The modes
Blj and Bé come from the Z; representation of the B and B; fields and analogously
I/ and J/ from I and J. The further degrees of freedom arise from &g, that is,
the one-form in the adjoint. Since these are describing open string modes in twisted
directions under the Z; group, the fields which arise from ®g are homomorphisms
between nearby twisted sectors. Explicitly from the reduction of ®g one gets the
bifundamental modes F/ € Hom (V}, Vj41).

The BPS vacua equations of this system therefore are obtained from the reduction
to the constant modes of (A.1) and the minimization of the super potential

B/, B+ 177/ =0, BIFI —F/B/™ =0 BJFI —F/Bj"' =0, J/F/ =o0.

B Flags of framed torsion-free sheaves on P2

As we already pointed out the QM partition function obtained as the trigonometric limit
of our D3/D7 system computes virtual invariants of a certain 7 -equivariant bundle
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over the moduli space N(r, no, ..., ng_1) of stable representations of the quiver in
Fig. 10. When the quiver is two-step it is called in the mathematical literature the
enhanced ADHM quiver and the moduli space of its stable representations of type
(r, ng, n1) has been identified in [54] with the moduli space of flags of framed torsion-
free sheaves on P2, F(r,ng — ny,ny). These are defined as follows. Once a line
Lo C P? is fixed, a framed flag of sheaves consists of a triple (E, F, ¢), where F is

a rank—r torsion-free sheaf on P2, framed at oo Viag 1 Fo = OEB; , while E is a
subsheaf of F such that the quotient F'/E is supported away from {.. This triple is
characterized by three numerical invariants: r =tk E =tk F, n = ¢p(F) and [ such
that ¢2(E) = n + . The moduli space of flags of framed torsion-free sheaves on P2 is
thus parameterized by these three numerical invariants, and it is denoted by F(r, n, [).
Moreover, if M (r, n) denotes the moduli space of framed torsion-free sheaves on P2,
M(r,n) >~ M, ,, one has that F(r, n,l) — M(r,n) x M(r,n+1) as an incidence
variety.

These moduli spaces are of particular interest to us because of the following theo-
rem 1.

Theorem 1 (von Flach-Jardim, [54]) The moduli space N(r,ng,ny) ~ F(r,ng —
ni, n1) of stable representations of the enhanced ADHM quiver is a quasi-projective

variety equipped with a perfect obstruction theory. The following T -equivariant com-
plex C(X)

Q0 ® End(Vp)
® A%Q ® End(Vp)
Hom(W, Vo) ®
End(Vp) . @ 4 0 ® Hom(Vy, Vp)
& — A2Q ® Hom(Vy, W) ——> ® —2 5 A20 @ Hom(Vy, Vp)
End(V}) ® A%2Q ® Hom(Vy, W)
0 ® End(V)) ®
® A?Q ® End(V})
Hom(Vy, V)

(B.1)
with

do(ho, hy) = (ho, BY1. Tho, B91, hol, —Jho, [hy, B{1, [hy, B3], hoF — Fhy)
di(b), 63,1, j, bl by, f)= (), BJ)+ [BY, b1+ iJ + 1], BY f + b)F — Fb| — fB{,
BYf +bYF — Fby — fBY, jF + Jf,[b}, B}1+ B}, b))

dy(cy1,¢2,¢3,¢c4,¢5) =1 F + Bgcz — C2321 + C3B? — BllC3 —Icqy — Fes

encodes the structure of the perfect obstruction theory for N(r, no, n1). The infinites-
imal deformation space and the obstruction space at any X will be isomorphic to
H'[C(X)]and H2[C(X)], respectively. Whenr = 1, N(1, ng, ny) is smooth iffn; = 1,
[76].

@ Springer



Defects, nested instantons and comet-shaped quivers Page 49 0f53 34

Moreover, it is shown in [54] that there exists a surjective morphism
q: (W, {Vi, B{, By}, 1,J, F) > (W, V,B{, By, ', J)

mapping the enhanced ADHM data of type (r, ng, n1) to the ADHM data of numerical
type (r, ng — n1). This morphism is moreover compatible with the natural forgetting
morphism 1 : M(r, ng, n;) — M(r, ng), so that we have two different maps send-
ing the moduli space of stable representations of the enhanced ADHM quiver to the
moduli space of stable representations of ADHM data. The situation is depicted by
the following commutative diagram which enables us to characterize T -fixed points

N(r, ng, ny) SN M(r, ng)

\qﬁ

M(r,ng —np)

of N(r, ng, n1) in terms of fixed points of M (r, ng) and M (r, ng — ny). Consistently
with what we found in the more general case of a quiver with an arbitrary number of
nodes, the fixed point locus consists of isolated non-degenerate points which can be
described be couples of nested partitions P(ng —n1) > u S v € P(ng).

C Fixed points and virtual dimension

The characterization of the fixed points we described in Sect. 3.1.3 makes it clear
that the T-fixed locus in N, 1y ,. .. consists only of isolated non-degenerate points.
Moreover through a simple computation it’s now very easy to compute the virtual
dimension of N(r, ng, ..., ns_1). Altogether these facts get summarized by the fol-
lowing proposition, which for the sake of simplicity we state in the simple case of the
two-step quiver.

Proposition 2 The T-fixed locus of the moduli space N(r, ny, n1) consists only of
isolated non-degenerate points, which are into 1 — 1 correspondence with r-tuples of
colored nested partitions. Moreover, VAaf(r.ng.n;) = 2rno —rng + 1.

Proof A very brief sketch of how to prove the statement about the fixed points was
previously given in Sect. 3.1.3, so now we will only focus on computing the virtual
dimension of N(r, ng, n1). Using the description provided by quiver in Fig. 11 we see
that the number of variables involved in the computation is #var = 2n(2) + Zn% +2nor +
noni, with r = dim W. Moreover, the number of constraints we need to implement
is #constr = n(z) + n% — 1+ non1 + nyr, where we also took into account that the
constraints are not independent. Finally, we account for the fact that we take the GIT
quotient by the action of G L (ng) x GL(n1), which contributes by #symm = n% + n%
Then,

“dim M(r, ny, ny)” = #var — #constr — #symm = 2nor —nir +1.  (C.1)
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In order to directly compute the virtual dimension of the nested Hilbert scheme of
points on C2, we use the character decomposition of 7. YN, no, ny) at a generic
fixed point under the torus action. Then,

M, Ny
. i~ i\ oG] —j+vi+1
VAN L) = lim | T M(Lno) + 3 (T =TT, -,

i=1 j=1
My Vi H (C2)

-2 i 4 T

i=1 j=1
=2n9g—ny+1,

which in the case of a smooth nested Hilbert scheme of points, coincides with the com-
putation of [54]. A completely analogous computation can be carried out in the generic
(non necessarily smooth) case, by using the character decomposition we computed for
TZV“./\/ (r, ng, n1), which in turn coincides with the representation of the virtual tangent
space to the nested Hilbert scheme of points (when r = 1) given in [79]. O
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