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Introduction

In the last two decades, it became clear that various concepts introduced and studied in quantum
information theory are important also for many-body systems with ramifications to different lines
of research, ranging from condensed matter theory to high energy physics and quantum gravity.
One of these aspects is undoubtedly the entanglement, a characteristic trait of quantum mechanics
since its early days [1, 2].

Given a spatial bipartition of a quantum system into A and B, the reduced density matrix of A
is defined by tracing the density matrix of the system over the degrees of freedom of B. This is the
starting point for determining the entanglement between A and its complement, whose most suc-
cessful measures are the von Neumann and the Rényi entanglement entropies. The entanglement
turns out to be particularly interesting in condensed matter theory and many-body physics [3–5].
It provides a powerful tool to distinguish whether the system is at criticality or in a gapped phase.
Indeed, when a system described by a local and gapped Hamiltonian is in its ground state, the
entanglement entropy of a subsystem A scales with the area of A: this fact is known as area law.
On the other hand, at criticality, some violations of the area law are observed, as, for instance, in
one-dimensional quantum systems [6,7]. These universal properties have been studied also for sys-
tems with large correlation lengths that can be described by quantum field theories (QFTs), which
flow to conformal field theories (CFTs) at criticality [6,8–11]. Furthermore, the entanglement has
found remarkable applications also in characterising systems with disorder [12,13] and in detecting
topological order [14,15]. Entanglement has also attracted a lot of interest in high energy physicis
as a fundamental tool for understanding the origin of the Bekenstein-Hawking entropy of black
holes [16–22]. Besides the purely theoretical interest, in the last years, thanks to the advances that
allow to prepare and manipulate systems made up of few atoms, experimental setups have been
realised to detect the characteristic features of entanglement [23–25].

The von Neumann and the Rényi entanglement entropies quantify the amount of entangle-
ment between a subsystem and its complement and depend only on the spectrum of the reduced
density matrix (called entanglement spectrum [26]). Thus, a richer point of view can be achieved
by studying the entire reduced density matrix, that provides the complete information about the
entanglement of a given bipartition. Equivalently, one can consider the logarithm of the reduced
density matrix, namely the entanglement Hamiltonian (introduced in the context of algebraic
quantum field theory as modular Hamiltonian); since the reduced density matrix and the entan-
glement Hamiltonian are operators, they are in general highly non-trivial objects. A further useful
entanglement quantifier is the contour for the entanglement entropies [27–29], which describes the
contribution of the various points in A to the entanglement entropies.

Another quantity playing an important role in quantum information theory is the complexity
of a quantum circuit. A quantum circuit constructs a target state by applying a specific sequence
of elementary operations, called gates, to a reference state. The circuit complexity is given by the
minimum number of allowed gates that is needed to construct the target state starting from the
assigned reference state. This quantity depends on the target state, on the reference state, on the
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10 INTRODUCTION

set of allowed gates and, eventually, on the specified tolerance for the target state.

The circuit complexity is an insightful notion in quantum computer science because it provides
the most efficient way to implement a certain operation on a given quantum state [30, 31]. Since
an active study of this quantity in the context of many-body quantum systems just started a few
years ago, its properties are much less understood than the ones of entanglement. A crucial step
that has led to important progresses has been done by Nielsen and collaborators in [32–34]. They
introduced a geometric approach that allows to compute the complexity by finding a geodesic in a
suitable space of states. Adapting this method to various models, many results have been obtained
in the case when the reference and the target states are pure states [35–46].

Remarkable insights in the framework of the AdS/CFT correspondence [47] can be obtained
through various quantities borrowed from quantum information theory. In [48, 49] Ryu and
Takayanagi conjectured a holographic prescription for computing the entanglement entropy which
showed a deep relation between entanglement and quantum gravity, proposing the entropy as a
useful way for probing the geometry of the spacetime. Since the Ryu-Takayanagi formula for the
entanglement entropy does not capture the physics behind the horizon of black holes, Susskind and
collaborators proposed that a good candidate for this purpose could be the holographic complex-
ity [50, 51]. This sparked the interest in this quantity that has been investigated through various
proposals in several geometries [52–59]. The existence of a holographic conjecture for the complex-
ity of CFT states strongly motivated the development of approaches for studying this quantity in
a field theoretical setup [60–76].

An important playground for evaluating the entanglement and the circuit complexity in many-
body systems is provided by the Gaussian states. Thanks to the efforts of the quantum information
theorists, these states have been framed in an elegant mathematical formalism and several results
have been obtained in this context [77, 78]. The set of Gaussian states includes some cases of
great physical relevance as the ground states and the thermal states of free theories. Determining
the circuit complexity [35–44,79] and the entanglement [4,5,10] for these particular states, despite
their simplicity, is very important. Indeed, it is the first natural step towards the comprehension of
these aspects in many-body quantum systems and it allows to obtained non-trivial explicit results
that exhibit interesting physical features.

The out-of-equilibrium dynamics is another interesting arena for studying the universal prop-
erties of many-body systems. One of the most known protocols for driving a quantum system out
of equilibrium is the quantum quench (see [80,81] for reviews). Given a system prepared in a state

|ψ0〉, consider a sudden change at t = 0 that provides the time-evolved state |ψ(t)〉 = e−iĤt|ψ0〉 for
t > 0. Since typically |ψ0〉 is not an eigenstate of the evolution Hamiltonian Ĥ, this time-evolved
pure state is highly non trivial. The kind of sudden change leads to identify two main classes
of quantum quenches. Global quenches are characterised by sudden changes that involve the en-
tire system (e.g. a modification of a parameter in the Hamiltonian) [82–84]. Instead, in local
quenches the sudden change occurs only at a point [85–88]. The quantum quenches also allow
to understand the relaxation and thermalisation properties of quantum systems [89, 90] and it is
therefore insightful to study the temporal evolutions of the complexity and of entanglement-related
quantities induced by these protocols.

An intriguing problem concerns understanding possible relations between circuit complexity
and entanglement. Many entanglement measures are defined once a particular spatial bipartition
is considered. In order to have a notion of complexity associated to a given subsystem, it is
necessary a method for computing the complexity of mixed states; indeed, the reduced density
matrix of a subsystem, obtained by partial tracing a pure state density matrix, describes a mixed
state. Thus, a proper comparison, for instance, with the von Neumann entanglement entropy,
requires an approach for the complexity of mixed states. The Part I of this thesis is devoted to
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this issue: by employing the Fisher information geometry for the covariance matrices [91–93], we
determine the optimal circuit connecting two mixed bosonic Gaussian states in harmonic lattices
as a geodesic in the manifold identified by these states. The length of this path is interpreted as the
complexity to create a target state from a reference state through the optimal circuit. This allows
to compute not only the complexity between reduced density matrices, but also the complexity
between thermal states, which provide another important class of mixed states. Furthermore, in
this setting, by exploiting the Williamson’s theorem [94], we can consider circuits whose reference
and target states have either the same spectrum or can be associated to the same basis. This allows
to propose some ways to quantify the spectrum and the basis complexity for bosonic Gaussian
states.

Studying the complexity as distance in the space of mixed states requires a deep knowledge of
the structure of the density matrices that, for the case of reduced density matrices, is equivalently
provided by the entanglement Hamiltonians. The Part II of this thesis is dedicated to the study
of the entanglement Hamiltonians and the entanglement spectra in free systems. We consider
critical and gapped lattice models in static and out of equilibrium configurations, addressing also
the interesting question of how recovering the underlying QFT results from them.

Nowadays, guided by some recent theoretical [95–97] and experimental [25] results, entangle-
ment is used also for studying systems endowed with a global symmetry. Indeed, an evergreen
research topic is the characterisation of how the presence of symmetries, a pillar of modern physics,
influences the properties of a given system. The Part III of this thesis is devoted to the question
of how the entanglement splits into the different sectors of an internal symmetry: the answer is
encoded in the so-called symmetry resolved entanglement entropies. These quantities turn out to
be strictly related to the probability distribution of the conserved charges or, equivalently, to its
generating function, called full counting statistics.

In this thesis, we mainly deal with free systems (with some exceptions), which provide the
easiest setting for understanding the properties of complexity and entanglement in many-body
quantum systems. The questions we address turn out to be far from being trivial even in these
models, despite their simplicity.

In the remaining part of this introduction we briefly outline the organisation and the contents
of the thesis.

Organisation of the thesis

This thesis collects most of the results obtained during the years of Ph.D. at SISSA. Chapter 1
contains the main concepts about circuit complexity and entanglement necessary to understand
the subsequent chapters. The rest of the thesis is organised into three parts, as explained below.

Part I

In Part I we develop a formalism for computing the circuit complexity between mixed bosonic
Gaussian states based on the Fisher information geometry. This allows, for instance, to compute
the complexity between thermal states and the complexity between reduced density matrices, also
called subsystem complexity.

• In Chapter 2 we set up the formalism and we employ it for computing the complexity between
thermal states and the subsystem complexity in harmonic lattices in static configurations.
Explicit proposals to quantify the spectrum complexity and the basis complexity and to
determine the purification of the mixed states are also discussed.
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• In Chapter 3 we study the temporal evolution of the circuit complexity in harmonic lattices
after a global quantum quench of the mass parameter. Analytical results are obtained for
the complexity of entire systems and a numerical analysis of the subsystem complexity of a
block of consecutive sites in harmonic chains is reported.

• Chapter 4 contains a numerical analysis of the temporal evolution of the complexity of entire
systems and of the subsystem complexity after a local quench where two harmonic chains
are suddenly joined.

The results discussed in this part are contained in the following works:

[98] G. Di Giulio and E. Tonni, Complexity of mixed Gaussian states from Fisher information
geometry, JHEP 2012, 101 (2020).

[99] G. Di Giulio and E. Tonni, Subsystem complexity after a global quantum quench, JHEP 2105,
022 (2021).

[100] G. Di Giulio and E. Tonni, Subsystem complexity after a local quantum quench, accepted by
JHEP, arXiv:2106.08282.

Part II

Part II is devoted to the study of the entanglement Hamiltonians and the entanglement spectra in
free lattice models. We consider both bosonic and fermionic models in static and out of equilibrium
settings.

• In Chapter 5 we study the continuum limit of the entanglement Hamiltonians of a block of
consecutive sites in massless harmonic chains and the corresponding entanglement spectra,
recovering the results predicted by conformal field theory.

• In Chapter 6 we study the entanglement Hamiltonians for finite intervals in infinite non-
critical quantum chains, considering coupled harmonic oscillators and fermionic hopping
models with dimerization.

• Chapter 7 contains an analysis of the temporal evolution of the entanglement Hamiltonian
of an interval after a global quantum quench in free lattice models of bosons and fermions in
one spatial dimension. The temporal evolutions of the gaps in the entanglement spectrum
and of the contour for the entanglement entropies are also discussed.

This part is mainly based on the following papers:

[101] G. Di Giulio and E. Tonni, On entanglement hamiltonians of an interval in massless har-
monic chains , J. Stat. Mech. 2003, 033102 (2020).

[102] V. Eisler, G. Di Giulio, E. Tonni and I. Peschel, Entanglement Hamiltonians for non-critical
quantum chains, J. Stat. Mech. 2010, 103102 (2020) .
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[103] G. Di Giulio, R. Arias and E. Tonni, Entanglement hamiltonians in 1D free lattice models
after a global quantum quench, J. Stat. Mech. 1912, 123103 (2019).

Part III

Finally, in Part III we address the problem of determining the symmetry resolution of the entan-
glement entropies in models endowed with a U(1) symmetry. We focus in particular on gapped
systems, both on the lattice and in a field theoretical formulation.

• An analysis of the entanglement entropies related to different symmetry sectors of free quan-
tum field theories with an internal U(1) symmetry is presented in Chapter 8. We provide
explicit analytic computations for the symmetry resolved entropies of Dirac and complex
scalar fields in two spacetime dimensions, both in the massive and massless cases.

• In Chapter 9 we study the symmetry resolved entanglement entropies in gapped integrable
lattice models, finding exact results for a free bosonic system and the XXZ spin-chain (the
latter is an interacting model). The connection between the symmetry resolved entanglement
and the full counting statistics is also discussed.

The results reported in this part have been obtained in the following works:

[104] S. Murciano, G. Di Giulio and P. Calabrese, Entanglement and symmetry resolution in two
dimensional free quantum field theories, JHEP 2008 , 073 (2020).

[105] S. Murciano, G. Di Giulio and P. Calabrese, Symmetry resolved entanglement in gapped
integrable systems: a corner transfer matrix approach, SciPost 8 , 046 (2020) .

[106] P. Calabrese, M. Collura, G. Di Giulio and S. Murciano, Full counting statistics in the gapped
XXZ spin chain, EPL 129 , 60007 (2020).

At the end of these three parts, in the Conclusions, we report some final remarks and interesting
directions for future research. Finally, in Appendix B we report some additional results about
the complexity in harmonic lattices, while the Appendices A and C are devoted to some technical
details about the numerical computations whose results are discussed throughout the thesis.





Chapter 1

Aspects of circuit complexity and
entanglement

1.1 Circuit Complexity

In this section we provide the definition of circuit complexity and we discuss some of its qualitative
properties and their relation with black hole physics.

1.1.1 Complexity and quantum circuits

In physics (and not only), a fruitful approach to deal with a complicated task is carrying it
out through a sequence of simple operations. This turns out to be very useful also in quantum
information theory in order to construct a certain quantum state.

Consider a pure quantum state |ψR〉, called reference state, and suppose we want to construct
the target state |ψT〉 acting on |ψR〉 with a series of elementary operations. In quantum information
theory, such elementary operations are called gates and, since the reference and the target states
are assumed to be pure states, are realised by unitary operators. If we consider a reference state
made up of K qubits (as we are going to do in the following), the gates that we apply to it are
elementary in the sense that they involve only k � K qubits, namely a small number of them.
The sequence of gates we apply to |ψR〉 to obtain |ψT〉 is called quantum circuit. Clearly, once we
have fixed the reference and the target states, the possible circuits we can realise depend on the
properties of the allowed gates, as for instance on how many qubits they act. We call G the set of
the allowed gates, which, by definition, contains unitary operators. A legitimate question that can
be asked is whether a target state can be obtained up to a certain precision δ. Usually δ is called
tolerance and it also influences the way in which the quantum circuit connecting |ψR〉 to |ψT〉 can
be constructed.

We are interested in understanding which is the optimal way to construct, up to a certain
tolerance, the target state applying the gates drawn from G to the reference state. The quantity
providing the answer is the quantum circuit complexity defined as the minimum number of gates
required for obtaining a target state |ψT〉 from a reference state |ψR〉 through the quantum circuit

g1 g2 . . . gn|ψR〉 g1, g2, . . . , gn ∈ G (1.1.1)

up to a tolerance δ given in terms of a certain norm ||.|| as

||g1 g2 . . . gn|ψR〉 − |ψT〉|| ≤ δ . (1.1.2)

15
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Figure 1.1: Left panel: graphical representation of a circuit with K = 8 qubits made by ten 2-local
gates. Right panel: graph on the set of unitaries acting on the Hilbert space of K qubits. The
coloured dots represent different unitaries and the blue ones provide the boundary of the graph.
Each path starting from the initial point (green dot) and ending on one of the blue dots represent
a possible quantum circuit with depth equal to three.

The quantum circuit associated to the minimum number of gates is called optimal circuit. Let us
stress that, in general, the complexity depends not only on the chosen reference and target states,
but also on the set G and on the tolerance δ that we allow.

The concept of quantum complexity is relevant in quantum information theory and quantum
computer science [30, 31]. Indeed a central problem of quantum computation is to determine the
most efficient way of implementing a given unitary operation. For this reason, the complexity
turns out to be crucial in several applications ranging from public-key quantum money [107–109]
to copy-protected quantum software [110,111].

Recently, the quantum complexity has attracted also the attention of the community of high
energy physics, given that, as we are going to discuss in Sec. 1.1.3, the features of this quantity
present intriguing similarities with some properties of black holes [50–52,54,112,113].

A toy model for the complexity

In order to discuss some of the properties of the circuit complexity, we consider a simple toy model
where the states are made by K qubits, with K � 1 [50, 51]. The dimension of the associated
Hilbert space is 2K . The gates are chosen to be 2-local, namely each gate involves only k = 2
qubits of the state on which it acts (in this case, 2� K and therefore these gates are elementary
in the sense explained above). In the left panel of Fig. 1.1 we show a pictorial representation of a
circuit with 2-local gates and K = 8. All the considerations that we make in the following can be
generalised to the case where k 6= 2.

We start from a reference state and we construct a circuit as follows. Consider identical and
consecutive time steps and, at each of them, let K/2 2-local gates act. At each time step, we have
to pair K qubits through K/2 gates and this provides the unitary transformation acting on the
state. The number of possible resulting unitary transformations (or unitaries) at the first time
step is simply obtained as

d ∼ K!

(K/2)!
∼
(

2K

e

)K
2

(1.1.3)



1.1. CIRCUIT COMPLEXITY 17

where we have used the Stirling’s approximation.
It turns out to be very useful providing a graphical representation for this circuit. Since each

discrete step consists in applying one of the d possible unitaries, we can see the set of all the
allowed circuits as a graph on the manifold SU(2K), as pictorially represented in the right panel of
Fig. 1.1 [113–115]. Each vertex of such a graph represents a unitary operator that can implement
a gate in the circuit that we are studying. Let us add another step to the graph. In doing this,
we introduce a further technical restriction (not really relevant for large K), which simplifies the
treatment. We assume that a pairing between qubits occurred at the first step, cannot be repeated
in the second step. This means that the second layer of the graph has a number of branches equal
to d− 1 = K!

(K/2)! − 1 (which is very close to d in (1.1.3) as K � 1). We can then apply repeatedly
this procedure obtaining a larger and larger graph.

Another important assumption is that, in the initial steps of this construction, no collisions
occur in the graph, namely each unitary at the boundary of the graph is reached by only one
branch [114]. After τ time steps (τ is also called depth of the circuit), the number of unitaries
reached by the graph is given by

dτ '
(

2K

e

) τK
2

. (1.1.4)

If we add to the no-collision assumption the fact that no vertices already visited can be reached
again during the evolution of the graph (both these assumptions are reasonable during the first
steps given that, for K � 1, the dimension of SU(2K) is extremely high), we straightforwardly
have that each path starting from the initial point of the graph (green dot in the right panel
of Fig. 1.1) and ending in one of the unitaries at the boundary of the graph (blue dots in the
same panel) corresponds to an optimal circuit. The complexity is given by the number of steps τ
multiplied by the number of gates in each step, namely [50,51]

C =
τK

2
. (1.1.5)

This provides a very rough and intuitive argument for the initial linear growth of the circuit
complexity. In the following we try to understand approximately until which time this linear
growth occurs. Let us also remark that, using (1.1.4) and (1.1.5), we can say that the sub-volume
of SU(2K) corresponding to unitaries of complexity C is exponential in C and it is given by (2K/e)C .

Before proceeding further in this discussion, let us mention some useful properties of SU(2K).
In order to estimate the number of unitaries in SU(2K), we divide its volume by the volume of an
ε-ball Bε (ball of radius ε) of the same dimensionality, namely 4K−1. When K � 1, we have [116]

Vol
(
SU(2K)

)
' 2π

(2K+2)(2K−1)
2

2!3! . . . (2K − 1)!
Vol
(
Bε
)
' π

4K−1
2

(
4K−1

2

)
!

(1.1.6)

whose ratio gives the number of unitaries in SU(2K) regulated by a cutoff ε, which reads (using
the Stirling’s approximation)

Vol
(
SU(2K)

)

Vol
(
Bε
) '

(
2K

ε2

)4K/2

. (1.1.7)

The number of unitaries (1.1.7) is useful for giving an estimate of the maximal complexity that
we can have in this model. Indeed, if we let the graph introduced before grow, at a certain point
the number of unitaries reached by the graph becomes equal to (1.1.7), namely

(
2K

e

)Cmax

=

(
2K

ε2

)4K/2

⇒ Cmax = 4K
[

1

2
+
| log ε|
logK

]
. (1.1.8)
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∼ e4K

Figure 1.2: Sketch of the temporal evolution of the complexity in the toy model considered in this
section. The initial growth is linear until τ∗ ∼ 4K and then it becomes approximately constant
with value Cmax given by (1.1.8). At τrec ∼ e4K the complexity returns close to its initial value
because of quantum recurrences. Figure adapted from [117].

Let us stress that the maximum complexity in (1.1.8) has a strong (exponential) dependence on
K and a weak (logarithmic) dependence on the cutoff ε.

In this picture, when the graph reaches the maximum complexity, it has no choice but vis-
iting previously visited vertices, which, with very high probability, correspond to other (almost)
maximally complex unitaries [113, 114]. Thus, we can conclude that complexity saturates (up to
possible small oscillations) and this occurs at a value of time exponentially large in K, namely at
τ∗ ∼ 4K [50,51]. This is consistent with the findings of [118], where it has been shown that almost
all the unitary matrices require an exponential number of operations to be constructed by a circuit
involving 2-local gates. In Fig. 1.2 we sketch the temporal evolution of the complexity described
above (the possible oscillations in the constant regime have been neglected in this representation).

It is worth remarking that, after a doubly exponential time in K, because of quantum re-
currences, the quantum circuit returns in the neighbourhood of the identity (which is the initial
point) and therefore the complexity drops almost to zero and starts again its evolution [119]. The

recurrence time is approximately given by τrec ∼ e4K and it grows with K in the same way as the
number of states of a 2K dimensional Hilbert space [117].

It is insightful to compare the complexity of this very simple model with another relevant
quantity, namely the entropy. The maximum entropy of a system made by K qubits is simply
given by Smax = K log 2 and therefore, for large K, Smax � Cmax. This suggests that the time scale
of thermalisation for this model is much smaller than the time scale of saturation of the complexity.
A further possible aspect to study is the effect of a perturbation on the complexity of a quantum
circuit. This can be done by asking how much time the perturbation needs to spread throughout
the whole circuit. For the toy model we are considering, this time scale, known as scrambling time
and denoted by τs, has been estimated finding that [50,52]

τs ∼ logK . (1.1.9)

Clearly, for large K, τs � τ∗. Thus, we can conclude that the saturation time of the complexity
is definitely the largest time scale in our system and therefore in the toy model we have considered
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something physically relevant happens long after the thermalisation and the scrambling and the
complexity is the right quantity to detect it.

It is an interesting problem to understand whether these properties, that are easily understood
for the simple model considered above, hold in many-body systems described either by lattice
models or by continuum field theories. Many efforts have been done in this direction in the
past years [35–46, 60–76, 79]. This very active line of research has been also motivated by recent
progresses and insights coming from black hole physics and the AdS/CFT correspondence. We
are going to briefly discuss some of them in Sec. 1.1.3.

1.1.2 A geometric approach to the complexity

Important concepts and tools, that have led to remarkable advances in understanding the circuit
complexity in many-body quantum systems and quantum field theories, have been developed by
Nielsen and his collaborators in [32–34]. This approach is based on the idea that it is easier to deal
with smooth curves rather than with discrete circuits, as the ones described in Sec. 1.1.1. The set
of all the states that can be possibly found along the circuits is thought as a smooth manifold and
the circuits connecting a generic reference state to a generic target state as curves on this manifold.
The Nielsen’s approach introduces the notion of local metric as a way to parametrise the cost of
each unitary transformation connecting two infinitesimally close quantum states, represented by
close points in the manifold of all the states that can be connected through a quantum circuit.
Given that the local metric encodes how we can move from a point to another one on the manifold,
in this context, its choice contains information about the gates that are allowed in the quantum
circuits. In other words, the metric can be thought as a cost function which assigns a weight to each
of the possible gates in the circuit that we aim to construct. Furthermore, the metric provides
a natural way to quantify the length of a curve, that we interpret as the depth of a quantum
circuit, and allows to determine the geodesics, namely the curves with minimal length, between
two points. From this perspective, given two points representing the reference and the target
states, it is straightforward to interpret the geodesics connecting them as the optimal circuit and
the length of this geodesics as the complexity. Thus, through the (properly adapted) methods of the
Riemannian geometry, the geodesics analysis offers a powerful tool to the quantum computation.

The approach of Nielsen and collaborators has been developed specifically for quantum circuits
that allow to construct a pure state from another pure state through a sequence of unitary gates.
Nevertheless, one can try to generalise it to the case of quantum circuits involving mixed states
[120], where the manifold of all the vectors describing a given physical system in a pure state has
to be replaced by the set of density matrices associated to the mixed states in the same system.
The latter space has in general a much more complicated structure (indeed it is made by operators
rather than vectors) and therefore the underlying geometry is more difficult to study. Nonetheless,
it is worth finding cases in which this analysis can be performed and the circuit complexity of
mixed states can be investigated. The interest in studying the complexity of mixed states lies in
several aspects. First of all, some of the quantum states that usually we have to deal with are
mixed states. This is the case of thermal states and reduced density matrices of a given spatial
subregion of a many-body system (see the definition in 1.2.1). Thus, in order to have a well defined
notion of complexity for these classes of states, it is worth developing an approach for mixed states.
Furthermore, while for pure states the gates are clearly given by unitary operators, it is interesting
to investigate more on how to implement gates in circuits connecting mixed states using more
general quantum operations [120].

Given the difficulty of the problem, it is natural to start by considering simple free lattice
models, like the harmonic lattices with nearest neighbour spring-like interaction. The Hamiltonian
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reads

Ĥ =
N∑

i=1

(
1

2m
p̂2
i +

mω2

2
q̂2
i

)
+
∑

〈i,j〉

κ

2
(q̂i − q̂j)2 (1.1.10)

where the second sum is performed over the nearest neighbour sites and the hermitian position
and momentum operators satisfy the canonical commutation relations [q̂i, q̂j ] = [p̂i, p̂j ] = 0 and
[q̂i, p̂j ] = iδij (we set ~ = 1 throughout this thesis). The states of the harmonic lattices can
be equivalently represented either by density matrices or by Wigner functions, which are quasi-
probability distribution functions (they are not positive definite) defined on a fictitious phase space
(see also Sec. 2.2.1 for the definition). Thus, the geometry of these states can be seen as the one
of the corresponding Wigner functions. An important class of states is the one of Gaussian states,
which are characterised by Gaussian Wigner functions (hence, in this case, the Wigner functions are
proper probability distribution functions). The space of this class of states is such that each point
corresponds to a Gaussian probability distribution function (PDF) and therefore the manifold is
parametrised in general by (r, γ), where r is the vector containing the first moments and γ is the
covariance matrix, whose entries are given by two-point correlators of position and momentum
operators. The information geometry is the branch of mathematics that studies the Riemannian
geometry associated to spaces of PDFs [93,121,122] and, in this framework, various results for the
geometry of Gaussian PDFs have been obtained [91–93,121,123].

In chapter 2 we exploit the geodesics in the manifold of Gaussian PDFs with vanishing first
moments and the associated geodesic length, called Fisher-Rao distance [92, 124–128], to provide
a possible circuit complexity for the mixed bosonic Gaussian states (see also [98]). If we denote
by γR and γT the covariance matrices of the reference and the target mixed states respectively, the
complexity of the circuit connecting them is given by

C =
1

2
√

2

√
Tr
[

log(γTγ
−1
R )
]2
. (1.1.11)

When γR and γT are covariance matrices of pure states, (1.1.11) reduces to the results found
in [35,40].

More details are given in chapter 2, where properties and applications are reported and dis-
cussed. We find it worth mentioning here the possibility of defining through (1.1.11) the subsystem
complexity as the complexity between two reduced density matrices associated to the same spatial
subsystem (see Sec. 2.7.4). In chapters 3 and 4 we employ the proposal (1.1.11) for studying the
temporal evolution of the complexity after some protocols driving the harmonic lattices out of
equilibrium (see also [99,100]).

Another approach to the complexity of mixed states, based on the purification of quantum
states, has been introduced in [79] (further results can be found in [129,130]). The mixed reference
and target states are first purified and then the complexity between the obtained pure states is
computed. Given that there are many ways of purifying a state, the result is uniquely determined
once the purifications corresponding to the minimal complexity have been selected. This approach
is briefly reviewed in Sec. 2.6. Let us stress that the purifications realised in [79] for computing
the complexity of mixed states requires the introduction of ancillary degrees of freedom, which is
not necessary in the approach described in chapter 2.

A density matrix describing a quantum state is an operator and therefore is characterised by
a spectrum and a basis. When a density matrix is associated to a pure state, its spectrum has
a unique non vanishing element which is equal to one and, hence, the pure states are identified
only by the basis of their density matrices. On the other hand, the density matrices describing
mixed states are characterised both by their basis and their spectrum. We can therefore pictorially
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Figure 1.3: Pictorial representation of the space of mixed states. The coloured curves represent
the sets of states having the same spectrum and, among these, the black straight line is the set
of pure states. The dashed curves connect states with the same basis and different spectra, while
the black thick curve represents the goedesic connecting two generic mixed states described by the
density matrices ρ̂R and ρ̂T. Figure adapted from [98].

represent the space of all the mixed states of a given system as in Fig. 1.3, where the coloured solid
curves represent the sets of states having the same spectrum, with the black straight line which
corresponds to the set of pure states. Within this space, one can move either along the slices at fixed
spectrum or by fixing the basis and changing the spectrum only (as represented by the two dashed
curves). These two possibilities lead to the notions of spectrum and basis complexity [46]. The
former is the complexity restricted to a given slice, while the latter is the distance between states
living in different slices and characterised by the same basis. Let us stress that, for two generic
mixed states, it might be necessary to change both the basis and the spectrum for constructing
the target state from the reference state in the most efficient way (as occurs, for instance, if the
optimal circuit is the one represented by the black thick curve connecting ρ̂R and ρ̂T in Fig. 1.3).
Nevertheless, it is insightful to find a precise prescription to compute the spectrum and the basis
complexity and to understand in details their properties. In Sec. 2.3 we tackle this problem for
bosonic Gaussian states using the proposal for the complexity based on the Fisher information
geometry [98].

From the discussion above, it should be clear that the notion of complexity is intimately related
to the geometry of quantum states [131] and to the way in which one measures the distance among
them. The distance between two states can be evaluated also through the distance between the
corresponding density matrices. Various expressions for distances have been constructed and it
is natural to ask whether they have to satisfy some physical properties required for a measure of
distance (and distinguishability) between states. The main of these features is known as contrac-
tivity [131–133] and it amounts to require that two generic quantum states are less distinguishable
if we apply to both of them the same quantum operation. A quantum operation Θ is realised by
a completely positive operator which acts on the density matrix ρ̂, providing another quantum
state Θ(ρ̂) [77,131,132] (see also Sec. 2.5). A distance d between two states characterised by their
density matrices ρ̂1 and ρ̂2 is contractive when the action of a quantum operation Θ reduces the
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distance between any two given states [132,133], namely 1

d(ρ̂1, ρ̂2) > d
(
Θ(ρ̂1),Θ(ρ̂2)

)
. (1.1.12)

This is a crucial property imposed to a distance in quantum information theory. The main con-
tractive distances are the Bures distance, defined in terms of the fidelity F as follows

d2
B(ρ̂1, ρ̂2) ≡ 2 (1−F(ρ̂1, ρ̂2)) F(ρ̂1, ρ̂2) ≡ Tr

(√√
ρ̂1 ρ̂2

√
ρ̂1

)
(1.1.13)

the Hellinger distance

d2
H(ρ̂1, ρ̂2) ≡ 2

[
1− Tr

(√
ρ̂1

√
ρ̂2

)]
(1.1.14)

and the trace distance
dL1(ρ̂1, ρ̂2) ≡ Tr

∣∣ρ̂1 − ρ̂2

∣∣ . (1.1.15)

The trace distance is the Lp-distance with p = 1 and it is the only contractive distance among the
Lp-distances. For p = 2 we have the Hilbert-Schmidt distance [131]

dHS(ρ̂1, ρ̂2) ≡
√

Tr
(
ρ̂1 − ρ̂2

)2
(1.1.16)

which is non contractive. The Bures distance and the Hellinger distance are Riemannian2, being
induced by a metric tensor, while the trace distance is not. Another difference occurs when we
restrict to the subset of the pure states. It is well known that the only Riemannian distance
between pure states is the Fubini-Study distance d2

FS ≡ 2 (1− |〈ψ1|ψ2〉|), where ρ̂1 = |ψ1〉〈ψ1|
and ρ̂2 = |ψ2〉〈ψ2|. Restricting to pure states, the Bures distance becomes exactly the Fubini-
Study distance, while the Hellinger distance and trace distance become d2

H = 2
(
1− |〈ψ1|ψ2〉|2

)

and d2
L1 = 4

(
1− |〈ψ1|ψ2〉|2

)
respectively, namely functions of the Fubini-Study distance [133].

It would be very interesting to employ some of the distances between density matrices reported
in this subsection to define notions of optimal circuit and complexity for mixed states.

1.1.3 Complexity and black holes

The AdS/CFT correspondence is a conjectured duality between a quantum theory of gravity
defined on a d + 1-dimensional Anti-de Sitter (AdSd+1) spacetime (which is a particular space
with constant negative curvature) and a conformal field theory (CFT) with gauge fields defined on
a d-dimensional spacetime without gravity [47, 135, 136] (see also the review [137]). This duality
realises the holographic principle which states that all the information content of a quantum gravity
theory in d + 1 dimensions can be encoded in an effective theory in d dimensions. In this case,
the CFT is defined on the boundary of the AdS spacetime. The AdS/CFT correspondence is a
strong-weak coupling duality, namely, when the conformal field theory is strongly coupled, the
dual gravity theory is classical. The first example of this duality was found by Maldacena in [47]
between the type IIB superstring theory on AdS5×S5 and the 4-dimensionalN = 4 superconformal
Yang-Mills field theory with gauge group SU(N). We find it worth mentioning that, for a two-
dimensional CFT with central charge c, the regime described by a classical gravitational model in
asymptotically AdS3 is given by c→∞.

Within this duality, every state of the CFT corresponds to a specific geometry of the AdS bulk.
For instance, the ground state of the CFT is dual to the empty AdS, while the CFT in a thermal

1Sometimes, as for instance in [131], this property is called monotonicity.
2In [134] Petz has classified all the contractive Riemannian metrics, finding a general formula that provides

(1.1.13) and (1.1.14) as particular cases.
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Figure 1.4: Two Penrose diagrams of the eternal black hole spacetime. In each diagram the
diagonals represent the horizons of the two black holes and divide the spacetime into four parts:
the left and the right ones are the exterior regions, while the top is the interior of the black holes.
The red curves at the top and at the bottom of the diagrams represent the singularities and the
black straight vertical lines are the boundaries of the spacetime where the entangled CFTs live.
In the left panel we also sketch three space-like hypersurfaces anchored to the boundaries (blue
curves), while in the right panel the blue region represents the Wheeler-DeWitt patch. Figure
adapted from [51,113].

state at a given temperature corresponds to have an asymptotically AdS black hole in the bulk.
Furthermore, whenever we have a quantity defined on one side of the correspondence, there should
be an holographic dual on the other side: this provides the so-called holographic dictionary. In the
last twenty-five years the AdS/CFT correspondence has found several applications ranging from
the elementary particle physics to condensed matter and quantum information theory. Recently,
the quantum circuit complexity has become an attracting quantity in this context, in particular
for its relation with black holes [50–52,54,112,113].

In order to support the fact that the complexity is an insightful quantity in the study of black
holes, let us consider the following fact: the spatial volume behind the horizon of a black hole grows
in time and its growth continues long after the black hole has reached the thermal equilibrium.
This means that the entropy of the black hole cannot encode this phenomenon since it stops to
increase after the thermalisation. Thus, another quantity is expected to describe the growth of
the black hole interior and, as we are going to briefly discuss, this quantity turns out to be the
complexity.

To grab some intuitions about this connection, we exploit a pattern of similarities that has been
developed in [138] between black holes and quantum circuits. Within this correspondence, a black
hole with a given entropy S is described by a quantum circuit with K qubits, such that K ∼ S.
Indeed, as explained before, the maximum entropy of a system with K qubits is proportional to
K and therefore a circuit describing a black hole with entropy S must have at least S qubits. We
assume that this minimal setup is enough for our purposes. The correspondences between these
two systems include also the identification between the time of the circuit and the Rindler time in
the black hole geometry.

In order to be more explicit, let us consider an AdS eternal black hole (whose Penrose diagram
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is shown in the two panels of Fig. 1.4) which corresponds to the two sides of a black hole connected
by an Einstein-Rosen bridge (sometimes called wormhole)3. Within the AdS/CFT correspondence,
this geometry is dual to a thermofield double state, which is a state obtained by entangling two
copies of a CFT in such a manner that tracing out either copy produces the thermal density matrix
with temperature equal to the Hawking temperature of the black hole [139]. In the representation
in Fig. 1.4 the two CFTs are assumed to be defined on the two boundaries of the spacetime.
Furthermore, the vertical direction of the diagram corresponds to the temporal direction of the
CFT parametrised by t.

Consider the spacetime slicing represented in the left panel of Fig. 1.4, where each of the
blue curves corresponds to the maximum spatial volume contained in the space-like hypersurface
anchored to a given time slice on the two boundaries. The portion of each slice behind the
horizon (represented in darker blue) is the instantaneous Einstein-Rosen bridge connecting the two
horizons. If we call V (t) the volume of the Einstein-Rosen bridge corresponding to the boundary
time t, it has been shown that it grows linearly in time with a rate given by [51]

dV (t)

dt
∝ GNST lAdS (1.1.17)

where GN is the Newton’s constant, S and T are the entropy and the temperature of the black
hole respectively and lAdS is a length scale that characterises the AdS spacetime. If we introduce
the following geometric quantity [50,51]

CV =
V

GN lAdS

(1.1.18)

we have
dCV
dt
∝ ST . (1.1.19)

Passing to the Rindler time τ ∝ tT , which, as mentioned before, is expected to correspond to the
time of a quantum circuit describing the black hole, we obtain

dCV
dτ
∝ S ∼ K (1.1.20)

where we have used that the entropy of the black hole grows as the number of qubits K of the
corresponding quantum circuit. Comparing (1.1.20) with (1.1.5), we are immediately led to argue
that CV, which parametrises the growth of the Einstein-Rosen bridge, can be interpreted as a
measure of complexity.

Within the context of the AdS/CFT correspondence, whenever we have a gravitational quantity
in the AdS bulk, it is natural to look for the dual quantity in the corresponding CFT. The quantity
in (1.1.18), which is purely geometric, is conjectured to be dual to the complexity of the CFT state
on the boundary of AdS and it is called holographic complexity. More precisely, (1.1.18) is only
one of the existing proposals for the holographic complexity, usually called CV proposal [50, 51].

The other main prescription is provided by the CA proposal and tells that the holographic
complexity is given by [56,57]

CA =
IWDW

π
(1.1.21)

where IWDW is the gravitational action evaluated on a specific portion of spacetime, called Wheeler-
DeWitt patch, which contains all the space-like surfaces in the bulk which terminate on the bound-
aries at time t (see the blue region in the right panel of Fig. 1.4).

3The following argument is not specific of two-sided black holes and can be formulated similarly for the geometry
of a single black hole.
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Figure 1.5: Comparison between the temporal evolution of the subsystem complexity of a block of
L consecutive sites in harmonic chains (either infinite or semi-infinite) after a global quench of the
frequency (left panel, plot taken from [99]) and the one of the holographic subsystem complexity
of an interval of length l in the gravitational background given by the Vaidya spacetime (right
panel, plot taken from [145]). For more details about this comparison see Sec. 3.5.

Exploiting these two proposals, the holographic complexity has been intensively studied in
various spacetimes [50–59,140–144]. It is worth remarking that both the CV and the CA proposals
have been adapted to compute the holographic complexity for a subregion in a constant time slice
of the CFT on the boundary of AdS [55, 59], leading to the notion of holographic subsystem
complexity (which is conjectured to be dual to the complexity of reduced density matrices in
CFT).

The aforementioned holographic conjectures motivate the study of the complexity of states in
CFT (or more generally in quantum field theory), whose properties have not been fully understood
yet. Some progresses towards this goal can be found in [35–46, 60–74, 79], but, despite these
advances, it remains an interesting open problem that deserves further investigations. In order to
understand the circuit complexity in continuum theories, a possible approach consists in exploring
the complexity of a process that constructs a quantum state in lattice models whose continuum
limit is well understood. For instance, one can consider free theories which are the simplest models.
If the underlying field theory is a CFT, it is insightful comparing the results obtained for lattices
large enough with the outcomes of the corresponding holographic computations. Let us stress
that we do not expect an exact quantitative agreement between these results given that the lattice
ones are obtained for free models (with an underlying free CFT), while the holographic ones hold
for a strongly interacting CFT 4. Nevertheless, one can find intriguing qualitative similarities, as
the ones that we observe in Fig. 1.5, where the temporal evolution of the subsystem complexity in
infinite critical harmonic chains after a global quench (black symbols in the left panel) is compared
against the evolution of the holographic subsystem complexity (obtained in [145] through the CV
proposal) in the corresponding gravitational background (right panel). Indeed, the initial part of
the two evolutions is very similar with a maximum developing after the initial growth followed
by a decreasing that ends approximately at the same time in both the panels. For later times,
we observe qualitatively different behaviours. More details about the results in the lattice model
and about this comparison can be found in Sec. 3.5 (see also [99]). Let us stress that the global
quench (detailed in chapter 3), which induces the behaviour shown in Fig. 1.5, provides a different
temporal evolution with respect to the one discussed in Sec. 1.1.1 for the simple toy model of K

4This is a further reason why it is very important to study the complexity in interacting many-body systems.
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qubits. For this reason, we do not compare this result with the one sketched in Fig. 1.2.

1.2 Bipartite entanglement

In this section we review some techniques and results about entanglement in many-body quantum
systems and in quantum field theories.

1.2.1 Main definitions

Consider a many-body quantum system on a bipartite spatial domain A ∪ B. Let us call H the
associated Hilbert space and let us assume that it can be factorised as H = HA ⊗HB, where HA
contains the degrees of freedom of the subsystem A and HB the degrees of freedom of B 5. Given
a pure state |ψ〉 ∈ H, the corresponding density matrix can be written as ρ̂ = |ψ〉〈ψ|. The key
object to study the bipartite entanglement between A and B is the reduced density matrix of A,
defined as

ρ̂A = TrHB ρ̂ (1.2.1)

where the (partial) trace in (1.2.1) has been performed over HB. Given that ρ̂A is hermitian,
positive semi-definite and normalised to TrHA ρ̂A = 1, it can be written as

ρ̂A =
e−K̂A

Z
(1.2.2)

where the hermitian operator K̂A is called entanglement (or modular) Hamiltonian and Z =

Tr
(
e−K̂A

)
[155]. Let us remark that, although |ψ〉〈ψ| is the density matrix of a pure state, ρ̂A in

(1.2.1) describes a mixed state unless |ψ〉 = |ψA〉 ⊗ |ψB〉 with |ψA〉 ∈ HA and |ψB〉 ∈ HB. If this
happens, ρ̂A = |ψA〉〈ψA|, namely it describes a pure state.

In order to quantify the bipartite entanglement of pure states, we consider the Von Neumann
entropy of the reduced density matrix, called entanglement entropy, which is defined as

SA = −Tr
(
ρ̂A log ρ̂A

)
. (1.2.3)

The entanglement entropy (1.2.3) satisfies all the requirements to be considered a good en-
tanglement measure [156] (an exhaustive list of the properties of this quantity with detailed ex-
planations can be found in [131]). Given two spatial subsystems A1 and A2 (not necessarily one
the complement of the other), the entanglement entropy satisfies other two important properties,
namely the subadditivity

SA1∪A2 6 SA1 + SA2 (1.2.4)

and the strong subadditivity 6 [164,165]

SA1∪A2 + SA1∩A2 6 SA1 + SA2 . (1.2.5)

5There are cases in which this factorisation is not well defined. The first important example is the one of
quantum field theories, where this issue leads to the ultraviolet divergence of the entanglement entropies (see the
later discussion in Sec. 1.2.3) [6, 8, 20, 21]. In quantum field theory this problem can be bypassed by introducing a
suitable regularisation, as the one discussed in Sec. 1.2.2 [6, 8, 146, 147]. The factorisation of the Hilbert space into
two parts associated to two spatial subsystems is ill defined also in models with a gauge symmetry, even if they are
defined on a lattice. For these theories, specific treatments have been developed, for instance, in [14,148–154].

6Remarkably, this property is the key ingredient for constructing a c-function [157] from the entanglement entropy
in relativistic quantum field theories in 1 + 1 dimensions [158–161] and in higher dimensions [162,163].



1.2. BIPARTITE ENTANGLEMENT 27

The entanglement entropy (1.2.3) is an entanglement measure only if we consider a bipartition
of a pure state. Indeed, for a mixed state, the entanglement entropy mixes quantum and classical
correlations. For instance, if we consider a bipartition of a state at high temperature, SA pro-
vides the thermal entropy. Some proper measures of entanglement for generic mixed states are
the negativity [166] (see also [167]), the entanglement cost, the distillable entanglement and the
entanglement of formation [131,168].

We find it worth remarking that, if |ψ〉 = |ψA〉 ⊗ |ψB〉, then ρ̂A = |ψA〉〈ψA| and therefore
SA = 0, namely A and B are not entangled.

All the considerations done so far could have been applied without loss of generality to ρ̂B =
TrHA ρ̂ and SB = −Tr

(
ρ̂B log ρ̂B

)
. A reasonable requirement for an entanglement measure is that

its value depends only on the bipartition we are considering and not on a single subsystem. Thus,
we expect SA = SB, even if in general ρ̂A and ρ̂B act on Hilbert spaces with different dimensionality.
A simple proof of SA = SB can be obtained exploiting the Hilbert-Schmidt decomposition of the
pure state |ψ〉 [169,170].

Computing the full reduced density matrix of a generic model, as well as its logarithm, is a very
difficult task. It is convenient in this case to focus our attention on the so-called Rényi entropies

S
(n)
A =

1

1− n ln Trρ̂nA . (1.2.6)

The Rényi entropies (1.2.6) are defined for real values of n > 0. It is simple to check that

SA = lim
n→1

S
(n)
A . (1.2.7)

As we are going to see later, in several cases it is much simpler to obtain the Rényi entropies rather

than the entanglement entropy. Nonetheless, if one is able to compute S
(n)
A for any real value of n,

its knowledge leads to SA through (1.2.7). Let us stress that also the Rényi entropies (1.2.6) are
entanglement measures, but, differently from the entanglement entropy, they do not satisfy (1.2.4)
and (1.2.5). In the following we use the term entanglement entropies for including both the Von
Neumann entropy and the Rényi entropies.

Given that the entanglement entropies are defined in terms of traces of functions of the reduced
density matrix, they only depend on its spectrum, called entanglement spectrum [26]. In particular,
if we denote the eigenvalues of ρ̂A as 0 < λk < 1, with k = 1, . . . ,dimHA, the Rényi entropies
(1.2.6) can be written as

S
(n)
A =

1

1− n ln

( dimHA∑

k=1

λnk

)
. (1.2.8)

Thus, the Rényi entropy evaluated in the limit n → ∞ provides the maximum element of the
entanglement spectrum as

λmax = lim
n→∞

e−S
(n)
A . (1.2.9)

On the other hand, the reduced density matrix, or equivalently the entanglement Hamiltonian,
is not determined only by the entanglement spectrum and therefore it contains the complete
information about the entanglement between A and B. For this reason, although they are typically
very difficult to study, in the past years many efforts have been done to compute the entanglement
Hamiltonians for various systems, either on the lattice or described by continuum theories, and
for various bipartitions. Some results we obtained in this direction have been reported in chapters
5, 6 and 7 .

The entanglement entropies (1.2.3) and (1.2.6) do not take into account the spatial structure
of the bipartite entanglement inside the subsystem A. For this purpose, the contours for the
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entanglement entropies have been introduced [27–29]. Let us partition A into N cells labeled by

an index i 7. The contour function s
(n)
A (i) : A→ R must satisy the following two conditions

S
(n)
A =

N∑

i=1

s
(n)
A (i) s

(n)
A (i) > 0 . (1.2.10)

Thus, s
(n)
A (i) measures the contribution of the i-th cell to the total n-th Rényi entropy (or, when

n→ 1, to the total entanglement entropy). Additional requirements have been introduced in [28],
but they are not sufficient to determine a unique prescription for computing this quantity. For
free fermionic lattices and for harmonic lattices, explicit constructions have been proposed in [28]
and [29] respectively. In Appendix A these proposals are reported and the main formulas for
determining the entanglement entropies in free fermionic and bosonic lattice models are provided
[4,5,10]. Let us stress that, like the entanglement Hamiltonian in (1.2.2), also the contour for the
entanglement entropies cannot be determined from the entanglement spectrum only.

In chapter 7 we have studied the temporal evolution of the contour for the entanglement
entropies after a global quantum quench in a free fermionic chain and in a harmonic chain. A
quantitative formula based on the quasi-particle picture introduced in [82] has been obtained and
it has been checked against numerical computations.

1.2.2 Entanglement Hamiltonians in quantum field theory

In Sec. 1.2.1 we stressed that the reduced density matrix or its logarithm, namely the entanglement
Hamiltonian, provide the complete information about the bipartite entanglement between a sub-
system A and its complement. In this subsection we review some results about the entanglement
Hamiltonians in quantum field theories and in lattice models. We also focus on the non-trivial
task of obtaining from the entanglement Hamiltonian of a given lattice model the corresponding
result in the underlying continuum field theory.

In relativistic quantum field theories, there are special cases in which K̂A defined in (1.2.2) can
be written as an integral over A of the stress-energy tensor T̂µν weighted with a suitable function.
Consider the ground state of a d + 1-dimensional quantum field theory (QFT) in Minkowsky
spacetime. If the subsystem A is half of the space, namely A = {x ≡ (x1, . . . , xd)|x1 > 0}, the
entanglement Hamiltonian reads [171–173]

K̂A = 2π

∫

A
x1T̂00(x)ddx (1.2.11)

which is the generator of the Lorentz boosts along the x1 direction restricted to the subsystem A.
The result (1.2.11) is known as Bisognano-Wichmann theorem and it has been first proved in the
context of Algebraic Quantum Field Theory. In d+ 1-dimensional CFTs, (1.2.11) can be mapped
into the case when A is a ball of radius R, leading to [174,175]

K̂A = 2π

∫

A

R2 − |x|2
2R

T̂00(x)ddx (1.2.12)

where |x|2 is the squared modulus of the position vector x. Remarkably, (1.2.11) and (1.2.12) hold
in any dimension of the spacetime.

7These cells may correspond either to a single site if we are considering a lattice model or to an infinitesimal
element ddx if we are considering a d-dimensional continuum theory
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In a 1 + 1-dimensional CFT at equilibrium there are bipartitions where A is an interval such
that its entanglement Hamiltonian can be written as

K̂A = `

∫

A
β(x) T̂00(x) dx (1.2.13)

where ` is the length of A and β(x) depends on the bipartition and on the quantum state of the
system. The expression (1.2.13) holds, for instance, when we consider a single interval, either
in an infinite system in the ground state or at finite temperature, or at zero temperature in a
finite system with spatially periodic boundary conditions. Other interesting examples for CFTs in
their ground states are when A is an interval at the beginning of a semi-infinite system with one
external boundary and when A is at the beginning of a finite interval, as long as the boundary
conditions at the two ends are the same. Some of these cases have been discussed in [147,176–179].
A generalisation of (1.2.13) has been obtained in [147] to study also time-dependent settings, as,
for instance, the entanglement Hamiltonian of a half infinite line after a quantum quench.

In most cases (1.2.13) is not valid and in some particular examples, where a detailed knowledge
of the underlying CFT is available, the entanglement Hamiltonians have been studied finding that
the local expression (1.2.13) is modified by the introduction of bi-local and non local contributions
[180–184]. Further analyses of entanglement Hamiltonians in free quantum field theories can be
found in [185–190].

For the simplest bipartition, where A is a single interval on an infinite line and the CFT is in
its ground state, the function β(x) is the following parabola [174,175]

β(x) = 2π
x

`

(
1− x

`

)
. (1.2.14)

Let us stress that (1.2.13) with β(x) given by (1.2.14) corresponds to (1.2.12) with d = 1 once we
perform the change of variable x→ x−R and we set 2R = `.

Recovering (1.2.13) and (1.2.14) as continuum limit of the entanglement Hamiltonian of a block
made by L consecutive sites in a critical quantum chain turns out to be a non-trivial problem. For
free fermions on an infinite chain described by the Hamiltonian

Ĥ = −
∑

j

(
ĉ†j+1ĉj + h.c.

)
(1.2.15)

defined in terms of the fermionic creation and annihilation operators ĉ†j and ĉj satisfying canonical

anti-commutation relations {ĉ†j , ĉi} = δi,j , one finds that K̂A, when the system is in its ground
state, can be written as [4, 191]

K̂A =
L∑

i,j=1

Ti,j ĉ
†
i ĉj . (1.2.16)

Computing the matrix T through the two-point correlators 〈ĉ†i ĉj〉, with i, j = 1, . . . , L [4,191], one

finds that K̂A in (1.2.16) contains nearest-neighbour hopping which does not quite vary parabol-
ically and, in addition, hopping to more distant neighbours with smaller amplitudes [192]. How-
ever, it has been shown numerically [193] and also analytically [179] that by properly including the
longer-range terms in the continuum limit one recovers the conformal results (1.2.13) and (1.2.14)
for β(x).

A similar analysis can be performed for a system of coupled oscillators. Indeed, for a d-
dimensional harmonic lattice described by the Hamiltonian (1.1.10), when the system is in its
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i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

T matrix  
(top 6 panels)

L = 400T & V matrices

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

V matrix  
(bottom 6 panels)

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

T matrix  
(top 6 panels)

L = 400T & V matrices
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V matrix  
(bottom 6 panels)
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! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>
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! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>
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! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>
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! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

Figure 1.6: Contour plots of the matrices M (left panel) and N (right panel) in (1.2.17) obtained
for a block of consecutive L = 400 sites in an infinite harmonic chain. Figure adapted from [102].

ground state, the entanglement Hamiltonian of a subsystem made by L sites can be written
as [10,191]

K̂A =
L∑

i,j=1

(
Mi,j q̂i q̂j +Ni,j p̂i p̂j

)
(1.2.17)

where the matrices M and N can be obtained from the restricted correlators 〈q̂iq̂j〉 and 〈p̂ip̂j〉, with
i, j = 1, . . . , L. Despite the generality of (1.2.17), we consider the case when A is a block made by
consecutive sites in an infinite harmonic chain. One finds that the matrices M and N exhibit a
highly non-trivial structure which, again, leads to long-range couplings in K̂A [101,193]. A detailed
discussion of this fact is reported in chapter 5, but an anticipation is shown in Fig. 1.6 where the
contour plots of the matrices M (left panel) and N (right panel), obtained for a block made by
L = 400 sites in an infinite harmonic chain with ω = 10−30, are reported (for infinite harmonic
chains the parameter ω cannot be set sharply to zero, as explained, for instance, in chapter 5).
These plots suggest that, also for coupled oscillators in one dimension, the long range terms have
to be taken into account in computing the continuum limit of the entanglement Hamiltonian.
For this purpose, a suitable procedure is developed in chapter 5 (see also [101]), where the CFT
results (1.2.13) and (1.2.14) have been recovered from massless harmonic chains through numerical
computations. In Fig. 1.7 we show the outcomes of this procedure for studying the continuum limit
of the entanglement Hamiltonians. The numerical data (symbols) obtained for a block made by L
consecutive sites in an infinite harmonic chain perfectly match the CFT prediction (1.2.14) (red
curves).

In chapters 6 and 7 we exploit some lattice results for studying the entanglement Hamiltonians
in free fermionic and bosonic models in gapped regimes (chapter 6) and out of equilibrium (chapter
7). Further investigations about the entanglement Hamiltonians in free lattice models can be found
in [178,194–201]. Some results also exist for small intervals in interacting fermion systems [202,203].

The entanglement spectrum can be obtained from the eigenvalues of the entanglement Hamilto-
nian. The gaps in the entanglement spectrum are interesting quantities to study and, in particular,
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Summed quantities, method (c), infinite line
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Figure 1.7: Results from the procedure reported in chapter 5 for studying the continuum limit
of the entanglement Hamiltonians in massless harmonic chains. The numerical data have been
obtained for a block made by L consecutive sites in an infinite chain and the red curves correspond
to (1.2.14). Figure taken from [101].

one can consider the gaps with respect to the largest eigenvalue

gk ≡ log λmax − log λk . (1.2.18)

In a two dimensional QFT in imaginary time, a useful way to regularise the ultraviolet (UV) diver-
gences consists in removing infinitesimal disks whose radius is the UV cutoff around the entangling
points of the bipartition [6, 146, 147, 201]. In two-dimensional CFT, this regularisation procedure
leads to a Boundary Conformal Field Theory (BCFT) [204–206] if proper conformal boundary
conditions are imposed along the boundaries in the euclidean spacetime (both the boundaries
given by the physical boundaries of the system and the ones due to this regularisation procedure
must be taken into account). If we consider a two-dimensional CFT and one of the bipartitions
mentioned below (1.2.13), it has been found that [147]

gr
g1

=
∆r

∆1
(1.2.19)

where r > 1 and ∆r > 0 are the non vanishing elements of the conformal spectrum (made by
conformal dimensions of the primary fields and of their descendants) of the corresponding BCFT.
In chapters 5 and 7 we study numerically these quantities for critical lattice models in static and
out of equilibrium configurations respectively, in order to get insights about the operator content
of their underlying field theories. Further numerical evidences that the conformal spectrum of a
BCFT provides the entanglement spectrum have been obtained at equilibrium in [207, 208] and
out of equilibrium in [209].

1.2.3 Entanglement entropies in 1 + 1-dimensional quantum field theories and
symmetry resolution

In the framework of quantum field theory, one of the most powerful theoretical tools to compute the
moments of the reduced density matrix is the path integral approach. Consider a 1+1-dimensional
quantum field theory, which, after the Wick rotation to imaginary time t→ iτ , can be formulated
as a Euclidean field theory in two dimensions.

We denote by {φ̂x} a complete set of local commuting observables and by {φx} and |{φx}〉 their
corresponding eigenvalues and eigenvectors. The elements of the density matrix of this system in
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a thermal state at temperature β−1 can be written as the following path integral on the imaginary
time interval (0, β) [9, 11]

〈{φ′x}|ρ̂|{φx}〉 = Z−1

∫
Dφ(y, τ) e−βSE

∏

x

δ
(
φ(y, 0)− φx

)∏

x′

δ
(
φ(y, β)− φx′

)
(1.2.20)

where SE =
∫ β

0 dτLE is the Euclidean action of the theory and Z = Trρ̂ provides the normalisation
to one of the matrix in (1.2.20). Taking the limit β → ∞, one recovers the density matrix of the
theory on an infinite line in its ground state.

In the path integral description, the trace corresponds to identify the field configurations at
τ = 0 and τ = β. Thus, the reduced density matrix (1.2.1) is obtained by identifying only the
points on the edges that do not belong to A and therefore it can be represented as a cylinder (or
a plane, in the limit β →∞) with a cut occurring for τ = 0 = β and x ∈ A.

As explained in Sec. 1.2.1, we are interested in Trρ̂nA. Considering n copies of ρ̂A, the trace
we want to compute is obtained by sewing cyclically the different planes along their cuts and
identifying the field configurations on A. Let us stress that now n is a positive integer number.
Through this procedure we end up with a world-sheet given by a n-sheeted Riemann surface Rn
and Trρ̂nA is given by the partition function on Rn, denoted by Zn(A), as

Trρ̂nA =
Zn(A)

Zn
. (1.2.21)

Using (1.2.6), the expression (1.2.21) provides the Rényi entropies for positive integer values of n
and, when a unique analytic continuation to complex values of n exists, the entanglement entropy
as

SA = − lim
n→1

∂

∂n

Zn(A)

Zn
. (1.2.22)

This is the replica trick for the entanglement entropy [6, 8, 9], which has been also generalised for
computing other entanglement-related quantities as the negativity [210,211], the relative entropies
[212,213] and the trace distance [214,215].

In general, computing the partition function on a n-sheeted Riemann surface can be very
complicated. For this reason, in the past years various techniques have been developed and many
results have been successfully obtained [9–11,22,216–223]. Among these, we find it worth mention-
ing here the twist fields approach [9,11,216], briefly reviewed in Sec. 8.2, which have been exploited
in various two-dimensional QFTs, as, for instance, CFTs, massive field theories [224–227] and
integrable field theories [216,228–230]. In particular, when applied to (1+1) dimensional CFTs in
their ground states, the replica trick leads to the famous scaling results [6–9,11,231,232]

SA =
c

3
ln
`

ε
S

(n)
A =

c

6

n+ 1

n
ln
`

ε
(1.2.23)

when the subsystem A is an interval of length ` embedded in an infinite one-dimensional system. In
(1.2.23), c is the central charge of the CFT and ε� ` is an ultraviolet cutoff, such that, when ε→ 0,
the entanglement entropies diverge, as typically happens in quantum field theories [6,8,9,20,21,146,
147]. The results in (1.2.23) can be generalised to CFT either at finite temperature or at finite size
by exploiting the conformal invariance of the theory and suitable coordinate transformations [9,11].
Furthermore, results for more complicated bipartitions, like for instance multiple disjoint intervals
[180,217,233–237], for CFTs in excited states [238,239] and for inhomogeneous systems [240–242]
have been obtained through this approach.

An important arena for studying the entanglement in strongly interacting CFT is provided
by the AdS/CFT correspondence. In this context, the gravitational dual of the entanglement
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Entanglement and symmetries II

S = ∑
q

p(q)S(q) − ∑
q

p(q)log(p(q)) ≡ Sc + Sn

A. Lukin, M. Rispoli, R. Schittko, M. E. Tai, A. M. Kaufman,S. Choi, V. Khemani, J. Leonard, and M. Greiner,  
Probing entanglement in a many-body localized system, Science 364, 6437 (2019).

: Configurational entropy 

: Number entropy 

Sc

Sn

The symmetry resolved entanglement satisfies the sum rule

14

of correlations are not generically enforced by the mere
presence of conserved quantities and dynamics in the sys-
tem.

Entanglement dynamics in the MBL regime

The following subsections show exact diagonaliza-
tion calculations based on the Hamiltonian in Eq. 1 at
strong disorder for both the interacting (MBL) and non-
interacting (AL) cases. We numerically show the evolu-
tion of the entanglement entropy SvN for di↵erent Hamil-
tonian parameters and discuss the connection of the con-
figurational entanglement entropy Sc with the configura-
tional correlator C.

Entropy partitioning

A calculation of the dynamics for the partitioned en-
tropy is shown in Fig. S8. Since the initial state is a
product state, there is no initial entropy contribution
from number fluctuations or configurational correlations.
In the many-body-localized regime, the site occupation
numbers become a reasonable proxy for locally-conserved
quantities, leading to a suppression of the entropy Sn

that is associated with particle fluctuations across the
boundary of subsystems A and B. Indeed, the numeri-
cal calculations show that Sn reaches a stationary value
within a few tunneling times, indicating that the particle
transport has reached its equilibrium.

However, the configurational entropy Sc still grows
due to the presence of interactions. This is a conse-
quence of exponentially weak interactions between parti-
cles that occupy localized orbitals in each of the subsys-
tems. Sc is responsible for the unbounded logarithmic
entropy growth expected in many-body localization [30].
The growth persists for much longer times than the par-
ticle number fluctuations and demonstrates a separation
of time scales of Sn and Sc.

E↵ect of interactions

In order to separately investigate the contribution of
Sn and Sc, we perform numerical calculations at di↵er-
ent interaction strengths U . The total (von Neumann)
entanglement entropy SvN shows a logarithmically-slow
growth, which depends on the interaction strength.
Whereas the number entropy Sn is almost independent of
the interaction strength, the configurational entropy Sc

shows a qualitatively di↵erent behaviour in the presence
or absence of interactions in the system. Without inter-
actions, almost no configurational entropy is generated
and Sc remains nearly independent of the evolution time.
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0.0

0.2

0.4

0.6

0.8

1.0

time (2�Jt)
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von Neumann Entropy: W=10J,U=2.7J
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FIG. S8. Total entropy partitioned The total von Neu-
mann entanglement entropy SvN for the half-system is shown
as a function of time in an interacting system at strong dis-
order. The entropy is split up into Sn and Sc. For visual
guidance, the configurational entropy (Sc) is o↵set by the
long-time average of Sn. This partitioning of the entropy
qualitatively shows that logarithmic entropy growth arises
primarily from the configurational entropy. The simulation
was performed using exact diagonalization on 6 sites at unity
filling.

However, when interactions are present, Sc shows a loga-
rithmic growth with the same interaction dependence as
SvN. These calculations show that the separation of the
entanglement into number and configurational degrees of
freedom allows us to isolate the logarithmic growth of
SvN.

Configurational correlations vs. configurational entropy

Since the configurational entropy is inaccessible in this
experiment, we use the correlator C as a measure of the
configurational entanglement in the system (see Eq. 2).
It is related to the configurational mutual information be-
tween the two subsystems [50]. C measures the distance
between the joint distribution of particle configurations
in the entire system from the uncorrelated distributions
of configurations in subsystem A and B. These correla-
tions are measured in the Fock basis and act as a proxy
for the corresponding configurational-entropy growth.

Despite being qualitatively similar metrics which go to
zero in the unentangled limit, Sc and C show very distinct
behavior for large degrees of entanglement. Consider the
maximally mixed reduced density matrix in the Schmidt
basis. The configurational entanglement entropy Sc is
unbounded and Sc ! log (N) for the maximally mixed
case with N representing the Hilbert space dimension of
the reduced density matrix.

num

c

Figure 1.8: The results obtained in [25] for the temporal evolutions of the von Neumann (SvN),
the configurational (Sc) and the number (Snum) entanglement entropies for half-system in a one-
dimensional interacting bosonic chain with disorder, where J parametrises the interaction strength.
The definitions of Sc and Snum and their relation with the von Neumann entanglement entropy are
given in (1.2.28). For convenience, the configurational entropy is vertically shifted with respect to
its vanishing initial value. Figure taken from [25].

entropy (1.2.3) has been conjectured by Ryu and Takayanagi in [48, 49]. Consider a constant
time slice of the CFT defined on the d-dimensional boundary of AdSd+1 and introduce a spatial
bipartition A∪B. The entanglement entropy SA in the strongly coupled regime of the field theory
is obtained by computing the area AA of the minimal area surface anchored to the boundary of A
and extending into the gravitational bulk. It reads

SA =
AA

4GN
(1.2.24)

where GN is the Newton’s constant. In AdS3, which is dual to a two dimensional CFT in its
ground state, when A is a single interval of length ` on its boundary, using (1.2.24) one recovers
the result for SA in (1.2.23) (remind that the holographic computation holds only when c� 1). In
this framework, ε is a UV cutoff introduced to regularise the minimal area AA which is divergent
because the AdS spacetime is non compact.

The formula (1.2.24) is one of the major recent breakthroughs in the context of the AdS/CFT
correspondence and it has shown a deep connection between the entanglement and the geometry
of the spacetime. In last fifteen years, this result has inspired many attempts to construct a bridge
between quantum information and quantum gravity, as for instance the proposals (1.1.18) and
(1.1.21) for the holographic complexity.

The covariant generalisation of (1.2.24), which allows to study time dependent gravitational
backgrounds, has been proposed in [243]. Various aspects of the holographic entanglement entropy
have been studied in the past years, both in static and in time dependent settings (see the reviews
[244,245] and references therein).

In recent times, it became clear the importance of understanding the relation between entangle-
ment and symmetries and in particular how entanglement is shared between the various symmetry
sectors of a theory [95,96]. Consider a system with an internal U(1) symmetry and its usual bipar-
tition into the two subsystems A and B. The charge operator Q̂ is the generator of the symmetry
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and we assume it obeys Q̂A ⊕ Q̂B = Q̂, where Q̂i is the charge in the subsystem i. If the system
described by the density matrix ρ̂ is in an eigenstate of Q̂, then [ρ̂, Q̂] = 0. Tracing out the degrees
of freedom of B, we obtain the reduced density matrix of A, as in (1.2.1). Hence, taking the trace
over B of [ρ̂, Q̂] = 0, we find that [ρ̂A, Q̂A] = 0. This means that ρ̂A has a block-diagonal structure
where each block corresponds to an eigenvalue q of Q̂A. The density matrix ρ̂A(q) corresponding
to an eigenvalue q is obtained by projecting ρ̂A onto the eigenspace of Q̂A with fixed q, as induced
by the projector Πq. Therefore we can write

ρ̂A = ⊕qp(q)ρ̂A(q) (1.2.25)

where p(q) is the probability of finding q in a measurement of Q̂A in the reduced density matrix
ρ̂A, i.e. p(q) = TrΠqρ̂A. Within this convention, the density matrices ρ̂A(q) of different blocks are
normalised as Trρ̂A(q) = 1. The amount of entanglement shared by A and B in each symmetry
sector can be computed through the symmetry resolved Rényi entropies, defined as

S
(n)
A (q) ≡ 1

1− n ln Trρ̂nA(q). (1.2.26)

The limit n→ 1 gives the symmetry resolved entanglement entropy, i.e.

SA(q) ≡ −Trρ̂A(q) ln ρ̂A(q). (1.2.27)

The total von Neumann entanglement entropy associated to ρ̂A in (1.2.25) splits into [170]

SA =
∑

q

p(q)SA(q)−
∑

q

p(q) ln p(q) ≡ Sc + Snum . (1.2.28)

The two contributions Sc and Snum are known as configurational and fluctuation (or number) entan-
glement entropy [25] and account for the entanglement within symmetry sectors and fluctuations
thereof, respectively. The configurational entropy is also related to the operationally accessible
entanglement entropy of Refs. [246–248], while the number entropy is the subject of a substantial
recent activity [25,249–252].

There are various physical motivations for shading light on the interplay between symmetry and
entanglement. For example, one motivation comes from a recent experiment studying the time
evolution of the symmetry resolved entanglement in systems with many-body localisation [25].
In the presence of both disorder and interaction, the dynamics of configurational and number
entanglement occur over different time scales: the number entanglement quickly saturates to an
asymptotic value while the configurational one exhibits a slow logarithmic growth [25], providing
a nice physical explanation of an older finding [12, 253]. This is shown in Fig. 1.8, where a plot
with the results of [25] has been reported.

The possibility of measuring some of the quantities introduced above sparked the interest in
further studying how the entanglement is related to the internal symmetries of a system, leading to
many results concerning critical ones [96, 97, 251,254–258]. A surprising finding is that conformal
invariance forces the entanglement entropy to be equally distributed among the different sectors
of a U(1) symmetric theory [97]. It is an open issue to understand whether and when such
equipartition of entanglement survives away from criticality. The goal of chapters 8 and 9 is to
answer this question. More precisely, in chapter 8 we try to understand how the entanglement
splits into the different charge sectors of a free massive two dimensional QFT endowed with a
U(1) global symmetry. In Fig. 1.9 we have reported some of the results derived in Sec. 8.4 for the
symmetry resolved entanglement entropies in a massive Dirac field theory. The solid lines represent
the field theoretical predictions which are benchmarked with exact numerical lattice computations
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Figure 1.9: Symmetry resolved entanglement entropies of an interval of length ` for a massive
Dirac field theory with mass m = t/` in a sector with charge q. A detailed derivation of these
results is reported in Sec. 8.4. Figure taken from [104].

(symbols). In chapter 9 we study the symmetry resolved entanglement in integrable gapped lattice
models exploiting corner transfer matrix (CTM) techniques [259–262]. This approach is based on
the fact that we can relate the reduced density matrix of a half-infinite integrable quantum chain
to the CTM of a corresponding two-dimensional integrable model on a square lattice.

We find it worth stressing that the calculation of the symmetry resolved entropies by the
definition (1.2.26) requires the knowledge of the entanglement spectrum of ρ̂A and its resolution in
the charge sectors. However, this is a difficult task, especially for an analytic derivation. In [96],
a simple generalisation of the replica trick has been proposed to relate the symmetry resolved
quantities to the moments of ρ̂A on a modified Riemann surface: we refer to them as charged
moments. We define and employ these quantites in chapter 8 and in Sec. 9.3. Nonetheless, there
exist cases where the symmetry resolution of the entanglement spectrum is known analytically
[263, 264]. In Sec. 9.4 we exploit such results for the XXZ spin chain to compute the symmetry
resolved entanglement entropies.





Part I

Circuit complexity of bosonic mixed
Gaussian states
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Chapter 2

Complexity from Fisher information
geometry

2.1 Introduction

The motivations discussed in Sec. 1.1 sparked the interest in studying the properties of the circuit
complexity in many-body quantum systems. The free scalar and the free fermion are the simplest
models to consider. For these models, it is worth focussing on the Gaussian states because they
provide an interesting arena that includes important states (e.g. the ground state and the thermal
states) and that has been largely explored in the literature of quantum information [77,78,265–267].

Various studies have investigated the complexity of quantum circuits made by pure Gaussian
states in lattice models [35–44,79]. In these cases the gates implement only unitary transformations
of the state. It is important to extend these analyses by considering quantum circuits that involve
also mixed states; hence it is impossible to construct them by employing only unitary gates [120].

A method to quantify the complexity of circuits involving mixed states has been recently
investigated in [79]. In this approach, the initial mixed state is purified by adding ancillary degrees
of freedom and the resulting pure state is obtained by minimising the circuit complexity within
the set of pure states.

In this chapter we explore a way to evaluate the complexity of quantum circuits made by
mixed states within the framework of the Information Geometry [93,121,122]. The method holds
for bosonic Gaussian states and it does not require the introduction of ancillary degrees of freedom.
It relies on the fact that, whenever the states provide a Riemannian manifold and the available
gates allow to reach every point of the manifold, the standard tools of differential geometry can
be employed to find the optimal circuit connecting two states. Since the pure states provide a
submanifold of this manifold, this analysis also suggests natural quantum circuits to purify a given
mixed state.

We focus only on the bosonic Gaussian states occurring in the Hilbert space of harmonic lattices
in any number of dimensions. These states are completely characterised by their covariance matrix,
a real symmetric and positive definite matrix whose elements can be written in terms of the two
point correlators, and by their first moments. In the following we explore the bosonic Gaussian
mixed states with vanishing first moments. This set can be described by a proper subset of the
Riemann manifold defined by the symmetric and positive definite matrices [124–127,134] equipped
with the metric provided by the Fisher information matrix [91–93, 121, 123]. We remark that our
analysis considers quantum circuits that are made by Gaussian states only. Despite this important
simplifying assumption, the resulting quantum circuits are highly non trivial because non unitary
states are involved in the circuit.
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The chapter is organised as follows. In Sec. 2.2 we introduce the quantities and the main results
employed throughout the chapter: the covariance matrix through the Gaussian Wigner function,
the Fisher-Rao distance between covariance matrices and the corresponding geodesics, that provide
the optimal circuits. In Sec. 2.3 we provide explicit expressions to evaluate the spectrum complexity
and the basis complexity, by employing also the first law of complexity [268, 269]. Moreover, we
discuss the purification of a mixed state through particular optimal circuits and some lower and
upper bounds on the complexity. In Sec. 2.4 we focus on the circuits that do not contain pure states
because they can be also parameterised through the entanglement Hamiltonian matrices. The
Gaussian channels underlying the optimal circuits are briefly discussed in Sec. 2.5. In Sec. 2.6 we
describe the approach to the complexity of mixed states based on the purification of a mixed state
through ancillary degrees of freedom. The last analysis reported in Sec. 2.7 focuses on periodic
and infinite harmonic chains in one spatial dimension. Numerical results are reported for the
complexity between thermal states and the one between reduced density matrices. Finally, in
Sec. 2.8 we summarise our results and discuss future directions.

2.2 Complexity as Fisher-Rao distance and the optimal path

In Sec. 2.2.1 we introduce Gaussian Wigner functions (defined in terms of the covariance matrix and
of the first moment) to characterise a generic Gaussian state. The Fisher-Rao distance is defined in
Sec. 2.2.2, while in Sec. 2.2.3 we discuss the Williamson’s decomposition of the covariance matrix, a
crucial tool largely employed throughout the thesis. The optimal circuit in the Fisher information
geometry is analysed in Sec. 2.2.4. Finally, the special cases given by pure states and thermal
states are explored in Sec. 2.2.5 and Sec. 2.2.6 respectively.

2.2.1 Gaussian states in harmonic lattices

The Hamiltonian of a spatially homogeneous harmonic lattice made by N sites with nearest neigh-
bour spring-like interaction with spring constant κ reads

Ĥ =

N∑

i=1

(
1

2m
p̂2
i +

mω2

2
q̂2
i

)
+
∑

〈i,j〉

κ

2
(q̂i − q̂j)2 =

1

2
r̂tHphys r̂ (2.2.1)

where the second sum is performed over the nearest neighbour sites. The position and momentum
operators q̂i and p̂i are hermitian and satisfy the canonical commutation relations [q̂i, q̂j ] = [p̂i, p̂j ] =
0 and [q̂i, p̂j ] = iδij . The boundary conditions do not change the following discussion, although
they are crucial to determine the explicit expressions of the correlators. Collecting the position
and momentum operators into the vector r̂ ≡ (q̂1, . . . , q̂N , p̂1, . . . , p̂N )t, the canonical commutation
relations can be written in the form [r̂i, r̂j ] = iJij , where J is the standard symplectic matrix

J ≡
(

0 1
−1 0

)
(2.2.2)

and we have denoted by 1 the N×N identity matrix and 0 the matrix with the proper size having
all its elements equal to zero. Notice that J2 = −1 and J t = J−1 = −J .

The real symplectic group Sp(2N,R) is made by the real 2N×2N matrices S characterising the
linear transformations r̂ → r̂′ = S r̂ that preserve the canonical commutation relations [270–274].
This condition is equivalent to SJSt = J . Given S ∈ Sp(2N,R), it can be shown that det(S) = 1,
St ∈ Sp(2N,R) and S−1 = JStJ−1, hence S−t = J tSJ (we have adopted the notation M−t ≡
(M t)−1). The real dimension of Sp(2N,R) is N(2N + 1).
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The density matrix ρ̂, that characterises a state of the quantum system described by the
Hamiltonian (2.2.1), is a positive definite, hermitean operator whose trace is normalised to one.
When the state is pure, the operator ρ̂ is a projector.

A useful way to characterise a density matrix is based on the Wigner function w(r), that
depends on the vector r made by 2N real components. The Wigner function is defined through
the Wigner characteristic function associated to ρ̂, that is [77,78,267]

χ(ξ) ≡ Tr
(
ρ̂ ei r̂tJ ξ

)
= Tr

(
ρ̂ D̂ξ

)
ξ ∈ R2N (2.2.3)

where in the last step we have introduced the displacement operator as

D̂a ≡ e−iatJ r̂ a ∈ R2N . (2.2.4)

The Fourier transform of the Wigner characteristic function provides the Wigner function

w(r) ≡ 1

(2π)2N

∫
χ(ξ) e−i rtJ ξ dξ (2.2.5)

where dξ =
∏2N
i=1 dξi denotes the integration over the 2N real components of ξ.

In this chapter we focus on the Gaussian states of the harmonic lattices, which are the states
whose Wigner function is Gaussian [5, 77,266,275–278]

wG(r; γ, 〈r̂〉) ≡ e−
1
2

(r−〈r̂〉)t γ−1 (r−〈r̂〉)

(2π)N
√

det(γ)
. (2.2.6)

The 2N × 2N real, symmetric and positive definite matrix γ is the covariance matrix of the
Gaussian state, whose elements can be defined in terms of the anticommutator of the operators r̂i
as follows

γi,j =
1

2
〈{r̂i − 〈r̂i〉 , r̂j − 〈r̂j〉}〉 =

1

2
〈{r̂i , r̂j}〉 − 〈r̂i〉 〈r̂j〉 = 〈r̂i r̂j〉 − 〈r̂i〉 〈r̂j〉 −

i

2
Ji,j . (2.2.7)

The covariance matrix γ is determined by N(2N+1) real parameters. The expressions (2.2.6) and
(2.2.7) tell us that the Gaussian states are completely characterised by the one-point correlators
(first moments) and by the two-points correlators (second moments) of the position and momentum
operators collected into the vector r̂. It is important to remark that the validity of the uncertainty
principle imposes the following condition on the covariance matrix [77,271]

γ +
i

2
J > 0 . (2.2.8)

In [126] a real, positive matrix with an even size and satisfying (2.2.8) is called Gaussian matrix.
Thus, every symmetric Gaussian matrix provides the covariance matrix of a Gaussian state.

A change of base r̂ → r̂′ = S r̂ characterised by S ∈ Sp(2N,R) induces the transformation
γ → γ′ = S γ St on the covariance matrix.

In this thesis we mainly consider Gaussian states with vanishing first moments, i.e. having
〈r̂i〉 = 0. In this case the generic element of covariance matrix (2.2.7) becomes

γi,j =
1

2
〈{r̂i , r̂j}〉 = Re

[
〈r̂i r̂j〉

]
(2.2.9)

and the Wigner function (2.2.6) slightly simplifies to

wG(r; γ) =
e−

1
2
rt γ−1 r

(2π)N
√

det(γ)
. (2.2.10)

where we have lightened the notation with respect to (2.2.6) by setting wG(r; γ) ≡ wG(r; γ,0).
The quantities introduced above characterise generic mixed Gaussian states. The subclass made
by the pure states is discussed in Sec. 2.2.3.
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2.2.2 Fisher-Rao distance

The set made by the probability density functions (PDF’s) parameterised by the quantities γ
is a manifold. In information geometry, the distinguishability between PDF’s characterised by
two different sets of parameters γ1 and γ2 is described through a scalar quantity D(γ1, γ2) called
divergence [93, 122], a function such that D(γ1, γ2) > 0 and D(γ1, γ2) = 0 if and only if γ1 = γ2

and

D(γ, γ + dγ) =
1

2

∑

i,j

gij dyidyj +O
(
(dy)3

)
(2.2.11)

where gij is symmetric and positive definite and y denotes the vector collecting the independent
parameters that determine γ = γ(y). In general D(γ1, γ2) 6= D(γ2, γ1); nonetheless, notice that
the terms that could lead to the loss of this symmetry are subleading in the expansion (2.2.11).
Thus, every divergence D introduces a metric tensor gij that makes M a Riemannian manifold.

A natural requirement for a measure of distinguishability between states is the information
monotonicity [93, 122]. Let us denote by s = s(r) a change of variables in the PDF’s and by
D̄(γ1, γ2) the result obtained from D(γ1, γ2) after this change of variables. If s(r) is not invertible,
a loss of information occurs because we cannot reconstruct r from s. This information loss leads
to a less distinguishability between PDF’s, namely D̄(γ1, γ2) < D(γ1, γ2). Instead, when s(r) is
invertible, information is not lost and the distinguishability of the two functions is preserved, i.e.
D̄(γ1, γ2) = D(γ1, γ2). Thus, it is naturally to require that any change of variables must lead
to [93,122]

D̄(γ1, γ2) 6 D(γ1, γ2) . (2.2.12)

This property is called information monotonicity for the divergence D.

Let us consider a geometric structure on M induced by a metric tensor gij associated to a
divergence satisfying (2.2.12). An important theorem in information geometry due to Chentsov
claims that, considering any set of the PDF’s, a unique metric satisfying (2.2.12) exists up to
multiplicative constants [93,121].

The Wigner functions of the bosonic Gaussian states (2.2.6) with vanishing first moments are
PDF’s that provide a manifold MG parameterised by the covariance matrices γ. The Chentsov’s
theorem for these PDF’s leads to introduce the Fisher information matrix [91, 93,121,123,279]

gij =

∫
wG(r, γ)

∂ log[wG(r; γ)]

∂yi

∂ log[wG(r; γ)]

∂yj
dr (2.2.13)

which provides the Fisher-Rao distance between two bosonic Gaussian states with vanishing first
moments. Denoting by γ1 and γ2 the covariance matrices of these states, their Fisher-Rao distance
reads [92,124–128]

d(γ1, γ2) ≡
√

Tr
[
(log ∆)2

]
≡
∣∣∣∣ log

(
γ
−1/2
1 γ2 γ

−1/2
1

)∣∣∣∣
2

∆ ≡ γ2 γ
−1
1 . (2.2.14)

This is the main formula employed throughout this chapter and chapters 3 and 4 to study the
complexity of Gaussian mixed states.

We remark that (2.2.14) is the Fisher-Rao distance also when the reference state and the target
state have the same first moments, that can be non vanishing [92, 128, 280]. Although an explicit
expression for the Fisher-Rao distance in the most general case of different covariance matrices
and different first moments is not available in the literature, interesting classes of Gaussian PDF’s
have been identified where explicit expressions for this distance have been found [128,280–282].
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2.2.3 Williamson’s decomposition

The Williamson’s theorem is a very important tool to study Gaussian states [94]: it provides a
decomposition for the covariance matrix γ that is crucial throughout our analysis.

The Williamson’s theorem holds for any real, symmetric and positive matrix with even size;
hence also for the covariance matrices. Given a covariance matrix γ, the Williamson’s theorem
guarantees that a symplectic matrix W ∈ Sp(2N,R) can be constructed such that

γ = W tDW (2.2.15)

where D ≡ diag(σ1, . . . , σN )⊕diag(σ1, . . . , σN ) and σk > 0. The set {σk} is the symplectic spectrum
of γ and its elements are the symplectic eigenvalues (we often call D the symplectic spectrum
throughout this chapter, with a slight abuse of notation). The symplectic spectrum is uniquely
determined up to permutations of the symplectic eigenvalues and it is invariant under symplectic
transformations. Throughout this thesis we refer to (2.2.15) as the Williamson’s decomposition1

of γ, choosing a decreasing ordering for the symplectic eigenvalues. The real dimension of the set
made by the covariance matrices is N(2N + 1) [78].

Combining (2.2.8) and (2.2.15), it can be shown that σk > 1
2 [77]. A diagonal matrix is

symplectic when it has the form Υ ⊕ Υ−1. This implies that a generic covariance matrix is not
symplectic because of the occurrence of the diagonal matrix D in the Williamson’s decomposition
(2.2.15).

Another important tool for our analysis is the Euler decomposition of a symplectic matrix S
(also known as Bloch-Messiah decomposition) [272]. It reads

S = LX R X = eΛ ⊕ e−Λ L,R ∈ K(N) ≡ Sp(2N,R) ∩O(2N) (2.2.16)

where Λ = diag(Λ1, . . . ,ΛN ) with Λj > 0. The non-uniqueness of the decomposition (2.2.16) is
due only to the freedom to order the elements along the diagonal of Λ. By employing the Euler
decomposition (2.2.16) and that the real dimension of K(N) is N2, it is straightforward to realise
that the real dimension of the symplectic group Sp(2N,R) is 2N2 + N , as already mentioned in
Sec. 2.2.1. The simplest case corresponds to the one-mode case, i.e. N = 1, where a 2 × 2 real
symplectic matrix can be parameterised by two rotation angles and a squeezing parameter Λ1.

Covariance matrix of a pure state

A Gaussian state is pure if and only if all the symplectic eigenvalues equal to 1
2 , i.e. D = 1

2 1.
Thus, the Williamson’s decomposition of the covariance matrix characterising a pure state reads

γ =
1

2
W tW =

1

2
RtX 2R W = LX R . (2.2.17)

The last expression, which has been found by employing the Euler decomposition (2.2.16) for the
symplectic matrix W , tells us that the covariance matrix of a pure state can be determined by
fixing N2 +N real parameters.

The covariance matrix of a pure state satisfies the following constraint [283]

(
iJγ
)2

=
1

4
1 . (2.2.18)

After a change of basis characterised by the symplectic matrix S, the covariance matrix (2.2.17)
becomes γ′ = 1

2 SW
tWSt. Choosing S = KW−t, where K ∈ K(N), the covariance matrix

drastically simplifies to γ′ = 1
2 1.

1It is often called normal modes decomposition [78].
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2.2.4 Mixed states

Considering the set P(N) made by the 2N ×2N real and positive definite matrices, the covariance
matrices provide the proper subset of P(N) made by those matrices that also satisfy the inequality
(2.2.8).

The set P(N) equipped with the Fisher-Rao distance is a Riemannian manifold where the
length of a generic path γ : [a, b]→ P(N) is given by2 [123–127]

L[γ(τ)] =

∫ b

a

√
Tr
{[
γ(τ)−1 γ̇(τ)

]2}
dτ . (2.2.19)

The unique geodesic connecting two matrices in the manifold P(N) has been constructed [125].
In our analysis we restrict to the subset made by the covariance matrices γ. Considering the
covariance matrix γR and the covariance matrix γT, that correspond to the reference state and to
the target state respectively, the unique geodesic that connects γR to γT is [125]

Gs(γR , γT) ≡ γ
1/2
R

(
γ
−1/2
R γT γ

−1/2
R

)s
γ

1/2
R 0 6 s 6 1 (2.2.20)

where s parameterises the generic matrix along the geodesic (we always assume 0 6 s 6 1 through-
out this chapter) and it is straightforward to verify that

G0(γR , γT) = γR G1(γR , γT) = γT . (2.2.21)

The geodesic (2.2.20) provides the optimal circuit connecting γR to γT. In the mathematical
literature, the matrix (2.2.20) is also known as the s-geometric mean of γR and γT. The matrix
associated to s = 1/2 provides the geometric mean of γR and γT. We remark that, since γR and γT

are symmetric Gaussian matrices, it can be shown that also the matrices belonging to the geodesic
(2.2.20) are symmetric and Gaussian [126].

The Fisher-Rao distance between γR and γT is the length of the geodesic (2.2.20) evaluated
through (2.2.19). It is given by

d(γR, γT) ≡
√

Tr
[
(log ∆TR)2

]
≡
∣∣∣∣ log

(
γ
−1/2
R γT γ

−1/2
R

)∣∣∣∣
2

(2.2.22)

where3

∆TR ≡ γT γ
−1
R . (2.2.23)

This distance provides the following definition of complexity

C =
1

2
√

2
d(γR , γT) (2.2.24)

It is straightforward to realise that, in the special case where both γR and γT correspond to pure
states, the complexity (2.2.24) becomes the result obtained in [40] for the F2 complexity, based
on the F2 cost function; hence we refer to (2.2.24) also as F2 complexity in the following. The
matching with [40] justifies the introduction of the numerical factor 1

2
√

2
in (2.2.24) with respect

to the distance (2.2.22). Equivalently, also the κ = 2 complexity given by Cκ=2 ≡ C2 can be
considered.

We remark that the complexity (2.2.24) and the optimal circuit (2.2.20) can be applied also for
circuits where the reference state and the target state have the same first moments [92,128,280].

2An explicit computation that relates (2.2.13) to (2.2.19) can be found e.g. in Appendix A of [123].
3The expression (2.2.22) cannot be written as || log(γT γ

−1
R )||2 [98].
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Figure 2.1: Pictorial representation of the optimal circuit (2.2.20) connecting γR to γT (solid black
curve). Coloured solid curves represent the sets made by symmetric Gaussian matrices having the
same symplectic spectrum. The red curve corresponds to DR and the blue curve to DT.

The symmetry d(γR , γT) = d(γT , γR), imposed on any proper distance, can be verified for the
Fisher-Rao distance (2.2.22) by observing that ∆TR ↔ ∆−1

TR under the exchange γR ↔ γT.

Performing a change of basis characterised by the symplectic matrix S, the matrix ∆TR changes
as follows

∆′TR = γ′T(γ′R)−1 = S∆TR S
−1 . (2.2.25)

From this expression it is straightforward to observe that the Fisher-Rao distance (2.2.22), and
therefore the complexity (2.2.24) as well, is invariant under a change of basis. We remark that
(2.2.24) is invariant under any transformation that induces on ∆TR the transformation (2.2.25) for
any matrix S (even complex and not necessarily symplectic).

From the expression (2.2.20) of the geodesic connecting γR to γT, one can show that the change
s→ 1− s provides the geodesic connecting γT to γR; indeed, we have that [125]

G1−s(γR , γT) = γ
1/2
T

(
γ
−1/2
T γR γ

−1/2
T

)s
γ

1/2
T = Gs(γT , γR) . (2.2.26)

Remarkably, the geodesic (2.2.20) can be written in the following form

Gs(γR , γT) = Us γR U
t
s Us ≡ ∆

s/2
TR . (2.2.27)

This expression is interesting because the generic matrix of the optimal circuit is written in a form
that reminds a symplectic transformation of γR through the Us. Nonetheless, we remark that in
general Us is not symplectic because the covariance matrices are not symplectic matrices.

It is enlightening to exploit the Williamson’s decomposition of the covariance matrices discussed
in Sec. 2.2.3 in the expressions for the complexity and for the optimal circuit. The Williamson’s
decomposition (2.2.15) allows to write γR and γT as follows

γR = W t
RDRWR γT = W t

TDTWT WR ,WT ∈ Sp(2N,R) (2.2.28)



46 CHAPTER 2. COMPLEXITY FROM FISHER INFORMATION GEOMETRY

where DR and DT contain the symplectic spectra of γR and γT respectively. Let us introduce also
the Williamson’s decomposition of the generic matrix along the geodesic (2.2.20), namely

Gs(γR , γT) = W t
s DsWs Ws ∈ Sp(2N,R) . (2.2.29)

Later in the thesis we provide analytic expressions for Ws and Ds in terms of γR and γT for some
particular optimal circuits.

In Fig. 2.1 we show a pictorial representation of the optimal circuit (2.2.20), which corresponds
to the solid black curve. The figure displays that the symplectic spectrum changes along the
geodesic because the black curve crosses solid curves having different colours, which correspond to
the sets of matrices having the same symplectic spectrum.

The complexity (2.2.24) can be written in the following convenient form depending on the
symplectic spectra and on the symplectic matrices WR and WT

C =
1

2
√

2

√
Tr
{[

log
(
DTWTRD−1

R W t
TR

)]2}
(2.2.30)

where we have introduced the symplectic matrix WTR defined as follows

WTR ≡WTW
−1
R . (2.2.31)

Let us conclude this subsection by stressing the main difference between this approach and the one
introduced in [79] and reviewed in Sec. 2.6. While the latter requires the introduction of ancillary
degrees of freedom to purify the reference and target states before computing the complexity, the
one described above provide the optimal circuit and its length directly in the space of mixed states
without need of purifications.

2.2.5 Pure states

It is very insightful to specialise the results presented in Sec. 2.2.4 to pure states.

When both the reference state |ψR〉 and the target state |ψT〉 are pure states, the corresponding
density matrices are the projectors ρ̂R = |ψR〉〈ψR| and ρ̂T = |ψT〉〈ψT| respectively. In this case the
symplectic spectra drastically simplify to

DR = DT =
1

2
1 (2.2.32)

where 1 is the 2N × 2N identity matrix. This implies that the Williamson’s decompositions in
(2.2.28) become respectively

γR =
1

2
W t

RWR γT =
1

2
W t

TWT . (2.2.33)

Let us consider the Euler decomposition (defined in Sec. 2.2.3) of the symplectic matrix WTR,
namely

WTR = LTRXTRRTR (2.2.34)

where

LTR , RTR ∈ K(N) XTR = eΛTR ⊕ e−ΛTR ∈ Sp(2N,R) (2.2.35)

and ΛTR is a diagonal matrix with positive entries.
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This decomposition provides the following expression for the complexity of pure states, as
obtained in [40]

C =
1

2
√

2

√
Tr
{[

log
(
WTRW t

TR

)]2}
=

1

2
√

2

√
Tr
{[

log
(
X 2

TR

)]2}
=

√∑

i

(ΛTR)2
i (2.2.36)

which can be also obtained through the proper choice of the base described below.
As for the optimal circuit (2.2.20), one can obtain

Gs(γR , γT) =
1

2
W t

R

(
W t

TRWTR

)s
WR . (2.2.37)

We find it instructive also to specialise the expression (2.2.27) for the optimal circuit to pure states.
Indeed, in this case ∆TR is symplectic and the result reads

Gs(γR , γT) =
1

2
W t
s Ws Ws = WR U

t
s (2.2.38)

This expression provides the Williamson’s decomposition of the optimal circuit made by pure
states, given that Ws ∈ Sp(2N,R).

A proper choice of the basis leads to a simple expression for the optimal circuit. Let us observe
that, after a change of basis characterised by the symplectic matrix S = RTRW

−t
R , the covariance

matrices γR and γT become the following diagonal matrices

γ′R =
1

2
1 γ′T =

1

2
X 2

TR . (2.2.39)

We remark that this result has been obtained by exploiting the peculiarity of the pure states
mentioned in Sec. 2.2.3, namely that, after a change of basis that brings the covariance matrix
into the diagonal form 1

21, another change of basis characterised by a symplectic matrix that is
also orthogonal leaves the covariance matrix invariant. The occurrence of non trivial symplectic
spectra considerably complicates this analysis (see [98] for more details).

Specialising the optimal circuit (2.2.27) to the covariance matrices in (2.2.39), the following
simple expression is obtained [40]

Gs(γ
′
R , γ

′
T) =

1

2
X 2s

TR . (2.2.40)

This expression tells us that, for pure states, this basis is very convenient because the optimal
circuit is determined by the diagonal matrix XTR.

2.2.6 Thermal states

The thermal states provide an important class of Gaussian mixed states. The density matrix of

a thermal state at temperature T ≡ 1/β is ρ̂th = e−βĤ/Z, where Ĥ is the Hamiltonian (2.2.1)

for the harmonic lattices that we are considering and the constant Z = Tr
(
e−βĤ

)
guarantees the

normalisation condition Trρ̂th = 1.
In order to study the Williamson’s decomposition of the covariance matrix associated to a

thermal state, let us observe the matrix Hphys in (2.2.1) can be written as

Hphys = Qphys ⊕ P phys (2.2.41)

where P phys = 1
m1 and Qphys is a N×N real, symmetric and positive definite matrix whose explicit

expression is not important for the subsequent discussion.
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Denoting by Ṽ the real orthogonal matrix that diagonalises Qphys (for the special case of the
harmonic chain with periodic boundary conditions, Ṽ has been written in (2.7.5) e (2.7.6)), it is
straightforward to notice that (2.2.41) can be diagonalised as follows

Hphys = V

[
1

m
diag

(
(mΩ)2

1, . . . , (mΩN )2, 1, . . . , 1
)]
V t V ≡ Ṽ ⊕ Ṽ (2.2.42)

where Ω2
k are the real eigenvalues of Qphys/m. It is worth remarking that the 2N × 2N matrix V

is symplectic and orthogonal, given that Ṽ is orthogonal. One can show that the r.h.s. of (2.2.42)
can be written as

Hphys = V Xphys

[
diag

(
Ω1, . . . ,ΩN ,Ω1, . . . ,ΩN

)]
Xphys V

t (2.2.43)

where we have introduced the following symplectic and diagonal matrix

Xphys = diag
(

(mΩ1)1/2, . . . , (mΩN )1/2, (mΩ1)−1/2, . . . , (mΩN )−1/2
)
. (2.2.44)

The expression (2.2.43) provides the Williamson’s decomposition of the matrix Hphys entering
in the Hamiltonian (2.2.1). It reads

Hphys = W t
physDphysWphys (2.2.45)

where
Dphys = diag

(
Ω1, . . . ,ΩN ,Ω1, . . . ,ΩN

)
Wphys = Xphys V

t . (2.2.46)

The Williamson’s decomposition (2.2.45) suggests to write the physical Hamiltonian (2.2.1) in
terms of the canonical variables defined through Wphys. The result is

Ĥ =
1

2
ŝtDphys ŝ ŝ ≡Wphys r̂ ≡

(
q̂

p̂

)
. (2.2.47)

Following the standard quantisation procedure, one introduces the annihilation operators b̂k
and the creation operators b̂†k as

b̂ ≡
(
b̂1, . . . , b̂N , b̂

†
1, . . . , b̂

†
N

)t ≡ Θ−1ŝ b̂k ≡
q̂k + i p̂k√

2
Θ ≡ 1√

2

(
1 1
−i1 i1

)
(2.2.48)

which satisfy the well known algebra given by [b̂i, b̂j ] = Jij . In terms of these operators, the
Hamiltonian (2.2.47) assumes the standard form

Ĥ =

N∑

k=1

Ωk

(
b̂†k b̂k +

1

2

)
. (2.2.49)

Thus, the symplectic spectrum in (2.2.46) provides the dispersion relation of the model.
Applying the definition (2.2.9) to the thermal state and exploting standard techniques (see

[77, 78]), for the Williamson’s decomposition of the covariance matrix of the thermal state one
obtains

γth = W t
thDthWth (2.2.50)

where the symplectic eigenvalues entering in the diagonal matrix Dth and the symplectic matrix
Wth are given respectively by

σth,k =
1

2
coth(βΩk/2) Wth = W−t

phys . (2.2.51)



2.3. SPECTRUM COMPLEXITY AND BASIS COMPLEXITY 49

We remark that Wth is independent of the temperature.
Taking the zero temperature limit β → +∞ of (2.2.50), one obtains the Williamson’s decom-

position of the covariance matrix of the ground state. This limit gives σth,k → 1/2, as expected
from the fact that the ground state is a pure state, while Wth does not change, being independent
of the temperature. Thus, the Williamson’s decomposition of the covariance matrix of the ground
state reads

γgs =
1

2
W−1

physW
−t
phys (2.2.52)

where Wphys has been defined in (2.2.46).
It is worth considering the complexity when the reference state and the target state are thermal

states having the same physical Hamiltonian Ĥ but different temperatures (we denote respectively
by βR and βT their inverse temperatures). From (2.2.50), we have that the Williamson’s decom-
position of the covariance matrices of the reference state and the target state read respectively

γth,R = W t
thDth,RWth γth,T = W t

thDth,TWth (2.2.53)

where Wth is independent of the temperature; hence WR = WT. This means that WTR = 1 in this
case (see (2.2.31)); hence the expression (2.2.30) for the complexity significantly simplifies to

C =
1

2
√

2

√
Tr
{[

log
(
Dth,TD−1

th,R

)]2}
=

1

2

√√√√
N∑

k=1

{[
log

(
coth(βTΩk/2)

coth(βRΩk/2)

)]2
}
. (2.2.54)

The optimal path connecting these particular thermal states is obtained by plugging (2.2.53)
into (2.2.27). The Williamson’s decomposition of the generic covariance matrix belonging to this
optimal path reads

Gs(γth,R , γth,T) = W t
thDsWth Ds = Dsth,TD1−s

th,R 0 6 s 6 1 (2.2.55)

where the same symplectic matrix Wth of the reference state and of the target state occurs and
only the symplectic spectrum depends on the parameter s labelling the covariance matrices along
the optimal path.

It is worth asking whether, for any given value of s, the covariance matrix Gs(γth,R , γth,T) in
(2.2.55) can be associated to a thermal state of the system characterised by the same physical
Hamiltonian underlying the reference and the target states. Denoting by σs,k the symplectic
eigenvalues of (2.2.55) this means to find a temperature Ts ≡ β−1

s such that σs,k = 1
2 coth(βsΩk/2).

This equation can be written more explicitly as follows

coth(βs Ωk/2) =

[
coth(βT Ωk/2)

coth(βR Ωk/2)

]s
coth(βR Ωk/2) . (2.2.56)

We checked numerically that a solution Ts = Ts(TR, TT) for any 1 6 k 6 N does not exist.
The quantities discussed above are further explored in Sec. 2.7.3, where the thermal states of

the harmonic chain are considered. In Appendix B we report a detailed analysis of the complexity
of thermofield double (TFD) states for harmonic lattices, which are special cases of purification of
thermal states.

2.3 Spectrum complexity and basis complexity

In this section we discuss the spectrum complexity and the basis complexity for mixed Gaussian
states in harmonic lattices.
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Figure 2.2: The solid black curve and the solid coloured curves have been defined in Fig 2.1.
Eq. (2.3.11) tells us that the dashed black curves represent the WR path and the WT path that
pass through γR and γT respectively (the auxiliary covariance matrices γ̃R and γ̃T have been defined
in (2.3.33)). The arcs of the dashed curves that connect the blue curve to the red curve have the
same length given by (2.3.12).

By exploiting the Williamson’s decomposition we introduce the W path as the optimal circuit
connecting two covariance matrices with WR = WT ≡ W and the D path as the optimal circuit
connecting two covariance matrices having DR = DT ≡ D. In order to study these circuits, in
Sec. 2.3.1 we discuss the first law of complexity for the Gaussian states that we are considering. The
lengths of a W path and of a D path are employed to study the spectrum complexity (Sec. 2.3.2)
and the basis complexity (Sec. 2.3.3) respectively. In Fig. 2.2 the dashed curves correspond to W
paths (see (2.3.11)).

Furthermore, exploiting the W paths and the D paths, we discuss the purification of mixed
states (Sec. 2.3.4) and we provide lower and upper bounds for the complexity (Sec. 2.3.5).

2.3.1 First law of complexity

It is worth investigating the first law of complexity [268, 269] for the states described in Sec. 2.2.
The derivations of the results reported below can be found in [98].

Let us consider the following functional

S[q(t)] =

∫ t1

t0

L[q(t), q̇(t), t] dt (2.3.1)

where q0 = q(t0) and q1 = q(t1) are the initial and final configurations respectively.

It is well known that the first variation of (2.3.1) under an infinitesimal change of the boundary
conditions qi → qi + δqi for i = 0, 1 evaluated on a solution of the equations of motion is

δS[q(t)] =
∂L
∂q̇

δq

∣∣∣∣
t1

− ∂L
∂q̇

δq

∣∣∣∣
t0

. (2.3.2)
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The functional we are interested in is the length functional (2.2.19) and the solution of its
equations of motion is given by the optimal circuit (2.2.20), that satisfies the boundary conditions
(2.2.21). In order to apply (2.3.2), one considers the infinitesimal variations γT → γT + δγT and
γR → γR + δγR of the covariance matrices of the reference and of the target states that preserve
the properties of these matrices. In other words, these variations are such that also the resulting
matrices are covariance matrices.

The length functional (2.2.19) leads to introduce the following cost function

F (γ, γ̇) =
√

Tr
[

(γ−1 γ̇)2 ] . (2.3.3)

By applying (2.3.2) to the length functional (2.2.19), one obtains the first law of complexity

δd =
∑

ij

∂F

∂γ̇ij
δγij

∣∣∣∣
s=1

s=0

(2.3.4)

where the r.h.s. is evaluated on the geodesic (2.2.20).

Equivalent expressions for the variation (2.3.4) can be found in [98]. Here, we find it worth
providing a formula for (2.3.4) that is based on the Williamson’s decompositions (2.2.28). It is
given by

δd =
1

d

[
2 Tr

{
log
(
γ−1
T γR

) (
W−1

R δWR −W−1
T δWT

)}
(2.3.5)

+ Tr
{

log
(
WTRD−1

R W t
TRDT

)
D−1

T δDT − log
(
D−1

R W t
TRDTWTR

)
D−1

R δDR

}]
.

The form (2.3.5) for δd tells us that this variation can be written as the sum of four contribu-
tions: two terms from the variations δWR and δWT of the symplectic matrices in (2.2.28) and two
terms from the diagonal and non negative variations δDR and δDT of the symplectic spectra.

It is natural to look for relations between γR and γT that lead to δd = 0 and, in order to find
them, let us consider the first law of complexity written in the form (2.3.5). Let us first focus on
the variations of WR and WT. When δDR = δDT = 0 in (2.3.5), the equation δd = 0 becomes

Tr
{

log
(
γ−1
T γR

) (
W−1

R δWR −W−1
T δWT

)}
= 0 . (2.3.6)

Two trivial solutions of this equation are given by

WR = WT . (2.3.7)

and WR = MWT, where M is a constant symplectic matrix whose elements are just real numbers,
i.e. it does not contain parameters to vary. Notice that these two simple solutions require that
both WR and WT are allowed to vary.

More generally, δd = 0 for generic variations of γR and γT when these covariance matrices are
related by [98]

γT = γR e
−Y J (2.3.8)

where Y is a real antisymmetric matrix constrained by the conditions that the elements on the
diagonals of WT Y J W

−1
T and WR Y J W

−1
R vanish.
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2.3.2 Spectrum complexity

It is worth exploring the possibility to define the circuit complexity associated to the change of
the symplectic spectrum.

Let us consider a reference state and a target state such that in the Williamson’s decompositions
of their covariance matrices γR and γT (see (2.2.28)) the same symplectic matrix occurs, namely

γR = W tDRW γT = W tDTW W ∈ Sp(2N,R) . (2.3.9)

We call W path the optimal circuit (2.2.20) connecting these two covariance matrices.
In order to study the Williamson’s decomposition of a matrix belonging to a W path, we

consider the expression (2.2.27) for the optimal circuit. When (2.3.9) holds, one can find that
∆TR = W tDTD−1

R W−t and

Gs(γR , γT) = W t
(
D1−s

R DsT
)
W (2.3.10)

which tells us that the Williamson’s decomposition of the matrix along the W path is (2.2.29)
with

Ds = D1−s
R DsT Ws = W . (2.3.11)

It is remarkable that the symplectic matrix Ws is independent of s. This means that in the
Williamson’s decomposition of a matrix belonging to a W path the same symplectic matrix W
occurs. In Fig. 2.2 the dashed curves correspond to the WR path and to the WT path. Considering
e.g. the WR path in Fig. 2.2, from (2.3.11) we have that the Williamson’s decomposition of a
generic matrix γ belonging to this WR path is given by the symplectic matrix WR and by the
symplectic spectrum corresponding to the coloured line intersecting the dashed line of the WR

path at γ.
An interesting example of W path is given by the thermal states of a given model at different

temperatures (see Sec. 2.2.6). Indeed, in the Williamson’s decomposition (2.2.50), the symplectic
matrix Wth is independent of the temperature.

For a W path we have δd = 0 (see (2.3.7)); hence the W paths provide a preferred way
to connect the set of covariance matrices with symplectic spectrum DR to the set of covariance
matrices with symplectic spectrum DT.

We find it natural to define the spectrum complexity as the length of a W path because this
quantity is independent of the choice of W . In particular, from (2.3.9), we have that WTR = 1,
hence (2.2.30) simplifies to

dspectrum(γR , γT) ≡
√

Tr
{[

log
(
DTD−1

R

)]2}
=

√√√√2
N∑

k=1

[
log

(
σT,k

σR,k

)]2

(2.3.12)

which is independent of W . This implies that dspectrum(γR , γT) = dspectrum(DR ,DT). Thus, in
Fig. 2.2 the arcs of the dashed curves that connect the blue curve to the red curve have the same
length given by (2.3.12).

Another natural definition for the spectrum complexity is the distance between the set of co-
variance matrices whose symplectic spectrum is DR (red curve in Fig. 2.2) and the set of covariance
matrices whose symplectic spectrum is DT (blue curve in Fig. 2.2). It reads

d̃spectrum(DR ,DT) ≡ min
[
d
(
W tDRW , W̃ tDT W̃

) ]
W, W̃ ∈ Sp(2N,R) (2.3.13)

where the minimisation over the symplectic matrices W and W̃ is difficult to perform. It is
straightforward to realise that d̃spectrum(DR ,DT) 6 dspectrum(DR ,DT).
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2.3.3 Basis complexity

In order to study the circuit complexity associated to a change of basis, let us consider the
Williamson’s decompositions of two covariance matrices γR and γT having the same symplectic
spectrum, i.e.

γR = W t
RDWR γT = W t

TDWT (2.3.14)

that have been obtained by setting DR = DT = D in (2.2.28). An important example is given by
states whose density matrices ρ̂T and ρ̂R are related through a unitary transformation U , namely
ρ̂T = Uρ̂RU

†. Indeed, this means that the corresponding covariance matrices are related through
a symplectic matrix (that does not change the symplectic spectrum) [77,78].

We denote as D path the optimal circuit connecting the covariance matrices having the same
symplectic spectrum, identifying its length as a basis complexity. This basis complexity can be
found by specifying (2.2.30) to (2.3.14) and the result is

dbasis(γR , γT) =

√
Tr
{[

log
(
DWTRD−1W t

TR

)]2}
(2.3.15)

where WTR has been defined in (2.2.31). Notice that we have not required that all the matrices
along a D path have the same symplectic spectrum.

We find it reasonable to introduce also another definition of basis complexity as the minimal
length of an optimal circuit that connects a covariance matrix whose Williamson’s decomposition
contains the symplectic matrix WR (i.e. that lies on the dashed curve on the left in Fig. 2.2) to a
covariance matrix having the symplectic matrix WT in its Williamson’s decomposition (i.e. that
belongs to the dashed curve on the right in Fig. 2.2). This basis complexity is defined as follows

d̃basis(WR ,WT) ≡ min
[
d
(
W t

RDWR , W
t
T D̃WT

) ]
D, D̃ ∈ Diag(N,R) (2.3.16)

where the minimisation is performed over the set Diag(2N,R) made by the diagonal matrices of
the form diag(σ)⊕ diag(σ), with σ vector of N real numbers σi > 1/2. It is immediate to notice
that (2.3.16) is a lower bound for (2.3.15), i.e. d̃basis(WR ,WT) 6 dbasis(γR , γT).

Specifying the form (2.2.27) for the optimal circuit to (2.3.14), it is straightforward to find that
the D path is given by

Gs(γR , γT) = W̃ t
s D W̃s W̃s ≡WR U

t
s (2.3.17)

where we remark that W̃s is not symplectic in general.
It is worth asking when W̃s is symplectic because in these cases (2.3.17) provides the Williamson’s

decomposition of the D path. The requirement Us ∈ Sp(2N,R) leads to

[
WTR ,D

]
= 0 . (2.3.18)

When this condition holds, (2.3.15) simplifies to the following expression

dbasis(γR , γT) =

√
Tr
{[

log
(
WTRW t

TR

)]2}
(2.3.19)

which is independent of D.
For pure states, which have D = 1

2 1, the condition (2.3.18) is trivially verified.
When N > 1 the condition (2.3.18) is a non trivial requirement. For instance, when WTR is

diagonal, (2.3.18) is verified and (2.3.17) holds with W̃s = X sTRWR. The basis complexity (2.3.15)
simplifies to d2

basis(γR , γT) = Tr
{

[log(X 2
TR)]2

}
, that is independent of D.

Writing WTR as a block matrix made by four N ×N matrices, it is straightforward to find that the
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condition (2.3.18) holds whenever every block of WTR commutes with diag(σ1, . . . , σN ). Then, we
can exploit the fact that a diagonal matrix with distinct elements commutes with another matrix
only when the latter one is diagonal4. Thus, if the symplectic spectrum is non degenerate, all the
blocks of WTR must be diagonal to fulfil the condition (2.3.18). We remark that the non-degeneracy
condition for the symplectic spectrum is not guaranteed; indeed, the symplectic spectrum has some
degeneracy in several interesting cases. For instance, for pure states all the symplectic eigenvalues
are equal to 1

2 . Another important example is the reduced covariance matrix of an interval in an
infinite harmonic chain with non vanishing mass [194].

Let us finally stress that, contrarily to what happens for the W paths (see Sec. 2.3.2), not for
all the D paths we have δd = 0 (a more detailed analysis can be found in [98]).

2.3.4 Purification through the W path

The purification of a mixed state is a process that provides a pure state starting from a mixed
state. This procedure is not unique. Considering the context of the bosonic Gaussian states that
we are exploring, in this subsection we discuss the purification of a mixed state by employing the
results reported in this section.

Given a mixed state that is not pure and that is characterised by the covariance matrix γR,
any circuit connecting γR to a pure state provides a purification path. A purification path connects
the covariance matrices γR to γT whose Williamson’s decompositions are given respectively by

γR = W t
RDWR γT =

1

2
W t

TWT (2.3.20)

where WR ∈ Sp(2N,R) and D 6= 1
2 1 are assigned, while WT ∈ Sp(2N,R) is not. Among all the

possible paths, the optimal circuit is obtained by specifying (2.2.20) to (2.3.20). The result is

G(0)
s (γR,WT) ≡ 1

2s
γ

1/2
R

(
γ
−1/2
R W t

TWT γ
−1/2
R

)s
γ

1/2
R (2.3.21)

which depends on the symplectic matrix WT that determines the final pure state. The length of
the purification path (2.3.21) can be found by evaluating (2.2.22) for the special case described by
(2.3.20). It reads

d0(γR,WT) ≡
√

Tr
{[

log
(
2 γRW

−1
T W−t

T

)]2}
. (2.3.22)

The optimal purification path is the purification path with minimal length, which can be found
by minimising (2.3.22) as WT ∈ Sp(2N,R) varies within the symplectic group. This extremization
procedure selects a symplectic matrix W0 that determines the pure state through its covariance
matrix 1

2 W
t
0 W0. The matrix W0 is obtained by solving δd0 = 0, where d0 is defined in (2.3.22).

In Sec. 2.3.1 we have shown that a W path provides a solution to this equation, namely

W0 = WR (2.3.23)

which is the trivial solution corresponding to δWR = 0. In the following we focus on the purification
process based on the W paths. We cannot prove that, among all the solution of δd0 = 0 , the W
path corresponds to the one having minimal length.

4Consider the diagonal matrix Λ = diag(λ1, . . . , λN ) with λi 6= λj and a matrix M such that [Λ,M ] = 0. The
generic element of this relation reads Mi,jλj = λiMi,j , i.e. Mi,j(λi − λj) = 0. Since λi 6= λj when i 6= j, we have
Mi,j = 0 for i 6= j.
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Figure 2.3: The optimal purification paths for γR and γT correspond respectively to the WR path
and to the WT path, that are represented through dashed lines. The straight black solid line
represent the set of the pure states, whose symplectic spectrum is given by D = 1

21.

The WR path connects the mixed state γR = W t
RDWR to the pure state γ0 = 1

2 W
t
RWR. By

specialising (2.3.10) to DT = 1
2 1, we find that this WR path is given by

Gs(γR , γ0) = G(0)
s (γR,WR) =

1

2s
W t

RD1−sWR (2.3.24)

and its length can be easily obtained by setting DT = 1
2 1 in (2.3.12), finding an expression that

depends only on D

d0(γR,WR) ≡ dspectrum(γR , γ0) =

√
Tr
{[

log
(
2D
)]2}

=

√√√√2

N∑

k=1

[
log(2σk)

]2
. (2.3.25)

The thermal states are interesting examples of mixed states to explore. The Williamson’s
decomposition of the covariance matrix of a thermal state is given by (2.2.50). By specialising
(2.3.24) to this case, we obtain the W path that purifies a thermal state. It reads

Gs(γth , γ0) =
1

2s
W t

thD1−s
th Wth (2.3.26)

where it is worth reminding that the symplectic matrix Wth, given in (2.2.51), does not depend on
the temperature of the thermal state, but only on the parameters occurring in the Hamiltonian.
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It is natural to ask whether the Wth path (2.3.26) is made by thermal states. This is the case if,
for any given s ∈ [0, 1], the symplectic spectrum of (2.3.26) is thermal at some inverse temperature
βs determined by the inverse temperature β of the thermal state that plays the role of the reference
state in this purification path. Using (2.2.51), this requirement leads to the following condition

[
coth(βΩk/2)

]1−s
= coth(βsΩk/2) (2.3.27)

which corresponds to (2.2.56) when βT → ∞, as expected. This condition depends on the dis-
persion relation of the model. A straightforward numerical inspection for the periodic chains (see
Sec. 2.7.1) shows that (2.3.27) cannot be solved by βs = βs(β) for any 1 6 k 6 N ; hence we
conclude that the purification path (2.3.26) is not entirely made by thermal states.

The W paths provide a natural alternative way to connect two generic mixed states γR and
γT by using a path that passes through the set of pure states. In particular, by exploiting the
Williamson’s decompositions given in (2.2.28), one first considers the WR path that connects γR to
the pure state γ̃R,0 and the WT path that connects γT to the pure state γ̃T,0. From (2.3.24), these
W paths are given respectively by

Gs(γR , γ̃R,0) =
1

2s
W t

RD1−s
R WR Gs(γT , γ̃T,0) =

1

2s
W t

TD1−s
T WT (2.3.28)

where

γ̃R,0 ≡
1

2
W t

RWR γ̃T,0 ≡
1

2
W t

TWT . (2.3.29)

Then, within the set of the pure states, we consider the geodesic connecting γ̃R,0 to γ̃T,0. Our
preferred path to connect γR and γT passing through the set of pure states is obtained by combining
these three paths as follows

γR −→ γ̃R,0 −→ γ̃T,0 −→ γT (2.3.30)

The length dpur(γR , γT) of this path can be found by summing the lengths of its three compo-
nents. From (2.3.15) and (2.3.25), we get

dpur(γR , γT) ≡ d0(γR,WR) + dbasis(γ̃R,0 , γ̃T,0) + d0(γT,WT) (2.3.31)

which can be written more explicitly as follows

dpur(γR , γT) =

√
Tr
{[

log
(
2DR

)]2}
+

√
Tr
{[

log
(
2DT

)]2}
+

√
Tr
{[

log
(
WTRW t

TR

)]2}
. (2.3.32)

This expression provides an upper bound d(γR , γT) 6 dpur(γR , γT) on (2.2.22).

2.3.5 Bounding complexity

Explicit formulas to evaluate the circuit complexity for mixed states are difficult to obtain; hence it
is worth finding calculable expressions which provide either higher or lower bounds to this quantity.
In this subsection we construct some bounds in the setup of the bosonic Gaussian states that we
are exploring.

The complexity (2.2.24), which holds for states with vanishing first moments, is proportional
to the length of the optimal circuit (2.2.20) connecting γR to γT; hence it is straightforward to
observe that the length of any other path connecting these two covariance matrices provides an
upper bound on the complexity. The analysis reported in Sec. 2.3 and in Sec. 2.3.4 naturally leads
to consider some particular paths.



2.4. OPTIMAL PATH FOR ENTANGLEMENT HAMILTONIANS 57

The simplest choice is a path made by two geodesics that connect γR and γT to an auxiliary
covariance matrix γaux that does not belong to the optimal circuit (2.2.20) (i.e. that does not
lie on the black solid curve in Fig. 2.2). Natural candidates for γaux are the covariance matrices
whose Williamson’s decompositions contain either DR or DT or WR or WT. For instance, we can
choose for γaux a covariance matrix whose symplectic spectrum is DR or a covariance matrix whose
symplectic spectrum is DT (that lie respectively on the red solid curve and on the blue solid curve
in Fig. 2.2). Different choices for γaux lead to different bounds; hence it is worth asking whether a
particular choice provides the best bound. The answer depends on the set where γaux is allowed
to vary.

Let us consider some natural paths where only a single auxiliary covariance matrix γaux is
involved. In Sec. 2.3.1 we have shown that the W paths satisfy the first law of complexity with
δd = 0. Thus, natural candidates to consider for γaux are

γ̃R ≡W t
TDRWT γ̃T ≡W t

RDTWR (2.3.33)

that have been represented by black squares in Fig. 2.2 and Fig. 2.3.
By first applying the triangle inequality for the paths γR → γ̃R → γT and γR → γ̃T → γT, and

then picking the one that provides the best constraint between the D paths, we obtain

d(γR , γT) 6 dspectrum(γR , γT) + min
[
dbasis(γR , γ̃R) , dbasis(γ̃T , γT)

]
. (2.3.34)

Denoting by d̃(γR , γT) the r.h.s. of this inequality, we find that

d̃(γR , γT) =

√
Tr
{[

log
(
DTD−1

R

)]2}
(2.3.35)

+ min

[√
Tr
{[

log
(
DRWTRD−1

R W t
TR

)]2}
,

√
Tr
{[

log
(
DTWTRD−1

T W t
TR

)]2}
]
.

The path γR → γ̃T → γT corresponds to an explicit realisation of the proposal made in Fig. 6
of [46] within the approach that we are considering, that does not require the addition of ancillary
degrees of freedom.

Better bounds could be obtained by constructing paths that involve more auxiliary covariance
matrices γaux. For instance, one can consider paths γR → γaux,1 → γaux,2 → γT that involve two
auxiliary covariance matrices γaux,1 and γaux,2. Referring to Fig. 2.2, natural paths to consider
within this class are the ones where γaux,1 belongs to the WR path and γaux,2 to the WT path, or the
ones where γaux,1 belongs to the red curve (i.e. its symplectic spectrum is DR) and γaux,2 belongs
to the blue curve (i.e. its symplectic spectrum is DT).

Another interesting path to consider is the one constructed in (2.3.30): it involves the two
auxiliary matrices γaux,1 = γ̃R,0 and γaux,2 = γ̃T,0 and its length is (2.3.31) (see Fig. 2.3). It is
straightforward to observe that d(γR , γT) 6 dpur(γR , γT), but it is non trivial to find the best bound
between d̃(γR , γT) and dpur(γR , γT) and we cannot provide a general solution to this problem.

2.4 Optimal path for entanglement Hamiltonians

The density matrix of a mixed state can be written as follows

ρ̂ ∝ e−K̂ (2.4.1)

where the proportionality constant determines the normalisation of ρ̂. In this chapter, we denote
the operator K̂ as entanglement Hamiltonian, with a slight abuse of notation. Indeed, as explained
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in Sec. 1.2.1, the operator K̂ is the entanglement Hamiltonian when ρ̂ = ρ̂A = TrHB ρ̂pure is the
reduced density matrix obtained by tracing out the part HB of a bipartite Hilbert space H =
HA ⊗ HB. Instead, for instance, the thermal states are mixed states that do not correspond to
a bipartition of the Hilbert space. For these states K̂ = β Ĥ, where Ĥ is the Hamiltonian of the
system and β the inverse temperature.

For the bosonic Gaussian states that we are considering, the entanglement Hamiltonians are
quadratic operators in terms of the position and momentum operators; hence they can be written
as follows

K̂ =
1

2
r̂tH r̂ r̂ =

(
q̂
p̂

)
(2.4.2)

where H is a 2N × 2N symmetric and positive definite matrix that characterises the underlying
mixed state (see also chapter 5). We denote H as the entanglement Hamiltonian matrix. It can
be written in terms of the corresponding covariance matrix γ as follows [10,101,191,195,201,284]

H = 2 i J arccoth(2 iγ J) ≡ h(γ) (2.4.3)

where J is the standard symplectic matrix (2.2.2). The expression (2.4.3) holds for covariance
matrices that are not associated to pure states. Thus, in particular, the purification procedure
reported in Sec. 2.3.4 cannot be described through the entanglement Hamiltonian matrices H
defined by (2.4.2).

Since the matrix H is symmetric and positive definite, we can adapt to the entanglement
Hamiltonian matrices many results reported in the previous discussions for the covariance matrices.

Given the matrices HR and HT corresponding to the reference state γR and to the target state
γT respectively, we can consider the optimal path connecting HR to HT, namely

G̃s(HR , HT) ≡ H
1/2
R

(
H
−1/2
R HTH

−1/2
R

)s
H

1/2
R 0 6 s 6 1 (2.4.4)

whose boundary conditions are given by G̃0(HR , HT) = HR and G̃1(HR , HT) = HT. The length of
the geodesic (2.4.4) measured through the Fisher-Rao metric reads

d(HR, HT) ≡
√

Tr
{[

log
(
HTH

−1
R

)]2}
. (2.4.5)

The Williamson’s decomposition of the entanglement Hamiltonian matrix H is given by

H = W̃ t E W̃ (2.4.6)

where E ≡ diag(ε1, . . . , εN )⊕ diag(ε1, . . . , εN ) with εk > 0. The symplectic spectrum of H can be
determined from the symplectic spectrum of γ as follows [191,195,201]

E = 2 arccoth(2D) = log

(D + 1/2

D − 1/2

)
. (2.4.7)

This formula cannot be applied for pure states, which have D = 1
21. The symplectic matrices W

and W̃ , introduced in (2.2.15) and (2.4.6) respectively, are related as follows [101,284]

W̃ ≡ J tWJ = W−t . (2.4.8)

We find it worth expressing the distance (2.4.5) in terms of the matrices occurring in the
Williamson’s decompositions of HR and HT, as done in Sec. 2.2.4 for the covariance matrices.
These decompositions read

HR = W̃ t
R ER W̃R HT = W̃ t

T ET W̃T (2.4.9)
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where W̃R and W̃T are related respectively to WR and WT through (2.4.8) and therefore we can
write the distance (2.4.5) as

d(HR, HT) =

√
Tr
{[

log
(
ETWTR E−1

R W t
TR

)]2}
. (2.4.10)

The expression (2.4.3) (or equivalently (2.4.7) and (2.4.8)) provides a highly non trivial relation
between the set made by the covariance matrices γ that are associated to the mixed states that are
not pure states and the set of the entanglement Hamiltonian matrices H. The map h in (2.4.3) is
not an isometry, hence the distances are not preserved and geodesics are not sent into geodesics.
Thus, we find it worth comparing the distance d(γR, γT) = d(h−1(HR), h−1(HT)) from (2.2.30) and
the distance d(HR, HT) in (2.4.10).

For the sake of simplicity, let us explore the case in which WT = WR, i.e. WTR = 1 (this
includes the thermal states originating from the same physical Hamiltonian), the distance (2.4.10)
simplifies to

d(HR, HT) =

√
Tr
{[

log
(
ET E−1

R

)]2}
=

√√√√2
N∑

k=1

[
log

(
εT,k
εR,k

)]2

(2.4.11)

while d(γR, γT) is given by (2.3.12). One can verify that [log(σT,k/σR,k)]
2 6 [log(εT,k/εR,k)]

2 for
any given k; hence d(γR, γT)2 6 d(HR, HT)2 is obtained after summing over the modes.

By using the decompositions (2.4.9), one can draw a pictorial representation similar to Fig. 2.1
and Fig. 2.2 also for the entanglement Hamiltonian matrices H, just by replacing each γ with the
corresponding H, each W with the corresponding W̃ and where the solid coloured lines are labelled
by the corresponding symplectic spectra E .

We find it worth discussing further the set of thermal states through the approach based on the
entanglement Hamiltonian matrices because the simplicity of these matrices in this case allows to
write analytic results. For a thermal state H = βHphys, where Hphys is the matrix characterising
the physical Hamiltonian (2.2.1) and β is the inverse temperature. This implies that the symplectic
eigenvalues of H are εth,k = β σphys,k, where σphys,k are the symplectic eigenvalues of Hphys.

We denote by βR and βT the inverse temperatures of the reference state and of the target state
respectively. An interesting special case is given by thermal states of the same system, which have
the same Hphys. In this case HTH

−1
R = (βT/βR) 1; hence (2.4.5) simplifies to

d(HR, HT) =
∣∣ log(βT/βR)

∣∣√2V (2.4.12)

where V is the number of sites in the harmonic lattice. Furthermore, from (2.4.4) it is straightfor-
ward to observe that in this case the entire optimal circuit is made by thermal states having the
same Hphys. The optimal circuit (2.4.4) significantly simplifies to

G̃s(HR , HT) = βsH
phys βs ≡ βR

(
βT

βR

)s
0 6 s 6 1 . (2.4.13)

The Williamson’s decomposition of this optimal circuit reads

G̃s(HR , HT) = W t
physDsWphys Ds = βsDphys 0 6 s 6 1 (2.4.14)

where Wphys is independent of s. Thus, (2.4.13) tells us that βs is the inverse temperature of the
thermal state labelled by s along this optimal circuit.

In Sec. 2.7.3 the above results are applied to the thermal states of the harmonic chain with
periodic boundary conditions.
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2.5 Gaussian channels

Quantum operations are described by completely positive operators acting on a quantum state,
which can be either pure or mixed, and they are classified in quantum channels and quantum
measurements [131, 285]. The quantum channels are trace preserving quantum operations, while
quantum measurements are not trace preserving [286].

The output Θ(ρ̂) of a quantum channel applied to the density matrix ρ̂ of a system is obtained
by first extending the system through an ancillary system (the environment) in a pure state |ΦE〉,
then by allowing an interaction characterised by a unitary transformation U and finally by tracing
out the degrees of freedom of the environment [77,132,287], namely

Θ(ρ̂) = TrE
[
U †
(
ρ̂⊗ |ΦE〉〈ΦE |

)
U
]
. (2.5.1)

While within the set of the pure states the unitary transformations are the only operations
that allow to pass from a state to another, within the general set of mixed states also non unitary
operations must be taken into account.

In this section we consider circuits in the space made by quantum Gaussian states; hence only
quantum operations between Gaussian states (also called Gaussian operations) can be considered
[286]. The quantum channels and the quantum measurements restricted to the set of the Gaussian
states are often called Gaussian channels [77,283] and Gaussian measurements [267] respectively.

In the following we focus only on the Gaussian channels. A Gaussian state with vanishing first
moments is completely described by its covariance matrix; hence the action of a Gaussian channel
on a Gaussian state can be defined through its effect on the covariance matrix of the Gaussian
state. This effect can be studied by introducing two real matrices T and N as [283]

γ → T γ T t +N N = N t N + i
J

2
− iT

J

2
T t > 0 (2.5.2)

where T is unconstrained and the last inequality corresponds to the complete positivity condition.
The Gaussian unitary transformations are the Gaussian channels with N = 0 and symplectic T . In
this case the inequality in (2.5.2) is saturated. Further interesting results for Gaussian operations
have been reported e.g. in [267,288].

We find it worth asking whether a matrix along the optimal circuit (2.2.20) can be obtained
by acting with a Gaussian channel on the reference state. This means finding Ts and Ns that fulfil
(2.5.2) for any 0 6 s 6 1 and such that

Gs(γR , γT) = Us γR U
t
s = Ts γR T

t
s +Ns 0 6 s 6 1 (2.5.3)

where Us is defined in (2.2.27). Unfortunately, we are not able to determine Ts and Ns as functions
of Us in full generality. In the following we provide some simple particular solutions.

A simple possibility reads

Ts = 0 Ns = Gs (2.5.4)

which satisfies the inequality in (2.5.2), since Gs is a symmetric Gaussian matrix (see Sec. 2.2.4).

Another, less trivial, solution is given by

Ts = Us Ns = 0 (2.5.5)

where the complete positivity condition in (2.5.2) becomes i J2 − iTs
J
2 T

t
s > 0. We have considered

numerically some cases, finding that Us satisfies the complete positivity condition only when it is
symplectic (in this case the complete positivity inequality is saturated).
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An explicit example belonging to the class identified by (2.5.5) can be constructed by con-
sidering a particular D path where WT = XTRWR (see Sec. 2.3.3). In this case (2.5.5) is realised
with

Ts = Us = W t
R X sTRW

−t
R . (2.5.6)

A more general solution where both Ts and Ns can be non vanishing is obtained by imposing
the following relation

Ts =
[(
Gs −Ns

)
γ−1
R

]1/2
(2.5.7)

which solves (2.5.3) for any symmetric Ns. The solution (2.5.4) is recovered from (2.5.7) with
Ts = 0. Plugging (2.5.7) into the complete positivity condition in (2.5.2), we obtain

Ns + i
J

2
− i
[(
Gs −Ns

)
γ−1
R

]1/2 J
2

[
γ−1
R

(
Gs −Ns

)]1/2
> 0 (2.5.8)

Thus, for any Ns fulfilling this inequality, by using (2.5.7) we can implement our optimal circuit
(2.2.20) through Gaussian channels. It would be interesting to find explicit cases of Gaussian
channels where the inequality (2.5.8) is not saturated.

2.6 Complexity of mixed states through ancillae

In this section we discuss the approach to the complexity of mixed states explored in [79], which
is based on the introduction of ancillary degrees of freedom.

Consider a quantum system in a mixed state characterised by the density matrix ρ̂. A pure
state can be always constructed from ρ̂ by adding ancillary degrees of freedom. This purification
procedure consists in first extending the Hilbert space of the system to a larger Hilbert space
Hextended ≡ H ⊗ Hanc through an auxiliary Hilbert space Hanc, and then finding a pure state
|Ω〉 ∈ Hextended such that the original mixed state is obtained as the reduced density matrix given
by

ρ̂ = TrHanc |Ω〉〈Ω| (2.6.1)

where the ancillary degrees of freedom have been traced out. In Sec. 2.6.1, employing a covariance
matrix analysis, we review some properties of the purifications through ancillae. We remark that
the purifications discussed in Sec. 2.3.4 do not involve ancillary degrees of freedom.

There are infinitely many ways to construct Hextended and |Ω〉 such that (2.6.1) is satisfied;
hence a purification criterion must be introduced. In Sec. 2.6.2 we survey some of the purification
criteria which have been considered in the literature to study different quantities. An important
example is the entanglement of purification [289–292]. In this section we are interested in the
purification complexity [46], that has been employed in [79] to study the complexity of mixed
states.

2.6.1 Covariance matrix of the extended system

We are interested in a generic harmonic lattice made by N sites in the Gaussian mixed state
characterised by the covariance matrix γ and by vanishing first moments. The covariance matrix
γ can be decomposed in blocks as follows

γ ≡
(

Q M
M t P

)
(2.6.2)

where Q and P are N × N symmetric matrices, while M is a generic N × N real matrix; hence
N(2N + 1) real parameters must be fixed to determine γ.



62 CHAPTER 2. COMPLEXITY FROM FISHER INFORMATION GEOMETRY

We consider a simplification of the purification process by focussing only on Gaussian purifi-
cations. This means that a mixed state characterised by the covariance matrix (2.6.2) is purified
by introducing ancillary degrees of freedom and construcing a 2Next× 2Next covariance matrix γext

that corresponds to a Gaussian pure state |Ω〉 for the extended lattice having Next ≡ N+Nanc sites.
For the sake of simplicity, we assume also that |Ω〉 has vanishing first moments, i.e. 〈Ω|r̂ext|Ω〉 = 0,
where r̂t

ext ≡ (q̂t, q̂t
anc, p̂

t, p̂t
anc) and we have separated the ancillary degrees of freedom from the

ones associated to the physical system.
By writing also γext through the block decomposition (2.6.2) we have

γext ≡
(

Qext Mext

M t
ext Pext

)
(2.6.3)

where Qext and Pext are Next × Next symmetric matrices. Since the covariance matrix (2.6.3)
corresponds to a pure state, the condition (2.2.18) must hold. This tells us that the blocks
occurring in (2.6.3) are related by the following constraints

Qext Pext −M2
ext =

1

4
1 MextQext = QextM

t
ext PextMext = M t

ext Pext . (2.6.4)

The first relation tells us that Mext is determined by the product Qext Pext, while the remaining
two relations mean that MextQext and PextMext are symmetric. Thus, (2.6.3) is determined by the

symmetric matrices Qext and Pext, that depend on 2 Next(Next+1)
2 real parameters, as expected also

from Sec. 2.2.3.
We can impose that γext is the covariance matrix of a pure state also by using (2.2.17), i.e. by

requiring that the Williamson’s decomposition of (2.6.3) reads

γext =
1

2
W t

extWext =
1

2
Rt

extX 2
extRext (2.6.5)

where Wext ∈ Sp(2Next,R) and the last expression has been obtained from the Euler decomposition
(2.2.16) of Wext, that includes Rext ∈ K(Next). The symplectic matrix Wext can be partitioned
through Next ×Next matrices as follows

Wext =

(
Uext Yext

Zext Vext

) {
UextY

t
ext and VextZ

t
ext are symmetric

UextV
t
ext − YextZ

t
ext = 1 .

(2.6.6)

The relation (2.6.5) provides the blocks in (2.6.3) through to the ones in (2.6.6). The result reads

Qext =
1

2

(
U t

extUext + Zt
extZext

)
Pext =

1

2

(
V t

extVext + Y t
extYext

)
Mext =

1

2

(
U t

extYext + Zt
extVext

)
.

(2.6.7)
In order to relate γ in (2.6.2) to γext in (2.6.3), one observes that, since r̂t

ext ≡ (q̂t, q̂t
anc, p̂

t, p̂t
anc),

we have that the Next ×Next blocks occurring in (2.6.3) can be partitioned in blocks as follows

Qext ≡
(

Q ΓQ
Γt
Q Qanc

)
Pext ≡

(
P ΓP

Γt
P Panc

)
Mext ≡

(
M ΓM

Γ̃t
M Manc

)
(2.6.8)

where Q, P and M are the N × N blocks of γ in (2.6.2), while Qanc and Panc are Nanc × Nanc

symmetric matrices. Instead, Manc is a generic Nanc×Nanc real matrix. Indeed, by plugging (2.6.8)
into (2.6.3), it is straightforward to observe that the covariance matrix (2.6.2) is obtained by
restricting γext to the sites corresponding to the original degrees of freedom. Instead, by restricting
γext to the ancillary sites, one gets the following 2Nanc × 2Nanc symmetric matrix

γanc ≡
(

Qanc Manc

M t
anc Panc

)
. (2.6.9)
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By changing the order of the rows and the columns, the matrix in (2.6.3) becomes

(
γ Γ
Γt γanc

)
(2.6.10)

where γ is the covariance matrix (2.6.2), γanc is the symmetric matrix defined in (2.6.9) and

Γ ≡
(

ΓQ ΓM
Γ̃M ΓP

)
(2.6.11)

By using that (2.6.10) is positive definite, it can be shown that also γanc is positive definite5; hence
γanc can be interpreted as the covariance matrix of the ancillary system made by Nanc sites.

There are many ways to construct the pure state |Ω〉. They correspond to the freedom to
fix Nanc first and then to choose e.g. the blocks in (2.6.8) that are different from Q, P and M ,
provided that the constraints (2.6.4) are satisfied.

One-mode mixed states

We find it instructive to consider explicitly the simplest case of a one-mode mixed state, i.e. N = 1.
The minimal choice for the number of ancillae is Nanc = 1.

When N = 1, only a non trivial symplectic eigenvalue σ occurs; hence the Williamson’s
decomposition (2.2.15) and the Euler decomposition (2.2.16) of a symplectic matrix provide the
2× 2 covariance matrix given by

γ = σW tW = σ Rtη2R = Rt diag
(
σe2λ, σe−2λ

)
R =

(
Q M
M P

)
(2.6.13)

where λ is the squeezing parameter and R is a 2 × 2 rotation matrix, which is completely fixed
by the rotation angle θ. Notice that Q, P and M are real parameters in (2.6.13). Le us remark
that the pure state condition (2.2.18) for (2.6.13) gives 1 − 4dγ = 0, where we have introduced
dγ ≡ det(γ) = QP −M2. This implies that 1− 4dγ 6= 0 for the covariance matrices (2.6.13) that
correspond to the mixed states that are not pure.

When Nanc = 1, the covariance matrix (2.6.5) of the pure state for the extended system reads

γext =
1

2
W t

extWext =
1

2
Rt

ext η
2
extRext =

1

2
Rt

ext diag
(
e2λ1 , e2λ2 , e−2λ1 , e−2λ2

)
Rext . (2.6.14)

This 4× 4 covariance matrix corresponds to a pure state, hence it depends on Next(Next + 1) = 6
real parameters (22 from Rext and two squeezing parameters λi), since Next = 2. Writing the 4× 4
covariance matrix γext in the form (2.6.3), it is straightforward to realise that 3 elements are given
by the real parameters Q, P and M . Thus, we are left with three real parameters to construct the
pure state for the extended system.

We find it instructive to write explicit expressions for the elements of the covariance matrix
γext. The constraints (2.6.4) for the 2× 2 matrices Qext, Pext and Mext provide six equations: four

5By employing the following formula for the determinant of a block matrix

det

(
A B
C D

)
= det(A−BD−1C) det(D) (2.6.12)

where it is assumed that D is invertible, one finds that the eigenvalues of γanc are also eigenvalues of γext. If A is
invertible, a formula similar to (2.6.12) can be written where det(A) is factorised and this result can be used to show
that the eigenvalues of γ are eigenvalues of γext as well.
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from the first relation and one from each one of the other two relations (that can be written in the
form X = 0, where X is a 2× 2 antisymmetric matrix).

When ΓM 6= 0, the solution of this system can be written in terms of ΓQ, ΓP and ΓM as

Qanc = −1− 4dγ
4Γ2

M

(
Q+

8ΓQ(M ΓM −QΓP )

1− 4dγ
+

16Γ2
Q

[
P Γ2

M − ΓP (2M ΓM −QΓP )
]

(1− 4dγ)2

)

Manc = − 1

ΓM

(
M ΓM −QΓP +

4ΓQ
[
P Γ2

M − ΓP (2M ΓM −QΓP )
]

1− 4dγ

)

Panc = −4
[
P Γ2

M − ΓP (2M ΓM −QΓP )
]

1− 4dγ

Γ̃M =
4ΓQ ΓP + 4dγ − 1

4ΓM
. (2.6.15)

When ΓM = 0 and ΓP 6= 0, we find

Qanc =
P (4dγ − 1)

4Γ2
P

+
2M Γ̃M

ΓP
− 4Q Γ̃2

M

1− 4dγ
ΓQ =

1− 4dγ
4ΓP

(2.6.16)

Panc = − 4QΓ2
P

1− 4dγ
Manc = M − 4QΓP Γ̃M

1− 4dγ

while a solution does not exist for ΓM = ΓP = 0. Notice that 1 − 4dγ 6= 0 in these expressions
because γ does not corresponds to a pure state.

Block diagonal covariance matrices

Many interesting mixed states are described by a block diagonal covariance matrix γ = Q⊕P . In
this cases M = 0 in (2.6.2).

It is worth considering a pure state for the extended system such that Mext = 0 in the corre-
sponding covariance matrix (2.6.3). In this case (2.6.4) reduce to

Qext Pext =
1

4
1 ⇐⇒





QP =
1

4
1− ΓQ Γt

P

Qanc Panc =
1

4
1− Γt

Q ΓP

QΓP + ΓQ Panc = 0

P ΓQ + ΓP Qanc = 0

(2.6.17)

where ΓQ Γt
P 6= 0 and γ = Q⊕ P is the covariance matrix of a state that is not pure.

A common choice consists in considering purifications where the extended system has twice
the degrees of freedom occurring in the original one, namely Nanc = N . In these cases ΓQ, ΓP and
ΓM are N ×N matrices.

Considering the purifications with Nanc = N , a drastic simplification corresponds to require
that γ = γanc, which is equivalent to impose that Q = Qanc and P = Panc. In this case, a solution
is given by symmetric and commuting matrices ΓQ and ΓP that can be related through the last
two equations in (2.6.17), which give

Q = −ΓQ P Γ−1
P ΓQ P Γ−1

P = Γ−1
P P ΓQ . (2.6.18)
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Setting ΓP = αΓ−1
Q with α ∈ R, the last equality is solved while the remaining relation

Q = − 1
α ΓQ P ΓQ, whose validity is not guaranteed, provides ΓQ.

A different solution for the matrix equations in (2.6.18) can be written when Q and P can be
decomposed through three real matrices A, B and Λ as follows

Q = AΛB−1 P = B ΛA−1 . (2.6.19)

In this case, we can construct ΓQ and ΓP as

ΓQ = A Λ̃B−1 ΓP = −B Λ̃A−1
[

Λ̃ ,Λ
]

= 0 (2.6.20)

where a new matrix Λ̃ that commutes with Λ has been introduced.

It is straightforward to check that (2.6.19) and (2.6.20) satisfy the matrix equations in (2.6.18).
Notice that ΓP is not proportional to Γ−1

Q in (2.6.20).

An important example where Nanc = N and γ = γanc is the thermofield double state (TFD). In
Appendix B a detailed analysis for this pure state for harmonic lattices is reported. The relations
(B.1.25) and (B.1.26) tell us that the TFD corresponds to a special case6 of (2.6.19) and (2.6.20).

The simplest case corresponds to N = Nanc = 1, which has been discussed in Sec. 2.6.1 in the
most general setting. Solving the system (2.6.17) for this case, one finds

Qanc = −(1− 4QP )P

4Γ2
P

Panc =
4QΓ2

P

4QP − 1
ΓQ =

1− 4QP

4ΓP
. (2.6.21)

When M = 0, the observation in the text below (2.6.13) tells us that 4QP −1 6= 0 in order to have
a mixed state that is not pure to purify. Notice also that, by setting M = Γ̃M = 0 in (2.6.16), that
holds for ΓM = 0, one finds (2.6.21) and Manc = 0. Thus, when Mext = 0 and N = Nanc = 1 we can
parameterise the pure state of the extended system through a single parameter. This is consistent
with the analysis reported in [79]. As final remark about the purifications having N = Nanc = 1, let
us observe that the second equation in (2.6.18) is trivially satisfied, while the first one is obtained
by setting Q = Qanc and P = Panc in (2.6.21).

2.6.2 Selection criterion for the pure state

In the previous discussion we have explored the constraints guaranteeing that the covariance matrix
γext corresponds to a pure state under the condition that γext provides the covariance matrix γ of
the given mixed state once the ancillary degrees of freedom have been traced out.

These constraints identify the parameter space of the pure states allowed by γ for a given
value of Nanc. Within this space of parameters, it is natural to introduce a quantity F whose
minimisation provides a particular pure state with certain properties. Thus, F characterises the
criterion to select the pure state provided by the purification procedure as follows

F̃(γ) ≡ min
γext

[
F(γext)

]
(2.6.22)

where γext is the covariance matrix for the extended system, that is constrained as described in
Sec. 2.6.1, and F̃ denotes the minimal value of F as γext spans all the pure states allowed by γ.
For the bosonic Gaussian states that we are considering, the calculations can be performed by
employing either the wave functions or the covariance matrices.

6In particular, Λ and Λ̃ are the diagonal matrices in (B.1.13), while A = Ṽ S−1 and B = Ṽ S, in terms of the

matrices Ṽ and S introduced in the Appendix B.
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For instance, the entanglement of purification for a bipartite mixed state [289–292] is (2.6.22),
with F given by the entanglement entropy of a particular bipartition of Hextended.

In [46, 79], the purification complexity has been introduced to quantify the complexity of a
mixed state. The definition of purification complexity is given by (2.6.22) in the special case
where F is the complexity of the pure state corresponding to γext with respect to a given fixed
pure state in Hextended, whose covariance matrix is denoted by γext,0. This definition of purification
complexity requires the choice of a cost function. The purification complexity explored in [79]
reads

C̃r(γ) ≡ min
γext

[
Cr(γext, γext,0)

]
(2.6.23)

where either r = 1 or r = 2, depending on whether the F1 cost function or the F2 cost function is
adopted. In [79] the purification complexity based on the F1 cost function has been mainly studied
because, for the pure states, the divergence structure of the complexity evaluated through the F1

cost function is closer to the one obtained from holographic calculations [35, 63]. The complexity
defined through the F1 cost function depends on the choice of the underlying basis, while the F2

cost function leads to a complexity that is independent of this choice.

This approach to the complexity of mixed states is different from the one considered in this the-
sis. The main difference is due to the fact that in the purification procedure described in Sec. 2.3.4
ancillary degrees of freedom have not been introduced. Moreover, the purification complexity
defined in (2.6.23) depends on the choice of the pure state corresponding to γext,0. Furthermore,
in the evaluation of the complexity of a mixed state through (2.6.23), no cost is assigned to the
purification process of extending the system through ancillary degrees of freedom, given that the
circuit considered in (2.6.23) is entirely made by pure states in Hextended.

Explicit computations through (2.6.23) are technically involved; we refer the interested reader
to the detailed analysis performed in [79]. Focussing on the simple case of one-mode thermal
states, in Sec. 2.7.6 we compare the complexity evaluated through the Fisher-Rao distance in
chapter 2 with the results found in [79] for the complexity of mixed states based on the purification
complexity.

2.7 Harmonic chains

In this section we further study some of the quantities discussed in the previous sections by
focussing on the one-dimensional case of the harmonic chain, either on the circle (i.e. with periodic
boundary conditions) or on the infinite line. In this case we obtain analytic expressions in terms of
the parameters of the circuit for some quantities and provide numerical results for the quantities
that are more difficult to address analytically. After a brief discussion of the model in Sec. 2.7.1,
circuits whose reference and target states are either pure or thermal are considered in Sec. 2.7.2 and
Sec. 2.7.3 respectively. Numerical results for the complexity and the mutual complexity associated
to subregions are presented in Sec. 2.7.4 and Sec. 2.7.5. Finally, in Sec. 2.7.6 we consider a simple
comparison between the complexity for mixed states discussed in this chapter and the one based
on the purification complexity proposed in [79]. In Appendix C we report the two-point functions
of harmonic chains in various configurations. In particular, the correlators employed in this section
for ground states and thermal states of periodic and infinite harmonic chains have been reported
in Appendix C.1.

In this section we consider only examples that involve states whose covariance matrices are
block diagonal. We remark that the results discussed in the previous sections hold also for states
characterised by covariance matrices that are not block diagonal. For instance, these states typi-
cally occur in the out-of-equilibrium dynamics of the harmonic lattices, as discussed in chapters 3
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and 4 (see also [101,293–295]).

2.7.1 Hamiltonian

The Hamiltonian of the periodic harmonic chain made by N sites, with frequency ω, mass m and
elastic constant κ reads

Ĥ =
N∑

i=1

(
1

2m
p̂2
i +

mω2

2
q̂2
i +

κ

2
(q̂i+1 − q̂i)2

)
(2.7.1)

where r̂ ≡ (q̂1, . . . , q̂N , p̂1, . . . , p̂N )t collects the position and momentum operators and the periodic
boundary conditions q̂N+1 = q̂1 and p̂N+1 = p̂1 are imposed.

Assuming that both κ and m are non-vanishing, the canonical transformation given by q̂i →
q̂i/ 4
√
mκ and p̂i → 4

√
mκ p̂i allows to write (2.7.1) as follows

Ĥ =

√
κ/m

2

N∑

i=1

(
p̂2
i +

ω2

κ/m
q̂2
i + (q̂i+1 − q̂i)2

)
≡ 1

2
r̂tHphys r̂ (2.7.2)

where
Hphys =

√
κ/m

([
(ω̃2 + 2)1− T

]
⊕ 1
)

(2.7.3)

and we are naturally led to introduce the dimensionless parameter

ω̃2 =
ω2

κ/m
. (2.7.4)

The non vanishing elements of the symmetric matrix T in (2.7.3) are Ti,i+1 = Ti+1,i = 1 with
1 6 i 6 N − 1 and T1,N = TN,1 = 1.

Let us introduce the N ×N real and orthogonal matrix Ṽ , whose generic element for even N
is given by

Ṽi,k ≡





√
2/N cos(2πi k/N) 1 6 k < N/2

(−1)i/
√
N k = N/2

√
2/N sin(2πi k/N) N/2 + 1 6 k < N − 1

1/
√
N k = N

(2.7.5)

and for odd N by

Ṽi,k ≡





√
2/N cos(2πi k/N) 1 6 k < (N − 1)/2

√
2/N sin(2πi k/N) (N − 1)/2 + 1 6 k < N − 1

1/
√
N k = N .

(2.7.6)

The matrix Ṽ diagonalises both T and 1 in (2.7.3); hence, by introducing the orthogonal matrix
V ≡ Ṽ ⊕ Ṽ , that is also symplectic, we have [78]

Hphys = V
[√

κ/m diag
(
Ω2

1, . . . ,Ω
2
N , 1, . . . , 1

)]
V −1 (2.7.7)

where Ωk provides the dispersion relation, which depends on the parameter ω̃ defined in (2.7.4) as
follows

Ωk ≡
√
ω̃2 + 4 (sin[πk/N ])2 k = 1, . . . , N . (2.7.8)
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Adapting the computation reported in Sec. 2.2.6 to this case, one obtains the Williamson’s
decomposition (2.2.45) with the symplectic eigenvalues given by

σphys,k =
√
κ/m Ωk (2.7.9)

and the symplectic matrix Wphys by

Wphys = Xphys V
t Xphys ≡ diag

(√
Ω1, . . . ,

√
ΩN , 1/

√
Ω1, . . . , 1/

√
ΩN

)
. (2.7.10)

In these expressions the zero mode corresponds to k = N and its occurrence is due to the invariance
of the system under translations. The comparison between the expressions reported throughout
this section and the corresponding ones in Sec. 2.2.6 can be done once the canonical transformation
above (2.7.2) has been taken into account7.

It is worth remarking that the canonical transformation that brings (2.7.1) into (2.7.2) cannot
be defined when κ = 0. This implies, for instance, that, in order to employ the unentangled product
state of the harmonic chain as reference state (this is often the case in the recent literature on the
circuit complexity [35,36,40,67,79]), our analysis must be adapted to the Hamiltonian (2.7.1).

2.7.2 Pure states

In this subsection we study the circuit complexity for pure states that are the ground states of
periodic harmonic chains having different frequencies [35].

Covariance matrix

The two-point correlators 〈q̂iq̂j〉 and 〈p̂ip̂j〉 in the ground state of the Hamiltonian (2.7.2), where
periodic boundary conditions are imposed, are given by (C.1.1) and determine the elements of the
correlation matrices Qgs and Pgs respectively. These matrices provide the block diagonal covariance
matrix γgs = Qgs ⊕ Pgs. One can show that

γgs = V
(
Qgs ⊕ Pgs

)
V t = V

(
Qgs ⊕ Pgs

)
V −1 . (2.7.11)

where Qgs and Pgs are diagonal matrices whose elements read

(Qgs)k,k =
1

2 Ωk
(Pgs)k,k =

1

2
Ωk k = 1, . . . , N . (2.7.12)

The relation (2.7.11) tells us that the orthogonal matrix V introduced in Sec. 2.7.1 diagonalises
the symmetric matrix γgs. Let us remark that V depends only on the number of sites N of the
harmonic chain. Moreover we have that

Qgs ⊕ Pgs =
1

2
X 2

C . (2.7.13)

where
XC ≡ diag

(
1/
√

Ω1, . . . , 1/
√

ΩN ,
√

Ω1, . . . ,
√

ΩN

)
= J tXphys J (2.7.14)

and Xphys has been introduced in (2.7.10). By introducing the symplectic matrix

WC ≡ XC V
t (2.7.15)

we have that the Williamson’s decomposition of γgs reads

γgs =
1

2
W t

CWC . (2.7.16)

Notice that the symplectic matrices Wphys and WC, defined in (2.7.10) and (2.7.15) respectively,
are related as WC = W−t

phys.

7This canonical transformation is responsible e.g. for the different definitions of Ωk in (2.7.8) and in Sec. 2.2.6
and also for the factor between (2.7.9) and (2.2.46), which is the same prefactor occurring in the Hamiltonian (2.7.2).
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Complexity

We consider the circuit complexity where the reference state and the target state are the ground
states of periodic harmonic chains whose Hamiltonians are characterised by the parameters (ωR, κR,mR)
and (ωT, κT,mT) respectively.

For the sake of simplicity, in our analysis we set κR = κT ≡ κ and mR = mT ≡ m; hence only
the parameter ω̃ distinguishes the reference and the target states.

In this case it is straightforward to find that (2.2.23) becomes

∆TR = V
(
Qgs,TQ−1

gs,R ⊕ Pgs,T P−1
gs,R

)
V −1 (2.7.17)

where the diagonal matrices Qgs,R, Qgs,T, Pgs,R and Pgs,T can be easily obtained by writing (2.7.12)
for the reference and for the target state. Thus, the complexity given by (2.2.22) and (2.2.24)
simplifies to [35]

C =
1

2
√

2

√
Tr
{[

log
(
Qgs,TQ−1

gs,R ⊕ Pgs,T P−1
gs,R

)]2}
=

1

2

√√√√
N∑

k=1

(
log
[
ΩT,k/ΩR,k

])2
(2.7.18)

where

ΩS,k ≡
√
ω̃2

S + 4 (sin[πk/N ])2 k = 1, . . . , N S ∈
{

R,T
}
. (2.7.19)

Notice that the complexity (2.7.18) depends on m and κ only through the dimensionless parameters
ω̃R and ω̃T.

In the thermodynamic limit N →∞, the expression (2.7.18) for the complexity becomes [35]

C = a(ω̃T, ω̃R)
√
N + . . . ω̃R 6= ω̃T N →∞ (2.7.20)

where the subleading terms have been neglected and the coefficient of the leading term reads

a(ω̃T, ω̃R) ≡ 1

2

√
1

π

∫ π

0

(
log
[
ΩT,θ/ΩR,θ

])2
dθ ΩR 6= ΩT (2.7.21)

with
ΩS,θ ≡

√
ω̃2

S + 4 (sin θ)2 θ ∈ (0, π) (2.7.22)

which can be easily obtained from (2.7.19). As consistency check, notice that a(ω̃R, ω̃R) = 0, as
expected.

We find it interesting to observe that, once the limit N →∞ has been taken, either ω̃R or ω̃T

can be set to zero. For instance, setting ω̃T = 0 in (2.7.21) gives the following finite result

a(ω̃R, ω̃T = 0)2 =
1

16π

∫ π

0

(
2 log[sin θ]− log

[
ω̃2

R

4
+ (sin θ)2

])2

dθ . (2.7.23)

On the other hand, it is well known that the correlators 〈q̂iq̂j〉 in (C.1.1) diverge when the frequency
of the chain vanishes because of the occurrence of the zero mode; hence we cannot evaluate C for
a finite chain when either ω̃T = 0 or ω̃R = 0. This tells us that the limits N →∞ and ω̃T → 0 do
not commute.

In Fig. 2.4 we show the complexity C as function of the size N of the periodic chain. The
numerical results discussed in this chapter have been obtained for κ = 1 and m = 1, unless
otherwise specified; hence ω̃R = ωR and ω̃T = ωT. In the left and right panels of Fig. 2.4 we
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Figure 2.4: The complexity C in terms of the size N of the periodic harmonic chain. The reference
and the target states are the ground states with ω = ωR and ω = ωT respectively (here κ = 1 and
m = 1). The data reported correspond to ωR = 1 and different ωT. The solid lines in the top
panels represent (2.7.20), while the horizontal solid lines in the bottom panels correspond to the
constant values of a(ω̃T, ω̃R) obtained from (2.7.21).

have ωT > ωR and ωT < ωR respectively (notice that ωR = 1 for all the panels). In the top
panels the numerical data are compared against the expression (2.7.20) (solid lines) obtained in
the thermodynamic limit: while in the top left panel the agreement is very good at large N ,
from the top right panel we conclude that larger values of N are needed to observe a reasonable
agreement as ω̃T → 0. In the bottom panels of Fig. 2.4 we consider the subleading term in (2.7.20):
while in the bottom left panel the data agree with the horizontal lines corresponding to a(ω̃T, ω̃R)
given by (2.7.21), in the bottom right panel the agreement gets worse as ω̃T → 0. Notice that the
solid lines in the right panels of Fig. 2.4 accumulate on a limiting line as ωT → 0. This line can be
found by plugging (2.7.23) with ωR = 1 into (2.7.20).

2.7.3 Thermal states

The thermal states are the most natural mixed states to consider. In the following we evaluate
the complexity (2.2.24) when both the reference and the target states are thermal states of the
harmonic chain.



2.7. HARMONIC CHAINS 71

Covariance matrix

The two-point correlators 〈q̂iq̂j〉 and 〈p̂ip̂j〉 of a periodic chain in a thermal state at temperature
T are given by (C.1.3) and (C.1.4) and provide the generic elements of the correlation matrices
Qth and Pth respectively. These matrices are the non vanishing blocks of the covariance matrix
γth = Qth ⊕ Pth of the thermal state.

One can show that
γth = V

(
Qth ⊕ Pth

)
V t = V

(
Qth ⊕ Pth

)
V −1 (2.7.24)

where V is the same symplectic and orthogonal matrix introduced through (2.7.5) and (2.7.6) for
the ground state. The matrices Qth and Pth are diagonal and have elements given respectively
by [296]

(Qth)k,k =
coth

[
Ωk/(2T̃ )

]

2 Ωk
(Pth)k,k =

1

2
Ωk coth

[
Ωk/(2T̃ )

]
k = 1, . . . , N . (2.7.25)

where we have introduced the dimensionless parameter

T̃ ≡ T√
κ/m

. (2.7.26)

It is straightforward to check that (2.7.25) becomes (2.7.12) as T → 0 and therefore, in the same
regime, (2.7.24) reduces to (2.7.11), as expected.

By employing the results obtained in Sec. 2.7.2 for the covariance matrix of the ground state,
it is not difficult to find that the Williamson’s decomposition of the covariance matrix γth of the
thermal state reads

γth = W t
CDthWC . (2.7.27)

The matrix WC is the symplectic matrix (2.7.15) occurring in the Williamson’s decomposition
(2.7.16) of the ground state and Dth ≡ diag(σth,1, . . . , σth,N )⊕ diag(σth,1, . . . , σth,N ), with the sym-
plectic eigenvalues given by [267]

σth,k =
1

2
coth

[
Ωk/(2T̃ )

]
=

1

2
coth

[
σphys,k/(2T )

]
k = 1, . . . , N . (2.7.28)

Complexity

In order to explore the complexity of two thermal states of a periodic chain, let us consider a
reference state characterised by frequency ωR and temperature TR and a target state characterised
by frequency ωT and temperature TT, assuming again that κR = κT = κ and mR = mT = m. Like
(2.7.11), we have that also (2.7.17) can be adapted to this case, simply by replacing Qgs,M with
Qth,M and Pgs,M with Pth,M taken from (2.7.25), with M ∈ {R,T}. Thus, the complexity given by
(2.2.24) and (2.2.22) for these thermals states becomes

C =
1

2
√

2

√
Tr
{[

log
(
Qth,TQ−1

th,R ⊕ Pth,T P−1
th,R

)]2}
(2.7.29)

=
1

2
√

2

√√√√
N∑

k=1

{[
log

(
ΩR,T,k

ΩT,R,k

)]2

+

[
log

(
ΩT,T,k

ΩR,R,k

)]2
}

(2.7.30)

where we have introduced

ΩM,N,k ≡ ΩM,k coth
(
ΩN,k/(2T̃N)

)
M,N ∈

{
R ,T

}
(2.7.31)
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with ΩS,k given in (2.7.19). Notice that ΩM,N,k → ΩM,k as TN → 0; hence in the limit given by

T̃R → 0 and T̃T → 0, the expected expression (2.7.18) for pure states is recovered. Notice that the
complexity (2.7.30) depends on the dimensionless parameters ω̃R, ω̃T, T̃R and T̃T.

An interesting application of (2.7.30) is the computation of the mutual complexity of the
thermofield double states, as discussed in Appendix B.3 (see (B.3.4)).

In the special case where ω̃R = ω̃T ≡ ω̃, the expression (2.7.30) simplifies to

C =
1

2

√√√√
N∑

k=1

[
log

(
coth(Ωk/(2T̃T))

coth(Ωk/(2T̃R))

)]2

=
1

2
√

2

√
Tr
{[

log
(
Dth,TD−1

th,R

)]2}
. (2.7.32)

This result is consistent with the general expression (2.2.30) for the complexity in the special case
where WTR = 1.

In the special case of ω̃R = ω̃T, from (2.7.27) and (2.7.15) we have that WT = WR, hence
(2.7.32) provides the length of the W path connecting the reference and the target state that we
are considering (see Sec. 2.3.2). Indeed it is proportional to the proposal (2.3.12) for the spectrum
complexity.

As for the basis complexity, from (2.7.28), one observes that, for a generic number of modes
larger than one, the requirement DR = DT leads to ω̃R = ω̃T and T̃R = T̃T. This implies WR = WT,
as just remarked above, hence γR = γT and the basis complexity (2.3.15) vanishes for the thermal
states. Also the corresponding basis complexity (2.3.16) vanishes because it is bounded from above
by (2.3.15). We expect that this is a peculiar feature due to the simplicity of the model. Notice
that, for pure states, the constraint DR = DT does not imply that γR = γT, hence a non vanishing
basis complexity is obtained.

In the thermodynamic limit N →∞, for the complexity (2.7.30) we find

C =
√
N a

(
ω̃R, ω̃T, T̃R, T̃T

)
+ . . . (2.7.33)

where

a(ω̃R, ω̃T, T̃R, T̃T) ≡ 1

2
√

2

√√√√
∫ π

0

{[
log

(
ΩR,T,θ

ΩT,R,θ

)]2

+

[
log

(
ΩT,T,θ

ΩR,R,θ

)]2
}
dθ

π
(2.7.34)

and ΩM,N,θ ≡ ΩM,θ coth
(
ΩN,θ/(2T̃N)

)
, with M,N ∈ {R ,T} (see (2.7.31)), written in terms of the

dispersion relation ΩS,θ given by (2.7.22). Notice that a(ω̃R, ω̃T, T̃R, T̃T)→ a(ω̃R, ω̃T) when T̃R → 0

and T̃T → 0, where a(ω̃R, ω̃T) has been defined in (2.7.21).
In Sec. 2.7.2 we have observed that the massless limit of the coefficient of the leading term of

the complexity of pure states is finite (see (2.7.23)). This happens also for thermal states. Indeed,
by setting ω̃R = ω̃T = 0 in (2.7.34), we find

a
(
ω̃R = 0, ω̃T = 0, T̃R, T̃T

)
=

1

2

√√√√
∫ π

0

[
log

(
coth((sin θ)/T̃T)

coth((sin θ)/T̃R)

)]2
dθ

π
. (2.7.35)

In Fig. 2.5 and Fig. 2.6 we report some numerical results for the complexity (2.2.24) between
thermal states with different temperatures and ωR = ωT ≡ ω. The data have been taken for
κ = m = 1, hence T̃R = TR and T̃T = TT. Notice that these numerical results display an example
of spectrum complexity for thermal states, as discussed in the text below (2.7.32).

In Fig. 2.5 we consider the complexity as function of the length N of the periodic harmonic
chain. For the sake of simplicity, the reference state is the ground state (i.e. TR = 0) and the target
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Figure 2.5: The complexity C for thermal states as function of the size N of the periodic harmonic
chain. Here κ = 1 and m = 1; hence ω̃R = ωR, ω̃T = ωT, T̃R = TR and T̃T = TT. In all the
panels TR = 0 and various values of TT are considered. Top panels: ωR = ωT = 1 (left) and
ωR = ωT = 10−2 (right). The solid lines correspond to (2.7.33). Bottom panels: subleading
term log C − 1

2 logN as function of logN , for TR = 0 and various values of TT. In the left panel
ωR = ωT = 1 and ωR = ωT = 10−2 in the right panel. The horizontal solid lines correspond to the
constant values obtained from (2.7.34).

state is a thermal state with temperature TT. In the left panels ω = 1, while in the right panels
ω = 10−2. In the top panels the data are compared against the expression (2.7.33) (solid lines),
while in the bottom panels the subleading term of the same expression is considered (horizontal
solid lines). The data having ω = 1 agree very well with the predictions, while for the ones with
ω � 1 the agreement is worse because in these cases the values of N considered are not large
enough.

In Fig. 2.6 the same quantity considered in Fig. 2.5 is shown as function of TT. The increasing
behaviour of the curves tells us that the distance between the states increases with TT, as expected.
In the left panel we test numerically the analytic expression (2.7.30) for N = 50 and different
values of ω. Instead, in the right panel we test numerically the formula (2.7.34), obtained in the
thermodynamic limit N →∞: the agreement is very good when ω & 1, while it gets worse when
ω � 1. Thus, when ω is very small, larger values of N should be explored to observe the expected
agreement between the numerical data and the curve (2.7.34). When TR = 0, in the latter case
the curves for (2.7.34) collapse onto the limiting curve (2.7.35), obtained by setting ωR = ωT = 0.
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Figure 2.6: The complexity C for thermal states when TR = 0. Left panel: C for a chain of length
N = 50 as function of TT, reported for different values of ωR = ωT = ω. The solid lines correspond
to (2.7.30). Right panel: C/

√
N as function of TT for different values of ωR = ωT = ω and two

values of N . The solid lines correspond to (2.7.34). The dashed black line and the solid red line
are collapsed on the curve (2.7.35).

Optimal path for entanglement Hamiltonians and its complexity

In Sec. 2.4 we have discussed the map that provides the entanglement Hamiltonian in terms of
the covariance matrix of a mixed state. In the following we explore further the optimal path of
entanglement Hamiltonian matrices for the periodic harmonic chain in the special case where both
the reference and the target states are thermal states.

The entanglement Hamiltonian matrices HR and HT of a reference state and of a target state
that are both thermal can be obtained by applying the map (2.4.3) to the covariance matrix γth =
Qth ⊕ Pth introduced in Sec. 2.7.3, whose Williamson’s decomposition is (2.7.27). The symplectic
spectrum of the entanglement Hamiltonian matrix of a thermal state can be easily obtained by
plugging (2.7.28) into (2.4.7), finding

εth,k =
Ωk

T̃
= βσphys,k k = 1, . . . , N . (2.7.36)

where σphys,k is defined in (2.7.9). This provides the elements of the diagonal matrix Eth entering
in the Williamson’s decomposition (2.4.6) for the thermal state.

As for the distance (2.4.10) between HR and HT, we find

d(HR, HT) =

√√√√
N∑

k=1

{[
log

(
TR

TT

)]2

+

[
log

(
TR ΩT,k

TT ΩR,k

)]2
}

(2.7.37)

In the special case of ω̃R = ω̃T, the summation in (2.7.37) can be easily performed, finding

d(HR, HT) =
√

2N
∣∣ log

(
βT/βR

)∣∣ (2.7.38)

which corresponds to (2.4.12) specified to the one-dimensional harmonic chain.

In the periodic harmonic chain the Williamson’s decomposition of the optimal circuit connect-
ing HR and HT is given by (2.4.14), with the symplectic eigenvalues (2.7.9) and the symplectic



2.7. HARMONIC CHAINS 75

matrix (2.7.10). Thus, the symplectic eigenvalues for the matrix labeled by s ∈ [0, 1] along this
optimal circuit are

σk,s = βsT β
1−s
R

√
κ/m Ωk (2.7.39)

where Ωk is the dispersion relation (2.7.8). This means that the optimal circuit is made by
the entanglement Hamiltonian matrices of thermal states, as also discussed in Sec. 2.4. This is
not a feature of the optimal circuit connecting the covariance matrices of two thermal states, as
discussed in Sec. 2.2.6. This discrepancy is consistent with the fact that the map (2.4.3) does not
send geodesics into geodesics.

2.7.4 Reduced density matrices

Important mixed states to explore are the reduced density matrices of a subsystem A.
Consider the density matrix ρ̂R and ρ̂T of the reference and of the target states respectively

and introduce a spatial bipartition A∪B of the system that induces a factorisation of the Hilbert
space, as already discussed in Sec. 2.4. For the Gaussian states that we are interested in, let
us denote by γR,A and γT,A the reduced covariance matrices corresponding to the subsystem A,
that characterise the reduced density matrices ρ̂R,A ≡ TrB ρ̂R and ρ̂T,A ≡ TrB ρ̂T respectively. We
remark that, whenever B 6= ∅, the reduced density matrices ρ̂R,A and ρ̂T,A are mixed states, even
when ρ̂R and ρ̂T are pure states. The reduced covariance matrix γA is obtained by just restricting
the indices of the covariance matrix of the entire system to the ranges identifying the subsystem
A.

By applying (2.2.24) to these mixed states, one obtains the subsystem complexity

CA =
1

2
√

2

√
Tr
{[

log
(
γT,A γ

−1
R,A

)]2}
. (2.7.40)

In the context of the gauge/gravity correspondence, the subsystem complexity has been studied
e.g. in [46,55,297,298].

In the following we provide numerical results of this complexity only for the simplest case where
A is an interval in an infinite harmonic chain and for some convenient reference and target states.
In order to construct the reduced covariance matrices, in this case we need the two-point correlators
of the harmonic chain in the thermodynamic limit. For a thermal state, they are given by (C.1.7)
and (C.1.8). The limit T̃ → 0 of these expressions provides the two-point correlators in the ground
state reported in (C.1.5) and (C.1.6). Let us stress that, in principle, we should apply to (C.1.5),
(C.1.6), (C.1.7) and (C.1.8) the canonical transformation reported above (2.7.2). Actually, this is
not strictly necessary given that all the results reported in the following are obtained for m = 1
and κ = 1 and, in this case, the aforementioned canonical transformation reduces to the identity.

In Fig. 2.7 we consider the subsystem complexity for a block made by L consecutive sites in
an infinite harmonic chain when the entire system is in its ground state and ωR 6= ωT. The data
reported in Fig. 2.7, where we have fixed ωR = 1, allow to conclude that

log CA =
1

2
logL+O(1) L→∞ (2.7.41)

where the additive constant depends on ωT. Comparing the left panels and the right panels, we
observe that larger values for L are needed to reach the behaviour (2.7.41) for these choices of
ωR > ωT. We checked numerically that, when ωR 6= 1, (2.7.41) holds with a subleading term that
depends also on ωR.

In Fig. 2.8 we have reported the subsystem complexity for a block made by L consecutive
sites in an infinite harmonic chain when the entire system is in a thermal state and ωR = ωT.
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Figure 2.7: Subsystem complexity CA for an interval made by L sites in an infinite harmonic chain
as function of L. The chain is in its ground state and ωR 6= ωT. Here κ = 1 and m = 1; hence
ω̃R = ωR and ω̃T = ωT. We fix ωR = 1, considering various values for ωT: ωT > ωR in the left panels
and ωT < ωR in the right panels. The subsystem complexity CA is reported in the top panels, while
its subleading term is studied in the bottom panels.

In particular, we have chosen TR = 0 and various values of TT > 0. In the left panels we have
considered ωT = ωR = 1, finding a reasonable agreement with (2.7.41), where the subleading
constant term depends on TT. In the right panels we have fixed ωT = ωR = 10−6, finding that the
behaviour (2.7.41) is more difficult to observe as TT → 0 because larger values for L are needed.

2.7.5 Mutual complexity of reduced density matrices

The complexity of the ground states and of the thermal states, considered in Sec. 2.7.2 and Sec. 2.7.3
respectively, grow like

√
N as N →∞, where N is the number of sites composing the entire periodic

chain. Furthermore, considering an interval made by L sites in an infinite harmonic chain, the
numerical results reported in Sec. 2.7.4 tell us that the subsystem complexity for this interval grows
like
√
L as L→∞.

Given a spatial subregion A and the density matrices ρ̂R and ρ̂T, which can correspond to
pure or mixed states, let us denote by CR,T(A) the subsystem complexity between the reduced
density matrices ρ̂R,A and ρ̂T,A introduced in Sec. 2.7.4. This notation, which differs from the one
introduced in (2.7.40), makes explicit the dependence of the subsystem complexity on the choice
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Figure 2.8: Subsystem complexity CA for an interval made by L sites in an infinite harmonic chain
as function of L. The infinite harmonic chain is in a thermal state and TR 6= TT. Here κ = m = 1;
hence ω̃R = ωR, ω̃T = ωT, T̃R = TR and T̃T = TT. We fix TR = 0, considering various values for TT.
We set ωT = ωR = 1 in the left panels and ωT = ωR = 10−6 in the right panels. The subsystem
complexity CA is reported in the top panels, while its subleading term is studied in the bottom
panels.

of the reference and the target states.

In this subsection we consider the cases where the spatial subsystem A is bipartite into two
complementary spatial subregions A1 and A2 such that A = A1∪A2. For this spatial configuration,
various entanglement quantifiers like the entanglement entropies [233–237,299] (see e.g. [300–303]
for related calculations in the gauge/gravity correspondence) and the entanglement negativity
[210,211,304–308] have been studied.

The subregions A1 and A2 can be either disjoint or have a non vanishing intersection. Since
CR,T(A)2 grows with the volume of A as the number of sites in A diverges, we are naturally led to
introduce the mutual complexity for subregions as follows [79,297]

MR,T(A1, A2) ≡ CR,T(A1)2 + CR,T(A2)2 − CR,T(A1 ∪A2)2 − CR,T(A1 ∩A2)2 (2.7.42)

which is finite as the number of sites in A1 and A2 diverges.

In an infinite chain, let us consider the mutual complexity when A1 and A2 are two equal and
disjoint intervals made by L sites and separated by d sites. In Fig. 2.9 we report the numerical
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Figure 2.9: The mutual complexity MR,T for two disjoint equal intervals made by L sites and
separated by d sites in an infinite harmonic chain. Here κ = m = 1, hence ω̃R = ωR, ω̃T = ωT,
T̃R = TR and T̃T = TT. In the top panels, in the middle panels and in the bottom right panel the
chain is in its ground state and ωR 6= ωT: both ωT < ωR (top panels) and ωT > ωR (middle panels)
are considered. In the bottom left panel, a case involving thermal states with TR = 0 and various
TT > 0 is explored. The ratio d/L is kept fixed, except in the bottom right panel, where MR,T is
shown as function of d/L.

results of the mutual complexity for this configuration as function of L, while d/L is kept fixed
(d/L = 1/2 for the data in the figure).

In the top and middle panels of Fig. 2.9, the reference state and the target state are the ground
states of the chains characterised by ωR and ωT respectively. The mutual complexity is shown as
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function of L: for the data shown in each panel ωR is fixed and the different curves are associated
to different values of ωT. When ωT < ωR (top panels) the numerical curves for small values of L
are increasing until they reach a maximum at a value of L that depends on ωT (top left panel).
After the maximum, the mutual complexity decreases with L, but for many values of ωT we cannot
appreciate the finite asymptotic limit as L → ∞ because larger values of L are needed. In the
top right panel, for small enough values of ωT, the values of L that we consider are too small to
appreciate the occurrence of a maximum.

When ωT > ωR (middle panels) a similar behaviour is observed: also in these cases the position
of the maximum of the curve depends on ωT. In these cases we observe that, as L→∞, the mutual
complexity decreases until the zero value is reached. By comparing the two panels in the middle,
one observes that the value of L where the data vanish increases when ωR decreases. Furthermore,
from the middle panels we can appreciate also the fact that the sign of MR,T is not definite: it is
mainly positive, but for some values of the parameters (ωT close to ωR and L sufficiently small)
the curve is negative.

In the bottom left panel of Fig. 2.9, the reference state is a ground state again, while ρ̂T is
a thermal state at temperature TT > 0. The curves corresponding to different values of TT > 0
decrease with L and the asymptotic value depends on TT.

In the bottom right panel of Fig. 2.9, the dependence of the mutual complexity on the ratio
d/L is considered, when the chain is in its ground state and ωR 6= ωT. We observe an interesting
collapse for data corresponding to fixed values of ωRL and ωTL, while L changes. Furthermore,
the resulting curve vanishes after a critical value of d/L. This critical ratio increases as either ωRL
or ωTL decreases.

2.7.6 A comparison with the approach based on the purification complexity

We find it worth comparing our results of Sec. 2.7.3 for the complexity of thermal states with the
corresponding ones obtained in [79] through the approach based on the purification complexity,
that has been discussed in Sec. 2.6.2.

The results from [79] that we consider have been obtained using both the F1 the F2 cost
functions, while the complexity (2.2.24) is based on the F2 cost function. These different cost
functions lead to a different scaling with the total size L of the chain. In particular, the F1 cost
function provides a complexity that diverges with L, while the F2 cost function leads to the milder
divergence given by

√
L. This feature, which has been observed already in [35] for pure states,

holds also for thermal states, as remarked in [79] for the F1 cost function and in (2.7.33) for our
approach, that is based on the F2 cost function. Because of this different scaling, a meaningful
comparison between these two approaches can be done only for one-mode mixed states, where
L = 1. When both the reference and the target states are pure and L = 1, both the F1 cost
function and the F2 cost function provide the same complexity [35].

Let us consider the circuit made by one-mode mixed states where the reference state is the
ground state with frequency ωR and the target state is a thermal state at inverse temperature β
with frequency ωT.

Specialising the complexity in (2.7.30) to this case and for m = κ = 1 we obtain

C =
1

2
√

2

√[
log

(
ωR

ωT

coth
βωT

2

)]2

+

[
log

(
ωT

ωR

coth
βωT

2

)]2

. (2.7.43)

In this simple case, analytical results have been found in [79] also through the approach based
on the purification complexity. The results for the C1 complexity, which is defined through the F1

cost function, are basis dependent. In [79] two particular bases have been considered, which have
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Figure 2.10: One-mode mixed states: the complexity C from (2.7.43) (red solid line) and the
complexities C1 and Cpur2 based on the purification complexity, as functions of βωT. The complexity
C1 is evaluated for the diagonal basis from (2.7.44) (black dashed line) and for the physical basis
from (2.7.45) (green dashed line). The complexity Cpur2 from (2.7.46) is independent on the basis
(magenta dashed line). In the left panel βωR = 1, while in the right panel βωR = 10, hence also
Cphys1 and Cpur2 are shown.

been called physical basis and diagonal basis (see [79] for their definitions). In the diagonal basis,
the analytic result found in [79] for this case reads

Cdiag1 =
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2
log

(
ωR

ωT

)
+

1

2
log

(
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ωT

coth (βωT/2)− 1
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ωT
− coth (βωT/2)

)
coth

(
βωT

4
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6
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6 coth

(
βωT

4

)

1

2
log

(
ωT

ωR

)
+

1

2
log

(
ωT
ωR

coth (βωT/2)− 1
ωT
ωR
− coth (βωT/2)

)
tanh

(
βωT

4

)
>
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(2.7.44)
For the physical basis analytic results are not available. In the regime βωT � 1, the following
perturbative expansion has been found [79]

Cphys1 =
1

2

∣∣ log(ωR/ωT)
∣∣+

log
[

coth
(
βωT/4

)]
log(ωR/ωT)√

ωR/ωT −
√
ωT/ωR

+O(e−βωT) . (2.7.45)

As for the F2 purification complexity, an analytic result valid in the entire range of the parameter
is not available in the literature. However, in the regime where βωT � 1, it has been found [79]

Cpur2 =
1

2

√
log
(
ωR/ωT)

[
log
(
ωR/ωT) +

[
log
(

coth (βωT/4)
)]2
(
ωR/ωT + 1

ωR/ωT − 1

)]
+O
(
e−βωT

)
(2.7.46)

The expressions for the complexity in (2.7.43), (2.7.44), (2.7.45) and (2.7.46) depend only on
βωT and on the ratio ωR/ωT. As consistency check, we notice that in the limit βωT → ∞, where
the circuit is made by pure states, all the expressions in (2.7.43), (2.7.44), (2.7.45) and (2.7.46)
become 1

2 | log(ωR/ωT)|, as expected from [35].
In Fig. 2.10 we show the expressions for the complexity in (2.7.43), (2.7.44), (2.7.45) and (2.7.46)

in terms of βωT for a fixed value of βωR (we choose βωR = 1 in the left panel and βωR = 10 in the
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right panel). The curves for Cphys1 ad Cpur2 occur only in the right panel because they exist only in the
regime of βωT � 1. We find it worth remarking that the curves for C always lie below the curves
corresponding to the complexity evaluated through the purification complexity. Furthermore, as
βωT growths, all the curves collapse on the same curve, as expected from the above observation,
since βωT → ∞ corresponds to the limit where the circuit is made by pure states. In the right
panel one also notices that Cpur2 is smaller than the complexity C1 in the diagonal basis, which in
turn is smaller than C1 in the physical basis, as already remarked in [79].

2.7.7 A comparison with holography

In the context of the gauge/gravity correspondence, the procedures introduced for the gravita-
tional dual of the circuit complexity are known as ”complexity = volume” proposal (CV) [50,51],
”complexity = action” proposal (CA) [56, 57] and ”complexity = spacetime volume” proposal
(CV2.0) [309] (see Sec. 1.1.3 for a brief discussion of the CV and CA proposals).

The subsystem holographic complexity corresponding to these three proposals have been also
explored [55, 59, 79]. Considering a subregion A in the constant time slice of the d-dimensional
Conformal Field Theory (CFT) on the boundary of AdSd+1, it has been found that the leading
divergence of the holographic complexity is proportional to V (A)/εd−1, where V (A) is the volume
of A and ε is the UV cutoff. This divergence suggests that the holographic results should be
compared with the square of the complexity C mainly explored in this chapter.

Denoting by CAdS the holographic complexity evaluated through one of the proposals mentioned
above and by the CAdS(A) the corresponding subregion holographic complexity, CAdS is superaddi-
tive when, given two disjoint subregions A and B on the boundary of the AdS space, the following
inequality holds [46]

CAdS(A) + CAdS(B) 6 CAdS(A ∪B) (2.7.47)

while CAdS is subadditive when the opposite inequality holds. Equivalently, in terms of the holo-
graphic mutual complexity [297]

MAdS(A,B) = CAdS(A) + CAdS(B)− CAdS(A ∪B) (2.7.48)

which should be the gravitational dual of (2.7.42), the holographic complexity is superadditive
when MAdS(A,B) 6 0 for any choice of the regions A and B.

When the dual CFT is in its ground state (hence its gravitational dual is the empty AdS
spacetime) and a spatial subregion is considered, for AdS3 it has been shown that the holographic
mutual complexity (2.7.48) is negative for all the three proposals [55, 59, 79]. This qualitatively
disagrees with the results reported in Sec. 2.7.5 because we do not observe a definite sign for the
mutual complexity (2.7.42) (see e.g. Fig. 2.9).

2.8 Discussion

In this chapter we have studied the circuit complexity of the mixed bosonic Gaussian states oc-
curring in the Hilbert space of harmonic lattices in any number of dimensions by employing the
Fisher-Rao distance between Gaussian Wigner functions.

Considering mixed states with vanishing first moments, by applying a known result for the
symmetric and positive definite matrices [124–127, 134] to the covariance matrices of the model,
we have provided the optimal circuit (2.2.20), which holds when the set of the allowed gates
provides circuits made only by Gaussian states. The length (2.2.22) of this optimal circuit in the
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geometry determined by the Fisher information matrix is identified with the circuit complexity
(2.2.24) to obtain a target state from a given reference state (the tolerance is zero for these circuits).
In the special case of pure states, the known results of [35, 40] for the C2 complexity (namely the
complexity based on the F2 cost function) have been recovered. For thermal states originating
from the same Hamiltonian, the expression (2.2.54) has been obtained.

The Williamson’s decomposition of the covariance matrix (see Sec. 2.2.3) is the main tool
employed throughout our analysis. This decomposition leads to natural ways to introduce the
spectrum complexity and the basis complexity for mixed bosonic Gaussian states (see Sec. 2.3.2
and Sec. 2.3.3). This provides an explicit realisation of the proposal made in [46].

The optimal circuits described in this chapter allow us to study the purification of mixed states
without ancillae. Motivated by the first law of complexity, in Sec. 2.3.4 we have mainly considered
the purification of a given mixed state through the W path (2.3.24).

The Gaussian mixed states that are not pure in harmonic lattices can be characterised also
through their entanglement Hamiltonian matrices. The optimal circuit and the corresponding
complexity in terms of the entanglement Hamiltonian matrices have been investigated in Sec. 2.4.

A detailed analysis has been carried out in the simplest case of the harmonic chain either on
the circle or on the infinite line (see Sec. 2.7). Analytic or numerical results have been reported.
In particular, for the mixed states given by reduced density matrices, we have studied the circuit
complexity for an interval in the infinite line and the mutual complexity of two disjoint intervals
(see Sec. 2.7.5).

The circuit complexity of mixed states is a challenging task deserving many future studies.
One of the main motivations of our work is to provide some tools to study complexity in

quantum field theories. Evaluating complexity of mixed states in quantum field theories remains
an important challenge. The complexity of pure states in quantum field theories has been explored
in various studies [39,60–63,65–74] and it would be instructive to extend these analyses to mixed
states.

Let us remark that our analysis has been performed by assuming that all the states of the
quantum circuits are Gaussian. It is important to go beyond this limitation by exploring the
complexity of circuits involving mixed states that are not Gaussian.

Finally, we remind that the results reported in this chapter have been obtained in the ideal
situation where the maximal freedom is allowed in the choice of the gates. Typically, only a
limited number of gates can be employed in the construction of quantum circuits. It is worth
trying to adapt our analysis to more realistic cases by introducing a tolerance and various kinds
of restrictions in the set of the allowed gates [30,31].



Chapter 3

Complexity after a global quantum
quench

3.1 Introduction

Quantum quenches are insightful ways to explore the dynamics of isolated quantum systems out
of equilibrium (see [80, 81] for recent reviews). Given a quantum system prepared in the ground
state |ψ0〉 of the Hamiltonian Ĥ0, at t = 0 a sudden change is performed such that the evolution
Hamiltonian of the initial state |ψ0〉 becomes Ĥ 6= Ĥ0. Since Ĥ and Ĥ0 do not commute in

general, the unitary evolution |ψ(t)〉 = e−iĤt|ψ0〉 for t > 0 is highly non trivial. In the typical
global quench, a parameter occurring in the Hamiltonian is suddenly changed from its value ω0

in Ĥ0 to the value ω in Ĥ [80,82–84]. Insightful results have been obtained about the asymptotic
regime t→∞ of this unitary evolution by employing the generalised Gibbs ensemble (GGE) (see
the reviews [89,90,310]).

It is worth studying the circuit complexity with the target state given by the time-evolved pure
state of a certain unitary evolution and the reference state by another pure state along the same
evolution [40, 67, 311–315]. In particular, considering a global quench protocol, we are interested
in the optimal circuit and in the corresponding complexity where |ψ(t)〉 and |ψ0〉 are respectively
the target and the reference states. Moreover, exploiting an approach for the complexity of mixed
states (as, for instance, the one discussed in chapter 2), it is interesting to investigate the evolution
of the subsystem complexity after this quench protocol.

Within the gauge/gravity correspondence, the temporal evolution of complexity for pure states
has been explored in [140–142], while the one of the subsystem complexity (given by the volume
identified by the extremal hypersurface anchored to the boundary of the subsystem occurring
in the covariant proposal for the holographic entanglement entropy [243]) has been evaluated
in [145,316–318].

In this chapter we study the temporal evolution of the subsystem complexity after a global
quantum quench in harmonic lattices where the mass parameter is suddenly changed from ω0 to ω.
Considering a ground state as the initial state, the Gaussian nature of the state is preserved during
the temporal evolution. In these bosonic systems, the reduced density matrices are characterised by
the corresponding reduced covariance matrices [77]. By employing the approach to the complexity
of bosonic mixed Gaussian states based on the Fisher information geometry introduced in chapter
2, we evaluate numerically the subsystem complexity for one-dimensional harmonic lattices (i.e.
harmonic chains) and subsystems A given by blocks of consecutive sites. We consider harmonic
chains where either periodic boundary conditions (PBC) or Dirichlet boundary conditions (DBC)
are imposed. This allows to study the role of the zero mode. The temporal evolution of the

83
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subsystem complexity at a generic time after the global quench w.r.t. the initial state is compared
with the temporal evolution of the corresponding increment of the entanglement entropy, which
has been investigated through various methods in [81, 243, 295, 319–321] (see also [28, 29, 103, 147,
209,294,322] for the evolution of other entanglement quantifiers after a global quench).

This chapter is organised as follows. In Sec. 3.2 we introduce the main expressions to evaluate
the circuit complexity after the global quench of the mass parameter through the covariance matri-
ces of the reference and the target states for harmonic lattices in a generic number of dimensions.
In Sec. 3.3 we specify this analysis to harmonic chains with either PBC or DBC. The main results
of this chapter are discussed in Sec. 3.4 and Sec. 3.5, where the temporal evolution of the subsystem
complexity for a block of consecutive sites is investigated. In Sec. 3.4, finite harmonic chains with
either PBC or DBC are studied, while in Sec. 3.5 we consider infinite harmonic chains either on the
line or on the semi-infinite line with DBC at the origin. In the cases of infinite chains, we employ
known results about the GGE to determine the asymptotic regime of the subsystem complexity.
In Sec. 3.6 we draw some conclusions.

3.2 Complexity from the covariance matrix after the quench

In this section we discuss the expressions that allow to evaluate the temporal evolution of the circuit
complexity based on the Fisher-Rao geometry for the harmonic lattices in a generic number of
spatial dimensions when both the reference and the target states are pure. Analytic expressions
that bound this temporal evolution are also derived.

3.2.1 Covariance matrix after the quench

The Hamiltonian of the harmonic lattice made by N sites with nearest neighbour spring-like
interaction is given by (2.2.1). In the Heisenberg picture, the unitary temporal evolution of the
position and the momentum operators q̂j(t) and p̂j(t) through the evolution Hamiltonian Ĥ in
(2.2.1) reads

q̂j(t) = eiĤtq̂j(0)e−iĤt p̂j(t) = eiĤtp̂j(0)e−iĤt . (3.2.1)

In order to study the temporal evolution of the harmonic lattices after the global quantum
quench of the mass parameter that we are considering, we need to introduce the N×N correlation
matrices for operators (3.2.1) whose elements read

Qi,j(t) ≡ 〈ψ0| q̂i(t) q̂j(t) |ψ0〉
Pi,j(t) ≡ 〈ψ0| p̂i(t) p̂j(t) |ψ0〉
Mi,j(t) ≡ Re

[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
(3.2.2)

where |ψ0〉 is the ground state of the Hamiltonian Ĥ0, defined by (2.2.1) with ω replaced by ω0.

At any time t > 0 after the quench, the system is completely characterised by its covariance
matrix γ(t), which is the following 2N × 2N real, symmetric and positive definite matrix

γ(t) =

(
Q(t) M(t)
M(t)t P (t)

)
(3.2.3)

where the elements of the N ×N block matrices are given by (3.2.2). This covariance matrix has
been already used to study the entanglement dynamics e.g. in [294,295,319].
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The blocks of the covariance matrix (3.2.3) can be decomposed as

Q(t) = Ṽ Q(t) Ṽ t P (t) = Ṽ P(t) Ṽ t M(t) = Ṽ M(t) Ṽ t (3.2.4)

where Ṽ is the real orthogonal N ×N matrix introduced in Sec. 2.2.6, while Q(t), P(t) and M(t)
are N ×N diagonal matrices whose k-th element along the diagonal is [84]

Qk(t) ≡ Qk,k(t) =
1

2mΩk

(
Ωk

Ω0,k
[cos(Ωkt)]

2 +
Ω0,k

Ωk
[sin(Ωkt)]

2

)

Pk(t) ≡ Pk,k(t) =
mΩk

2

(
Ωk

Ω0,k
[sin(Ωkt)]

2 +
Ω0,k

Ωk
[cos(Ωkt)]

2

)

Mk(t) ≡Mk,k(t) =
1

2

(
Ω0,k

Ωk
− Ωk

Ω0,k

)
sin(Ωkt) cos(Ωkt)

(3.2.5)

in terms of the dispersion relations Ω0,k and Ωk of the Hamiltonians Ĥ0 and Ĥ respectively, which
depend both on the dimensionality of the lattice and on the boundary conditions.

At t = 0, the expressions in (3.2.5) simplify respectively to

Qk(0) =
1

2mΩ0,k
Pk(0) =

mΩ0,k

2
Mk(0) = 0 . (3.2.6)

From the above discussion, one realises that γ(t) is a function of t determined by the set of
parameters given by {m,κ, ω, ω0}.

When the dispersion relation vanishes for certain value of k, e.g. k = N , the corresponding
mode is a zero mode. The relations (3.2.5) and (3.2.6) are well defined when Ω0,k does not vanish;
hence Ωk can have a zero mode, while Ω0,k cannot. This highlights the asymmetric role of Ω0,k

and Ωk.

3.2.2 Complexity for the system

The circuit complexity is proportional to the length of the optimal quantum circuit that creates
a target state from a reference state. In this chapter we evaluate the complexity (2.2.24) between
two bosonic Gaussian states with vanishing first moments. This approach allows to study also the
circuits made by mixed states. In the following discussion and in Sec. 3.3 we consider first the case
where both the reference and the target states are pure states, while in Sec. 3.4 and Sec. 3.5 we
study the case where both the reference and the target states are mixed states.

Denoting by tR and tT the values of t corresponding to the reference state and to the target
state respectively, let us adopt the following notation

γR = γ(tR) γT = γ(tT) . (3.2.7)

In the most general setup, γR is a function of tR characterised by the set of parameters {mR, κR, ωR, ω0,R},
while γT is a function of tT parameterised by {mT, κT, ωT, ω0,T}. This means that the reference and
target states are obtained as the time-evolved states at t = tR > 0 and t = tT > tR respectively,
through two different global quenches determined by {κR,mR, ωR, ω0,R} and {κT,mT, ωT, ω0,T} re-
spectively.

The covariance matrix (3.2.3) at a generic value of t can be written as follows

γ(t) = V t Γ(t)V V = Ṽ ⊕ Ṽ (3.2.8)
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where V is the orthogonal and symplectic matrix introduced in (2.2.42) and the block decompo-
sition of Γ(t) reads

Γ(t) =

(
Q(t) M(t)
M(t) P(t)

)
(3.2.9)

in terms of the diagonal matrices whose elements have been defined in (3.2.5).
Hereafter we enlighten the expressions by avoiding to indicate explicitly the dependence on t,

wherever this is possible. The inverse of (3.2.9) is

Γ−1 =
(
QP −M2

)−1
(
P −M
−M Q

)
= 4

(
P −M
−M Q

)
. (3.2.10)

where in the last step we have used that, since γ in (3.2.3) describes a pure state, the blocks Q, P
and M are constrained by

QP −M2 =
1

4
1 ⇐⇒ QkPk −M2

k =
1

4
1 6 k 6 N . (3.2.11)

In this chapter we restrict to cases where a symplectic matrix V exists such that

γR = V t ΓR V γT = V t ΓT V (3.2.12)

where both ΓR and ΓT have the form (3.2.9), in terms of the corresponding diagonal matrices.
When (3.2.12) holds, the matrix occurring in the argument of the logarithm in (2.2.24) becomes

γT γ
−1
R = V t ΓT Γ−1

R V −t (3.2.13)

which tells us that the complexity (2.2.24) is provided by the eigenvalues of ΓT Γ−1
R . Thus, the

matrix V does not influence the temporal evolution of the complexity after the global quench when
both the reference and the target states are pure states. Instead, they play a crucial role for the
temporal evolution of the subsystem complexity discussed in Sec. 3.4 and Sec. 3.5.

By using (3.2.9) for ΓT and (3.2.10) for Γ−1
R , we obtain the following block matrix

ΓT Γ−1
R = 4

(
PRQT −MRMT QRMT −MRQT

PRMT −MRPT QRPT −MRMT

)
(3.2.14)

whose blocks are diagonal matrices. For the eigenvalues of (3.2.14) we find

g
(±)
TR,k ≡ 2

(
PR,kQT,k +QR,kPT,k − 2MR,kMT,k (3.2.15)

±
√(

PR,kQT,k −QR,kPT,k

)2
+ 4
(
QR,kMT,k −MR,kQT,k

)(
PR,kMT,k −MR,kPT,k

) )

labelled by 1 6 k 6 N , which can be written as

g
(±)
TR,k = CTR,k ±

√
C2

TR,k − 1 (3.2.16)

where
CTR,k ≡ 2

(
QT,k PR,k + PT,kQR,k − 2MT,kMR,k

)
(3.2.17)

in terms of the expressions in (3.2.5) specialised to the reference and the target states.
Let us observe that

g
(+)
TR,k g

(−)
TR,k = 16

(
QR,kPR,k −M2

R,k

)(
QT,kPT,k −M2

T,k

)
. (3.2.18)
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By employing (3.2.11) in this result, we find g
(+)
TR,k = 1/g

(−)
TR,k for pure states, for any 1 6 k 6 N .

Thus, for the complexity (2.2.24) one obtains

C =
1

2

√√√√
N∑

k=1

[
log(g

(+)
TR,k)

]2
=

1

2

√√√√
N∑

k=1

[
log(g

(−)
TR,k)

]2
=

1

2

√√√√
N∑

k=1

[
arccosh(CTR,k)

]2
. (3.2.19)

In the most general setup described below (4.3.1), the complexity can be found by writing (3.2.5)
for the reference and the target states first and then and plugging the results into (3.2.17) and
(3.2.19). The final result is a complicated expressions which can be seen as a function of tR and
tT parameterised by {κR,mR, ωR, ω0,R} and {κT,mT, ωT, ω0,T}. We remark that (3.2.19) can be
employed when (3.2.12) holds. Furthermore, we consider only cases where the matrix V in (3.2.12)
depends on the geometric parameters of the system and of the subsystem but it is independent of
the physical parameters occurring in the Hamiltonians (see Sec. 3.3.1).

A remarkable simplification occurs when the reference and the target states are pure states
along the time evolution of a given quench. In this case, the parameters to fix in (3.2.5) are
mR = mT = m, κR = κT = κ, ωR = ωT = ω, and ω0,R = ω0,T = ω0; hence (3.2.17) simplifies to

CTR,k = 1 +
1

2

(
Ω2
k − Ω2

0,k

Ωk Ω0,k
sin[Ωk(tR − tT)]

)2

(3.2.20)

which must be plugged into (3.2.19) to get the complexity of pure states after the global quench.
Notice that (3.2.20) is not invariant under the exchange Ωk ↔ Ω0,k for a given k. We remark that
(3.2.20) and the corresponding complexity depend on |tR − tT|. This is not the case for the most
generic choice of the parameters.

3.2.3 Complexity with respect to the initial state

A very natural choice for the reference state is the initial state |ψ0〉, which is a crucial ingredient
of the quench protocol. This corresponds to choose tR = 0 in (4.3.1). In this case, we have that
MR = 0 and QRPR = 1

41, which allow to write (3.2.17) as

CTR,k ≡
1

2

(
QT,k

QR,k
+
PT,k

PR,k

)
. (3.2.21)

Setting mR = mT = m for simplicity and tT = t and tR = 0 in the most general setup described
below (4.3.1), this expression becomes

CTR,k =

(
Ω2

0,T,k + Ω2
0,R,k

)
Ω2

T,k [cos(ΩT,kt)]
2 +

(
Ω4

T,k + Ω2
0,T,k Ω2

0,R,k

)
[sin(ΩT,kt)]

2

2 Ω2
T,k Ω0,R,k Ω0,T,k

(3.2.22)

in terms of the dispersion relations Ω0,S,k (with S ∈ {R,T}) before the quenches providing the
reference and the target states and of the dispersion relations ΩT,k after the quench (ΩR,k does not
occur because tR = 0, hence (3.2.6) must be employed).

The expression (3.2.21) is consistent with the result reported in [67], where the temporal
evolution of the complexity of this free bosonic system has been also studied through a different
quench profile that does not include the quench protocol that we are considering. In many studies
the reference state is the unentangled product state [35,36,40,311]. Given that we are considering
a different reference state, in this thesis we do not directly compare their results with our findings.

When the same quench is employed to construct the reference and the target states Ω0,R,k =
Ω0,T,k = Ω0,k for any k and (3.2.22) simplifies. This choice corresponds to evaluate the complexity
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between the initial state and the state at time t after the quench. Specialising (3.2.22) to this case
and renaming ΩT,k ≡ Ωk, we obtain

CTR,k = 1 +
1

2

(
Ω2
k − Ω2

0,k

Ωk Ω0,k
sin(Ωkt)

)2

(3.2.23)

which coincides with (3.2.20) for tR = 0 and tT = t, as expected. Plugging (3.2.23) into (3.2.19)
and using the identity |arccosh(1 + x2/2)| = 2 |arcsinh(x/2)|, one finds

C =

√√√√
N∑

k=1

[
arcsinh

(
Ω2
k − Ω2

0,k

2 Ωk Ω0,k
sin(Ωkt)

)]2

. (3.2.24)

In this expression the dispersion relations Ωk and Ω0,k (which depend on the number of spatial
dimensions and on the boundary conditions of the lattice) do not occur in a symmetric way.

We find it worth highlighting the contribution of the N -th mode by denoting

c0 ≡
[

arcsinh

(
Ω2
N − Ω2

0,N

2 ΩN Ω0,N
sin(ΩN t)

)]2

C2
0 ≡

N−1∑

k=1

[
arcsinh

(
Ω2
k − Ω2

0,k

2 Ωk Ω0,k
sin(Ωkt)

)]2

(3.2.25)
which lead to write (3.2.24) as

C2 = η c0 + C2
0 (3.2.26)

where either η = 1 or η = 0, depending on whether the N -th mode plays a particular role, as one
can read from the dispersion relation. This is the case e.g. for the zero mode in the harmonic
lattices that are invariant under spatial translations, which is briefly discussed also at the end of
Sec. 3.2.1; hence hereafter we refer to c0 as the zero mode contribution. For instance, η = 1 in the
harmonic chains with PBC, while η = 0 when DBC are imposed, as discussed later in Sec. 3.3.1.
The result (3.2.24), which can be applied for harmonic lattices in generic number of dimensions
and for diverse boundary conditions, has been already reported in [312] for harmonic chains with
PBC.

It is interesting to determine the initial growth of the complexity by considering the series
expansion of (3.2.24) as t → 0. The function C2 obtained from (3.2.24) is an even function of t,
hence its expansion for t→ 0 contains only even powers of t. Since C|t=0 = 0, we have

C2 = b1 t
2 + b2 t

4 + b3 t
6 +O(t8) =⇒ C =

√
b1 t

(
1 +

b2
2b1

t2 +
4 b1b3 − b22

8b21
t4 +O(t6)

)
(3.2.27)

where the coefficients b1, b2 and b3 are

b1 =
1

4

N∑

k=1

(
Ω2
k − Ω2

0,k

Ω0,k

)2

b2 = − 1

48

N∑

k=1

(
Ω4
k − Ω4

0,k

Ω2
0,k

)2

(3.2.28)

and

b3 =
1

360

N∑

k=1

(Ω4
k − Ω4

0,k)
2(Ω4

k + Ω4
0,k − Ω2

k Ω2
0,k)

Ω6
0,k

. (3.2.29)

Since b1 > 0, the expansion (3.2.27) tells us that the initial growth of the complexity (3.2.24) is
linear in t.

The temporal evolution of the circuit complexity for a bosonic system after a global quench
has been studied also in [311], by employing a smooth quench and the unentangled product state
as the reference state. This smooth quench becomes the one that we are considering in the limit
of sudden quench but it is different from the quench considered in [67].
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Bounds and the zero mode contribution

We find it worth studying some bounds for the complexity with respect to the initial state. From
(3.2.24), it is straightforward to observe that η c0 6 C2 6 C̃2, where c0 is the time dependent
expression defined in (3.2.25) and

C̃2 ≡ η c0 +

N−1∑

k=1

[
arcsinh

(
Ω2
k − Ω2

0,k

2 Ωk Ω0,k

)]2

(3.2.30)

hence for the complexity (3.2.24) we find

√
η c0 6 C 6 C̃ . (3.2.31)

The zero mode contribution determines the behaviour of these bounds for large t.
The occurrence of a zero mode in the dispersion relation Ωk e.g. for k = N means that ΩN = 0.
In the absence of a zero mode, Ωk is non vanishing for any value of k; hence c0 and C̃ are finite for
any t and (3.2.31) tells us that the complexity (3.2.24) is always finite after the quench. Instead,
when a zero mode for k = N occurs, the time dependent zero mode contribution c0 in (3.2.25)
becomes

c0 =
[
arcsinh(Ω0,N t/2)

]2
(3.2.32)

which diverges at large t because arcsinh(x) ∼ log(2x) as x → +∞. The terms labelled by
1 6 k 6 N − 1 in the sum in (3.2.30) are bounded functions of t because Ωk is non vanishing.
Thus, in the presence of a zero mode, the bounds (3.2.31) tell us that the complexity for pure
states in (3.2.24) diverges logarithmically when t→∞.

The bounds (3.2.31) can be significantly improved by employing the decomposition (3.2.26)
which leads to the following bounds for the complexity (3.2.24)

C2
L 6 C2 6 C2

U (3.2.33)

where we have introduced

C2
B ≡ η c0 +

N−1∑

k=1

fB(x̃k)
[

sin(Ωkt)
]2

=

(
η c0 +

1

2

N−1∑

k=1

fB(x̃k)

)
− 1

2

N−1∑

k=1

fB(x̃k) cos(2Ωk t) (3.2.34)

with B ∈ {L,U} and

fL(x) =
[
arcsinh(x)

]2
fU(x) = x2 (3.2.35)

in terms of x̃k ≡ (Ω2
k − Ω2

0,k)/(2 Ωk Ω0,k), of the time dependent zero mode contribution c0 intro-
duced in (3.2.25) and of the parameter η, which is either η = 1 or η = 0, depending on whether
the zero mode contribution occurs or not respectively.

The bounds (3.2.33) can be employed to improve the bounds reported in (3.2.31). Indeed, in
the presence of a zero mode, C2

L > c0 and therefore C2
L provides a better lower bound than (3.2.25).

Instead, the relation between C2
U in (3.2.34) and C̃2 in (3.2.30) depends on the parameters; hence

the optimal upper bound is given by min
[
CU(t)2, C̃(t)2

]
.

3.3 Complexity for harmonic chains

In this section we apply the results discussed in Sec. 3.2 to the harmonic chains where either PBC
or DBC are imposed. The numerical data reported in all the figures of the chapter have been
obtained by setting κ = 1 and m = 1.



90 CHAPTER 3. COMPLEXITY AFTER A GLOBAL QUANTUM QUENCH

3.3.1 Complexity

The Hamiltonian of the harmonic chain made by N oscillators with the same frequency ω, the
same mass m and coupled through the elastic constant κ is (2.7.1). Imposing PBC means that
q̂N+1 = q̂1 and p̂N+1 = p̂1, while DBC are satisfied when q̂0 = q̂N = q̂N+1 = 0 and p̂0 = p̂N = 0.

When PBC hold, the orthogonal matrix Ṽ defined in (3.2.4) is given in (2.7.5), when N is even
and in (2.7.6), when N is odd. The dispersion relations of Ĥ0 and Ĥ for PBC are respectively

Ω0,k =

√
ω2

0 +
4κ

m
[sin(πk/N)]2 Ωk =

√
ω2 +

4κ

m
[sin(πk/N)]2 1 6 k 6 N . (3.3.1)

When DBC hold, only N − 1 sites display some dynamics because the ones labelled by i =
0 and i = N are fixed by the boundary conditions; hence the covariance matrix γ(t) is the
(2N − 2)× (2N − 2) symmetric matrix given by (3.2.3), where Q, P and R are (N − 1)× (N − 1)
matrices. For DBC and independently of the parity of N , the matrix Ṽ defined in (3.2.4) becomes

Ṽi,k =

√
2

N
sin(i k π/N) 1 6 i, k 6 N − 1 . (3.3.2)

The dispersion relations of Ĥ0 and Ĥ for DBC read respectively

Ω0,k =

√
ω2

0 +
4κ

m
[sin(πk/(2N))]2 Ωk =

√
ω2 +

4κ

m
[sin(πk/(2N))]2 1 6 k 6 N − 1 .

(3.3.3)
We remark that, both for PBC and DBC, the matrix V = Ṽ ⊕Ṽ defined in (3.2.8) depends only

on N ; hence the corresponding harmonic chains can be studied as special cases of the harmonic
lattices considered in Sec. 3.2.2 because the condition (3.2.12) is satisfied. Since η = 1 for PBC
and η = 0 for DBC, the complexity (3.2.24) for these harmonic chains becomes

C =

√√√√
N−1+η∑

k=1

[
arcsinh

(
ω2 − ω2

0

2 Ωk Ω0,k
sin(Ωkt)

)]2

(3.3.4)

=

√√√√η

[
arcsinh

(
ω2 − ω2

0

2ω ω0
sin(ωt)

)]2

+
N−1∑

k=1

[
arcsinh

(
ω2 − ω2

0

2 Ωk Ω0,k
sin(Ωkt)

)]2

where the dispersion relations Ω0,k and Ωk are given by (3.3.1) for PBC and by (3.3.3) for DBC.
When PBC are imposed, the first term under the square root in the last expression of (3.3.4)

comes from the zero mode k = N and it does not occur for DBC. This crucial difference between
the two models leads to different qualitative behaviours for the complexity.

The dispersion relations of the harmonic chain with PBC given in (3.3.1) are invariant under
the exchange k ↔ N−k. This symmetry leads to an expression for the complexity which is simpler
to evaluate numerically. Indeed, by introducing

c0 ≡
[
arcsinh

(
ω2 − ω2

0

2ω ω0
sin(ωt)

)]2

(3.3.5)

and

cN/2 ≡





[
arcsinh

(
ω2 − ω2

0

2 ΩN/2 Ω0,N/2
sin(ΩN/2 t)

)]2

even N

0 odd N

(3.3.6)
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one observes that (3.3.4) for PBC can be written as

C =

√√√√√ c0 + 2

bN−1
2
c∑

k=1

[
arcsinh

(
ω2 − ω2

0

2 Ωk Ω0,k
sin(Ωkt)

)]2

+ cN/2 (3.3.7)

where bxc denotes the integer part of x. Notice that cN/2 in (3.3.6), as function of t, is bounded
by a constant.

3.3.2 Critical evolution

An important case that we find worth emphasising is the global quench where the evolution
Hamiltonian is gapless, i.e. when ω = 0.

When PBC are imposed, by specialising (3.2.23) and (3.3.1) to ω = 0, we obtain

CTR,k = 1 +
ω4

0

[
sin
(
2
√
κ/m t sin(πk/N)

)]2

8 (κ/m) [sin(πk/N)]2
(
ω2

0 + 4(κ/m)[sin(πk/N)]2
) (3.3.8)

which satisfies the following bounds

1 < CTR,k < 1 +
ω4

0

8 (κ/m) [sin(πk/N)]2
(
ω2

0 + 4(κ/m)[sin(πk/N)]2
) 1 6 k 6 N − 1 . (3.3.9)

For k = N , the expression (3.3.8) simplifies to CTR,N = 1 +
ω2
0

2 t2, which diverges as t→∞.

Instead, when DBC hold and therefore the zero mode does not occur, by using (3.3.3) and
(3.2.23) with ω = 0, we obtain

CTR,k = 1 +
ω4

0

[
sin
(
2
√
κ/m t sin(πk/(2N))

)]2

8 (κ/m)[sin(πk/(2N))]2
(
ω2

0 + 4κ/m[sin(πk/(2N))]2
) (3.3.10)

which is finite when t→∞, for any allowed value of k.

Plugging the expressions discussed above for CTR,k into (3.2.19), we find that, when the evolu-
tion Hamiltonian is critical, the complexity of the pure state at time t with respect to the initial
state can be written by highlighting the zero mode contribution as follows

C2 =
η

4

[
log

(
1 +

(ω0 t)
2

2
+
ω0 t

2

√
(ω0 t)2 + 4

)]2

+
1

4

N−1∑

k=1

[
arccosh

(
CTR,k

)]2
(3.3.11)

where either η = 1 for PBC or η = 0 for DBC (see the text above (3.3.4)) and CTR,k is given
by (3.3.8) for PBC and by (3.3.10) for DBC. In particular, (3.3.11) tells us that, for PBC and
finite N , the complexity diverges logarithmically as t→∞ because of the zero mode contribution.
Instead, for DBC (i.e. η = 0) and finite N , all the terms in (3.3.11) are finite as t→∞.

In Fig. 3.1 we show the temporal evolution of the complexity (3.3.11) for various ω0’s, when
either PBC (left panels) or DBC (right panels) are imposed. Since N is finite, the revivals already
studied in the temporal evolutions of other quantities [323] are observed also in the temporal
evolution of the complexity, with a period given by N/2 for PBC and by N for DBC. The most
important qualitative difference between PBC and DBC is the overall growth observed for PBC,
which does not occur for DBC. This growth is due to the zero mode contribution occurring in
the complexity (3.3.11) for PBC. Indeed, when the corresponding term is subtracted, as done in
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Figure 3.1: Temporal evolution of the complexity after the global quench w.r.t. the initial state at
t = 0 for harmonic chains with either PBC (left panels) or DBC (right panels) made by N = 100
sites. The solid lines correspond to the complexity (3.3.11). In the top left panel, the dashed
lines show the zero mode term c0 (i.e. the expression multiplyed by η in (3.3.11), which has been
subtracted to obtain the bottom left panel), with the same colour code for the corresponding value
of ω0.

the bottom left panel of Fig. 3.1, the resulting curve is similar to the temporal evolution of the
complexity when DBC hold.

Finally, let us remark that the effect of the decoherence as t increases is more evident for higher
values of ω0. For PBC this is observed once the zero mode contribution has been subtracted (see
the bottom left panel of Fig. 3.1).

In [40] the temporal evolution of the complexity of a thermofield double state is considered by
taking the unentangled product state as the reference state (in this setup, the choice ω = 0 is not
allowed). Despite this temporal evolution is different from the one investigated in this chapter, it
also exhibits an overall logarithmic growth due to the zero mode contribution.

3.3.3 Bounds

It is instructive to discuss further the bounds for the complexity introduced in Sec. 3.2.3 in the
special cases of the harmonic chains with either PBC or DBC.
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Figure 3.2: Temporal evolution of the complexity (3.3.4) (solid lines) and of the corresponding
bounds in (3.2.31) for PBC. The blue and red dashed lines show the lower and the upper bounds,
from (3.2.25) and (3.2.30) respectively.

In Fig. 3.2 we show the complexity (3.3.4) and the corresponding bounds (3.2.31) for harmonic
chains with PBC. In this case the zero mode term influences the bounds in a crucial way. In
Fig. 3.2, the bounds (3.2.31) correspond to the red and blue dashed lines, while in the top left
panel of Fig. 3.1, where ω = 0, the lower bound in (3.2.31) is shown through the dashed curves.

In the temporal evolutions of the complexity for PBC displayed in the top panel of Fig. 3.2,
we can identify two periods approximatively given by π/ω and N/2. Considering also the bottom
panels of Fig. 3.2, the revivals observed for the critical evolution in Fig. 3.1 for PBC and ω = 0
occur also when ω > 0 whenever π

ω � N
2 . The bottom panels in Fig. 3.2 highlight that the revivals

are not observed when ω is large enough with respect to 1/N .

For PBC, by comparing the top panel with the bottom ones in Fig. 3.2, which differ for the
size N of the chain, we notice that the bounds (3.2.31) are very efficient when π

ω � N
2 , while they

become not useful away from this regime. In our numerical investigations we have also observed
that the bounds (3.2.31) are not useful when ω > ω0.

When DBC hold, the lower bound in (3.2.31) is trivial and the upper bound is a constant.

The bounds (3.2.33) can be written explicitly for the harmonic chains that we are considering
by setting either η = 1 or η = 0 and employing either (3.3.1) or (3.3.3) for the dispersion relations
when either PBC or DBC respectively are imposed. The resulting expressions for these bounds
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Figure 3.3: Temporal evolution of the complexity (3.3.4) (solid lines) and of the corresponding
bounds in (3.3.12) for harmonic chains with either PBC (left panels) or DBC (right panels) and
N = 100. The blue (red) dashed lines correspond to the lower (upper) bound (see (3.3.14) and
(3.3.13) for the left panels and (3.3.15) for the right panels). In all the panels ω0 = 0.1.

require to sum either N or N − 1 terms and we can obtain less constraining but still insightful
bounds by keeping only few terms in these sums, i.e.

C2
L,kL

6 C2 6 C2
U,kU

(3.3.12)

where kL and kU are independent parameters related to the number of terms in the sum kept
to define the corresponding bound. Since the explicit expressions of the dispersion relations are
important to write explicitly the bounds in (3.3.12), the cases of PBC and DBC must be studied
separately.

Considering PBC first, we find

C2
L,kL

= c0 + 2

kL∑

k=1

fL(x̃k) [sin(Ωkt)]
2 . (3.3.13)

C2
U,kU

= c0 + 2

kU∑

k=1

fU(x̃k) [sin(Ωkt)]
2 +

bN−1
2
c∑

k=kU+1

2 fU(x̃k) + fU(x̃N/2)
∣∣ cos(πN/2)

∣∣ . (3.3.14)
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where fL(x̃k) as function of k is constructed from (3.2.35) and (3.3.1)). The bounds (3.2.33) are
recovered when kL = kU = bN−1

2 c, by setting to zero the second sum in the r.h.s. of (3.3.14) and
by restoring the time dependence in the term having k = N/2 when N is even, both in (3.3.13)
and (3.3.14).

When DBC are imposed, we have

C2
L,kL
≡

kL∑

k=1

fL(x̃k) [sin(Ωkt)]
2 C2

U,kU
≡

kU∑

k=1

fU(x̃k) [sin(Ωkt)]
2 +

N−1∑

k=kU+1

fU(x̃k) (3.3.15)

where 1 6 kL, kU 6 N − 1. In order to recover (3.2.33) from (3.3.12), we have to choose kL = kU =
N − 1 and set to zero the last sum in the second expression of (3.3.15).

By construction, we have C2
L,kL

6 C2
L and C2

U,kU
> C2

U, but C2
L,kL

and C2
U,kU

contain less terms

than C2
L and C2

U respectively, hence they are easier to evaluate and to study analytically. For both
PBC and DBC, considering either the lower or the upper bound in (3.3.12), it improves as either
kL or kU respectively increases.

In Fig. 3.3 we show the bounds (3.3.12) when either PBC (left panels) or DBC (right panels) are
imposed and small values of kL and kU are considered. For given values of kL and kU, the agreement
between the bounds and the exact curve improves as |ω0−ω| decreases. Notice that higher values
of kL and kU are needed for DBC to reach an agreement with the exact curve comparable with the
one obtained for PBC.

3.3.4 Large N

It is important to study approximate expressions for the temporal evolution of the complexity
when large values of N are considered.

In our numerical analysis, we noticed that, for finite but large enough values of N & 10 the
complexity (3.3.4) is well described by a function of ωN , ω0N and t/N . This function, which
depends on whether PBC or DBC are imposed, can be written by introducing the approximation
sin(x) ' x into the dispersion relations and keeping only the leading term. For PBC we find

Capprox =

√√√√√c0(t) + 2

bN−1
2
c∑

k=1

[
arcsinh

(
(ωN)2 − (ω0N)2

2 Ω̃(P)

k Ω̃(P)

0,k

sin
(
Ω̃(P)

k t/N
)
)]2

(3.3.16)

where c0(t) is (3.3.5); while for DBC we get

Capprox =

√√√√
N−1∑

k=1

[
arcsinh

(
(ωN)2 − (ω0N)2

2 Ω̃(D)

k Ω̃(D)

0,k

sin
(
Ω̃(D)

k t/N
)
)]2

(3.3.17)

where

Ω̃(P)

k =

√
(ωN)2 +

4π2κ

m
k2 Ω̃(D)

k =

√
(ωN)2 +

π2κ

m
k2 (3.3.18)

while Ω̃(P)

0,k and Ω̃(D)

0,k are obtained by replacing ω with ω0 in these expressions. Notice that both
(3.3.16) and (3.3.17) depend on ωN , ω0N and t/N . These approximate expressions have been
used to plot the dashed light grey curves in the top panels of Fig. 3.4, which nicely agree with the
corresponding solid coloured curves.
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The thermodynamic limit N → ∞ of the complexity can be studied through the standard
procedure. Introducing θ ≡ πk/N and substituting

∑
k → N

π

∫ π
0 dθ in (3.3.4), at the leading order

we find

CTD =

√
N

π

√∫ π

0

[
arcsinh

(
ω2 − ω2

0

2 Ωθ Ω0,θ
sin(Ωθ t)

)]2

dθ (3.3.19)

where the dispersion relations become

Ω0,θ =

√
ω2

0 +
4κ

m
(sin θ)2 Ωθ =

√
ω2 +

4κ

m
(sin θ)2 (3.3.20)

Notice that, for PBC, the zero mode does not contribute because c0/N → 0 as N → ∞. Let
us stress that (3.3.19) with (3.3.20) holds for both PBC and DBC. Thus, the leading order of
this limit is independent of the boundary conditions. This means that the complexity does not
distinguish the boundary conditions in this regime. Indeed, in the left and right panels of Fig. 3.4,
the same function (just described) has been used to plot the dashed black curves.

The boundary conditions become crucial in the subleading term of the expansion of (3.3.4) as
N →∞, which can be studied through the Euler-Maclaurin formula [324]. The final result is

C2 − C2
TD = R(B)

1,∞ B ∈
{

P,D
}

R(B)

1,∞ =





R(P)

1,∞ PBC

R(D)

1,∞ =
R(P)

1,∞
2

+ ζ DBC
(3.3.21)

where

ζ =
1

2

{[
arcsinh

(
(ω2 − ω2

0) sin
(√

ω2 + 4κ/m t
)

2
√
ω2 + 4κ/m

√
ω2

0 + 4κ/m

)]2

−
[
arcsinh

(
ω2 − ω2

0

2ω ω0
sin(ωt)

)]2}
(3.3.22)

andR(P)

1,∞ is the time-dependent remainder for which we do not have an exact expression. Numerical
checks for these results are shown in Fig. 3.4. In the top panels of this figure we have displayed
also Capprox/N from (3.3.16) (left panel) and (Capprox − ζ)/N from (3.3.17) (right panel) through
dashed light grey lines.

In the continuum limit, N → ∞ and the lattice spacing a ≡
√
m/κ → 0 is vanishing while

Na ≡ ` is kept fixed. In this limit, the expression (3.3.4) for the complexity (which holds for both
PBC and DBC) becomes

Ccont =

√
`

2π

√∫ ∞

−∞

[
arcsinh

(
ω2 − ω2

0

2 Ωp Ω0,p
sin(Ωpt)

)]2

dp (3.3.23)

where

Ω0,p =
√
ω2

0 + p2 Ωp =
√
ω2 + p2 . (3.3.24)

Since Ωp ' p when p� ω, the vanishing of the integrand in (3.3.23) as p→ ±∞ is such that the
complexity is UV finite.

3.3.5 Initial growth

It is worth discussing the initial growth of the complexity for the harmonic chains that we are
considering. Since the complexity (3.3.4) is a special case of (3.2.24), its expansion as t → 0 can
be found by specialising the expansion (3.2.27) and its coefficients (3.2.28) and (3.2.29) to the
harmonic chains with either PBC or DBC. For the sake of simplicity, in the following we discuss
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Figure 3.4: Temporal evolutions of the complexity for harmonic chains with either PBC (left
panels) or DBC (right panels). The solid lines show C2/N for PBC and (C2− ζ)/N for DBC, with
C given by (3.3.4) and ζ by (3.3.22). The dashed black lines represent C2

TD/N , from (3.3.19).
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Figure 3.5: Initial growth of the complexity for harmonic chains with PBC and N = 100. The
evolution Hamiltonian is either massive (left panel) or massless (right panel), for three values
ω0. The solid lines show the complexity (3.3.4) (with (3.3.1)) and the dashed lines represent its
expansion (3.2.27) up to the O(t) (grey), O(t3) (yellow) and O(t5) (green) term included.

only the leading term (i.e. only the coefficient b1 in (3.2.28)), which provides the linear growth,
but a similar analysis can be applied straightforwardly to the coefficients of the higher order terms
in the t→ 0 expansion.

For the harmonic chains with either PBC or DBC, the linear growth in (3.2.27) becomes

C =
|ω2 − ω2

0|
2

(
N−1+η∑

k=1

Ω−2
0,k

)1/2

t +O(t3) (3.3.25)

where η = 1 and (3.3.1) must be used for PBC, while η = 0 and (3.3.3) must be employed for
DBC. We remark that the slope of the initial linear growth in (3.3.25) is proportional to |ω− ω0|.

In Fig. 3.5, we consider the initial growth of the complexity (3.3.4) when PBC are imposed,
comparing the exact curve against its expansion (3.2.27). The corresponding analysis for DBC
provides curves that are very similar to the ones displayed in Fig. 3.5; hence it has not been
reported in this thesis.

Let us conclude our discussion about the temporal evolution of the complexity of pure states
with a brief qualitative comparison between the results discussed above and the corresponding
ones for the temporal evolution of the holographic complexity [51–53,56,57,140–142].

The Vaidya spacetimes are the typical backgrounds employed as the gravitational duals of
global quantum quenches in the conformal field theory on their boundary. They describe the
formation of a black hole through the collapse of a matter shell. In Vaidya spacetimes, the temporal
evolution of the holographic entanglement entropy has been largely studied [243,321,325–330] and
the temporal evolutions of the holographic complexity for the entire spatial section of the conformal
field theory on the boundary has been investigated in [140–142, 331]. Considering the temporal
evolution of the rate dC

dt allows to avoid the problem of choosing the reference state, which deserves
further clarifications for the holographic complexity, even for static gravitational backgrounds.
The analysis of dC

dt in Vaidya spacetimes, both for the CV and for the CA prescriptions, shows
that these temporal evolutions are linear in time both at very early and at late time [140, 141].
While also the initial growth of the complexity that we have explored is linear (see (3.3.25)), the
late time growth is at most logarithmic. This disagreement, which deserves further analysis, has
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been discussed in [40].

We find it worth observing also that the coefficient of the initial growth (3.3.25) is proportional
to |ω2 − ω2

0| and that the corresponding coefficient for the holographic complexity is proportional
to the mass of the final black hole [140,141].

3.4 Subsystem complexity in finite harmonic chains

In this section we study the temporal evolution of the subsystem complexity after a global quench.
The reference and the target states are the reduced density matrices associated to a given subsys-
tem. We focus on the simple cases where the subsystem A is a block made by consecutive sites in
harmonic chains with either PBC or DBC.

3.4.1 Subsystem complexity

In the harmonic lattices that we are considering, the reduced density matrix associated to A
characterises a Gaussian state which can be described equivalently through its reduced covari-
ance matrix γA. This matrix is constructed by considering the reduced correlation matrices QA,
PA and MA, whose elements are respectively given by (QA)i,j = 〈ψ0| q̂i(t) q̂j(t) |ψ0〉, (PA)i,j =
〈ψ0| p̂i(t) p̂j(t) |ψ0〉 and (MA)i,j = Re

[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
with i, j ∈ A, which depend also on the

time after the global quench. These matrices provide the following block decomposition of the
reduced covariance matrix

γA(t) =

(
QA(t) MA(t)
MA(t)t PA(t)

)
. (3.4.1)

For the harmonic chains with either PBC or DBC introduced in Sec. 3.3 and A made by L
consecutive sites, QA and PA are L × L symmetric matrices and γA is a real, symmetric and
positive definite 2L × 2L matrix. The temporal evolution of (QA)i,j , (PA)i,j and (MA)i,j after a
global quench is reported in Appendix C.2 for finite chains with either PBC or DBC and for their
thermodynamic limit.

Adapting the analysis made in Sec. 3.3 for pure states to the mixed states described by the
reduced covariance matrices γA(t), we have that the reference state is given by the reduced density
matrix for the interval A at time tR > 0 obtained through the quench protocol characterised by(
κR,mR, ωR, ω0,R

)
and the target state by the reduced density matrix for the same interval at time

tT > tR constructed through the quench protocol described by
(
κT,mT, ωT, ω0,T

)
. The correspond-

ing reduced covariance matrices are denoted by γR,A(tR) and γT,A(tT) respectively. These reduced
covariance matrices are decomposed in terms of the correlation matrices of the subsystem like in
(3.4.1).

The approach to the circuit complexity of mixed states based on the Fisher information geom-
etry discussed in chapter 2 allows to construct the optimal circuit between γR,A(tR) and γT,A(tT).
The covariance matrices along this optimal circuit are

Gs(γR,A(tR) , γT,A(tT)) ≡ γR,A(tR)1/2
(
γR,A(tR)−1/2 γT,A(tT) γR,A(tR)−1/2

)s
γR,A(tR)1/2 (3.4.2)

where 0 6 s 6 1 parameterises the optimal circuit. The length of this optimal circuit is propor-
tional to its complexity

CA =
1

2
√

2

√
Tr
{[

log
(
γT,A(tT) γR,A(tR)−1

)]2}
. (3.4.3)
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The reduced covariance matrices γR,A(tR) and γT,A(tT) for the block A providing the optimal
circuit (3.4.2) and its complexity (3.4.3) are constructed as in (3.4.1), through the reduced corre-
lation matrices QA, PA and MA, obtained by restricting to i, j ∈ A the indices of the correlation
matrices whose elements are given in (C.2.1) for PBC and (C.2.2) for DBC.

We remark that the matrix Ṽ in (3.2.4) (given in (2.7.5) or (2.7.6) for PBC and in (3.3.2) for
DBC) is crucial to write (C.2.1) and (C.2.2); hence it enters in a highly non-trivial way in the
evaluation of the subsystem complexity. Instead, it does not affect the complexity for the entire
system, where both the reference and the target states are pure states, as remarked below (3.2.13).

The temporal evolution of the subsystem complexity after a global quench in harmonic chains
made by two sites has been explored in [67,315] through other approaches, including the one based
on the purification complexity.

3.4.2 Numerical results

Considering the global quench that we are exploring, in the following we discuss some numerical
results for the temporal evolution of the subsystem complexity of a block A made by L consecutive
sites in harmonic chains made by N sites, where either PBC or DBC are imposed. We focus on
the simplest setup where the reference state is the initial state (hence tR = 0) and the target state
corresponds to a generic value of tT = t > 0 after the quench. The remaining parameters are fixed
to ω0,R = ω0,T ≡ ω0, ωR = ωT ≡ ω, κR = κT = 1 and mR = mT = 1. In the case of DBC, we
consider both A adjacent to the boundary and separated from it.

In this setup, the subsystem complexity (3.4.3) can be written as

CA =
1

2
√

2

√
Tr
{[

log
(
γA(t) γA(0)−1

)]2}
. (3.4.4)

It is natural to introduce also the entanglement entropy SA(t) and its initial value SA(0), which
lead to define the increment of the entanglement entropy w.r.t. its initial value, i.e.

∆SA ≡ SA(t)− SA(0) (3.4.5)

where SA(t) and SA(0) can be evaluated from the symplectic spectrum of γA(t) and of γA(0)
respectively, as discussed in Appendix A.1(see (A.1.3)).

In all the figures discussed in this section we show the temporal evolutions of the subsystem
complexity CA in (3.4.4) or of the increment ∆SA of the entanglement entropy in (3.4.5) after the
global quench. In particular, we show numerical results corresponding to N = 100 and N = 200,
finding nice collapses of the data when L/N , ω0N and ωN are kept fixed, independently of the
boundary conditions. The data reported in all the left panels have been obtained in harmonic
chains with PBC, whose dispersion relations are (3.3.1), while the ones in all the right panels
correspond to a block adjacent to a boundary of harmonic chains where DBC are imposed, whose
dispersion relations are (3.3.3), if not otherwise indicated (like in Fig.3.12). The evolution Hamilto-
nian is gapless in Fig. 3.6, Fig. 3.7, Fig. 3.8 and Fig. 3.12, while it is gapped in Fig. 3.9 and Fig. 3.10,
with ωN = 5. In Fig. 3.11, where the initial growth is explored, both gapless and gapped evolution
Hamiltonians have been employed. When L = N , the complexity (3.3.4) for pure states has been
evaluated with either N = 100 (black solid lines) or N = 200 (dashed green lines).

In Fig. 3.6, Fig. 3.7 and Fig. 3.8 all the data have been obtained with ωN = 0 and either
ω0N = 20 (Fig. 3.6 and Fig. 3.8) or ω0N = 100 (Fig. 3.7). Revivals are observed and the different
cycles correspond to p < 2t/N < p + 1 for PBC and to p < t/N < p + 1 for DBC, where p is a
non-negative integer.
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Figure 3.6: Temporal evolution of CA in (3.4.4) after the global quench with gapless evolution
Hamiltonian and ω0N = 20, for a block A made by L consecutive sites in harmonic chains with
either PBC (left panels) or DBC (right panels) made by N sites (in the latter case A is adjacent
to a boundary). When L = N , the complexity (3.3.4) is shown for N = 100 (solid black lines) and
N = 200 (dashed green lines).

The qualitative behaviour of the temporal evolution of the subsystem complexity crucially
depends on the boundary conditions of the harmonic chain. For DBC, considering the data having
L/N < 1/2 when t/N < 1/2, we can identify three regimes: an initial growth until a local
maximum is reached, a decrease and then a thermalisation regime after certain value of t/N ,
where the subsystem complexity remains constant. For PBC and L/N < 1/2, the latter regime
is not observed and CA keeps growing. Comparing the right panel in Fig. 3.6 with the top right
panel in Fig. 3.7, one realises that, for DBC, the height of the plateaux increases as either L/N
or ω0N increases, as expected. The absence of thermalisation regimes for PBC could be related
to the occurrence of the zero mode, as suggested by the fact that, for pure states, the zero mode
contribution provides the logarithmic growth of the complexity (3.3.11). However, we are not able
to identify explicitly the zero mode contribution in the subsystem complexity, hence we cannot
subtract it as done in the bottom left panel of Fig. 3.1 for the temporal evolution of the complexity
of pure states.

For DBC, the plateau in the thermalisation regime is not observed when L/N > 1/2 and,
considering the interval t/N ∈ [ν, ν + 1] with ν = {0, 1}, it approximately begins at t − νN ' L
and ends at t − νN ' N − L + 1. The straight dashed grey lines approximatively indicate the
beginning of the plateaux for different L/N < 1/2 (in particular, they are obtained by joining the
origin with the point of the curve made by the blue data points at t/N = 0.3).

We remark that the temporal evolution of CA in infinite chains is made by the three regimes
mentioned above (see Fig. 3.14, Fig. 3.15 and Fig. 3.16), as largely discussed in Sec. 3.5.

Comparing the temporal evolutions of CA and ∆SA for the same quench protocol and the
same subsystem in Fig. 3.7, we observe that the initial growth of CA in the first revival is faster
than the linear initial growth of ∆SA, as highlighted by the straight dashed black lines in Fig. 3.7.
Within the first revival, we do not observe a long range of t/N where the evolution of CA is linear.
Nonetheless, the straight line characterising the initial growth of ∆SA intersects the first local
maximum corresponding to the end of the initial growth of CA when L/N < 1/2. Considering the
data points for L/N < 1/2 and the initial regime of t/N corresponding to half of the first revival, we
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Figure 3.7: Temporal evolution of CA in (3.4.4) (top panels), of ∆SA in (3.4.5) (middle panels) and
of
√
L/N ∆SA/CA (bottom panels) after the global quench with gapless evolution Hamiltonian and

ω0N = 100, for a block A made by L consecutive sites in a harmonic chains with either PBC (left
panels) or DBC (right panels) made by N sites (in the latter case A is adjacent to a boundary).
When L = N the complexity (3.3.4) is shown for N = 100 (solid black lines) and N = 200 (dashed
green lines).

notice that, while the temporal evolution of ∆SA displays a linear growth followed by a saturation
regime, the temporal evolution of CA is characterised by the three regimes described above. The
saturation regimes of CA and ∆SA are qualitatively very similar and begin approximatively at the



3.4. SUBSYSTEM COMPLEXITY IN FINITE HARMONIC CHAINS 103

○

○
○
○○
○
○
○○
○○
○○
○○○

○○○
○○○

○○○○
○○○○○

○○○○○
○○○○○○

○○○○○○○
○○○○○○○○

○○○○○○○○○
○○○○○○○○○○○

○○○○○○○○○○○○
○○○○○○○○○○○○

○

○
○
○○
○

○
○○
○○
○○
○○○

○○○
○○
○○○○○

○○○○○
○○○○○

○○○○○○
○○○○○○

○○○○○○
○○○○○○○

○○○○○○○○○○
○○○○○○○○○○

○○○○○○○○○○
○○○○○○○○○○

○

○

○○
○
○

○
○○○

○

○
○○○

○
○○
○○
○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○

○

○

○
○○

○

○

○○○

○

○
○○○

○

○
○○
○

○

○
○○
○
○

○
○○
○
○

○
○○
○
○

○
○○
○
○

○
○○
○
○

○
○○
○
○

○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○
○
○○
○
○

×

×
×
××
×
×
××
××
××
×××

×××
×××

××××
×××××

×××××
××××××

×××××××
××××××××

×××××××××
×××××××××××

××××××××××××
××××××××××××

×

×
×
××
×

×
××
××
××
×××

×××
××
×××××

×××××
×××××

××××××
××××××

×××××
××××××

×××××××
××××××××××

××××××××××
×××××××××××

××××

×

×

××
×
×

×
×××

×

×
×××

×
××
××
×
×××××

×××××
×××××

×××××
×××××

×××××
×××××

×××××
×××××

×××××
×××××

×××××
×××××

×××××
×××××

×××××

×

×

×
××

×

×

×××

×

×
×××

×

×
××
×

×

×
××
×

×

×
××
×
×

×
××
×
×

×
××
×
×

×
××
×
×

×
××
×
×

×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×
×
××
×
×

■

■

■

■

○

×

0 2 4 6 8 10
0

1

2

3

4

5

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○

○○○○○○○○○

○
○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○
○○○○○○○

○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○○
○○○

○○

○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

○

○
○○
○
○○○

○

○

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×

×××××××××

×
×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

××
×××

××

×

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

×

×
××
×
×××

×

×

■

■

■

■○

×

0 2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

2.5

○

○

○
○
○○
○
○
○○
○
○○
○○○

○○
○○○

○○○
○○○

○○○○
○○○○○

○○○○○
○○○○○

○○○○○○
○○○○○○

○○○○○○○○
○○○○○○○

○○○○○○○○○
○○○○○○○○○○

○○○○○○○○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○

○

○

○

○

○○

○

○

○
○○

○

○
○
○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○

○

○

○

○○

○

○

○

○○

○

○

○
○○

○

○
○
○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

○
○○○

○

×

×

×
×
××
×
×
××
×
××
×××

××
×××

×××
×××

××××
×××××

×××××
×××××

××××××
××××××

××××××
×××××

×××××××
××××××××××

××××××××××
×××××

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×

×

××

×

×

×
××

×

×
×
××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×

×

×

××

×

×

×

××

×

×

×
××

×

×
×
××

×

×
×
××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

×
×××

×

■

■

■

■

○

×

0 2 4 6 8 10
0

1

2

3

4

5

6

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○

○
○○○○○○○○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○
○

○

○

○○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○
○

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○

○○○○

○

○

○
×

×××××××××

×

×××××××××

×

×××××××××

×

×
××××××××

×

×
××××××××

×

×
××××××××

×

×
××××××××

×

×
××××××××

×

×
××××××××

×

×
××××××××

××

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

××

×

×

×××××

×

×

×

×

×

×××××

×

×

×

×

×

×××××

×

×

×

×

×

×××××

×

×

×

×

×

×××××

×

×

×

×

×

××
×××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

××

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
××××

×

×

×

×

×

×
×××

×

×

×

×

■

■

■

■

○

×

0 2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

2.5

3.0

○

○

○

○

○○

○

○

○

○
○

○

○

○

○
○

○

○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○

○

○
○

○
○
○

○
○

○
○
○

○
○

○
○
○

○
○

○
○
○

○
○

○
○
○

○
○

○
○
○

○
○

○
○
○

○
○
○
○
○

○
○
○
○
○

○

×

×

×

×

××

×

×

×

×
×

×

×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

×
×

×

×

×

××

×

×

×

××

×

×

×

××

×

×

×

××

×

×

×

××

×

×

×

××

×

×

×

××

×

×

×

××

×

×
×

××

×

×
×

××

×

×
×

××

×

×
×

××

×

×

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○
××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××××

○

○

○
○

○
○

○
○○

○

○
○○○

○

○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○
○○○

○
○○
○○

○
○○
○○
○

×

×

×
×

×
×
×
××

×

×
×××

×

×
×××

×

×
×××

×

××
××

×

××
××

×

××
××

×

××
××

×

××
××

×
××××

×
××××

×
××××

×
××××

×
××××

×
××××

×
××××

×
××××

×
××××

×
××××

×

×

○

■

■

■

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○

○

○

○

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

○
○○○○○○○

○

○

○

○○○○○○○
○

○

○

○○○○○○○
○

○

○

○○○○○○○
○

○

○

○○○○○○○
○

○

○

○○○○○○○
○

○

○

○○○○○○○
○

○

○

○○○○○○○○

○

○

○○○○○○○○

○

○

○○○○○○○○

○

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×
×××××××

×

×

×

×××××××
×

×

×

×××××××
×

×

×

×××××××
×

×

×

×××××××
×

×

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○

○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○
○○○○

○

○

○

○

○

○

○○○○

○

○

○

○

○

○

○○○○

○

○

○

○

○

○

○○○○

○

○

○

○

○

○

○○○○

○

○

○

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

×

×

×
×××

×

×

×

×

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Figure 3.8: Temporal evolution of CA in (3.4.4) (top panels), of ∆SA in (3.4.5) (middle panels) and
of
√
L/N ∆SA/CA (bottom panels) after the global quench with a gapless evolution Hamiltonian

and ω0N = 20, for harmonic chains with either PBC (left panels) or DBC (right panels), in the
same setups of Fig. 3.6 are considered.

same value of t/N . Notice that the amplitude of the decrease of CA at the end of the first revival
is smaller than the one of ∆SA.

The temporal evolutions of CA and ∆SA can be compared for L/N 6 1/2. Indeed, for a bipartite
system in a pure state the entanglement entropy of a subsystem is equal to the entanglement
entropy of the complementary subsystem. This property, which does not hold for CA, implies the
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Figure 3.9: Temporal evolution of CA in (3.4.4) after the global quench with a gapped evolution
Hamiltonian for a block A made by L consecutive sites in harmonic chains with either PBC (left
panels) or DBC (right panels) made by N sites (in the latter case A is adjacent to a boundary of
the segment). When L = N the complexity (3.3.4) is shown for N = 100 (solid black lines) and
N = 200 (dashed green lines).

overlap between the data for ∆SA corresponding to L/N = 3/10 and to L/N = 7/10. Furthermore,
∆SA = 0 identically when L = N .

In the bottom panels of Fig. 3.7 we have reported the temporal evolutions of the ratio ∆SA/CA
for the data reported in the other panels of the figure. The curves of ∆SA/CA corresponding to PBC
(left panel) and DBC (right panel) are very similar. For instance, the curves for

√
L/N ∆SA/CA

have the same initial growth for different values of L/N . However, we remark that a mild loga-
rithmic decrease occurs in the thermalisation regime for PBC.

In Fig. 3.8 the range 0 6 t/N 6 10 is considered, which is made by 20 revivals for PBC and by
10 cycles for DBC. The temporal evolutions of CA in the top panels show that, up to oscillations
due to the revivals, after the initial growth CA keeps growing logarithmically for PBC (the solid
coloured lines in the top left panel are two-parameter fits through the function a + b log(t/N)
of the corresponding data), while it remains constant for DBC. This feature is observed also in
the corresponding temporal evolutions of ∆SA (middle panels of Fig. 3.8). These two logarithmic
growths for PBC are very similar, as shown by the temporal evolution of ∆SA/CA displayed in the
bottom left panel of Fig. 3.8.

In Fig. 3.9 and Fig. 3.10 we show some temporal evolutions of CA when the evolution Hamilto-
nian is massive (ω0 < ω in Fig. 3.9 and ω0 > ω in Fig. 3.10, with ωN = 5 in both the figures). In
these temporal evolutions one observes that the local extrema of the curves for CA having different
L/N roughly occur at the same values of t/N . It is insightful to compare these temporal evolu-
tions with the corresponding ones characterised by ω = 0 in Fig. 3.6 and Fig. 3.7. For PBC, the
underlying growth observed when ω = 0 does not occur if ω > 0. For DBC, the plateaux observed
in the saturation regime when ω = 0 are replaced by oscillatory behaviours if ω > 0.

In Fig. 3.10, we report the temporal evolutions of CA, of ∆SA and of ∆SA/CA for the same
global quench. The evolutions of CA and of ∆SA are qualitatively similar when L/N < 1/2. An
important difference is the initial growth at very small values of t/N : for CA is linear (see also
Fig. 3.11 and the corresponding discussion), while for ∆SA is quadratic, as highlighted in the insets
of the middle panels (the coefficient of this quadratic growth for PBC is twice the one obtained for
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Figure 3.10: Temporal evolution after the global quench with a gapped evolution Hamiltonian of CA
in (3.4.4) (top panels), of ∆SA in (3.4.5) (middle panels) and of

√
L/N ∆SA/CA (bottom panels)

for a block A made by L consecutive sites in harmonic chains with either PBC (left panels) or DBC
(right panels) made by N sites (in the latter case A is adjacent to a boundary of the segment).
When L = N , the complexity (3.3.4) is shown for N = 100 (solid black lines) and N = 200 (dashed
green lines).

DBC) and also observed in [329, 332–334]. Comparing the bottom panels of Fig. 3.10 against the
bottom panels of Fig. 3.7, one notices that the similarity observed for PBC and DBC when ω = 0
does not occur when ω 6= 0. It is important to perform a systematic analysis considering many
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Figure 3.11: Initial growth of CA in (3.4.4) for a block A made by L consecutive sites in harmonic
chains with either PBC (left panels) or DBC (right panels) made by N sites (in the latter case
A is adjacent to a boundary). When L = N , the complexity (3.3.4) is shown for N = 100 (solid
black lines) and N = 200 (dashed green lines).

other values of ωN and ω0N , in order to understand the effect of a gapped evolution Hamiltonian
in the temporal evolution of CA.

In Fig. 3.11 we consider the initial regime of the temporal evolution of CA w.r.t. the initial
state for various choices of ω0N and ωN (in particular, ω = 0 in the top panels, while ω > 0
in the bottom ones). Very early values of t are considered with respect to the ones explored
in the previous figures. In this regime, data collapses are observed for different values of L/N
when CA/

√
ω0L is reported as function of t/N . In the special case of L = N , the complexity of

pure states (3.3.4) discussed in Sec. 3.3 is recovered, as shown in Fig. 3.11 by the black solid lines
(N = 100) and by the green dashed lines (N = 200).

Each panel on the left in Fig. 3.11 is characterised by the same ω0N and ωN of the corre-
sponding one on the right. From their comparison, one realises that the qualitative behaviour of
the initial growth at very early times is not influenced by the choice of the boundary conditions.
Moreover, the linear growth of CA/

√
ω0L is independent of L/N for very small values of t/N ;

hence the slope of the initial growth can be found by considering the case L = N (discussed in
Sec. 3.3) and the approximation described in Sec. 3.3.4. From these observations, we obtain the
initial linear growth a(B) t/N + . . . where the dots represent higher order in t/N and the slope



3.4. SUBSYSTEM COMPLEXITY IN FINITE HARMONIC CHAINS 107

○

○ ○
○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○
○

○

○ ○
○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○
○

○

×

× ×
×
× × × × × × × × × × × × × × × × × × ×

×
×

×

× ×
×
× × × × × × × × × × × × × × × × × × ×

×
×

×

○

○
○ ○ ○

○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○
○ ○ ○

○

○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○
○ ○ ○

○

○

×

×
× × ×

× ×
× × × × × × × × × × × ×

× ×
× × ×

×

×

×
× × ×

× ×
× × × × × × × × × × × ×

× ×
× × ×

×

×

○

○

○ ○ ○ ○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○ ○ ○ ○

○

○

○
○ ○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○

○

×

×

× × × × ×
× × × × × × × × × × × ×

× × × × ×

×

×

×

× × × × ×
× × × × × × × × × × × ×

× × × × ×

×

×

○

○

○
○ ○ ○ ○ ○ ○ ○

○ ○
○ ○

○ ○
○ ○ ○ ○ ○ ○ ○

○

○

○

○

○
○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○
○ ○

○ ○ ○ ○ ○ ○ ○
○

○

○

×

×

×
× × × × × × ×

× ×
× ×

× ×
× × × × × × ×

×

×

×

×

×
× × × × × × ×

× ×
× ×

× ×
× × × × × × ×

×

×

×

×

○ ■

■

■

■

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5

6

○

○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○
○

○

○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○
○

○

×

× ×
× × × × × × × × × × × × × × × × ×

× × ×
×
×

×

× ×
× × × × × × × × × × × × × × × × × × × ×

×
×

×

○

○
○ ○ ○ ○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○ ○

○ ○ ○ ○ ○
○

○

○ ○ ○ ○ ○ ○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○
○ ○ ○ ○ ○

○

○

×

×
× × × × ×

× ×
× × × × × × × ×

× ×
× × × × ×

×

×

×
× × × × ×

× × × × × × × × × ×
× ×

× × × × ×
×

×

○

○
○ ○

○ ○ ○
○
○ ○ ○ ○ ○ ○ ○ ○

○ ○
○
○ ○ ○

○ ○

○

○

○
○ ○ ○ ○ ○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○
○ ○ ○ ○ ○

○

○

×

×
× ×

× × ×
×
× ×

× × × × × ×
× ×

×
× × ×

× ×
×

×

×

× ×
× × ×

×
× × × × × × × ×

× ×
×
× × ×

× ×

×

×

○

○

○ ○ ○
○ ○ ○

○
○
○ ○ ○ ○ ○ ○ ○

○
○ ○ ○

○ ○ ○

○

○

○
○ ○ ○

○ ○ ○
○ ○ ○ ○ ○ ○

○ ○ ○ ○
○ ○ ○

○ ○ ○

○

○

×

×

× × ×
× × ×

×
×
× × × × × ×

×
×
× × ×

× × ×

×

×

×

× × ×
× × ×

×
× × × × × × × ×

×
× × ×

× × ×

×

×

×

○ ■

■

■

■

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

5

6

○

○

○ ○

○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○ ○

○

○

○

○
○
○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○ ○ ○

○

○

○

○

○

○
○

○
○

○

○

○ ○ ○ ○ ○ ○ ○ ○

○

○

○ ○
○ ○

○

○

○

○

○

○

○
○
○

○

○

○
○ ○ ○ ○ ○ ○ ○

○

○

○ ○
○ ○

○

○

○

○

○

○

○

○

○ ○

○
○

○

○

○

○
○

○

○

○

○
○
○ ○

○

○

○

○

○

○

○

○

○

○

○
○
○

○

○

○

○

○

○

○

○

○
○
○ ○

○

○

○

○

○

○

○

○

○

○

○ ○ ○ ○ ○

○

○

○ ○
○

○

○
○ ○ ○ ○

○

○

○

○

○

○

○

○

○

○
○ ○ ○ ○

○

○

○
○
○

○

○

○ ○ ○ ○
○

○

○

○

○

×

×

× ×

×

× × × × × × × × × × × × × × × ×

×
× ×

×

×

×

× ×

×

× × × × × × × × × × × × × × × ×

× × ×

×

×

×

×

×

× ×

×
×

×

×

× × × × × × × ×

×

×

× ×

× ×

×

×

×

×

×

×
×

×
×

×

×

× × × × × × × ×

×

×

× ×

× ×

×

×

×

×

×

×

×

×

× ×

× ×

×

×

×

× ×

×

×

×

× ×

×
×

×

×

×

×

×

×

×

×

×

× ×

×
×

×

×

×

×
×

×

×

×

×
×

×
×

×

×

×

×

×

×

×

×

×

×

× × × × ×

×

×

× ×
×

×

×
× × × ×

×

×

×

×

×

×

×

×

×

× × × × ×

×

×

× ×
×

×

×
× × × ×

×

×

×

×

×

■

■

■

■

○

×

0.0 0.5 1.0 1.5 2.0
0

2

4

6

8

10

12

○

○

○
○
○ ○

○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○
○

○ ○ ○
○

○

○

○

○
○
○ ○

○ ○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○
○
○ ○

○
○

○

○

○

○

○

○

○
○

○

○
○

○

○
○ ○ ○ ○ ○

○

○ ○

○

○ ○
○

○

○

○

○

○

○

○
○
○

○
○

○

○
○ ○ ○ ○ ○

○

○ ○
○

○ ○
○

○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○
○

○

○

○
○

○

○

○
○

○

○

○

○

○

○

○

○

○ ○

○

○

○
○

○

○

○

○

○

○ ○

○

○

○ ○

○

○

○

○

○

○

○

○

○

○
○

○

○

○

○

○ ○ ○ ○ ○

○

○

○

○
○

○

○

○

○

○

○

○

○

○

○

○
○

○

○

○
○
○ ○ ○ ○

○

○

○

○
○

○

○

○

○

○

×

×

×
×
× ×

×
×

× × × × × × × × × ×
×

×

× ×
×
×

×

×

×

×
×
× ×

× ×

× × × × × × × × × ×
×

×

× × ×
×

×

×

×

×

×

×
×
×

×

×
×

×

×
× × × × ×

×

× ×

×

× ×
×

×

×

×

×

×

×

×
×

×

×
×

×

×
× × × × ×

×

×
×

×

× ×
×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×
×

×

×

×
×

×

×

×
×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×
×

×

×

×
×

×

×

×
×

×

×

×

×

×

×

×

×

×

× ×

×

×

×

×
× × × × ×

×

×

×

×
×

×

×

×

×

×

×

×

×

×

×
×

×

×

×

×
× × × × ×

×

×

×

×
×

×

×

×

×

×

■

■

■

■

○

×

0.0 0.5 1.0 1.5 2.0
0

2

4

6

8

10

Figure 3.12: Temporal evolution after the global quench with a gapless evolution Hamiltonian
of CA in (3.4.4) (top panels) and of ∆SA in (3.4.5) (bottom panels) for a block A made by L
consecutive sites and separated by dL sites from the left boundary of harmonic chains with DBC
made by N sites. When L = N , the complexity (3.3.4) is shown for N = 100 (solid black lines)
and N = 200 (dashed green lines).

depends on the boundary conditions labelled by B ∈ {P,D} as follows

a(P) =

∣∣(ωN)2 − (ω0N)2
∣∣

2ω0N

√√
m

4κ
ω0N coth

(√
m

4κ
ω0N

)
(3.4.6)

a(D) =

∣∣(ωN)2 − (ω0N)2
∣∣

2
√

2ω0N

√√
m

κ
ω0N coth

(√
m

κ
ω0N

)
− 1 . (3.4.7)

The grey dashed lines in Fig. 3.11 represent a(P) t/N (left panels) and a(D) t/N (right panels).

Since for DBC and ω = 0 the temporal evolution of CA displays a thermalisation regime after
the initial growth and the subsequent decrease when the block A with L/N < 1/2 is adjacent to
a boundary, we find it worth investigating also the case where A is separated from the boundary.
Denoting by dL the number of sites separating A from the left boundary of the chain (hence
dR = N − L − dL sites occur between A and the right boundary), CA must be invariant under a
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spatial reflection w.r.t. the center of the chain, i.e. when dL and dR are replaced by dR − 1 and
dL + 1 respectively.

In Fig. 3.12 we show the temporal evolutions of CA and of ∆SA for this bipartition of the
segment when the evolution Hamiltonian is gapless and ω0N = 100, for four different values of
L/N and fixed values of dL/N given by dL/N = 0.1 (left panels) or dL/N = 0.2 (right panels).
Once these parameters have been chosen, the data points corresponding to N = 100 and N = 200
nicely collapse on the same curve.

When dL 6= 0, a thermalisation regime where both the curves of CA and ∆SA are constant
occurs if b/N < 1/2, with b = min[dL + L, dR + L − 1] (see the red and blue curves in Fig. 3.12).
The plateau is observed approximatively for t/N ∈ [b/N, 1− b/N ] and its height depends on ω0L,
on L/N and also on dL/N . A remarkable feature of the temporal evolution of CA when dL > 0
is the occurrence of two local maxima for t/N < 1/2, while only one maximum is observed when
dL = 0 for t/N < 1/2 (see the top panels in Fig. 3.7). For any given value of L/N 6 1/2 in the
top panels of Fig. 3.12, the subsystem complexity grows in the temporal regime between the two
local maxima, for t/N < 1/2. The occurrence of two local maxima in the temporal evolution of
CA when A is separated from the boundary is observed also when N → ∞. This is shown in
Fig. 3.14 and Fig. 3.16, where we also highlight the logarithmic nature of the growth of CA in the
temporal regime between the two local maxima, which can be compared with a logarithmic growth
occurring in ∆SA (see e.g. Fig. 3.15).

Comparing each top panel with the corresponding bottom panel in Fig. 3.12, we observe that
the black dashed straight line (it is the same in the two top panels) captures the first local maximum
of CA. The slope of this line is twice the slope of the red dashed straight line in the bottom panels,
which identifies the initial linear growth of ∆SA.

3.5 Subsystem complexity and the generalised Gibbs ensemble

In this section we consider infinite harmonic chains, either on the infinite line or on the semi-
infinite line with DBC at the origin, and discuss that the asymptotic value of CA for a block made
by consecutive sites can be found through the generalised Gibbs ensemble (GGE).

3.5.1 Complexity of the GGE

An isolated system prepared in a pure state and then suddenly driven out of equilibrium through
a global quench does not relax. Instead, relaxation occurs for a subsystem [335–337] (see also the
review [80] and the references therein).

Consider a spatial bipartition of a generic harmonic chain given by a finite subsystem A and
its complement. Denoting by ρ̂(t) the density matrix of the entire system and by ρ̂A(t) the
reduced density matrix of A, a quantum system relaxes locally to a stationary state if the limit
limt→∞ limN→∞ ρ̂A(t) ≡ ρ̂A(t = ∞) exists for any A, where N is the number of sites in the
harmonic chain. This stationary state is described by the time independent density matrix ρ̂E

describing a statistical ensemble if limN→∞ ρ̂E,A = ρ̂A(t = ∞), for any A, where ρ̂E,A is obtained
by tracing ρ̂E over the degrees of freedom of the complement of A. For the global quench of
the mass parameter that we are investigating in infinite harmonic chains, the stationary state is
described by a GGE [89,310,338,339] (see the review [90] for an extensive list of references).

In terms of the creation and annihilation operators (2.2.48), the evolution Hamiltonian reads

Ĥ =

N∑

k=1

Ωk

(
b̂†k b̂k +

1

2

)
. (3.5.1)
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The GGE that provides the stationary state reads [84]

ρ̂GGE =
e−

∑N
k=1 λk b̂

†
k b̂k

ZGGE

ZGGE = Tr(ρ̂GGE) =
N∏

k=1

1

1− e−λk (3.5.2)

where ρ̂GGE is normalised through the condition Tr(ρ̂GGE) = 1. The conservation of the number

operators b̂†kb̂k tells us that the relation between their expectation values and λk reads [84]

nk ≡ Tr
(
b̂†k b̂k ρ̂GGE

)
=

1

eλk − 1
= 〈ψ0| b̂†k b̂k |ψ0〉 (3.5.3)

which is strictly positive because λk > 0 for any value of k.
Since the GGE in (3.5.2) is a bosonic Gaussian state, it is characterised by its covariance matrix

γGGE, which can be decomposed as follows

γGGE =

(
QGGE MGGE

M t
GGE PGGE

)
(3.5.4)

where (see Appendix C.2.2)

(QGGE)i,j = Tr
(
q̂i q̂j ρ̂GGE

)
(PGGE)i,j = Tr

(
p̂i p̂j ρ̂GGE

)
(MGGE)i,j = Re

[
Tr
(
q̂i p̂j ρ̂GGE

)]
.

(3.5.5)
One can find that

QGGE = Ṽ QGGE Ṽ t PGGE = Ṽ PGGE Ṽ t MGGE = 0 (3.5.6)

where Ṽ is defined below (3.2.4) and

QGGE ≡ diag
{
QGGE,k ; 1 6 k 6 N

}
PGGE ≡ diag

{
PGGE,k ; 1 6 k 6 N

}
(3.5.7)

with

QGGE,k ≡
1 + 2nk
2mΩk

PGGE,k ≡
mΩk

2
(1 + 2nk) . (3.5.8)

Thus, the covariance matrix (3.5.4) simplifies to γGGE = QGGE ⊕ PGGE, where QGGE and PGGE are
given by (3.5.6).

We find it worth writing the Williamson’s decomposition of γGGE, namely

γGGE = W t
GGEDGGEWGGE WGGE = XGGE V

t (3.5.9)

where the symplectic spectrum is given by

DGGE =
1

2
1 + diag

{
n1, . . . , nN , n1, . . . , nN

}
(3.5.10)

and, like for the 2N × 2N symplectic matrix WGGE, we have V = Ṽ ⊕ Ṽ and that the diagonal
matrix XGGE = X−1

phys is the inverse of Xphys defined in (2.2.44). We emphasise that γGGE does not
describe a pure state. Indeed, since nk > 0 for any k, from (3.5.10) we have that the symplectic
eigenvalues of γGGE are greater than 1/2, as expected for a mixed bosonic Gaussian state.

For the global quench in the harmonic chains that we considering, nk in (3.5.3) can be computed

from the expectation value of b̂†kb̂k on the initial state obtaining [84]

nk =
1

4

(
Ωk

Ω0,k
+

Ω0,k

Ωk

)
− 1

2
(3.5.11)
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where Ω0,k and Ωk are the dispersion relations of the Hamiltonian defining the initial state and
of the evolution Hamiltonian respectively. Notice that (3.5.11) is symmetric under the exchange
Ωk ↔ Ω0,k . We recall that the boundary conditions defining the harmonic chain influence both
the dispersion relations and the matrix V .

By introducing the reduced covariance matrix γGGE,A for A, obtained from (3.5.4) in the usual
way, the entanglement entropy

SGGE,A ≡ −Tr(ρ̂GGE,A log ρ̂GGE,A) (3.5.12)

can be evaluated from the symplectic spectrum of γGGE,A through standard methods [4, 191].

The asymptotic value of the increment of the entanglement entropy ∆SA when t→∞ can be
computed as follows

lim
L→∞

limt→∞ limN→∞∆SA
L

= lim
L→∞

limN→∞ SGGE,A

L
= lim

N→∞

SGGE

N
(3.5.13)

where the order of the limits is important and in the last step we used that SGGE is an extensive
quantity (see the review [340] and the references therein).

For the global quench in the harmonic chains that we are considering, the asymptotic value
(3.5.13) for the entanglement entropy reads [320]

lim
N→∞

SGGE

N
=

∫ π

0

[
(nθ + 1) log(nθ + 1)− nθ log nθ

] dθ
π

(3.5.14)

=

∫ π

0

{[
1

4

(
Ωθ

Ω0,θ
+

Ω0,θ

Ωθ

)
+

1

2

]
log

[
1

4

(
Ωθ

Ω0,θ
+

Ω0,θ

Ωθ

)
+

1

2

]
(3.5.15)

−
[

1

4

(
Ωθ

Ω0,θ
+

Ω0,θ

Ωθ

)
− 1

2

]
log

[
1

4

(
Ωθ

Ω0,θ
+

Ω0,θ

Ωθ

)
− 1

2

]}
dθ

π

in terms of nθ given in (3.5.11), where the dispersion relations to employ are (3.3.20). Let us stress
that (3.5.15) holds both for PBC and DBC and is finite for any choice of the parameter (including
ω = 0), for both the boundary conditions. It is also symmetric under the exchange Ωθ ↔ Ω0,θ;
hence under ω ↔ ω0 as well.

We study the circuit complexity to construct the GGE (which is a mixed state) starting from
the (pure) initial state at t = 0, by employing the approach based on the Fisher information
geometry developed in chapter 2. The optimal circuit to get γGGE from the initial covariance
matrix γ(0) at t = 0 reads [125]

Gs(γ(0) , γGGE) ≡ γ(0)1/2
(
γ(0)−1/2 γGGE γ(0)−1/2

)s
γ(0)1/2 (3.5.16)

where 0 6 s 6 1 parameterises the covariance matrix along the circuit. The length of the optimal
circuit (3.5.16) provides the circuit complexity

CGGE =
1

2
√

2

√
Tr
{[

log
(
γGGE γ(0)−1

)]2}
. (3.5.17)

Since MGGE = M(0) = 0, we have

γGGE = V
[
QGGE ⊕ PGGE

]
V t γ(0) = V

[
Q(0)⊕ P(0)

]
V t . (3.5.18)
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Figure 3.13: Asymptotic value of CGGE/
√
N from (3.5.22) (left panel) and of SGGE/N from (3.5.14)

(right panel) as functions of ω0, for some values of ω.

and therefore the complexity (3.5.17) reads

CGGE =
1

2
√

2

√√√√
N∑

k=1

{[
log

(
QGGE,k

Qk(0)

)]2

+

[
log

(
PGGE,k

Pk(0)

)]2
}

(3.5.19)

=
1

2
√

2

√√√√
N∑

k=1

{[
log

(
Ω0,k

Ωk
(1 + 2nk)

)]2

+

[
log

(
Ωk

Ω0,k
(1 + 2nk)

)]2
}
. (3.5.20)

By using (3.5.11), this expression becomes

CGGE =
1

2
√

2

√√√√
N∑

k=1

{[
log

(
Ω2

0,k

2 Ω2
k

+
1

2

)]2

+

[
log

(
Ω2
k

2 Ω2
0,k

+
1

2

)]2
}

(3.5.21)

which is symmetric under the exchange Ωk ↔ Ω0,k, hence under ω ↔ ω0 as well.
The leading order of this expression as N →∞ is given by

CGGE =

√
N

2
√

2π

√√√√
∫ π

0

{[
log

(
Ω2

0,θ

2 Ω2
θ

+
1

2

)]2

+

[
log

(
Ω2
θ

2 Ω2
0,θ

+
1

2

)]2
}
dθ (3.5.22)

where Ω0,θ and Ωθ are thermodynamic limits of the dispersion relations associated to the Hamilto-
nians before and after the quench respectively. By repeating the argument reported below (3.3.19),
one finds that (3.5.22) with (3.3.20) can be employed for both PBC and DBC. Moreover, the re-
sulting expression for CGGE/

√
N is finite for any choice of the parameters (including for ω = 0).

In Fig. 3.13 we show CGGE/
√
N from (3.5.22) and SGGE/N from (3.5.14) as functions of ω0, for

some values of ω. The resulting curves are qualitatively similar. At ω0 = ω they both vanish, but
CGGE/

√
N is singular at this point, while SGGE/N is smooth.

The reduced covariance matrix γGGE,A associated to any finite subsystem A is obtained by
selecting the rows and the columns in (3.5.4) corresponding to A. The results of chapter 2 can
be applied again to write the optimal circuit that provides γGGE,A from the initial mixed state
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characterised by the reduced covariance matrix γA(0) at t = 0, obtained from γ(0) through the
usual reduction procedure. This optimal circuit reads

Gs(γA(0) , γGGE,A) ≡ γA(0)1/2
(
γA(0)−1/2 γGGE,A γA(0)−1/2

)s
γA(0)1/2 (3.5.23)

where 0 6 s 6 1 parametrises the covariance matrix along the optimal circuit. Its length corre-
sponds to the subsystem complexity of the GGE w.r.t. the initial state

CGGE,A =
1

2
√

2

√
Tr
{[

log
(
γGGE,A γA(0)−1

)]2}
. (3.5.24)

Since the harmonic chain relaxes locally to the GGE after the quantum quench, for the sub-
system complexity of any finite subsystem A we expect

lim
t→∞

lim
N→∞

CA = lim
N→∞

CGGE,A (3.5.25)

which is confirmed by the numerical results in Fig. 3.14 and Fig. 3.16.
A numerical analysis shows that (3.5.25) grows like

√
L as L → ∞ for fixed values of ω and

ω0; hence, by adapting (3.5.13) to the subsystem complexity, we expect

lim
L→∞

limt→∞ limN→∞ CA√
L

= lim
L→∞

limN→∞ CGGE,A√
L

= lim
N→∞

CGGE√
N

(3.5.26)

where CGGE is given in (3.5.22) and the order of the limits is important.
In the following numerical analysis we show that, for the harmonic chains that we are exploring,

the asymptotic limit for t→∞ of the reduced density matrix after the global quench is the reduced
density matrix obtained from the GGE. This result has been already discussed for a fermionic chain
in [341], where, considering a global quench of the magnetic field in the transverse-field Ising chain
and the subsystem given by a finite block made by consecutive sites in an infinite chain on the
line, it has been found that a properly defined distance between the reduced density matrix at a
generic value of time along the evolution and the asymptotic one obtained from the GGE vanishes
as t→∞.

3.5.2 Numerical results

In order to test (3.5.24), infinite harmonic chains must be considered. The reference and the target
states have been described in Sec. 3.4. In this section we study harmonic chains both on the line
and on the semi-infinite line with DBC imposed at its origin. In the latter case, the block A made
by L consecutive sites is either adjacent to the origin or separated from it.

The correlators to employ in the numerical analysis are given by (C.2.3) for the infinite harmonic
chain on the line and by (C.2.4) for the harmonic chain on the semi-infinite line with DBC. The
reduced correlation matrices QA, PA and MA are the blocks providing the reduced covariance
matrix (3.4.1). These matrices are obtained by restricting the indices of the proper correlators
to i, j = 1, . . . , L when A is on the infinite line and to i, j = 1 + d, . . . , L + d when A is on the
semi-infinite line, where d corresponds to its separation from the origin

In the following we discuss numerical data sets obtained for infinite harmonic chains, either on
the infinite line or on the semi-infinite line, where ωL and ω0L are kept fixed.

In Fig. 3.14 and Fig. 3.15 we show the temporal evolutions of CA, of ∆SA and of ∆SA/CA after
the quench with ω0L = 20 and ωL = 0. In Fig. 3.16 we display the temporal evolution of CA with
ω0L = 100 and ωL = 0. The subsystem A is a block made by L consecutive sites either on a
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Figure 3.14: Temporal evolution of CA (top panel) and of ∆SA (bottom panel) after a global
quantum quench with a gapless evolution Hamiltonian and ω0L = 20. The subsystem is a block A
made by L consecutive sites either on the infinite line (black data points) or on the semi-infinite
line, separated by d sites from the origin where DBC hold (coloured data points). The dashed
black straight line is the same in both panels.

semi-infinite line, separated by d sites from the origin where DBC are imposed (coloured symbols),
or on the infinite line (black symbols). The black and coloured data points for CA have been found
through (3.4.4) with the reduced correlators obtained from either (C.2.3) or (C.2.4) respectively.
The coloured horizontal solid lines correspond to either (3.5.24) or (3.5.12), with the reduced
correlators from (C.2.11) for the target state and from (C.2.4) at t = 0 for the reference state,
with L = 50. Notice that a black horizontal solid line does not occur because the corresponding
value is divergent, as indicated also by the left panel in Fig. 3.17.

Considering the block on the semi-infinite line, in Fig. 3.14 and Fig. 3.16 we observe that the
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Figure 3.15: Temporal evolution of ∆SA/CA for the data reported in Fig. 3.14. The inset zooms
in to highlight the data points having t/L > 1.
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Figure 3.16: Temporal evolution of CA after a global quantum quench with a gapless evolution
Hamiltonian and ω0L = 100, in the same setups of Fig. 3.14. The inset zooms in on the intermediate
temporal regime between the two local maxima for the data having d/L = 3.

initial growth of CA is the same until the first local maximum, for all the values of d/L. After
the first local maximum, the temporal evolution of CA depends on whether the block is adjacent
to the boundary. If d/L = 0 the curve decreases until it reaches the saturation value. Instead,
when d/L > 0, first CA decreases along a different curve (see e.g. Fig. 3.16) until a local minimum;
then we observe an intermediate growth, followed by a second local maximum and finally by the
saturation regime. A fitting procedure shows that the intermediate growth between the two local
maxima is logarithmic (in the inset of Fig. 3.16 the grey dashed curve has been found by fitting
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the data having L = 40 and d/L = 3 through a logarithm and a constant). Its temporal duration
is approximatively d/L − 1/2, for the three values of non vanishing d/L considered in Fig. 3.14
and Fig. 3.16. Fitting the intermediate growth in Fig. 3.14 and Fig. 3.16, one observes that the
coefficient of the logarithmic growth decreases as ω0L increases. The first local maximum in the
temporal evolution of CA occurs for 0 < t/L < 1. When d > 0, the second maximum occurs for
d/L < t/L < (d+ 1)/L. Notice that these two local maxima can be seen also in the top panels of
Fig. 3.12 for t/N < 1/2.

In Fig. 3.14, Fig. 3.15 and Fig. 3.16, the data points represented through black symbols have
been obtained for a block in the infinite line. These data overlap with the ones corresponding
to the block on the semi-infinite line with d > 0 until the latter ones display the development
of the second local maximum. For the temporal evolution of CA on the infinte line only one
local maximum occurs and the intermediate logarithmic growth mentioned above does not finish
within the temporal regime that we have considered. This agreement tells us that the second local
maximum in the temporal evolution of CA is due to the presence of the boundary.

The temporal evolutions of ∆SA in the bottom panel of Fig. 3.14 can be explained by employing
the quasi-particle picture [82], which provides the different temporal regimes and the correspond-
ing qualitative behaviour of ∆SA (for the subsystems where a boundary occurs, the quasi-particle
picture has been described e.g. in [209]). The different regimes identified by this analysis corre-
spond to the vertical dot-dashed lines in the bottom panel of Fig. 3.14. Instead, the vertical dashed
grey lines in the top panel of Fig. 3.14 correspond to t/L = 1 + d/L. For d > 0, when t/L > 1/2
we observe a regime of logarithmic growth for ∆SA whose duration depends on d/L according to
the quasi-particle picture, until the beginning of a linear decreases. Considering two sets of data
points of ∆SA having different d/L, they collapse until the first linear decrease is reached.

The initial growths of CA and of ∆SA in Fig. 3.14 are very different. For instance, the growth
of CA is the same for all the data sets, while for ∆SA it depends on whether d vanishes. Moreover,
while the growth of ∆SA is linear for t/L < 1 when d = 0 and for t/L < 1/2 when d > 0, the
growth of CA is linear only at the very beginning of the temporal evolution and it clearly deviates
from linearity within the regime of t/L where ∆SA grows linearly. The dashed black straight line
passing through the origin in Fig. 3.14 describes the linear growth of ∆SA when d = 0 and it is
the same in both the panels. This straight line intersects the first local maximum of CA. This has
been highlighted also for finite systems in Fig. 3.7 and Fig. 3.12.

In Fig. 3.15 we show the ratio ∆SA/CA for the data reported in Fig. 3.14. We remark that the
two logarithmic growths occurring in ∆SA and in CA almost cancel in the ratio; indeed, a mild
logarithmic decreasing is observed when t/L > 1 for the data obtained on the infinite line (black
symbols) and when 1 < t/L < 3 for the data obtained on the semi-infinite line with d/L = 3 (red
symbols) that are already collapsed.

The curves in Fig. 3.16 must be compared with the corresponding ones in top panel in Fig. 3.14
in order to explore the effect of ω0L. The height of the first local maximum in the temporal
evolution of CA and also the saturation values for the data obtained on the semi-infinite line
increase as ω0L increases. Instead, the coefficient of the logarithmic growth after the first local
maximum decreases as ω0L increases, as already remarked above. Notice that higher values of L
are needed to observe data collapse as ω0L increases.

From the numerical results reported in the previous figures, we conclude that (3.5.24) provides
the asymptotic value of the subsystem complexity as t → ∞; hence it is worth studying the
dependence of this expression on the subsystem size and on the parameters of the quench protocol.

In Fig. 3.17 we show numerical results for (3.5.24), obtained by using the reduced correlators
from (C.2.8) and (C.2.11) for the target state and the reduced correlators from (C.2.3) and (C.2.4)
at t = 0 for the reference state.
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Figure 3.17: Asymptotic value of CGGE,A in (3.5.24) for a block A made by L consecutive sites in
infinite chains in terms of ωL. The block is either in an infinite chain (left panel) or adjacent to
the origin of the semi-infinite line with DBC (right panel).

In Fig. 3.17 we show (3.5.24) as function of ωL when the block is either in the infinite line (left
panel) or at the beginning of the semi-infinite line with DBC (right panel). The main difference
between the two panels of Fig. 3.17 is that the limit ωL → 0 is finite for the semi-infinite line
while it diverges for the infinite line (the correlators (C.2.8) are well defined for ω 6= 0). This is
consistent with the results displayed through the black symbols in the top panel of Fig. 3.14 and
in Fig. 3.16.

Within the context of the gauge/gravity correspondence, the temporal evolution of the holo-
graphic subsystem complexity in the gravitational backgrounds given by Vaidya spacetimes has
been studied numerically through the CV proposal [145,316–318].

We find it worth remarking that the qualitative behaviour of the temporal evolution of CA
for an interval in the infinite line shown by the black data points in Fig. 3.14 and Fig. 3.16 is in
agreement with the results for the temporal evolution of the holographic subsystem complexity
reported in [145, 316]. The change of regime occurs at t/L ' 1/2 for both these quantities and
their qualitative behaviour in the initial regime given by 0 < t/L < 1/2 is very similar.

For t/L > 1/2 we observe a logarithmic growth whose coefficient depends on ω0L in Fig. 3.14
and Fig. 3.16, while the holographic subsystem complexity remains constant. However, a similar
issue occurs in the corresponding comparison for the entanglement entropy.

3.6 Discussion

In this chapter we studied the temporal evolution of the subsystem complexity after a global
quench of the mass parameter in harmonic lattices, focussing our analysis on harmonic chains
with either PBC or DBC and on subsystems given by blocks of consecutive sites. The initial state
is mainly chosen as the reference state of the circuit. The circuit complexity of the mixed states
described by the reduced density matrices has been evaluated by employing the approach based on
the Fisher information geometry introduced in chapter 2, which provides also the optimal circuit
(see (3.4.2) and (3.4.3)).

When the entire system is considered (see Sec. 3.2.2, Sec. 3.2.3 and Sec. 3.3) and when the refer-
ence and the target states are pure states along the time evolution of a given quench, the optimal
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circuit is made by pure states [35, 40] and for the temporal evolution of the circuit complexity
after the global quench one obtains the expression given by (3.2.19) and (3.2.20), which holds in
a generic number of dimensions. Specialising the latter result to the harmonic chains where either
PBC or DBC are imposed, one obtains (3.3.4), where the contribution of the zero mode for PBC
is highlighted. The occurrence of the zero mode provides the logarithmic growth of the complexity
when the evolution is critical (see (3.3.11) and Fig. 3.1).

In Sec. 3.4 and Sec. 3.5 we investigate the temporal evolution of the subsystem complexity
CA after a global quench. For a gapless evolution Hamiltonian, our main results are shown in
Fig. 3.6, Fig. 3.7, Fig. 3.8 and Fig. 3.12 for finite chains and in Fig. 3.14, Fig. 3.15, and Fig. 3.16
for infinite chains. In some cases, also the temporal evolutions for the corresponding increment
of the entanglement entropy ∆SA are reported, in order to highlight the similar features and the
main differences. This comparison allows to observe that the initial growths of CA and ∆SA are
very different, while the behaviours in the saturation regime are similar, as highlighted in Fig. 3.7,
Fig. 3.8 and Fig. 3.15. An important difference between the temporal evolution of CA and of ∆SA
is that CA displays a local maximum before the saturation regime (within a revival for finite
systems). Interestingly, within the framework of the gauge/gravity correspondence, this feature
has been observed also in the temporal evolution of holographic subsystem complexity in Vaidya
gravitational backgrounds [145,316].

For the infinite harmonic chains that we have considered the asymptotic regime is described
by a GGE; hence in Sec. 3.5 we have argued that the asymptotic value of the temporal evolution
of CA is given by (3.5.24). This result has been checked for ω = 0 (see Fig. 3.14and Fig. 3.16 ).

In the future research, it would be interesting to investigate the subsystem complexity and
its temporal evolution after a quench in fermionic systems, in circuits involving non-Gaussian
states and in interacting systems. The analysis reported in this chapter can be extended straight-
forwardly in various directions. For instance, we find it worth exploring the dependence of the
temporal evolution on the reference state (e.g. by considering the unentangled product state
as the reference state) and the temporal evolution for higher dimensional harmonic lattices. In
Sec. 2.4 the subsystem complexity has been studied also by employing the entanglement Hamil-
tonians [4, 10, 101, 102, 177–179, 192]; hence one can consider the possibility to explore also its
temporal evolution through these entanglement quantifiers.

It would be interesting to study the temporal evolutions of the subsystem complexity by em-
ploying other ways to evaluate the complexity of mixed states, e.g. through other distances between
bosonic Gaussian states [129] or the approach based on the purification complexity [79,130]. The
cost function plays an important role in the evaluation of the circuit complexity [35]; hence it is
worth studying its effect on the temporal evolution of the subsystem complexity.

Finally, it is important to keep exploring the temporal evolutions of the subsystem complexity
through holographic calculations in order to find qualitative features that are observed in lattice
models. They would be crucial tests for quantum field theory methods to evaluate the subsystem
complexity.





Chapter 4

Complexity after a local quantum
quench

4.1 Introduction

The global quench discussed in chapter 3 is not the only interesting protocol for studying the
dynamics of a quantum system out of equilibrium. Given a system prepared in a state |ψ0〉, if

we consider a sudden change at t = 0 (that provides the time-evolved state |ψ(t)〉 = e−iĤt|ψ0〉
for t > 0) occurring only at a point, we have the so-called local quench. For instance, local
quenches where either two systems are joined together [85, 86] or a local operator is inserted at
some point [87, 88] have been explored and the entanglement entropy SA after these quenches
has been studied [198, 342, 343]. It is worth investigating the temporal evolutions of the circuit
complexity for the entire system and of the subsystem complexity after a local quench.

The temporal evolution of the holographic entanglement entropy after a local quench has been
explored in [344–350]. For the local quench corresponding to an operator insertion the temporal
evolution of the holographic subsystem complexity has been considered [143, 144], while for the
local quench where two systems are joined together only the holographic entanglement entropy
has been studied [345,349].

In this chapter, we are interested in the temporal evolution of the circuit complexity after
a local quench. We consider the local quench described by Eisler and Zimborás in [293], where
two harmonic chains containing rN and (1 − r)N sites are joined at t = 0 (here r is a rational
number 0 6 r 6 1), as shown in the top panel in Fig. 4.1. We focus on circuits made only by
Gaussian states. First we study the temporal evolution of the complexity for the entire chain; then
we investigate the temporal evolution of the subsystem complexity CA for the subsystem A given
by a block of L consecutive sites (the spatial bipartitions considered in the chapter are shown in
the bottom panels of Fig. 4.1), by employing the complexity for mixed states based on the Fisher
information geometry and discussed in chapter 2 (see also [98]).

The outline of this chapter is as follows. In Sec. 4.2 we describe the local quench protocol,
introducing the covariance matrices characterising the states involved in the construction of the
optimal circuit. In Sec. 4.3 we evaluate numerically the temporal evolution of the circuit complexity
for the entire chain, choosing the (pure) initial state at t = 0 as the reference state and the (pure)
state at generic time t > 0 after the local quench as the target state. In Sec. 4.4 we discuss our
numerical analysis of the temporal evolutions of the subsystem complexity for a block of consecutive
sites. Some conclusions and open questions are drawn in Sec. 4.5.
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Figure 4.1: The local quench considered in this chapter: two harmonic chains containing Nl = rN
and Nr = (1 − r)N sites are joined together at t = 0 into a single chain made by N ≡ Nl + Nr

sites (top panel). The subsystem A is a block of L consecutive sites (red segment), either adjacent
to the left boundary (bottom left panel) or centered at the midpoint of the chain, when r = 1/2
(bottom right panel).

4.2 Covariance matrix after the quench

The Hamiltonian of the harmonic chain made by N sites (we set ~ = 1) is given by

Ĥ =

N∑

i=0

(
1

2m
p̂2
i +

mω2

2
q̂2
i +

κ

2
(q̂i+1 − q̂i)2

)
(4.2.1)

where the position and the momentum operators q̂i and p̂i are hermitean operators satisfying the
canonical commutation relations [q̂i, q̂j ] = [p̂i, p̂j ] = 0 and [q̂i, p̂j ] = iδi,j . The Dirichlet boundary
conditions (DBC) q̂0 = q̂N+1 = 0 and p̂0 = p̂N+1 = 0 are imposed at the endpoints.

The initial state is given by the following pure state

|Ψ(l,r)

0 〉 ≡ |ψl〉 ⊗ |ψr〉 (4.2.2)

where |ψl〉 is the ground state of the Hamiltonian Ĥl, defined by (4.2.1) for the sites labelled by
1 6 i 6 Nl, with the physical parameters ml, ωl and κl and DBC imposed at i = Nl + 1. Similarly,
|ψr〉 is the ground state of the Hamiltonian Ĥr in (4.2.1) for the chain made by the sites labelled
by Nl + 1 6 i 6 Nl +Nr + 1, with parameters mr, ωr and κr and DBC imposed at i = Nl +Nr + 1.
Thus, the initial state (4.2.2) depends on Nl, ml, ωl, κl, Nr, mr, ωr and κr. The total number of
sites is N ≡ Nl + Nr. Equivalently, we can describe the initial state in terms of N and of the
position parameter 0 6 r 6 1 (in unit of N), that determines the separation between the left and
the right chain; indeed Nl = Nr and Nr = N(1− r).

Given the state (4.2.2) at t = 0, the time evolved state at t > 0 through (4.2.1) is

|Ψ(l,r)(t)〉 = e−iĤt|Ψ(l,r)

0 〉 . (4.2.3)

This setup describes different quantum quenches. A global quench can be obtained by setting
Nl = N and Nr = 0 (or viceversa, equivalently), κl = κr ≡ κ0, ml = mr ≡ m0 and ωl = ωr ≡ ω0. In
this case the initial state is the ground state of a single chain made by N sites. If κ0 6= κ, m0 6= m
and ω0 6= ω, the global quench involves all the parameters occurring in the Hamiltonian (4.2.1).
An important special case is the global quench of the frequency parameter [83].
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In this chapter we consider the local quench described in [293], where two disconnected har-
monic chains, containing Nl = rN and Nr = (1 − r)N sites, are joined at t = 0, as represented
pictorially in the top panel of Fig. 4.1. This quench protocol corresponds to mr = ml = m,
κr = κl = κ and ωr = ωl = ω.

The bosonic Gaussian states in harmonic lattices are fully characterised by their covariance
matrix [77, 78]. In the quench protocol that we are considering [293], the initial state (4.2.2) is
Gaussian and the time evolution generated by (4.2.1) preserves its Gaussian nature; hence (4.2.3)
is Gaussian too, for any t > 0. The time evolved state (4.2.3) is completely characterised by the
2N × 2N covariance matrix γ(l,r)(t), whose generic element is defined as

γ(l,r)

i,j (t) = Re
[
〈r̂i(t) r̂j(t)〉

]
r̂(t) ≡

(
q̂1(t), . . . , q̂N (t), p̂1(t), . . . , p̂N (t)

)t
. (4.2.4)

The covariance matrix of the initial state (4.2.2) at t = 0 reads [293]

γ(l,r)

0 = V t
0 Γ0 V0 (4.2.5)

where the superscript indicates that this covariance matrix corresponds to an initial configuration
made by two disjoint chains, containing Nl and Nr sites respectively, and

Γ0 = Q0 ⊕ P0 Q0 =
1

2
T −1

0 P0 =
1

2
T0 (4.2.6)

with T0 being the following diagonal matrix

T0 ≡ diag
(
ml Ω

(l)

1 , . . . ,ml Ω
(l)

Nl
,mr Ω(r)

1 , . . . ,mr Ω(r)

Nr

)
(4.2.7)

written in terms of the dispersion relations

Ω(s)

k =

√
ω2

s +
4κs

ms

[
sin

(
πk

2(Ns + 1)

)]2

1 6 k 6 Ns s ∈
{

l, r
}
. (4.2.8)

The matrix V0 in (4.2.5) is block diagonal too and it can be written as

V0 ≡ Ṽ0 ⊕ Ṽ0 Ṽ0 = ṼNl
⊕ ṼNr (4.2.9)

where the elements of the ṼNl
and ṼNr are given by

(
ṼNs

)
j,k

=

√
2

Ns + 1
sin

(
πjk

Ns + 1

)
1 6 j, k 6 Ns s ∈

{
l, r
}
. (4.2.10)

Notice that, since the matrices ṼNs defined by (4.2.10) are orthogonal, Ṽ0 is symplectic and
orthogonal. Thus, also V0 in (4.2.9) is symplectic and orthogonal.

We find it worth remarking that, in the expression (4.2.5) for γ(l,r)

0 , the parameters ml, ωl, κl,
mr, ωr and κr occur in Q0 and P0, while V0 depends only on Nl and Nr.

The covariance matrix (4.2.4) of the pure state (4.2.3) at any t > 0 after the quench is written
in terms of the covariance matrix of the initial state (4.2.5) as [293]

γ(l,r)(t) = E(t) γ(l,r)

0 E(t)t (4.2.11)

where the time dependence occurs only through the matrix E(t).
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As done also for the covariance matrix after a global quench in Sec. 3.2.1, a convenient block
decomposition of (4.2.11), which is employed in Sec. 4.4.1, reads

γ(l,r)(t) =

(
Q(t) M(t)
M(t)t P (t)

)
(4.2.12)

where Q(t), P (t) and M(t) are the N×N correlation matrices whose elements are given by (3.2.2).

An insightful decomposition for the matrix E(t) in (4.2.11) is [293]

E(t) = V t E(t)V V = ṼN ⊕ ṼN (4.2.13)

in terms of the matrix ṼN , whose generic element is given by (4.2.10) with Ns replaced by N , and
of the matrix E(t), whose block decomposition reads

E(t) ≡
(
D(t) A(t)
B(t) D(t)

)
(4.2.14)

with D, A and B being diagonal matrices whose elements are respectively

Dk(t) ≡ cos
(
Ωkt
)

Ak(t) ≡
sin
(
Ωkt
)

mΩk
Bk(t) ≡ −mΩk sin

(
Ωkt
)

(4.2.15)

where Ωk is the dispersion relation given by (3.3.1) Since ṼN is orthogonal, V is symplectic and
orthogonal. This observation and the fact that E(t = 0) = 1 lead to E(t = 0) = 1; hence, from
(4.2.11), we have that γ(l,r)(t = 0) = γ(l,r)

0 , as expected. Notice that, by using (4.2.15), one finds that
E(t) in (4.2.14) is symplectic; hence, since V is symplectic too, we conclude that E(t) in (4.2.13)
is symplectic. Thus, E(t) implements on the initial covariance matrix the unitary transformation
on the initial state given in (4.2.3).

4.3 Complexity for the harmonic chain

In this section we discuss the temporal evolution of the complexity for the entire chain after the
local quench defined in Sec. 4.2; hence both the reference and the target states are pure. We focus
on the simplified setup where the quantum circuits are made only by bosonic Gaussian states with
vanishing first moments.

4.3.1 Optimal circuit and complexity

The reference and the target states are fully characterised by their covariance matrices, which are
γR and γT respectively. The circuit complexity obtained from the Fisher-Rao distance between γR

and γT is given by (2.2.24), which is, as detailed in Sec. 2.2.4, proportional to the length of the
optimal circuit that allows to construct γT from γR (see (2.2.20)).

Denoting by tR and tT the values of time t corresponding to the reference and to the target
states respectively, for their covariance matrices we have

γR = γ(l,r)(tR) γT = γ(l,r)(tT) . (4.3.1)

In the most general setup, these matrices depend on the sets of parameters given by YS ≡
{ml,S, κl,S, ωl,S,mr,S, κr,S, ωr,S,mS, κS, ωS}, with S = R and S = T for the reference and the tar-
get state respectively. The corresponding states can be interpreted as the states obtained through
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the time evolutions at t = tR > 0 and t = tT > tR respectively, through two different quenches
determined by the parameters YR and YT respectively, as described in Sec. 4.2.

The circuit complexity (2.2.24) can be evaluated by finding the eigenvalues of γT γ
−1
R .

For the reference and the target states (where V is orthogonal) with ER ≡ E(tR) and ET ≡ E(tT),
we find

γT γ
−1
R =

(
V t ET V

)(
V t

0 Γ0,T V0

)(
V t Et

T V
)(
V t E−t

R V
)(
V t

0 Γ−1
0,R V0

)(
V t E−1

R V
)

= V t ET V V t
0 Γ0,T V0 V

t Et
T E−t

R V V t
0 Γ−1

0,R V0 V
t E−1

R V . (4.3.2)

This expression is difficult to deal with mainly because of V V t
0 , which encodes the spatial geome-

tries before and after the local quench.

Notice that, when tR = tT = 0 (corresponding to a static configuration), ml,R = ml,T, mr,R =
mr,T and either Nl = 0 or Nr = 0, the result obtained in [35] can be recovered.

The above results can be employed to study the temporal evolution of the complexity after a
global quench. In particular, choosing the parameters as mentioned in Sec. 4.2, one can show that
the analysis of [293] allows to recover the correlators obtained in [84], which have been employed
in chapter 3 to evaluate the temporal evolutions both of the complexity of the entire chain (see
also [312]) and of the subsystem complexity after this kind of global quench.

In this chapter we are interested in circuits whose reference and the target states are pure
states along the time evolution of a given local quench at different times tR and tT. This can be
done by choosing the parameters introduced in Sec. 4.2 as follows

m ≡ ml,R = ml,T = mr,R = mr,T = mR = mT

κ ≡ κl,R = κl,T = κr,R = κr,T = κR = κT

ω ≡ ωl,R = ωl,T = ωr,R = ωr,T = ωR = ωT .
(4.3.3)

From (4.2.6), we have that Γ0,T and Γ0,R do not depend on time and the setting given by (4.3.3)
leads to Γ0,T = Γ0,R ≡ Γ0. Thus, (4.3.2) simplifies to

γT γ
−1
R = V t ET V V t

0 Γ0 V0 V
t Et

T E−t
R V V t

0 Γ−1
0 V0 V

t E−1
R V . (4.3.4)

In our analysis we mainly consider the initial state (4.2.2) as the reference state. This choice
corresponds to set tR = 0 in (4.3.1) and γR = γ(l,r)

0 given by (4.2.5). In this case one finds that
ER = E(t = 0) = 1 and that (4.3.4) simplifies to

γT γ
−1
R = V t E V V t

0 Γ0 V0 V
t Et V V t

0 Γ−1
0 V0 (4.3.5)

where the notation ET = E has been introduced. Finding the eigenvalues of (4.3.5) analytically is
complicated; hence we study them numerically.

4.3.2 Initial growth

It is worth exploring the leading term of the initial growth of the temporal evolution of the
complexity (2.2.24) for the entire chain when the reference state is the initial state (i.e. γR = γ(l,r)

0

in (4.2.5)) and the target state is the state at time t after the local quench that we are exploring
(i.e. γT = γ(l,r)(t) in (4.2.11)).

By expanding E(t) in (4.2.14) as t→ 0, one finds

E(t) =

(
1 t

m1
tN 1

)
+O

(
t2
)

N ≡ −m diag
(

Ω2
1, . . . ,Ω

2
N

)
(4.3.6)
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where Ωk is given in (3.3.1). This leads to the following expansion for (4.2.13)

E(t) = 1 + t E(1) +O
(
t2
)

E(1) =

(
0 1

m1

Ṽ t
N N ṼN 0

)
(4.3.7)

where theN×N matrix Ṽ t
N N ṼN is not diagonal. By using the expansion (4.3.7), for the covariance

matrix (4.2.11) we find

γ(l,r)(t) = γ(l,r)

0 +
(

(E(1)γ
(l,r)

0 + γ(l,r)

0 E t
(1)

)
t+O

(
t2
)

(4.3.8)

where the O(t) term is symmetric, as expected. This straightforwardly leads to

γT γ
−1
R = 1 +

[
E(1) + γ(l,r)

0 E t
(1)

(
γ(l,r)

0

)−1
]
t+O

(
t2
)
. (4.3.9)

This expansion provides the following linear growth for the complexity (2.2.24)

C = c1 t+O
(
t2
)

(4.3.10)

where for the coefficient c1 we find

c2
1 =

1

4

{
Nl∑

k=1

[
Ω(l)

k

]2
+

Nr∑

k=1

[
Ω(r)

k

]2 − 2

N∑

k=1

Ω2
k

+ Tr
[
Ṽ t
N N ṼN Ṽ

t
0 Q0 Ṽ0 Ṽ

t
N N ṼN Ṽ

t
0 P−1

0 Ṽ0

]}
. (4.3.11)

Simplifying further the last term in this expression is complicated, hence we evaluate it numerically,
as done in the bottom panel of Fig. 4.4 to determine the dashed straight line.

As a consistency check for (4.3.11), let us consider the trivial case where the quench does not
occur, which corresponds to set Nl = N and Nr = 0 (or viceversa), implying that Ṽ0 = ṼN . One
finds that the last term in (4.3.11) simplifies to

∑N
k=1 Ω2

k. Then, since Nr = 0, the second sum
in (4.3.11) does not occur and therefore c1 = 0, as expected, consistently with the fact that the
initial state does not evolve.

4.3.3 Numerical results

In this section we discuss some temporal evolutions of the complexity for the entire chain after
a local quench where two chains are joined (see Sec. 4.2), evaluated numerically through (2.2.24).
The reference and the target states are respectively the initial state (tR = 0) and the pure state
corresponding to a generic value of tT ≡ t > 0 along the evolution after the quench. The parameters
of this quench protocol are set as in (4.3.3). The data points reported in all the figures shown in
the main text have been obtained for m = 1 and κ = 1.

In Fig. 4.2 and Fig. 4.3, the temporal evolutions corresponding to critical Hamiltonians are
considered; i.e. ω = 0. Since the volume is kept finite, revivals are observed, as already discussed
for the temporal evolutions of other quantities [323]. The different cycles correspond to p <
t/(2N + 2) < p + 1, with p being a non-negative integer. This approximate periodic behaviour
is observed also in the correlators providing the covariance matrix. For instance, in Fig. 4.2 the
cycles corresponding to p = 0 and p = 1 are displayed.
Within each cycle we can identify three temporal regimes: (I) p < t/(2N+2) < p+r, characterised
by an initial growth, a local maximum and a subsequent decrease; (II) p+r < t/(2N+2) < p+1−r,
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Figure 4.2: Temporal evolution of the complexity C in (2.2.24) for the entire chain (made by N
sites) after a local quench with ω = 0 w.r.t. the initial state at t = 0. Here either r = 1/2 (left
panels) or r = 1/4 (right panels). The dashed curve in the top left panel corresponds to (4.3.12),
while the ones in the bottom panels are obtained from (4.3.13).

where the evolution is almost stationary (a slight convexity of the curves is observed by zooming
in); (III) p + 1 − r < t/(2N + 2) < p + 1, characterised by a growth until a local maximum is
reached and a subsequent decrease. The last regime is very similar the first one, after a time
reversal; indeed, the curve of C(t) within each cycle remains roughly invariant after a reflection
with respect to the value of t corresponding to the center of the cycle.

In the special case of r = 1/2 (see the top left panel of Fig. 4.2 and the black symbols in
Fig. 4.3), the second regime does not occur; hence the cycles correspond to p < t/(N + 1) < p+ 1,
with p being a non-negative integer.

In the top panels of Fig. 4.2, the temporal evolutions of C − 1
5 log(N + 1) are displayed for

r = 1/2 (left panel) and r = 1/4 (right panel). When N is large enough, the data for different
values of N nicely collapse, except for the beginning and the end of each cycle, as discussed below.
In the top left panel of Fig. 4.2, where r = 1/2, also the following curve is shown

C(t) =
1

5
log

{(
N + 1

π

) ∣∣∣∣ sin
(

π t

N + 1

)∣∣∣∣
}

+ const (4.3.12)

which nicely agrees with the data points in the middle of each cycle p < t/(N + 1) < p+ 1, when
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Figure 4.3: Temporal evolution of the complexity C in (2.2.24) for the chain with N = 100 after a
local quench with ω = 0 w.r.t. the initial state, for various positions of the joining point (see the
top panel of Fig. 4.1).

N is large enough.
In the bottom panels of Fig. 4.2, we consider the temporal regime of initial growth for C

subsequent to the early linear growth (4.3.10). We find that the data corresponding to different
values of N nicely collapse on the curve given by

C =
1

4
log(t) + const (4.3.13)

with const ' 0.5346 within a temporal regime whose width increases with N . Notice that (4.3.13)
does not correspond to the leading term of (4.3.12) when t/(N + 1) → 0 because the coefficients
multiplying the logarithms are different. This is consistent with the fact that the data in the top
panels of Fig. 4.2 do not collapse at the beginning and at the end of each cycle. Taking t/(2N + 2)
instead of t as the independent variable in the bottom panels of Fig. 4.2, the data collapse is
observed for C − 1

4 log(N + 1) and not for C − 1
5 log(N + 1), which is plotted in the top panels

of the same figure. This is consistent with the data corresponding to the black symbols in the
right panels Figs. 4.5 and 4.7 and in the left panels of Fig. 4.9, which describe the complexity of
the entire chain. Let us anticipate that also for the subsystem complexity CA different temporal
regimes occur where the data points for CA − α log(N + 1) corresponding to increasing values of
N collapse, with different values of α in the different regimes (see Sec. 4.4). By comparing the two
bottom panels in Fig. 4.2, we observe that the initial growth of the complexity is independent of
the value of r.

In Fig. 4.3 we consider a longer range of t, in order to include more cycles and to highlight the
fact that the approximate periodicity persists, for various values of r. Notice that the values of the
local maximum within each cycle increases with r until r = 1/2. Furthermore, the height of the
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Figure 4.4: Temporal evolution of the complexity C in (2.2.24) for the entire chain after local
quenches characterised by various ω > 0 w.r.t. the initial state (the data corresponding to N = 300
have been joined through a piecewise line), with either r = 1/2 (top left panel) or r = 1/4 (top right
panel). The initial growth is shown in the bottom panel, where the dashed grey line corresponds
to (4.3.10) and (4.3.11) with ω = 0, r = 1/2 and N = 200.

plateaux characterising the second temporal regime within each cycle grows with r until certain
value r∗ (from Fig. 4.3, we have 0.25 < r∗ < 0.35), then it decreases. Instead, the duration of this
plateaux is always decreasing for 0 < r 6 1/2 and vanishes at r = 1/2. The symmetry of the
problem straightforwardly leads to realise that the temporal evolution of the complexity for a given
r is equal to the one corresponding to 1− r, for the same choice of all the other parameters. We
have obtained numerical data for the temporal evolutions of the complexity displayed in Fig. 4.3
also for N = 200, finding that the data points of C − 1

5 log(N + 1) for N = 100 and N = 200
approximatively collapse (see also the top panels of Fig. 4.2). In Fig. 4.3 we have reported only
the numerical curves for N = 100 in order to display in a clear way the qualitative changes in the
temporal evolutions corresponding to different r.

Some temporal evolutions of the complexity determined by gapped Hamiltonians after the local
quench are shown in Fig. 4.4, where the different coloured curves correspond to different values of
ωN 6 50.

In the top panels of Fig. 4.4, we show that the curves for C − 1
4 log(N + 1) corresponding to

different values of N collapse. We remind that this collapse has been observed for C − 1
5 log(N +1)
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when ω = 0 (see the top panels of Fig. 4.2). It would be interesting to understand this numerical
observation. Furthermore, by comparing the temporal evolutions in the top panels of Fig. 4.4 with
the ones in Fig. 4.3, we notice that the periodicity highlighted for ω = 0 does not occur when
ωN > 0 in general.

When ωN . 1, the initial part of the temporal evolution is similar to the one observed in
the case of ω = 0 (see Fig. 4.2), as one realises from the curves corresponding to ωN = 1 in the
top panels of Fig. 4.4. For large values of ωN & 10, the temporal evolution of C − 1

4 log(N + 1)
is roughly described by a complicated oscillation about a constant value. This constant value
decreases with ωN and, when ωN is large enough, is independent of r. Also the amplitude of the
oscillations about this constant value decreases as ωN increases.

The bottom panel of Fig. 4.4 focuses on the initial growth of C; hence it is instructive to
compare it against the bottom panels of Fig. 4.2 where ω = 0. In the temporal regime considered
in the bottom panel of Fig. 4.4, the curves corresponding to different values of N nicely collapse.
Furthermore, for small values of ωN a collapse is observed for different values of r (see also the
bottom panels of Fig. 4.2), while they are clearly different for ωN = 30, after a certain time. For
t . 1/2, all the numerical curves displayed in the panel collapse on the same approximate dashed
gray line, which has been obtained by setting ω = 0, r = 1/2 and N = 200 in (4.3.10) and (4.3.11).
Although the lines corresponding to the other values of ω, r and N are different, they roughly
overlap with the only one that we have displayed.

We find it worth mentioning some results about the temporal evolution of the complexity
evaluated within the gauge/gravity correspondence.

The temporal evolution of the holographic complexity in the Vaidya gravitational spacetimes,
which model the formation of a black hole through the collapse of a shell and have been exploited
to study the gravitational duals of global quenches [243,321], has been studied in [51–53,56,57,140–
142]. Qualitative comparisons between these results and the temporal evolution of the complexity
in harmonic chains have been discussed at the end of Sec. 3.3.5 (see also [67,311]).

A gravitational background dual to the local quench obtained through the insertion of a local
operator [87,88] has been proposed in [344]. The temporal evolution of the holographic complexity
in this spacetime has been studied in [143, 144]. However, this local quench is very different from
the one considered in this chapter, where two systems initially disconnected are glued together at
some point. A gravitational dual for this local quench has been studied e.g. in [345, 346, 349] by
employing the AdS/BCFT setup discussed in [351,352]. It would be interesting to investigate the
temporal evolution of the holographic complexity for the entire system in this spacetime.

4.4 Subsystem complexity

In this section we investigate the temporal evolution of the subsystem complexity CA after the local
quench introduced in Sec. 4.2, when the reference and the target states are the reduced density
matrices of the block A in the configurations shown in the bottom panels of Fig. 4.1.

4.4.1 Optimal circuit and subsystem complexity

As discussed in Sec. 3.4.1, in the harmonic lattices in the pure states that we are considering, the
reduced density matrix associated to a spatial subsystem A characterises a mixed Gaussian state
which can be fully described through its reduced covariance matrix γA [5, 77, 191], defined as the
2L × 2L real, symmetric and positive definite matrix (L denotes the number of sites in A). Its
expression is given by (3.4.1), where, in the case of the quench protocol considered in this chapter,
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QA(t), PA(t) and MA(t) are the reduced correlation matrices, obtained by selecting the rows and
the columns corresponding to A in (4.2.12), namely Q(t)i,j , P (t)i,j and M(t)i,j , with i, j ∈ A.

In this section we study the circuit complexity when both the reference and the target states
are mixed states corresponding to a subsystem A. In particular, we apply to the local quench
that we are investigating the results for the circuit complexity of mixed states based on the Fisher
information geometry discussed in chapter 2, as done in chapter 3 for a global quench.

We consider the reference state given by the reduced density matrix for the subsystem A
at time tR > 0 obtained through the local quench protocol characterised by {mR, κR, ωR} and the
target state given by the reduced density matrix of the same subsystem at time tT > tR, constructed
through the quench protocol described by {mT, κT, ωT} (see Sec. 4.3.1). The corresponding reduced
covariance matrices, denoted by γR,A(tR) and γT,A(tT) respectively, can be decomposed as done in
(3.4.1).

The approach to the circuit complexity of mixed states based on the Fisher information geom-
etry provides also the optimal circuit connecting γR,A(tR) to γT,A(tT) given by (3.4.2). The length
of the optimal circuit (3.4.2) is proportional to its complexity (3.4.3).

For the quench protocol studied in this chapter, both the reduced covariance matrices in (3.4.3)
have the form (3.4.1), obtained by restricting to A the covariance matrix γ(t) in (4.2.11), as
discussed above.

In our analysis we consider the simplest setup where the reference state is the initial state (i.e.
tR = 0) and the target state corresponds to a generic value of tT = t > 0 after the local quench.
The remaining parameters are fixed to ωR = ωT ≡ ω, κR = κT ≡ κ and mR = mT ≡ m. In this
case the subsystem complexity (3.4.3) reads

CA =
1

2
√

2

√
Tr
{[

log
(
γA(t) γA(0)−1

)]2}
. (4.4.1)

It is instructive to compare the temporal evolution of CA against the temporal evolution of the
entanglement entropy SA after the same local quench, which can be evaluated from the symplectic
spectrum of γA(t) as discussed in Appendix A.1 (see (A.1.3) and (A.1.4) and also [4,10,275,277]).
The considerations above can be easily adapted to harmonic lattices in any number of spatial
dimensions.

4.4.2 Numerical results

In the following we discuss some numerical results for the temporal evolution after a local quench
of the subsystem complexity (4.4.1) in the case where the subsystem A is a block made by L
consecutive sites in harmonic chains made by N sites. Let us remind that the reference state is the
initial state (tR = 0) and the target state corresponds to the state at the generic value tT ≡ t > 0
after the local quench, whose protocol is specified by the values of the parameters in (4.3.3) with
m = 1 and κ = 1. In this thesis we report only the numerical results obtained when ω = 0,
namely when the evolution Hamiltonian after the local quench is critical. A preliminary analysis
of the massive case can be found in [100], but this issue deserves future investigations. For a given
local quench, we display both the temporal evolution of the subsystem complexity CA and of the
entanglement entropy SA.

The temporal evolutions in Figs. 4.5, 4.6, 4.7 and 4.8 correspond to blocks A adjacent to the
left boundary of the chain (as shown pictorially in the bottom left panel of Fig. 4.1) and for this
bipartition the joining point is outside the subsystem whenever L < rN . The temporal evolutions
in Fig. 4.9 correspond to blocks A whose midpoint coincides with the joining point (see Fig. 4.1,
bottom right panel).
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Figure 4.5: Temporal evolution of the subsystem complexity CA in (4.4.1) for a block A made by
L consecutive sites adjacent to the left boundary of harmonic chains made by N sites (see Fig. 4.1,
bottom left panel) after a local quench with ω = 0 and r = 1/2. The size of the blocks is L 6 Nr
in the left panels and L > Nr in the right panels. The black dashed curves in the top left panel
correspond to (4.4.3). The insets zoom in on the initial growth (the dashed curve in the bottom
right panel corresponds to (4.3.13)). The data points corresponding to L/N = 1 in the right panels
are also reported in the top left panel of Fig. 4.2.

Let us consider first subsystems A given by blocks adjacent to the left boundary of the chain
(see the bottom left panel of Fig. 4.1) The corresponding temporal evolutions for CA and SA are
shown respectively in Fig. 4.5 and Fig. 4.6 when r = 1/2 and respectively in Fig. 4.7 and Fig. 4.8
when r = 1/4.

Both the temporal evolutions of CA and SA exhibit revivals because our system has finite
volume. For a generic values of r, the cycles correspond to p < t/(2N + 2) < p + 1, with
p non negative integer (see Fig. 4.7 and Fig. 4.8), while only for r = 1/2 they correspond to
p < t/(N + 1) < p + 1 (see Fig. 4.5 and Fig. 4.6) because of the symmetry provided by the fact
that the joining point coincides with the midpoint of the chain [323,353].

Focussing on the temporal evolution during a single cycle, as N and L increase with L/N kept
fixed, two different scalings are observed: one at the beginning and at the end of the cycle and
another one in its central part. In these two temporal regimes, the curves obtained for different
values of N collapse when the time independent quantity α log(N +1) is subtracted, with different
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Figure 4.6: Temporal evolution of the entanglement entropy SA in the same setup described for
Fig. 4.5. The size of the blocks is L 6 Nr in the left panels and L > Nr in the right panels. The
black dashed curves in the top panels correspond to (4.4.2).

values of α.

In Fig. 4.5 and Fig. 4.7 we show some temporal evolutions of CA − α log(N + 1) when r = 1/2
and r = 1/4 respectively. We find that α depends on (a) whether the joining point is outside
(L < rN) or inside (L > rN) the subsystem; (b) the temporal regime within the cycle where the
collapse of the data is observed (either the central part of the cycle or its extremal parts).

When the entangling point coincides with the joining point, i.e. L = rN , the collapses of the
data in the different temporal regimes is observed for values of α that are slightly different from
the ones adopted in the vertical axes of the panels in Fig. 4.5 and Fig. 4.7. In particular, when CA
is not constant, the black curves in the left panels of these figures collapse with α ' 1/7, otherwise
the data collapse is observed with α ' 1/10 (see Fig. 4.7, left panels).

The different scalings in the diverse temporal regimes within each cycle pointed out in (b)
occur also for the temporal evolution of SA after a local quench [85,86,342]. Numerical results for
the temporal evolution of SA after the same quench and for the same bipartition considered above
(see the bottom left panel of Fig. 4.1) are reported in Fig. 4.6 and Fig. 4.8 for r = 1/2 and r = 1/4
respectively. In the case of r = 1/2, these numerical outcomes for SA are well described by the
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analytic curve discussed in [342], namely1

SA(t) =





1

6
log(N + 1) + a

t

N + 1
∈ T0

1

6
log

{(
N + 1

π

)2 [(
sin

(
πt

N + 1

))2

−
(

sin(πd)
)2
]}

+ ã
t

N + 1
∈ T1

(4.4.2)
(see the black dashed curves in Fig. 4.6) within the first cycle (then extended periodically to the
subsequent cycles), where d ≡ 1

2 − L
N+1 parameterises the distance between the entangling point

and the joining point and we have introduced the temporal regimes T0 ≡ (0, d) ∪ (1 − d , 1) and
T1 ≡ (d , 1 − d). The expression (4.4.2) holds only when r = 1/2 and the interval A is adjacent
to one of the boundaries of the segment. The different scalings corresponding to the two different
regimes within the cycle, which lead to subtract α log(N + 1) with either α = 1/3 (top panels)
or α = 1/6 (bottom panels), agree with (4.4.2). We remark that, since r = 1/2, the numerical
curves in the left panels of Fig. 4.6 are identical to the ones in the right panels characterised by
the same coloured marker: this is because the entanglement entropy of a subsystem is equal to the
entanglement entropy of its complement when the entire state is in a pure state (this is the case
for any t > 0 after the local quench that we are exploring).

As for the temporal evolution of the subsystem complexity CA, when r = 1/2 and L < N/2,
hence the joining point is outside the subsystem (see the left panels of Fig. 4.5), we find that it
is qualitatively similar to the temporal evolution of SA. Combining this observation with the
different scalings obtained numerically, we are led to consider the following ansatz

CA(t) =





0
t

N + 1
∈ T0

1

10
log

{(
N + 1

π

)2 [(
sin

(
πt

N + 1

))2

−
(

sin(πd)
)2
]}

+ b̃
t

N + 1
∈ T1

(4.4.3)
within the first cycle (the parameter d and the temporal regimes are introduced in (4.4.2)), which
is then extended periodically to any value of t > 0. In the top left panel of Fig. 4.5, a remarkable
agreement is observed between the numerical data and the ansatz (4.4.3), which corresponds to
the black dashed curves.

Considering also the right panels of Fig. 4.5, where r = 1/2 again but L > N/2, we find that
the temporal evolutions of CA for blocks that include the joining point are qualitatively different
from the ones corresponding to blocks that do not contain the joining point. Indeed, in the right
panels of Fig. 4.5, focussing e.g. on the first cycle and considering t/(N + 1) < 1/2 (the regime
t/(N + 1) > 1/2 is obtained straightforwardly through a time reversal), we observe three regimes:
an initial growth until a local maximum, followed by a fast decrease and then another growth,
milder than the previous one (it becomes almost flat as L/N increases).

When r 6= 1/2, the symmetry under a spatial reflection with respect to the midpoint of the
chain does not occur and more regimes are observed within a cycle, for both CA and SA.

The same quantities considered in Fig. 4.5 and Fig. 4.6, where r = 1/2, are shown in Fig. 4.7 and
Fig. 4.8 for r = 1/4. Notice the different periodicity with respect to the case of r = 1/2, as already
mentioned above. The main feature to highlight is the qualitative difference between the temporal
evolutions of CA when the joining point lies outside A (see Fig. 4.7, left panels) and the ones
corresponding to blocks that include the joining point (see Fig. 4.7, right panels). Furthermore,

1See Eq. (39) of [342] with c = 1 and vF = 1.
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Figure 4.7: Temporal evolution of the subsystem complexity CA in (4.4.1) for a block A made by
L consecutive sites adjacent to the left boundary of harmonic chains made by N sites (see Fig. 4.1,
bottom left panel) after a local quench with ω = 0 and r = 1/4. The size of the blocks is L 6 Nr
in the left panels and L > Nr in the right panels. The insets zoom in on the initial growth (the
dashed curve in the bottom right panel corresponds to (4.3.13)). The data points corresponding
to L/N = 1 in the right panels are also reported in the top right panel of Fig. 4.2.

the temporal evolution of CA when the joining point lies outside A is also qualitatively similar to
the one of the corresponding SA (see Fig. 4.8, left panels).

When L < rN , focussing on the temporal evolutions in the first half of the first cycle (i.e.
0 < t

2N+2 < 1/2), for both CA and SA we observe three regimes (left panels of Fig. 4.7 and
Fig. 4.8): first a flat curve, then a growth followed by a decrease and finally another regime where
the evolution is almost constant. This means that, when L < rN , for the temporal evolutions
within the first cycle we identify five regimes. The values of t

2N+2 at which the changes of regime
occur are given by rN −L, L+ rN , 2N −L− rN and 2N − rN +L, whose time ordering depends
on the explicit values of N , r and L. In the special case of r = 1/2, we have only three regimes
within the first cycle (first a flat regime, then a growth/decrease regime and finally another flat
regime), as one can observe from Fig. 4.5 and Fig. 4.6, but also from the analytic expressions in
(4.4.2) and (4.4.3).

When L > rN and therefore the joining point is inside the subsystem, by comparing the
right panels of Fig. 4.7 against the right panels of Fig. 4.8, it is straightforward to realise that the
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Figure 4.8: Temporal evolution of the entanglement entropy SA in the same setup described for
Fig. 4.7. The size of the blocks is L 6 rN in the left panels and L > rN in the right panels.

temporal evolutions of CA and SA are qualitatively very different. In particular, while the temporal
evolutions of SA in the right panels of Fig. 4.8 are similar to the ones displayed in the left panels
of the same figure (e.g. the same five regimes mentioned above), as expected from the fact that
SA = SB for the spatial bipartition A∪B of the system in a pure state (the qualitative difference
is only due to the asymmetric position of the joining point), the temporal evolutions of CA in the
right panels of Fig. 4.7 are more complicated than the ones in the left panels of the same figure,
which correspond to blocks that do not include the joining point. For instance, considering the
temporal evolution of CA immediately after the quench, a rapid initial growth is observed when
L > rN (highlighted in the insets in the right panels of Fig. 4.7), while it remains stationary when
L < rN . We remind that, whenever L 6= rN , also the temporal evolution of SA right after the
quench remains stationary (see Fig. 4.6 and Fig. 4.8). As for initial growth of CA when L > rN , an
interesting numerical observation that we find it worth remarking is the fact that the logarithmic
curve (4.3.13), which has been first employed in the bottom panels of Fig. 4.2 to describe the
logarithmic growth for the complexity of the entire chain, occurs also in the temporal evolution of
the subsystem complexity; indeed it corresponds also to the dashed lines displayed in the bottom
right panels of Fig. 4.5 and Fig. 4.7. Notice that, when the joining point is outside the subsystem
(see the left panels of Fig. 4.5 and Fig. 4.7), a logarithmic growth right after the stationary regime
is observed, but in this case the coefficient of the logarithm is different from the one in (4.3.13),
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Figure 4.9: Temporal evolution of the subsystem complexity CA (left panels) and entanglement
entropy SA (right panels) for a block A made by L sites whose midpoint is given by the joining
point at r = 1/2 (see Fig. 4.1, bottom right panel) after a local quench with ω = 0. The insets
zoom in on the initial growth (the dashed curve in the bottom left panel is given by (4.3.13)).

as one can infer from the second line of (4.4.3) when r = 1/2 and t/(N + 1) ' d.

Comparing the left and the right panels in Fig. 4.7, it is straightforward to observe that the
qualitative behaviour of temporal evolutions of CA is more complicated when the joining point lies
inside A, as anticipated above. For instance, focussing on t/(2N + 2) < 1/2 for the magenta and
the cyan curves, after the first local maximum two subsequent temporal regimes occur where the
curves decrease before becoming constant. Furthermore, when L/N > 1−r (see the orange curves)
and considering again only t/(2N + 2) < 1/2, after the first local maximum, the two decreases
and the flat regime mentioned above, we observe another growth followed by a regime where CA
becomes constant again (at a higher value w.r.t. the previous flat regime). We remark that, when
L/N & r (see the brown curves), two local maxima occur in the temporal evolution of CA for
t

2N+2 < 1
2 (the first one is highlighted in the insets). A more systematic analysis is needed to

determine the values of t/(2N + 2) that identify the various regimes occurring in these temporal
evolutions.

While in Figs. 4.5, 4.6, 4.7 and 4.8 the block A is adjacent to a boundary (see Fig. 4.1, bottom
left panel) and therefore only one entangling point occurs, in Fig. 4.9 we consider some temporal
evolutions of CA and SA when r = 1/2 and the joining point coincides with the midpoint of A
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(see Fig. 4.1, bottom right panel), hence two entangling points separate A from its complement B,
which is made by two disjoint intervals adjacent to different boundaries. By construction, for this
configuration the joining point is always inside the subsystem. The blocks providing the reduced
covariance matrix (3.4.1) for this bipartition are obtained by restricting the indices of the matrices
Q, P and M in (4.2.12) to i, j ∈

{
N
2 − L

2 + 1, . . . , N2 + L
2

}
.

The numerical results shown in Fig. 4.9 for some temporal evolutions of CA (left panels) and
SA (right panels) after local quenches correspond to critical evolution Hamiltonians, i.e. with
ω = 0. Also in this numerical analysis we subtract α log(N + 1) with the proper value of α, in
order to observe collapses of data sets corresponding to the same L/N when N is large enough,
finding that α depends both on the quantity (either CA or SA) and on the temporal regime within
the cycle where the data collapses are observed (either the central regime or the initial and final
regimes). Interestingly, by comparing the left panels of Fig. 4.9 against the right panels of Fig. 4.5,
we observe that, when the joining point is inside the subsystem A, the temporal evolutions of CA
are qualitatively very similar, despite the fact that the number of entangling points is different in
the two figures. Moreover, the values of α employed are the same, which are therefore independent
of the number of the entangling points. Instead, let us remind that the values of α to employ for
SA depend on the number of the entangling points, as one realises by comparing the right panels
of Fig. 4.9 against the right panels of Fig. 4.6.

Focussing on bipartitions where the joining point lies inside the subsystem, by comparing the
left and the right panels of Fig. 4.9, one notices that, while SA is constant at the beginning of its
evolution, CA increases immediately. This feature has been highlighted also during the comparison
of the right panels of Fig. 4.5 and Fig. 4.7 against the right panels of Fig. 4.6 and Fig. 4.8, where
only one entangling point occurs.

Another interesting difference between the temporal evolutions corresponding to the two bot-
tom panels in Fig. 4.1 is that the first local minimum occurs at t

N+1 ' L
N − 1

2 in the right panels

of Fig. 4.5 (one entangling point) and at t
N+1 ' L

2N in the left panels of Fig. 4.9 (two entangling
points).

In the Vaidya gravitational spacetimes, the temporal evolution of the holographic subsystem
complexity has been studied through the prescription based on the volume of a particular spacetime
slice [145, 316], finding curves that qualitatively agree with the temporal evolution of the subsys-
tem complexity after a global quench of the mass parameter in the harmonic chains discussed in
Sec. 3.5.2.

It would be interesting to perform a comparison between the qualitative behaviour of the
temporal evolutions of the subsystem complexity discussed in this chapter and the one of the
temporal evolutions of the holographic subsystem complexity in the spacetime describing the
gravitational dual of the joining local quench [345,349].

4.5 Discussion

We studied the temporal evolutions of the circuit complexity and of the subsystem complexity after
a local quench by considering harmonic chains in a segment with Dirichlet boundary conditions
and the local quench where two finite chains made by rN and (1− r)N sites (with 0 < r < 1) are
joined at t = 0 [293]. The subsystem complexity CA in (4.4.1) has been evaluated by employing the
complexity of mixed bosonic Gaussian states based on the Fisher information geometry introduced
in chapter 2.

In Sec. 4.3 we have evaluated some temporal evolutions of the circuit complexity for the entire
harmonic chain. For any value ω > 0 of the mass occurring in the evolution Hamiltonian, we found
that the initial growth of the complexity immediately after the quench is linear (see (4.3.10)) with
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a slope given by (4.3.11), which can be evaluated numerically, as done in the bottom panel of
Fig. 4.4. When the evolution Hamiltonian is critical (i.e. ω = 0), after the above mentioned initial
growth we observe a logarithmic growth independent of r (see (4.3.13) and the bottom panels
of Fig. 4.2). We expect to observe this feature also when the system is infinite. The temporal
evolutions of the complexity for finite systems and ω = 0 display revivals, independently of r.
Three temporal regimes are observed within the first half of the temporal interval containing a
single revival. When ω > 0, the temporal evolutions of the complexity are more complicated
(see Fig. 4.4 and its discussion). Importantly, we have identified different temporal regimes where
different scaling behaviours are observed as N increases. It would be interesting to explain these
scalings through quantum field theory methods.

In Sec. 4.4 we have explored the temporal evolutions of CA when ω = 0 for the bipartitions
shown in the bottom panels of Fig. 4.1, where either one entangling point or two entangling points
occur. One of our main results is given by the numerical evidences that the qualitative behaviour
of the temporal evolutions of CA depends on whether the block A contains the joining point. In
the case of the spatial bipartition shown in the bottom left panel of Fig. 4.1, where one entangling
point occurs, this qualitative difference is evident once the left panels are compared against the
corresponding right panels both in Fig. 4.5 and Fig. 4.7. When the joining point is inside the block,
during the initial regime of the temporal evolution of CA we observe the same logarithmic growth
(4.3.13) occurring in the temporal evolution of the complexity of the entire chain. Furthermore,
in the case of r = 1/2 and when the joining point lies outside the block, we find that the analytic
expression (4.4.3) for the temporal evolution of CA nicely reproduces the behaviour of the numerical
data.

It is very instructive to compare a temporal evolution of CA against the corresponding temporal
evolution of SA, obtained for the same bipartition and the same quench protocol. We remark that,
whenever the block A does not contain the joining point, the temporal evolutions of CA and of
SA are qualitatively similar (for instance, both these quantities do not evolve immediately after
the quench whenever L 6= rN). Instead, they are qualitatively very different when the joining
point is inside the subsystem; indeed, for instance, when L 6= rN we find that CA rapidly grows
immediately after the quench, while SA remains constant for a while.

As for the local quench considered in this chapter, it would be interesting to explore sys-
tematically the temporal evolutions of the subsystem complexity when ω > 0 or for asymmetric
bipartitions involving two or even more entangling points, to obtain analytic results in the thermo-
dynamic limit, to find bounds that still describe some essential features of the temporal evolution
of the subsystem complexity and also to study the thermalisation of the subsystem complexity, as
done in chapter 3 for a global quench of the mass parameter.

The Gaussian states can be employed to investigate the temporal evolution of the subsystem
complexity after some local quenches in higher dimensions and also in free fermionic lattice models.

In this chapter we have compared the temporal evolutions of the subsystem complexity against
the ones of the corresponding entanglement entropy, but it could be interesting to perform analogue
comparisons against the temporal evolutions of other entanglement quantifiers like the entangle-
ment negativity [166, 167, 210, 211, 293, 294, 308, 354, 355], the entanglement contours [28, 29] and
the relative entropies [356].

We remark that investigating the temporal evolutions of the subsystem complexity after various
quantum quenches through lattice methods and quantum field theory techniques in interacting
models is a very challenging task that deserves future studies. Interesting analyses have been
performed [60, 62, 63, 65, 66, 68–70, 73–76, 268, 269] and it would be interesting to employ these
methods to explore also the out-of-equilibrium dynamics of the circuit complexity.
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Chapter 5

Entanglement Hamiltonians in
massless systems

5.1 Introduction

The fundamental theorem (1.2.11) proved by Bisognano and Wichmann [171,172], which holds for
any relativistic Quantum Field Theory (QFT) in d + 1 dimensions in its vacuum state, provides
the entanglement Hamiltonian of the spatial bipartition where A corresponds to half space and
the entangling hypersurface is the flat hyperplane.

As explained in Sec. 1.2.2, when the QFT is a Conformal Field Theory (CFT), the conformal
symmetry allows to write the analytic expressions (1.2.12) and, in 1+1 dimensional CFTs, (1.2.13)
for the entanglement Hamiltonians for simple spatial bipartitions.

In a 1 + 1 dimensional CFT at equilibrium in its vacuum state, we consider bipartitions where
A is an interval of length ` and such that its entanglement Hamiltonian can be written as (1.2.13).
In this chapter we focus on the bipartitions shown in Fig. 5.1. For an interval in the infinite line
(left panel in Fig. 5.1), the weight function in (1.2.13) is the following parabola [174,175]

β(x) = 2π
x

`

(
1− x

`

)
. (5.1.1)

When A is an interval at the beginning of a semi-infinite line (right panel in Fig. 5.1), the weight
function in (1.2.13) is the half parabola given by [147]

β(x) = π
( x
`

+ 1
)(

1− x

`

)
(5.1.2)

independently of the boundary conditions imposed at the beginning of the semi-infinite line. It
is interesting to explore the procedure that allows to obtain these entanglement Hamiltonians in
CFT as the continuum limit of the corresponding entanglement Hamiltonians in the lattice models
providing a discretisation of the CFT.

Entanglement Hamiltonians in free lattice models at equilibrium in their ground state have
been studied in [4, 10, 178, 179, 191–201]. A detailed analysis of the continuum limit has been
recently carried out for an interval in an infinite chain of free fermions [179], by employing the
analytic results obtained by Eisler and Peschel in [192]. In this chapter we study the continuum
limit of the entanglement Hamiltonians of a block of consecutive sites in massless harmonic chains
by following the approach of [179], which is based on the observation that, in this limit, the proper
combinations of all the diagonals of the matrices determining the entanglement Hamiltonian on
the lattice must be considered [193].
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Figure 5.1: The spatial bipartitions considered in this chapter: an interval A in the infinite line
(left) and an interval A at the beginning of the semi-infinite line (right).

The eigenvalues of the entanglement Hamiltonian provide the entanglement spectrum, which
contains relevant physical information [26]. It is worth studying the gaps gr with respect to the
largest eigenvalue defined in (1.2.18) and also their ratios gr/g1 with respect to the smallest gap
g1. We remark that these ratios are not influenced by a global shift and a rescaling of the entire
spectrum. For the class of systems which includes the ones we are interested in, the ratios gr/g1

are related to the conformal dimensions of the underlying BCFT as reported in (1.2.18) [147].

In this chapter we focus on massless harmonic chains and perform a numerical analysis of
the continuum limit of two entanglement Hamiltonians of an interval A and of the corresponding
entanglement spectra. We consider a massless harmonic chain both on the infinite line and on the
semi-infinite line with Dirichlet boundary conditions imposed at its origin. The continuum limit of
these lattice models is the CFT given by the massless scalar field Φ, whose central charge is c = 1.
By introducing the canonical momentum field Π = − ∂tΦ, the energy density on the infinite line
reads

T00(x) =
1

2

[
Π(x)2 +

(
∂xΦ(x)

)2 ]
(5.1.3)

and on the semi-infinite line is given by [357]

T00(x) =
1

2

[
Π(x)2 − Φ(x) ∂2

xΦ(x)
]
. (5.1.4)

We study the spatial bipartitions shown in Fig. 5.1, whose entanglement Hamiltonians predicted
by CFT are given by (1.2.13), (5.1.1) and (5.1.3) for the interval in the infinite line and by (1.2.13),
(5.1.2) and (5.1.4) for the interval at the beginning of the semi-infinite line. Our numerical analysis
is based on the procedure described in [179,192] to study the continuum limit of the entanglement
Hamiltonian of an interval in an infinite chain of free fermions. We study also the entanglement
spectra of these entanglement Hamiltonians, finding that the CFT prediction (1.2.18) holds, once
Neumann boundary conditions are imposed along the boundaries introduced by the regularisation
procedure.

This chapter is organised as follows. In Sec. 5.2 we report the entanglement Hamiltonian of
an interval in harmonic chains in terms of the two-point correlators. In Sec. 5.3 we study the
continuum limit of the entanglement Hamiltonian of an interval in the infinite line and in Sec. 5.4
this analysis is performed for an interval at the beginning of the semi-infinite line with Dirichlet
boundary conditions. In Sec. 5.5 we draw some conclusions.

Notations: following [101], in this chapter we adopt different notations for the operators in the
lattice model and the corresponding ones in the continuum limit; the former ones are denoted by
the hat, while the latter ones are not.
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5.2 Entanglement Hamiltonians in the harmonic chain

In this section we report the expression of the entanglement Hamiltonian of a subsystem in har-
monic chains in terms of the two-point correlators [10], discussing also some decompositions that
will be employed throughout the chapter.

The Hamiltonian of the harmonic chain with nearest neighbour spring-like interaction on an
infinite line reads

Ĥ =
∑

i

(
1

2m
p̂2
i +

mω2

2
q̂2
i +

κ

2
(q̂i+1 − q̂i)2

)
(5.2.1)

where the position and the momentum operators q̂i and p̂i are hermitean operators satisfying the
canonical commutation relations [q̂i, q̂j ] = [p̂i, p̂j ] = 0 and [q̂i, q̂j ] = iδi,j . In our numerical analysis
we set κ = m = 1.

The Hamiltonian (5.2.1) is the discretization of the Hamiltonian of a massive scalar field in
the continuum, whose massless regime given by ω = 0 is a CFT with central charge c = 1. The
range of the index i in (5.2.1) depends on the spatial domain supporting the harmonic chain: in
this chapter we consider either the infinite line (i ∈ Z) or the semi-infinite line (integer i > 0).
When (5.2.1) is defined on the semi-infinite line, it is crucial to specify also the boundary condition
imposed at the beginning of the semi-infinite line (i.e. at i = 0) and in our analysis we consider the
case of Dirichlet boundary conditions. The two-point correlators Qij = 〈q̂i q̂j〉 and Pij = 〈p̂i p̂j〉
provide the generic elements of the correlation matrices Q and P respectively.

Let us consider harmonic chains (5.2.1) in their ground state |0〉 and introduce the bipartition
of the chain into a spatial domain A made by L sites and its complement B, assuming that the
Hilbert space can be bipartite accordingly as H = HA⊗HB. Since for these quantum systems the
reduced density matrix ρA ≡ TrHB (|0〉〈0|) remains Gaussian, independently of the choice of the

bipartition, the corresponding entanglement Hamiltonian K̂A is a quadratic hermitian operator,
which can be written as follows [10,178,191–201]

K̂A =
1

2
r̂tHA r̂ r̂ =

(
q̂
p̂

)
(5.2.2)

where the 2L dimensional vector r̂ collects the position and the momentum operators q̂i and p̂i
with i ∈ A. The matrix HA is real, symmetric and positive definite; hence K̂A is hermitian. In
terms of the reduced correlation matrices QA and PA, obtained by restricting Q and P to the
subsystem A, the matrix HA can be evaluated as follows [10]

HA = M ⊕N ≡
(
h
(√

PAQA
)
⊕ h
(√

QAPA
))(

PA ⊕QA
)

(5.2.3)

=
(
PA ⊕QA

)(
h
(√

QAPA
)
⊕ h
(√

PAQA
))

where

h(y) ≡ 1

y
log

(
y + 1/2

y − 1/2

)
. (5.2.4)

In this chapter we study entanglement Hamiltonians K̂A when the entire chain is at equilibrium
in its ground state and when the subsystem A is a block of L consecutive sites either in the infinite
line or at the beginning of the semi-infinite line where Dirichlet boundary conditions are imposed
(see Fig. 5.1). In these two cases, the matrix HA is block diagonal. The off-diagonal blocks of
HA can be non vanishing e.g. for the time dependent entanglement Hamiltonians after a global
quantum quench (see chapter 7).



144 CHAPTER 5. ENTANGLEMENT HAMILTONIANS IN MASSLESS SYSTEMS

The matrix HA can be constructed numerically through (5.2.3) and (5.2.4). In order to em-
ploy these formulas, the eigenvalues of the matrix

√
QAPA must be strictly larger than 1/2. In

our numerical analysis many eigenvalues very close to 1/2 occur and the software automatically
approximates them to 1/2 whenever a low numerical precision is set throughout the numerical
analysis. This forces us to work with very high numerical precisions. In particular we have em-
ployed precisions up to 6500 digits, depending on the specific calculation. We observe that higher
precision is required as L and ω increase.

The expressions (5.2.2) and (5.2.3) naturally lead to write the entanglement Hamiltonian in
terms of the symmetric matrices M and N as follows

K̂A =
ĤM + ĤN

2
(5.2.5)

where

ĤM ≡
L∑

i,j=1

Mi,j q̂i q̂j ĤN ≡
L∑

i,j=1

Ni,j p̂i p̂j . (5.2.6)

These sums can be organised in different ways. For instance, by writing the symmetric matrices
M and N as sums of a diagonal matrix, an upper triangular matrix and a lower triangular matrix,
it is straightforward to obtain

ĤM = L
L∑

i=1

(
Mi,i

L
q̂2
i + 2

L−i∑

k=1

Mi,i+k

L
q̂i q̂i+k

)
(5.2.7)

ĤN = L
L∑

i=1

(
Ni,i

L
p̂2
i + 2

L−i∑

k=1

Ni,i+k

L
p̂i p̂i+k

)
. (5.2.8)

In [193] the sums (5.2.6) have been rewritten by decomposing the contribution coming from
the i-th row of the matrices M and N , and this leads to

ĤM = L
L∑

i=1

(
Mi,i

L
q̂2
i +

L−i∑

k=1

Mi,i+k

L
q̂i q̂i+k +

i−1∑

k=1

Mi,i−k
L

q̂i q̂i−k

)
(5.2.9)

ĤN = L

L∑

i=1

(
Ni,i

L
p̂2
i +

L−i∑

k=1

Ni,i+k

L
p̂i p̂i+k +

i−1∑

k=1

Ni,i−k
L

p̂i p̂i−k

)
. (5.2.10)

We find it convenient to introduce also the following decomposition

ĤM = L

[
L/2∑

i=1

(
Mi,i

L
q̂2
i + 2

L−2i+1∑

k=1

Mi,i+k

L
q̂i q̂i+k

)
+

L∑

i=L/2+1

(
Mi,i

L
q̂2
i + 2

2i−L−2∑

k=1

Mi−k,i
L

q̂i q̂i−k

)]

(5.2.11)

ĤN = L

[
L/2∑

i=1

(
Ni,i

L
p̂2
i + 2

L−2i+1∑

k=1

Ni,i+k

L
p̂i p̂i+k

)
+

L∑

i=L/2+1

(
Ni,i

L
p̂2
i + 2

2i−L−2∑

k=1

Ni−k,i
L

p̂i p̂i−k

)]

(5.2.12)

where the contribution of the counter diagonal has been included into the summation over 1 6
i 6 L/2. This choice leads to an inconsistency in the range of k of the last double sum when
i = L/2 + 1, which can be easily fixed by imposing the vanishing of this term.
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The analytic results for the entanglement Hamiltonian of an interval in the infinite chain of
free fermions found in [179, 192] and the decompositions introduced above for the operators ĤM

and ĤN suggest to introduce the following limits

lim
L→∞

Mi,i+k

L
≡ µk(xk) lim

L→∞

Ni,i+k

L
≡ νk(xk) xk ≡

1

L

(
i+

k

2

)
(5.2.13)

where i+k/2 is the midpoint between the i-th and the (i+k)-th site. The existence of the functions
µk and νk is a crucial assumption in the subsequent derivations of the CFT predictions for the
entanglement Hamiltonians.

5.3 Interval in the infinite line

In this section we consider the harmonic chain on the infinite line and perform a numerical analysis
to study the continuum limit of the entanglement Hamiltonian of an interval. We follow the
procedure discussed in [179, 192] for the continuum limit of the entanglement Hamiltonian of an
interval in the infinite chain of free fermions. In Sec. 5.3.1 we report the main analysis, which leads
to the CFT prediction (1.2.13), with the weight function (5.1.1) and the energy density (5.1.3).
The entanglement spectrum is explored in Sec. 5.3.2.

5.3.1 Entanglement Hamiltonian

The entanglement Hamiltonian of a block made by L consecutive sites in the infinite line, when the
entire harmonic chain is in its ground state, is the operator constructed as explained in Sec. 5.2.
Considering the massless regime, we study the procedure to obtain the CFT prediction (1.2.13),
with β(x) and T00(x) given by (5.1.1) and (5.1.3) respectively, through a numerical analysis of the
continuum limit.

The reduced correlation matrices QA and PA are obtained by restricting the indices i and j
of the correlators (C.1.5) and (C.1.6) to the interval A, i.e. to the integer values in [1, L]. By
employing these reduced correlation matrices into (5.2.3), one finds the entanglement Hamiltonian
matrix HA. The entanglement Hamiltonian of the interval in the infinite line is obtained by
plugging the matrix HA into (5.2.2). The translation invariance of the entire system prevents us
from setting ω = 0 in our numerical analysis (see Appendix C.1.1). The data reported in all the
figures discussed in this subsection have been obtained for ωL = 10−500.

In Fig. 5.2 and Fig. 5.3 we show the data for the diagonals Mi,i+k/L and Ni,i+k/L with 0 6
k 6 7 for some values of L. This numerical results lead to conclude that the limits in (5.2.13)
provide well defined functions. Furthermore, these functions have a well defined sign given by the
parity of k, are symmetric under reflection with respect to the center of the interval (we checked
numerically that this symmetry holds also for the data points, i.e. that Mi,i+p = ML−i−p+1,L−i+1

and Ni,i+p = NL−i−p+1,L−i+1) and the absolute value of their maximum significantly decreases as
k increases. It would be interesting to find analytic expressions for the functions defined through
the limits (5.2.13), as done in [192] for the interval in the infinite chain of free fermions.

Assuming that the functions µk and νk introduced in (5.2.13) are well defined, let us study the
continuum limit of the entanglement Hamiltonian (5.2.5), where the quadratic operators ĤM and
ĤN have been introduced in (5.2.6). In the following we adapt the procedure discussed in [179] for
the entanglement Hamiltonian of an interval in the infinite chain of free fermions. The quadratic
operators ĤM and ĤN can be decomposed in different ways, as discussed in Sec. 5.2. For the
sake of simplicity, in the following we describe the continuum limit for the decomposition given
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Figure 5.2: Diagonals of the matrix M (see (5.2.13)) when the subsystem is an interval made by
L sites in the infinite line and ωL = 10−500. The red solid curve is the parabola (5.1.1).
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Figure 5.3: Diagonals of the matrix N (see (5.2.13)) when the subsystem is an interval made by
L sites in the infinite line and ωL = 10−500. The red solid curve is the parabola (5.1.1).
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by (5.2.7) and (5.2.8), but the procedure can be easily adapted to the ones given by (5.2.9) and
(5.2.10) or by (5.2.11) and (5.2.12).

The continuum limit is defined through the infinitesimal ultraviolet (UV) cutoff a: it corre-
sponds to take a→ 0 and L→∞ while La = ` is kept constant. The position within the interval
is labelled by x = ia with 0 < x < `. This leads to write the independent variable in (5.2.13) as
follows

xk =
x

La
+
ka/2

La
(5.3.1)

which tells that µk = µk(x+ ka/2) and νk = νk(x+ ka/2).
In the continuum limit, the fields Φ(x) and Π(x) are introduced through the position and

momentum operators as follows [296]

q̂i −→ Φ(x) p̂i −→ aΠ(x) (5.3.2)

where the UV cutoff guarantees that these fields satisfy the canonical commutation relations in
the continuum limit, where the delta function occurs. The operators q̂i+k and p̂i+k in (5.2.7) and
(5.2.8) lead to fields whose argument is properly shifted. By employing (5.3.2) and the Taylor
expansion as a→ 0, in the continuum limit it is straightforward to obtain that

q̂i+k −→ Φ(x+ ka) =
∑

p>0

(ka)p

p!
∂pxΦ(x) (5.3.3)

and

p̂i+k −→ aΠ(x+ ka) = a
∑

p>0

(ka)p

p!
∂pxΠ(x) . (5.3.4)

In (5.2.7) and (5.2.8) we find it convenient to insert the UV cutoff into the sums by writing them

as L
∑L

i=1(. . . ) = (La)
a2
∑L

i=1(. . . )a because
∑L

i=1(. . . )a −→
∫ `

0 (. . . )dx in the continuum limit and
the divergent factor L provides the factor `. From (5.3.2), (5.3.3) and (5.3.4), for the operators
(5.2.7) and (5.2.8) it is straightforward to obtain ĤM −→ HM and ĤN −→ HN respectively in
the continuum limit, where

HM =
`

a2

∫ `

0

(
µ0(x) Φ(x)2 + 2

kmax∑

k=1

µk(x+ ka/2) Φ(x) Φ(x+ ka)

)
dx (5.3.5)

HN = `

∫ `

0

(
ν0(x) Π(x)2 + 2

kmax∑

k=1

νk(x+ ka/2) Π(x) Π(x+ ka)

)
dx (5.3.6)

being kmax the number of diagonals to include in the sums occurring in these expressions.
In our numerical analysis the parameter kmax plays a crucial role which is discussed below in

this subsection. Since kmax →∞ in the continuum limit (see (5.3.3) and (5.3.4)), increasing values
of kmax are considered. We find it worth remarking that the limit L → ∞ in (5.2.13) is taken
before the limit kmax → ∞. This implies that we have to consider the regime given by kmax � L
in our numerical studies, where both L and kmax are finite.

Since a→ 0 in the continuum limit, we expand the integrands in (5.3.5) and (5.3.6) by keeping
only the terms that could provide a non vanishing contribution after the limit. For (5.3.5) we
obtain

HM =
`

a2

∫ `

0

{
M(0)

kmax
(x) Φ(x)2 + a

kmax∑

k=1

k
[
µ′k(x) Φ(x) + 2µk(x) Φ(x)′

]
Φ(x) (5.3.7)

+a2
kmax∑

k=1

k2

[
1

4
µ′′k(x) Φ(x) + ∂x

(
µk(x) Φ′(x)

)]
Φ(x)

}
dx+O(a)
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where we have introduced the function

M(0)
kmax

(x) ≡ lim
L→∞

M
(0)
kmax

(i)

L
= µ0(x) + 2

kmax∑

k=1

µk(x) (5.3.8)

defined by combining the diagonals of the symmetric matrix M as follows

M
(0)
kmax

(i) ≡Mi,i + 2

kmax∑

k=1

Mi,i+k . (5.3.9)

While the expansion (5.3.7) contains terms that are divergent if the corresponding weight
functions are non vanishing, it is straightforward to notice that (5.3.6) is finite as a→ 0. Indeed,
its Taylor expansion reads

HN = `

∫ `

0
N (0)
kmax

(x) Π(x)2 dx+O(a) (5.3.10)

where the function N (0)
kmax

(x) is the combination of the functions νk(x) in (5.2.13) given by

N (0)
kmax

(x) ≡ lim
L→∞

N
(0)
kmax

(i)

L
= ν0(x) + 2

kmax∑

k=1

νk(x) (5.3.11)

being N
(0)
kmax

(i) the same combination of the corresponding diagonals of the symmetric matrix N ,
namely

N
(0)
kmax

(i) ≡ Ni,i + 2

kmax∑

k=1

Ni,i+k . (5.3.12)

Assuming that the integral and the discrete sums can be exchanged in the expression (5.3.7)
for HM , one notices that the integrand of the O(1/a) term is the total derivative ∂x[µk(x) Φ(x)2];
hence its integration provides the boundary terms [µk(x) Φ(x)2]|x=`

x=0 . These boundary terms van-
ish because µk(0) = µk(`) = 0 for the interval in the infinite line (see Fig. 5.2). As for the
O(1) term in (5.3.7), an integration by parts can be performed for the term whose integrand is
Φ(x) ∂x[µk(x) Φ(x)′], and the resulting boundary terms vanish, again because µk(0) = µk(`) = 0.
By employing these observations and discarding the O(a) terms, the expression (5.3.7) can be
written as follows

HM =
`

a2

∫ `

0

{
M(0)

kmax
(x) Φ(x)2 + a2

kmax∑

k=1

k2

[
1

4
µ′′k(x) Φ(x)2 − µk(x)

(
Φ′(x)

)2
]}

dx . (5.3.13)

Considering the integral whose integrand is µk(x)[Φ′(x)]2 from the O(1) term of this expression,
we find it worth defining

M(2)
kmax

(x) ≡ lim
L→∞

M
(2)
kmax

(i)

L
≡

kmax∑

k=1

k2µk(xk) (5.3.14)

where, by using (5.2.13), we have introduced the following combination of diagonals of the sym-
metric matrix M

M
(2)
kmax

(i) ≡
kmax∑

k=1

k2Mi,i+k . (5.3.15)



150 CHAPTER 5. ENTANGLEMENT HAMILTONIANS IN MASSLESS SYSTEMS

As for the integral whose integrand is µ′′k(x) Φ(x)2 in (5.3.13), we approximate the functions
µ′′k(x) through finite differences because the analytic expressions of the functions µk(x) are not
available. Thus, we have

a2µ′′k(x) = µk(x+ a)− 2µk(x) + µk(x− a) . (5.3.16)

This expression and (5.2.13) naturally lead us to introduce

M(2)
2,kmax

(x) ≡ lim
L→∞

M
(2)
2,kmax

(i)

L
≡

kmax∑

k=1

k2µ2,k(xk) (5.3.17)

where the subindex 2 indicates that these quantities are related to the second derivative of µk(x).
In (5.3.17) we have defined the functions µ2,k(xk) as follows

lim
L→∞

Mi+1,i+1+k − 2Mi,i+k +Mi−1,i−1+k

L
≡ µ2,k(xk) (5.3.18)

and the combinations of matrix elements of M given by

M
(2)
2,kmax

(i) ≡
kmax∑

k=1

k2
(
Mi+1,i+1+k − 2Mi,i+k +Mi−1,i−1+k

)
. (5.3.19)

In the continuum limit kmax →∞; hence we introduce the weight functions obtained by taking
this limit in (5.3.8), (5.3.11), (5.3.14) and (5.3.17), namely

M(0)
kmax

(x) −→ M(0)
∞ (x) N (0)

kmax
(x) −→ N (0)

∞ (x) (5.3.20)

and
M(2)

kmax
(x) −→ M(2)

∞ (x) M(2)
2,kmax

(x) −→ M(2)
2,∞(x) . (5.3.21)

Summarising, the continuum limit of the entanglement Hamiltonian (5.2.5) obtained from
(5.2.7) and (5.2.8) is found by taking the limit kmax → ∞ of half of the sum of (5.3.10) and
(5.3.13). By employing the functions introduced in (5.3.20) and (5.3.21), for the continuum limit
of the entanglement Hamiltonian (5.2.5) we find

HM +HN

2
=

`

a2

∫ `

0

1

2

[
M(0)
∞ (x) +

1

4
M(2)

2,∞(x)

]
Φ(x)2 dx (5.3.22)

+ `

∫ `

0

1

2

[
N (0)
∞ (x) Π(x)2 −M(2)

∞ (x)
(
Φ′(x)

)2 ]
dx+O(a) .

Since analytic results for the functions µk and νk are not available, we study the weight functions

M(0)
∞ (x), M(2)

2,∞(x), N (0)
∞ (x) and M(2)

∞ (x) in (5.3.22) by performing a numerical analysis of the
combinations of the matrix elements of M and N defining them, which are given respectively by
(5.3.9), (5.3.19), (5.3.12) and (5.3.15). These combinations depend on the number of sites L in
the interval and on the parameter kmax labelling the number of diagonals to include in the sums.
As already remarked above, we study the continuum limit by taking L → ∞ first, in order to
guarantee that the functions µk and νk in (5.2.13) are well defined, and then kmax → ∞. This
means that we must keep kmax � L in our numerical analysis. If we had analytic expressions
for the functions µk and νk, we could check whether they vanish fast enough as k → ∞ to find
convergence in the infinite sums defining the weight functions in (5.3.20) and (5.3.21), which occur
in (5.3.22).
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Summed quantities, method (c), infinite line
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Figure 5.4: The combinations (5.3.23) (left) and (5.3.26) (right) when the subsystem is an interval
made by L sites in the infinite line and ωL = 10−500. The cyan horizontal line in the right panel
corresponds to 4π. The collapses of the data points for increasing values of L support (5.3.27).

It is important to observe that, since (5.3.9), (5.3.12), (5.3.19) and (5.3.15) can be evaluated
only in the spatial range given by 1 6 i 6 L − kmax, these combinations are not defined on the
whole interval for finite values of L and kmax. The numerical results for these combinations do
not provide symmetric curves with respect to the center of the interval, as expected from the
symmetry of the configuration, and they do not capture the CFT curve close to the right endpoint
of the interval. This motivates us to employ decompositions of the operators ĤM and ĤN given
in (5.2.11) and (5.2.12).

The procedure explained above to study the continuum limit of the entanglement Hamiltonian
can be adapted straightforwardly to the case where the decompositions (5.2.11) and (5.2.12) are
employed. The result is again (5.3.22), with the weight functions given by (5.3.20) and (5.3.21).
The crucial difference with respect to the previous analysis is that, as L→∞, in (5.3.20) we have

M
(0)
kmax

(i)/L→M(0)
kmax

(x) with

M
(0)
kmax

(i) =




Mi,i + 2

∑kmax
k=1 Mi,i+k 1 6 i 6 L/2

Mi,i + 2
∑kmax

k=1 Mi−k,i L/2 + 1 6 i 6 L
(5.3.23)

and N
(0)
kmax

(i)/L→ N (0)
kmax

(x) with

N
(0)
kmax

(i) =




Ni,i + 2

∑kmax
k=1 Ni,i+k 1 6 i 6 L/2

Ni,i + 2
∑kmax

k=1 Ni−k,i L/2 + 1 6 i 6 L
(5.3.24)

while in (5.3.21) we have M
(2)
kmax

(i)/L→M(2)
kmax

(x) with

M
(2)
kmax

(i) =





∑kmax
k=1 k2Mi,i+k 1 6 i 6 L/2

∑kmax
k=1 k2Mi−k,i L/2 + 1 6 i 6 L

(5.3.25)
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Figure 5.5: The combinations (5.3.25) (left) and (5.3.24) (right) when the subsystem is an interval
made by L sites in the infinite line and ωL = 10−500. The collapses of the data points corresponding
to increasing values of L support (5.3.28), with β(x) given by the parabola (5.1.1) (red solid curve).

and M
(2)
2,kmax

(i)/L→M(2)
2,kmax

(x) with

M
(2)
2,kmax

(i) =





∑kmax
k=1 k2

(
Mi+1,i+1+k − 2Mi,i+k +Mi−1,i−1+k

)
1 6 i 6 L/2

∑kmax
k=1 k2

(
Mi−k+1,i+1 − 2Mi−k,i +Mi−k−1,i−1

)
L/2 + 1 6 i 6 L .

(5.3.26)

The occurrence of two branches in these functions of the spatial index i (which originates from
the splitting of the range 1 6 i 6 L in (5.2.11) and (5.2.12)) guarantees that they are well defined
on the entire interval for finite values of kmax � L. The combinations of diagonals in (5.3.23),
(5.3.24), (5.3.25) and (5.3.26) display the symmetry under reflection with respect to the center of
the interval, which has been observed also for the diagonals of M and N (see Fig. 5.2 and Fig. 5.3).

In Fig. 5.4 we show some numerical results for the combinations in (5.3.23) and (5.3.26). From

the left panel we observe that, when kmax is large enough, M
(0)
kmax

converges to a well defined function

of x/` ∈ (0, 1). This observation allows to conclude that M
(0)
kmax

/L → 0 as L → ∞ at any given
value of x/` ∈ (0, 1). Similarly, the data reported in the right panel of Fig. 5.4 show that, when

kmax is large enough, the product LM
(2)
2,kmax

for increasing values of L collapses on the horizontal
line corresponding to 4π except for four isolated and finite picks in each curve, whose positions
depend on L and whose heights are independent of L. The positions of these picks are symmetric
with respect to the center of the interval and they move towards the center of the interval as

L increases. These observations allow to conclude that M
(2)
2,kmax

/L → 0 as L → ∞. Thus, the
collapses of the data points observed in Fig. 5.4 for increasing values of L lead to conclude that for
the weight functions occurring in the O(1/a2) term of (5.3.22) we should have

M(0)
∞ (x) = 0 M(2)

2,∞(x) = 0 . (5.3.27)

The curves in Fig. 5.4 are obtained through the decompositions (5.2.11) and (5.2.12).
In Fig. 5.5 and Fig. 5.6 we report numerical results for the combinations in (5.3.24) and (5.3.25).

Comparing these two figures, it is straightforward to conclude that the agreement between the nu-
merical data and the CFT prediction β(x) given by the parabola (5.1.1) (red solid curve) improves
as kmax � L increases, i.e. by including more diagonals in the sums occurring in (5.3.24) and
(5.3.25). The data reported in Fig. 5.4 and Fig. 5.5 correspond to the optimal values of kmax, when
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Figure 5.6: Role of the parameter kmax in the combinations (5.3.25) (top panels) and (5.3.24)
(bottom panels) when the subsystem is an interval made by L sites in the infinite line and ωL =
10−500. The insets, which zoom in on the central part of the interval, show that the agreement
with the CFT prediction given by the parabola (5.1.1) (red solid curve) improves as kmax increases.

the behaviours of the data become stable. These optimal values are different for the combinations
involving M and N . From Fig. 5.6 we also observe a parity effect in k: the asymptotic curve for
a given kmax is either above or below the CFT curve, depending on the parity of kmax, and the
distances between these curve decrease as kmax increases until the optimal value is reached. This
parity effect in kmax is due to the fact that the k-th diagonals of M and N (i.e. Mi,i+k and Ni,i+k

for a given k) have a definite sign determined by the parity of k (see Fig. 5.2 and Fig. 5.3) and that

M
(2)
kmax

and N
(0)
kmax

are linear combinations of these diagonals through positive coefficients.
We remark that the data points reported in Fig. 5.4, Fig. 5.5 and Fig. 5.6 probe the entire

interval A, including the neighbourhoods of the endpoints. Furthermore, the resulting curves
are symmetric under reflection with respect to the center of the interval, as expected for this
bipartition. These features support our choice to employ the combinations (5.3.23), (5.3.24),
(5.3.25) and (5.3.26).

The collapses of the data points in Fig. 5.5 for increasing values of L lead to conjecture that
the weight functions occurring in the finite term of (5.3.22) are

M(2)
∞ (x) = −β(x) N (0)

∞ (x) = β(x) . (5.3.28)

Thus, by employing the numerical results (5.3.27) and (5.3.28) into the expression (5.3.22)



154 CHAPTER 5. ENTANGLEMENT HAMILTONIANS IN MASSLESS SYSTEMS

for the entanglement Hamiltonian of an interval in the infinite line, we find the CFT prediction
(1.2.13) with β(x) given by (5.1.1) and the energy density by (5.1.3).

We find it worth remarking that the height of the cyan horizontal line in the right panel of
Fig. 5.4 corresponds to 4π = − `2β(x)′′, being β(x) the weight function (5.1.1) predicted by CFT.

A naive explanation of this observation comes from the fact that M
(2)
2,kmax

is a combination obtained

through a finite differences approximation of µ′′k(x) (see (5.3.19)) and that the combination M
(2)
kmax

of µk(x) provides −β(x) in the continuum limit (see (5.3.28)). Nonetheless, an exchange of the
second derivate of µk(x) with the discrete sum over k in (5.3.7) would provide an unexpected term
containing Φ2 multiplied by a constant weight function in the entanglement Hamiltonian. This
leads us to conclude that exchanges between derivatives with respect to x and discrete sums over
k are not allowed.

5.3.2 Entanglement spectrum

In a two dimensional CFT, the entanglement spectra of an interval for the bipartitions shown
in Fig. 5.1 have been studied in [147] through methods of Boundary Conformal Field Theory
(BCFT) [204–206,358–360] (see the brief discussion in Sec. 1.2.2). In the imaginary time description
of the two dimensional spacetime underlying the bipartitions shown in Fig. 5.1, the UV cutoff
ε can be introduced by removing an infinitesimal disk of radius ε around each entangling point
[6,146,147,201]. For the interval in the infinite line (left panel of Fig. 5.1), the remaining spacetime
has two boundaries which encircle the two endpoints of the interval A; hence it can be mapped
into an annulus through a conformal transformation. Given the symmetry of this bipartition with
respect to the center of the interval, the same conformal boundary condition must be imposed on
the two boundaries.

For harmonic chains in Gaussian states, standard techniques allow to evaluate the entanglement
spectrum in terms of the single particle entanglement energies εr, which are obtained from the
symplectic spectrum of the reduced covariance matrix of the subsystem [4,10,103,178,191–201,361].
More precisely, given the elements σk, with k = 1, . . . , L, of the symplectic spectrum of γA =
QA ⊕ PA, the single particle entanglement energies are obtained from (see also (2.4.7))

εk = 2 arccoth(2σk) = log

(
σk + 1/2

σk − 1/2

)
. (5.3.29)

Once the single particle entanglement energies have been ordered as ε1 6 ε2 6 · · · 6 εL, the
gaps gr introduced in (1.2.18) can be written as linear combinations

∑L
k=1 nk εk with non negative

integer coefficients nk.

In the top left panel of Fig. 5.7, we report some numerical results for ε1. For a given finite
value of L, we observe that ε1 → 0 as ωL → 0, while this does not happen for εr with r > 1.
This leads us to assume that ε1 vanishes in the comparison of the numerical data with the CFT
predictions in the bottom panel of Fig. 5.7. In the top right panel of Fig. 5.7 we show the single
particle entanglement energies εk/L in terms of k/L for some values of L and, if L is large enough,
we find that the data having different L collapse on a well defined curve, that would be interesting
to obtain analytically. Given the above assumption about ε1, in the bottom panel of Fig. 5.7 we
show the numerical data for the ratios gr/g1 of the gaps with respect to the first gap as functions of
logL. It is remarkable to observe that, as L increases, the values of gr/g1 with 1 6 r 6 29 collapse
on all the integers n with 1 6 n 6 6 (we checked that gr/g1 > 6.5 when r > 30 for the largest
value of L at our disposal). This originates from the fact that the single particle entanglement
energies in the low-lying part of the spectrum are equally separated by a multiple integer of ε2.
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Figure 5.7: Entanglement spectrum for an interval in the infinite line. Top left: The smallest single
particle entanglement energy ε1 as function of the number of sites L of the interval, for increasing
values of ωL. Top right: The single particle entanglement energies εk for different values of L (the
insets zoom in on the lowest and on the highest values of k). Bottom: The ratios of the gaps gr in
the entanglement spectrum as functions of logL in the massless regime, i.e. when ωL = 10−500.

Furthermore, the degeneracy of the n-th level is given by the number of possible ways to partition
the integer n.

These numerical results for gr/g1 are compatible with the conformal spectrum of the BCFT
given by a free massless scalar field on the segment with either Dirichlet or Neumann boundary
conditions imposed on both the endpoints of the segment [360,362], but they cannot discriminate
between these two possibilities. As discussed e.g. in [360], when the same boundary conditions is
imposed on both the boundaries, the Laurent expansion of the holomorphic part of primary field
∂zΦ(z) reads ∂zΦ(z) =

∑
n∈Z jn Jn(z), being z the complex variable in Euclidean signature and

where it is worth remarking that the index of the sum runs over the integer numbers. The functions
Jn(z) form an orthonormal basis and their explicit expressions depend on whether Neumann or
Dirichlet boundary conditions are imposed. Since the Laurent modes satisfy the algebra [jm, jn] =
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mδm+n,0 in the proper normalisation, the ground state |0〉 can be introduced in such a way that
jn|0〉 = 0 for n > 0 and the Hilbert space can be constructed by acting with jn, with n < 0 on
the ground state. The conformal dimension of the field associated to the state j−n1 . . . j−nk |0〉 is∑k

l=1 nl and this implies that the conformal spectrum contains the non negative integer numbers
and the degeneracy of the level with dimension n is given by the number of ways to write n as a
sum of integers.

The ambiguity between Neumann and Dirichlet boundary conditions can be resolved by con-
sidering the entanglement spectrum of an interval at the beginning of a semi-infinite line with
Dirichlet boundary conditions, that will be discussed in Sec. 5.4.2. In terms of the primary fields
and of their descendants, we observe the towers of the identity and of ∂Φ.

The agreement found above with the spectrum of the BCFT of the free massless scalar field is
expected only for the low-lying part of the entanglement spectrum.

5.4 Interval at the beginning of the semi-infinite line with Dirich-
let b.c.

In this section we study the continuum limit of the entanglement Hamiltonian of L consecutive sites
at the beginning of the massless harmonic chain on the semi-infinite line with Dirichlet boundary
conditions at its endpoint. Focussing on the massless regime, in Sec. 5.4.1 we adapt the procedure
explained in Sec. 5.3 to this case, finding the CFT prediction (1.2.13), with the weight function
(5.1.2) and the energy density (5.1.4). The continuum limit of the entanglement spectrum is
discussed in Sec. 5.4.2.

5.4.1 Entanglement Hamiltonian

We are interested in the bipartition of the semi-infinite line whose origin coincides with the left
endpoint of the interval A made by L sites (see the right panel of Fig. 5.1), when the entire system
is in its ground state. The entanglement entropy of this bipartition has been studied for various
systems e.g. in [9, 363]. In the massless harmonic chain with Dirichlet boundary conditions, the
entanglement Hamiltonian K̂A = (ĤM + ĤN )/2 of this interval is given by (5.2.2) and (5.2.3),
where the L×L matrices QA and PA are the reduced correlation matrices introduced by restricting
the indices i and j of the correlators (C.1.15) and (C.1.16) to the interval A at the beginning of the
semi-infinite line (see the right panel of Fig. 5.1), i.e. to the integer values in [1, L]. The result for
the continuum limit predicted by CFT is (1.2.13), with the weight function β(x) given by (5.1.2)
and the energy density (5.1.4) [357]. In the following we discuss a numerical procedure to obtain
this CFT result.

The decompositions of the operators ĤM and ĤN introduced in Sec. 5.2 naturally lead to
consider the k-th diagonals of the symmetric matrices M and N , like in the case of the interval
in the infinite line discussed in Sec. 5.3.1. In the massless regime, we find numerical evidence that
the limiting procedures defined in (5.2.13) provide well defined functions for any given value of k.
This is shown in Fig. 5.8 and Fig. 5.9 for the k-th diagonal of the matrices M and N respectively,
with 0 6 k 6 7. Notice that, while the functions µk and νk vanish at the entangling point that
separates A and B, they are non vanishing at the beginning of the semi-infinite line, where the
Dirichlet boundary condition is imposed. It would be interesting to find analytic expressions for
these functions. Like for the interval in the infinite line, these functions have a well defined sign
given by the parity of k and the absolute value of their maximum significantly decreases as k
increases.
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Figure 5.8: Diagonals of the matrix M (see (5.2.13)) when A is an interval with L sites at the
beginning of the semi-infinite line and ω = 0. The red solid curve is the half parabola (5.1.2).
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Figure 5.9: Diagonals of the matrix N (see (5.2.13)) when A is an interval with L sites at the
beginning of the semi-infinite line and ω = 0. The red solid curve is the half parabola (5.1.2).
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Assuming the existence of the functions µk and νk defined in (5.2.13), the continuum limit of
the entanglement Hamiltonian (5.2.5) can be studied by adapting to the bipartition that we are
considering the procedure described in Sec. 5.3. Special care must be devoted to the boundary
terms due to the integrations of a total derivative or to the integrations by parts. In particular, in
(5.3.7) the integrand of the O(1/a) term is the total derivative ∂x[µk(x) Φ(x)2], whose integral over
the interval gives the boundary terms [µk(x) Φ(x)2]|x=`

x=0 . These boundary terms vanish because
µk(`) = 0 at the entangling point and the Dirichlet boundary condition Φ(0) = 0 is imposed at
the beginning of the semi-infinite line, where µk(0) 6= 0. The remaining expression reads

HM =
`

a2

∫ `

0
M(0)

kmax
(x) Φ(x)2 dx (5.4.1)

+ `

∫ `

0

kmax∑

k=1

k2

[
1

4
µ′′k(x) Φ(x) + µ′k(x) Φ′(x) + µk(x) Φ′′(x)

]
Φ(x) dx

where O(a) terms have been discarded and M(0)
kmax

(x) has been introduced in (5.3.8).
The O(1) term in (5.4.1) is similar to the O(1) term in (5.3.7) and the terms containing

µ′′k(x) and µk(x) can be treated as discussed in Sec. 5.3.1. As for the term whose integrand is
µ′k(x) Φ′(x) Φ(x), we approximate µ′k(x) through finite differences by writing µ′k(x) = [µk(x+ a)−
µk(x)]/a because analytic expressions for µk(x) are not known. Combining this approximation
with (5.2.13) and (5.4.1), we are naturally led to introduce

M
(2)
1,kmax

(i) ≡
kmax∑

k=1

k2
(
Mi+1,i+1+k −Mi,i+k

)
(5.4.2)

and

M(2)
1,kmax

(x) ≡ lim
L→∞

M
(2)
1,kmax

(i)

L
≡

kmax∑

k=1

k2µ1,k(xk) (5.4.3)

being

lim
L→∞

Mi+1,i+1+k −Mi,i+k

L
≡ µ1,k(xk) (5.4.4)

where the subindex 1 means that these quantities are related to the first derivative of the functions
µk(x). Taking kmax →∞ in (5.4.3), we find

M(2)
1,kmax

(x) −→ M(2)
1,∞(x) . (5.4.5)

Notice that we can also follow the steps performed in Sec. 5.3.1 combining the last two terms
within the square brackets in (5.4.1) into ∂x[µk(x) Φ(x)′] and integrating by parts the corresponding
integral, which provides the boundary terms [µk(x) Φ′(x) Φ(x)]|x=`

x=0 . These terms do not contribute
because µk(`) = 0 at the entangling point and the Dirichlet boundary condition Φ(0) = 0 holds at
the beginning of the semi-infinite line.

Taking the limit kmax →∞ in (5.4.1) and employing the weight functions introduced in (5.3.20),
(5.3.21) and (5.4.5), for the non vanishing contributions to the continuum limit of the entanglement
Hamiltonian we find

HM +HN

2
=

`

a2

∫ `

0

1

2

[
M(0)
∞ (x) +

1

4
M(2)

2,∞(x)

]
Φ(x)2 dx (5.4.6)

+ `

∫ `

0

1

2

[
N (0)
∞ (x) Π(x)2 +M(2)

1,∞(x) Φ′(x) Φ(x) +M(2)
∞ (x) Φ′′(x) Φ(x)

]
dx .
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Figure 5.10: The combinations (5.3.23) (top), (5.4.7) (bottom left) and (5.3.26) (bottom right)
when the subsystem is an interval made by L sites at the beginning of the semi-infinite line and
ω = 0. The cyan line in the bottom left panel corresponds to 2π(i/L), while the cyan horizontal
line in the bottom right panel corresponds to 2π. The collapses of the data points for increasing
values of L support (5.4.8).

We remark that, although some formal expressions occur also in the case of the interval in the
infinite line in Sec. 5.3.1, their values depend on the system that we are exploring through the
correlators (C.1.15) and (C.1.16).

For the interval at the beginning of the semi-infinite line, we also need the combination of the

matrix elements of M for M
(2)
1,kmax

and it is not difficult to find that it reads

M
(2)
1,kmax

=





∑kmax
k=1 k2

(
Mi+1,i+1+k −Mi,i+k

)
1 6 i 6 L/2

∑kmax
k=1 k2

(
Mi−k+1,i+1 −Mi−k,i

)
L/2 + 1 6 i 6 L .

(5.4.7)

Like for the interval in the infinite line, the occurrence of two branches in (5.3.23), (5.3.24),
(5.3.25) (5.3.26) and (5.4.7) allows to probe the entire interval. This cannot be done when the
decompositions (5.2.7) and (5.2.8) are employed. Notice that, in contrast with Sec. 5.3.1, in this
case the reflection symmetry with respect to the center of the interval is not expected.

In Fig. 5.10 we observe that the numerical data for M
(0)
kmax

(i), M
(2)
1,kmax

(i) and LM
(2)
2,kmax

(i) with
i 6= 1 collapse on well defined curves when L increases. As for some of the weight functions
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Figure 5.11: The combinations (5.3.25) (left) and (5.3.24) (right) when the subsystem is an interval
made by L sites at the beginning of the semi-infinite line and ω = 0. The collapses of the data
points shown support (5.4.9), with β(x) given by the half parabola (5.1.2) (red solid curve).

occurring in (5.4.6), these collapses support the following conjecture

M(0)
∞ (x) = 0 M(2)

1,∞(x) = 0 M(2)
2,∞(x) = 0 (5.4.8)

for any fixed value of x ∈ A such that x 6= 0. The insets on the right in all the panels of Fig. 5.10

highlight that the values of M
(0)
kmax

(i)/L, M
(2)
1,kmax

(i)/L and M
(2)
2,kmax

(i)/L for i = 1 seem to converge

to finite non vanishing constants. Since M(0)
∞ (0), M(2)

1,∞(0) and M(2)
2,∞(0) are multiplied by Φ(0)

in (5.4.6), the Dirichlet boundary condition Φ(0) = 0 implies that this feature does not provide a
non vanishing term in the continuum limit of the entanglement Hamiltonian. In the top panel of

Fig. 5.10, the discontinuity in the center of the interval is due to the fact that M
(0)
kmax

in (5.3.23)
is defined through two branches. This discontinuity is not observed if different decompositions
for the operators ĤM and ĤN in (5.2.6) are adopted (see [], where these auxiliary analyses are
reported).

In Fig. 5.11 we show −M
(2)
kmax

/L (left panel) and N
(0)
kmax

/L (right panel) for increasing values of
L and an optimal value of kmax which guarantee certain stability of the numerical results. The
collapses of the data points naturally lead to conjecture that

M(2)
∞ (x) = −β(x) N (0)

∞ (x) = β(x) (5.4.9)

where β(x) is the half parabola (5.1.2) predicted by the CFT. Comparing these results with the
corresponding ones for the interval in the infinite line (see Fig. 5.5), we observe that larger values
of L are needed in this case to reach the CFT curve in the neighbourhood of the beginning of the
semi-infinite line, which is sensible to the boundary conditions.

In the bottom panels of Fig. 5.10, the data points for M
(2)
1,kmax

and LM
(2)
2,kmax

(i) with i 6= 1
collapse on the cyan straight lines, which correspond respectively to 2π x/` = −`β′(x) and to
2π = −`2β′′(x) when L is large enough. Similarly to the case of the interval in the infinite
line (see the final remarks of Sec. 5.3.1), we can roughly justify this behaviour by noticing that

M
(2)
1,kmax

and M
(2)
2,kmax

are obtained through finite differences approximations of µ′k(x) and µ′′k(x)
respectively; hence, from (5.4.9), one expects to find respectively −β(x)′ and −β(x)′′. Also in this
case exchanging the derivatives with respect to x with the discrete sums over k leads to wrong
results, as already discussed in the final part of Sec. 5.3.1 for the interval in the infinite line.
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Figure 5.12: Role of the parameter kmax in the combinations (5.3.25) (top panels) and (5.3.24)
(bottom panels) when the subsystem is an interval made by L sites at the beginning of the semi-
infinite line and ω = 0. The insets, which zoom in on the left endpoint and on the central part of
the interval, show that the agreement with the CFT prediction given by the half parabola (5.1.2)
(red solid curve) improves as kmax increases.

In Fig. 5.12 we show again −M
(2)
kmax

/L and N
(0)
kmax

/L, but for lower values of kmax in order to
highlight the fact that the collapse of the numerical data onto the CFT curve improves as kmax

increases. This behaviour is stabilised around optimal values for kmax that correspond to the data
reported in Fig. 5.11. Furthermore, we encounter the same parity effect observed in Fig. 5.6 and
mentioned in Sec. 5.3.1, which is due also in this case to the fact that the k-th diagonals of M and
N have a definite sign related to the parity of k (see Fig. 5.8 and Fig. 5.9).

5.4.2 Entanglement spectrum

The BCFT analysis of the entanglement spectrum presented in [147], where (1.2.18) has been
derived, includes the case that we are considering, given by the entire system in its ground state
and the interval A at the beginning of the semi-infinite line. In this bipartition only one entangling
point occurs; hence the UV cutoff ε is introduced by removing only a disk of radius ε around the
entangling point. The resulting euclidean spacetime has the topology of the annulus and in this
case different conformal boundary conditions are allowed at the two boundaries. In our analysis
we impose Dirichlet boundary conditions along the boundary corresponding to the beginning of



5.4. INTERVAL AT THE BEGINNINGOF THE SEMI-INFINITE LINEWITH DIRICHLET B.C.163

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○○○○○○○○○○● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●●●●●●●●●●

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯

△ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △△△△△△△△△△△△△△◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇◇◇◇◇◇◇◇◇◇◇◇◇

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽▽▽▽▽▽▽▽▽▽▽▽▽▽× × × × × × × × × × × × × × × × × × × ×××××××××××××

+ + + + + + + + + + + + + + + + + + + +++++++++++++◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
△ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △△△△△△△△△△△△△△

× × × × × × × × × × × × × × × × × × × ×××××××××××××○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○○○○○○○○○○○○○○○○○▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯▯▯▯▯▯▯▯▯▯▯▯▯
+ + + + + + + + + + + + + + + + + + + +++++++++++++

● ▯ △ ◇ ▽ × + ◇ △ × ○ ▯ +

3.5 4.0 4.5 5.0 5.5 6.0 6.5
0

1

2

3

4

5

6

7

□□□□□□
□□□□□

□□□□□
□□□□

□□□□
□□□□

□□□□
□□□□

□□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□
□□
□□
□□
□□
□□
□□
□□
□□
□□
□

□□□□□□
□□□□□

□□□□□
□□□□

□□□□
□□□□

□□□□
□□□□

□□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□□
□□□

□□
□□
□□
□□
□□
□□
□□
□□
□□
□□
□

○○○○○○○○○○○
○○○○○○○○○

○○○○○○○○○
○○○○○○○○

○○○○○○○○
○○○○○○○

○○○○○○○
○○○○○○○

○○○○○○
○○○○○○

○○○○○○
○○○○○○

○○○○○○
○○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○○

○○○○○
○○○○
○○○○
○○○○
○○○○
○○○○
○○○○
○○○○
○○○○
○○○○
○○○
○○○
○○○
○○○
○○○
○○

△△△△△△△△△△△△△△△△△△
△△△△△△△△△△△△△△△

△△△△△△△△△△△△△
△△△△△△△△△△△△

△△△△△△△△△△△△
△△△△△△△△△△△

△△△△△△△△△△△
△△△△△△△△△△

△△△△△△△△△△
△△△△△△△△△△

△△△△△△△△△
△△△△△△△△△

△△△△△△△△△
△△△△△△△△△

△△△△△△△△
△△△△△△△△

△△△△△△△△
△△△△△△△△

△△△△△△△△
△△△△△△△

△△△△△△△
△△△△△△△

△△△△△△△
△△△△△△△

△△△△△△
△△△△△△
△△△△△△
△△△△△△
△△△△△△
△△△△△△
△△△△△
△△△△△
△△△△△
△△△△△
△△△△△
△△△△
△△

××××××××××××××××××××
××××××××××××××××

×××××××××××××××
××××××××××××××

×××××××××××××
××××××××××××

××××××××××××
××××××××××××

×××××××××××
×××××××××××

×××××××××××
××××××××××

××××××××××
××××××××××

××××××××××
×××××××××

×××××××××
×××××××××

×××××××××
×××××××××

××××××××
××××××××

××××××××
××××××××

××××××××
××××××××

××××××××
×××××××

×××××××
×××××××

×××××××
×××××××

×××××××
×××××××

××××××
××××××
××××××
××××××
××××××
××××××
×××××
×××××
×××××
×××××
××××
×××

□
○
△
×

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

7

□

□

□

○

○

○

○

○

○

△
△

△

△

△

△

△

△

△

×
×

×
×

×
×

×
×

×
×

×
×

0.000 0.005 0.010 0.015 0.020 0.025 0.030
0.00

0.02

0.04

0.06

0.08

□

□

□

○

○

○

○

○

○

△
△

△
△

△
△

△
△

△

×
×

×
×

×
×

×
×

×
×

×
×

0.975 0.980 0.985 0.990 0.995 1.000

6.7

6.8

6.9

7.0

××××××××××××××××××××××××××
××××××××××××××××××××

××××××××××××××××××
×××××××××××××××××

××××××××××××××××
×××××××××××××××

×××××××××××××××
××××××××××××××

××××××××××××××
×××××××××××××

×××××××××××××
××××××××××××

××××××××××××
××××××××××××

×××××××××××
×××××××××××

×××××××××××
×××××××××××

××××××××××
××××××××××

××××××××××
××××××××××

×××××××××
×××××××××
×××××××××
×××××××××
××××××××
××××××××
××××××××
×××××××
×××××××
×××××××
××××××
××××××
×××××
×

○○○○○○○○○○○○○○○○○○○○○○○○
○○○○○○○○○○○○○○○○○○○

○○○○○○○○○○○○○○○○○○
○○○○○○○○○○○○○○○○

○○○○○○○○○○○○○○○
○○○○○○○○○○○○○○○

○○○○○○○○○○○○○○
○○○○○○○○○○○○○

○○○○○○○○○○○○○
○○○○○○○○○○○○○

○○○○○○○○○○○○
○○○○○○○○○○○○

○○○○○○○○○○○○
○○○○○○○○○○○

○○○○○○○○○○○
○○○○○○○○○○○

○○○○○○○○○○
○○○○○○○○○○

○○○○○○○○○○
○○○○○○○○○○

○○○○○○○○○
○○○○○○○○○

○○○○○○○○○
○○○○○○○○○

○○○○○○○○○
○○○○○○○○
○○○○○○○○
○○○○○○○○
○○○○○○○○
○○○○○○○
○○○○○○○
○○○○○○○
○○○○○○○
○○○○○○
○○○○○○
○○○○○○
○○○○○
○○○

×××××××××××××××××××××××
××××××××××××××××××

×××××××××××××××××
×××××××××××××××

×××××××××××××××
××××××××××××××

×××××××××××××
×××××××××××××

××××××××××××
××××××××××××

××××××××××××
×××××××××××

×××××××××××
×××××××××××

××××××××××
××××××××××

××××××××××
××××××××××

××××××××××
×××××××××

×××××××××
×××××××××

×××××××××
×××××××××

××××××××
××××××××

××××××××
××××××××

××××××××
×××××××
×××××××
×××××××
×××××××
×××××××
××××××
××××××
××××××
××××××
×××××
××××

○

×

0 100 200 300 400
0

500

1000

1500

2000

2500

×
×

×
×

×
×

×

×

×

×

○
○

○
○

○
○

○

○

○

○

0 2 4 6 8 10
0

5

10

15

20

25

× × × × × × × × × × × × × × × ×
×

×
×

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○
○

○
○

385 390 395 400

2600

2650

2700

2750

2800

Figure 5.13: Entanglement spectrum for an interval at the beginning of the semi-infinite line
with Dirichlet boundary conditions. Top left: The single particle entanglement energies εk for
different values of L (the insets zoom in on the lowest and on the highest values of k). Top right:
Comparison between the single particle entanglement energies εk for an interval with L = 400
sites at the beginning of the semi-infinite line with Dirichlet boundary conditions (see the top left
panel) and the ones for an interval with L = 400 sites in the infinite line (see the top right panel
of Fig. 5.7). Bottom: The ratios of the gaps in the entanglement spectrum as functions of logL
when ω = 0.

the semi-infinite line.

The numerical analysis of the entanglement spectrum is performed like in Sec. 5.3.2 and the
crucial difference with respect to the interval in the infinite line is that the massless regime given
by ω = 0 is well defined. In this regime we observe that the lowest single particle entanglement
energy ε1 is non vanishing, in contrast with the case of the interval in the infinite line.

In the top left panel of Fig. 5.13 we show the numerical results for the single particle entangle-
ment energies εk/L in terms of k/L corresponding to some values of L, finding that they nicely
collapse on a well defined curve when L is large enough, like in the case of the interval in the
infinite line (see the top right panel of Fig. 5.7). The curves obtained for these two spatial bipar-
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titions are compared in the top right panel of Fig. 5.13, finding that they basically overlap, once
the curve for the interval in the infinite line is multiplied by a factor of 2 (the insets highlight that
this agreement is very good in the highest part of the spectrum and gets worse in the lowest part
of the spectrum).

In the bottom panel of Fig. 5.13 we show the ratios gr/g1 between the generic gap gr and the
smallest gap g1 in the entanglement spectrum as functions of logL, for 1 6 r 6 13. These ratios
take all the integer values between 1 and 6 included (we checked that gr/g1 > 6.5 for r > 13 for
the largest value of L at our disposal). This feature originates from the fact that in the low-lying
part of the single particle entanglement spectrum the eigenvalues are equally separated by an
integer multiple of ε1 (see also Sec. 5.3.2). Comparing Fig. 5.13 and Fig. 5.7, it is straightforward
to notice that gr/g1 take all the integer values for both the bipartitions, but the corresponding
degeneracies are very different in the two cases. In particular, for the low-lying part of the single
particle entanglement spectrum the ratios εr/ε1 take the integer odd numbers 1, 3, 5, 7 . . . (see e.g.
the top inset in the top right panel of Fig. 5.13). Plugging these values into the relation between
εr and gr, we find that gr/g1 take strictly positive integer values n whose the degeneracy is given
by the number of ways to write n as a sum of positive integers that are not repeated (see the
bottom panel of Fig. 5.13).

The degeneracy observed in Fig. 5.13 is compatible with the conformal spectrum of the BCFT
given by the free massless scalar on a segment with mixed boundary conditions, namely with
Dirichlet boundary conditions imposed at one endpoint and Neumann boundary conditions at the
other endpoint [360, 362]. As discussed e.g. in [360], in this case the Laurent expansion that we
need is given by ∂zΦ(z) =

∑
n∈Z+ 1

2
jn J̃n(z), where the functions J̃n form an orthonormal basis

different from the one mentioned in Sec. 5.3.2 and it is worth remarking that the index of the
sum runs over half-integers. By constructing the Hilbert space as discussed in Sec. 5.3.2, now
we have that the conformal dimensions associated to the different states can take both integer or
half-integer values. Thus, by writing strictly positive integer or half-integer numbers as sums of
half-integers, one finds that gr/g1 take strictly positive integer values n whose degeneracy is the
number of ways to decompose n as a sum of non repeated strictly positive integers.

Since in our analysis Dirichlet boundary conditions are imposed at the beginning of the semi-
infinite line, we can conclude that Neumann boundary conditions must be imposed at the boundary
introduced by the regularisation procedure around the entangling point. This allows to fix the
ambiguity found in Sec. 5.3.2, concluding that the numerical results for the entanglement spectrum
of the interval in the infinite line in the continuum limit agree with the conformal spectrum of the
BCFT given by the free massless scalar on a segment with Neumann boundary conditions imposed
on both the boundaries encircling the endpoints of the interval in the euclidean spacetime. Also
for this bipartition we expect that the agreement with the conformal spectrum of the BCFT holds
only for the low-lying part of the entanglement spectrum.

5.5 Discussion

In this chapter we have performed a numerical analysis of the continuum limit of the entanglement
Hamiltonians of a block made by L consecutive sites in massless harmonic chains, in the two cases
where the subsystem is an interval in the infinite line or an interval at the beginning of the semi-
infinite line with Dirichlet boundary conditions imposed at its endpoint. The procedure is based
on the method introduced in [179,192] for chains of free fermions, which has been adapted here to
harmonic chains.

We have obtained the analytic expression (1.2.13) predicted by CFT, with the weight function
β(x) and the energy density T00(x) respectively given by (5.1.1) and (5.1.3) for the interval in the
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infinite line and by (5.1.2) and (5.1.4) for the interval at the beginning of a semi-infinite line. A
remarkable agreement between the data points and the weight functions β(x) predicted by CFT is
observed (see Fig. 5.5 and Fig. 5.11). It would be instructive to support our numerical results with
analytic computations, by first finding analytic expressions for the functions µk(x) and νk(x) (see
Fig. 5.2, Fig. 5.3 for the interval in the infinite line and Fig. 5.8 and Fig. 5.9 for the interval at the
beginning of the semi-infinite line) and then by performing analytically the sums involving these
functions and their derivatives which provide continuum limit of the entanglement Hamiltonians,
as done in [179,192] for the interval in the infinite chain of free fermions.

We have also explored the continuum limit of the entanglement spectra of these entanglement
Hamiltonians, finding that the ratios of the low-lying gaps provide the ratios of the conformal
dimensions of the BCFT given by the massless scalar on the annulus with the proper conformal
boundary conditions, as predicted in [147] (see Fig. 5.7 and Fig. 5.13). The numerical results
indicate that Neumann boundary conditions must be imposed along the boundaries introduced by
the regularisation procedure. This is in agreement with a similar numerical analysis performed in
lattice spin models [207], where it has been found that the numerical results for the entanglement
spectra are compatible with the conformal spectra of BCFT with free boundary conditions imposed
along the boundaries around the entangling points. This has been confirmed also by numerical
studies out of equilibrium [209].

The results reported in this chapter can be extended in various directions. In massless harmonic
chains, the entanglement Hamiltonians of an interval in a circle when the system is in its ground
state or in the infinite line when the system is at finite temperature should be studied because
in these cases (1.2.13) still holds and the weight functions β(x) are known from CFT [147, 176,
178, 179]. It is also natural to explore the entanglement Hamiltonians for bipartitions involving
disjoint intervals [180–182, 233–237, 299, 364–367], spatially inhomogeneous chains [177, 240, 368]
and higher dimensional quantum systems [175]. It is important to find explicit expressions for
the entanglement Hamiltonians in interacting lattice models, both through analytic and numerical
methods [185–190, 202, 203, 260–262, 369]. Also the analysis of the entanglement spectra [207,
263, 361, 370–373] and of the contour for the entanglement entropies [27–29], which is a quantity
strictly related to the entanglement Hamiltonian, deserves further analysis. It is useful also to study
operators on the lattice that provides efficient approximations of the entanglement Hamiltonians
[177,374,375].





Chapter 6

Entanglement Hamiltonians in
gapped systems

6.1 Introduction

The entanglement Hamiltonians in free massive quantum field theories have still to be fully un-
derstood, even for simple bipartitions. For relativistic theories, the Bisognano-Wichmann theorem
(1.2.11) holds even in presence of mass terms, but, when the subsystem A is not the half space, the
lack of conformal invariance makes difficult obtaining results as the ones available for conformal
field theories (CFTs) (see Sec. 1.2.2). Some analyses on the entanglement Hamiltonians in massive
theories can be found, for instance, in [193,200].

The goal of the present chapter is to characterise the entanglement Hamiltonian for an interval
in chains away from criticality, and we do this by studying two free-particle models, namely a
massive harmonic chain and a gapped fermionic chain. For the bosons, the frequency ω of each
single oscillator is kept finite, while for the fermions a dimerization is introduced via alternating
hopping matrix elements t(1 ± δ). This corresponds to the Su-Schrieffer-Heeger model for poly-
acetylene in the absence of interactions [376,377]. In both cases, the ground states have Gaussian
nature and K̂A is a free-particle Hamiltonian which can be determined from the correlation func-
tions of the chains [4, 191]. This is done with high-precision numerics which allows to treat large
intervals. Both chains can also be related to integrable two-dimensional models which leads to
explicit formulae for K̂A if the interval is half-infinite [4, 259,262,378].

We find that the basic pattern is always similar to the critical case: there are some dominant
terms in K̂A whereas all others are much smaller. In the bosonic case, these are the diagonal
matrix elements in the kinetic and in the potential energy (characterised by the matrices with
entries given by Ni,j and Mi,j respectively) and the nearest-neighbour coupling in the latter, while
in the fermionic model at half filling, it is the nearest-neighbour hopping. These quantities vanish
linearly at the ends of the interval, and the linear behaviour extends more and more into the
interior, as one moves away from criticality. In the end, the curves approach a triangular form
instead of a parabola. This corresponds to a combination of the effects from the two boundaries,
and the slopes are given correctly by the corner transfer matrix (CTM) results for the half-infinite
subsystem [4,262]. Defining an approximate entanglement Hamiltonian with these dominant terms,
one finds that, except at the upper end, its spectrum is identical to that of the true one. Therefore,
it also gives the same entanglement entropy except very close to criticality. These features are
completely analogous to those found for critical chains with a parabolic variation of the couplings
in K̂A [375,379,380].

In the fermionic case, there is an additional feature due to the dimerization: the dimerization
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pattern of the physical Hamiltonian is found again in the entanglement Hamiltonian, as already
noted in [381]. The even and odd bonds differ, and this is particularly marked in the centre, but
both show a trend towards a triangular variation as the dimerization increases.

The behaviour of the small matrix elements, which describe longer-range couplings, is more
complex. They show spatial oscillations which are absent at criticality and can vanish outside
a region around the middle of the interval. A particular subset corresponds to couplings across
the centre. The region where they have relatively large values has its maximal extent when the
correlation length is comparable to the size of the interval. Because of these features we were not
able to obtain a consistent continuum picture near the critical point.

The layout of the chapter is as follows. In section 6.2, we describe the setting and give the
basic formulae, in particular for the elements of the correlation functions. Section 6.3 presents
explicit expressions for the entanglement Hamiltonians of half-infinite subsystems, which serve as
points of reference for the case of an interval. In section 6.4, the numerical results for the elements
in K̂A are presented for intervals in strongly non-critical oscillator chains and a simplified version
of K̂A is discussed. In section 6.5, the same is done for the dimerized hopping chain. Section 6.6
is devoted to the general features of K̂A in the non-critical region, including long-range couplings
across the middle of the interval, while section 6.7 sums up our findings and also addresses the
question of a continuum limit.

Notations: in this chapter we follow the notations of [102], denoting by N the number of sites
belonging to the subsystem A of the infinite chains that we study. This notation differs from the
one employed in chapter 5, where the size of the subsystem A was denoted by L.

6.2 Setting

In this section, we describe the two chains we shall study and give the formulae from which the
entanglement Hamiltonian K̂A of a subsystem A follows. If A is a subsystem made by N sites,
the diagonal form of K̂A reads

K̂A =
N∑

l=1

εl f̂
†
l f̂l (6.2.1)

where f̂ †l and f̂l are either bosonic or fermionic creation and annihilation operators and εl denote
the single-particle eigenvalues. They are determined via elementary correlation matrices restricted
to the given segment in the quantum chain at hand, with the relation depending on the particle
statistics (for harmonic chains this has been reported in 5.3.29). In order to obtain the entan-

glement Hamiltonian in real space, the operators f̂ †l and f̂l have to be transformed back into the
original variables, which is again model dependent. In the following we present the two cases
separately.

6.2.1 Harmonic chain

The harmonic chain on an infinite line is defined by the Hamiltonian (5.2.1). For simplicity, in
our numerical calculations we shall set κ = 1 and m = 1, in (5.2.1), leaving a single parameter
ω to be varied. As discussed in chapters 2 and 5, the ground state of the harmonic chain can be
fully characterized by the correlation functions of positions and momenta. They can be obtained
by standard computations and they have been reported in (C.1.5) and (C.1.6) respectively.

The procedure to compute the entanglement Hamiltonian has been discussed in Sec. 5.2. In
particular, let us recall that K̂A can be written in the original position and momentum basis as
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in (5.2.2). The matrix HA in (5.2.2) can be decomposed into two blocks N and M which can be
computed numerically through (5.2.3) in terms of the reduced correlation matrices QA and PA.
Moreover, the single-particle spectrum in (6.2.1) is obtained from [191]

(4PAQA)φl = coth2
(εl

2

)
φl , (4QAPA)ψl = coth2

(εl
2

)
ψl (6.2.2)

where φl and ψl are respectively the right and left eigenvectors of the nonsymmetric matrix PAQA.
Let us stress that the single-particle spectrum can be equivalently obtained as discussed Sec. 5.3.2.

6.2.2 Dimerized hopping model

Our second model is a fermionic chain with dimerized hopping, given by the Hamiltonian

Ĥ = −t
∞∑

m=−∞

(
1− δ

2
ĉ†2m−1ĉ2m +

1 + δ

2
ĉ†2mĉ2m+1 + h.c.

)
(6.2.3)

where ĉ†m and ĉm are now fermionic creation and annihilation operators, satisfying canonical anti-
commutation relations {ĉm, ĉ†n} = δm,n. The dimerization is governed by the parameter δ, where
δ = 0 corresponds to the homogeneous chain while δ = ±1 is the fully dimerized limit, with every
second hopping being zero. We set the overall hopping amplitude to t = 1. The Hamiltonian
is two-site shift invariant and can be diagonalized after introducing Fourier modes on the two
sublattices. This leads to a two-band structure of the dispersion ωq = ±

√
cos2 q + δ2 sin2 q within

a reduced Brillouin zone q ∈ [−π/2, π/2], with the excitation gap given by 2|δ|.
The half-filled ground state can be fully characterized in terms of the fermionic correlation

matrix 〈ĉ†mĉn〉 which has a checkerboard structure. In particular, the only nonvanishing matrix

elements beyond the diagonal 〈ĉ†mĉm〉 = 1/2 are given by

〈ĉ†2m−1ĉ2n〉 = Cr − δ Sr, 〈ĉ†2mĉ2n+1〉 = Cr + δ Sr (6.2.4)

where r = 2n+ 1− 2m and we defined the integrals

Cr =

∫ π/2

−π/2

dq

2π

cos qr cos q√
cos2 q + δ2 sin2 q

, Sr =

∫ π/2

−π/2

dq

2π

sin qr sin q√
cos2 q + δ2 sin2 q

. (6.2.5)

A closed form expression can also be found for the dimerized chain and reads for n ≥ m [382]

〈ĉ†2m−1ĉ2n〉 = k1/2Jn−m(k) + k−1/2Jn−m+1(k) (6.2.6)

〈ĉ†2mĉ2n+1〉 = k−1/2Jn−m(k) + k1/2Jn−m+1(k) (6.2.7)

where we assumed δ > 0 and introduced

Jr(k) = (−1)r
kr+1/2

2

Γ(r + 1/2)

Γ(1/2) Γ(r + 1)
2F1

(
1/2 , r + 1/2 , r + 1 , k2

)
(6.2.8)

and the parameter k is now given by

k ≡ 1− δ
1 + δ

. (6.2.9)

The correlations thus depend on the dimerization only via the parameter 0 < k < 1, which is
related to the correlation length as ξ−1 = − ln k.
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Attempt 3

1
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Figure 6.1: Corner transfer matrix geometries. Left: Gaussian model related to the oscillator
chain. Right: Interpenetrating Ising models related to the dimerized hopping chain. Full circles
show the location of the dual variables. The arrows indicate the direction of transfer.

The single-particle spectrum in (6.2.1) follows from the eigenvalues of the reduced correlation
matrix CA as [191]

(1− 2CA)φl = tanh
(εl

2

)
φl (6.2.10)

which is the expression analogous to the bosonic case (6.2.2). Writing the entanglement Hamilto-
nian in the local fermionic basis

K̂A =

N∑

i,j=1

Hi,j ĉ
†
i ĉj (6.2.11)

the matrix H follows as

Hi,j =

N∑

l=1

φl(i) εl φl(j) (6.2.12)

where φl is the eigenvector corresponding to εl from (6.2.10).

6.3 Half-infinite subsystem

In this case, there are explicit expressions for the entanglement Hamiltonians which result from
the relation of the chain problem to an integrable two-dimensional lattice model and the use of
(infinite-size) corner transfer matrices in the latter. This provides a point of reference for the later
treatment of finite subsystems and will therefore be discussed first.

6.3.1 Harmonic chain

The harmonic chain can be related to a Gaussian model on a square lattice as described in [194].
The necessary CTM was studied before in [383] and is shown in Fig. 6.1 on the left (see chapter 9
for an application of the CTM techniques to the study of the symmetry resolved entanglement).
This leads to the following expression for the entanglement Hamiltonian of the half chain with
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sites i ≥ 1 if one chooses m = 1, κ = ζ and ω = 1− ζ in (5.2.1)

K̂half = 2I(ζ ′)

∞∑

i=1

1

2

[
(2i− 1) p̂2

i + (2i− 1)(1− ζ)2 q̂2
i + 2i ζ

(
q̂i+1 − q̂i

)2 ]
(6.3.1)

where ζ ′ =
√

1− ζ2 and I(ζ) is the complete elliptic integral of the first kind which arises from
the elliptic parametrisation of the couplings in the Gaussian model.

To get the result in the parametrisation κ = 1 with ω being independent, one needs to carry
out the canonical transformation p̂n → (mκ)1/4 p̂n and q̂n → (mκ)−1/4 q̂n. In terms of the rescaled
variables one has

K̂half = 2I(ζ ′)
√
ζ

∞∑

i=1

1

2

[
(2i− 1) p̂2

i + (2i− 1)ω2 q̂2
i + 2i

(
q̂i+1 − q̂i

)2 ]
(6.3.2)

where the rescaled frequency reads

ω2 = (1− ζ)2/ζ . (6.3.3)

Note that since ω is now the free parameter of the Hamiltonian, the relation (6.3.3) must be
inverted to get the elliptic parameter ζ(ω). It is easy to see that the solution is given by

ζ ≡ 1

4

(√
ω2 + 4− ω

)2
. (6.3.4)

Note that 0 < ζ < 1. In particular, ζ → 1 yields the critical point corresponding to the choice
ω → 0.

The operator (6.3.2) has thus the same structure as the physical Hamiltonian, but the coeffi-
cients of the terms increase linearly as one moves into the subsystem. The matrices Ni,j and Mi,j

introduced in (5.2.2) can be read off the expression, and the only non-zero elements are

Ni,i = b(ζ) (2i− 1) , Mi,i = b(ζ) (2i− 1) (ω2 + 2) , Mi,i+1 = −b(ζ) 2i (6.3.5)

with b(ζ) = 2I(ζ ′)
√
ζ and ζ given by (6.3.4) in terms of ω.

Finally, the bosonic single-particle eigenvalues εl are given by [194]

εl = ε (2l − 1) , ε = π
I(ζ ′)

I(ζ)
, l = 1, 2, 3, . . . . (6.3.6)

This result can be checked in the limit κ → 0, where the last term in (6.3.1) vanishes and K̂half

becomes the sum of independent oscillators multiplied by factors (2i− 1).

6.3.2 Dimerized hopping chain

The entanglement Hamiltonian for this case has not been given before, but it can be obtained
from known results for the transverse Ising (TI) chain. The reason is that the dimerized chain is
an XX model in spin language which corresponds to two interlacing transverse Ising chains [384].
Consider the two TI Hamiltonians defined on odd resp. even lattice sites

Ĥ1 = −
∑

m

(
h2m−1 σ̂

x
2m−1 + λ2m−1σ̂

z
2m−1σ̂

z
2m+1

)
(6.3.7)

Ĥ2 = −
∑

m

(
h2m σ̂

x
2m + λ2m σ̂

z
2mσ̂

z
2m+2

)
(6.3.8)
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where σ̂xn, σ̂
z
n are Pauli matrices. Then, going over to dual variables via

σ̂zmσ̂
z
m+1 = τ̂ zm , σ̂xm = τ̂xm−1τ̂

x
m (6.3.9)

the total Hamiltonian Ĥ = Ĥ1 + Ĥ2 becomes

Ĥ = −
∑

m

[
(h2mτ̂

x
2m−1τ̂

x
2m + λ2m−1τ̂

z
2m−1τ̂

z
2m) + (h2m+1τ̂

x
2mτ̂

x
2m+1 + λ2mτ̂

z
2mτ̂

z
2m+1)

]
. (6.3.10)

Therefore one can make the interaction isotropic by choosing

h2m = λ2m−1, h2m+1 = λ2m (6.3.11)

which means that the fields in one chain are the couplings in the other one and vice versa. With
a rotation τ̂ z → τ̂y, the Hamiltonian assumes the form

Ĥ = −
∑

m

[
λ2m−1(τ̂x2m−1τ̂

x
2m + τ̂y2m−1τ̂

y
2m) + λ2m(τ̂x2mτ̂

x
2m+1 + τ̂y2mτ̂

y
2m+1)

]
(6.3.12)

and describes an inhomogeneous XX chain. The special choice

λ2m−1 = (1− δ) , λ2m = (1 + δ) (6.3.13)

then leads to the operator (6.2.3) if one writes (6.3.12) in terms of fermions. The two TI chains
involved are homogeneous but with interchanged parameters.

Now, a single TI chain with field h and coupling λ, is related to an isotropic two-dimensional
Ising model on a square lattice with coupling K if λ/h = sh2(2K), and the entanglement Hamilto-
nian follows from the appropriate CTM as in the bosonic case [262]. The operator K̂half describes
again a TI chain and differs somewhat for λ/h < 1 (disordered region) and λ/h > 1 (ordered
region), see [385]. In the disordered region, it is

K̂half = − 2I(k′)
1

2

∑

i≥1

[
(2i− 1) σ̂xi + k 2i σ̂zi σ̂

z
i+1

]
(6.3.14)

where k = λ/h and I(k) is the same quantity as before. In the ordered region, k = h/λ, and k
appears in front of the first term in the brackets.

In the present case, one has two interpenetrating Ising lattices, one in the ordered and one in
the disordered region. This leads to two interpenetrating CTMs, one with a tip and one without a
tip, as shown in Fig. 6.1 on the right, see also [386]. As a result, the two operators in the exponent
satisfy the condition (6.3.11) and after the dual transformation one has

K̂half = − 2I(k′)
1

2

∑

i≥1

[
k (2i− 1) (τ̂x2i−1τ̂

x
2i + τ̂y2i−1τ̂

y
2i) + 2i (τ̂x2iτ̂

x
2i+1 + τ̂y2iτ̂

y
2i+1)

]
(6.3.15)

where now, using (6.3.13), the parameter k is given by k = (1− δ)/(1 + δ) as in (6.2.9). Writing
this in terms of fermions, one arrives at the final result for a half-chain with sites i ≥ 1

K̂half = − 2I(k′)
∑

i≥1

[
k (2i− 1) (ĉ†2i−1ĉ2i + h.c.) + 2i (ĉ†2iĉ2i+1 + h.c.)

]
. (6.3.16)

This is a hopping model with hopping amplitudes which increase linearly and, in addition, alternate
between 1 and k in exactly the same way as in the physical Hamiltonian (6.2.3) (if one divides Ĥ by
(1 + δ)). Thus the pattern of strong and weak bonds reappears in the entanglement Hamiltonian,
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as found in earlier numerical calculations [381]. Note that K̂half in (6.3.16) starts with a weak bond
between i = 1 and i = 2, i.e. the chain is divided at a strong bond. If one wants to consider the
opposite situation, the factor k has to be moved to the other term in the bracket.

The fermionic single-particle eigenvalues εl of K̂half are given by an expression as for a single
TI chain and analogous to the bosonic case

εl = ε 2l , ε = π
I(k′)

I(k)
, l = 0,±1,±2,±3, . . . (6.3.17)

where the factor 2l can be checked by taking the limit k → 0 in (6.3.15) or (6.3.16). The pairs
(εl, ε−l) arise from the two TI operators in the original representation and the state with l = 0
is the analogue of the surface state one finds in the Hamiltonian Ĥ if the chain is actually cut at
the strong bond. For a chain divided at a weak bond, one has to move the factor k as mentioned
above, and this changes 2l into 2l − 1 in the formula.

6.4 Interval in the harmonic chain

In this section we consider a finite block made by N consecutive sites in the harmonic chain and
calculate the entanglement Hamiltonian numerically from the correlation matrices via (5.2.3). As
mentioned earlier, we set m = 1 and κ = 1 in (5.2.1) so that only the oscillator frequency ω
remains, from which ζ can be obtained via (6.3.4). The numerical data shown in Fig. 6.2, where
N = 200 and ω = 1, have been obtained through a numerical precision given by 800 digits, while
for Fig. 6.3, where N = 100 and ω = 10, we have employed 1000 digits. In general, we have
observed that higher precision is required as N or ω increase.

In Fig. 6.2 the elements Ni,j and Mi,j in and near the diagonals of the matrices are shown for
ω = 1, which corresponds to ζ = 0.383. From previous investigations [101] (see also chapter 5)
one expects K̂A to be extensive, therefore the matrix elements are divided by N . Dividing also
the site indices by N , one finds a perfect collapse of the data for N = 100 and N = 200 and thus
a well-defined limiting behaviour.

In the kinetic energy, only the diagonal elements Ni,i are large and show a variation with i
which lies somewhere between a parabola and a triangular form. The next elements Ni,i+1 have a
sharp cusp in the middle of the interval and are already an order of magnitude smaller. This cusp
remains in the following elements which are still smaller and, in addition, develop more and more
structures, including zeros which do not occur in the case of a critical chain, as shown in chapter
5 (see also [101]).

In the potential energy, the diagonal elements Mi,i are again the largest ones, with a shape
similar to that of Ni,i. However, here the nearest-neighbour terms Mi,i+1 are also large, negative
and show a kind of plateau in the centre. Only the terms describing the interactions with more
distant neighbours are much smaller and show structures resembling those in the kinetic terms.
Note that we have plotted −Mi,i+r for r > 0. These are the spring constants if one rewrites the
potential energy properly and therefore typically positive.

A particular feature is that the structures in the small matrix elements only appear in a certain
region in the centre of the subsystem, while the quantities are zero in the rest of the interval. This
region is the same for all quantities and its width becomes smaller and approaches zero as ω
increases, i.e. as the coupling between the oscillators in the chain becomes less important (see also
Fig. 6.10).

In Fig. 6.3 we look at the three dominant matrix elements Ni,i, Mi,i and Mi,i+1 in more detail.
They are shown there for relatively large values of ω, ranging from ω = 1 (ζ = 0.38) to ω = 10
(ζ = 0.01) and one sees that all approach a triangular shape as ω increases. The dashed lines are
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Figure 6.2: Short-range couplings Ni,j (left panels) and Mi,j (right panels) for ω = 1 and two
segment sizes. Note the different vertical scales.
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Figure 6.3: Dominant matrix elements Ni,j and Mi,j for N = 100 and various values of ω. The
black dashed lines correspond to the three-diagonals approximation (6.4.1) and (6.4.2).

the slopes found in (6.3.5) for the half-infinite subsystem and describe the results very well. This
suggests an approximation which consists in keeping only these elements and setting

Ni,i

N
= 2 b(ζ) ∆((i− 1/2)/N) (6.4.1)

and
Mi,i

N
= 2
(
ω2 + 2

)
b(ζ) ∆((i− 1/2)/N) ,

Mi,i+1

N
= − 2 b(ζ) ∆(i/N) (6.4.2)

with the “triangular” function

∆(x) ≡ 1

2
−
∣∣∣∣x−

1

2

∣∣∣∣ =

{
x 0 ≤ x ≤ 1/2
1− x 1/2 ≤ x ≤ 1

(6.4.3)

replacing the simple linear behaviour in (6.3.5). In physical terms, this three-diagonals approxi-
mation models the entanglement Hamiltonian K̂A of the interval by glueing the half-infinite ones
attached to the endpoints together. This should be good for small correlation lengths and the
analytical expressions allow to predict how the slopes vary with ω. Since ζ decreases as ω becomes
larger, b(ζ) also decreases while ω2 b(ζ) increases.

While this approximation describes K̂A quite well, it neglects the structure in the nearest-
neighbour coupling Mi,i+1 in the middle of the subsystem. This probably has to be seen together
with the features in the small longer-distance couplings.
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Figure 6.4: Exact εl and approximate ε̃l single-particle entanglement eigenvalues for ω = 0.1 (top
left), ω = 1 (top right) and ω = 5 (bottom). The slope of the red solid straight line is given by ε
in (6.3.6).

Finally, we turn to the single-particle spectra εl which follow from the eigenvalues of the matrix
PAQA according to (6.2.2). They are shown in Fig. 6.4 for three typical values of ω. As K̂A scales
with N , so do the εl, and a plot εl/N vs. l/N gives a universal curve for large N . Basically, the
εl increase at first linearly with l, but for large l there is an upward bend. This sets in early for
small ω and late for larger ω. Already for ω = 5 the behaviour is just linear. The full lines are
the results of (6.3.6) and are seen to describe the (initial) slope very well. A closer look at the
smaller eigenvalues for ω = 0.1 and ω = 1 is provided by the insets and shows that they are doubly
degenerate, as one would expect if one associates them with the two boundaries. The degenerate
levels are described by the half-chain formula (6.3.6). As the dispersion bends, the degeneracy is
also lost.

In Fig. 6.4 the eigenvalues ε̃l result from the entanglement Hamiltonian based on the three-
diagonals approximation (6.4.1) and (6.4.2). For large ω, a perfect agreement between the two
sets is observed up to the largest few eigenvalues, as shown in the inset for ω = 5. In contrast, for
smaller values of ω the ε̃l lie above the εl at the upper end of the spectrum. This is quite reasonable
since the triangular form in (6.4.1) and (6.4.2) overestimates the largest matrix elements in the
middle of the interval which mainly determine the largest eigenvalues, since the eigenfunctions are
concentrated there. By contrast, there is always agreement between ε̃l and εl at the lower end.

With the eigenvalues εl, the entanglement entropy is given by

S =
N∑

l=1

(
εl

eεl − 1
− log(1− e−εl)

)
(6.4.4)
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Figure 6.5: Entanglement entropy as function of ω: S is obtained through the exact formula
(6.4.4), S̃ through the three-diagonals approximation and the solid black curve corresponds to
(6.4.5). The green dashed line shows the approximation (6.4.7) for ω � 1, while the inset shows
the behaviour for ω � 1.

and the result of the numerical calculation is shown in Fig. 6.5 where S is plotted as a function of
ω. For ω > 1 one can safely use the spectrum of the half-infinite subsystem given in (6.3.6) plus
the two-fold degeneracy. A closed formula for the entropy can be found as

S = − 1

12

[
ln

(
16ζ ′4

ζ2

)
− (1 + ζ2)

4I(ζ)I(ζ ′)

π

]
. (6.4.5)

It differs by a factor 2 from the one reported in [4] for the half-infinite chain, reflecting the
contributions from the two endpoints of the interval. The result (6.4.5) is shown by the solid black
line in Fig. 6.5, which perfectly agrees with the numerical data.

This agreement actually extends to much smaller ω as shown in the inset, where deviations
occur only below ω = 0.01. The same holds for the entropy S̃ calculated with the eigenvalues ε̃l,
because S is determined essentially by the low end of the spectrum.

For ζ → 1, i.e. near criticality, the entropy (6.4.5) diverges and, using I(ζ) ' ln(4/ζ ′), one has
for the interval

S ' 1

3
ln

(
1

1− ζ

)
(6.4.6)

while for ζ → 0 it goes to zero as

S ' 1

4
ζ2(− ln ζ + 1/2 + ln 4) (6.4.7)

because the coupling of the oscillators vanishes. The expression (6.4.7) in the regime ω � 1, that
corresponds to ζ → 0 from (6.3.4), is shown by the green dashed line in Fig. 6.5.

6.5 Interval in the dimerized chain

The study of the dimerized hopping chain is somewhat simpler as one has only the matrix H to
consider. The corresponding matrix elements are given by (6.2.12) via the eigenvalue equation
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Figure 6.6: First-, third- and fifth-neighbour hopping in H for odd (left) and even (right) bonds,
with dimerization δ = 0.5 and for two segment sizes. Note the different vertical scales.

(6.2.10) of the reduced correlation matrix. Similarly to the bosonic case, this requires the matrix
elements of CA to be calculated with a high precision via the analytic expressions in (6.2.6)-(6.2.8).
Due to the particle-hole symmetry, the nonvanishing entries Hi,j are hopping terms over an odd
distance |j − i| = 2p+ 1 and it is useful to define their density as

hi,j = −Hi,j

N
. (6.5.1)

To get an overall impression on the structure of the entanglement Hamiltonian, in Fig. 6.6 we
plot the scaled hopping amplitudes in (6.5.1) along the diagonals up to the fifth-neighbour terms,
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for a dimerization parameter δ = 0.5. The hopping amplitudes hi,i+2p+1 depend on the scaling
variable (i+ p)/N as is clear from the data collapse for two different segment sizes. The hopping
matrix is dominated by the nearest-neighbour terms (p = 0), similarly to the homogeneous chain
(δ = 0). However, the dimerization induces a strong variation of the hopping across even and odd
bonds, shown by the left and right columns in Fig. 6.6. The third- and fifth-neighbour hopping
(p = 1, 2) is an order of magnitude smaller and has a nontrivial structure, developing sharp peaks
in the center, which is reminiscent of the behaviour seen for the oscillator chain in Fig. 6.2. Note
also that, in contrast to the homogeneous case where hi,i+2p+1 > 0 for all p, the amplitudes hi,i+3

are dominantly negative for the dimerized case. We checked numerically that this sign change
occurs gradually as one moves towards δ → 0.

We shall now focus on the nearest-neighbour hopping and use the exact results for the half-
infinite chain in Sec. 6.3 to obtain an approximate understanding for the segment. Our main
physical argument is that in a non-critical system with correlation length ξ � N , the segment
should effectively behave like a half-infinite system around both of its boundaries. Hence, the
result in Eq. (6.3.16) predicts a linear increase of the hopping with a slope 2I(k′), multiplied
by a factor of 1 or k for the strong (even) and weak (odd) bonds. To check this prediction, we
have plotted in Fig. 6.7 the hopping profiles h2i,2i+1 and h2i−1,2i/k, and compared them to the
half-infinite result shown by the dashed lines. The linear approximation works perfectly around
the boundary of the segment, with the agreement improving towards the center for larger δ. One
should remark that all the δ values in Fig. 6.7 correspond to very short correlation lengths, in
particular one has ξ ≈ 2.5 for δ = 0.2. Nevertheless, the deviation from the wedge profile for this
value is more pronounced. Clearly, in the limit δ → 0 one has to recover the result for the critical
case [192], which is roughly parabolic with a slope 2I(0) = π at the boundaries. Note also that
the odd hopping profile develops a dip around the center, in contrast to the even profile which has
a marked peak.
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Despite the systematic deviations, one expects that a simple nearest-neighbour entanglement
Hamiltonian h̃i,j with wedge-like hopping amplitudes would give a very good approximation ρ̃ of
the actual reduced density matrix ρ̂. In fact, in the critical case δ = 0, it has recently been shown
that such an approximation with a parabolic hopping profile yields a vanishing distance between
ρ̃ and ρ as N →∞ [380]. For the dimerized chain we assume, analogously to the oscillator chain
in (6.4.1) and (6.4.2), a triangular profile for the nearest-neighbour hopping

h̃2i−1,2i = 2I(k′) k∆((2i− 1)/N) , h̃2i,2i+1 = 2I(k′) ∆(2i/N) (6.5.2)

where the function ∆(x) was defined in (6.4.3), and we set h̃i,i+2p+1 = 0 for all i and p > 0. To
check the feasibility of such an approximation, in Fig. 6.8 we compare the spectra ε̃l calculated
from h̃ to the actual spectrum εl, studied previously in Ref. [387]. Note that due to particle-hole
symmetry, the eigenvalues come in pairs with opposite signs, and we show only the positive part of
the spectra for better visibility. Clearly, the low-lying part of the spectrum is perfectly reproduced,
while the larger eigenvalues εl tend to be overestimated by ε̃l. The agreement of the high-energy
spectrum improves for larger dimerizations, and for δ = 0.8 it already becomes perfect up to the
last few eigenvalues. Note also that the low-lying spectra are doubly degenerate, corresponding
to contributions from the two boundaries, and the levels are given by the CTM result (6.3.17) for
the half-infinite chain, shown by the dashed lines in Fig. 6.8. The observed features are completely
analogous to those shown in Fig. 6.4 for the oscillator chain.

It is instructive to have a look also at the entanglement entropy, given by

S =

N∑

l=1

(
εl

eεl + 1
+ log(1 + e−εl)

)
. (6.5.3)

The quantity S̃ calculated via ε̃l is defined analogously. As only the low-lying εl have a significant
contribution, it is already clear from Fig. 6.8 that S̃ would give a perfect approximation of the
entropy for the δ values shown. Therefore we now focus on smaller dimerizations |δ| < 0.1, corre-
sponding to larger correlation lengths, with the results for N = 50 shown in Fig. 6.9. Remarkably,
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the agreement between S and S̃ remains very good down to |δ| ≈ 0.025 corresponding to ξ ≈ 20.
For even smaller |δ| the correlation length exceeds the half-length of the segment, and the ansatz
(6.5.2) built from the contributions of two independent boundaries gradually breaks down. The
same is true for the doubled CTM result which, using the formulas for the TI chain [4, 388], can
be written as

S =





1

3

[
ln
( k2

16k′

)
+
(

1− k2

2

)4I(k)I(k′)

π

]
+ 2 ln 2 δ > 0

1

6

[
ln
( 16

k2k′2

)
+ (k2 − k′2)

4I(k)I(k′)

π

]
δ < 0

(6.5.4)

where for δ < 0 one has to use |δ| in the definition (6.2.9) such that k < 1. In particular, for
δ → 0 (k → 1) the CTM result diverges logarithmically. In contrast, the entropy S̃ was found to
scale as S̃ = 1/3 lnN + const, reproducing the correct prefactor but not the proper constant in S.
Although the correct ansatz for the hopping is a parabola for δ = 0, the triangular profile has the
same slope at the boundaries and thus reproduces the proper logarithmic scaling of the entropy.

6.6 General features of the non-critical regime

In the last two sections, we focussed on strongly non-critical systems with a correlation length of
the order of the lattice constant and thus much smaller than the length of the interval. Here we
want to outline the situation in the whole non-critical region.

For the dominant matrix elements, this was done to some extent already in Figs. 6.2 and 6.3
(see Figs. 6.6 and 6.7 for the fermionic chain), where a transition from parabolic to triangular
profiles could be observed as ω increased. The properties of all others are collected in the form
of contour plots in Fig. 6.10 for the case of the oscillator chain, where the elements Ni,j/N and
Mi,j/N for N = 400 and six different values of ω are shown. The size of the elements is given by
a colour code where white represents values smaller than 10−5. The case ω = 10−30 corresponds
to a system which is essentially critical and this was studied in detail in chapter 5 (see also [101]).
The finite value of ω only serves to avoid a zero mode in the chain. The cases ω = 1 and
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Figure 6.10: Contour plots of Ni,j/N (top) and Mi,j/N (bottom) for N = 400 and six values of ω.
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Figure 6.11: Hopping amplitudes Hi,j along a fixed row i in the dimerized chain. The data are
shown for N = 50 as a function of j > i+ 1, omitting the dominant nearest-neighbour term.

ω = 3 correspond to the situation considered in section 6.4. One sees that in both limits the
matrices have somewhat larger elements only near the main diagonal. Physically, these are short-
range couplings. As one moves away from criticality, larger regions of the squares become filled
(in particular for Ni,j), a cross-shaped structure develops in the middle and then shrinks again.
Calculations for larger ω show that it vanishes around ω = 100. Its finite extent in the direction
of the main diagonal was already encountered in Fig. 6.2, where the matrix elements Mi,i+r for
small r were seen to vanish beyond a certain distance from the centre. The elements in the other
arm of the cross correspond to longer-range couplings near and across the centre, and a particular
case is the sharp “antidiagonal” in the matrix of the potential energy, formed by the elements
Mi,N+1−i which connect points symmetric with respect to the middle of the interval. In particular
i = 1 corresponds to a coupling across the whole subsystem. This structure was already observed
in [193].

For the dimerized hopping model, an analogous plot of Hi,j/N shows similar features and
resembles the picture for ω = 10−2 in Fig. 6.10. The structure is always cross-like and a sharp
antidiagonal exists. In Fig. 6.11 we present this feature in more detail by showing horizontal cuts
through the matrix, plotting the elements Hi,j for fixed i as function of the column index j. One
sees not only a sharp spike right at j = N + 1 − i, but already an increase of the values as the
antidiagonal is approached while they are initially decreasing with j. This behaviour can also
be inferred from the contour plots, but is clearer in the direct plot. As to the values along the
antidiagonal, these are shown in Fig. 6.12 for several dimerizations δ. While close to criticality,
they are small and decrease only slowly with i, they become larger in the centre for stronger
dimerization but also decrease faster, approaching zero at some finite point. Remarkably, plotted
against i/N and away from the centre, the amplitudes Hi,N+1−i along the antidiagonal collapse
on the same curve for various N and are thus nonextensive, in sharp contrast to the short-range
hopping in Fig. 6.6. This is similar to the situation for the central structure in the oscillator
chain. In that case, one finds a similar profile along the antidiagonals, but the alternations of the
dimerized chain are absent.

The phenomenon of the antidiagonals is somewhat intriguing but does not seem to have a
simple interpretation. In [193] it was shown to arise in a perturbative calculation around the
critical point, where it comes from the logarithmic oscillations of the critical eigenfunctions, but
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Figure 6.12: Hopping amplitudes Hi,N−i+1 along the antidiagonal for N = 50 and various δ,
omitting the dominant nearest-neighbour terms in the middle.

this is more a formal argument.
Altogether these results show that the structure of the matrices, as far as the small entries are

concerned, is most complex in the transition region where ξ ∼ N . This is not unexpected, since
there the effects from both ends of the interval start to mix, but it will be seen below to cause
problems in a continuum limit.

6.7 Discussion

We have determined the entanglement Hamiltonian of an interval in a non-critical chain for two
systems which allow for an explicit calculation, one bosonic and one fermionic. In both cases,
one had to resort to numerics, but the analytical results for the infinite interval provided a strong
guidance. Quite generally, the matrices describing the quadratic Hamiltonian K̂A in real space
contain couplings over arbitrary distances. However, as in the critical cases studied before, only
those with short range are large, whereas all others are significantly smaller. In this sense, the
situation is simple, and an obvious approximate treatment consists in keeping only the large
elements. Using in addition the analytical results for them then leads to a Hamiltonian with a
triangular variation of the terms along the interval. This was seen to reproduce the low-lying
single-particle eigenvalues very accurately over most of the parameter space. As a consequence,
also the resulting entanglement entropies are correct except in a small region around the critical
point. This is a variant of the “corner Hamiltonian” approach [374,389] in which one replaces the
true entanglement Hamiltonian by one with linearly varying couplings.

All our considerations were for lattice systems, but one can ask about a possible continuum limit
in the vicinity of the critical point, by introducing a lattice spacing a and taking a → 0. In fact,
for the half-infinite interval this limit can easily be taken and leads to the Bisognano-Wichmann
result (1.2.11). For the finite interval, one knows that the small longer-range couplings on the
lattice should be included properly. This leads to sums along horizontal cuts of the corresponding
matrices. For example, the mass parameter m(x) in the continuum description, with x = ia, is
given in the oscillator chain by

m(x) =
∑

r

Mi,i+r (6.7.1)
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whereas the local velocity is

v(x) =
∑

r

r2Mi,i+r (6.7.2)

and a similar expression holds for the local Fermi velocity vF (x) in the dimerized chain. It turns
out that, in contrast to the situation at criticality, one may need a large number of terms in order
to obtain convergence of the sums, for example 30 terms for vF (x) if δ = 0.05 and N = 100.
Then vF (x) shows a triangular profile, but the better converging m(x) looks roughly parabolic
with an additional structure in the centre. However, further increasing the cutoff in the sums,
the numerical results for the velocity and mass parameter become unstable, and even more severe
irregularities tend to occur also for the oscillators. Here, the particular features of the matrices
including the antidiagonals enter. Altogether, we were not able to obtain well-defined general
results in the massive regime by fixing N/ξ and increasing N . This hints toward the possibility
that the naive continuum limit, that perfectly reproduces the CFT results in the massless case as
discussed in chapter 5 (see also [101, 179]), might not be valid away from criticality and that K̂A

remains non-local also in the continuum [193].





Chapter 7

Entanglement Hamiltonians after a
global quench

7.1 Introduction

The bipartite entanglement has been studied during the last decade also to explore the out of
equilibrium dynamics of quantum systems. The global quantum quench discussed in chapter 3 is
an insightful process for this purpose. The temporal evolutions of various quantities after global
quantum quenches and also other kinds of quenches have been studied in quantum field theories,
in many-body systems on the lattice [82–86, 89, 294, 295, 310, 319, 320, 339, 341, 390–396] and also
in quantum gravity through the gauge/gravity correspondence [243,321,325–329,332,344] (see the
reviews [80,81,90] for an extensive list of references).

In this chapter we study the temporal evolution of the entanglement Hamiltonian and of
a contour for the entanglement entropy after a global quantum quench in free lattice models.
Also the temporal evolution of the gaps in the entanglement spectrum (1.2.18) is discussed. For
simplicity, we consider, in one spatial dimension, a harmonic chain and a chain of free fermions.
In the harmonic chain, we explore a quench of the frequency parameter such that the unitary
evolution is governed by the massless Hamiltonian. In the chain of free fermions, we consider the
global quench introduced in [4, 85], where the system is prepared in the ground state of a fully
dimerised chain while the evolution Hamiltonian is fully homogeneous.

The rest of the chapter is organised as follows. In Sec. 7.2 we provide a naive formula for
the contour function obtained through results of Conformal Field Theory (CFT). The numerical
results for the harmonic chain and for the chain of free fermions are described in Sec. 7.3 and
Sec .7.4 respectively. In Sec. 7.5 we draw some conclusions.

Notations: in this chapter we follow the notations of [103], denoting by ` the number of sites in
the subsystem A of the infinite chains that we study. Let us stress that this notation is different
from the ones employed in chapters 5 and 6. Furthermore, the correlation matrix with entries given
by Re〈q̂ip̂j〉 in the harmonic chain has been denoted by R, instead of M as in chapters 2, 3 and 4.
This is done for distinguishing the correlation matrix from one of the blocks of the entanglement
Hamiltonian matrix indicated by M , as in [182,193,200].

7.2 Insights from CFT

In this section we employ the analytic results obtained for the entanglement Hamiltonian of a
semi-infinite line after a global quench in CFT [147] to get some insights about the qualitative

187
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behaviour of the entanglement spectrum and of the contour for the entanglement entropies.

The CFT analysis performed in [82] (see also the recent review [81]) leads to the following
linear growth of the entanglement entropies before the saturation

S
(n)
A ' πc

3τ0

(
1 +

1

n

)
t t/` < 1/2 (7.2.1)

(comparing the notation with [81], we have τ0 = 4τ0,there), where c is the central charge of the model.
This gives SA ' 2πc t/(3τ0) for the entanglement entropy and, by fitting this linear growth, we
can get τ0 numerically. A slight dependence on n has been observed in τ0 (see e.g. [294]). We
find it worth remarking that a factor of 2 in (7.2.1) is due to the fact that the interval has two
endpoints. Taking the limit n→∞ in (7.2.1) one obtains − log λmax ' πc t/(3τ0). The parameter
τ0 encodes some features of the initial state (we refer to [390] for a complete discussion).

The temporal evolution of the entanglement Hamiltonian of a semi-infinite line after a global
quantum quench in CFT has been studied in [147] by employing methods and results of CFT
with boundaries [204–206, 397, 398]. This analysis provides also the entanglement spectrum and,
in particular, the above linear growth for − log λmax is recovered up to a factor of 2, which is due
to the fact that the semi-infinite line has only one endpoint. This result suggests to explore the
qualitative behaviour of the entanglement spectrum before the saturation at t/` ' 1/2 by taking
the analytic CFT expressions for the semi-infinite line and introducing properly a factor of 2 to
take into account the occurrence of two endpoints. As for the gaps in the entanglement spectrum
(1.2.18), from [147] we obtain

ga,0 '
πτ0 ∆a

2 t
t/` < 1/2 (7.2.2)

which is 1/2 of the corresponding quantity for the semi-infinite line. In (7.2.2), the coefficients
∆a are the non vanishing conformal dimensions (including also the ones of the descendants) of
a boundary CFT with the proper boundary condition, as discussed in [147]. We find it worth
considering also the ratios gb,0/ga,0 = ∆b/∆a because they are independent of τ0. From (7.2.1)
and (7.2.2) it is straightforward to construct another expression where τ0 does not occur, namely

ga,0 S
(n)
A ' π2c

6

(
1 +

1

n

)
∆a t/` < 1/2 . (7.2.3)

The temporal evolutions of (7.2.2), of (7.2.3) and of the ratios of the entanglement gaps with
respect to the first one after the global quenches that we consider in this chapter are shown in
Fig. 7.6 and Fig. 7.17. From these data we notice that the best agreement with CFT is observed
for the ratios of the entanglement gaps.

The above analysis can be easily adapted to the temporal evolution after a local quantum
quenches [86] by employing the corresponding results of [147]. The crucial difference is that
logarithmic growths occur in these cases. For instance, for local quenches (7.2.2) has log t instead
of t in the denominator. Instead, (7.2.3) holds also for local quenches.

In the remaining part of this section we exploit the CFT results for the entanglement Hamilto-
nian of the semi-infinite line after a global quench [147] to get insights about the temporal evolution
of the contour function for the entanglement entropies of an interval.

For a continuous theory in one spatial dimension, the properties (1.2.10) for the contour func-
tions become

S
(n)
A =

∫

x∈A
s

(n)
A (x) dx s

(n)
A (x) > 0 (7.2.4)
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Figure 7.1: The contour function for the entanglement entropy of half line (left panel) from (7.2.5)
and of an interval (right panel) from the naive formula (7.2.8). In these plots c = 1 and τ0 = 3.7905.

where s
(n)
A (x) is now a function of the position inside the subsystem A. For some particular spatial

bipartitions at equilibrium (e.g. an interval in the infinite line at zero and finite temperature, or
in a finite periodic system for the ground state) a natural candidate for the contour function for
the entanglement entropies in CFT can be obtained from the weight function occurring in the
entanglement Hamiltonian [29]. By applying this idea to the half line after a global quench, one
finds the following CFT ansatz for the contour function [147]

s
(n)
h.l.(x, t) =

c

12

(
1 +

1

n

)
Fh.l.(x, t) (7.2.5)

where n > 1 and

Fh.l.(x, t) ≡
2π [cosh(2πt/τ0)]2 coth(πx/τ0)

τ0 [cosh(4πt/τ0) + cosh(2πx/τ0)]
. (7.2.6)

It is straightforward to observe that τ0 s
(n)
h.l.(x, t) depends on x/τ0, t/τ0 and the central charge

c. Furthermore, Fh.l.(x, t) = 1/x+O(1) as x→ 0+, independently of time. This implies that the

expected logarithmic divergence of S
(n)
A as the UV cutoff ε → 0 is independent of time as well.

Indeed, this divergence can be obtained by removing an infinitesimal disk around the endpoint of
the half line and integrating the contour function (7.2.5) from ε to some point inside the half line.
Instead, by integrating (7.2.5) in the entire half line (ε,+∞) with ε/τ0 � 1, one obtains [147]

∫ ∞

ε
s

(n)
h.l.(x, t) dx =

c

12

(
1 +

1

n

)
log
( τ0

πε
cosh(2πt/τ0)

)
+O(ε2) (7.2.7)

that gives the linear growth found in [82], namely πc
3τ0
t when t� τ0. The r.h.s. of (7.2.7) provides

only the leading term of the entanglement entropy as ε → 0. A subleading O(1) term comes
from the contribution of the conformal boundary states introduced through the regularisation
procedure [146, 147] (see [29] for a discussion on this term in relation to the contour function at
equilibrium).

Considering t/τ0 fixed in (7.2.5), we find that s
(n)
h.l.(x, t) ∼ e−2πx/τ0 as x → +∞ and that the

height of the horizontal plateau is given by π c
12τ0

(1 + 1
n) (this can be done by taking t → ∞ first

and then x→ +∞).

A typical temporal evolution of the contour function for the entanglement entropy sh.l.(x, t) ≡
s

(1)
h.l.(x, t) is shown in the left panel of Fig. 7.1. The linear divergence as x→ 0+ and the exponential
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decay as x→ +∞ are independent of time. These two regimes are connected for the intermediate
values of x by a smooth step at x ' 2t whose height is π c

6 τ0
. The occurrence of this step moving in

time has been first observed in the numerical analysis performed in [28].

We focus our attention on the contour function for the entanglement entropies of an interval
A of length ` in the infinite line after a global quantum quench. A CFT analysis for this case
is not available in the literature. Hence, let us consider the naive contour function obtained by
superposing the two contour functions (7.2.5) associated to the half lines (0,+∞) and (−∞, `),
namely

s
(n)
A,0(x, t) ≡ s(n)

h.l.(x, t) + s
(n)
h.l.(`− x, t) =

c

12

(
1 +

1

n

)[
Fh.l.(x, t) + Fh.l.(`− x, t)

]
(7.2.8)

with Fh.l.(x, t) given by (7.2.6). The observations made above about Fh.l.(x, t) lead to notice that

τ0 s
(n)
A,0(x, t) obtained from (7.2.8) is a function of t/`, x/` and τ0/`; and that s

(n)
A,0(x, t) displays

a linear divergence for x → 0+ and for x → `−, with the same time independent coefficient. For
t = 0, the naive analytic result (7.2.8) gives

s
(n)
A,0(x, 0) =

πc

6τ0

(
1 +

1

n

)[
1

sinh(2πx/τ0)
+

1

sinh(2π(`− x)/τ0)

]
(7.2.9)

and in the asymptotic regime of long time we find

lim
t→∞

s
(n)
A,0(x, t) =

πc

12 τ0

(
1 +

1

n

)[
coth(πx/τ0) + coth(π(`− x)/τ0)

]
. (7.2.10)

The naive contour function for the entanglement entropy is given by (7.2.8) with n = 1 and its
typical temporal evolution is shown in the right panel of Fig. 7.1. This evolution can be explained
qualitatively in terms of two fronts with height πc

6τ0
that start at the two different endpoints of the

interval and then propagate in opposite directions with velocity equal to 2. The two fronts cross
and superpose at t/` ' 1/4 and each front takes t ' `/2 to travel across the entire interval. This
qualitative features have been first observed in [28] by analysing the numerical data obtained in
a chain of free fermions. Further numerical data supporting this picture are presented in Sec. 7.3
and Sec. 7.4.

Given two points 0 < x1 < x2 < ` inside the interval A, let us integrate the naive contour
function (7.2.8) in the interval (x1, x2). The result reads

S(n)
A,0(x1, x2; t) ≡

∫ x2

x1

s
(n)
A,0(x, t) dx (7.2.11)

=
c

24

(
1 +

1

n

)
log

([
cosh(4πt/τ0) + cosh(2π(`− x)/τ0)

](
sinh(πx/τ0)

)2
[

cosh(4πt/τ0) + cosh(2πx/τ0)
](

sinh(π(`− x)/τ0)
)2

)∣∣∣∣∣

x2

x1

which is a function of t/`, x1/`, x2/` and τ0/`. Subtracting to (7.2.11) its value at t = 0, one finds

∆S(n)
A,0(x1, x2; t) ≡ S(n)

A,0(x1, x2; t)− S(n)
A,0(x1, x2; 0) =

c

24

(
1 +

1

n

)
log

(
η(x2; t)

η(x1; t)

)
(7.2.12)

where we have introduced the following function

η(x; t) ≡ cosh(π(2t− `+ x)/τ0) cosh(π(2t+ `− x)/τ0) [cosh(πx/τ0)]2

cosh(π(2t− x)/τ0) cosh(π(2t+ x)/τ0) [cosh(π(`− x)/τ0)]2
. (7.2.13)
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In Fig. 7.10 and Fig. 7.19 this formula (where the value of τ0 is obtained by fitting the linear
growth of the entanglement entropy) gives the grey dashed-dotted curves, that can be compared
against numerical data corresponding to particular quenches in a harmonic chain (see Sec .7.3) and
in a chain of free fermions (see Sec .7.4) respectively.

The expression in (7.2.12) provides the entanglement entropies when (x1, x2) = (ε, ` − ε). In
this case, we have

∆S(n)
A,0(0, `; t) = lim

ε→ 0
∆S(n)

A,0(ε, `− ε; t) =
c

12

(
1 +

1

n

)
log

(
2 [cosh(π`/τ0) cosh(2πt/τ0)]2

cosh(2π`/τ0) + cosh(4πt/τ0)

)
.

(7.2.14)
Taking t � τ0 and ` � τ0 first, and then considering the regimes t � `/2 and t � `/2, this
expression simplifies respectively to

∆S(n)
A,0(0, `; t) ' πc

3τ0

(
1 +

1

n

)
t ∆S(n)

A,0(0, `; t) ' πc

3τ0

(
1 +

1

n

)
`

2
(7.2.15)

in agreement with [82].
Let us remark that the results reported above have been obtained by employing in a naive

way the CFT analytic expressions of [147] corresponding to the half line to study the case of a
finite interval, assuming that the dynamics before the thermalisation at t/` ' 1/2 is governed by
a neighbourhood of the endpoints, where the interval is indistinguishable from the half line.

7.3 Interval in a harmonic chain

In this section we study the temporal evolution of the entanglement Hamiltonian matrix HA of
an interval A in an infinite harmonic chain, described by the Hamiltonian (5.2.1), after a global
quench of the frequency parameter. This quench protocol has been already discussed in details in
chapter 3.

7.3.1 Numerical results for the entanglement Hamiltonian matrix

We are interested in the temporal evolution of the entanglement Hamiltonian matrix HA(t) defined
in (5.2.2) corresponding to an interval A made by ` sites after the global quench of the frequency
parameter. The reduced covariance matrix γA(t) and the entanglement Hamiltonian matrix HA(t)
can be partitioned into `× ` blocks that depend on t > 0, namely

γA(t) =

(
Q(t) R(t)
R(t)t P (t)

)
HA(t) =

(
M(t) E(t)
E(t)t N(t)

)
. (7.3.1)

The entanglement Hamiltonian matrix HA(t) can be evaluated, once the reduced covariance matrix
γA(t) is known, as (see also (2.4.3)) [284]

HA = 2 i J arccoth(2 iγA J) (7.3.2)

where J is the standard symplectic matrix defined in (2.2.2).
In our numerical analysis, the entanglement Hamiltonian matrix HA(t) has been constructed

by employing the Williamson’s decomposition for HA, which reads

HA = W̃ t E W̃ W̃ ≡ J tWJ = W−t . (7.3.3)

where W is the symplectic matrix entering in the Williamson’s decomposition for γA (2.2.15)
and the symplectic eigenvalues of HA(t) given by the diagonal matrix E have been found from
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Figure 7.2: Entanglement Hamiltonian matrix HA(t) in (7.3.1) for an interval having ` = 100
sites in the infinite harmonic chain after the global quench given by ω0 = 1 and ω = 0.



7.3. INTERVAL IN A HARMONIC CHAIN 193

the symplectic spectrum of γA through the relation (2.4.7). Let us stress that the entanglement
Hamiltonian depends both on the symplectic spectrum of γA and on the matrix W , while the
entanglement entropies and the entanglement spectrum only depends on the symplectic eigenvalues
of the reduced covariance matrix (see Sec. 7.3.2 and Appendix A.1).

The reduced covariance matrix γA(t) can be constructed exploiting the correlators given by
(C.2.3) (once the notations have been adapted to the ones of this chapter, reported at the end of
Sec. 7.1), as discussed in Sec. 3.4.1 (see (3.4.1)) for the computation of the subsystem complexity
after a global quench.

In this section we mainly consider the global quench of the frequency parameter described
above with ω0 = 1 and ω = 0. Some data corresponding to an initial state having ω0 = 5 are also
provided.

The relation (2.4.7), that provides the symplectic spectrum of HA in terms of the one of γA,
requires σk > 1/2. Since many elements of the symplectic spectrum of γA are very close to 1/2,
the software approximates them to 1/2, spoiling the applicability of (2.4.7) to get the symplectic
spectrum of HA. This forces to obtain σk’s with very high numerical precision. The number of
digits depends on various parameters of the configuration like ` and t. In our numerical analysis
for the harmonic chain we worked with precisions between 200 and 1000 digits.

In Fig. 7.2 we show the temporal evolution of the entanglement Hamiltonian matrix HA(t)
after the global quench written in the form (7.3.1), i.e. in terms of its ` × ` blocks. The main
feature to highlight with respect to the entanglement Hamiltonian matrices corresponding to static
configurations (as the ones treated in chapters 5 and 6) is that the off diagonal block E is not
vanishing and therefore it contributes in a non trivial way to determine the out of equilibrium
dynamics. The magnitudes of the elements of HA(t) become very small for long time. Indeed, a
smaller scale has been chosen in the three bottom panels of Fig. 7.2 to show the structure of the
non vanishing elements. At early times only the diagonal blocks are non vanishing and mostly
around their main diagonals. As time evolves, also the off diagonal elements of the blocks become
relevant. The most evident feature that can be observed from the time evolution in Fig. 7.2 is the
occurrence of bands in the different blocks of HA(t) whose widths increase with time. We consider
these widths in more detail below, during the discussion of Fig. 7.4, Fig. 7.5.

The reflection symmetry of the configuration with respect to the center of the interval leads to
a corresponding reflection symmetry with respect to the center in any given diagonal of the blocks
M(t) and N(t) at any fixed time. More explicitly, we checked numerically that Mi,i = M`−i+1,`−i+1

and Ni,i = N`−i+1,`−i+1 with 1 6 i 6 ` for the main diagonals and that Mi,i+p = M`−p−i+1,`−i+1

and Ni,i+p = N`−p−i+1,`−i+1 along the p-th diagonal, with p > 0 and 1 6 i 6 ` − p. As for the
off diagonal block E(t), we observe a symmetry with respect to the center of the block, namely
Ei,j = E`−i+1,`−j+1 for 1 6 i, j 6 `.

The temporal evolution of the blocks composing HA(t) is qualitatively different. As for the
symmetric `×` matrix M(t) in (7.3.1), the largest contributions come from the main diagonal, that
decrease as time evolves and remain positive during all the evolution, reaching a stationary curve
for long times (see the top left panel of Fig. 7.3). The first diagonals are mostly negative and in
some point become positive at some time (see the top right panel of Fig. 7.3 and the corresponding
inset). In the top left panel of Fig. 7.4 we show the antidiagonal of M(t), that displays oscillations
around zero.

Interesting features can be observed also for the temporal evolution of the symmetric block
N(t) in (7.3.1). The diagonal of N(t) is shown in the middle left panel of Fig. 7.3: first it grows
until a maximal curve and then it relaxes to a positive curve for long time. The elements of N(t)
are mostly positive but some of them become negative for large times (see e.g. the inset of the
top right panel in Fig. 7.4 and the one of the middle right panel in Fig. 7.3). The block N(t) is
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Figure 7.3: Harmonic chain: Temporal evolution of the main diagonals (left panels) and of the
first diagonals (right panels) composing the `× ` blocks of the entanglement Hamiltonian matrix
HA(t) in (7.3.1) for an interval with ` = 100 sites. The insets zoom in on small values, in order to
show the curves for large times. This figure, that is complementary to Fig. 7.2 and Fig. 7.4, has
been discussed in Sec .7.3.1.

the only one where the evolution of the main diagonal and of the first diagonal are qualitatively
similar: a smooth positive wedge grows from the center of the interval until t/` ' 0.2, then its tip
decreases and gets smooth forming a plateau whose height decreases in time.

The evolution of the block E(t) is qualitatively different from the one of M(t) and N(t) because
this matrix is not symmetric. Furthermore, it vanishes for t = 0 and it seems that its contribution
is zero also for long times. The elements of this block are mostly negative but without a definite
sign for all the times (see e.g. its first diagonal in the bottom right panel of Fig. 7.3). From
Fig. 7.2, we observe the formation of two mostly negative bands close to the diagonal for small
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Figure 7.4: Harmonic chain: Temporal evolution of the antidiagonals of the `×` blocks composing
the entanglement Hamiltonian matrix HA(t) in (7.3.1) for an interval with ` = 100 sites. The
insets containing red curves zoom in on small values, in order to show the curves for large times.
In the second zoom of the top left panel we show only two curves to highlight the fact that the
antidiagonals are very small for |i/`− 1/2| & t/`. A similar behaviour occurs in the other panels,
as shown in Fig. 7.5.

times having the shape of two parallelograms (see also the top right panel in Fig. 7.16) whose
height along the antidiagonal increases in time until t/` ' 0.5, when they vanish. As for the main
diagonal of E(t), a smooth negative wedge develops until it reached a minimum value; then it goes
back to zero in a peculiar way; indeed a small plateau is formed whose width increases and then
decreases, leading to two fronts that move in the opposite directions towards the endpoints of the
interval (see the bottom left panel of Fig. 7.3).

In Fig. 7.4 we show the temporal evolution of the antidiagonals of the blocks composing the
entanglement Hamiltonian matrix HA(t) in (7.3.1). Although the temporal evolutions of the
antidiagonals in the three blocks look quite different, the main common feature is the fact that at
a fixed time they become very small (and not vanishing) around the same points. The distance
2d0 between these points provides the total width of the bands occurring at any given time in each
block (see Fig. 7.2). The width d0 increases linearly in time with velocity equal to one, as shown
in the top left panel of Fig. 7.16. This feature has been highlighted in Fig. 7.5, where each panel
shows all the three antidiagonals together at a given time.

As for the block M(t), its main diagonal (top left panel of Fig. 7.3) is not captured in the
top left panel of Fig. 7.4 because ` is even. In N(t) both the temporal evolutions of the diagonal
(middle left panel in Fig. 7.3) and of the antidiagonal (top right panel in Fig. 7.4) display a plateau
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Figure 7.5: Harmonic chain: Antidiagonals of the blocks in the entanglement Hamiltonian matrix
(7.3.1) for various times and two values for `. The points where all these antidiagonals become
very small evolve linearly in opposite direction travelling from the center towards the endpoints of
the interval with velocity equal to one (see top panels in Fig. 7.16, where 2d0 denotes the width
of the curves shown here).

but we remark that the behaviour before the formation of this plateau is very different.

As first quantitative check, we have compared the linear growth of the entanglement entropy
obtained from our numerical data for the harmonic chain with the CFT formula SA ' 2πc t/(3τ0)
[81,82] (see also Sec .7.2) with c = 1, finding τ0 ' 3.79 (which agrees e.g. with the numerical value
obtained in [29]).
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Figure 7.6: Harmonic chain: Entanglement spectrum for an interval of length ` after the quench
of the frequency parameter given by ω0 = 1 and ω = 0. Top left: Single particle entanglement
spectrum (see (2.4.7)). Top right: Temporal evolution of the largest eigenvalue of the entanglement
spectrum. Middle left: Temporal evolution of the first gaps in the entanglement spectrum. The
legenda of this panel holds also in the remaining ones. Middle right: Temporal evolution of grSA
(the inset zooms in on the lowest plateau, showing that the data having ` = 50 and ` = 100 do not
overlap). Bottom: Temporal evolution of the ratios gr/g1 between the gaps in the entanglement
spectrum (the insets zoom in on the two higher plateaux).

7.3.2 Entanglement spectrum

A numerical analysis for some quantities related to the entanglement spectrum has been reported
in Fig. 7.6. The top left panel shows the symplectic spectrum of HA (see (2.4.7)) for various times
and two different values of `. For the low-lying part of this spectrum, i.e. small k’s, we have
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Figure 7.7: Harmonic chain: Temporal evolution of the gaps in the entanglement spectrum for
an interval of length ` after the quench of the frequency parameter given by ω0 = 5 and ω = 0
(see also the corresponding panels in Fig. 7.6). Top left: Temporal evolution of the first gaps in
the entanglement spectrum. The legenda of this panel holds also for the other ones. Top right:
Temporal evolution of grSA. Bottom: Temporal evolution of the ratios gr/g1 between the gaps
in the entanglement spectrum. The panel on the left focuses on the regime t/` < 1 (the insets
zoom in on the two higher plateaux), while the panel on the right highlights the behaviour for long
times. The curves in the left panel are very similar to the ones in the bottom panel of Fig. 7.6.

εk ' εk+1 and this degeneracy disappears for high values of k. At small times, εk is linear in terms
of k while for long time the curve of εk bends towards zero, although it never vanishes. It would
be interesting to consider εk/` in the limit of large values of `. In the top right panel of Fig. 7.6
we consider the temporal evolution of the largest eigenvalue of the entanglement spectrum, which,

in terms of the symplectic spectrum of HA, is given by
∏`
k=1(1 − e−εk). Since S

(n)
A → − log λmax

as n → ∞, this curve can be compared with the CFT results for the Rényi entropies [81, 82] and
a good agreement is found. Fitting the linear growth of − log λmax we get a slope of 1

2.1 times the
slope of the entanglement entropy, while the one predicted by (7.2.1) is 1

2 .
In the remaining panels of Fig. 7.6 we explore the temporal evolutions of the gaps in the

entanglement spectrum. For the harmonic chain and the bipartition that we are considering here,
each element λn of the entanglement spectrum is labeled by a `-dimensional vector n, whose
entries nk are non-negative integers [266]. Explicitly, it reads

λn =
∏̀

k=1

[(
1− e−εk

)
e−nkεk

]
. (7.3.4)

The gaps between the largest eigenvalue and λn can be written as log λmax− log λn =
∑`

k=1 εk nk.



7.3. INTERVAL IN A HARMONIC CHAIN 199

Let us arrange the symplectic spectrum of HA in increasing order ε1 6 ε2 6 · · · 6 ε`. In order to

find the gaps 0 < g1 < g2 < . . . with respect to the largest eigenvalue, one can first introduce B(r)
p ≡{∑p

j=1 εkj , 1 6 kj 6 r
}

for r > 1 and then compute the r-th gap as gr = min[(∪rp=1B
(r)
p )\{gj , 1 6

j 6 r − 1}]. This procedure is not optimal, but it allows to get gr easily also for high values of r.
The smallest gaps are given by g1 = ε1, g2 = min{2ε1, ε2} and g3 = min

{
3ε1,max{2ε1, ε2}, ε3

}
.

The data about the evolution of the gaps display two distinct temporal regimes separated by
t/` ' 1/2. For t/` < 1/2, the CFT result (7.2.2), obtained from the analysis of [147] for the semi-
infinite line, predicts linear growths in time for the inverse of the gaps with slopes proportional to
the conformal spectrum (including also the dimensions of the descendants) allowed by the proper
conformal boundary conditions. The numerical data in the middle left panel of Fig. 7.6 display
these linear growths for t/` < 1/2. By fitting the slopes of these linear growths through (7.2.2) with
τ0 ' 3.79 obtained above from the linear growth of the entanglement entropy, we find ∆1 = 1.022,
∆2 = 2.045 and ∆3 = 3.058. In order to reduce the influence of the initial state encoded in τ0,
in the middle right panel and in the bottom panel of Fig. 7.6 we consider the temporal evolutions
of grSA and the ratios gr/g1 respectively, which should be independent of τ0 according to (7.2.1)
and (7.2.2). As for grSA, it is evident that curves corresponding to different values of ` do not
collapse; hence more values of ` (possibly also larger than the ones considered here) are needed in
order to make comparisons with CFT results.

The temporal evolutions of the ratios gr/g1 of the entanglement gaps in the bottom panel of
Fig. 7.6 display interesting features. For t/` < 1/2 the curves having different `’s collapse forming
plateaux whose heights are given by strictly positive integers. This result agrees with the fact that
the underlying CFT contains the primary ∂zφ and its descendants.

In Fig. 7.7 we show numerical data for the temporal evolution of the gaps in the entanglement
spectrum when the initial state has ω0 = 5, in order to explore the robustness of the observations
made above under changes of the initial state. For this ω0 we consider small values of ` such that
the product ω0` gets the same values corresponding to the data shown in Fig. 7.6. The qualitative
behaviour of 1/gr is the same one observed in Fig. 7.6 (the slopes of the linear growths are different,
as expected, being (7.2.2) dependent on the initial state through τ0). In the temporal evolution of
grSA we observe oscillations that are due to the small values of ` (indeed, they do not occur in the
middle right panel of Fig. 7.6). Interestingly, the temporal evolutions of the ratios gr/g1 coincide
with the ones reported in Fig. 7.6, meaning that this quantity displays some independence on the
initial state. It would be instructive to consider other values of ω0 and higher gaps in order to
understand better how much the temporal evolutions of gr/g1 are robust under modifications of
the initial state. In the bottom right panel of Fig. 7.7 we have considered also long times and
from these data we can identify two regimes: t/` 6 1/2 and the long time regime. In both these
temporal regimes we observe plateaux having the same heights. Thus, the ratios in the CFT
spectrum can be read also from the long time regime.

7.3.3 A contour function from the quasi-particle picture

In this subsection we study the temporal evolution of the contour for the entanglement entropies
(1.2.10) in harmonic chains after a global quantum quench.

If we consider a subsystem A made by ` sites of a given lattice, the contour function for the

entanglement entropies s
(n)
A : A→ R has to satisfy the following properties

S
(n)
A =

∑̀

i=1

s
(n)
A (i) s

(n)
A (i) > 0 . (7.3.5)
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In this subsection we exploit the prescription from [29], which has been detailed in Appendix A.1,
for computing the contour functions in harmonic lattices.

We find it natural to consider also the contribution to the entanglement entropies given by an
interval (i1, i2) ⊂ A, namely

S(n)
A (i1, i2) =

i2∑

i= i1

s
(n)
A (i) i1, i2 ∈ A . (7.3.6)

The entanglement entropies S
(n)
A correspond to the special case where i1 and i2 are the sites at

the boundary of A.
We are interested in the temporal evolution of the above quantities after a global quench and

it is often useful to study their increments with respect to their initial value. In particular, for

S(n)
A (i1, i2; t) given by (7.3.6), let us introduce

∆S(n)
A (i1, i2; t) ≡ S(n)

A (i1, i2; t)− S(n)
A (i1, i2; 0) . (7.3.7)

In [82] a quasi-particle picture has been introduced to explain the temporal evolution of the
entanglement entropy after a global quantum quench. The underlying idea is based on the fact
that the initial state has very high energy with respect to the ground state of the Hamiltonian
governing the temporal evolution; hence it can be seen as a source of quasi-particle excitations. In
particular, in one spatial dimension, it is assumed that at t = 0 each point of the space emits two
quasi-particles with opposite momenta p and −p according to certain probability distribution that
depends on both the initial state and the evolution Hamiltonian. Only the particles emitted at
the same point are entangled and all the points of the space emit the quasi-particles in the same
way. For t > 0, the positions of the quasi-particles emitted at the same point x are x + vpt and
x− vpt, being vp > 0 and v−p = −vp for p > 0.

Considering a spatial bipartition A ∪ B and two points x1 ∈ A and x2 ∈ B; at time t they
are entangled only if they are reached simultaneously by two quasi-particle emitted from the
same point x at t = 0. The bipartite entanglement between A and B is obtained by summing
the contributions of all the points x fulfilling this condition. In particular, for the entanglement
entropy we have [82]

SA(t) ≈
∫

x1∈A
dx1

∫

x2∈B
dx2

∫ ∞

−∞
dx

∫
dp δ(x1 − x− vpt) δ(x2 − x+ vpt) s̃(p) (7.3.8)

where s̃(p) is obtained by multiplying the momentum distribution function and the contribution of
the pair of quasi-particles with momenta p and −p to the entanglement entropy. The integration
domain of the allowed momenta is model dependent. Performing the spatial integrals in (7.3.8),
one finds

SA(t) ≈ 2 t

∫

2|vp|t<`
dp s̃(p) vp + `

∫

2|vp|t>`
dp s̃(p) . (7.3.9)

When a maximum velocity vmax exists, SA grows linearly in time for vmaxt 6 `/2, while SA ∝ `
for vmaxt� `/2. In a CFT we have |vp| = vmax = 1 for all p [81, 82]. Notice that (7.3.9) does not
take into account the initial value of the entanglement entropy.

The expression (7.3.9) of the entanglement entropy obtained from this quasi-particle picture
provides some functions sA(x, t) such that SA(t) =

∫
A sA(x, t)dx. Let us introduce three positive

functions f0(x), f1(x, p, t) and f2(x, p, t) fulfilling the following conditions
∫

A
f0(x) dx = SA

∣∣
t=0

∫

A
f1(x, p, t) dx = 2vp t

∫

A
f2(x, p, t) dx = ` . (7.3.10)
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Figure 7.8: Temporal evolution of the contour for the entanglement entropy of an interval made by
` sites in the periodic harmonic chain, evaluated from (A.1.8) and (A.1.11). Left: ` = 50. Right:
` = 100. The insets show the temporal evolution of the entanglement entropy obtained through
the contour function (see (7.3.5) for n = 1).

Taking into account the initial value SA|t=0 in (7.3.9) and employing the constraints (7.3.10), it is
straightforward to write the entanglement entropy as SA(t) =

∫
A sA(x, t) dx with

sA(x, t) =

∫

2|vp|t<`
dp f1(x, p, t) s̃(p) +

∫

2|vp|t>`
dp f2(x, p, t) s̃(p) + f0(x) . (7.3.11)

Since our configuration is symmetric with respect to the center of the interval, it is natural to
require that f0(x) = f0(` − x) and fi(x, p, t) = fi(` − x, p, t) for i = 1, 2. As mentioned above,
(7.3.8) is obtained by assuming that the emission of the quasi-particles is spatially homogeneous,
and this assumption provides a significant restriction to the form of the functions in (7.3.11).

Let us consider the infinitesimal contribution to the entanglement entropy dSA(t) = sA(x, t)dx
provided by an infinitesimal interval (x− dx/2, x+ dx/2) centered in a point x ∈ A. At t > 0, this
quantity is proportional to the number of quasi-particles (i) that are in this infinitesimal interval
(ii) whose entangled quasi-particle is in B. The quasi-particles fulfilling these conditions have been
emitted at t = 0 from the position x − |vp|t or from x + |vp|t. For vp t ≤ `/2, the quasi-particles
emitted at x− |vp|t contribute when 2|vp| t > x, while the ones emitted at x + |vp|t matter when
2|vp| t > `− x. Instead, for vp t > `/2 the quasi-particles coming from both x− |vp|t and x+ |vp|t
contribute. These considerations lead to the following expressions

f1(x, p, t) =
1

2

[
ϕ1(x) Θ(2|vp| t− x) + ϕ1(`− x) Θ(2|vp| t− `+ x)

]
f2(x, p, t) = ϕ2(x) (7.3.12)

where ϕj are non negative, ϕ2(` − x) = ϕ2(x) and Θ is the Heaviside step function. The spatial
homogeneity in the quasi-particle production leads to drastic simplifications given by ϕ1(x) =
ϕ2(x) = 1 identically.

The functions in (7.3.12) fulfil (7.3.10) and the symmetry conditions introduced in the text
below (7.3.11). Thus, the contour function (7.3.11) becomes

sA(x, t) =
1

2

[ ∫

x<2|vp|t<`
s̃(p) dp +

∫

`−x<2|vp|t<`
s̃(p) dp

]
+

∫

2|vp|t>`
s̃(p) dp+ f0(x) (7.3.13)
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Figure 7.9: Temporal evolution of the contour for the entanglement entropy of an interval of length
` in the periodic harmonic chain according to (7.3.13), obtained through the quasi-particle picture

(see Sec .7.3.3). Left: f0(x) = 0 identically. Right: f0(x) = s
(1)
A,0(x, 0) defined in (7.2.9) has been

used in (7.3.13) in order to capture the linear divergence close to the endpoints.

Integrating this expression between two generic points 0 < x1 < x2 < `, we obtain

SA(x1, x2; t) =
x2 − x1

2

[
2

∫

2|vp|t>`
s̃(p) dp +

∫

`−x1<2|vp|t<`
s̃(p) dp +

∫

x2<2|vp|t<`
s̃(p) dp

]
(7.3.14)

+
1

2

[ ∫

`−x2<2|vp|t<`−x1
s̃(p) (2|vp|t+ x2 − `) dp +

∫

x1<2|vp|t<x2
(2|vp|t− x1) s̃(p) dp

]
+

∫ x2

x1

f0(x) dx .

The function s̃(p) can be computed by employing the fact that the density of thermodynamic
entropy in the stationary state coincides with the one of the entanglement entropy in (7.3.9) [320].

As already discussed in Sec. 3.5, for the global quench in the harmonic chain, the stationary
values of local observables can be described by a Generalised Gibbs Ensemble. The velocity vp of
the quasi-particles can be computed as vp = ∂pΩp, where Ωp the dispersion relation of the model
after the quench. For the harmonic chain, in [84,320] it has been found that

s̃(p) =
1

2π

[
(np + 1) log (np + 1)− np log np

]
np =

1

4

(
ωp
ω0,p

+
ω0,p

ωp

)
− 1

2
(7.3.15)

where np is given by (3.5.11). The dispersion relation (3.3.20) provides the velocity of each mo-
mentum mode as follows

vp ≡
∂Ωp

∂p
=

(κ/m) sin(2p)√
ω2 + (4κ/m) sin2(p)

(7.3.16)

Let us remark that the above results based on the quasi-particle picture hold for any value of the
frequencies ω0 and ω, while in our numerical analysis ω0 = 1 and ω = 0.

In Fig. 7.8 we show the temporal evolution of the contour for the entanglement entropy eval-
uated through the prescription of [29] discussed in Appendix A.1. This qualitative behaviour,
which has been observed also in [28] for fermionic chains after a global quench, has been obtained
through the naive analysis performed in Sec .7.2 by employing the CFT formulas of [147] (see the
right panel of Fig. 7.1). The curves in Fig. 7.8 can be interpreted in terms of two fronts starting
from the endpoints and travelling in the opposite directions towards the center of the interval.
Each front has a plateau, that is not exactly horizontal in the numerical data. Since the two fronts
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x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2
<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2
<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2
<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○○
○○

○○
○○

○○
○○

○○
○○

○○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽ ▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

▽

◦◦◦◦
◦◦◦

◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦
◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

◻◻◻◻
◻◻◻

◻◻◻
◻◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻◻

◻◻
◻ ◻ ◻ ◻

◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻

◻

△△△△
△△△

△△△
△△△

△△△
△△△

△△△
△△

△△
△△

△△
△△

△△△△
△△△

△△△
△△△

△△△
△△△

△ △ △ △ △ △ △ △ △ △ △ △ △ △

××××
×××

×××
×××

×××
×××

×××
××

××
××

××
××

××
××

×××
×××

×××
×××

×××
× × × ×

×

× × × × × × × ×
×

×

▯▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯

▽▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽▽
▽▽▽

▽▽
▽ ▽ ▽ ▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽▽ ▽

++++
+++

+++
+++

+++
+++

++++
++++++++

++ ++++
+++

+++
+++

+++
++ + + + + + + + + + + + + + +

□□□□□
□□□

□□□
□□□

□□□
□□□□

□□□□□
□□□□□□□

□□□□
□□□□

□□□□
□□□□

□□ □ □ □ □

□

□ □ □ □ □ □ □ □□ □

○○○○
○○○

○○○
○○○○○○

○○○○○○○○○○○○○○○○○○○○○○○○○○○○
○○○○

○○○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

◇◇◇◇
◇◇◇

◇◇◇
◇◇◇

◇◇◇◇◇◇◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

◇◇◇◇◇◇◇◇
◇◇◇◇◇

◇ ◇ ◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇ ◇

○▽

◦◻

△×

▯▽

+□
○◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

○○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○
○
○
○○
○
○○

○○
○○

○○
○○

○○
○○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽
▽
▽▽

▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

□□□□□□□□□□□□□
□□

□□
□□

□□
□□

□□
□□

□□
□□

□□
□□
□□

□□
□□

□□
□□□

□□□
□□

□ □ □ □ □ □ □ □ □ □ □ □ □

△△△△△△△△△△△△△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△ △ △ △

△

△ △ △ △ △ △ △ △ △
△

◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦

◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦ ◦◦◦

◦◦
◦◦◦

◦◦◦◦
◦◦◦◦

◦◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

▯▯▯▯▯▯▯▯▯▯▯▯▯▯▯
▯▯▯

▯▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯▯
▯▯▯

▯▯▯
▯▯▯

▯ ▯ ▯

▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯

◻◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻ ◻

◻ ◻ ◻
◻ ◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻ ◻

◻◻ ◻
◻ ◻ ◻

◻ ◻ ◻
◻ ◻ ◻ ◻ ◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻

◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
◇◇◇

◇◇◇
◇◇◇◇◇

◇◇◇◇◇◇
◇◇◇◇

◇◇◇
◇◇◇◇

◇◇◇◇
◇◇◇◇ ◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇

○▽

□△

◦▯

◻◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○○
○○

○
○○
○○

○○
○○

○○
○○

○○
○○

○○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽

▽
▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
▽

◻◻ ◻ ◻ ◻ ◻ ◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻
◻◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻
◻ ◻

◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻ ◻

△△△△△△△△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△△
△△

△
△ △

△

△ △ △ △ △ △ △ △ △
△

▽▽▽▽▽▽▽▽▽▽▽▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽

▽▽
▽▽
▽▽

▽▽
▽▽

▽▽▽
▽▽▽▽

▽▽▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▯▯▯▯▯▯▯▯▯▯▯▯▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯
▯▯

▯▯▯
▯▯▯

▯ ▯ ▯ ▯

▯

▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯ ▯▯

□□□□□□□□□□□□□□□□□
□□

□□
□□

□□
□□

□□
□□

□□
□□
□□□

□□□□□□
□□□□□□

□ □ □ □ □ □ □ □ □ □ □ □ □ □

◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦
◦◦

◦◦◦
◦◦◦◦

◦◦◦◦
◦◦◦ ◦ ◦ ◦

◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦◦

○○○○○○○○○○○○○○○○○○○○○○
○○○

○○
○○

○○○
○○○○○○○○○○○

○○○○○○○○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇
◇◇◇

◇◇
◇◇◇

◇◇◇◇
◇◇◇◇◇◇◇

◇◇◇◇◇◇◇◇
◇ ◇ ◇

◇

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇◇

○▽

◻△

▽▯

□◦

○◇

0.0 0.2 0.4 0.6 0.8 1.0

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Subtracted data  
on the right

Figure 7.10: Harmonic chain: Temporal evolution of (7.3.7) for n = 1.

have velocity equal to 2 (see also Sec .7.2), they cross each other around t/` ' 1/4 and superpose
until they reach the opposite endpoint around t/` ' 1/2. Notice that the data shown in the two
panels of Fig. 7.8 do not overlap, meaning that larger values of ` are needed to obtain a prediction
for this curve in the limit of large `. This prediction can be done from the data obtained for the
global quench in the chain of free fermions considered in Sec .7.4 (see Fig. 7.18). We remark that
the data in Fig. 7.8 display a divergence close to the endpoints of the interval that is independent
of time.

The contour function for the entanglement entropy obtained through the quasi-particle picture
(namely by employing (7.3.13), (7.3.15) and (7.3.16)) is shown in Fig. 7.9, where in the left panel

f0(x) = 0 identically, while f0(x) = s
(1)
A,0(x, 0) in (7.2.9) has been chosen in the right panel. The

latter choice leads to reproduce also the linear divergencies of the contour function for the entan-
glement entropy near the endpoints of the interval. The quasi-particle picture formula (7.3.13)
captures in a better way some features of the numerical data with respect to the corresponding
CFT expression (7.2.8). For instance, the curve in Fig. 7.9 having t/` = 1/4 is not flat in the
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middle of the interval and that the local maximum of the curve having 1/4 < t/` < 1 increases
with time, while in the right panel of Fig. 7.1 it is constant and equal to half of its asymptotic
value for t→∞.

In Fig. 7.10 we consider the quantity introduced in (7.3.7) with n = 1 for two different choices
of (i1, i2): the case with i1 = 0 (top panel) and the case with fixed 0 < i1 < `/2 and i2 variable
(middle panel). The data points (obtained through (A.1.8), (7.3.6), (7.3.7) and (A.1.11)) are
compared against the corresponding formula coming from the quasi-particle picture expression
(7.3.14) (black dashed curves), where the terms containing f0 cancel, and also against the naive
CFT expression (7.2.12) (grey dashed-dotted curves). Notice that the CFT curves and the ones
obtained from the quasi-particle picture change slope at the same values of t/`. At the beginning
of the evolution, ∆SA grows linearly with a slope that depends on whether (i1, i2) contains one
or two endpoints of A (notice that the red curves in the top and bottom panels correspond to the
entanglement entropy), while it vanishes whenever the endpoints of A do not belong to (i1, i2).
For t/` > 1/2 all the pairs of quasi-particles have contributed and the curves reach a constant
value proportional to the size of the interval (i1, i2).

For t/` < 1/2, all the curves in Fig. 7.10 exhibit a piecewise linear behaviour and, for a given
configuration, the slope changes at most four times in correspondence to values of t/` that depend
on (i1, i2) and that are captured both by the naive CFT expression (7.2.12) and by the quasi-
particle picture expression (7.3.14). In the top panel of Fig. 7.10 the changes of slope occur at
t/` = x0/(2`), t/` = (` − x0)/(2`) and t/` = 1/2; and in the bottom panel at t/` = x1/2,
t/` = (a1 + x1)/(2`), t/` = (` − a1 − x1)/(2`) and t/` = (` − x1)/(2`) (in the data shown
correspond to x1 = `/5). First we observe that the segments composing any piecewise linear curve
are horizontal or have a positive slope that can take two values such that one is twice the other
one. The quasi-particles can entangle (i1, i2) with B by crossing one or both the endpoints of
A. Denoting by nR (nL) the number of particles entangling (i1, i2) with B across the right (left)
endpoint of A, we have that the segment is horizontal whenever both nR and nL are constant in
time. Instead, when only either nR or nL is increasing in time, the corresponding segment has
a positive slope, that becomes twice this value whenever both nR and nL are increasing in time.
By adapting these considerations to the configurations for (i1, i2) considered in the two panels of
Fig. 7.10, one obtains the above values of t/` corresponding to the changes in the slope of the
piecewise linear curves.

7.4 Interval in a chain of free fermions

In this section we study the temporal evolution of the entanglement Hamiltonian matrix after the
global quench in a chain of free fermions introduced in [4, 85].

Let us consider the following inhomogeneous Hamiltonian written in terms of the fermionic
creation and annihilation operators ĉn and ĉ†n, (that satisfy the standard anticommutation relations

{ĉ†n, ĉ†m} = {ĉn, ĉm} = 0 and {ĉn, ĉ†m} = δm,n) [85]

Ĥ0 = − 1

2

+∞∑

n=−∞
tn
(
ĉ†n ĉn+1 + ĉ†n+1 ĉn

)
(7.4.1)

where t2n = 1 and t2n+1 = 0, namely only pairs of sites are coupled (dimerized chain). The system
is half filled and prepared in the ground state |ψ0〉 of H0.

At t = 0 the inhomogeneity is removed and the unitary time evolution of |ψ0〉 is governed by
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the translation invariant hopping Hamiltonian given by

Ĥ = − 1

2

+∞∑

n=−∞

(
ĉ†n ĉn+1 + ĉ†n+1 ĉn

)
(7.4.2)

which is also known as the tight binding model at half filling.
In [85] the analytic expression of the correlation matrix after the global quench has been

computed. Its generic element Ci,j(t) ≡ 〈ĉ†i (t) ĉj(t)〉 reads

Ci,j(t) = C
(∞)
i,j + i

i− j
4t

e−iπ
2

(i+j)Ji−j(2t) (7.4.3)

where Jν(x) is the Bessel function of the first kind and

C
(∞)
i,j ≡

1

2

[
δi,j +

1

2

(
δi,j+1 + δi,j−1

)]
. (7.4.4)

By employing that J−ν(x) = (−1)νJν(x), we have that Re[Ci,j(t)] is symmetric and that Im[Ci,j(t)]

is antisymmetric. Furthermore, we remark that Ci,j(t)→ C
(∞)
i,j as t→ +∞; hence the correlation

matrix is real in the asymptotic regime of long time.

7.4.1 Entanglement Hamiltonian matrix

Considering an interval A containing ` sites labelled by 1 6 i 6 `, the generic element of the `× `
correlation matrix CA(t) is obtained by just restricting to the rows and columns corresponding to
the sites in A, namely CA(t)i,j = C(t)i,j in (7.4.3) with 1 6 i, j 6 `. The entanglement Hamiltonian
of A after this global quench is

K̂A =
∑̀

i,j=1

Ti,j ĉ
†
i ĉj (7.4.5)

with ĉi and ĉ†i the fermionic creation and annihilation operators appearing in the Hamiltonians
(7.4.1) and (7.4.2) and the matrix T given by [191]

T t = log
(
CA(t)−1 − 1

)
. (7.4.6)

If we call ηk the eigenvalues of T and ζk the eigenvalues of CA, we have ηk = log(1/ζk − 1). For
a generic value of t, the entanglement Hamiltonian matrix T in (7.4.6) is a complex `× ` matrix.
Since T is hermitian at any t, its real part is symmetric and its imaginary part is antisymmetric.
Thus, we can focus on the p-th diagonal of these two matrices with p > 0.

The eigenvalues ζk ∈ (0, 1) and many of them lie exponentially close to 0 and 1. This forces us
to work with very high precision in order to get finite results for (7.4.6). In particular, the largest
interval we considered has ` = 600 sites and we employed between 900 and 2500 digits, depending
on the value of t. The needed working precision decreases as time increases.

Also for this global quench, the configuration given by an interval in the infinite line is sym-
metric with respect to the center of the interval and this leads to a symmetry in the elements
of the p-th diagonal. In particular, the odd diagonals of T are symmetric, while the even ones
are antisymmetric, namely Ti,i+p = T`−i−p+1,`−i−p+1 for odd p and Ti,i+p = −T`−i−p+1,`−i−p+1 for
even p. The main diagonal vanishes identically.

In Fig. 7.11 and Fig. 7.12 we show respectively the real part of T and the imaginary part of T
of an interval with ` = 400 for nine values of t. For t → ∞ the imaginary part of T vanishes (a
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t = 80

<latexit sha1_base64="uPaCxdDACc3TSzjH9Xh7q12p8T4=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmtTCNGLCxTMBcIFnC7GSSDJmZXWZmhbCktLWxUMTWB7DzOex8Bn0IN5sUmvjDwMf/n8Occ/xQcGMx/nQWFpeWV1Yza9n1jc2t7dzObs0EkaasSgMR6IZPDBNcsarlVrBGqBmRvmB1f3A1zuu3TBseqBs7DJknSU/xLqfEptZFEbdzeVzAqdA8uFPIX7593R28V77L7dxHqxPQSDJlqSDGNF0cWi8m2nIq2CjbigwLCR2QHmsmqIhkxovTWUfoKHE6qBvo5CmLUvd3R0ykMUPpJ5WS2L6Zzcbmf1kzst2iF3MVRpYpOvmoGwlkAzReHHW4ZtSKYQKEap7MimifaEJtcp5scgR3duV5qJ0W3LMCruB86QQmysA+HMIxuHAOJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/QBWSFg==</latexit>

t = 120
<latexit sha1_base64="I5+e37n7ej6AI10cWKwtIwg47Ds=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cuEXcyuVxAY+F5sGdQv7y7evu4L3yXW7lPprtiCYhk4YKonXDxbHxU6IMp4INs81Es5jQPumyhkVJQqb9dDzsEB1Zp406kbJPGjR2f3ekJNR6EAa2MiSmp2ezkflf1khM59xPuYwTwySdfNRJBDIRGm2O2lwxasTAAqGK21kR7RFFqLH3ydojuLMrz0O1WHBPC7iC86UTmCgD+3AIx+DCGZTgGsrgAQUO9/AIT450Hpxn52VSuuBMe/bgj5zXH6c4kks=</latexit>
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t = 160

<latexit sha1_base64="CxHsoxUIe8XKdBG0PczcAseNJEA=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmFdRGDNhYJuAmgSSE2clsMmR2dpmZFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LHg2mD86czNLywuLWdWsqtr6xubua3tio4SRZlHIxGpmk80E1wyz3AjWC1WjIS+YFW/dzXMq7dMaR7JG9OPWTMkHckDTomxlmcu3FPcyuVxAY+EZsGdQP7y7etu7738XWrlPhrtiCYhk4YKonXdxbFppkQZTgUbZBuJZjGhPdJhdYuShEw309GwA3RgnTYKImWfNGjk/u5ISah1P/RtZUhMV09nQ/O/rJ6Y4LyZchknhkk6/ihIBDIRGm6O2lwxakTfAqGK21kR7RJFqLH3ydojuNMrz0LluOCeFHAZ54tHMFYGdmEfDsGFMyjCNZTAAwoc7uERnhzpPDjPzsu4dM6Z9OzAHzmvP61Mkk8=</latexit>
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t = 200

<latexit sha1_base64="lhQqfoHFpidJaTRw6/uuUFUxpR4=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cFDFu5fK4gMdC8+BOIX/59nV38F75LrdyH812RJOQSUMF0brh4tj4KVGGU8GG2WaiWUxon3RZw6IkIdN+Oh52iI6s00adSNknDRq7vztSEmo9CANbGRLT07PZyPwvaySmc+6nXMaJYZJOPuokApkIjTZHba4YNWJggVDF7ayI9ogi1Nj7ZO0R3NmV56FaLLinBVzB+dIJTJSBfTiEY3DhDEpwDWXwgAKHe3iEJ0c6D86z8zIpXXCmPXvwR87rD6W0kko=</latexit>

t = 240
<latexit sha1_base64="d+6F+JRy5EOq0XV0XGPnrIA0050=">AAAB7HicbZC7SgNBFIZn4y3GW9RSkMEgWEjYjYI2YsDGMgE3CSRLmJ3MJkNmZ5eZs0JYUlrbWChia2/nc9j5DPoQTi6FJv4w8PH/5zDnHD8WXINtf1qZhcWl5ZXsam5tfWNzK7+9U9NRoihzaSQi1fCJZoJL5gIHwRqxYiT0Bav7/atRXr9lSvNI3sAgZl5IupIHnBIwlgsXpVO7nS/YRXssPA/OFAqXb193++/V70o7/9HqRDQJmQQqiNZNx47BS4kCTgUb5lqJZjGhfdJlTYOShEx76XjYIT40TgcHkTJPAh67vztSEmo9CH1TGRLo6dlsZP6XNRMIzr2UyzgBJunkoyARGCI82hx3uGIUxMAAoYqbWTHtEUUomPvkzBGc2ZXnoVYqOidFu2oXysdooizaQwfoCDnoDJXRNaogF1HE0T16RE+WtB6sZ+tlUpqxpj276I+s1x+ryJJO</latexit>

t = 400
<latexit sha1_base64="eYFzAtc364EwvX6zLGRsvqb65c4=">AAAB7HicbZC7SgNBFIZnvcZ4i1oKMhgECwmzKmgjBmwsE3CTQBLC7GQ2GTI7u8ycFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LEUBgj5dObmFxaXljMr2dW19Y3N3NZ2xUSJZtxjkYx0zaeGS6G4BwIkr8Wa09CXvOr3roZ59ZZrIyJ1A/2YN0PaUSIQjIK1PLg4JaSVy5MCGQnPgjuB/OXb193ee/m71Mp9NNoRS0KugElqTN0lMTRTqkEwyQfZRmJ4TFmPdnjdoqIhN810NOwAH1injYNI26cAj9zfHSkNjemHvq0MKXTNdDY0/8vqCQTnzVSoOAGu2PijIJEYIjzcHLeF5gxk3wJlWthZMetSTRnY+2TtEdzplWehclxwTwqkTPLFIzRWBu2ifXSIXHSGiugalZCHGBLoHj2iJ0c5D86z8zIunXMmPTvoj5zXH6jAkkw=</latexit>
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<latexit sha1_base64="HLwNo2NvtfcqZ136UpXV3mKuYHM=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBcIFnC7GSSDJnZXWZmhbCktLWxUMTWB7DzOex8Bn0IJ5sUmvjDwMf/n8Occ/xIcG0w/nQWFpeWV1Yza9n1jc2t7dzObk2HsaKsSkMRqoZPNBM8YFXDjWCNSDEifcHq/uBqnNdvmdI8DG7MMGKeJL2AdzklJrUuiridy+MCToXmwZ1C/vLt6+7gvfJdbuc+Wp2QxpIFhgqiddPFkfESogyngo2yrViziNAB6bGmxYBIpr0knXWEjqzTQd1Q2RcYlLq/OxIitR5K31ZKYvp6Nhub/2XN2HTPvYQHUWxYQCcfdWOBTIjGi6MOV4waMbRAqOJ2VkT7RBFq7Hmy9gju7MrzUCsW3NMCruB86QQmysA+HMIxuHAGJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/NveSEA==</latexit>

t = 0.4
<latexit sha1_base64="p777oDRdWTOpRv/t9fgB+fZ6tas=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDEIFrLMqqCNGLCxTMBNAskSZiezyZDZ2WVmVghLSmsbC0Vs7e18DjufQR/CyaXQxB8GPv7/HOacEyScKY3QpzU3v7C4tJxbya+urW9sFra2qypOJaEeiXks6wFWlDNBPc00p/VEUhwFnNaC3tUwr91SqVgsbnQ/oX6EO4KFjGBtLE9fIOe0VSgiB41kz4I7geLl29fd3nvlu9wqfDTbMUkjKjThWKmGixLtZ1hqRjgd5JupogkmPdyhDYMCR1T52WjYgX1gnLYdxtI8oe2R+7sjw5FS/SgwlRHWXTWdDc3/skaqw3M/YyJJNRVk/FGYclvH9nBzu80kJZr3DWAimZnVJl0sMdHmPnlzBHd65VmoHjvuiYMqqFg6grFysAv7cAgunEEJrqEMHhBgcA+P8GQJ68F6tl7GpXPWpGcH/sh6/QGlrpJK</latexit>

FERMIONS - 
EH density 

plots Real part

Figure 7.11: Temporal evolution of the real part of the entanglement Hamiltonian matrix (7.4.6) of
an interval with ` = 400 in the infinite chain of free fermions after the global quench (see Sec .7.4).

detailed analysis of this asymptotic regime is performed in Sec .7.4.4). We also checked numerically
that the imaginary part of T vanishes for t → 0, as expected. In the complex matrix T the odd
diagonals are real, while the even diagonals are purely imaginary, like in the correlation matrix
(7.4.3).

As time evolves, the amplitude of the elements of T decreases; indeed, in Fig. 7.11 and Fig. 7.12
a zoom is needed for large values of t in order to appreciate the fact that T is non vanishing. It is
straightforward to observe that at the beginning the main contribution is localised on the diagonals
close to the main one and that, during the temporal evolution, also the diagonals corresponding
to longer range interactions become more important.

In Fig. 7.13 we show the temporal evolution of the first four diagonals in the entanglement



7.4. INTERVAL IN A CHAIN OF FREE FERMIONS 207

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

-0.08

-0.06

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.08

t = 40
<latexit sha1_base64="fu8SBituS9V0fXTBdhO4lHU1Grk=">AAAB63icbZDLSgMxFIbPeK31VnUpSLAILqRkVNCNWHDjsgV7gXYomTRtQ5OZIckIZejSrRsXirj1Adz5HO58Bn0I02kX2vpD4OP/zyHnHD8SXBuMP525+YXFpeXMSnZ1bX1jM7e1XdVhrCir0FCEqu4TzQQPWMVwI1g9UoxIX7Ca378a5bVbpjQPgxsziJgnSTfgHU6JSa2LU9zK5XEBp0Kz4E4gf/n2dbf3Xv4utXIfzXZIY8kCQwXRuuHiyHgJUYZTwYbZZqxZRGifdFnDYkAk016SzjpEB9Zpo06o7AsMSt3fHQmRWg+kbyslMT09nY3M/7JGbDrnXsKDKDYsoOOPOrFAJkSjxVGbK0aNGFggVHE7K6I9ogg19jxZewR3euVZqB4X3JMCLuN88QjGysAu7MMhuHAGRbiGElSAQg/u4RGeHOk8OM/Oy7h0zpn07MAfOa8/OgGSEg==</latexit>

t = 80
<latexit sha1_base64="uPaCxdDACc3TSzjH9Xh7q12p8T4=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmtTCNGLCxTMBcIFnC7GSSDJmZXWZmhbCktLWxUMTWB7DzOex8Bn0IN5sUmvjDwMf/n8Occ/xQcGMx/nQWFpeWV1Yza9n1jc2t7dzObs0EkaasSgMR6IZPDBNcsarlVrBGqBmRvmB1f3A1zuu3TBseqBs7DJknSU/xLqfEptZFEbdzeVzAqdA8uFPIX7593R28V77L7dxHqxPQSDJlqSDGNF0cWi8m2nIq2CjbigwLCR2QHmsmqIhkxovTWUfoKHE6qBvo5CmLUvd3R0ykMUPpJ5WS2L6Zzcbmf1kzst2iF3MVRpYpOvmoGwlkAzReHHW4ZtSKYQKEap7MimifaEJtcp5scgR3duV5qJ0W3LMCruB86QQmysA+HMIxuHAOJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/QBWSFg==</latexit>

t = 120
<latexit sha1_base64="I5+e37n7ej6AI10cWKwtIwg47Ds=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cuEXcyuVxAY+F5sGdQv7y7evu4L3yXW7lPprtiCYhk4YKonXDxbHxU6IMp4INs81Es5jQPumyhkVJQqb9dDzsEB1Zp406kbJPGjR2f3ekJNR6EAa2MiSmp2ezkflf1khM59xPuYwTwySdfNRJBDIRGm2O2lwxasTAAqGK21kR7RFFqLH3ydojuLMrz0O1WHBPC7iC86UTmCgD+3AIx+DCGZTgGsrgAQUO9/AIT450Hpxn52VSuuBMe/bgj5zXH6c4kks=</latexit>

t = 160
<latexit sha1_base64="CxHsoxUIe8XKdBG0PczcAseNJEA=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmFdRGDNhYJuAmgSSE2clsMmR2dpmZFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LHg2mD86czNLywuLWdWsqtr6xubua3tio4SRZlHIxGpmk80E1wyz3AjWC1WjIS+YFW/dzXMq7dMaR7JG9OPWTMkHckDTomxlmcu3FPcyuVxAY+EZsGdQP7y7etu7738XWrlPhrtiCYhk4YKonXdxbFppkQZTgUbZBuJZjGhPdJhdYuShEw309GwA3RgnTYKImWfNGjk/u5ISah1P/RtZUhMV09nQ/O/rJ6Y4LyZchknhkk6/ihIBDIRGm6O2lwxakTfAqGK21kR7RJFqLH3ydojuNMrz0LluOCeFHAZ54tHMFYGdmEfDsGFMyjCNZTAAwoc7uERnhzpPDjPzsu4dM6Z9OzAHzmvP61Mkk8=</latexit>

t = 200
<latexit sha1_base64="lhQqfoHFpidJaTRw6/uuUFUxpR4=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBNAskSZieTZMjs7DIzK4QlpbWNhSK29nY+h53PoA/h5FJo4g8DH/9/DnPOCWLBtcH401lYXFpeWc2sZdc3Nre2czu7VR0lijKPRiJS9YBoJrhknuFGsHqsGAkDwWpB/2qU126Z0jySN2YQMz8kXck7nBJjLc9cFDFu5fK4gMdC8+BOIX/59nV38F75LrdyH812RJOQSUMF0brh4tj4KVGGU8GG2WaiWUxon3RZw6IkIdN+Oh52iI6s00adSNknDRq7vztSEmo9CANbGRLT07PZyPwvaySmc+6nXMaJYZJOPuokApkIjTZHba4YNWJggVDF7ayI9ogi1Nj7ZO0R3NmV56FaLLinBVzB+dIJTJSBfTiEY3DhDEpwDWXwgAKHe3iEJ0c6D86z8zIpXXCmPXvwR87rD6W0kko=</latexit>

t = 240
<latexit sha1_base64="d+6F+JRy5EOq0XV0XGPnrIA0050=">AAAB7HicbZC7SgNBFIZn4y3GW9RSkMEgWEjYjYI2YsDGMgE3CSRLmJ3MJkNmZ5eZs0JYUlrbWChia2/nc9j5DPoQTi6FJv4w8PH/5zDnHD8WXINtf1qZhcWl5ZXsam5tfWNzK7+9U9NRoihzaSQi1fCJZoJL5gIHwRqxYiT0Bav7/atRXr9lSvNI3sAgZl5IupIHnBIwlgsXpVO7nS/YRXssPA/OFAqXb193++/V70o7/9HqRDQJmQQqiNZNx47BS4kCTgUb5lqJZjGhfdJlTYOShEx76XjYIT40TgcHkTJPAh67vztSEmo9CH1TGRLo6dlsZP6XNRMIzr2UyzgBJunkoyARGCI82hx3uGIUxMAAoYqbWTHtEUUomPvkzBGc2ZXnoVYqOidFu2oXysdooizaQwfoCDnoDJXRNaogF1HE0T16RE+WtB6sZ+tlUpqxpj276I+s1x+ryJJO</latexit>

t = 400
<latexit sha1_base64="eYFzAtc364EwvX6zLGRsvqb65c4=">AAAB7HicbZC7SgNBFIZnvcZ4i1oKMhgECwmzKmgjBmwsE3CTQBLC7GQ2GTI7u8ycFcKS0trGQhFbezufw85n0Idwcik08YeBj/8/hznn+LEUBgj5dObmFxaXljMr2dW19Y3N3NZ2xUSJZtxjkYx0zaeGS6G4BwIkr8Wa09CXvOr3roZ59ZZrIyJ1A/2YN0PaUSIQjIK1PLg4JaSVy5MCGQnPgjuB/OXb193ee/m71Mp9NNoRS0KugElqTN0lMTRTqkEwyQfZRmJ4TFmPdnjdoqIhN810NOwAH1injYNI26cAj9zfHSkNjemHvq0MKXTNdDY0/8vqCQTnzVSoOAGu2PijIJEYIjzcHLeF5gxk3wJlWthZMetSTRnY+2TtEdzplWehclxwTwqkTPLFIzRWBu2ifXSIXHSGiugalZCHGBLoHj2iJ0c5D86z8zIunXMmPTvoj5zXH6jAkkw=</latexit>

t = 20
<latexit sha1_base64="HLwNo2NvtfcqZ136UpXV3mKuYHM=">AAAB63icbZC7SgNBFIbPeo3xFrUUZDAIFhJmY6GNGLCxTMBcIFnC7GSSDJnZXWZmhbCktLWxUMTWB7DzOex8Bn0IJ5sUmvjDwMf/n8Occ/xIcG0w/nQWFpeWV1Yza9n1jc2t7dzObk2HsaKsSkMRqoZPNBM8YFXDjWCNSDEifcHq/uBqnNdvmdI8DG7MMGKeJL2AdzklJrUuiridy+MCToXmwZ1C/vLt6+7gvfJdbuc+Wp2QxpIFhgqiddPFkfESogyngo2yrViziNAB6bGmxYBIpr0knXWEjqzTQd1Q2RcYlLq/OxIitR5K31ZKYvp6Nhub/2XN2HTPvYQHUWxYQCcfdWOBTIjGi6MOV4waMbRAqOJ2VkT7RBFq7Hmy9gju7MrzUCsW3NMCruB86QQmysA+HMIxuHAGJbiGMlSBQh/u4RGeHOk8OM/Oy6R0wZn27MEfOa8/NveSEA==</latexit>

t = 0.4
<latexit sha1_base64="p777oDRdWTOpRv/t9fgB+fZ6tas=">AAAB7HicbZC7SgNBFIbPeo3xFrUUZDEIFrLMqqCNGLCxTMBNAskSZiezyZDZ2WVmVghLSmsbC0Vs7e18DjufQR/CyaXQxB8GPv7/HOacEyScKY3QpzU3v7C4tJxbya+urW9sFra2qypOJaEeiXks6wFWlDNBPc00p/VEUhwFnNaC3tUwr91SqVgsbnQ/oX6EO4KFjGBtLE9fIOe0VSgiB41kz4I7geLl29fd3nvlu9wqfDTbMUkjKjThWKmGixLtZ1hqRjgd5JupogkmPdyhDYMCR1T52WjYgX1gnLYdxtI8oe2R+7sjw5FS/SgwlRHWXTWdDc3/skaqw3M/YyJJNRVk/FGYclvH9nBzu80kJZr3DWAimZnVJl0sMdHmPnlzBHd65VmoHjvuiYMqqFg6grFysAv7cAgunEEJrqEMHhBgcA+P8GQJ68F6tl7GpXPWpGcH/sh6/QGlrpJK</latexit>
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Figure 7.12: Temporal evolution of the imaginary part of the entanglement Hamiltonian matrix
(7.4.6) of an interval with ` = 400 in the infinite chain of free fermions after the global quench (see
Sec .7.4).

Hamiltonian matrix. Notice that Ti,i+1 is always positive, while in the other panels also negative
values occur. We find it worth remarking that all the curves displayed in this figure vanish at the
endpoints of the interval.

In Fig. 7.11 and Fig. 7.12 it is straightforward to observe that the diagonals providing a long
range interaction become more relevant as time evolves by forming a band around the main diagonal
whose width 2d0 increases with time. A similar feature has been highlighted for the global quench
in the harmonic chain discussed in Sec .7.3.1. This observation naturally leads to consider the
antidiagonals in Re(T ) and Im(T ), that are shown in Fig. 7.14 and Fig. 7.15, making evident the
occurrence of a band and the increasing of its width during the temporal evolution. The width
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Figure 7.13: Chain of free fermions: Temporal evolution of the p-th diagonal with 1 6 p 6 4 of
the entanglement Hamiltonian matrix (7.4.6) of an interval with ` = 400 after the global quench.
The insets zoom in on small values, in order to show the curves for large times.

2d0 of this band can be defined by taking the distance between the two minima for Re(T ) and the
distance between the minimum and the maximum for Im(T ). In the bottom panels of Fig. 7.16 we
show that d0(t) defined in this way increases linearly with velocity equal to one as time evolves.

7.4.2 Entanglement spectrum

Also for this global quench we find it worth considering the temporal evolution of some quantities
related to the entanglement spectrum. In the top left panel of Fig. 7.17, the eigenvalues ηk =
log(1/ζk−1) of the hermitian matrix T obtained from the eigenvalues ζk of the reduced correlation
matrix CA(t) are shown for different values of time. The solid black curve corresponds to the
asymptotic curve for t → ∞ obtained in [85]. Since ηk = −η`−k+1 and only even values of ` are
considered, we find it convenient to label these eigenvalues as ηk with k = ±1

2 , ±3
2 , · · · ± `−1

2 . This
gives ηk = −η−k.

The eigenvalues ηk, also called single particle entanglement energies, provide the entanglement
spectrum. Indeed, we can associate a value nk = {0, 1}, with k = ±1

2 , ±3
2 , · · · ± `−1

2 , to each
eigenvalue ηk in such a way that the elements λn of the entanglement spectrum are determined
by the all the possible vectors n with entries given by nk as

λn =
e
−

∑(`−1)/2
k=−(`−1)/2

ηk nk

∏(`−1)/2
k=−(`−1)/2(1 + e−ηk)

. (7.4.7)
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Figure 7.14: Chain of free fermions: Antidiagonal of the real part of the entanglement Hamiltonian
matrix (7.4.6) (see also Fig. 7.11) for various times and two different lengths. The points corre-
sponding to the two minima travel in opposite directions from the center of the interval towards
the endpoints with velocity equal to one (see also the bottom panels in Fig. 7.16, where 2d0 denotes
the distance between these two minima).

The largest eigenvalue is given by the configuration where all the modes with negative ηk are
occupied and therefore can be written as λmax =

[∏
k(1 + e−ηk)

]−1∏
k<0 e

−ηk , whose temporal
evolution for ` = 200 and ` = 400 is shown in the top right panel of Fig. 7.17.

The gaps in the entanglement spectrum can be computed from the single particle entanglement
energies ηk by considering the particle-hole excitations with respect to the Fermi level. For the first
gaps 0 < g1 < g2 < . . . , this analysis gives g1 = 2η 1

2
, g2 = η 1

2
+ η 3

2
and g3 = min

{
η 1

2
+ η 5

2
, 2η 3

2

}
.

The expressions for the higher gaps become difficult to write as r increases, but this can be done



210 CHAPTER 7. ENTANGLEMENT HAMILTONIANS AFTER A GLOBAL QUENCH

△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△
△△
△
△

△

△

△
△△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△
△

△△

△△

△
△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△△

△

△

△

△

△
△

△

△△

△

△
△

△

△

△△

△

△

△△

△

△

△△

△

△

△

△△

△

△

△

△
△△

△

△

△

△

△
△△
△
△

△

△

△

△
△
△△△△△△
△△△△△△△△△△△△△△△△△△△△△△

△
△
△

△

△

△

△
△
△△
△

△

△

△

△

△△
△

△

△

△

△△

△

△

△

△△

△

△

△△

△

△

△△

△

△

△
△

△

△△

△

△
△

△

△

△

△

△△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△
△

△△

△△

△
△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△△
△

△

△

△
△
△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

○
○

○

○

○

○

○

○

○

○

○
○

○

○
○

○

○

○

○

○

○○

○○

○

○

○

○

○

○
○

○

○

○

○

○

○

○

○
○

○

○

○
○

○

○

○
○
○

○

○

○

○

○○
○
○

○

○

○
○
○○○○

○○○○
○

○

○

○
○
○○

○

○

○

○

○
○
○

○

○

○
○

○

○

○
○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○○

○○

○

○

○

○

○

○
○

○

○
○

○

○

○

○

○

○

○

○

○
○○
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

△

○

0.0 0.2 0.4 0.6 0.8 1.0
-0.2

-0.1

0.0

0.1

0.2

△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△
△
△

△

△

△△

△

△

△△

△

△

△

△
△

△△

△

△

△

△

△

△

△

△

△

△
△

△

△

△△

△

△

△

△
△△△△
△△△△△△△
△△△△
△

△

△

△

△△

△

△

△
△

△

△

△

△

△

△

△

△

△

△△

△
△

△

△

△

△△

△

△

△△

△

△

△
△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

○
○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○

○

○

○

○
○○○○○○

○

○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○

○

○
○○
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

△

○

0.0 0.2 0.4 0.6 0.8 1.0

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△
△
△
△

△

△

△
△
△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△

△
△

△△

△△

△
△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△△

△

△

△
△

△

△

△△

△

△

△

△△
△

△

△

△

△
△△
△
△
△
△
△
△
△
△
△△△△△△△△△△△

△
△
△
△
△
△
△
△△
△
△

△

△

△

△
△△

△

△

△

△△

△

△

△
△

△

△

△△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△
△

△△

△△

△
△

△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△
△
△

△

△

△
△
△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

○

○

○

○

○
○

○

○

○○

○

○

○

○
○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○○
○
○
○
○○○○

○
○
○
○○
○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○
○

○

○

○

○○

○

○

○
○

○

○

○

○
○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

△

○

0.0 0.2 0.4 0.6 0.8 1.0

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△
△△
△
△

△

△

△
△△△

△

△

△

△
△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△
△

△△

△
△

△
△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△
△

△

△

△

△

△

△

△
△

△

△△

△

△
△

△

△△

△

△
△

△

△

△

△

△

△
△

△

△

△△

△

△

△△

△

△

△
△

△

△

△

△△

△

△

△

△
△
△

△

△

△

△
△
△

△

△

△

△

△
△△
△

△

△

△

△

△

△
△△△△
△

△

△

△

△

△
△
△
△
△
△△△△△△△△△△△△△△△△△

△
△
△
△
△

△

△

△

△

△
△
△△△△

△

△

△

△

△

△
△△
△

△

△

△

△

△
△
△

△

△

△

△
△
△

△

△

△

△△

△

△

△

△
△

△

△

△△

△

△

△△

△

△

△
△

△

△

△

△

△

△
△

△

△△

△

△
△

△

△△

△

△
△

△

△

△

△

△

△

△
△

△

△

△

△

△

△
△

△

△

△

△

△

△

△

△
△

△
△

△△

△
△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△
△

△

△

△

△
△△
△

△

△

△
△
△△
△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△△○○○○○○○○○○○○○○○

○
○
○

○

○

○

○○

○

○

○

○

○

○

○
○

○

○

○

○

○

○

○

○

○

○

○○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○

○

○○

○

○

○

○○

○

○

○

○

○

○○
○

○

○

○

○

○

○

○
○
○○○○○

○○○○
○
○

○

○

○

○

○

○

○
○○

○

○

○

○

○

○○

○

○

○

○○

○

○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○○

○

○

○

○

○

○

○

○

○

○

○
○

○

○

○

○

○

○

○○

○

○

○

○
○
○○
○○○○○○○○○○○○○○

△

○

0.0 0.2 0.4 0.6 0.8 1.0

-0.05

0.00

0.05

t/` = 0.1
<latexit sha1_base64="OpG2TW8q0v7A8m/DIM4FNcxIvzc=">AAAB83icbVDLSgNBEOyNrxg1Rj16GQyCp3U3HvQiBLx4jGAekF3C7GQ2GTL7YKZXCCG/IagHRbz6M978G2eTHDSxoKGo6qa7K0il0Og431ZhbX1jc6u4XdrZ3SvvVw4OWzrJFONNlshEdQKquRQxb6JAyTup4jQKJG8Ho5vcbz9wpUUS3+M45X5EB7EIBaNoJA/PPS4luSaO7fYqVcd2ZiCrxF2Qar38lOO50at8ef2EZRGPkUmqddd1UvQnVKFgkk9LXqZ5StmIDnjX0JhGXPuT2c1TcmqUPgkTZSpGMlN/T0xopPU4CkxnRHGol71c/M/rZhhe+RMRpxnymM0XhZkkmJA8ANIXijOUY0MoU8LcStiQKsrQxFQyIbjLL6+SVs12L+zanUnDhjmKcAwncAYuXEIdbqEBTWCQwiO8wpuVWS/Wu/Uxby1Yi5kj+APr8wcKuZQL</latexit>

t/` = 0.2
<latexit sha1_base64="pW0sCQX1HQ/0Ml5eIxC/Z68MKz8=">AAAB83icbVDLSgNBEJyNrxg1Rj16GQyCp3U3HvQiBLx4jGAekCxhdtKbDJl9MNMrhCW/IagHRbz6M978G2eTHDSxoKGo6qa7y0+k0Og431ZhbX1jc6u4XdrZ3SvvVw4OWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2Pb3K//QBKizi6x0kCXsiGkQgEZ2ikHp73QEp6TR271q9UHduZga4Sd0Gq9fJTjudGv/LVG8Q8DSFCLpnWXddJ0MuYQsElTEu9VEPC+JgNoWtoxELQXja7eUpPjTKgQaxMRUhn6u+JjIVaT0LfdIYMR3rZy8X/vG6KwZWXiShJESI+XxSkkmJM8wDoQCjgKCeGMK6EuZXyEVOMo4mpZEJwl19eJa2a7V7YtTuThk3mKJJjckLOiEsuSZ3ckgZpEk4S8kheyZuVWi/Wu/Uxby1Yi5kj8gfW5w8MPZQM</latexit>

t/` = 0.3
<latexit sha1_base64="VgKhAPC6mY+G3plyzlwlaAHWUFo=">AAAB83icbVA9SwNBEJ2LXzFqjFraLAbB6rxLCm2EgI1lBJMIyRH2NnvJkr0PdueEcORvCGqhiK1/xs5/416SQhMfDDzem2Fmnp9IodFxvq3C2vrG5lZxu7Szu1ferxwctnWcKsZbLJaxuvep5lJEvIUCJb9PFKehL3nHH1/nfueBKy3i6A4nCfdCOoxEIBhFI/XwvMelJFfEsev9StWxnRnIKnEXpNooP+V4bvYrX71BzNKQR8gk1brrOgl6GVUomOTTUi/VPKFsTIe8a2hEQ669bHbzlJwaZUCCWJmKkMzU3xMZDbWehL7pDCmO9LKXi/953RSDSy8TUZIij9h8UZBKgjHJAyADoThDOTGEMiXMrYSNqKIMTUwlE4K7/PIqaddst27Xbk0aNsxRhGM4gTNw4QIacANNaAGDBB7hFd6s1Hqx3q2PeWvBWswcwR9Ynz8NwZQN</latexit>

t/` = 0.4
<latexit sha1_base64="2U0MyXth40UY49yAviBVcAfCF1k=">AAAB83icbVBNS8NAEJ3Ur1q1Vj16WSyCp5hUQS9CwYvHCrYVmlA220m7dPPB7kYopX9DUA+KePXPePPfuGl70NYHA4/3ZpiZF6SCK+0431ZhZXVtfaO4Wdra3invVvb2WyrJJMMmS0Qi7wOqUPAYm5prgfepRBoFAtvB8Dr32w8oFU/iOz1K0Y9oP+YhZ1QbydOnHgpBrohjn3crVcd2piDLxJ2Tar38lOO50a18eb2EZRHGmgmqVMd1Uu2PqdScCZyUvExhStmQ9rFjaEwjVP54evOEHBulR8JEmoo1maq/J8Y0UmoUBaYzonqgFr1c/M/rZDq89Mc8TjONMZstCjNBdELyAEiPS2RajAyhTHJzK2EDKinTJqaSCcFdfHmZtGq2e2bXbk0aNsxQhEM4ghNw4QLqcAMNaAKDFB7hFd6szHqx3q2PWWvBms8cwB9Ynz8PRZQO</latexit>

△
△
△
△△△
△

△

△
△△

△

△

△△

△

△

△
△

△

△△

△

△

△

△

△

△

△

△
△

△

△
△

△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△
△

△
△

△

△

△

△

△

△

△

△

△

△

△

△△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△△

△

△

△

△

△
△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△
△
△

△

△

△

△

△

△

△

△

△

△

△
△△△△
△
△

△

△

△

△

△
△
△
△△△△
△△
△
△△
△
△
△

△

△

△

△

△
△
△
△△△△

△

△

△

△

△

△

△

△

△

△

△
△
△

△

△

△

△

△

△

△
△

△

△

△

△

△

△

△
△

△

△

△

△

△△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△△

△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△△

△

△

△

△

△

△

△

△

△

△

△

△
△

△
△

△
△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△

△
△

△

△

△

△
△

△

△
△

△

△

△

△

△

△

△

△△

△

△
△

△

△

△△

△

△

△△△

△

△
△△△
△
△
△

○

○

○
○
○

○

○

○

○

○

○
○

○

○
○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○
○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○
○
○○○○○○

○○
○○○○○

○
○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○
○

○○

○

○

○

○

○

○

○

○

○

○

○

○

○
○

○

○
○

○

○

○

○

○

○
○
○

○

○

△

○

0.0 0.2 0.4 0.6 0.8 1.0

-0.02

-0.01

0.00

0.01

0.02 t/` = 0.5
<latexit sha1_base64="9t04rTXxkSC31V60wQ9tgZnEjo0=">AAAB83icbVBNS8NAEJ3Ur1q1Vj16WSyCp5hURC9CwYvHCrYVmlA220m7dPPB7kYopX9DUA+KePXPePPfuGl70NYHA4/3ZpiZF6SCK+0431ZhZXVtfaO4Wdra3invVvb2WyrJJMMmS0Qi7wOqUPAYm5prgfepRBoFAtvB8Dr32w8oFU/iOz1K0Y9oP+YhZ1QbydOnHgpBrohjn3crVcd2piDLxJ2Tar38lOO50a18eb2EZRHGmgmqVMd1Uu2PqdScCZyUvExhStmQ9rFjaEwjVP54evOEHBulR8JEmoo1maq/J8Y0UmoUBaYzonqgFr1c/M/rZDq89Mc8TjONMZstCjNBdELyAEiPS2RajAyhTHJzK2EDKinTJqaSCcFdfHmZtGq2e2bXbk0aNsxQhEM4ghNw4QLqcAMNaAKDFB7hFd6szHqx3q2PWWvBms8cwB9Ynz8QyZQP</latexit>

Figure 7.15: Chain of free fermions: Antidiagonal of the imaginary part of the entanglement
Hamiltonian matrix (7.4.6) (see also Fig. 7.12) for various times and two different lengths. The
points corresponding to the maximum and to the minimum travel in opposite directions from the
center of the interval towards the endpoints with velocity equal to one (see also the bottom panels
in Fig. 7.16, where 2d0 denotes the distance between the two extrema).

numerically in a systematic way. For these entanglement gaps we carry out an analysis similar
to the one performed for the corresponding quantities in the harmonic chain (see Fig. 7.6), whose
results are collected in the middle and bottom panels of Fig. 7.17. Also for this global quench the
data about the temporal evolution of the entanglement gaps display two distinct regimes separated
by t/` ' 1/2. In the middle left panel of Fig. 7.17 we show the temporal evolution of the inverse
of the entanglement gaps, in order to highlight the linear growths predicted by the CFT formula
(7.2.2) before t/` ' 1/2. The numerical value for τ0 is obtained by fitting the linear growth of
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Figure 7.16: Linear growth of the width of the bands occurring in the blocks of the entanglement
Hamiltonian matrices after the global quench. The width 2d0 of the various bands is highlighted
by the black arrows in the panels on the right, where the entanglement Hamiltonian matrices are
shown at a typical value t such that t/` ∈ (0, 1/2) (see Fig. 7.2, Fig. 7.11 and Fig. 7.12). In the
left panels the slope of the dashed lines is one. Top: Harmonic chain (see also Fig. 7.5). Bottom:
Chain of free fermions (see also Fig. 7.14 and Fig. 7.15).

the entanglement entropy through the CFT formula SA ' 2πc t/(3τ0) of [81,82] (see Sec .7.2) with
c = 1 for the free massless Dirac fermion, finding τ0 ' 3.26. This allows to fit the slope of the
linear growths in the middle left panel of Fig. 7.17 through (7.2.2), finding ∆1 = 1.224, ∆2 = 2.448
and ∆3 = 3.662. We find it curious that the linear growths in the middle left panels of Fig. 7.6
and Fig. 7.17 basically coincide, despite the diversity of the underlying models (notice that the
values of τ0 are different in the two quenches).

As done for the harmonic chain, in order to reduce the influence of the parameter τ0, we
consider the temporal evolutions of grSA and of the ratios gr/g1. As for grSA (middle right panel
of Fig. 7.17), the curves corresponding to different values of ` collapse much better than the ones
obtained for the quench in the harmonic chain (middle right panel of Fig. 7.6) because the values
of ` considered for this fermionic chain are large enough. Nonetheless, the zooms in the insets
show that these curves are distinguishable.

Also for this quench the temporal evolutions of the ratios gr/g1 in the entanglement spectrum
(bottom panel of Fig. 7.17) display the most interesting features. When t/` < 1/2, curves having
different `’s nicely collapse identifying neatly plateaux that correspond to strictly positive integers.
The same positive integers are obtained also in the asymptotic regime of long time and large
`. We checked numerically this result by plugging into the code employed to study gr/g1 the
asymptotic values for ηk found in [85], that will be reported later in Sec .7.4.4 (see (7.4.12)). The
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Figure 7.17: Chain of free fermions: Entanglement spectrum for an interval of length ` after the
quench discussed in Sec .7.4. Top left: Single particle entanglement spectrum for different values
of t (see also Fig. B.1 in [85]). Top right: Temporal evolution of the largest eigenvalue of the
entanglement spectrum. Middle left: Temporal evolution of the first gaps in the entanglement
spectrum. The legenda of this panel holds also in the remaining ones. Middle right: Temporal
evolution of grSA (the insets zoom in on the two lower plateaux, showing that at a smaller scale
the data having ` = 200 and ` = 400 do not overlap). Bottom: Temporal evolution of the ratios
gr/g1 between the gaps in the entanglement spectrum (the insets zoom in on higher plateaux).
The limits of the curves for t→∞ and large values of ` are the strictly positive integers.
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Figure 7.18: Chain of free fermions: Temporal evolution after the global quench of the contour
for the entanglement entropy of an interval made by ` sites, evaluated from (A.1.8), (A.2.3) and
(A.2.4). The inset shows the entanglement entropy for certain values of t, according to the same
colour code of the main plot. The black dashed lines are obtained from the quasi-particle picture,
by using (7.3.13) with f0(x) = 0 and other expressions discussed in Sec .7.4.3. The blue dashed
curve is obtained from (7.4.14) and it does not change significantly for the values of ` corresponding
to these data.

plateaux before t/` ' 1/2 and for long time should correspond to the ratios between the conformal
dimensions in the spectrum of the underlying CFT, and the data agree with the expected results
for a massless Dirac fermion with free boundary conditions. We remark that in our analysis we
considered only the particle-hole excitations. It would be interesting to improve this numerical
analysis by including higher gaps or by considering other configurations.

In the Ising model, the entanglement spectrum after a global quench has been considered
in [393] and also in this model the gaps close as time evolves when the evolution is determined by
a critical Hamiltonian.

7.4.3 A contour function from the quasi-particle picture

In order to construct a contour function for the entanglement entropy by employing the quasi-
particle picture, we need to know the dispersion relation of the model after the quench and the
entropy density in momentum space of the quasi-particles (see Sec .7.3.3), which are quantities
corresponding to the entire system. The dispersion relation of the Hamiltonian (7.4.2), which
determines the evolution of the system after the quench, is given by ω(θ) = cos θ, where −π 6
θ 6 π [399]. In order to compute the entropy density, let us consider the asymptotic state of the
system after the quench. For t → ∞, the correlators are given by (7.4.4) with i and j labelling
two generic sites of the infinite chain. Considering a periodic chain made by an even number
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<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2
<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>

x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>

x1
<latexit sha1_base64="DXriiUWREYqBDfEskT2c0axexYo=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPf8lq5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcy95Fj</latexit>

a1
<latexit sha1_base64="FTGV4TOEcf546xsMSZhdLGvNWtg=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAZBPIRdPegx4MVjRPOAZAmzk95kyOzsMjMrhJBPEMSDIl695h/8BsGDf+PkcdDEgoaiqpvuriARXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6rjVDGssFjEqh5QjYJLrBhuBNYThTQKBNaC3tXYr92j0jyWd6afoB/RjuQhZ9RY6Za2vFa+4BbdCcgi8WakUILD0dfjx6jcyn822zFLI5SGCap1w3MT4w+oMpwJHOaaqcaEsh7tYMNSSSPU/mBy6pAcW6VNwljZkoZM1N8TAxpp3Y8C2xlR09Xz3lj8z2ukJrz0B1wmqUHJpovCVBATk/HfpM0VMiP6llCmuL2VsC5VlBmbTs6G4M2/vEiqZ0XvvOje2DROYYosHMARnIAHF1CCayhDBRh04AGe4cURzpPz6rxNWzPObGYf/sB5/wEP7ZFM</latexit>z }| {

<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>`/2
<latexit sha1_base64="NH3FUBbj5c/pIrSGqKlw2cR/qhU=">AAAB7XicbVC7SgNBFL0bX3F9RS0FGQyCWMTdWGgZsLFMwDwgWcLsZDYZMzuzzMwKIaRMb2OhiK2/4HfY+Q3+hJNHoYkHLhzOuZd77wkTzrTxvC8ns7K6tr6R3XS3tnd293L7BzUtU0VolUguVSPEmnImaNUww2kjURTHIaf1sH8z8esPVGkmxZ0ZJDSIcVewiBFsrFRrUc4viu1c3it4U6Bl4s9JvuSOjz8q3+NyO/fZ6kiSxlQYwrHWTd9LTDDEyjDC6chtpZommPRxlzYtFTimOhhOrx2hU6t0UCSVLWHQVP09McSx1oM4tJ0xNj296E3E/7xmaqLrYMhEkhoqyGxRlHJkJJq8jjpMUWL4wBJMFLO3ItLDChNjA3JtCP7iy8ukViz4lwWvYtM4hxmycAQncAY+XEEJbqEMVSBwD4/wDC+OdJ6cV+dt1ppx5jOH8AfO+w91vpH8</latexit>

z }| {
<latexit sha1_base64="onTyWulSckt4p2wUTbvrDqaGIAM=">AAACCXicbVDLSsNAFJ34rPEVdelmsAjioiS60I1YcOOygn1AE8pkOmmHTmbCzEQsIVs3foYuXehCEbf+gRvxb5w+EG09cOFwzr3ce0+YMKq0635ZM7Nz8wuLhSV7eWV1bd3Z2KwpkUpMqlgwIRshUoRRTqqaakYaiSQoDhmph72zgV+/IlJRwS91PyFBjDqcRhQjbaSWA31h7FAiTDI/6SKuRZxd/yDPW07RLblDwGnijUnx9PHu0z5J7ist58NvC5zGhGvMkFJNz010kCGpKWYkt/1UkQThHuqQpqEcxUQF2fCTHO4apQ0jIU1xDYfq74kMxUr149B0xkh31aQ3EP/zmqmOjoOM8iTVhOPRoihlUAs4iAW2qSRYs74hCEtqboW4i0ws2oRnmxC8yZenSe2g5B2W3Au3WN4HIxTANtgBe8ADR6AMzkEFVAEGN+ABPIMX69Z6sl6tt1HrjDWe2QJ/YL1/A0a8n50=</latexit>

2a0
<latexit sha1_base64="yY3h/OSPnE726An9Kgw+updyI/g=">AAAB63icbVDLSgNBEOyNrxhfUY+CDAZBPITdeNBjwIvHCOYByRJmJ7PJkJnZZWZWCEt+QQQPinj1mH/wGwQP/o2zSQ6aWNBQVHXT3RXEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXmd+8p0qzSN6ZUUx9gfuShYxgk0kV3HW7xZJbdqdAy8Sbk1IVjidfjx+TWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n01vH6NQqPRRGypY0aKr+nkix0HokAtspsBnoRS8T//PaiQmv/JTJODFUktmiMOHIRCh7HPWYosTwkSWYKGZvRWSAFSbGxlOwIXiLLy+TRqXsXZTdW5vGOcyQhyM4gTPw4BKqcAM1qAOBATzAM7w4wnlyXp23WWvOmc8cwh847z9/r5GH</latexit>
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x0
<latexit sha1_base64="GQoWaSvqfvpczrI+uhevOxNoS/4=">AAAB6nicbVDLSgNBEOz1GeMr6lGQwSCIh7CrBz0GvHiMaB6QhDA76U2GzM4uM7NiWPIJgnhQxKvX/IPfIHjwb5w8DppY0FBUddPd5ceCa+O6387C4tLyympmLbu+sbm1ndvZregoUQzLLBKRqvlUo+ASy4YbgbVYIQ19gVW/dznyq3eoNI/krenH2AxpR/KAM2qsdHPfclu5vFtwxyDzxJuSfBEOhl+PH8NSK/fZaEcsCVEaJqjWdc+NTTOlynAmcJBtJBpjynq0g3VLJQ1RN9PxqQNyZJU2CSJlSxoyVn9PpDTUuh/6tjOkpqtnvZH4n1dPTHDRTLmME4OSTRYFiSAmIqO/SZsrZEb0LaFMcXsrYV2qKDM2nawNwZt9eZ5UTgveWcG9tmmcwAQZ2IdDOAYPzqEIV1CCMjDowAM8w4sjnCfn1XmbtC4405k9+APn/Qcxc5Fi</latexit>

0
<latexit sha1_base64="FmnF0wgssmS65imijaL8LigvvOw=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFEBclowvdiAU3LluwF2iHkkkzbWwmMyQZoQx9AjcuFHGrPoDP4kZ8G9PWhbb+EPj4/3PIOSdIBNcG4y8nt7C4tLySX3XX1jc2twrbO3Udp4qyGo1FrJoB0UxwyWqGG8GaiWIkCgRrBIPLcd64ZUrzWF6bYcL8iPQkDzklxlpV3CkUcQlPhObB+4Hixfvrp3uevFU6hY92N6ZpxKShgmjd8nBi/Iwow6lgI7edapYQOiA91rIoScS0n00GHaED63RRGCv7pEET93dHRiKth1FgKyNi+no2G5v/Za3UhGd+xmWSGibp9KMwFcjEaLw16nLFqBFDC4QqbmdFtE8UocbexrVH8GZXnof6cck7KeEqLpaPYKo87ME+HIIHp1CGK6hADSgwuIMHeHRunHvnyXmeluacn55d+CPn5RuDFpBe</latexit>

<̀latexit sha1_base64="+Q6my/EYmplSGW2lvhEWM4oRj88=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCuCgzutCNWHDjsoK9QDuUTHqmDU0yQ5IRytBXcONCEXfq3mdxI76NmbYLbf0h8PH/55BzTphwpo3nfTsLi0vLK6uFNXd9Y3Nru7izW9dxqijUaMxj1QyJBs4k1AwzHJqJAiJCDo1wcJXnjTtQmsXy1gwTCATpSRYxSkxutYHzTrHklb2x8Dz4Uyhdfrx+uRfJW7VT/Gx3Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQsiiJAB1k41lH+NA6XRzFyj5p8Nj93ZERofVQhLZSENPXs1lu/pe1UhOdBxmTSWpA0slHUcqxiXG+OO4yBdTwoQVCFbOzYtonilBjz+PaI/izK89D/aTsn5a9G69UOUYTFdA+OkBHyEdnqIKuURXVEEV9dI8e0ZMjnAfn2XmZlC4405499EfO+w8XY5Hl</latexit>
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Figure 7.19: Chain of free fermions: Temporal evolution of (7.3.7) for n = 1.

L of sites, a circulant matrix C̃
(∞)
i,j with i, j ∈ [−L/2, L/2] is obtained, whose eigenvalues are

ζk = [1 + cos(2πk/L)] /2, with k ∈ [−L/2, L/2]. From these eigenvalues, one finds the asymptotic
entropy

S(∞) = − 2

L/2∑

k=−L/2

{
cos2

(
πk

L

)
log

[
cos

(
πk

L

)]
+ sin2

(
πk

L

)
log

[
sin

(
πk

L

)]}
. (7.4.8)

After introducing θ = 2πk/L, we take the limit L→∞ of S(∞)/L with S(∞) given by (7.4.8), and
the result provides the entropy density s(∞)(θ) as follows

− 1

π

∫ π

−π

[(
cos(θ/2)

)2
log[cos(θ/2)] +

(
sin(θ/2)

)2
log[sin(θ/2)]

]
dθ ≡

∫ π

−π
s(∞)(θ) dθ (7.4.9)

These observations lead to construct a contour function from the quasi-particle picture by employ-
ing s(∞)(θ) and v(θ) ≡ ω′(θ) = sin θ into (7.3.13), being θ ∈ [−π, π].
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In Fig. 7.18 we show the temporal evolution of the contour for the entanglement entropy
evaluated through the prescription of [28] discussed in Appendix A.2, namely by employing (7.3.5),
(A.1.7), (A.2.2) and (A.2.4). Notice that the data corresponding to different values of ` collapse on
the same curves. The black dashed curves are obtained from (7.3.13) with f0(x) = 0 and (7.4.9) as
explained above: they display perfect agreement with the data, except in the neighbourhoods of
the endpoints. Similarly to the case of the harmonic chain described in Sec .7.3.3, the divergencies
of the contour function close to the endpoints can be reproduced by choosing a suitable expression
for f0(x) (e.g. (7.2.9) with n = 1 and the proper τ0, as done for the harmonic chain in the
right panel of Fig. 7.9). The qualitative behaviour of the curves in Fig. 7.18 is the same observed
in [28] for a different global quench and it is roughly reproduced also by the naive CFT formula
(7.2.8) discussed in Sec .7.2 (see the right panel in Fig. 7.1). The blue dashed line in Fig. 7.18
corresponds to the asymptotic regime t → ∞ discussed below in Sec .7.4.4. Also for this global
quench the numerical data display linear divergencies close to the endpoints of the interval that
are independent of time.

In Fig. 7.19 we show the temporal evolution of (7.3.7) with n = 1 for the same choices of (i1, i2)
considered in Fig. 7.10. The qualitative behaviour of the curves is similar to the corresponding
curves obtained for the global quench in the harmonic chain, hence the qualitative arguments
reported Sec .7.3.3 about the changes of the slopes holds also in this case. On the other hand, for
t/` > 1/2 the asymptotic values for long times are different from the ones observed in the harmonic
chain, as expected from the fact that the asymptotic value of the entanglement entropy depends
both on the model and on the initial state. We find worth remarking that for the chain of free
fermions we have access to larger values of ` with respect to the harmonic chain, hence the curves
corresponding to different values of ` display a better collapse than the ones shown in Fig. 7.10 for
the harmonic chain, capturing the asymptotic curves for `→∞. The black dashed lines, obtained
from the quasi-particle picture analysis by using (7.3.6), (7.3.7) and (7.3.13), display a very good
agreement with the numerical data. The data are also compared against the corresponding naive
CFT expression (7.2.12) (grey dotted-dashed curves), where τ0 = 3.26 has been used.

7.4.4 Long time regime

In the asymptotic regime t → ∞, the imaginary part of the correlation matrix (7.4.3) vanishes,

as already remarked above. In particular, Ci,j(t) → C
(∞)
i,j being C

(∞)
i,j the real symmetric and

tridiagonal matrix defined in (7.4.4), which has the same value along a given diagonal. Because

of the simple structure of C
(∞)
i,j , analytic expressions for its eigenvalues and for the corresponding

eigenvectors can be written. The eigenvalues of C(∞) read [85]

ζk =
1 + cos θk

2
θk ≡

π k

`+ 1
. (7.4.10)

In order to study the matrix occurring in the entanglement Hamiltonian, we also need the
eigenvectors corresponding to the eigenvalues (7.4.10), that are given by

uk(r) =
sin(r θk)√
(`+ 1)/2

1 6 r 6 ` (7.4.11)

where the normalisation condition
∑

r uk(r)
2 = 1 has been imposed. Then, the generic element of

the `× ` entanglement Hamiltonian matrix (7.4.6) reads

Ti,j =
2

`+ 1

∑̀

k=1

ηk sin(iθk) sin(jθk) ηk = 2 log
[
tan(θk/2)

]
(7.4.12)
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Figure 7.20: Chain of free fermions: Long time regime after the global quench (see Sec .7.4.4).
Top: First diagonal (left) and third diagonal (right) of the entanglement Hamiltonian matrix of
an interval with ` = 200. The data points have been found by using (7.4.6), while the solid black
curves correspond to (7.4.13) with p = 1 (left) and p = 3 (right). Bottom: Contour for the
entanglement entropy for two values of ` and two (large) values of t for each length. The data
points, obtained from (A.1.8), (A.2.3) and (A.2.4), agree with the solid lines found from (7.4.14)
with n = 1.

where 1 6 i, j 6 ` and the single particle entanglement energies have been obtained from (7.4.6)
and (7.4.10). Notice that sin(rθk) = 0 when r = 0 or r = L + 1. The matrix T in (7.4.12) is
symmetric, as expected; hence we can focus on its p-th diagonal with 0 6 p 6 `− 1, whose generic
element is

Ti,i+p =
1

`+ 1

∑̀

k=1

ηk

(
cos(p θk)

[
1− cos(2iθk)

]
+ sin(p θk) sin(2iθk)

)
1 6 i 6 `− p . (7.4.13)

Notice that θ`−k+1 = π − θk, and this implies η `−k+1 = −η k, as expected from the discussion in
Sec. 7.4.2. Moreover, one can show that Ti,i+2p = 0 for non negative integers p, and that the p-th
diagonal is symmetric with respect to its middle point, namely T`−i−p+1,`−i+1 = Ti,i+p.

In the top panels of Fig. 7.20, the expression (7.4.13) has been checked against numerical data
corresponding to large values of t for p = 1 (left) and p = 3 (right). The agreement is satisfactory,
but the insets show that larger values of t should be taken in order to improve it.

The asymptotic expressions (7.4.10) and (7.4.11) provide also the contour for the entanglement
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Figure 7.21: Chain of free fermions: ` → ∞ in the long time regime after the global quench (see
Sec .7.4.4). Top: First diagonal (left) and third diagonal (right) of the entanglement Hamiltonian
matrix for increasing values of `. The solid curves are obtained from (7.4.13) and the dashed
lines correspond to (7.4.15). Bottom: Contour for the entanglement entropy. The solid lines are
obtained from (7.4.14) with n = 1, while the horizontal dashed line corresponds to (7.4.16).

entropies. It reads, using (A.1.8) and (A.2.4),

s
(n)
A (i) =

∑̀

k=1

sn(ζk)uk(i)
2 =

2

`+ 1

∑̀

k=1

sn(ζk)
[
sin(iθk)

]2
(7.4.14)

where sn(ζk) is obtained by evaluating (A.2.2) or (A.2.3) for the ζk’s given in (7.4.10). The
expression (7.4.14) corresponds to the black dashed curve in Fig. 7.18 and to the solid lines in the
bottom panel of Fig. 7.20. Agreement is observed with the data points obtained for large values
of time.

It is useful to consider the limit ` → ∞ of the above expressions holding in the asymptotic
regime of long time. As the entanglement Hamiltonian matrix element (7.4.13), by neglecting the
highly oscillating terms coming from cos(2iθk) and sin(2iθk), for i far enough from 1 and ` − p,
one finds (see also section 7.1 of [4])

− Ti,i+p −→ − 1

π

∫ π

0
η(θ) cos(p θ) dθ =

{
0 even p

2/p odd p
(7.4.15)
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where η(θ) ≡ 2 log[tan(θ/2)] (see (7.4.12)).
The limit (7.4.15) is checked in the top panels of Fig. 7.21 for p = 1 (left) and p = 3 (right).
As for the entanglement entropy, from (A.2.3) and the eigenvalues in (7.4.10), one obtains

SA
`
−→ 1

π

∫ π

0
s(θ) dθ = −1 + log 4 ' 0.386 `→∞ (7.4.16)

that is the flat value reached for t→∞ both in the inset and in the main plot of Fig. 7.18. Also the
horizontal dashed line in the bottom panel of Fig. 7.21 corresponds to (7.4.16). The consistency
of this result can be checked by employing (7.4.14), that for `→∞ gives

− 2

π

∫ π

0

[(
cos(θ/2)

)2
log[cos(θ/2)] +

(
sin(θ/2)

)2
log[sin(θ/2)]

]
dθ = −1 + log 4 (7.4.17)

where we used that 1/2 is the mean value constant coming from [sin(iθk)]
2. For the Rényi entropies,

from (A.2.2) one finds

S
(n)
A

`
−→ 1

(1− n)π

∫ π

0
log
[(

cos(θ/2)
)2n

+
(

sin(θ/2)
)2n]

dθ (7.4.18)

that can be evaluated for explicit values of n, finding e.g. log(24− 16
√

2) for n = 2 and log(4/3)
for n = 3.

7.5 Discussion

We studied the temporal evolution of the entanglement Hamiltonian of an interval after a global
quantum quench in two simple free lattice models: the harmonic chain and a chain of free fermions.
In the harmonic chain (in the thermodynamic limit) we considered a quench of the frequency
parameter such that the evolution Hamiltonian is massless. In the chain of free fermions at half
filling, we explored the global quench introduced in [85], where the initial state is the ground state
of a dimerised chain and the evolution Hamiltonian is determined by the homogenous hopping
Hamiltonian. In these free models, the time dependent entanglement Hamiltonian is a quadratic
operator; hence it is fully determined by a matrix that can be written explicitly as a function of
the matrix whose elements are the two point correlators [10,191,194–196,284]. The entanglement
Hamiltonian matrix can be decomposed in terms of a diagonal matrix containing the single particle
entanglement spectrum and another matrix that is symplectic for the harmonic chain or orthogonal
for the chain of free fermions. The single particle entanglement spectrum and the matrix occurring
in this decomposition can be employed to construct also a contour for the entanglement entropies
[28,29], that encodes information about the spatial structure of the bipartite entanglement. In this
chapter we studied also the temporal evolution of the single particle entanglement spectrum and
of the contour for the entanglement entropies after a global quench both in the harmonic chain
and in the chain of free fermions.

During the temporal evolution, the entanglement Hamiltonian matrix is not block diagonal in
the harmonic chain and it is complex in the chain of free fermions. Bands of diagonals around the
main diagonal in the `×` blocks composing the entanglement Hamiltonian matrix in the harmonic
chain and in the ` × ` real and imaginary parts of the entanglement Hamiltonian matrix in the
chain of free fermions can be identified whose width grows linearly with velocity equal to one.

The analytic results obtained in CFT for the entanglement Hamiltonian of a semi-infinite
line [147] have been exploited to write expressions for the finite interval in the continuum limit that
reproduce qualitatively the behaviour of the numerical data of some quantities in some regimes.
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In particular, the linear growth of the gaps in the entanglement spectrum before t/` ' 1/2 and the
qualitative temporal evolution of the contour for the entanglement entropy have been obtained.
In our numerical analysis we have also observed that the temporal evolution of the ratios of the
gaps in the entanglement spectrum can be employed to read the ratios in the conformal spectrum
of the underlying CFT when the evolution Hamiltonian is critical. This observation holds both
for t/` < 1/2 (as predicted in [147]) and in the asymptotic regime of long time. Furthermore, it
seems true also for different initial states. It would be interesting to further explore this idea by
considering global quenches governed by different critical Hamiltonians.

The quasi-particle picture of [82] has been employed to obtain semi-empirical analytic expres-
sions of the contour for the entanglement entropy, finding reasonable agreements with the numerical
data, in particular for the chain of free fermions, where larger subsystems have been studied. For
the harmonic chain, the formula for the contour is valid also for the global quenches where the
mass in the evolution Hamiltonian is non vanishing; hence it would be interesting to test it also for
these protocols. For the global quench in the chain of free fermions, the entanglement Hamiltonian
matrix and the contour for the entanglement entropy have been studied in the asymptotic regime
of t→∞.

The analysis of entanglement Hamiltonians and the contours for the entanglement entropies
can be extended in many interesting directions. Other kinds of global quenches can be considered
or also quenches of different nature, like the local quenches [86]. An interesting development is
studying the temporal evolution of these quantities for more complicated bipartitions, like the
one where A is made by disjoint intervals [147, 180–182] whose entanglement entropies have been
studied in CFT, lattice models [233–237,299,364–367] and holography [300–303,400–403].

It is worth studying the temporal evolutions of the entanglement Hamiltonians and of the
contours for the entanglement entropies after global and local quenches also in interacting models
and in higher dimensions. Indeed, in this chapter we have highlighted the role of the entanglement
gaps to obtain the conformal dimensions of the underlying CFT when the evolution Hamiltonian
is critical; hence it would be interesting to test this idea also in interacting models. In the context
of the gauge/gravity correspondence, the bit threads approach to the holographic entanglement
entropy [404] suggests a possible gravitational dual of the contour for the entanglement entropy
[405].
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Symmetry resolved entanglement
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Chapter 8

Symmetry resolved entanglement
entropies in quantum field theories

8.1 Introduction

As explained in Sec. 1.2.3, a recent line of research is devoted to understand the interplay between
entanglement and symmetries in many-body quantum systems and quantum field theories through
the study of the symmetry resolved entanglement entropies defined in (1.2.26) and (1.2.27). The
direct computation of these quantities from their definitions require the analytic knowledge of
the symmetry resolution of the entanglement spectrum, which is possible to achieve in a limited
number of cases. To overcome this issue, a very useful approach has been developed in [96] and it
consists in defining the charged moments of the reduced density matrix ρ̂A as

Zn(α) ≡ Trρ̂nAe
iQ̂Aα, (8.1.1)

with Z1(α = 0) = 1, being Trρ̂A = 1. The setup we consider here is the one of Sec. 1.2.3 with Q̂A
providing the U(1) conserved charge restricted to the subsystem A. Charged moments similar to
(8.1.1) have been already considered in the context of free field theories [406, 407], in holographic
settings [408, 409], as well as in the study of entanglement in mixed states [410, 411]. In this
specific case, the charged moments are not the main goal of our computation, but they represent a
fundamental tool, because their Fourier transforms are the moments of the reduced density matrix
restricted to the sector of fixed charge q ∈ Z [96], i.e.

Zn(q) ≡ Tr(Πq ρ̂
n
A) =

∫ π

−π

dα

2π
e−iqαZn(α). (8.1.2)

Let us stress that the probability p(q) of finding q in a measurement of Q̂A in the reduced density
matrix ρ̂A is simply related to the moments Zn as

p(q) = Z1(q) . (8.1.3)

Finally the symmetry resolved entropies (1.2.26) and (1.2.27) are obtained as

Sn(q) =
1

1− n ln

[Zn(q)

Zn1 (q)

]
, S1(q) = lim

n→1
Sn(q). (8.1.4)

Let us stress, as specified later in this section, that the notation in (8.1.4) for the symmetry
resolved entanglement entropies, adopted in this chapter and in chapter 9, is different from the
one introduced in (1.2.26) and (1.2.27).
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This theoretical framework and the possibility of measuring in an experiment the internal
symmetry structure of the entanglement [25] paved the way to study different symmetry-resolved
contributions in various theoretical contexts such as Conformal Field Theories (CFTs) [96,97,254,
412–416], free [104, 417] and interacting integrable quantum field theories [418, 419], holographic
settings [420], spin chains [95, 105, 106, 246–248, 251, 255–257, 421–429], disordered systems [249,
250,430,431] and for non-trivial topological phases [252,258,432]

The main goal of this chapter is to investigate the field theoretical techniques for the compu-
tation of the charged moments in relativistic free two-dimensional quantum field theories (QFTs).
In the following sections we will mainly deal with a free fermionic field theory and with a complex
scalar one, whose Euclidean actions are given, respectively, by

SD =
1

4π

∫
dzdz̄ (ψ∗R∂zψR + ψ∗L∂z̄ψL +m(ψ∗LψR + ψ∗RψL) ,

SS =
1

4π

∫
dzdz̄

(
∂zϕ

∗∂z̄ϕ+ ∂z̄ϕ
∗∂zϕ+m2ϕ∗ϕ

)
,

(8.1.5)

where we employ complex coordinates (z, z̄) for the 2D spacetime. In SD the fields ψR/L are the
chiral (right-moving R) and anti-chiral (left-moving L) components of the Dirac fermion. In SS
the field ϕ is a complex scalar. The actions in (8.1.5) exhibit a U(1) symmetry, i.e. a symmetry
under phase transformations of the fields given, respectively, by

ψR/L → eiαψR/L, ψ∗R/L → e−iαψ∗R/L, ϕ→ eiαϕ, ϕ∗ → e−iαϕ∗. (8.1.6)

By Noether’s theorem, this continuous symmetry transformation leads to a conserved quantity.
The chapter is organised as follows. In Sec. 8.2 we briefly recall two tools for the computation

of the entanglement in QFT, i.e. the twist fields [11, 216,224] and the Green’s function technique
in the replica space [10,217,218]. Our main findings, obtained when A is a single interval of length
`, are reported in sections 8.3, 8.4 and 8.5: in the first we employ the twist fields to compute
the charged moments both in the massless and in the massive context (in the limit m` � 1).
These results are extended in sections 8.4 and 8.5, where we write down the explicit form of the
charged moments for arbitrary m` and provide analytic asymptotic expansions valid for large and
small m`. These outcomes are the starting point for the computation of the symmetry resolved
entanglement entropies. Numerical checks for free fermions and bosons on the lattice are also
provided as a benchmark of the analytical results. We draw our conclusions in Section 8.6.

Notations: in this chapter and in chapter 9, following [104, 105], we denote by S1(q) and Sn(q)
the symmetry resolved entanglement entropies (see (8.1.4)) and, consistently, by S1 and Sn the
total entanglement entropies. In this notation the dependence of the entropies on the subsystem
A is implicit, while in the one adopted in Sec. 1.2 it was explicitly reported.

8.2 Replica method and quantum field theory

In this section, we recall two powerful methods used to compute the entanglement entropy in
relativistic free QFT.

Starting from the replica trick described in Sec. 1.2.3, the first approach is based on a particular
type of twist fields in quantum field theory that are related to branch points in the Riemann
surface Rn. We denote them by Tn and T̃n. Their action, in operator formalism, is defined
by [11,216,224,433,434]

Tn(z1) φi(z
′) = φi+1(z′)Tn(z1),

T̃n(z2)φi(z
′) = φi−1(z′)T̃n(z2),

(8.2.1)
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where z1 and z2 are the endpoints of A, z′ ∈ A and i = 1, . . . , n with n + 1 ≡ 1. The two-point
function of the twist fields directly gives [11]

Trρ̂nA ∝ 〈Tn(z1)T̃n(z2)〉 . (8.2.2)

In conformal invariant theories (e.g. when the mass terms in the actions (8.1.5) vanish) the two-
point function of twist fields is fixed by their scaling dimension, leading to Eq. (1.2.23). In the case
of free theories, a simplification arises by the diagonalisation in the replica space: the n-sheeted
problem can be mapped to an equivalent one in which one deals with n decoupled and multivalued
free fields, generically referred as φ̃k. Thus, also the twist fields can be written as products of
fields acting only on φ̃k, denoted as Tn,k and T̃n,k. The total partition function is a product of n
partition functions, ζk, each one given by (up to unimportant multiplicative constant)

ζk ∝ 〈Tn,k(z1)T̃n,k(z2)〉 . (8.2.3)

The second approach is the one used in [217,218] for a fermionic and a complex scalar theory,
respectively: it also relies on mapping the problem from the determination of the partition function
on Rn, to the computation of n partition functions of a free field on a cut plane. However, the
difference with respect to the previous approach is that each ζk is not computed as a two point-
function of twist fields, but using the relation between the free energy and the Green’s function of
each sector k. Denoting by GD the Green’s function for the Dirac field and by GS the one for the
scalar (in each sector k of the n copies), they are related to the corresponding partition function
ζk by, respectively,

∂m ln ζk = trGD, ∂m2 ln ζk = −
∫

dr2GS(r, r′). (8.2.4)

The strategy of Refs. [217, 218] was to exploit the rotational and translational symmetry of the
Helmholtz equations satisfied by GD and GS and analyse their behaviour at the singular endpoints
of the cut A so to determine the right hand sides of the above equations. The final expressions
for ζk can be expressed in terms of the solution of second order non linear differential equations
of the Painlevé V type. Here we only report the final results for the Rényi entropies of free fields
in the limit m`→ 0 [217,218]

SDn =
n+ 1

6n

(
ln
`

ε
− (m`)2

2
ln2m`

)
+O((m`)2 lnm`),

SSn =
n+ 1

3n
ln
`

ε
+ ln

lnm`

lnmε
+O(m`).

(8.2.5)

These formulas have been obtained in the scaling regime with t = m` fixed, in the conformal limit
m` → 0 and after taking the limit of large `. Eq. (8.2.5) shows the leading mass corrections
to Eq. (1.2.23) for the theories in Eq. (8.1.5) strongly depend on the statistics of the particles.
The leading mass correction vanishes for a Dirac field, while it is singular (like ln(− ln(m))) for a
Klein-Gordon field (both real and complex). In the literature, this infrared divergence is ascribed
to the zero mode of the massless scalar theory [226,435].

8.3 Twist Field Approach

In this section we consider 1D critical and close to critical systems. We obtain a general exact
result for the conformal invariant charged moments by exploiting the properties of some local
operators known as modified or fluxed twist fields [406–408]. This result includes and generalises
the ones in Ref. [96]. The same approach also provides the leading asymptotic behaviour of the
charged moments for (free) massive field theories.



226 CHAPTER 8. SYMMETRY RESOLVED ENTANGLEMENT ENTROPIES IN QFT

8.3.1 Modified Twist Fields

In a generic QFT, the replica trick for computing Zn(α) defined in (8.1.1) can be implemented
by inserting an Aharonov-Bohm flux through a multi-sheeted Riemann surface Rn, such that the
total phase accumulated by the field upon going through the entire surface is α [96]. The result
is that Zn(α) is the partition function on such modified surface, that, following Ref. [96], we dub
Rn,α. In QFT language, the insertion of the flux corresponds to a twisted boundary condition.
This boundary condition fuses with the twist fields at the endpoints of the subsystem A resulting
into two local operators Tn,α and T̃n,α. These are modified versions of the standard twist fields Tn
and T̃n which take into account not only the internal permutational symmetry among the replicas
but also the presence of the flux. Thus, the partition function on Rn,α is determined by their
two-point correlation function, that is the main object of interest in this section.

Rather than dealing with fields defined on a non trivial manifold Rn,α, it is more convenient
to work on a single plane with a n-component field

Φ =




φ1

φ2
...
φn


 , (8.3.1)

where φj is the field on the j-th copy (here the field φj generically refers to either a scalar field
ϕj or a chiral Dirac one ψj ; the same applies to φ̃k that we are going to introduce soon). Upon
crossing the cut A, the vector field Φ transforms according to the transformation matrix Tα

Tα =




0 eiα/n

0 eiα/n

. . .
. . .

(−1)(n+1)feiα/n 0


 , (8.3.2)

where f = 1 for free Dirac fermions and f = 0 for free complex scalars. When α = 0 we recover the
usual transformations for the fields across the different replicas [10]. The matrix Tα has eigenvalues

f = 0 : λk = eiα
n e2πi k

n , k = 0, . . . , n− 1,

f = 1 : λk = eiα
n e2πi k

n , k = −n− 1

2
, . . . ,

n− 1

2
.

(8.3.3)

By diagonalising Tα with a unitary transformation, the problem is reduced to n decoupled fields φ̃k
in a two dimensional spacetime. Thus, since we are dealing with free theories, the total partition
function is a product of the partition functions for each k and the twist fields can be written as
products of fields each acting on a different φ̃k, i.e.

f = 0 : Tn,α =

n−1∏

k=0

Tn,k,α, T̃n,α =

n−1∏

k=0

T̃n,k,α,

f = 1 : Tn,α =

n−1
2∏

k=−n−1
2

Tn,k,α, T̃n,α =

n−1
2∏

k=−n−1
2

T̃n,k,α,
(8.3.4)

with Tn,k,αφ̃k′ = δk,k′e
iα/ne2πik/nφ̃k and T̃n,k,αφ̃k′ = δk,k′e

−iα/ne−2πik/nφ̃k. Since the partition
function on Rn,α can be written as the two-point function of the modified twist fields, from (8.3.4)
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we have

f = 0 : lnZn(α) =
n−1∑

k=0

ln 〈Tn,k,αT̃n,k,α〉 ,

f = 1 : lnZn(α) =

(n−1)/2∑

k=−(n−1)/2

ln 〈Tn,k,αT̃n,k,α〉 .
(8.3.5)

When dealing with a CFT (e.g. when m = 0 in (8.1.5)) Tn,k,α and T̃n,k,α are primary operators
and their two-point function is fixed by conformal invariance to be

〈Tn,k,αT̃n,k,α〉 ∝
1

|u− v|4∆k(α)
, (8.3.6)

where

f = 0 : ∆k(α) =
1

2

(
k

n
+
|α|
2πn

)(
1− k

n
− |α|

2πn

)
,

f = 1 : ∆k(α) =
1

2

(
k

n
+

α

2πn

)2

.

(8.3.7)

Let us stress that, in order to have operators with positive conformal dimension, the phase that
bosons pick up going around one of the entangling points must be 0 < k

n + α
2πn < 1. This can be

achieved, since α ∈ [−π, π], by trading α with |α| when we deal with scalar field theories.

Finally, the logarithm of the partition function on Rn,α given by (8.3.5) reads

f = 0 : lnZn(α) = −4 ln `
n−1∑

k=0

∆k(α) = −
[

1

3

(
n− 1

n

)
− α2

2π2n
+
|α|
πn

]
ln `,

f = 1 : lnZn(α) = −4 ln `

n−1
2∑

k=−n−1
2

∆k(α) = −
[

1

6

(
n− 1

n

)
+

2

n

( α
2π

)2
]

ln `.

(8.3.8)

The charged moments for the free massless Dirac field theory (f = 1) have been already worked
out in the literature with different techniques [96,97,406–408]. Instead, the charged moments for a
free massless complex scalar field (f = 0) represent a new result (actually in Appendix A of [408]
a result consistent with (8.3.8) has been obtained using the heat kernel techniques).

Let us stress that the presence of a flux in the Riemann surface changes some features of the
twist fields in CFT: they remain primary operators, but they do depend on the theory and are not
anymore identified only by the central charge (see also [96]).

8.3.2 Massive field theory and flux insertion

In this section we compute the charged moments Zn(α) of a massive relativistic 2D QFT on the
infinite line for a bipartition in two semi-infinite lines. Thus, we follow the same logic as in [9] (i.e.
the continuum version of Baxter corner transfer matrix approach [259] for the reduced density
matrix [9, 262, 436, 437]), which in turn parallels the proof of the c-theorem by Zamolodchikov
[157]. The results of this section are not limited to free theories but hold for generic massive
relativistic QFT. Exploiting the rotational invariance about the origin of the Riemann surfaceRn,α,
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the expectation values of the stress tensor of a massive euclidean QFT in complex coordinates,
T ≡ Tzz, T̄ ≡ T ∗z̄z̄, and the trace, Θ ≡ 4Tzz̄, have the form

〈T (z, z̄)〉 = Fn,α(zz̄)/z2,

〈Θ(z, z̄)〉 − 〈Θ〉1,α=0 = Gn,α(zz̄)/zz̄,

〈T̄ (z, z̄)〉 = Fn.α(zz̄)/z̄2,

(8.3.9)

where 〈Θ〉1,α=0 is a non-vanishing constant measuring the explicit breaking of scale invariance in

the non-critical system, while 〈T 〉1,α=0 and 〈T̄ 〉1,α=0 both vanish. These quantities are related by
the conservation equations of the stress-energy tensor (4∂z̄T + ∂zΘ = 0) as

(zz̄)

(
F ′n,α +

1

4
G′n,α

)
=

1

4
Gn,α. (8.3.10)

The conservation equations as well as the rotational invariance are preserved in the presence of
the flux α because the Riemann surface Rn,α can be thought simply as a complex plane with
the insertion of two modified twist fields, as discussed in the previous subsection. Both Fn,α and
Gn,α approach zero for |z| � ξ, while when |z| � ξ, they approach the CFT values given by the
conformal dimension of the modified twist field, ∆n(α) [96]. Hence we have

FCFTn,α → c

24

(
1− 1

n2

)
+

∆n(α)

n
,

Gn,α → 0,

(8.3.11)

and in particular for a massive Dirac field theory (f = 1) and for a complex massive scalar theory
(f = 0), using the conformal weights (8.3.7), we have

F f=1
n,α →

1

24

(
1− 1

n2

)
+

1

2n2

( α
2π

)2
,

F f=0
n,α →

1

12

(
1− 1

n2

)
+

1

2n2

[( α
2π

)2
− |α|

2π

]
.

(8.3.12)

At this point we have all the ingredients for generalising the computation of [9] to the case of our
interest. The final result reads

lnZn(α) =

[
c

12

(
n− 1

n

)
+ 2∆n(α)

]
ln(mεn,α), (8.3.13)

or specialising to free Dirac (f = 1) or complex Klein-Gordon (f = 0) fields

f = 1 : lnZn(α) =

[
1

12

(
n− 1

n

)
+

1

n

( α
2π

)2
]

ln(mεn,α), (8.3.14)

f = 0 : lnZn(α) =

[
1

6

(
n− 1

n

)
− 1

n

( α
2π

)2
+
|α|
2πn

]
ln(mεn,α). (8.3.15)

where the UV cutoff εn,α depends both on the Rényi index n and the parameter α (consistently
with the lattice results in Ref. [251] and in chapter 9 for massless theories).

We can specialise (8.3.13) to a Luttinger liquid with parameter K, whose underlying field
theory is a c = 1 CFT equivalent to a massless compact boson. In this case, one can use the
results found in [96] for the conformal dimension of the modified twist field, obtaining

lnZn(α) =

[
1

12

(
n− 1

n

)
+
K

n

( α
2π

)2
]

ln(mεn,α), (8.3.16)

which for K = 1 gives the result found for fermions in (8.3.14), as it should.
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8.3.3 From charged moments to symmetry resolved entropies

Performing the Fourier transforms of the charged moments above, one obtains symmetry resolved
moments and entropies. For the Luttinger liquid, which includes Dirac Fermions at K = 1, the α
dependence of the leading term is the same as in the massless cases [96,251]. The charged moments
(ignoring for the time being the dependence on n and α of εn,α in (8.3.16)), are

Zn(q) ' (mε)
1
12(n− 1

n)
√

nπ

K| lnmε|e
− nπ2q2

K| lnmε| , (8.3.17)

and hence symmetry resolved entropies

Sn(q) = Sn −
1

2
ln

(
K

π
| lnmε|

)
+O(1), (8.3.18)

with Sn the total entropy. Exploiting the knowledge of Z1(q) in (8.3.17) we also easily get the
number or fluctuation entropy

Snum = −
∫ ∞

−∞
Z1(q) lnZ1(q) =

1

2
ln

(
K

π
| lnmε|

)
+O(1) , (8.3.19)

that in the sum for the total entropy cancels exactly the double logarithmic term in (8.3.18).
As for the massive complex boson, we are interested in the Fourier transform of (8.3.15). In the

saddle point approximation, we can neglect the term ∝ α2 in (8.3.15) and the Fourier transform is

Zn(q) ' Zn(0)
2n| ln(mε)|

4n2π2q2 + ln2(mε)
' Zn(0)

2n

| ln(mε)|

(
1− 4n2π2q2

ln2(mε)
+ . . .

)
, (8.3.20)

and hence
Sn(q) = Sn − ln | lnmε|+O(1) , (8.3.21)

with Sn the total entropy. Also in this case, one easily derives the number entropy from Z1(q)
obtaining again, at the leading order, the double logarithmic term in Sn(q) in (8.3.21), i.e. Snum =
ln(| lnmε|) +O(1).

8.4 The Green’s function approach: The Dirac field

In this section we derive the charged moments for a massive Dirac field for arbitrary mass and then
consider the limits of small and large mass. In Sec. 8.3.1 we showed that Zn(α) can be written as
product of partition functions ζa on the plane with proper boundary conditions along the cut A,
explicitly given by

ψ̃k(e
2πiz, e−2πiz̄) = e2πiaψ̃k(z, z̄), a =

k

n
+

α

2πn
, k = −n− 1

2
, · · · , n− 1

2
. (8.4.1)

Hence we have

lnZn(α) =

n−1
2∑

k=−n−1
2

ln ζ k
n

+ α
2πn

. (8.4.2)

Let us introduce the auxiliary universal quantities

wa ≡ `∂` ln ζa, cn(α) ≡
∑

k

w k
n

+ α
2πn

, (8.4.3)
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Figure 8.1: The universal constant cn(α) extracted from the numerical solution of the Painlevé
equation (8.4.7) for different values of α and n as a function of t = m` (full lines). The numerical
data are obtained varying ` between 200 and 400 lattice points and properly choosing m in such
a way t = m` ∈ (0, 1). For larger α and n, we need larger subsystem size to have a good match
between field theory and lattice calculation because lattice corrections become stronger.

that, using (8.4.2), allow us to write the logarithmic derivative of the partition function in Rn,α as

cn(α) = `
∂ lnZn(α)

∂`
⇒ lnZn(α) =

∫ `

ε

cn(α)

`′
d`′. (8.4.4)

For n = 1, the function cn(α) is the analogue of Zamolodchikov’s c-function [157] in the presence
of the flux α. The cutoff ε, in analogy to what discussed in Sec. 8.3.2 depends on both α and n,
although we almost always omit such a dependence for conciseness.

The key observation of this approach relies on the following identity between the partition
function ζa and the Green’s function GD in the same geometry

∂m ln ζa = trGD . (8.4.5)

Through this relation, the function wa has been already obtained for generic values of a for the
massive Dirac fermion [10,217].

The method that we just reviewed provides exact results for the charged moments of a free
Dirac field. Indeed, in Ref. [217] it has been shown that the function wa defined in (8.4.3) can be
written as

wa(t) = −
∫ ∞

t
yv2
a(y)dy, (8.4.6)

where t = m` and va is the solution of the Painlevé V equation

v′′a +
v′a
t

= − va
1− v2

a

(v′a)
2 + va(1− v2

a) + 4

(
a− 1

2

)2

t2(1− v2
a)
va. (8.4.7)

This equation can be straightforwardly solved numerically with any standard algorithm for ordi-
nary differential equations, once we impose the boundary condition as t→ 0 [217]

va(t) = −2a(ln t+ κD(a)) +O(t2), (8.4.8)

where

κD(a) = − ln 2 + 2γE +
1

2
(ψ(a) + ψ(−a)), (8.4.9)
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with ψ(z) ≡ Γ′(z)/Γ(z) the digamma function and γE the Euler-Mascheroni constant. Plugging
the numerical solution of the differential equation (8.4.7) into (8.4.3), we obtain the universal
constant cn(α). Then, with the further integration (8.4.4), the desired lnZn(α) is found to the
price of introducing the non-universal cutoff ε. As examples we report in Fig. 8.1 the plots of the
resulting cn(α) for few values of α and n as functions of t = m`. In the figure we also compare our
exact solution with the numerical results obtained from a lattice discretisation of the free Dirac
theory (see Sec. 8.4.4 for details). The agreement is excellent. We stress that in Fig. 8.1 there is
no free parameter in matching analytical and numerical data for cn(α) (as a difference compared
to Zn(α)).

The method we just outlined provides exact results for the desired charged moments and,
by Fourier transform, the symmetry resolved entropies. However, the procedure is completely
numerical and we would appreciate an analytic handle on the subject. While in general this is not
feasible, the limits of small and large t are analytically treatable, as we are going to show.

8.4.1 The expansion close to the conformal point m` = 0

Here we use the methods just introduced to derive an asymptotic expansion of the charged moments
close to the conformal point, i.e. for t = m`→ 0. In this limit, the expansion of the function wa(t)
has been worked out in Ref. [217], obtaining

wa = −2a2 + a2(1− 2κD + 2κ2
D + (4κD − 2) ln t+ 2 ln2 t)t2 − 2a4t4 ln4 t+O(t4 ln3 t), (8.4.10)

where we omitted the dependence on a of κD. In order to compute cn(α) through (8.4.3), we again
set a = k

n + α
2πn and we define the following functions

Ωn(α) ≡
∑

k

a2(ψ(a) + ψ(−a)) ≡ Ωn(0) +
α2

2π2n
ωn + ρωn(α), (8.4.11a)

Λn(α) ≡
∑

k

a2(ψ(a) + ψ(−a))2 ≡ Λn(0) +
α2

2π2n
λn + ρλn(α), (8.4.11b)

where ωn = π2nΩ′′n(α) and λn = π2nΛ′′n(α) so that the remainder functions ρ
ω/λ
n (α) are O(α4). All

the sums over k run from −n−1
2 to n−1

2 . The quantities Ω(n, α) and Λ(n, α) (and their derivatives)

can be rewritten using the integral representation ψ(x) = −γE +
∫ 1

0 dy
1−yx−1

1−y for the digamma
function ψ(x), allowing for an analytic continuation in n (the technical details of this procedure
can be found in [104]).

From Eqs. (8.4.10)-(8.4.11) we obtain up to O(t2)

cn(α) =
∂ lnZn(α)

∂ ln `
=

(n−1)/2∑

k=−(n−1)/2

w k
n

+ α
2πn

=

(
1− n2

6n
− α2

2π2n

)
(1− t2 ln2 t)+

+

[(
1− n2

6n
− α2

2π2n

)
(1 + 2 ln 2− 4γE) + 2Ωn(α)

]
t2 ln t+

−
[(

1− n2

12n
− α2

4π2n

)
(1 + 2 ln 2− 4γE + 2(ln 2− 2γE)2)+

+ (1− 4γE + 2 ln 2)Ωn(α)− Λn(α)

2

]
t2 +O(t4 ln3 t).

(8.4.12)

The expression (8.4.12) can be now integrated analytically, getting

lnZn(α) = −
(

1

6

(
n− 1

n

)
+

α2

2π2n

)
ln
`

ε
+ yn(t)− α2

2π2n
zn(t) + ρzn(α, t) + o(t3), (8.4.13)
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Figure 8.2: Leading scaling behaviour of the charged Rényi entropies with the insertion of a flux
α. The numerical results (symbols) for two different values of α and masses m are reported as
functions of t = m` when n = 1. The data match well the prediction in (8.4.13) (solid lines) which
includes lattice corrections as explained in the text.

where we defined

yn(t) =
t2

6

(
n− 1

n

)(1

2
ln t2 − ln t(1− 2γE + ln 2) +

3

4
+ 2γ2

E +
ln2 2

2
(8.4.14)

−2γE(1 + ln 2) + ln 2
)

+ (ln t− (ln 2 + 1− 2γE))t2Ωn(0) +
t2

4
Λn(0),

zn(t) = t2
[
− ln t2

2
+ ln t(1− 2γE + ln 2− ωn) + (8.4.15)

−3

4
− 2γ2

E −
ln2 2

2
+ 2γE(1 + ln 2)− ln 2 + (ln 2 + 1− 2γE)ωn −

λn
4

]
,

ρzn(α, t) = t2[(ln t− (ln 2 + 1− 2γE))ρωn(α) + ρλn(α)], (8.4.16)

and ρzn(α) is defined so that ρzn(α) = O(α4). Notice, as we already stressed a few times, that in
(8.4.13) the cutoff ε comes as an additive constant of integration and it generically depends on
both n and α.

The expression (8.4.13) represents our final field theoretical result for the charged entropies. We
wish to test this prediction against exact lattice computations obtained with the methods reported
in Sec. 8.4.4. However, in order to perform a direct comparison with lattice data, we have to take
into account the additional non-universal contribution coming from the discretisation of the spatial
coordinate, i.e. the explicit expression for the cutoff ε in (8.4.13) that, as already mentioned, does
depend on α and cannot be simply read off from the result at α = 0. We assume here (as (8.4.13)
suggests at leading order) that the cutoff does not depend on the mass; consequently we can use
the exact value for m = 0 [251] obtained with the use of Fisher-Hartwig techniques. The final
result of Ref. [251] may be written as

(
1

6

(
n− 1

n

)
+

α2

2π2n

)
ln(2ε) =

Υn(α) = ni

∫ ∞

−∞
dw[tanh(πw)− tanh(πnw + iα/2)] ln

Γ(1
2 + iw)

Γ(1
2 − iw)

, (8.4.17)
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Figure 8.3: Subtracted universal charged entropy δZ(α, t) in (8.4.19). Left (right) panel is for
n = 1 (n = 2). The dashed lines are the small t expansion in (8.4.13) for n = 1 while the solid
lines are the Painlevé exact solution. The tiny discrepancies observed in some cases are finite `
corrections.

and in particular we will use

γ(n) ≡ 1

2

∂2Υn(α)

∂α2

∣∣∣
α=0

=
ni

4

∫ ∞

−∞
dw[tanh3(πnw)− tanh(πnw)] ln

Γ(1
2 + iw)

Γ(1
2 − iw)

. (8.4.18)

In Ref. [251] it has been shown that the cutoff in (8.4.17) is very well described by the quadratic
expansion in α and higher corrections O(α4) are negligible for most practical purposes.

In Fig. 8.2 we report the numerical data for the charged moments with the insertion of a flux
α for two values of α and m with n = 1. The data are well described by the theoretical prediction
(8.4.13) with the cutoff (8.4.17). Finally, in order to have a test of the prediction (8.4.13) that
does not rely on an independent lattice calculation we can consider the difference between the
charged entropy at finite t (i.e. finite mass) and the massless one. Specifically we consider

δZ(α, t) = lnZn(α,m)− lnZn(α,m = 0), (8.4.19)

in which both the cutoff and ` dependences cancel and it becomes a universal function solely of t
(closely related to cn(α)). The results for δZ(α, t) are reported in Fig. 8.3. The agreement of the
numerics with the prediction (8.4.13) is perfect for small t. Furthermore, the differences emerging
for larger t are correctly captured by the numerical exact solution of the Painlevé equation (8.4.7).
The small discrepancies visible in the figure are just finite size effects that are stronger for larger
values of n and α.

8.4.2 From the charged moments to symmetry resolution

We are now ready to study the true symmetry resolution by performing the Fourier transform of
Zn(α). In this Fourier transform we ultimately use a saddle-point approximation in which Zn(α)
is Gaussian and hence we truncate hereafter (8.4.13) at quadratic order in α. Consequently, the
charged partition function can be well approximated as

Zn(α) = Zn(0)e−bnα
2/2, (8.4.20)

where

bn(`, t) =
1

π2n
(ln `+ zn(t))− 2γ(n) +

ln 2

π2n
≡ 1

π2n
ln `− hn, (8.4.21)
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Figure 8.4: The probability Z1(q). Top: As a function of t = m` at fixed q = 0 for mass m =
0.0005 (left) and m = 0.001 (right). The dashed green line is Z1(q) obtained by the saddle point
approximation, i.e. (8.4.23). The solid green line is the exact Fourier transform without taking
the quadratic approximation. For large ` (and t as a consequence) the saddle-point approximation
converges to the exact value, as expected. Bottom: The same at fixed t as function of q.

where we consistently approximated the cutoff at quadratic level and used the lattice cutoff with
γ(n) given in (8.4.18). A different cutoff just leads to a different additive constant in bn (i.e., a
different definition of hn), but we will use its precise form only for the comparison with numerics
and so all the following formulas are completely general.

Now we can compute the Fourier transform (8.1.2) that reads

Zn(q) = Zn(0)

∫ π

−π

dα

2π
e−iqαe−α

2bn(`,t)/2. (8.4.22)

When ` → ∞, we can perform the integral by saddle point approximation and the integration
domain can be extended to the whole real line. We end up in a simple Gaussian integral, obtaining

Zn(q) =
Zn(0)√

2πbn(`, t)
e
− q2

2bn(`,t) . (8.4.23)

We check (8.4.23) against numerical computations in Figure 8.4 focusing on n = 1 and the agree-
ment is perfect. We test both the scaling with t = m` for fixed q and at fixed t as a function of
q.

Now we are ready to compute the symmetry resolved Rényi entropies. From the definition
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Figure 8.5: Symmetry resolved entanglement entropies for a few different values of q and n as
functions of `. The field theory prediction is tested against exact lattice computations. The agree-
ment with (8.4.26), that includes lattice effects, is remarkable. For large |q|, the approximation at
the order q2 is no longer sufficient and neglected corrections to the scaling become important, as
well known for the massless case [251].

(8.1.4) we have

Sn(q) = SDn −
1

2
ln(2π) +

1

1− n ln
b1(`, t)n/2

bn(`, t)1/2
− q2

2(1− n)

(
1

bn(`, t)
− n

b1(`, t)

)
, (8.4.24)

where SDn is the total n-th Rényi entropy for the Dirac fields, which reads [217]

SDn =
n+ 1

6n

(
ln
`

ε
− t2

2
ln2 t

)
+O(t2 ln t) . (8.4.25)

We can further expand the above equation for ` → ∞ since bn(`, t) diverges logarithmically,
obtaining

Sn(q) = SDn −
1

2
ln
( 2

π
ln δn`

)
+

lnn

2(1− n)
− π4n(h1 − nhn)2

4(1− n)2(ln `)2
+

+ q2nπ4 h1 − nhn
2(1− n)(ln `κn)2

+ o(ln `−2), (8.4.26)

where

ln δn = −π
2n(hn − h1)

1− n , (8.4.27)
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Figure 8.6: Subtracted symmetry resolved von Neumann entropy δS1(q, t) ≡ S1(q, t)−S1(q, t = 0)
for q = 0 (left) and q = 1 (right) as a function of t (fixing ` = 600 and varying m). This sub-
tracted quantity highlights the mass dependence of symmetry resolved entropies. The continuous
lines are just the difference of the same subtracted entropies as obtained from the field theory
expansion (8.4.26).

and

lnκn = −π2 (h1 + nhn)

2
. (8.4.28)

The above formula is valid also for the symmetry resolved Von Neumann entropy taking properly
the limits of the various pieces as n→ 1.

Let us critically discuss the result in (8.4.26). The leading terms for large ` (up to O((ln `)−2))
do not depend on q and they are given by the total entropies SDn in (8.4.25). We then conclude
that at this order, the presence of the mass does not break entanglement equipartition found in
conformal field theory [97]. The first term breaking equipartition is at order O((ln `)−2) and its
amplitude is governed by the constant hn defined in (8.4.21). This constant gets contributions both
from the non-universal cutoff and from the mass; the two contributions have the same analytic
features. In Fig. 8.5 we test the accuracy of our total prediction against exact lattice numerical
calculations. The agreement is remarkable for small values of |q|, but it worsens already at q = 2;
this does not come as a surprise since the same trend was already observed in the massless case
[251]. Such discrepancies are entirely due to corrections of order o(q2) and are expected to reduce
as ` gets larger. The drawback of the data reported in Fig. 8.5 is that universal field theory
mass contributions and the lattice non-universal terms are mixed up and the latter are, by far,
the largest one. It is then very difficult to observe the dependence on the mass in these plots.
An effective and easy way to highlight the role of the mass is to subtract from the symmetry
resolved entropies their value for the massless case, i.e. considering the numerical evaluation of
the δSn(q, t) ≡ Sn(q, t) − Sn(q, 0). Such subtracted entropies for n = 1 and q = 0, 1 are reported
in Fig. 8.6, showing that the entropy is a monotonous decreasing function of t (and hence of m at
fixed `).

8.4.3 The long distance expansion

In this subsection we move to the analysis of the charged and symmetry resolved entropies in the
limit of large t. The most effective way to proceed is, following Ref. [217], to employ in (8.4.7) a
boundary condition for t→∞, that takes the form [217]

va(t) ∼
2

π
sin(πa)K2a(t), (8.4.29)
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Figure 8.7: The solid lines are the functions cn(α) obtained as exact numerical solutions of the
differential equation (8.4.7). The dashed lines are the leading terms in the expansions for short
(red) and long (black) distances, i.e. Eqs. (8.4.12) and (8.4.31), respectively.

where K2a(t) is the modified Bessel function of the second kind. This is the starting point for a
systematic expansion for large t of the solution va(t) of the differential equation (8.4.7). Plugging
the resulting expansion into the integral (8.4.6) for wa(t), we get

wa(t) = −e−2t sin
2(aπ)

π

(
1 +
−1 + 16a2

4t
+O(t−2)

)
. (8.4.30)

Summing over a = k
n + α

2πn , we obtain the long distance asymptotic expansion for the universal
factor cn(α)

cn(α) =
e−2t

2π

(
−n+

(4− n2)π2 − 12α2

12ntπ2
− 2 csc π

n(π cot πn cos αn + α sin α
n )

πnt
+O(t−2)

)
, (8.4.31)

and for n = 1

c1(α) = −e
−2t

π
sin2 α

2

(
1 +

4α2

π2 − 1

4t
+O(t−2)

)
. (8.4.32)

This is consistent with the exact result c1(0) = 0 coming from the normalisation of the reduced
density matrix. For α = 0, (8.4.31) reproduces the known results [217].

In Fig. 8.7 we report the numerical exact solution of the Painlevé equation (8.4.7) for cn(α);
we focus on n = 1, 2 and plot cn(α) as a function of t. For large t, the solutions perfectly match the
asymptotic expansions (8.4.31) and (8.4.32) (for completeness we also show the small t expansion
in (8.4.12)). Let us emphasise the presence of a discontinuity in cn(α) for n→ 1 as a function of n:
it is due to the non-commutativity of the limits n→ 1 and t→∞, as well known and discussed at
length in the literature for α = 0 [217, 224]. We show here that the presence of α does not cancel
such a discontinuity, although for α 6= 0 the leading term is of the same order e−2t.

The charged entropy is simply given by the integral

lnZn(α) =

∫ m`

mε

cn(α)

t
dt. (8.4.33)

At large t, the function cn(α) goes to zero exponentially in t for any n; hence the charged entropies
approach asymptotically a finite value for large `. This saturation value is determined entirely by
the infrared physics, i.e. by the value of cn(α) at small t, indeed

lnZn(α) ' lnZ(0)
n (α) ≡

∫ ∞

mε

cn(α)

t
dt '

(
1

6

(
n− 1

n

)
+

α2

2π2n

)
lnmε. (8.4.34)
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This dependence on ln(mε) coincides with the result in Sec. 8.3.2 (following the analysis of the
properties of the energy momentum tensor on Rn,α), up to a factor 2 due to the number of the
endpoints (cf. (8.3.14)).

The corrections in m` to the `-independent result (8.4.34) are obtained expanding the integral
(8.4.33) in the ultraviolet. Keeping for conciseness only the leading order in t of Eqs. (8.4.31) and
(8.4.32) and performing the integration, we get

lnZn(α) = lnZ(0)
n (α) +

ne−2t

4πt
, lnZ1(α) = lnZ

(0)
1 (α) +

e−2t

2πt
sin2 α

2
. (8.4.35)

Once again, Zn(α) are not continuous functions of n close to n = 1 (as it was already known for
α = 0, see [217]) and, above all, the correction of lnZn(α) does not depend on α for n 6= 1 at this
order. Subleading corrections to (8.4.35) can be straightforwardly and systematically worked out,
but they are not illuminating, although they do depend on α also for n 6= 1.

For n 6= 1, since the leading correction does not depend on α, the Fourier transform is not
affected and the symmetry resolved moments with n 6= 1 just get a multiplicative correction to
Zn(q) in (8.3.17) (so additive for the logarithm), given by

δ lnZn(q) =
ne−2t

4πt
. (8.4.36)

For n = 1 the net effect of the sin2(α/2) term in (8.4.35) is to renormalise the variance with an
exponential additive correction, i.e. the desired probability is

Z1(q) = e
− 2q2π2

4| ln(mε)|−πe−2t/t

√
2π

4| ln(mε)| − πe−2t/t
(8.4.37)

The symmetry resolved Rényi entropies with n 6= 1 are straightforwardly obtained from (8.1.4).
Indeed, plugging Eqs. (8.4.36) and (8.4.37) in (8.1.4), we get

Sn(q) = −n+ 1

6n
ln(mε) +

ne−2m`

4πm`(1− n)
+

lnn

2(1− n)
− 1

2
ln

(
2

π
| lnmε|+ ne−2m`

(1− n)2m`

)
+

+O((lnmε)−1, e−3m`). (8.4.38)

Such a result shows exact equipartition (at this order) which is a clear consequence of the simple
form of (8.4.36). This is reminiscent of the exact results for integrable models studied in chapter
9.

The limit n→ 1 for the von Neumann entropy should be handled with care. We start rewriting
(8.1.4) as

S1(q) = lnZ1(q)− 1

Z1(q)

∫ π

−π

dα

2π
e−iqαZ1(α)∂n lnZn(α)|n=1. (8.4.39)

We use this equation to obtain the entire correction in t due to the Bessel function and not only
the leading exponential term (as done in (8.4.35)). The crucial computation is

∂ncn(α)|n=1 = −∂n
∫ ∞

t
dy y

(n−1)/2∑

k=−(n−1)/2

v2
a(y)

∣∣∣∣∣
n=1

=

=−
(

2

π

)2

∂n

∫ ∞

t
dy y

(n−1)/2∑

k=−(n−1)/2

sin2(πa)K2
2a(y)

∣∣∣∣∣
n=1

,

(8.4.40)
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where a = k
n + α

2πn . We can use the integral representation for the Bessel function

Ka(y) =

∫ ∞

1
du e−yu

(u+
√
u2 − 1)a + (u+

√
u2 − 1)−a

2
√
u2 − 1

, (8.4.41)

to perform the sum over k in Eq. (8.4.40). Once we plug Eq. (8.4.41) into Eq. (8.4.40) , we get

cn(α) =− 2

π2

∫ ∞

t
dy y

∫ ∞

1
du

∫ ∞

1
dv

e−y(u+v)

√
u2 − 1

√
v2 − 1

×

×
(
Fn,α((u+

√
u2 − 1)(v +

√
v2 − 1)) + Fn,α

(
(u+

√
u2 − 1)

(v +
√
v2 − 1)

))
,

(8.4.42)

where

Fn,α(z) =
z
π−α
nπ

4

(
z − 1

z

)(
1 + z

2α
nπ

z
2
n − 1

+
(z

2(π+α)
nπ − 1) cos π−αn + (z

2
n − z 2α

nπ ) cos π+α
n

1 + z
4
n − 2z

2
n cos(2π

n )

)
. (8.4.43)

We now study the behaviour of Fn,α(z) when n → 1. For z = 1, the limit n → 1 is singular. We
can isolate this singularity using the polar variables (n−1, z−1)→ (ρ cos θ, ρ sin θ) and expanding
in the radial coordinate ρ. The result of this procedure is

Fn,α(z) =
1

2
− 1

2

(z − 1)2 cosα

π2(n− 1)2 + (z − 1)2
+O(n− 1, z − 1), (8.4.44)

whose derivative with respect to n is

∂nFn,α(z)
∣∣∣
n→1

= lim
n→1

Fn,α(z)− F1,α(z)

n− 1
= π2

(
1

2
− sin2 α

2

)
δ(z − 1). (8.4.45)

Plugging this result in Eq. (8.4.42) and taking the derivative wrt n, we get

∂ncn(α)
∣∣
n→1

= −
(

1− 2 sin2 α

2

)∫ ∞

t
dyyK0(2y) = −

(
1

2
− sin2 α

2

)
tK1(2t), (8.4.46)

which, once integrated in t according to Eq. (8.4.33), gives the full ultraviolet behaviour of
∂n lnZn(α)

∣∣
n→1

, i.e.

∂n lnZn(α)
∣∣
n→1

=

(
1

3
− α2

2π2

)
ln(mε) +

(
1

4
− 1

2
sin2 α

2

)
K0(2t). (8.4.47)

Plugging the above derivative into (8.4.39) finally yields

S1(q) = −1

3
ln(mε)− 1

4
K0(2m`)− 1

2
ln

(
2| ln(mε)|

π

)
− 1

2
+O((lnmε)−1). (8.4.48)

The first two terms in (8.4.48) are respectively the leading and the subleading terms in the total
entanglement entropy of a massive Dirac field, in agreement with the known results in Refs.
[216, 217, 224]. The double logarithmic term appears only in the symmetry resolved result and,
as already discussed in (8.3.18), it is related to the number entropy. The above derivation clearly
highlight this correspondence. As for the Rényi entropy, at this order in lnmε, there is perfect
entanglement equipartition that will be broken by higher order terms.
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8.4.4 Lattice discretisation of the massive Dirac fermion

For the numerical test of our field theory results we consider the following lattice discretisation of
the Dirac fermion [217]

Ĥ = − i

2

L−1∑

j=0

(ĉ†j+1ĉj − ĉ
†
j ĉj+1) +m

L−1∑

j=0

(−1)j ĉ†j ĉj , (8.4.49)

where ĉj satisfy the anti-commutation relations {ĉj , ĉ†k} = δjk and L denotes the number of sites
of the chain. The correlators in the thermodynamic limit, i.e. for L→∞, are

〈ĉ†j ĉk〉 =
1

2
δ(j−k),0 + (−1)j

∫ 1
2

0
dx
m cos(2πx(j − k))√
m2 + sin(2πx)2

for |j − k| even,

〈ĉ†j ĉk〉 = i

∫ 1
2

0
dx

sin(2πx)√
m2 + sin(2πx)2

sin(2πx(j − k)) for |j − k| odd.

(8.4.50)

Denoting by νj the eigenvalues of the correlation matrix restricted to the subsystem A made by `
sites (with j ∈ [1, `]), simple algebra leads to the moments Trρ̂nA and to the Rényi entropies [4,191].
The α-dependent moments Zn(α) can be also easily written in terms of the eigenvalues of the

correlation matrix Cjk = 〈ĉ†j ĉk〉. For this purpose, it is necessary to write down the charge

operator Q̂A in terms of ĉj and ĉ†j operators in (8.4.49), i.e. [438]

Q̂A =
`−1∑

j=0

(
ĉ†j ĉj −

1

2

)
=

`−1∑

j=0

ĉ†j ĉj −
`

2
. (8.4.51)

Therefore, the charged moments read [96]

Zn(α) =
∏̀

j=1

[(νj)
neiα/2 + (1− νj)ne−iα/2], (8.4.52)

which provides a very simple formula for its numerical computation. The Fourier transform of
Zn(α) gives the symmetry resolved moments and entropies.

8.5 The Green’s function approach: The complex scalar field

In this section we present a derivation of the charged moments for a complex massive scalar by
generalising to α 6= 0 the results obtained in [10,218]. In Sec. 8.3.1 we showed that Zn(α) can be
written as product of partition functions on the plane with boundary conditions along the cut A

ϕ̃k(e
2πiz, e−2πiz̄) = e2πiaϕ̃k(z, z̄), a =

k

n
+

α

2πn
, k = 0, · · ·n− 1. (8.5.1)

Denoting by ζa these partition functions we have

lnZn(α) =

n−1∑

k=0

ln ζ k
n

+ α
2πn

. (8.5.2)

As for the analogous case of fermions, cf. Eq. (8.4.3), we define the auxiliary quantities

wa ≡ `∂` ln ζa, cn(α) ≡
n−1∑

k=0

w k
n

+ α
2πn

, (8.5.3)



8.5. THE GREEN’S FUNCTION APPROACH: THE COMPLEX SCALAR FIELD 241

that, using (8.5.2), allow us to write the logarithmic derivative of the partition function in Rn,α as

cn(α) = `
∂ lnZn(α)

∂`
⇒ lnZn(α) =

∫ `

ε

cn(α)

`′
d`′. (8.5.4)

Even here, for n = 1, the function cn(α) is the analogue of Zamolodchikov’s c-function [157] in the
presence of the flux α.

The key observation of this approach relies on the identity between the partition function ζa
and the Green’s function GS , which reads

∂m2 ln ζk = −
∫

dr2GS(r, r′) . (8.5.5)

Through this relation, the function wa has been obtained for generic values of a also for bosonic
free massive field theories [10]. As already found in Sec. 8.3.1 using twist fields, also this approach
requires that 0 < a < 1 for the scalar theory (see [218] for details). Thus, in order to compute

Zn(α), we will use the results in [10] setting a = k
n + |α|

2πn for the complex Klein Gordon theory.

Here we consider the complex massive non-compact bosonic field theory with action given by
(8.1.5) and mass m. The function wa with 0 < a < 1 defined in (8.5.3) can be written as [218]

wa = −
∫ ∞

t
yu2

a(y)dy, (8.5.6)

where t = m` and ua is the solution of the Painlevé V equation

u′′a +
u′a
t

=
ua

1 + u2
a

(u′a)
2 + ua(1 + u2

a) + 4

(
a− 1

2

)2

t2(1 + u2
a)
ua. (8.5.7)

The solution of (8.5.7) is showed in Fig. 8.8: the function wa for a generic value of t can be
obtained solving numerically (8.5.7) with the initial condition for t→ 0

ua(t) =
−1

t (ln t+ κS(a))
− a(a− 1)t(ln t+ κS(a)) +O(t), (8.5.8)

where [10]

κS(a) = 2γE +
ψ(1− a) + ψ(a)

2
− ln 2. (8.5.9)

In the figure we compare the exact result from field theory with numerical data for a chain of
complex oscillators, obtained exploiting the techniques reviewed in Sec. 8.5.3. We have a fairly
good agreement between lattice and field theory, although for small values of α the agreement gets
worse and one needs a larger and larger subsystem length ` on the lattice to match the continuum
limit. In the following we will further discuss this issue in the limits when we have an analytic
handle on the problem.

8.5.1 The expansion close to the conformal point

In the conformal limit t → 0 we have that the solution of the Painlevé equation admits the
expansion [218]

wa = −2a(1− a)− 1

ln(t) + κS(a)
+O(t). (8.5.10)
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Figure 8.8: Left panel: Logarithmic derivative of the charged moments, c1(α), as a function
of t = m` obtained by solving numerically the Painléve equation (8.5.7) (solid lines). The data
(symbols) are obtained fixing (from top to bottom) ` = 720, 620, 420, 420, 320 and varying properly
m in such a way that m` ∈ (0, 1). As discussed in the main text, the agreement with the numerical
data worsens as α decreases. Right panel: the same quantity is plotted as a function of α from
the numerical solution of the Painlevé equation (solid lines), showing also in this case that the
agreement as α→ 0 is not excellent. The dashed lines represent the small t expansion in (8.5.11):
the smaller is t, the better the approximation works.

Using (8.5.3) we get

cn(α) =

n−1∑

k=0

w k
n

+
|α|
2πn

=
1− n2

3n
+

α2

2π2n
− |α|
πn
−
n−1∑

k=0

1

ln t+ κS(a(k))
+ . . . . (8.5.11)

Let us discuss first at the level of the universal function cn(α) the origin of the non uniform
behaviour in α. Eq. (8.5.11) is an exact asymptotic expansion valid for any α 6= 0. For α → 0,
there is a clear problem with the constant κS(a(0)) (i.e. of the mode with k = 0) which diverges as
π/|α|. Hence, since ln t grows very slowly with t, the true asymptotic behaviour is attained only
for t & eπ/|α|. For smaller values of t, the mode k = 0 looks almost constant (∼ |α|/π) and similar
to the leading term. Exactly for α = 0, the mode k = 0 diverges, so its inverse is just zero and
it does not affect the calculation. It is then clear that the approach to the asymptotic behaviour
cannot be uniform in α, as already observed numerically in Fig. 8.8.

After having discussed this caveat with the small α behaviour, we are ready to integrate (8.5.11)
to get the charged moments, according to (8.5.4), obtaining

lnZn(α) =

(
1− n2

3n
+

α2

2π2n
− |α|
πn

)
ln

(
`

ε

)
+

n−1∑

k=0

ln

∣∣∣∣
ln(mε) + κS(a(k))

ln(m`) + κS(a(k))

∣∣∣∣ . (8.5.12)

Let us remark that when n = 1, the last sum reduces to the term with k = 0. We recall that the
cutoff ε depends both on n and α making the analysis even more troubling.

Even though we are in the conformal limit in which m`� 1, the additional constant κS(a(0))
cannot be neglected because of its divergent behaviour when k = 0 and α = 0. The terms with
k > 0 do not present any problem and κS(a(k)) can be safely neglected. The mode with k = 0
instead has three different regimes, depending on the value of κS(k = 0) which is governed by α
as follows:
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Figure 8.9: Charged moments for the free massive boson close to the critical regime. We benchmark
the analytical prediction (8.5.12) (solid lines) with the numerical data (symbols) for different values
of n and α at fixed m = 10−10: the analytical formula matches well the data for large values of α
(left), but for smaller α (right) much larger values of ` are necessary to observe a fair match, as
explained in the text.

• for very small α, i.e. such that α . nπ/| ln(mε/2) +γE |, κS(k = 0) diverges faster than both
lnm` and lnmε. Hence, expanding the ratio in (8.5.12), this subleading term becomes of the
same order of the leading one, i.e.

ln

∣∣∣∣
ln(mε) + κS(a(0))

ln(m`) + κS(a(0))

∣∣∣∣
α→0−−−→ |α|

πn
ln
`

ε
+ . . . ., (8.5.13)

• for intermediate values of α, i.e. when nπ/| ln(mε/2) + γE | . α . nπ/| ln(m`/2) + γE |, we
have

ln

∣∣∣∣
ln(mε) + κS(a(0))

ln(m`) + κS(a(0))

∣∣∣∣ ∼ ln

∣∣∣∣
ln(mε)

κS(a(0))

∣∣∣∣+ . . . , (8.5.14)

and hence this produces just an additive correction in `, but depending on mε;

• for larger α, i.e. for α & nπ/| ln(m`/2) +γE |, the term κS is a correction both for numerator
and denominator and so

ln

∣∣∣∣
ln(mε) + κS(a(0))

ln(m`) + κS(a(0))

∣∣∣∣ ' ln

∣∣∣∣
ln(mε)

ln(m`)

∣∣∣∣+ . . . , (8.5.15)

as for the terms with k 6= 0. We stress that this third regime is the true asymptotic one for
large ` at fixed α.

This competition among the three terms makes difficult the analytical treatment of the last
sum in (8.5.12), and, at the same time, the non trivial dependence on the cutoff ε (that we recall
also depends on α and n) complicates the comparison with the numerics. For this reason, we
consider only the leading term in (8.5.12), which, strictly speaking, is valid in the massless case
and in the third regime above. Such a leading term is the same provided as in the twist field
approach (cf. Eq. (8.3.8)) and coincides with some equivalent ones in literature [408]. The main
advantage of (8.5.12) is that it clearly shows what are the problems one faces when considering
only the leading term. The comparisons with the numerics are shown in Figure 8.9: we report
the numerical data for different values of n and α; as expected from our previous discussion, the
agreement with the predictions is very good for large α, but it worsens as α gets smaller and n gets
larger. Smaller is α, larger is the value of ` on the lattice necessary to observe the true asymptotic
behaviour.
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Symmetry resolution

The symmetry resolved moments of the reduced density matrix can be computed through the
Fourier transform of the leading term of the charged moments in (8.5.12)

Zn(q) = (8.5.16)

= Zn(0)

(
`

ε

)− 1
2n
√

nπ

8 ln(`/ε)
(−1)qe

nπ2q2

2 ln(`/ε)

[
Erfi

(
ln(`/ε)− nπiq√

2n ln(`/ε)

)
+ Erfi

(
ln(`/ε) + nπiq√

2n ln(`/ε)

)]
,

where Erfi(x) is the imaginary error function (the overall result is real and positive for q ∈ Z)

Erfi(x) =
−2i√
π

∫ ix

0
dt e−t

2 x→∞−−−→ ex
2

√
πx
. (8.5.17)

In the large ` limit, using the expansion in (8.5.17), the charged moments in (8.5.16) can be can
be approximated as

Zn(q) = Zn(0)
n ln `/ε

n2π2q2 + ln2 `/ε
, (8.5.18)

and hence the symmetry resolved entropies are given by

Sn(q) =
1

1− n ln
Zn(q)

Z1(q)n
' Sn − ln ln

`

ε
+

lnn

1− n, S1(q) ' S1 − ln ln
`

ε
− 1. (8.5.19)

The leading behaviour is described by the total Rényi entropies, with the usual correction ln ln `
that is independent on q, confirming the equipartition of the entanglement entropy for a complex
massive scalar field theory. Let us mention that a further expansion of (8.5.16) leads to subleading
corrections behaving as q2/(ln `)2 which explicitly depend on q, breaking the equipartition of the
entanglement.

Let us now discuss the effect of the term that we disregarded in (8.5.12), namely the sum over
k. The mode with k 6= 0 would provide double logarithimic corrections encountered also in other
contexts, like non unitary CFTs [230, 439]. These in principle are calculable and partially under
control. We mention that such terms have a non-trivial dependence on n in Zn(q) and hence
they are responsible of a further breaking of equipartition. Unfortunately, the determination of
this correction is not easy because it is influenced by the precise dependence on α and n of the
non-universal cutoff ε (as it should be clear from (8.5.12)). Finally, as discussed for the charged
moments, the effect of the mode k = 0 is even more dramatic and too difficult to keep under
control.

8.5.2 The long distance expansion

The boundary condition for (8.5.7) in the limit in which t→∞ is [218]

ua(t) ∼
2

π
sin(πa)K1−2a(t). (8.5.20)

The solution of (8.5.7) in the long distance regime together with (8.5.6) gives

wa(t) = −e−2t sin
2(aπ)

π

(
1 +

3− 16a+ 16a2

4t

)
. (8.5.21)
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Figure 8.10: The solid lines are the functions cn(α) as solutions of (8.5.7). The dashed lines are
the short (red) and long (black) distance leading terms we evaluated analytically in (8.5.11) and
(8.5.22), respectively.

Summing over a = k
n + |α|

2πn , we get

cn(α) =
e−2t

2πnt

(
−n2t− 8 + n2

12
+

2|α|
π
− α2

π2
+ 2
(

csc2 π

n
− |α|

π

)
cos

α

n
+

2α

π
cot

π

n
sin

α

n

)
,

c1(α) = −e
−2t

π
sin2 α

2

(
1 +

3 + 4α2

π2 − 8|α|
π

4t

)
. (8.5.22)

The long distance leading term in (8.5.22) is showed in Fig. 8.10 for two different values of n: it
approximates well the solution of the Painlevé equation (8.5.7) in the regime t � 1. The same
feature was observed in Sec. 8.4.3 for the corresponding equations in fermionic systems as also the
discontinuity for n→ 1, which can be ascribed to the non-commutativity of the limits n→ 1 and
t → ∞. Also for a complex scalar field, Eqs. (8.5.22) show that the functions cn(α) vanish for
large t and the charged moments stop growing. Hence,

lnZn(α) ' lnZ(0)
n (α) ≡

∫ ∞

mε

cn(α)

t
dt ' −

(1− n2

3n
+

α2

2π2n
− |α|
πn

)
lnmε. (8.5.23)

As expected, the dependence on ln(m) coincides with the one reported in (8.3.15), up to a factor
2 due to the number of endpoints.

Integrating cn(α), we obtain up to order O(e−2t/t)

lnZn(α) = lnZ(0)
n (α) +

ne−2t

4πt
, lnZ1(α) = lnZ

(0)
1 (α) +

e−2t

2πt
sin2 α

2
, (8.5.24)

which are the same expressions found for fermions in Sec. 8.4.3. The expression for δZn(q) is the
same as in (8.4.36) for fermions, while Z1(q) is given by

Z1(q) =
| lnmε|

π2q2 + ln2mε
+O(1/(ln2mε)), (8.5.25)

so that all contributions coming from the long-distance behaviour are negligible at orderO(1/(lnmε)).
The resolved entropies are the ones given in (8.3.21), where Sn also takes into account the term
ne−2t

4πt . The limit n→ 1 can be solved through a technique similar to the one used in Sec. 8.4.3.
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8.5.3 The complex harmonic chain

For the discretisation of the scalar field theory, we consider a harmonic chain made up of L sites
described by the Hamiltonian (the mass of the oscillators and the spring constant have been set
to one)

Ĥ =
1

2

L−1∑

i=0

p̂2
i + ω2

0 q̂
2
i + (q̂i+1 − q̂i)2 (8.5.26)

where the p̂i and q̂i satisfy the canonical commutation relations [q̂i, q̂j ] = [p̂i, p̂j ] = 0 and [q̂i, p̂j ] =
iδij . To have a continuous symmetry, we consider a complex bosonic theory which on the lattice is
a chain of complex oscillators. It is the sum of two real harmonic chains in the variables (q̂(1), p̂(1))
and (q̂(2), p̂(2)), i.e.

ĤC(q̂(1) + iq̂(2), p̂(1) + ip̂(2)) = Ĥ(q̂(1), p̂(1)) + Ĥ(q̂(2), p̂(2)). (8.5.27)

The Hamiltonian (8.5.27) can be also written in terms of particles and antiparticles mode operators,

âk and b̂k, satisfying [âk, â
†
j ] = δj,k, [b̂k, b̂

†
j ] = δj,k. In terms of these operators, the Hamiltonian

(8.5.27) is

ĤC =
L−1∑

k=0

Ωk(â
†
kâk + b̂†k b̂k) (8.5.28)

where, assuming that periodic boundary conditions are imposed, Ωk =
√
ω2

0 + 4
[

sin
(
πk/L

)]2
.

The conserved charge operator reads

Q̂ =
L−1∑

k=0

(â†kâk − b̂
†
k b̂k), (8.5.29)

i.e. the total number of particles minus the number of antiparticles. The operator Q̂ can be as
well written in real space and its value in a given subsystem A is the same sum restricted to A,
i.e.

Q̂A =
∑

j∈A
â†j âj − b̂

†
j b̂j . (8.5.30)

For the charged moments (8.1.1), we need to compute Tr(ρ̂nAe
iQ̂Aα), but, using the form in (8.5.30)

for Q̂A, the trace factorises as

Zn(α) = Trρ̂nAe
iQ̂Aα = Tr[(ρ̂aA)neiN̂a

Aα]× [Tr(ρ̂bA)ne−iN̂b
Aα], (8.5.31)

where N̂a
A =

∑
j∈A â

†
j âj and N̂ b

A =
∑

j∈A b̂
†
j b̂j . The two factors in (8.5.31) are equal, except for

the sign of α. If we introduce

eFn(α) ≡ Tr[ρ̂nAe
iN̂Aα] ⇒ Zn(α) =

∣∣eFn(α)
∣∣2 . (8.5.32)

We stress that eFn(α) is not a charged moment because in the single harmonic chain there is no
U(1) symmetry. Moreover, (8.5.32) ensures that the charged moments Zn(α) are real quantities.

From the definition (8.5.32), we observe that eFn(α) can be computed focusing on a single
harmonic chain. Let us consider QA and PA obtained by restricting to the subsystem A the indices
of Qi,j = 〈q̂iq̂j〉 and Pi,j = 〈p̂ip̂j〉 respectively. The expressions of these two-point correlators are
reported in Appendix C.1.1 (in particular, the ones for an infinite harmonic chain in its ground
state are given by (C.1.5) and (C.1.6)). If the subsystem A is made by ` sites, the elements σk,
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with k = 1, . . . , `, of the symplectic spectrum of γA = QA ⊕ PA are provided by the eigenvalues of√
QAPA [191].

If we introduce the vectors |n〉 ≡⊗`
k=1 |nk〉, products of Fock states of the number operator

in the subsystem A, namely N̂A, the reduced density matrix of A can be written as [266,278]

ρ̂A =
∑

n

∏̀

k=1

1

σk + 1/2

(
σk − 1/2

σk + 1/2

)nk
|n〉〈n|, (8.5.33)

where the non-negative integer nk is the k-th element of the `-dimensional vector n. Since N̂A

appearing in the definition (8.5.32) of Fn(α) is the number operator in the orthonormal basis made
of the states |n〉, we can write

eFn(α) =
∑

n

∏̀

k=1

[
1

σk + 1/2

(
σk − 1/2

σk + 1/2

)nk]n
einkα =

∏̀

k=1

1(
σk + 1

2

)n − eiα
(
σk − 1

2

)n . (8.5.34)

This relation holds also in higher dimensions and for a generic shape of the subsystem A provided
that ` is the number of sites in A. In the Sec. 8.5.1 we have exploited (8.5.32) and (8.5.34) to
compare our field theoretical predictions for the charged moments with the numerical data.

The computation of Zn(α) through (8.5.32) and (8.5.34) is the starting point for the compu-
tation of the symmetry resolved moments and entropies by a Fourier transform.

8.6 Discussion

In this chapter we characterised the symmetry resolved entanglement for free massive fields in two
dimensions, presenting the results for a Dirac field and a complex scalar theory. We showed that
two well known techniques in the framework of the replica trick can be adapted –by modifying
the n-sheeted Riemann surface and the corresponding partition function– to the calculation of
charged moments. Both computations (via modified twist fields and the Green’s function approach
of Ref. [10]) mainly rely on the boundary conditions of the fields at the endpoints of the entangling
region. From the Fourier transform of these charged moments, we extract the symmetry resolved
Rényi entropies, stressing the relevant universal aspects. At leading order, even in the massive case,
the symmetry resolved entropies for both theories satisfy equipartition of entanglement [95, 97].
We also show that the entanglement equipartition is broken by the mass at order (ln `)−2, which
is the same one found in other circumstances [105,251,412,423].

There are two main aspects that our analysis leaves open for further study. The first one con-
cerns the calculation of charged and symmetry resolved entropies in free scalars and fermions in
arbitrary dimension. To this aim, we expect that some of the existing techniques in the literature,
as e.g. in Refs. [22, 153, 175, 219, 221–223, 440–443], should be readily adapted to our problem.
Furthermore, as discussed in [420], important insights could also come from the holographic cor-
respondence for the entanglement entropy [49, 244, 444]. The other point is whether interacting
QFTs can be handled in two dimensions, e.g. exploiting integrability techniques as those of
Refs. [216,224,226,227,445]. This program, which has been initiated in [418,419], deserves further
investigations.





Chapter 9

Symmetry resolved entanglement
entropies in gapped systems

9.1 Introduction

The universal logarithmic behaviour of the entanglement entropies given by (1.2.23) is not strictly
a prerogative of the gapless models, but it also occurs for gapped models in the vicinity of a
quantum phase transition in the regime in which the correlation length ξ is large but finite [9].
Indeed, using ideas from the famous proof of the c-theorem by Zamolodchikov [157], it has been
shown that for a bipartition of an infinite system into two semi-infinite halves, the leading behaviour
of entanglement entropies is generically [9]

Sn '
c

12

(
1 +

1

n

)
log ξ. (9.1.1)

This result can be elegantly recovered for integrable lattice models through the Baxter corner
transfer matrix (CTM) [259], as reported (and generalised) in many references [9, 388, 436, 437,
446–453]. We will discuss explicitly this technique in the following sections. The CTM approach
provided exact results not only close to the critical point, but gave generalisations also to the
regime in which the correlation length is small. When the subsystem A is a finite interval of length
`, as long as ` � ξ, the Rényi entropies are just twice the value in (9.1.1) as a consequence of
cluster decomposition in the ground-state of these theories. However, as ` becomes of the order of
ξ, a complicated crossover takes place that is not captured by CTM and requires more complicated
techniques, see e.g. Refs. [216,224,227,454].

The goal of this chapter is to study how the total entanglement splits into the contributions
coming from disjoint symmetry sectors in gapped integrable models, using CTM techniques. We
carry out this analysis for two non-critical quantum lattice models with a U(1) symmetry, namely
the double or complex harmonic chain (which is a free model) and the XXZ chain (which is
genuinely interacting). To this aim, we first calculate the charged moments of the reduced density
matrix (RDM) (8.1.1), and then obtain the contributions of the sectors by Fourier transform.

The chapter is organised as follows. In Sec. 8.2 we briefly give an overview of how the RDM of an
off-critical quantum chain is related to Baxter’s CTM. For integrable models whose weights satisfy
a Yang-Baxter relation, the eigenvalues of the RDM can be determined exactly. In sections 9.3
and 9.4 we exploit these exact results for the computation of the symmetry resolved entanglement
entropies, for the complex harmonic chain and XXZ spin-chain respectively. We also benchmark
the analytic results in Sec. 9.3 against exact numerical computations. In Sec. 9.5 we find analytic
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results for the full counting statistics in gapped XXZ chains, highlighting its relation with the
symmetry resolved entanglement. We conclude in Sec. 9.6 with some remarks and discussions.

9.2 The corner transfer matrix and the entanglement entropy

In dealing with the geometric bipartition considered in this chapter (i.e. two semi-infinite half
lines) the corner transfer matrix provides an exact form for the reduced density matrix [262] and
hence it is a formidable tool for the derivation of the charged moments and symmetry resolved
entropies. In order to understand how the CTM works, we give a brief review of the construction
of the RDM.

Generally, a direct computation of the density matrix of a system is tough. A trick to address
this problem is to use the fact that the density matrix of the quantum chain is the partition function
of a two-dimensional classical system on a strip [260,455,456]. The latter can be solved by means
of the transfer matrix T and we can identify the eigenstate |Ψ〉 of T corresponding to its maximal
eigenvalue. Given the Hamiltonian of the quantum chain Ĥ and its lattice spacing a, the transfer

matrix is T = e−aĤ up to a prefactor; hence |Ψ〉 is the ground state of Ĥ. One then obtains the
reduced density matrix of a subsystem A of the chain by tracing over all the coordinates belonging
to the complement of A. Therefore ρ̂A is the partition function of two half-infinite strips, one
extending from −∞ to 0 and the other from 0 to +∞.

The CTM plays a crucial role: it connects a horizontal row to a vertical one. Choosing
the lattice in a clever way [259], when the model is isotropic, the four possible corner transfer
matrices [259] are all equivalent and the partition function is just TrÂ4, with Â the CTM. Going
back to our quantum problem, the reduced density matrix is [262]

ρ̂A =
Â4

TrÂ4
. (9.2.1)

We will deal with integrable massive models satisfying the Yang-Baxter equations; in this case, it
is possible to show that (9.2.1) has an exponential form given by [260,262]

ρ̂A =
e−ĤCTM

Tre−ĤCTM

. (9.2.2)

In the cases we are interested in the entanglement Hamiltonian ĤCTM can be diagonalised as [262]

ĤCTM =

∞∑

j=0

εjn̂j , (9.2.3)

where n̂j are number operators and εj are the single-particle levels of the entanglement Hamil-
tonian. The result (9.2.3) provides exact eigenvalues and degeneracies of the RDM (i.e. the
entanglement spectrum of the system [26, 370]), from which one calculates straightforwardly the
entanglement entropies [9].

However, (9.2.3) contains no information about the distributions of the eigenvalues εj into
the various symmetry sectors (indeed, it has exactly the same form for models with discrete
and continuous symmetries). In order to use it to compute the symmetry resolved entropies in
gapped integrable models, we should complement (9.2.3) with some other input providing the
symmetry resolution, but this should be done on a case by case basis. The rest of the chapter is
devoted exactly to solve this problem for two specific 1D integrable lattice models: the complex
harmonic chain and the non-critical XXZ chain in which we will exploit the results of Refs. [194,383]
and [263,457] respectively.
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9.3 The complex harmonic chain

In this section we use the CTM to derive the symmetry resolved entanglement entropies for a
double or complex harmonic chain that is U(1) symmetric and whose continuum limit is the non-
compact massive complex boson discussed in chapter 8. We will find an analytic expression for the
charged moments as functions of α and we will discuss its limit close to the conformal invariant
critical point, when the correlation length ξ is finite but large. Then we will use this result to
compute the symmetry resolved entropies. All the analytical results will be compared against
exact numerical computations based on correlation matrix techniques discussed in Sec. 8.5.3. (see
also [4, 191,458] and Appendix A.1).

9.3.1 Reduced density matrix of the half complex harmonic chain

The Hamiltonian describing an infinite complex harmonic chain is provided by (8.5.27), where the
two real Hamiltonians in the right hand side are given by (5.2.1). Let us call ω0 = 1 − κ the
frequency parameter of the two real harmonic chains that, in the continuum limit, provides the
mass of the complex scalar field. Furthermore, we set m = 1 in the two real chains. The conserved
charge restricted to the subsystem A, which in our case is half of the chain, is given by (8.5.30).

The reduced density matrix, ρ̂
(r)
A , for half of the real harmonic chain made by L sites was

explicitly constructed by Peschel and Chung in [194] in the large L limit. The trick is to relate

ρ̂
(r)
A to the partition function of a two-dimensional massive Gaussian model in the geometry of

an infinite strip of width L with a cut perpendicular to it [383]. Due to the integrability of the
Gaussian model, in the case where L is much larger than the correlation length, the ĤCTM for the
harmonic chain may be written in a diagonal form as in (9.2.3), where now we explicitly have

ĤCTM =
∞∑

j=0

(2j + 1)ε β̂†j β̂j , ε =
πI(
√

1− κ2)

I(κ)
. (9.3.1)

Here I(κ) is the complete elliptic integral of the first kind, i.e.

I(κ) =

∫ π/2

0

dθ√
1− κ2 sin2 θ

, (9.3.2)

and β̂j , β̂
†
j are bosonic annihilation and creation operators (satisfying [β̂i, β̂

†
j ] = δi,j).

One can find, consistently with the discussion in Sec. 8.5.3, that if A is half of the complex
harmonic chain, the charged moments defined in (8.1.1) factorises as follows

Zn(α) = Trρ̂nAe
iQ̂Aα = Tr[(ρ̂αA)neiN̂α

Aα]× [Tr(ρ̂γA)ne−iN̂γ
Aα]. (9.3.3)

where N̂α
A =

∑
j∈A α̂

†
jα̂j and N̂γ

A =
∑

j∈A γ̂
†
j γ̂j and ρ̂αA and ρ̂γA can be written in terms of the

entanglement Hamiltonian (9.3.1) with β̂j replaced by α̂j and γ̂j respectively. Let us stress that

α̂j , α̂
†
j and γ̂j , γ̂

†
j are two pairs of bosonic annihilation and creation operators

Thus, the strategy is to compute Fn(α) = Tr[ρ̂nAe
iN̂Aα] exploiting (9.3.1) and then obtain Zn(α)

from (8.5.32).
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9.3.2 Charged moments from CTM

In the above subsection, N̂A and ρ̂A for the single chain have been already written in the same
basis and the derivation of Fn(α) amounts to compute the trace

eFn(α) =
Tre−

∑∞
j=0(εjn−iα)n̂j

(
Tre−

∑∞
j=0 εj n̂j

)n =

∞∏

j=0

∞∑

k=0

e−((2j+1)εn−iα)k



∞∏

j=0

∞∑

k=0

e−(2j+1)ε k



n =

∞∏

j=0

(1− e−(2j+1) ε)n

∞∏

j=0

(1− e−(2j+1) εn+iα)

, (9.3.4)

whose logarithm is given by

Fn(α) =

∞∑

j=0

n log[1− e−(2j+1)ε]−
∞∑

j=0

log[1− e−(2j+1)εn+iα]. (9.3.5)

This formula is exact and can be easily computed numerically, since it converges very quickly. It
is plotted in Figure 9.1 as a function of α for various values of ω0 and n, but we will discuss its
properties later.

Using (8.5.32), the charged moments for the complex harmonic chain are

Zn(α) =

∞∏

j=0

(1− e−(2j+1)ε)2n

∞∏

j=0

(1− e−(2j+1)εn+iα)

∞∏

j=0

(1− e−(2j+1)εn−iα)

= Zn
θ4(0|e−εn)

θ4(α2 |e−εn)
, (9.3.6)

where in the last equality we use that

Zn ≡ Zn(α = 0) =
∞∏

j=0

(1− e−(2j+1)ε)2n

(1− e−(2j+1)εn)2
, θ4(z|u) =

∞∑

k=−∞
(−1)k uk

2
e2ikz . (9.3.7)

Notice that the entire α dependence is encoded in the denominator of (9.3.6) and that Z1 = 1,
but Z1(α) 6= 1. Also the total Rényi entropies of the complex harmonic chains are

Sn =
1

1− n logZn =
2

1− n
∞∑

j=0

[n log (1− e−(2j+1)ε)− log (1− e−(2j+1)εn)], (9.3.8)

i.e. the double of a real harmonic chain.

Poisson resummation and critical regime

A drawback of the form (9.3.5) is that it does not directly allow a direct expansion in the critical
regime, i. e. for small ε. Moreover, we cannot perform an Euler Mac-Laurin summation (as for
α = 0, see [9]) since the function f(x) = log(1 − e−2x) diverges for x → 0. However, following
Ref. [436], we can obtain the asymptotic expansion for small ε by using the (generalised) Poisson
resummation formula:

∞∑

j=−∞
f(|ε(bj + a)|) =

2

εb

∞∑

k=−∞
f̂

(
2πk

εb

)
e2πika/b, (9.3.9)
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where

f̂(y) =

∫ ∞

0
f(x) cos(yx)dx. (9.3.10)

In order to use this resummation formula for (9.3.5), we must choose a = 1/2, b = 1 and

fn,α(x) = − log(1− e−2nx+iα) . (9.3.11)

The final result reads

Fn(α) =
Li2(eiα)

2εn
− nπ2

12ε
+
∞∑

k=1

[
(−1)k

nε

2π2k2
+ (−1)k+1 n

2k
coth

π2k

ε

]
+

ieiα

2π

∞∑

k=1

(−1)k

k

[
Φ(eiα, 1, 1− iπk

εn
)− Φ(eiα, 1, 1 +

iπk

εn
)

]
.

(9.3.12)

where we have isolated the contribution from the term k = 0 of the sum in (9.3.9) which gives the
leading divergence in the limit ε→ 0. Here we have introduced the polylogarithm of order two Li2
and the Lerch transcendent function Φ

Li2(z) =

∞∑

m=1

zm

m2
, Φ(z, s, a) =

∞∑

j=0

zj

(j + a)s
. (9.3.13)

We are now interested in the critical region of the parameter space in which the correlation
length ξ (inverse gap) is large but finite. In the critical regime ξ � 1 (or equivalently ε� 1), the
correlation length of the model behaves like

log ξ ' π2

ε
+O(ε0). (9.3.14)

Using the results of Ref. [459] for computing the limit ε→ 0 of the last sum over k in (9.3.12) we
find that the only non-vanishing terms in the asymptotic expansion close to ε = 0 are

Fn(α) =
Li2(eiα)

2εn
− nπ2

12ε
+
n

2
log 2 +O(ε), (9.3.15)

whose real part is

Re[Fn(α)] =

[
1

2n

( α
2π

)2
− |α|

4πn
+

1

12n
− n

12

]
log ξ +

n

2
log 2 +O(ε), (9.3.16)

because
Re[Li2(eiα)]

n
=

1

n

(α
2

)2
− π|α|

2n
+
π2

6n
. (9.3.17)

The charged moments for the complex harmonic chain are now given by (8.5.32), i.e. logZn(α) =
Fn(α) + Fn(−α) and, in the limit ε→ 0,

logZn(α) =

[
1

n

( α
2π

)2
− |α|

2πn
+

1

6n
− n

6

]
log ξ + n log 2 +O(ε). (9.3.18)

Notice that while Fn(α) is generically complex, logZn(α) for the complex chain is real and even
in α.
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Figure 9.1: Charged moments for the harmonic chain: we report the real (top) and the imaginary
(bottom) part of Fn(α), Eq. (9.3.5), as function of α for different values of ω0. Everywhere, the
dashed lines are the asymptotic expansions for ε → 0 and α 6= 0 up to O(ε), cf. Eq. (9.3.15).
As discussed in the text, the convergence to the critical result is not uniform and it is slower for
smaller α 6= 0. The function logZn(α) for the complex chain is twice the real part of Fn(α).

Discussions

We concluded our exact computation of the charged moments and we are now ready to critically
discuss our findings. The expression (9.3.18) tells us that the leading term in the “charged en-
tropies” diverges logarithmically with ξ and matches the result found in (8.3.15) replacing ξ with
the inverse of the mass of the continuum theory.

Another interesting fact is that the limit α→ 0 and the expansion for ε around 0 do not com-
mute, as a difference with other known cases (we believe that the origin of the non-commutativity
is the non compact nature of the continuum limit). Indeed, if we consider first the limit α→ 0 in
(9.3.12), the last sum gives

∞∑

k=1

(−1)k
[
− εn

2k2π2
+

1

2k
coth

(
kπ2

εn

)]
, (9.3.19)

leading to the known formula of the Rényi entropies of a real harmonic chain, that in the critical
regime ε→ 0 is [9, 436] (see (9.3.8))

Sn =
π2

12ε

1 + n

n
− log 2

2
+O(ε). (9.3.20)
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On the other hand, if we invert the order of these two operations, we obtain the divergent term

ieiα

2π

∞∑

k=1

(−1)k

k

[
Φ(eiα, 1, 1− iπk

εn
)− Φ(eiα, 1, 1 +

iπk

εn
)

]
→ nε

12

eiα

1− eiα
. (9.3.21)

Considering now the charged moments of the complex chain, lnZn(α) = 2ReFn(α), the divergent
term (9.3.21) cancels, but the finite part is not the total moment lnZn in (9.3.7). This fact implies
that the approach of lnZn(α) to the critical limit ε → 0 is non-uniform in α: exactly at α = 0
the charged entropy approaches (9.3.8), but for any non-zero α the limit is (9.3.15) that as a
consequence is reached for smaller and smaller ε (i.e. ω0) as α gets closer to 0. This feature
was already observed in Sec. 8.5, where it was shown that the lattice results approach the field
theoretical ones in a non uniform way in α.

All these aspects are evident in Figure 9.1 where we show (for α ≥ 0 since Fn(−α) = F ∗n(α))
the exact result (9.3.12) (or equivalently (9.3.5)) together with its critical limit (9.3.15). As we
discussed above, the former converges to the latter as ω0, therefore ε, decreases, but in a non-
uniform way. Indeed, while for large α (i.e. close to π) the two curves are very close also when
ω0 is not so small, for smaller and non-zero values of α, we need much smaller ω0 to approach
the critical limit. For α = 0 the limit is different. It is also clear that for higher values of n, the
convergence is slower and starts at smaller values of ω0. The last observation is a well known fact
for α = 0, cf. Ref. [436], and it is not surprising that the effect is amplified in the presence of a
flux.

9.3.3 Symmetry resolved moments and entropies via Fourier trasform

The symmetry resolved moments Zn(q) are obtained as Fourier transform of Zn(α) in (9.3.6), i.e.

Zn(q) =

∫ π

−π

dα

2π
e−iqαZn(α) = Znθ4(0|e−εn)

∫ π

−π

dα

2π
e−iqα 1

θ4(α2 |e−εn)
. (9.3.22)

The integral in the right hand side of the above equation can be found in Ref. [460] (exercise 14
at page 489), obtaining

Zn(q)

Zn
=
∞∏

k=1

(
1− e−nε(2k−1)

1− e−2nεk

)2

e−nε|q|
∞∑

k=0

(−1)ke−nεk
2
e−nε(2|q|+1)k , (9.3.23)

which is our final result for the symmetry resolved moments. It is likely that the sum in (9.3.23)
can be rewritten in terms of some special functions, but we did not find any particularly useful
expression. We define the sum as

Φq(u) = u|q|
∞∑

k=0

(−1)kuk
2
u(2|q|+1)k. (9.3.24)

and in terms of this function we have

Zn(q) =

∞∏

k=1

(
(1− e−ε(2k−1))n

1− e−2nεk

)2

Φq(e
−nε), (9.3.25)

where we used the explicit form of Zn in (9.3.7).
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The symmetry resolved Rényi entropies are now easily deduced from (8.1.4), obtaining

Sn(q) =
2

1− n
∞∑

k=1

[
n log(1− e−2εk)− log(1− e−2nεk)

]
+

1

1− n log
Φq(e

−nε)

(Φq(e−ε))n
. (9.3.26)

Taking the limit n→ 1, we get the von Neumann entropy

S1(q) = −2
∞∑

j=1

[
log(1− e−2εj)− 2εje−2εj

1− e−2εj

]
+ log Φq(e

−nε) + εe−ε
Φ′q(e

−nε)

Φq(e−nε)
. (9.3.27)

As a non-trivial consistency check of our results, we have computed the total von Neumann en-
tanglement entropy starting from the symmetry resolved ones in (9.3.27) and using (1.2.28) and
we have recovered the limit n→ 1 of (9.3.8).

The critical limit ε → 0 is easily understood if one focuses on the variation in q of moments
and entropies, rather than on their absolute values. Indeed from (9.3.25), it is easy to see that

Zn(q)

Zn(q = 0)
=

Φq(e
−nε)

Φ0(e−nε)

ε→0−−→ e−n
2q2ε2/2 , (9.3.28)

where the last limit is performed by expanding to the second order in ε each term in the sum
(9.3.24), making carefully the sum in terms of ζ functions, and finally re-exponentiating the result.
We stress that this critical limit is not the Fourier transform of the critical limit for Zn(α) in (9.3.18)
because the two limiting procedures do not commute. This explains why the expression (9.3.28)
is different from (8.5.18) obtained directly in a field theoretical setup. The critical behaviour of
the resolved entropies is then easily worked out as

Sn(q) =
1

1− n log
Zn(q)

Zn1 (q)
= Sn(q = 0) +

nε2q2

2
+O(ε3), (9.3.29)

which is valid also for n = 1 without any particular limit. Also in the critical limit, it is worth to
mention the behaviour

Sn(q = 0) = Sn − log
8π

ε
+

log n

1− n + o(1) , (9.3.30)

which signals the presence of a subleading term proportional to log ε ∼ log(log ξ). Such a term has
not a unique interpretation and origin for the (complex) harmonic chain. Indeed, we know that the
total entropy of a massive free non-compact boson has such subleading terms in log(log ξ) [218] in
the small mass limit, but even that double logarithmic terms appear generically in the symmetry
resolution (see (8.5.19) for the massive complex scalar field theory and [96, 251] for the critical
compact boson).

Let us now critically discuss our results. First of all, there is a very important difference
compared to the conformal gapless case [96], i.e. the absence of equipartition of entanglement [97]:
the Rényi entropies (9.3.26) depend explicitly on q. This dependence is explicitly reported in
Figure 9.2 (a) where, in order to show its variation, we plot it as a continuous function of q,
although only integer values are physical. The lack of exact equipartition is not surprising; also in
critical models the leading terms for large ` show equipartition [97], while some subleading terms
depend explicitly on q [96, 251]. In panel (b) of Figure 9.2 we focus on the critical limit of Rényi
entropies (9.3.29) plotting Sn(q) − Sn(q = 0). As ε → 0, the result approaches the critical form
(9.3.29), but clearly the convergence is not uniform: it is faster for smaller q and n. Indeed, since
this dependence is all encoded in the function Φq(e

−nε), the parameter that must be small is not
ε, but nε. On the other hand, the higher order terms in ε, that have been neglected in (9.3.29),
become important for large q.
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Figure 9.2: Symmetry resolved entanglement entropies for the complex harmonic chain. Panel (a)
shows Sn(q) as functions of q for different values of ε and n. Panel (b) reports Sn(q)− Sn(q = 0)
for small values of ε, showing the validity of the expansion in the critical regime (9.3.29). The
critical limits in (9.3.29) are also reported as dashed lines showing its accuracy for small nε. The
panel (c) shows the effective equipartition of entanglement for q & 1/ε (these crossover values are
reported as dashed vertical lines). The panel (d) shows Sn(q) as function of ω0 for different values
of q and n.

Another interesting feature of the symmetry resolved entropies for this complex harmonic chain
is an effective equipartition in two limits. The first one is the limit of large q. Indeed, in (9.3.26) the
entire q-dependence is encoded in the function Φq(e

−nε). Looking at (9.3.24), it should be clear that
all the terms with qnε� 1 are exponentially suppressed. Practically, the total sum is more or less
the same for all q such that nεq & 1 (from (9.3.14) this is equivalent to nqπ2 & log ξ in the critical
region). Hence, there is an effective equipartition among all q & 1/(nε). Actually, since the only
physical values of q are the integers, this fact implies that there is an almost exact equipartition
(with the exception of Sn(0)) of the entropy if nε & 1, which corresponds to ω0 & 10−4 (for n = 1).
In panel (c) we report the von Neumann entropies S1(q) for several values of ω0, showing that, as q
becomes large enough, the entropies Sn(q) do not depend on q anymore. We also explicitly report
the (approximate) crossover values for q ∼ 1/ε (as function of ω0 is given by (9.3.1)), showing
that it correctly captures the change of behaviour. Finally, we have effective equipartition also in
the critical regime, but in this case also for small q. In fact, (9.3.29) shows that the q-dependent
term is proportional to ε2, while the leading term of Sn(q) (say for q = 0) diverges as ε−1. Thus
the q-dependence is suppressed as ε3 and there is an effective equipartition. Even if for large q,
the expansion (9.3.29) breaks down, we do not expect that Sn(q) − Sn(0) becomes of the order
Sn(0) and so there is an effective equipartition for all q: the numerical analysis of (9.3.26) seems to
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Figure 9.3: Numerical results for the charged moments for an interval of length ` embedded in
the infinite harmonic chain. We report the real (left) and the imaginary (right) parts of Fn(α)
as a function of the subsystem length `, for different values of n = 1, 2, 3 and fixed ω0 = 0.1.
The numerical data for an interval of length ` (divided by 2) are compared to the analytic CTM
prediction (9.3.5): as ` is moderately large, the agreement is perfect. The charged moments are
just logZn(α) = 2Re[Fn(α)].

confirm this expectation. The effective equipartition in the critical limit is in agreement with the
results for the massive complex scalar field theory in Sec. 8.5.1 (although, as discussed just below
(9.3.28), the critical limit considered there is different from the one here). The functional form of
the leading q-dependent term in (9.3.29) is reminiscent of the one found for free fermions [251].

9.3.4 Numerical checks

In this subsection we test the validity of the results in the previous ones against exact numerical
computations.

The numerical data for Fn(α), obtained from (8.5.34) for an interval of length `, should converge
to the double (because of the two end-points) of the CTM prediction for the semi-infinite line (with
one-endpoint) as soon as ` becomes larger than the correlation length ξ. In Figure 9.3 we report
the numerical data for (half of) the real and the imaginary parts of Fn(α) for different values
of n and α. We have set ω0 = 0.1, so that after a short crossover in `, the data saturate. The
CTM prediction (9.3.5) is also reported for comparison, showing that the analytical result perfectly
describes the saturation values. The charged moments for the complex harmonic chain are just
logZn(α) = 2Re[Fn(α)] both for numerics and analytics and so Figure 9.3 is a direct test also for
them.

We now take the Fourier transform of the numerical data for Zn(α) to test the validity and the
accuracy of the CTM predictions for the symmetry resolved moments and entropies. In Figure
9.4 we report the (square roots of the) numerically calculated symmetry resolved partition sums
Zn(q). We compare the data for n = 1, 2, 3 with the CTM prediction (9.3.23). The latter perfectly
captures the q-dependence, as shown in the panel (a), and gives the value at which the data saturate
when studied as functions of `, panel (b). Finally, in Figure 9.5 we report the symmetry resolved
entropies for several values of q, n, ω0. For large `, the numerical data converge to (twice) the CTM
predictions in Eqs. (9.3.26) and (9.3.27). Notice that for the larger values of ω0 the saturation
values do not depend on q because of the effective equipartition, but for smaller ω0 they clearly do.
As ω0 becomes much smaller (such that ε ∼ 0.1), we expect again effective equipartition, although
we do not report such data here because they require very large `.
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Figure 9.4: Numerical results for the symmetry resolved moments for the complex harmonic chain.
(a): (Square root of the) symmetry resolved partition sums Zn(q) as function of q. The numerical
data for n = 1, 2, 3 are compared with the CTM prediction (9.3.23) for two values of ω0. (b): The
same quantity is plotted against the subsystem size ` for different values of q = 20, 40 and fixed
ω0 = 0.1, showing the convergence towards the CTM prediction (9.3.23) for n = 1, 2, 3.
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Figure 9.5: Numerical results for the symmetry resolved entropies for the complex harmonic chain.
The numerical data for q = 1, 2, n = 1, 2 and ω0 = 0.1 and 0.01 are compared with the CTM
predictions (9.3.26) and (9.3.27), to which they clearly approach. Notice that the convergence is
slower for smaller ω0. For ω0 = 0.1 we have an approximate equipartition, but this is not the case
for ω0 = 0.01.

9.4 Gapped XXZ spin-chain

In this section we study the symmetry resolved entanglement in the anisotropic Heisenberg model
in the gapped antiferromagnetic regime using the CTM approach. The resolved moments are com-
puted starting from the explicit expressions for the eigenvalues of the RDM and their degeneracies.
Then the symmetry resolved entropies are deduced and their critical regime is investigated. The
discrete Fourier transform of the resolved moments allows to compute the charged moments and
to discuss their behaviour in the critical regime.
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9.4.1 Symmetry resolved moments and entropies

The Hamiltonian of the anisotropic Heisenberg model (also known as XXZ chain) is

ĤXXZ =
∑

j

[
σ̂xj σ̂

x
j+1 + σ̂yj σ̂

y
j+1 + ∆σ̂zj σ̂

z
j+1

]
, (9.4.1)

where σ̂i, i = x, y, z are the Pauli matrices. The model has a conformal quantum critical point
for ∆ = 1, it is gapless when |∆| ≤ 1 and gapped when |∆| > 1. We consider this model in the
antiferromagnetic gapped regime with ∆ > 1.

The XXZ chain is solvable by Bethe Ansatz techniques; unfortunately this framework is not
very effective to study the entanglement properties both in the coordinate [231] and in the algebraic
[202, 461–468] approach. On the other hand, the CTM solution for the XXZ chain is a powerful
tool to compute the entanglement entropies; in this approach, the reduced density matrix is related
to the partition function of the six-vertex model on a strip with a cut. In Ref. [262] ĤCTM has
been found to be of the form (9.2.3) with

εj = 2εj, ε = arccosh∆, (9.4.2)

and nj being some fermionic number operators. Since in the thermodynamic limit, the ground-
state of the gapped XXZ spin-chain is doubly degenerate we should clarify which state we are going
to deal with in this section. The entanglement Hamiltonian (9.2.3) together with (9.4.2) selects
by construction the ground state that does not break the inversion symmetry, i.e. the one that in
the limit of large ∆ is (|N1〉+ |N2〉)/

√
2 where |Ni〉 are the two possible Néel states. However, we

prefer to work with the more physical symmetry breaking state |Ni〉. In CTM approach this can
be constructed with an entanglement Hamiltonian of the form (9.2.3) where the sum over j starts
from 1 rather than 0, i.e.

ĤCTM =

∞∑

j=1

εjn̂j , εj = 2εj, ε = arccosh∆. (9.4.3)

In the remaining part of this section we always focus on the symmetry breaking ground state with
the above ĤCTM. If one is interested into the other state, analogous results may easily be derived.

The entanglement spectrum is obtained by filling in all the possible ways the single particle
levels in (9.4.3) (i.e. setting all nj equal either to 0 or 1). The resulting levels are equally spaced
with spacing 2ε and highly degenerate. The degeneracy of the level 2εs, with s =

∑
j j (see (9.4.2))

is Dh(s), the number of partitions of s into smaller non-repeated integers (including zero) 1.
We want to characterise how the entanglement of the semi-infinite line A with respect to its

complement splits into the different sectors with fixed magnetisation Ŝz ≡
∑

j σ̂
z
j /2. We indicate

with q the possible values, in the subsystem A, of the difference of the magnetisation with respect to
the antiferromagnetic Néel state chosen as a reference configuration. Such variable q is quantised in
terms of integer numbers (each spin flip leads to a change of magnetisation of ±1), i.e. q ∈ Z. With
a slight abuse of language, we will refer to q as the magnetisation, although it is a magnetisation
difference. To derive the symmetry resolved entanglement, we first write Zn(q), defined in (8.1.2),
as

Zn(q) =
∑

s∈Sq

λns , (9.4.4)

1We use the subscript ”h” for the degeneracy and for some of the quantities we are going to introduce in order
to stress that we are considering half of the infinite chain as subsystem. This notation will be particularly useful in
the next section.
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where λs are the eigenvalues of the RDM and the sum is restricted to the levels with fixed value
of q. Using (9.2.2) and the explicit expression of the entanglement spectrum from (9.4.3), we can
write

Zn(q) =

∑

s

Fh(q, s)e−2nεs

(∑

s

Dh(s)e−2εs
)n , (9.4.5)

where Fh(q, s) is the number of eigenvalues at level s with magnetisation q. The degeneracies
Fh(q, s) have been studied in Ref. [263] with a combination of perturbation theory and integrability

arguments. The final result for the bipartition of our interest is Fh(q, s) = Ph( s−mh(q)
2 ) [263], with

Ph(n) the number of integer partitions of n and mh(q) = q(2q−1). Using this result and changing
variable in the sum of the numerator in (9.4.5) as (s−mh(q))/2→ s, we obtain

Zn(q) = e−2nεq(2q−1)

∑

s

Ph(s)e−4nεs

(∑

s

Dh(s)e−2εs
)n , (9.4.6)

where we have also exploited that Ph(n) is non vanishing only if n is a positive integer.
Setting x = e−4nε and y = e−2ε, the two sums in (9.4.6) can be conveniently rewritten in terms

of generating functions

∑

s=0

Ph(s)xs =

∞∏

k=1

1

1− xk ,
∑

s=0

Dh(s)ys =

∞∏

k=1

(1 + yk). (9.4.7)

and Zn(q) can be expressed in terms of elliptic theta functions as

Zn(q) =
2

1+n
3 [κ(e−ε)]

n
12 e−4nε(q− 1

4
)2

[κ(e−2εn)κ′(e−2εn)]
1
6

{
[κ′(e−ε)]−

2
3 − [κ′(e−ε)]

4
3

}n
8
θ3 (0|e−2εn)

, (9.4.8)

where

θ3(z|u) =
∞∑

k=−∞
uk

2
e2ikz , κ′(u) =

θ2
4(0|u)

θ2
3(0|u)

, κ′(u) =
√

1− κ′(u)2 (9.4.9)

and θ4(z|u) is defined in (9.3.7). We remark that Z1(q) is normalised to one, i.e.
∑

q∈ZZ1(q) = 1,
as it should be from the definition (9.4.4). This is consistent with the interpretation of Z1(q)
as a probability, see Section 8.2. Notice that q = 1/4 is exactly the mean magnetisation of the
subsystem in the critical limit ε→ 0, as we can check by computing q̄ =

∫
dqqZ1(q), since we are

dealing with the symmetry breaking ground state. Notice that the dependence on q in (9.4.8) is
entirely encoded in the Gaussian factor and it is symmetric for q → 1/2− q. Moreover, exploiting
the asymptotic behaviours of the elliptic functions (9.4.1) [469], we have that in the critical regime
Zn(q) becomes

Zn(q) '
√

21+nεn

π
e−

π2

24ε(n−
1
n)e−4nε(q− 1

4
)2 , (9.4.10)

where we keep the Gaussian factor in order to have a meaningful result. Once the resolved moments
Zn(q) have been worked out, the symmetry resolved entropies follow straightforwardly

Sn(q) =
1

1− n
∞∑

k=1

[
n log

(
1− e−4εk

)
− log

(
1− e−4nεk

)]
, (9.4.11)
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and, taking the limit n→ 1,

S1(q) =

∞∑

k=1

[
4εk

e4εk − 1
− log

(
1− e−4εk

)]
. (9.4.12)

Notice that as ∆ � 1, Sn(q) → 0 (see also Figure 9.6), since in this limit the selected antiferro-
magnetic ground state is a product state. If we would have considered the non-symmetry breaking
ground state (|N1〉 + |N2〉)/

√
2, ∆ � 1 we would have found Sn(q) → log 2, as for the total

entropy [9, 436, 453]. We stress that although there is entanglement equipartition, the functions
Sn(q) are not equal to the total entropies Sn because there is a non-vanishing fluctuation term like
in (1.2.28) for n = 1.

Remarkably, the expressions (9.4.11) and (9.4.12) for the symmetry resolved Rényi and von
Neumann entanglement entropies do not depend on q for any value of n, i.e. they exactly satisfy
the equipartition of entanglement for any value of ∆. In the critical case, only the leading terms
satisfy such equipartition [97,251].

The relation between the correlation length of the model and ε, in the critical regime ξ � 1,
is [259]

log ξ ' π2

2ε
+O(ε0) , (9.4.13)

which combined with Eqs. (9.4.10) provides the expansions of the symmetry resolved entropies in
the critical regime

Sn(q) =
1

12

(
1 +

1

n

)
log ξ − 1

2
log

(
log ξ

π

)
+

1

2
log 2 +

log n

2(1− n)
,

S1(q) =
1

6
log ξ − 1

2
log

(
log ξ

π

)
+

log 2− 1

2
.

(9.4.14)

We notice that the term −1
2 − 1

2 log(log ξ/π) appearing in S1(q) in (9.4.14) is canceled exactly
by the fluctuation entanglement entropy once we consider the total von Neumann entanglement
entropy. Indeed, using that the probability is p(q) = Z1(q), we write the fluctuation entropy as
−
∫
dqZ1(q) logZ1(q). Using (9.4.8), computing the gaussian integral in q and then taking the

critical limit, we find

−
∫ ∞

−∞
dqZ1(q) logZ1(q) =

1

2
+

1

2
log(log ξ/π), (9.4.15)

which exactly cancels the contribution from the configurational entropy. This is in complete
analogy with what has been found for critical systems for the log log ` term [251].

As stressed in Sec. 9.3.3 for the harmonic chain, one can check that known total entanglement
entropy found in [9, 453] for the symmetry breaking ground state can be recovered from (1.2.28)
using the total von Neumann entanglement entropy from S1(q) in (9.4.12) and Z1(q) = p(q) in
(9.4.8).

In Figure 9.6 we report symmetry resolved moments and entropies. The possible values of q
are just integers, but since Zn(q) becomes quickly small as q increases, we consider arbitrary real
values. As anticipated, Zn(q) has a peak at q = 1/4 and shows a clear Gaussian shape for all ∆.
The exact result (9.4.8) is well approximated by its critical limit (9.4.10) for ∆ close to 1, but the
approach is not uniform and it is worse for larger q (as well as larger n). Clearly, the maximum
of Zn(q) is a decreasing function of n. In the last panel of Figure 9.6, we report the symmetry
resolved entropies as functions of ∆ (as we stressed because of equipartition, they do not depend
on q). Notice that the window of ∆ for which the critical limit of Sn(q) in (9.4.14) is a good
approximation of the exact expression (9.4.11) is wider for smaller values of q.
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Figure 9.6: Magnetisation resolved moments and entropies for the XXZ spin-chain. The left panel
shows the results for Zn(q), Eq. (9.4.8), against q for different values of n = 1, 2, 3 and ∆ = 1.1, 3.
In the middle panel, we report again Zn(q) at fixed q and as function of ∆ (full lines). As a
comparison, we also report the asymptotic expansion (9.4.10) for ∆ close to 1 (dashed lines). In
the right panel, we report Sn(q) and its critical limit, respectively Eq. (9.4.11) and Eq. (9.4.14), as
function of ∆ for n = 1, 2, 3. We recall that Sn(q) does not depend on q because of entanglement
equipartition.

9.4.2 Charged moments via Fourier series

The charged moments are obtained from the resolved ones Zn(q) by inverting the formula (8.1.2),
i.e.

Zn(α) =
∞∑

q=−∞
Zn(q)eiqα. (9.4.16)

Plugging in the above equation the result for Zn(q) in (9.4.8) and using the definitions in (9.4.1),
we obtain

Zn(α) =
2

1+n
3 e−

n
4
ε [κ(e−ε)]

n
12

[κ(e−2εn)κ′(e−2εn)]
1
6

{
[κ′(e−ε)]−

2
3 − [κ′(e−ε)]

4
3

}n
8

θ3(α2 − inε | e−4εn)

θ3 (e−2εn)
. (9.4.17)

Setting α = 0 and exploiting the infinite product representations of the elliptic theta function [460],
we get

Zn(0) =

∞∏

k=1

(
1 + e−2εnk

)

∞∏

k=1

(
1 + e−2εk

)n , (9.4.18)

as found in [9]. The charged moment Zn(α) in the critical regime is obtained using the asymptotic
expansions of the elliptic functions [469], finding

Zn(α) ' 2−
1−n
2 e−

π2

24ε(n−
1
n)e−

α2

16nε
+iα

4 . (9.4.19)

Taking the logarithm of Zn(α) and using (9.4.13) we have

logZn(α) '
[

1

12

(
1

n
− n

)
− α2

8π2n

]
log ξ + i

α

4
− (1− n)

log 2

2
. (9.4.20)

Here, the linear term in α is just the mean magnetisation in A, q̄ = 1/4.
We find it worth comparing this finding with the results obtained in a field theoretical setting

in Sec. 8.3.2. The continuum limit of the XXZ chain in the gapless phase is described by the
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Figure 9.7: Charged moments for the XXZ spin chain. Top and Bottom plots correspond to real
and imaginary parts respectively. In the left panels, the plots are against α for different values of
∆, while in the right panels are against ∆ at fixed α. The dashed lines are the expansions close
to the critical points (Eq. (9.4.19)) that are approached only for ∆ very close to 1.

critical compact boson (aka, Luttinger liquid), where the parameter ∆ is related to the Luttinger
parameter K. Consistently, we find that the leading term in (9.4.20) is equal to the one in (8.3.16)
for K = 1

2 , which is the Luttinger parameter at ∆ = 1, and ξ → 1/(mεn,α).

Moreover, for the symmetry resolved entropies, the CFT result for the compact boson is Sn(q)−
Sn = −1

2 log((2K/π) log `) + O(`0) [96, 97], which is the same as in (9.4.14) with the replacement
`→ ξ and with K = 1/2.

In Figure 9.7 we report the plots of the charged moments as functions of α and ∆. Also in
this case, the approach to the critical regime is not uniform and it is faster for α closer to 0 (and
n close to 1). This is very different compared to what we have seen in the previous section for
the harmonic chain for which the limit α→ 0 is singular. This is a further confirmation that the
anomalous behaviour of the harmonic chain is due to its non-compact nature of the continuum
limit.

9.5 Full counting statistics in the gapped XXZ spin chain

The process of measurement in quantum mechanics is intrinsically probabilistic: the measure of a
given observable generically provides different outcomes in identically prepared systems. Hence,
the probability distribution (PDF) of an observable is a natural quantity to consider in any quan-
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Figure 9.8: Entanglement spectra of the gapped XXZ spin chain in the three configurations we
consider here. Left: Semi-infinite line. Center: A block of ` contiguous spins with ` even. Right:
A block with ` odd. We report the logarithm of the eigenvalues of the reduced density matrix ε
in units of 2ε, with ε = arccosh∆, as function of δSz` (see (9.5.1)). Each tilted square signals the
presence of an eigenvalue with degeneracy given by the nearby number. The dashed-red parabolas
are envelopes of the location of the largest eigenvalue of the RDM at fixed δSz` . Notice that in the
left and in the center, the towers of degeneracies are independent of δSz` . Conversely, on the right,
i.e. for odd blocks, there are two towers depending on the parity of δSz` .

tum mechanical system and provides much more information than the average value of the same
observable. In many-body systems, these PDFs, or equivalently their full counting statistics (FCS),
have been the subject of intensive investigations since many years with a focus mainly on local
observables (i.e. defined in a given point or lattice site) or global ones (i.e. extensive quantities
involving the entire system). Only in recent time, the attention shifted to observables with support
on a finite, but large, subsystem embedded in a thermodynamic one, partially motivated by cold
atomic experiments [470–475] and by the connection with the entanglement entropy of the same
subsystem [476–485]. In spite of a large recent literature on the subject [486–511], results based on
integrability for one-dimensional exactly solvable interacting models are still scarse (see [499,500]).

The full counting statistics (FCS) of a conserved charge within an extended subsystem is
strictly related to the charged moments introduced in (8.1.1) in order to study the symmetry
resolved entanglement entropies. Thus, it is natural to adapt the techinques developed in the
previous sections of this chapter to the computation of the FCS. In this section, we provide an
explicit exact calculation for the PDF and for the FCS of the total transverse magnetisation within
an extended subsystem in an infinite XXZ spin chain. As a byproduct, we also derive some results
for the symmetry resolved entanglement of blocks made by a finite number of spins.

9.5.1 Full counting statistics

We consider the ground state of the XXZ spin chain defined by the Hamiltonian (9.4.1) and
we focus on the antiferromagnetic gapped regime with ∆ > 1. As discussed in Sec. 9.4.1, the
total transverse magnetisation (

∑
j σ̂

z
j /2) is conserved and therefore the reduced density matrix

ρ̂` of the subsystem made by ` contiguous spins can be organised in blocks of fixed magnetisation
(quantised in terms of integers or half-integers up to `/2 depending on the parity of `). This
property allows to compute the FCS directly from the entanglement spectrum, as explained in the
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following subsections.
As already done in Sec. 9.4, in order to work with an observable with integer eigenvalues for

any `, it is convenient to focus on the difference of the block magnetisation with respect to the
Néel state, denoted here by

δŜz` ≡
∑̀

j=1

( σ̂zj
2
− (−1)j

2

)
. (9.5.1)

The probability of a measurement of the subsystem magnetisation with outcome δSz` = q is just
the trace of the block of ρ` in the sector with δSz = q, i.e.

p(q) = Trρ̂`Πq =
∑

s∈Sq

λs , (9.5.2)

where Πq is the projector on the sector of magnetisation δŜz = q, λs are the eigenvalues of ρ`,
and Sq stands for all the eigenvalues in that magnetisation sector (notice that

∑
q p(q) = Trρ` = 1

by construction). Let us remark that the probability in (9.5.2) is the same quantity introduced in
(8.1.3). The FCS generating function is defined as

G(λ) ≡ Trρ̂`e
iλδŜz` =

∑

q

p(q)eiqλ; (9.5.3)

its derivatives in λ = 0 provide the moments of the observables δSz` . Hence the exact knowledge of
the entanglement spectrum also provides the FCS of the total transverse magnetisation (in general
it provides the FCS of any conserved charge). As discussed in Sec. 9.4, for the ground state of the
XXZ spin chain in the gapped regime, the entanglement spectrum has been obtained in Ref. [263].
We exploit its knowledge here to reconstruct the PDF and the FCS of the subsystem magnetisation
also when the block ` is made by a finite number of sites.

Let us stress that the FCS in (9.5.3) coincides with the charged moment in (9.4.16) evaluated
for n = 1 after the renaming of the variable α → λ. This makes evident the connection between
the FCS and the symmetry resolved entanglement.

9.5.2 Entanglement spectrum of blocks with odd and even number of sites

As done in Sec. 9.4.1, in the following we consider an infinite XXZ chain in the symmetry broken
ground state, i.e. the one that for large ∆ converges to the Néel state. This state is doubly
degenerate, so there are two equivalent states which are mapped into each other by the translation
of one site. As already discussed in Sec. 9.4.1, when the subsystem is half of the chain, the result for
the degeneracy of the eigenvalues of ρ̂` with δSz` = q at level s is given by Fh(q, s) = Ph( s−mh(q)

2 )
[263], with Ph(n) the number of integer partitions 2 of n and mh(q) = q(2q + 1) (the other
degenerate state –sometimes called Antineel for ∆→∞– is obtained by sending q → −q with the
net effect of having mh(q) = q(2q − 1)). The first panel of Fig. 9.8 reports the structure of the
entanglement spectrum of a semi-infinite subsystem based on this result. Exploting (9.4.8) with
n = 1 and (8.1.3), we obtain p(q) defined in (9.5.2) when the subsystem is half of the inifinite
chain. It reads

ph(q) =
e−2εq(2q+1)

θ3 (iε|e−4ε)
(9.5.4)

where ε is given by (9.4.2) and θ3 is defined in (9.4.1). The subscript h has been introduced just
to stress that the result (9.5.4) holds for the case of semi-infinite subsystem, in contrast with the
results reported in the following subsections for finite blocks.

2 We use the convention that Ph(x) = 0 for negative integers and half-integers.
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Now, still following the approach of Ref. [263], we explain how to use these results to obtain the
entanglement spectrum of a finite large interval. As long as ` is larger than the correlation length,
the reduced density matrix ρ` of a single interval with two boundaries factorises into ρL⊗ρR, where
ρL/R are the reduced density matrices for the semi-infinite lines having the left/right end-point of
the interval. The combination of these two spectra into a single one is graphically reported in Fig.
9.8. We show both cases for even and odd subsystems (center and right respectively).

For an even subsystem we should combine two different spectramL(x) = x(2x+1) andmR(x) =
x(2x−1) from left and right. Conversely, for odd blocks, the left and the right spectra to combine
are equal, e.g. mL(x) = mR(x) = x(2x+ 1). The final results for the degeneracies are reported in
the figure. In the even case, we have that the degeneracy at fixed q at level s can be written as
Fe(q, s) = Pe(

s−me(q)
2 ) with me(q) = q2 and Pe generated by

∑

s=0

Pe(s)x
s =

∏

k≥1

(1 + xk)2

1− xk , (9.5.5)

leading to the generating function for the total degeneracy De(s) of level s

∑

s=0

De(s)x
s =

∏

k≥1

(1 + xk)2. (9.5.6)

Notice that, while the generating function for De(s) is the square of the one for Dh(s) reported in
(9.4.7), the same is not true for Pe and Ph

3.
For odd blocks, it is more complicated to combine the two spectra for even and odd q. The

degeneracies of both sectors have the generating function

∑

s=0

Pb
o (s)xs =

∏

k≥1

(1− x2k)3

(1− xk)2(1− x4k)2
, (9.5.7)

where even (odd) powers of x correspond to even (odd) values of q. However, a single generating
function for different q is not a too useful tool to write symmetry resolved quantities. Exploiting
some identities of elliptic theta functions θ2,3, we can extract the even and the odd part of (9.5.7)
we are interested in. After some algebra we get (for x > 0)

∑

s=0

Po(s, q)xs =
(θ2(0|x4))

1−(−1)q

2 (θ3(0|x4))
1+(−1)q

2∏
k≥1(1 + x2k)(1− (−x)k)(1− xk) , (9.5.8)

which does depend on the parity of q. For the sake of completeness, let us remind the definition
of the elliptic function θ2 given by

θ2(z|u) =

∞∑

k=−∞
u(k+ 1

2)
2

ei(2k+1)z . (9.5.9)

Hence, from (9.5.8), the degeneracy of the level s with fixed q is

Fo(q, s) = Po(s−mo(q), q), (9.5.10)

with mo(q) = q2 − q. Indeed mo(q) and mo(q) + 1 are the two parabolas in Fig. 9.8, envelopes of
the largest eigenvalues of the RDM for even and odd q respectively. The generating function for
the total degeneracy Do(s) of level s is the same as De(s) in (9.5.6).

3 Again we employ the convention Pe(x) = 0 for negative numbers and for half-integers.
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Figure 9.9: Full counting statistics generating functions G(λ) for the gapped XXZ spin chain for
three values of ∆. The left (right) panel is the real (imaginary) part of G(λ). The symbols are
the iTEBD data that perfectly match the superimposed analytic predictions (full lines for odd `
and dashed for even `). The data are for infinite chains and subsystems equal to ` = 200 (circles)
or 201 (squares). Notice that the real parts for even and odd q are qualitatively similar, but
quantitatively different.

9.5.3 Full counting statistics: even number of sites

The easiest way to get the PDF pe(q) for the interval is to combine the PDFs at the right and left
boundary as

pe(q) =
∞∑

q1=−∞
pL(q1)pR(q − q1) =

∞∑

q1=−∞
ph(q1)ph(q1 − q), (9.5.11)

where we used that the PDF at the two boundaries are pL(q) = ph(q1) and pR(q) = ph(−q) with
ph given by (9.5.4). The sum is easily rewritten as

pe(q) =
e−2ε(q2−1/4)

[θ3 (iε|e−4ε)]2

∞∑

q1=−∞
e−2ε(2q1+q+1/2)2 . (9.5.12)

The remaining sum over q1 does not depend on q, for integer q. Hence the PDF is Gaussian

pe(q) =
e−2q2ε

θ3(0|e−2ε)
, (9.5.13)

where θ3 is defined in (9.4.1). The FCS is the Fourier series (9.4.16) which immediately leads to

Ge(λ) =
θ3

(
λ
2 |e−2ε

)

θ3(0|e−2ε)
. (9.5.14)

Notice that this is real and even in λ. As a cross check, the same result is re-obtained by directly
summing over the eigenvalues of the RDM with the degeneracies reported in Fig. 9.8 (to perform
the sum, one exploits (9.5.5) the product representation of the θ3 function).

The FCS generating function is directly measured in iTEBD simulations [512], as explained in
details, e.g., in Refs. [496, 508]. The results in the thermodynamic limit for three values of ∆ > 1
and for ` = 200 are shown in Figure 9.9. The agreement is always excellent (data and predictions
are superimposed) for all considered values of ∆. We mention that as ∆ gets close to 1, one should
consider much larger values of ` to reach such good agreement due to the diverging correlation
length at the isotropic point.
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9.5.4 Full counting statistics: odd number of sites

Also for this case, the PDF can be obtained combining two single-boundary ones as

po(q) =
∞∑

q1=−∞
pL(q1)pR(q − q1) =

∞∑

q1=−∞
ph(q1)ph(q − q1), (9.5.15)

where we used that the PDF at the two boundaries are the same and given by (9.5.4). Again, the
sum is easily rewritten as

po(q) =
e−2ε(q2−q)∑∞

q1=−∞ e
−2ε(2q1−q)2

[θ3 (iε|e−4ε)]2
. (9.5.16)

However, this time the remaining sum does depend on the parity of q. Performing this sum, the
PDF is

po(q) = Noe
−2ε(q2−q) ×

{
θ3(0|e−8ε) , q even,

θ2(0|e−8ε) , q odd,
(9.5.17)

with No easily obtained from the normalisation and θ3 and θ2 given by (9.4.1) and (9.5.9) respec-
tively.

The FCS is the Fourier series (9.4.16) which, after some manipulations using the properties of
elliptic functions, leads to

Go(λ) =

(
θ3

(
iε− λ

2 |e−4ε
)

θ3(iε|e−4ε)

)2

. (9.5.18)

Notice that this FCS has a non-vanishing and non-trivial imaginary part, but satisfy Go(λ)∗ =
Go(−λ). Again, as a cross check, this result is re-obtained by directly summing over the eigenvalues
of the RDM with the degeneracies reported in Fig. 9.8.

Also for odd `, the analytical prediction (9.5.18) is tested against iTEBD simulations in Figure
9.9. In these simulations, we measure the FCS of the operator Sz` and not δSz` ; hence the numer-
ical data have been divided by eiλ/2. After this normalisation, the agreement between data and
prediction is extremely good in all considered cases.

9.5.5 Byproduct: symmetry resolved entropies

In order to further highlight the relation between the FCS and the symmetry resolved entangle-
ment, in this subsection we compute the symmetry resolved entanglement entropies for subsystems
made by a finite number of sites. The symmetry resolution of the entanglement spectrum reported
in Figure 9.8 allows us to access the symmetry resolved moments (8.1.2) as

Zn(q) ≡
∑

s∈Sq

λns =

∑
j Fα(q, s)e−2nεs

(∑
j Dα(s)e−2εs

)n , (9.5.19)

where α ∈ {h, e, o} and Fα(q, s) and Dα(s) are respectively the degeneracies of the s-th eigenvalue
for fixed q and total for the three cases of interest (whose generating functions have been reported
in Sec. 9.5.2). In the definition of symmetry resolved entropies given by (8.1.4) only the ratio
Zn(q)/Zn1 (q) matters and therefore the dependence on Dα(s) cancels leading to

Zn(q)

Zn1 (q)
=

∑
sFα(q, s)e−2nεs

(∑
sFα(q, s)e−2εs

)n =

∑
s Pα(s)e−2anεs

(∑
s Pα(s)e−2aεs

)n , (9.5.20)
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where α ∈ {h, e, o} and in the last equality we used Fα(q, s) = Pα( s−mα(q)
a ) (with a = 2 for semi-

infinite and even `, while a = 1 for odd `) and shifted the sum as (s−mα(q))/a→ s (notice that
the actual value of mα(q) is unessential).

Combining (9.5.20) with α = h and (9.4.7), we recover the symmetry resolved entropies for the
semi-infinite line given by (9.4.11).

Now we derive the entropies for a finite interval of both even and odd length. For even `, the
two sums in (9.5.20) with α = e can be rewritten in terms of generating functions (9.5.5) (with
x = e−4nε), obtaining

Se
n(q) =

∞∑

k=1

[
ln

(1 + e−4nεk)2

1− e−4nεk
− n ln

(1 + e−4εk)2

1− e−4εk

]

1− n . (9.5.21)

Very importantly, the symmetry resolved entropies are not the double of the single resolved en-
tropies (9.4.11) for the half line as it is the case for the total one (mathematically this is a conse-
quence of the relation between the generating function for De(s) and Dh(s), but not for Pe and
Ph). Also, these symmetry resolved entanglement entropies are independent of q and hence satisfy
the equipartition of entanglement [97] exactly.

In the very same fashion, we can repeat the calculation for odd `, setting α = o in (9.5.20) and
obtaining the more cumbersome expression

So
n(q) =

1

1− n

[ ∞∑

k=1

(
n ln(1 + e−4εk)(1− e−2εk)(1− (−)ke−2εk)

− ln(1 + e−4εnk)(1− e−2εnk)(1− (−)ke−2εnk)

)

+
1 + (−)q

2
(ln θ3(e−8εn)− n ln θ3(e−8ε) +

1− (−)q

2
(ln θ2(e−8εn)− n ln θ2(e−8ε)

]
, (9.5.22)

with θ3 and θ2 given by (9.4.1) and (9.5.9) respectively. Hence, for odd `, the symmetry resolved
entropies do depend on the parity of q and the equipartition of entanglement is explicitly broken.

We finally mention, as a highly non-trivial crosscheck, that it is possible, but cumbersome, to
sum over the various sectors q in order to recover the total entanglement through (1.2.28), both
for even and odd `.

9.6 Discussion

In this chapter we found exact results for the symmetry resolved entanglement entropies of half
line in infinite integrable systems in the gapped regime. We considered two models for which the
RDM (and therefore the entanglement spectrum) of the subsystem can be obtained through the
Baxter CTM. We also discuss the relation between the symmetry resolved entanglement entropies
and the full counting statistics obtaining, for the latter, exact results.

In Section 9.3 we considered the massive regime of the complex harmonic chain that has a U(1)
symmetry corresponding to the conservation of the electric charge. In order to obtain the symmetry
resolved entanglement entropies, we first computed the charged moments of the RDM in Eqs.
(9.3.3), (9.3.5), and (9.3.12). Then we computed the Fourier transform of the charged moments
and the symmetry resolved entanglement entropies (see Eqs. (9.3.26) and (9.3.27)). Interestingly
we found that there is no entanglement equipartition, i.e. the symmetry resolved entropies Sn(q)
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explicitly depend on q. However, entanglement equipartition is effectively recovered in two limits:
i) for large q, i.e. as soon as q becomes larger than the logarithm of the correlation length and ii)
in the critical region for nε � 1. All our analytical results have been checked numerically using
(8.5.32) and (8.5.34).

In Section 9.4 the symmetry resolved entanglement entropies have been computed for the XXZ
chain in the antiferromagnetic gapped regime (Eqs. (9.4.11) and (9.4.12)). Here, the conserved
U(1) symmetry corresponds to the rotations in the plane perpendicular to the anisotropy. Somehow
surprisingly, for this model, the symmetry resolved entropies exactly satisfy the equipartition of
entanglement for any anisotropy ∆ ≥ 1. We found this result very remarkable, although its physical
origin is not clear: it would be very interesting to establish a priori which properties guarantee an
exact equipartition of entanglement and how they are related to integrability. The computation has
been performed exploiting the explicit expressions of the elements of the entanglement spectrum
and the degeneracies of each level in a given magnetisation sector [263]. These results allow also to
find exact expressions for the FCS of the magnetisation within finite blocks of ` contiguous spins.
This is discussed in Sec. 9.5 and our main findings are reported in (9.5.14) and (9.5.18) for even
and odd values of ` respectively.

Let us conclude this chapter with some possible directions for future investigations motivated
by the results we have found. A first question to ask is what happens when integrability is
absent: while a general treatment seems impossible, the results for the entanglement spectrum in
Refs. [263,264] suggests that in some non-trivial regimes general results may be derived. Another
natural extension is to study symmetry resolved entanglement in higher dimension for which there
are only few works for free fermions [256, 257, 423]. The equations (8.5.32) and (8.5.34) pave the
way for general numerical studies in arbitrary dimension for bosonic systems as well, also in the
presence of a spherical constraint [513]. In some cases, also analytical results can be explicitly
worked out [423]. Finally, one expects that the symmetry resolved entanglement should help in
reconstructing the entanglement Hamiltonian, but it is still unclear how.





Conclusions

The goal of this thesis is to study the quantum circuit complexity of mixed states and some
aspects of entanglement in many-body quantum systems. The intertwinement between these two
topics can be explained as follows. Many entanglement quantifiers are defined for a certain spatial
bipartition A∪B and can be computed from the reduced density matrix of the subsystem A, which
characterises a mixed state. Thus, in order to determine the complexity between reduced density
matrices associated to the same subsystem (subsystem complexity CA), it is necessary to provide
a prescription for computing the complexity of mixed states. This is the content of the Part I
of this thesis, where we employ the Fisher information geometry [91–93, 125] of the covariance
matrices for providing the optimal circuit connecting two bosonic Gaussian mixed states with
vanishing first moments and its length, that we identify with the complexity of the circuit. These
two results are given in (2.2.20) and (2.2.24) respectively, providing an extension of the findings
obtained for pure states in [35,40]. Some applications are then discussed in the context of harmonic
lattices (or their one dimensional version given by the harmonic chain); among these, it is worth
mentioning the complexity between thermal states reported in (2.2.54), the subsystem complexity
(2.7.40), a precise prescription for computing spectrum and basis complexity explained in Sec. 2.3
and the temporal evolution of the subsystem complexity after a global and a local quantum quench
analysed in Secs. 3.4 and 3.5 and Sec. 4.4 respectively.

Throughout this part, in some interesting cases, we have compared the entanglement entropy
SA defined in (1.2.3) with the subsystem complexity CA in (2.7.40) obtained for the same subsystem.
At equilibrium, the major distinction between these two quantities occurs in the leading divergence:
while for SA it is determined by the volume of the boundary of A (this law is violated in a two-
dimensional conformal field theory in its ground state, e.g. when A is an interval and therefore the
boundary of A is made by two points [6, 8, 9]), for CA it grows like the volume of A, with a power
that depends on the choice of the cost function [79, 98]. This is shown, for instance, in (2.7.41)
when A is a block of consecutive sites in an infinite harmonic chain in its ground state (see also
Fig. 2.7).

A comparison between CA and SA, when A is a single block in harmonic chains out of equilib-
rium, has been made in chapters 3 and 4. In particular, these quantities have been considered after
a global quench in Secs. 3.4 and 3.5 and after a local quench in Sec. 4.4, finding that, in most cases
we have analysed, there are remarkable qualitative differences between the subsystem complexity
and the entropy. The only case when we have observed a strikingly similar qualitative behaviour is
provided by the local quench considered in chapter 4 when the joining point of the two harmonic
chains lies outside the subsystem. This can be observed, for instance, in (4.4.2) and (4.4.3) for SA
and CA respectively and, correspondingly, in the left panels of Figs. 4.5 and 4.6. The comparison
between entanglement entropy and subsystem complexity has been discussed also in various gravi-
tational backgrounds within the holographic correspondence [46,55,59,143–145,297,298,316,514].
It is important to further study CA and SA (or other entanglement measures computed for the
same spatial subsystem) in parallel in order to gain a deeper understanding of differences and
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similarities of these two quantities.

We find it worth remarking that intriguing qualitative similarities are observed between the
temporal evolution of the subsystem complexity of a block of consecutive sites in an infinite
harmonic chain after a global quench (see the black data points in the top panel of Fig. 3.14 and
in Fig. 3.16) and the holographic results obtained for the corresponding gravitational background
in [145, 316] (see also Fig. 1.5). Despite the results obtained for lattice models can be compared
only qualitatively with the holographic findings, it would be interesting to extend this analysis to
more complicated bipartitions and to other critical systems.

In Part II we focus on entanglement Hamiltonians and entanglement spectra in free lattice
models. In chapter 5 we have studied the continuum limit of the entanglement Hamiltonian of an
interval in massless harmonic chains in their ground states showing that, in order to recover the
result (1.2.13) from conformal field theory (CFT), also the long range couplings of the matrices M
and N in the lattice expression (1.2.17) have to be taken into account (see Fig. 5.5 and Fig. 5.11).
On the other hand, considering a harmonic chain far away from criticality as done in chapter 6, the
on-site and nearest-neighbour terms of M and N are found to be more and more dominant as the
mass increases, exhibiting triangular profiles that can be understood from the analytical results
for a half-infinite interval (see Fig. 6.3). Unfortunately, we are not able to obtain a well-defined
continuum limit of the entanglement Hamiltonian in the massive case exploiting the procedure
introduced in chapter 5. We argue this is due to the non-negligible contributions from the antidi-
agonals of M and N showed in Fig. 6.10. As for the gaps in the entanglement spectrum (1.2.18),
from a numerical analysis of free critical lattice models at equilibrium (Secs. 5.3.2 and 5.4.2) and
out of equilibrium (Secs. 7.3.2 and 7.4.2), the expected results (1.2.19) for the underlying BCFTs
have been recovered. Moreover, exploiting the quasi-particle picture [82], the formula (7.3.13) for
the temporal evolution of the contour for the entanglement entropies after a global quench has
been obtained and it has been checked against numerical computations on a free fermionic chain
(see Fig. 7.18).

Our analysis not only provides new insights about the entanglement properties of free models,
but also leads to a better understanding of the structure of the reduced density matrices, which
might turn out to be useful in the study of the quantum circuits connecting these particular mixed
states. An explicit example of interplay and cross-fertilisation between entanglement and complex-
ity is the following. As just remarked above, the subsystem complexity is obtained by connecting
two reduced density matrices through a quantum circuit. The entanglement Hamiltonians provide
an alternative way to characterise the reduced density matrices. Thus, it is natural to ask whether
we can consider quantum circuits that allow to construct a target entanglement Hamiltonian from
a reference one and compute their complexity. This idea has been implemented in Sec. 2.4 for the
entanglement Hamiltonians in harmonic lattices, where the optimal circuit and the corresponding
complexity have been found to be (2.4.4) and (2.4.5) respectively. Through this approach one can
hopefully exploit the results discussed in Sec. 1.2.2 and in the chapters 5, 6 and 7 to get more
insights about the subsystem complexity. On the other hand, the geometric approaches devel-
oped for studying the quantum circuits can surely shed new light on the structure of the set of
entanglement Hamiltonians, which, as stressed often in the previous sections, are objects typically
very hard to study. This is just an example of how the physics of the entanglement can improve
the understanding of the circuit complexity in many-body systems and viceversa. We hope in the
future to find further cases of this cross-fertilisation.

Finally, in Part III we have collected the results about the symmetry resolved entanglement,
focussing in particular on gapped systems. In chapter 8 we have considered the free massive Dirac
and complex scalar field theories and we have shown that, despite the presence of the mass, at
leading order both theories satisfy the equipartition of entanglement [97]. In chapter 9, exploiting
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CTM techniques [259, 262, 383], interesting exact results have been obtained for the symmetry
resolved entanglement entropies of half infinite subsystems in the complex harmonic chain (see
(9.3.26) and (9.3.27)) and in the XXZ spin chain (see (9.4.11) and (9.4.12)). Remarkably, while
for the spin chain we have found exact equipartition of entanglement, this is not the case for the
harmonic system where equipartition is effectively recovered only in some limits.

To the best of our knowledge, a proposal for the symmetry resolved complexity has not been
formulated yet. It would be very interesting to investigate this aspect in order to see if the interplay
between complexity and symmetries leads to features already observed for the entanglement, as
for instance some form of equipartition.

The study of the circuit complexity and the entanglement in many-body quantum systems
leaves open various interesting directions of research concerning relevant aspects and problems of
condensed matter theory and high energy physics.

As discussed in Sec. 1.2.3, the replica trick for the entanglement entropy provides a powerful
computational approach in quantum field theories that has been generalised to compute various
entanglement measures in several different systems. It would be very useful to have a counterpart
for the circuit complexity, but, currently, such a method is not available. Thus, it is of crucial
importance to pursue this line of research, developing new possible approaches or exploiting the
existing ones [60–76]. A similar technology in the context of CFTs would allow to understand in
a more systematic way whether the complexity is, as the entanglement is known to be, a good
diagnostic tool for detecting criticality in quantum systems. Furthermore, it would provide results
capable for a quantitative comparison with the holographic findings obtained through the proposals
(1.1.18) and (1.1.21).

A pivotal role in the study of the emergence of universal properties from lattice systems is
played by exactly solvable models, which, allowing for analytical solutions, are interesting “theo-
retical laboratories” for testing various physical aspects ranging from critical behaviours to out of
equilibrium dynamics. Well-known examples are the integrable systems which show a rich and fas-
cinating mathematical structure. The Bethe Ansatz techniques [515,516], successfully applied for
the computations of various observables in integrable models, have been also employed to study
the entanglement properties [202, 231, 461–468]. It would be intriguing to apply this formalism
in constructing quantum circuits connecting states of integrable systems and in evaluating their
complexity. It might be that the profound mathematical structure due to the integrability can
provide remarkable insights about the geometry of these quantum states.

Entanglement has found considerable applications in the context of tensor networks [517–519].
Indeed, the efficiency of numerical algorithms based on these techniques can be quantified by the
entanglement [520]. The Multi-scale Entanglement Renormalisation Ansatz is an example of tensor
network which is known to approximate accurately a CFT ground state [521,522]. These networks
are defined on a discretised version of hyperbolic spaces and therefore have been used to realise
various statements from holography [523, 524]. In [51] it has been observed that the CV proposal
(1.1.18) for the holographic complexity has a simple realisation through tensor networks and this
has led to further applications, as for instance the definition in this context of the holographic
subsystem complexity [64]. The approaches for the complexity based on tensor networks deserves
further studies. Indeed, these systems realise one of the most natural definition of complexity in
many-body systems and can be used to obtain insights about this quantity in continuum theories
[525,526]. Moreover, this would allow to keep on investigating the relation between entanglement
and subsystem complexity.

The capacity of entanglement of a given bipartition is the quantum information theoretic coun-
terpart of heat capacity and it is intimately related to the corresponding entanglement Hamilto-
nian, since it is defined as the variance of this operator. It would be interesting to study this
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quantity in various settings in order to understand whether it can detect physical features that
the entanglement entropy is not able to see [527–530].

Complexity and entanglement have been intensively studied also in the context of AdS/CFT
correspondence. The Ryu-Takayanagi formula (1.2.24) for the entanglement entropy is considered
one of the most important insights connecting quantum information theory and quantum gravity
and has inspired many subsequent results in holography, as for instance the proposals (1.1.18)
and (1.1.21) for the holographic complexity. Entanglement has been found to be an extraordinary
tool for studying some aspect of black holes. Among these, it is worth mentioning the relation
between black holes and quantum chaos [53,531,532], in turn connected with the chaotic dynamics
of the strongly coupled dual CFTs. Moreover, in this context, intriguing paradoxes have been
formulated [533, 534] and their discussion has led to deep insights for black hole physics, as for
instance the ER=EPR principle [535, 536] and the notion of firewall [537, 538]. One of the most
celebrated paradoxes is the information paradox, raised by Hawking in [539]. According to this, if
a pure state of matter collapses to form a black hole which evaporates through Hawking radiation,
the final quantum state appears to be mixed, breaking the unitarity of quantum gravity. To recover
the unitary evolution, Page proposed a mechanism which predicts that, after an initial growth, the
radiation entropy decreases to zero as the black hole evaporates [540]. Reproducing the Page curve
for a model of a black hole with radiation is a challenging task that has produced remarkable efforts
(see the reviews [541,542]). In the last years, many progresses in this direction have been obtained
exploiting a generalisation of the Ryu-Takayanagi formula, which includes quantum corrections,
that leads to the so-called island rule [543–549].

A further aspect of the AdS/CFT correspondence where entanglement has led to considerable
contributions is the emergence of spacetime [550]. The so-called bulk reconstruction program aims
to discover CFT operators representing bulk fields at all the points [551, 552]. Recently, in this
framework, a technique has been developed for constructing local bulk fields starting from the
knowledge of the entanglement Hamiltonian in the CFT at the boundary of the AdS space [553].
Possible new results might be obtained by applying in this framework the progresses concerning
the entanglement Hamiltonians in the context of many-body systems and, in particular, of CFT.

There is still a lot to understand about the interplay between quantum information theory and
gauge/gravity dualities. This topic deserves further investigations and important insights can be
achieved exploiting the great efforts done in literature on the application of quantum information
techniques to many-body quantum systems. Also other branches of information theory, rooted in
a more mathematical framework, can be helpful for this purpose. It is the case of the information
geometry [93,121], which has been recently applied in the study of the circuit complexity [98] and
of the AdS/CFT correspondence [554].
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Sono profondamente grato a Giuliana e Rocco, la mia famiglia, per tutto ciò che hanno fatto per
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Appendix A

Entanglement entropies and contour
functions in free systems on a lattice

In this appendix we report the main formulas which allow to compute the entanglement entropies
and the contour functions for the entanglement entropies in free lattice models.

If we consider a subsystem A made by L sites of a given lattice, the contour function for the

entanglement entropies s
(n)
A : A→ R has to satisfy the following properties

S
(n)
A =

L∑

i=1

s
(n)
A (i) s

(n)
A (i) > 0 . (A.0.1)

In Appendix A.1 we consider harmonic lattices, while in in Appendix A.2 we focus on free fermionic
lattices.

A.1 Harmonic lattices

The harmonic lattice made by N sites with nearest neighbour spring-like interaction is described
by the hamiltonian (2.2.1). If the whole lattice is in a Gaussian state (see Sec. 2.2.1) the key object
for computing the entanglement entropies is the 2L× 2L reduced covariance matrix γA defined as

γA =

(
QA MA

M t
A PA

)
. (A.1.1)

in terms of the correlators (QA)i,j = 〈q̂iq̂j〉, (PA)i,j = 〈p̂ip̂j〉 and (MA)i,j = Re
[
〈q̂ip̂j〉

]
, with

i, j ∈ A (see Appendix C for a review of the correlators of harmonic chains in some relevant
Gaussian states).

A very important tool employed to quantify the bipartite entanglement in harmonic lattices is
the Williamson’s theorem (see Sec. 2.2.3), which leads, for the reduced covariance matrix γA, to

γA = W tDW (A.1.2)

where D ≡ diag(σ1, . . . , σL) ⊕ diag(σ1, . . . , σL) and the diagonal matrix diag(σ1, . . . , σL) collects
the symplectic eigenvalues σk > 0 of γA.

The symplectic spectrum of γA provides the entanglement entropy SA and the Rényi entropies

S
(n)
A as follows [4, 5, 27,77,191,275–277,555]

SA =
L∑

k=1

s(σk) S
(n)
A =

L∑

k=1

sn(σk) (A.1.3)
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where s(y) and sn(y) are the analytic functions given by

s(y) ≡ (y + 1/2) log(y + 1/2)− (y − 1/2) log(y − 1/2) (A.1.4)

and

sn(y) ≡ 1

n− 1
log
[
(y + 1/2)n − (y − 1/2)n

]
. (A.1.5)

The parameter n is an integer n > 2. Performing an analytic continuation of this integer parameter,

the entanglement entropy SA can be obtained as S
(1)
A ≡ limn→1 S

(n)
A , that is the replica limit for

the entanglement entropy (see Sec. 1.2.1). The expressions (A.1.3) with (A.1.4) and (A.1.5) have
been employed to compute numerically the entanglement entropies in chapters 3 and 4 (in order
to compare SA with the corresponding subsystem complexity) and in chapters 6 and 7.

The symplectic spectrum of γA is obtained by diagonalising (iJγA)2. Indeed, by employing
that W is symplectic and that J tDrJ = Dr (J is the standard symplectic matrix (2.2.2)) for any
non negative integer r, it is not difficult to realise that

(iJγA)2 = W−1D2W . (A.1.6)

The contour for the entanglement entropies in harmonic lattices has been studied in [27,29,103]
(see also [28, 177, 556] for analyses of this quantity in other lattice models). The prescription we
have employed in this thesis has been proposed in [29] and it satisfies the two conditions in (A.0.1)
and a weakened version of other three conditions proposed in [28]. Another expression fulfilling
(A.0.1) has been suggested in [29], but the remaining three properties have not been proved for this
proposal. A third contour function has been considered in [27, 556]: it satisfies the first condition

in (A.0.1) but numerical violations of the positivity condition s
(n)
A (i) > 0 have been observed for

some configurations [29].

A contour function s
(n)
A (i) can be constructed by associating L real numbers pk(i) to every

symplectic eigenvalue σk, where 1 6 i, k 6 L. The function pk(i) is often called mode participation
function [27] and it fulfils the following conditions

L∑

i=1

pk(i) = 1 pk(i) > 0 . (A.1.7)

A mode participation function pk(i) allows to write the entanglement entropies (A.1.3) as in (A.0.1)
with

s
(n)
A (i) =

L∑

k=1

pk(i) sn(σk) (A.1.8)

being sn(y) the functions defined in (A.1.4) and (A.1.5) for n > 1. The contour function (A.1.8) is
not unique because any mode participation function fulfilling (A.1.7) provides a contour function
(A.1.8) that satisfies (A.0.1). Furthermore, any 2L × 2L orthogonal matrix O can be employed
to construct a mode participation function pk(i). In order to make contact with the reduced
covariance matrix γA, in [29] the Euler decomposition (see (2.2.16)) of the symplectic matrix W in
(A.1.2) has been employed to construct an orthogonal matrix K leading to a reasonable candidate

for the contour function s
(n)
A (i). This orthogonal matrix can be written in terms of W as follows

K ≡ (WW t)−1/2W = W (W tW )−1/2. (A.1.9)

Partitioning this 2L× 2L orthogonal matrix into L× L blocks

K =

(
UK YK
ZK VK

)
(A.1.10)
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the contour function for the entanglement entropies in harmonic lattices proposed in [29] is (A.1.8)
with the mode participation function given by

pk(i) =
1

2

(
[(UK)k,i]

2 + [(YK)k,i]
2 + [(ZK)k,i]

2 + [(VK)k,i]
2

)
. (A.1.11)

The prescription (A.1.8) with mode partecipation function given by (A.1.11) has been employed
in Sec. 7.3.3 for computing the temporal evolution the contour for the entanglement entropies in a
harmonic chain after a global quench of the fequency parameter.

A.2 Free fermionic lattices

In this appendix we consider a system of free fermions hopping between lattice sites described by
the following Hamiltonian

Ĥ =
∑

i,j

ti,j ĉ
†
i ĉj (A.2.1)

where for the operators ĉi and ĉ†i the canonical anticommutation relations {ĉi, ĉ†j} = δi,j and

{ĉi, ĉj} = {ĉ†i , ĉ
†
j} = 0 hold. Given a subsystem A made by L sites, let us define the correlation

matrix CA whose generic element is (CA)i,j = 〈ĉ†i ĉj〉, with i, j ∈ A. The matrix CA is hermitian

and therefore it is diagonalised by a unitary matrix that we call Ũ . If we call ζk, with k = 1, . . . , L,
the real eigenvalues of CA, the Rényi entropies can be written as [3–5,10,77,191]

S
(n)
A =

∑̀

k=1

sn(ζk) sn(y) ≡ 1

1− n log
[
yn + (1− y)n

]
. (A.2.2)

The limit n→ 1 of these expressions provides the entanglement entropy as

SA =
∑̀

k=1

s(ζk) s(y) ≡ − y log(y)− (1− y) log(1− y) . (A.2.3)

These relations have been used to compute numerically the entanglment entropies for free fermionic
chains both in static cases (chapter 6) and in out-of-equilibrium settings (chapter 7).

An exhaustive analysis of a contour function for the entanglement entropy in chains of free
fermions has been carried out in [28]. We employ this prescription in our analysis and refer the
reader interested in further details to this reference. In [28] a natural contour for the entanglement
entropies is obtained as explained in Appendix A.1 (see (A.1.8)) with a mode partecipation function
obtained through the unitary matrix Ũ as

pk(i) =
∣∣Ũk,i

∣∣2 . (A.2.4)

As consistency check, let us observe that the i-th element of the diagonal of the matrix relation
Ũ †Ũ = 1 gives the condition

∑L
k=1 pk(i) = 1 for 1 6 i 6 L.

The proposal (A.1.8) with mode partecipation function given by (A.2.4) has been used in
Sec. 7.4.3 to determine numerically the temporal evolution of the contour for the entanglement
entropies in a free fermionic chain after a global quench





Appendix B

Complexity of thermofield double
states

In this appendix we consider the thermofield double states (TFD’s) for the harmonic lattices [557],
whose circuit complexity has been explored in various studies over the last few years [40,42,43].

In Appendix B.1 we define the thermofield double states and we compute their covariance
matrices. In Appendix B.2 the circuit complexity for these states is discussed, while in Appendix
B.3 we study the mutual complexity for the TFD’s.

B.1 The thermofield double state

The TFD’s are pure states constructed by entangling two equal copies of the harmonic lattice in
such a way that a thermal state of the original system is obtained by tracing out one of the two
copies.

Consider two harmonic lattices (that will be denoted as “left” and “right” in the following)
made by the same number N of sites. These two systems can be combined creating a system made
by 2N sites (denoted as “doubled” system) whose hamiltonian reads

Ĥd ≡
1

2
r̂t

dH
phys
d r̂d =

1

2
r̂t

d

(
Qphys

d ⊕ 1

m
1

)
r̂d Qphys

d = Qphys ⊕Qphys (B.1.1)

where r̂t
d ≡ (q̂t

l , q̂
t
r , p̂

t
l , p̂

t
r), where the subindices refer to the left and right part of the doubled

system, and Qphys has been introduced in (2.2.41). For the periodic chain the matrix Qphys has
been written explicitly in (2.7.3).

It is not difficult to adapt the diagonalisation procedure described in Sec. 2.2.6 to (B.1.1). This
leads to construct the 4N × 4N matrix Hphys

d defined in (B.1.1) as follows (see (2.2.43))

Hphys
d = VdXdDdXd V

t
d (B.1.2)

where we have introduced the diagonal matrix Dd ≡ Dphys ⊕Dphys, the symplectic and orthogonal
matrix Vd ≡ V ⊕ V and the symplectic diagonal matrix

Xd = S ⊕ S−1 S ≡ S ⊕ S (B.1.3)

where

S ≡ √m diag
(√

Ω1, . . . ,
√

ΩN

)
(B.1.4)
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with Ωk dispersion relation introduced through (2.2.42). These matrices are defined in terms of
the 2N × 2N matrices V and Dphys in (2.2.42) and (2.2.45) respectively.

Since Vd and Xd are symplectic matrices, the expression (B.1.2) leads us to write the Williamson’s
decomposition of Hphys

d as follows

Hphys
d = W t

d DdWd Wd = Xd V
t
d . (B.1.5)

This decomposition suggests to introduce the following set of canonical conjugated variables
(see Sec. 2.2.6)

ŝd ≡Wd r̂d ŝt
d ≡ (q̂l,1, . . . , q̂l,N , q̂r,1, . . . , q̂r,N , p̂l,1, . . . , p̂l,N , p̂r,1, . . . , p̂r,N ) . (B.1.6)

Defining the annihilation operators and the creation operators for the two parts of the system as

in (2.2.48), one obtains a vector b̂
t

d ≡
(
b̂

t

l , b̂
t

r , (b̂
†
l )

t, (b̂
†
r )

t
)
, where b̂l,k and b̂r,k are the k-th element

of b̂l and b̂r respectively. In terms of the components of b̂d, the hamiltonian (B.1.1) becomes

Ĥd =
N∑

k=1

Ωk

(
b̂†l,k b̂l,k + b̂†r,k b̂r,k + 1

)
. (B.1.7)

The standard quantisation procedure leads to introduce the eigenstates |nr,nl〉 ≡ |nl〉l |nr〉r of the
number operator, that can be factorised through the eigenstates |nl〉l and |nr〉r of the number
operators corresponding to the two parts. The eigenstates with nr = nl ≡ n allow to define the
thermofield double state (TFD) as follows [557]

|TFD〉 =
N∏

k=1

√
1− e−βΩk

∑

n

e−
β
2

∑N
k=1 Ωknk |n〉l |n〉r . (B.1.8)

When β →∞, the TFD becomes the product state of the two ground states |0〉l |0〉r.
Tracing out the degrees of freedom corresponding to one of the two parts, e.g. the right part,

in (B.1.8) one obtains

TrHr

(
|TFD〉〈TFD|

)
=

N∏

k=1

(
1− e−βΩk

)∑

n

e−β
∑N
k=1 Ωknk |n〉l l〈n| (B.1.9)

which is the thermal density matrix for the left half system at temperature 1/β.

The covariance matrix of the TFD can be found through a slight generalisation of the procedure
described in Sec. 2.2.6 for the thermal states. From (2.2.9) and (B.1.6), the covariance matrix of
this pure state can be written as

γTFD = Re〈TFD| r̂d r̂
t
d |TFD〉 = W−1

d Re
[
〈TFD| ŝdŝt

d |TFD〉
]
W−t

d . (B.1.10)

In order to compute the matrix Re〈TFD|ŝdŝt
d|TFD〉, one first expresses the operators in ŝd in

terms of the creation and annihilation operators in b̂d and then exploits their action on (B.1.8).
The non vanishing elements of Re〈TFD|ŝdŝt

d|TFD〉, are

Re〈q̂l,kq̂l,k〉 = Re〈q̂r,kq̂r,k〉 = Re〈p̂l,kp̂l,k〉 = Re〈p̂r,kp̂r,k〉 =
1

2
coth(βΩk/2)

Re〈q̂r,kq̂l,k〉 = Re〈q̂l,kq̂r,k〉 = −Re〈p̂r,kp̂l,k〉 = −Re〈p̂l,kp̂r,k〉 =
1

2

1

sinh(βΩk/2)

(B.1.11)
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where the notation 〈Ô〉 ≡ 〈TFD| Ô |TFD〉 has been adopted. By using (B.1.11), the covariance
matrix Re〈TFD|ŝdŝt

d|TFD〉 in (B.1.10) can be written as

Re〈ŝd ŝt
d 〉 = Υ

(+)
TFD ⊕Υ

(−)
TFD Υ

(±)
TFD ≡

(
ΛTFD ±Λ̃TFD

±Λ̃TFD ΛTFD

)
(B.1.12)

where we have introduced the following N ×N diagonal matrices

ΛTFD ≡
1

2
diag

(
coth(βΩ1/2), . . . , coth(βΩN/2)

)

Λ̃TFD ≡
1

2
diag

(
1

sinh(βΩ1/2)
, . . . ,

1

sinh(βΩN/2)

) (B.1.13)

which satisfy

Λ2
TFD − Λ̃2

TFD =
1

4
1 (B.1.14)

and

(
ΛTFD + Λ̃TFD

)(
ΛTFD − Λ̃TFD

)−1
= diag

(
coth2

(
βΩ1/4

)
, . . . , coth2

(
βΩN/4

))
. (B.1.15)

Plugging (B.1.12) into (B.1.10) and employing the definition of Wd in (B.1.5), for the covariance
matrix of the TFD we find

γTFD = VdX−1
d

(
Υ

(+)
TFD ⊕Υ

(−)
TFD

)
X−1

d V t
d = QTFD ⊕ PTFD (B.1.16)

where (B.1.3) and Vd ≡ V ⊕ V have been employed to write the last expression, which is given in
terms of the following 2N × 2N symmetric matrices

QTFD = V S−1 Υ
(+)
TFD S

−1 V t PTFD = V SΥ
(−)
TFD S V

t . (B.1.17)

By using that V is an orthogonal matrix and that

Υ
(+)
TFD Υ

(−)
TFD =

1

4
1 (B.1.18)

which can be obtained from (B.1.12) and (B.1.14), one finds

QTFD PTFD =
1

4
1 (B.1.19)

as expected, since the TFD is a pure state whose covariance matrix has non vanishing blocks only
along the diagonal.

In order to write the Williamson’s decompositions of γTFD, let us observe that the matrices

Υ
(±)
TFD can be diagonalised by the 2N × 2N symplectic and orthogonal matrix O as follows

Υ
(±)
TFD = Ot

((
ΛTFD ± Λ̃TFD

)
⊕
(
ΛTFD ∓ Λ̃TFD

))
O O =

1√
2

(
1 1
−1 1

)
. (B.1.20)

By using (B.1.14) and (B.1.15), these matrices can be written as

Υ
(±)
TFD =

1

2
OtX±2

TFDO (B.1.21)



286 APPENDIX B. COMPLEXITY OF THERMOFIELD DOUBLE STATES

where

XTFD = diag

(√
coth

(
βΩ1/4

)
, . . . ,

√
coth

(
βΩN/4

)
,
√

tanh
(
βΩ1/4

)
, . . . ,

√
tanh

(
βΩN/4

))
.

(B.1.22)
Plugging (B.1.3) and (B.1.21) into (B.1.16), one gets the Williamson’s decompositions of γTFD as

γTFD =
1

2
W t

TFDWTFD (B.1.23)

where the 4N × 4N symplectic matrix WTFD is

WTFD =
(
XTFDOS

−1V t
)
⊕
(
X−1

TFDOS V
t
)
. (B.1.24)

It is instructive to express the fact that the TFD is a particular purification of a thermal state
(see (B.1.9)) by identifying it within the analysis reported in Sec. 2.6. This can be done by setting
Nanc = N and by rewriting the covariance matrix of the TFD in terms of the matrices occurring
in (2.6.8).

Comparing (B.1.16) with (2.6.3), we easily conclude that in this case QTFD and PTFD correspond
to Qext and Pext respectively, while Mext = 0. Then, by employing the block diagonal matrices
(B.1.3), (B.1.12) and V = Ṽ ⊕ Ṽ , where Ṽ is the N × N orthogonal matrix (see (2.2.42) and
(2.7.5)-(2.7.6) for the periodic harmonic chain), we can write QTFD and PTFD as the partitioned
matrices in (2.6.8) with

Q = Qanc = Ṽ S−1ΛTFD S−1 Ṽ t P = Panc = Ṽ S ΛTFD S Ṽ t (B.1.25)

and

ΓQ = Ṽ S−1Λ̃TFD S−1 Ṽ t ΓP = − Ṽ S Λ̃TFD S Ṽ t . (B.1.26)

We remark that (B.1.25) and (B.1.26) satisfy the conditions in (2.6.18). Furthermore, Q⊕P =
Qanc ⊕ Panc constructed from (B.1.25) provides the covariance matrix of a thermal state given in
(2.2.50), as expected. Thus, the TFD is a purification of the thermal state and its covariance
matrix satisfies (2.6.17).

B.2 Complexity of TFD’s

The TFD are pure states; hence the complexity of a target TFD with respect to a reference TFD
can be computed by employing (2.2.36). In the most general case where the target TFD and the
reference TFD originate from different hamiltonians, complicated expressions occur because WTFD

depends on the physical hamiltonian through S and V in a non trivial way.

For the sake of simplicity, let us focus on the special case where the same hamiltonian under-
lies both the target TFD and the reference TFD, which are only distinguished by their inverse
temperatures βR and βT. In this case both the reference state and the target state have the same
S and V . Moreover, since (B.1.20) tells us that O does not contain parameters, the reference and
target states that we are considering can be distinguished only through their matrices XTFD,R and
XTFD,T. In this case, by employing (B.1.24) we find that the matrix defined in (2.2.31) crucially
simplifies to the following diagonal matrix

WTFD,TR =
(
XTFD,TX−1

TFD,R

)
⊕
(
X−1

TFD,TXTFD,R

)
. (B.2.1)
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The circuit complexity corresponding to this choice of TFD’s can be obtained by plugging
(B.2.1) into (2.2.36). The result reads

CTFD =
1

2
√

2

√
Tr
{[

log
(
X 2

TFD,TX−2
TFD,R

)]2 ⊕
[

log
(
X−2

TFD,TX 2
TFD,R

)]2}
(B.2.2)

which can be written more explicitly by employing (B.1.22) for these TFD’s, finding

CTFD =
1√
2

√√√√
N∑

k=1

[
log

(
coth

(
βTΩk/4

)

coth
(
βRΩk/4

)
)]2

. (B.2.3)

An interesting regime to consider corresponds to βRΩk � 1. In this limit the reference state
is the product of the ground states of the two parts because only n = 0 contributes in (B.1.8). In
this regime the complexity (B.2.3) simplifies to

CTFD =
1√
2

√√√√
N∑

k=1

[
log
(
coth

(
βTΩk/4

))]2
(B.2.4)

which is consistent with the results reported in [40].
We find it worth generalising (B.2.3) by considering a circuit where the reference state and the

target state correspond to different hamiltonians (with mR = mT ≡ m) that have the same matrix
Vd in their decompositions (B.1.2). This is the case e.g. for the periodic harmonic chain explored
in Sec. 2.7.1, where Ṽ defined in (2.7.5) and (2.7.6) depends only on the number of sites of the
chain, hence it is independent of the parameters occurring in the hamiltonian of the chain. From
(B.1.16) and (B.1.19), we have that γTFD = QTFD ⊕ 4Q−1

TFD, which implies

γTFD,T γ
−1
TFD,R = QTFD,TQ

−1
TFD,R ⊕Q−1

TFD,TQTFD,R . (B.2.5)

This allows to write the complexity (2.2.24) as follows

CTFD =
1

2
√

2

√
Tr
{[

log(QTFD,TQ
−1
TFD,R ⊕Q−1

TFD,TQTFD,R)
]2}

=
1

2

√
Tr
{[

log(QTFD,TQ
−1
TFD,R)

]2}
.

(B.2.6)
By applying (B.1.17) to this case, where the reference and target states have the same matrix

V , the argument of the logarithm in (B.2.6) becomes

QTFD,TQ
−1
TFD,R = V S−1

T Υ
(+)
TFD,T S

−1
T SR

(
4Υ

(−)
TFD,R

)
SRV

t (B.2.7)

where we have used that
(
Υ

(+)
TFD,R

)−1
= 4Υ

(−)
TFD,R (see (B.1.18)). The relations in (B.1.3), (B.1.4),

(B.1.12) and (B.1.13) lead to write (B.2.7) as follows

QTFD,TQ
−1
TFD,R = V

(
ΛTR Λ̃TR

Λ̃TR ΛTR

)
V t (B.2.8)

where ΛTR and Λ̃TR are N ×N diagonal matrices whose entries read

(
ΛTR

)
k,k

=
ΩR,k

ΩT,k

[
coth

(
βRΩR,k/2

)
coth

(
βTΩT,k/2

)
− 1

sinh
(
βRΩR,k/2

)
sinh

(
βTΩT,k/2

)
]

(
Λ̃TR

)
k,k

=
ΩR,k

ΩT,k

[
coth

(
βRΩR,k/2

)

sinh
(
βTΩT,k/2

) − coth
(
βTΩT,k/2

)

sinh
(
βRΩR,k/2

)
]

1 6 k 6 N . (B.2.9)
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By adapting the result given in (B.1.20) for Υ
(+)
TFD, we can diagonalise the matrix containing

ΛTR and Λ̃TR in the r.h.s. of (B.2.8) through the orthogonal matrix O. This leads to write (B.2.8)
as follows

QTFD,TQ
−1
TFD,R = V Ot

[(
ΛTR + Λ̃TR

)
⊕
(
ΛTR − Λ̃TR

)]
OV t (B.2.10)

where the entries of the diagonal matrices within the square brackets are given by

(
ΛTR + Λ̃TR

)
k,k

=
ΩR,k coth

(
βTΩT,k/4

)

ΩT,k coth
(
βRΩR,k/4

) (
ΛTR − Λ̃TR

)
k,k

=
ΩR,k coth

(
βRΩR,k/4

)

ΩT,k coth
(
βTΩT,k/4

) . (B.2.11)

Plugging (B.2.10) into (B.2.6), we find that the orthogonal matrices V and O do not contribute
to the complexity. By employing also (B.2.11), one obtains

CTFD =
1

2

√√√√
N∑

k=1

{[
log

(
ΩR,k coth

(
βRΩR,k/4

)

ΩT,k coth
(
βTΩT,k/4

)
)]2

+

[
log

(
ΩR,k coth

(
βTΩT,k/4

)

ΩT,k coth
(
βRΩR,k/4

)
)]2

}
. (B.2.12)

In the regime βRΩR,k � 1 this expression simplifies to

CTFD =
1

2

√√√√
N∑

k=1

{[
log

(
ΩT,k coth

(
βTΩT,k/4

)

ΩR,k

)]2

+

[
log

(
ΩR,k coth

(
βTΩT,k/4

)

ΩT,k

)]2
}

(B.2.13)

which is consistent with the results reported in [40]1.

B.3 Mutual complexity of TFD’s

It is worth comparing the circuit complexity of two thermal states with the one obtained from
the corresponding TFD’s. In this subsection we focus on one-dimensional TFD states constructed
from two entangled harmonic chains with N sites each, but this analysis can be straightforwardly
adapted to higher dimensional lattices. In particular, we consider the one-dimensional version of
the Hamiltonian (B.1.1) and then we perform the canonical transformation discussed above (2.7.2).
Thus, the parameters determining both the reference and the target states are the dimensionless
frequency ω̃ defined in (2.7.4) and the inverse of the dimensionless temperature β̃ = 1/T̃ , with T̃
given by (2.7.26).

Following [79], we introduce the mutual complexity for the TFD’s as

MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
= 2 C2

th

(
ω̃R, ω̃T, β̃R, β̃T

)
− C2

TFD

(
ω̃R, ω̃T, β̃R, β̃T

)
(B.3.1)

where Cth and CTFD are given by (2.7.30) and (B.2.12) respectively and, for the sake of clarity, we
have specified all the parameters on which these quantities depend. More explicitly, (B.3.1) reads

MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
= (B.3.2)

=
1

4

N∑

k=1

{[
log

(
ΩR,k coth

(
β̃RΩR,k/2

)

ΩT,k coth
(
β̃TΩT,k/2

)
)]2

−
[

log

(
ΩR,k coth

(
β̃RΩR,k/4

)

ΩT,k coth
(
β̃TΩT,k/4

)
)]2

+

[
log

(
ΩR,k coth

(
β̃TΩT,k/2

)

ΩT,k coth
(
β̃RΩR,k/2

)
)]2

−
[

log

(
ΩR,k coth

(
β̃TΩT,k/4

)

ΩT,k coth
(
β̃RΩR,k/4

)
)]2}

1See Eq. (192) of [40] at t = 0.
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where the dispersion relations ΩS,k are given by (2.7.19). The mutual complexity in (B.3.2) can
be written also in terms of ΩM,N,k defined in (2.7.31) as follows

MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
=

1

4

N∑

k=1

{[
log

(
ΩR,R,k

ΩT,T,k

)]2

+

[
log

(
ΩR,T,k

ΩT,R,k

)]2

(B.3.3)

−
[

log

(
ΩR,R,k

ΩT,T,k

)
+ log

(
cosh

(
β̃TΩT,k/2

)(
cosh

(
β̃RΩR,k/2

)
− 1
)

cosh
(
β̃RΩR,k/2

)(
cosh

(
β̃TΩT,k/2

)
− 1
)
)]2

−
[

log

(
ΩR,T,k

ΩT,R,k

)
+ log

(
cosh

(
β̃RΩR,k/2

)(
cosh

(
β̃TΩT,k/2

)
− 1
)

cosh
(
β̃TΩT,k/2

)(
cosh

(
β̃RΩR,k/2

)
− 1
)
)]2

}
.

After expanding the squares and a bit of manipulation, one obtains

MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
=

1

2

N∑

k=1

FTR,k

{
2 log

[
coth

(
β̃TΩT,k/2

)

coth
(
β̃RΩR,k/2

)
]
− FTR,k

}
(B.3.4)

=
1

2

L∑

k=1

FTR,k

{
log

[
coth2

(
β̃TΩT,k/2

)
cosh

(
β̃RΩR,k/2

)(
cosh

(
β̃TΩT,k/2

)
− 1
)

coth2
(
β̃RΩR,k/2

)
cosh

(
β̃TΩT,k/2

)(
cosh

(
β̃RΩR,k/2

)
− 1
)
]}

where

FTR,k = log

(
cosh

(
β̃TΩT,k/2

)(
cosh

(
β̃RΩR,k/2

)
− 1
)

cosh
(
β̃RΩR,k/2

)(
cosh

(
β̃TΩT,k/2

)
− 1
)
)
. (B.3.5)

For fixed k, the argument of the sum in (B.3.4) only depends on β̃TΩT,k and β̃RΩR,k and it is
symmetric under the exchange of T and R; hence we can fix β̃TΩT,k > β̃RΩR,k for every k without
loss of generality. This allows to show that every term of the sum (B.3.4) is negative2 and therefore
MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
is always negative.

The thermodynamic limit N →∞ of (B.3.2) gives

MTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
= aTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
N + . . . (B.3.6)

where the coefficient of the linear divergence can be written in terms ΩS,θ in (2.7.22) as

aTFD

(
ω̃R, ω̃T, β̃R, β̃T

)
= (B.3.7)

=
1

4π

∫ π

0

{[
log

(
ΩR,θ coth

(
β̃RΩR,θ/2

)

ΩT,θ coth
(
β̃TΩT,θ/2

)
)]2

−
[

log

(
ΩR,θ coth

(
β̃RΩR,θ/4

)

ΩT,θ coth
(
β̃TΩT,θ/4

)
)]2

+

[
log

(
ΩR,θ coth

(
β̃TΩT,θ/2

)

ΩT,θ coth
(
β̃RΩR,θ/2

)
)]2

−
[

log

(
ΩR,θ coth

(
β̃TΩT,θ/4

)

ΩT,θ coth
(
β̃RΩR,θ/4

)
)]2

}
dθ .

We remark that the massless limit of MTFD/N diverges when N < ∞, while it is finite once
N →∞ is considered. Indeed, by setting ω̃R = ω̃T = 0 in (B.3.7) we find

aTFD

(
ω̃R = 0, ω̃T = 0, β̃R, β̃T

)
= (B.3.8)

=

∫ π

0

{[
log

(
coth

(
β̃R sin θ

)

coth
(
β̃T sin θ

)
)]2

−
[

log

(
coth

(
β̃R sin θ/2

)

coth
(
β̃T sin θ/2

)
)]2

}
dθ

2π
.

2We use that cosh(x/2)
cosh(x/2)−1

is a monotonically decreasing function and that coth2(x/2)(cosh(x/2)−1)
cosh(x/2)

is a monotonically
increasing function when x > 0. This implies that FTR,k < 0, while the function within the curly brackets in the
last sum of (B.3.4) is positive for any value of k.
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Figure B.1: Comparison between the mutual complexity for the TFD state (B.3.2) and its ther-
modynamic limit in the periodic harmonic chain (here m = 1 and κR = κT = 1). In the left panel
we show MTFD/N as function of ωT setting ωR = 1 and considering two values of βR = βT ≡ β
and two values of N (dashed curves). We also report aTFD in (B.3.7) for the same values of the
parameters (solid curves). In the right panel the dependence on βT is investigated by plotting
(B.3.2) for three different values of N (dashed curves) and (B.3.7) (black solid curve) both for
βR → ∞ and ωR = ωT ≡ ω = 1. The massless limit in (B.3.9) is also reported (red solid curve)
and its small βT behaviour in (B.3.10) is checked (green dot-dashed curve).

This feature has been observed also for the complexity of pure states (Sec. 2.7.2) and for the
complexity of thermal states (Sec. 2.7.3).

In the limit β̃R → ∞ both the TFD in (B.1.8) and the thermal reference state become the
product of two ground states. In this regime, (B.3.8) slightly simplifies to

aTFD

(
ω̃R = 0, ω̃T = 0, β̃R →∞, β̃T

)
= (B.3.9)

=

∫ π

0

{[
log

(
coth

(
β̃T sin θ

))]2

−
[

log

(
coth

(
β̃T sin θ/2

))]2
}
dθ

2π

which depends only on β̃T and can be easily studied. This function is negative for every value of
β̃T and it vanishes when β̃T → ∞, as expected. When β̃T → 0 in (B.3.9), we find the following
logarithmic divergence

aTFD

(
ω̃R = 0, ω̃T = 0, β̃R →∞, β̃T

)
= log 2

(
log β̃T −

3

2
log 2

)
+ . . . . (B.3.10)

In Fig. B.1 we compare the mutual complexity for the TFD in (B.3.2) with its thermodynamic
limit in (B.3.6) for various values of the parameters. In the left panel we show MTFD/N (dashed
lines) as function of ωT for fixed ωR = 1 and for two values of βR = βT ≡ β. As N increases,
the dashed curves approach the solid curves representing aTFD given in (B.3.7). When ωT → 0,
MTFD/N evalueted for finite N diverges, while its thermodynamic limit is finite, as observed above.
In the right panel we show MTFD/N as function of βT when βR → ∞ and ωR = ωT ≡ ω = 1.
Remarkably, the curves obtained for finite number of sites coincide with their thermodynamic limit
already for N = 5. In the same panel we plot aTFD

(
ωR = 0, ωT = 0, βR → ∞, βT

)
in (B.3.9) (red

solid curve), checking also that its behaviour for βT � 1 is well reproduced by (B.3.10) (green
dot-dashed curve).

Let us conclude this appendix by mentioning that a holographic proposal for the mutual com-
plexity of the TFD states have been investigated in [79]. When the gravitational background is



B.3. MUTUAL COMPLEXITY OF TFD’S 291

the eternal black hole, which is the gravitational dual of the TFD state [139], and the subregions
L and R are constant time-slices of the two disconnected boundaries where the two copies of the
same CFT are defined, the definition of the holographic mutual complexity (2.7.48) becomes [79]

MAdS(TFD) = CAdS(L) + CAdS(R)− CAdS(TFD) (B.3.11)

It has been shown that the mutual complexity (B.3.11) is negative in any number of spacetime
dimensions for all the three proposals for the holographic complexity mentioned in Sec. 2.7.7 [46,79].
This qualitatively agrees with the results that we have obtained in this appendix for the mutual
complexity given in (B.3.1) and (B.3.2).





Appendix C

Correlators in harmonic chains

In this appendix we report the two-point correlation functions of the harmonic chains employed
throughout the thesis. In Appendix C.1 we consider harmonic chains at equilibrium either in their
ground state or in a thermal state, while in Appendix C.2 we focus on harmonic chains driven out
of equilibrium by a global quantum quench of the frequency parameter.

C.1 Harmonic chains at equilibrium

In this appendix we report the correlators of harmonic chains at equilibrium. We consider finite
chains either with periodic boundary conditions (Appendix C.1.1) or with Dirichlet boundary
conditions imposed at their endpoints (Appendix C.1.2). In both the cases we also take the
thermodynamic limit which leads to harmonic chains respectively on the infinite line and on the
semi-infinite line with Dirichlet boundary conditions imposed at its origin.

C.1.1 Harmonic chains with periodic boundary conditions

The periodic harmonic chain made by N sites is defined by the Hamiltonian (2.7.1) with boundary
conditions given by q̂N+1 = q̂1 and p̂N+1 = p̂1. By introducing the creation and annihilation
operators in the standard way, for the ground state one finds the following two-point correlators

〈q̂iq̂j〉 =
1

2N

N∑

k=1

1

mΩk
cos[2πk (i− j)/N ] 〈p̂ip̂j〉 =

1

2N

N∑

k=1

Ωk cos[2πk (i− j)/N ] (C.1.1)

where the dispersion relation is given by

Ωk =

√
ω2 +

4κ

m

[
sin
(
πk/N

)]2
1 6 k 6 N . (C.1.2)

The translation invariance induces the occurrence of the zero mode, that corresponds to k = N .
Since ΩN = ω, it is straightforward to observe that 〈q̂iq̂j〉 diverges as ω → 0; hence the mass
cannot be set to zero in the numerical analysis of this system.

We also consider the periodic harmonic chain in the thermal state with temperature T . For
this state the correlators read

〈q̂iq̂j〉T =
1

2N

N∑

k=1

coth[Ωk/(2T )]

mΩk
cos[2πk (i− j)/N ] (C.1.3)

〈p̂ip̂j〉T =
1

2N

N∑

k=1

mΩk coth[Ωk/(2T )] cos[2πk (i− j)/N ] (C.1.4)

293
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where Ωk is given by (C.1.2). Also in this case the correlator in (C.1.3) diverges as ω → 0 because
of the occurrence of the zero mode at k = N . Let us stress that when T → 0 the correlators
(C.1.1) are retrieved from (C.1.3) and (C.1.4).

In the thermodynamic limit N →∞ the correlators (C.1.1) for the ground state become [27]

〈q̂iq̂j〉 =
ζi−j+1/2

2
√
κm

(
i− j − 1/2

i− j

)
2F1

(
1/2 , i− j + 1/2 , i− j + 1 , ζ2

)
(C.1.5)

〈p̂ip̂j〉 =

√
κm ζi−j−1/2

2

(
i− j − 3/2

i− j

)
2F1

(
− 1/2 , i− j − 1/2 , i− j + 1 , ζ2

)
(C.1.6)

where ζ ≡
(
ω −

√
ω2 + 4κ/m

)2
(4κ/m). As for the correlators (C.1.3) and (C.1.4) at finite

temperature, in the thermodynamic limit they become

〈q̂iq̂j〉T =
1

2π

∫ π

0

coth[Ωθ/(2T )]

mΩθ
cos[2θ (i− j)] dθ (C.1.7)

〈p̂ip̂j〉T =
1

2π

∫ π

0
mΩθ coth[Ωθ/(2T )] cos[2θ (i− j)] dθ . (C.1.8)

where Ωθ ≡
√
ω2 + (4κ/m) (sin θ)2.

These two-point functions have been exploited in chapter 2 and in the numerical analyses
reported in chapters 5, 6, 8 and 9.

C.1.2 Harmonic chains with Dirichlet boundary conditions

The harmonic chain made by N sites on a segment with Dirichlet boundary conditions is defined
by the Hamiltonian (2.7.1) with q̂0 = q̂N = q̂N+1 = 0 and p̂0 = p̂N = 0 imposed at its endpoints.

The two-point correlators 〈q̂iq̂j〉 and 〈p̂ip̂j〉 in the ground state read respectively [558]

〈q̂iq̂j〉 =
1

N

N−1∑

k=1

1

mΩk
sin(πk i/N) sin(πk j/N) (C.1.9)

〈p̂ip̂j〉 =
1

N

N−1∑

k=1

mΩk sin(πk i/N) sin(πk j/N) (C.1.10)

where the dispersion relation is

Ωk ≡
√
ω2 +

4κ

m

[
sin(πk/(2N))

]2
1 6 k 6 N − 1 . (C.1.11)

In contrast with the harmonic chain in the infinite line (see Appendix C.1.1), this harmonic
chain is not translation invariant; hence the zero mode does not occur and the massless limit ω → 0
is well defined because the correlators (C.1.9) and (C.1.10) are finite.

In the thermodynamic limit, the correlators (C.1.9) and (C.1.10) can be written respectively
as follows

〈q̂iq̂j〉 =
1

mω
√

1 + κω

{
F+(|i− j|)− F+(i+ j)

}
(C.1.12)

〈p̂ip̂j〉 = mω
√

1 + κω

{
F−(|i− j|)− F−(i+ j)

}
(C.1.13)
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where the functions F±(n) are defined as follows

F±(n) ≡
(

2(1 + κω)

κω

)±1/2 Γ(n± 1/2) ζn±1/2

n! 2 Γ(±1/2)
2F1

(
± 1/2 , n± 1/2 , n+ 1 , ζ2

)
(C.1.14)

with κω ≡ 2κ/(mω2) and ζ given below (C.1.6).
In the massless regime, which corresponds to ω = 0, the expressions (C.1.12) and (C.1.13)

significantly simplify and become the correlators found in [211], which are written in terms of the
digamma function ψ(z) respectively as

〈q̂iq̂j〉 =
1

2π
√
κm

(
ψ(1/2 + i+ j)− ψ(1/2 + i− j)

)
(C.1.15)

〈p̂ip̂j〉 =
2
√
κm

π

(
1

4(i+ j)2 − 1
− 1

4(i− j)2 − 1

)
. (C.1.16)

These two-point functions have been exploited for obtaining some of the numerical results reported
in chapter 5 (see Sec. 5.4).

C.2 Harmonic chains after a global quantum quench

In this appendix we discuss the temporal evolution of the correlators of harmonic chains after
a global quantum quench of the frequency parameter. In Appendix C.2.1 we report the explicit
expressions of the two-point functions both for finite and infinite chains, while in Appendix C.2.2 we
discuss their large time limit which can also be obtained through the Generalised Gibbs Ensamble.

C.2.1 Temporal evolution of the correlators

In this appendix we report the correlators of the harmonic chain made by N sites defined by the
Hamiltonian (2.7.1) after the global quench ω0 → ω of the frequency parameter.

When PBC are imposed, the two-point correlators read

〈ψ0| q̂i(t) q̂j(t) |ψ0〉 =
1

N

N∑

k=1

Qk(t) cos
[
(i− j) 2πk/N

]

〈ψ0| p̂i(t) p̂j(t) |ψ0〉 =
1

N

N∑

k=1

Pk(t) cos
[
(i− j) 2πk/N

]
(C.2.1)

Re
[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
=

1

N

N∑

k=1

Mk(t) cos
[
(i− j) 2πk/N

]

where 1 6 i, j 6 N ; while for DBC one has the following correlators

〈ψ0| q̂i(t) q̂j(t) |ψ0〉 =
2

N

N∑

k=1

Qk(t) sin
(
i πk/N

)
sin
(
j πk/N

)

〈ψ0| p̂i(t) p̂j(t) |ψ0〉 =
2

N

N∑

k=1

Pk(t) sin
(
i πk/N

)
sin
(
j πk/N

)
(C.2.2)

Re
[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
=

2

N

N∑

k=1

Mk(t) sin
(
i πk/N

)
sin
(
j πk/N

)
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where 1 6 i, j 6 N − 1. In these correlators, the functions Qk(t), Pk(t) and Mk(t) are given by
(3.2.5), with either (3.3.1) for PBC or (3.3.3) for DBC.

For the infinite harmonic chain on the line, we take N →∞ of (C.2.1), finding

〈ψ0| q̂i(t) q̂j(t) |ψ0〉 =
1

π

∫ π

0
Qθ(t) cos

[
2θ (i− j)

]
dθ

〈ψ0| p̂i(t) p̂j(t) |ψ0〉 =
1

π

∫ π

0
Pθ(t) cos

[
2θ (i− j)

]
dθ

Re
[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
=

1

π

∫ π

0
Mθ(t) cos

[
2θ (i− j)

]
dθ

(C.2.3)

where i, j ∈ Z; while, for the harmonic chain on the semi-infinite line with DBC, the limit N →∞
of (C.2.2) leads to

〈ψ0| q̂i(t) q̂j(t) |ψ0〉 =
2

π

∫ π

0
Qθ(t) sin(iθ) sin(jθ) dθ

〈ψ0| p̂i(t) p̂j(t) |ψ0〉 =
2

π

∫ π

0
Pθ(t) sin(iθ) sin(jθ) dθ

Re
[
〈ψ0| q̂i(t) p̂j(t) |ψ0〉

]
=

2

π

∫ π

0
Mθ(t) sin(iθ) sin(jθ) dθ

(C.2.4)

where i, j > 0. The functions Qθ(t), Pθ(t) and Mθ(t) in these integrands are given by (3.2.5) where
Ω0,k and Ωk are replaced respectively by Ω0,θ and Ωθ, which are (3.3.20) for the infinite line and

Ω0,θ =

√
ω2

0 +
4κ

m
[sin(θ/2)]2 Ωθ =

√
ω2 +

4κ

m
[sin(θ/2)]2 . (C.2.5)

for the semi-infinite line.
These correlators have been exploited in chapter 3 and in the numerical analyses reported in

chapters 3 and 7.

C.2.2 GGE correlators

In the following we report the explicit expressions of the correlators for the harmonic chains in the
GGE state which have been employed to construct the reduced covariance matrix γGGE,A from the
covariance matrix γGGE defined in (3.5.4). The matrix γGGE,A occurs in the expression (3.5.24) for
the complexity CGGE,A.

For PBC, we obtain

Tr
(
q̂i q̂j ρ̂GGE

)
=

1

N

N∑

k=1

Ω2
0,k + Ω2

k

4 Ω2
k Ω0,k

cos
[
(i− j) 2πk/N

]
(C.2.6)

Tr
(
p̂i p̂j ρ̂GGE

)
=

1

N

N∑

k=1

Ω2
0,k + Ω2

k

4 Ω0,k
cos
[
(i− j) 2πk/N

]
(C.2.7)

in terms of the dispersion relations (3.3.1). Notice that the correlators (C.2.6) diverge when ω = 0;
hence for PBC the massless limit must be studied by taking ω very small, but non vanishing. In
the thermodynamic limit N →∞, these correlators become respectively

∫ π

0

Ω2
0,θ + Ω2

θ

Ω2
θ Ω0,θ

cos
[
2θ (i− j)

] dθ
4π

∫ π

0

Ω2
0,θ + Ω2

θ

Ω0,θ
cos
[
2θ (i− j)

] dθ
4π

(C.2.8)
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where the dispersion relations are given in (3.3.20).
When DBC are imposed, we obtain

Tr
(
q̂i q̂j ρ̂GGE

)
=

2

N

N−1∑

k=1

Ω2
0,k + Ω2

k

4 Ω2
k Ω0,k

sin
(
πki/N

)
sin
(
πkj/N

)
(C.2.9)

Tr
(
p̂i p̂j ρ̂GGE

)
=

2

N

N−1∑

k=1

Ω2
0,k + Ω2

k

4 Ω0,k
sin
(
πki/N

)
sin
(
πkj/N

)
(C.2.10)

in terms of the dispersion relations (3.3.3). Notice that, in this case, all these correlators are finite
when ω = 0. The thermodynamic limit N →∞ of these correlators gives respectively

∫ π

0

Ω2
0,θ + Ω2

θ

Ω2
θ Ω0,θ

sin(iθ) sin(jθ)
dθ

2π

∫ π

0

Ω2
0,θ + Ω2

θ

Ω0,θ
sin(iθ) sin(jθ)

dθ

2π
(C.2.11)

where (C.2.5) must be employed.
These correlators have been used in chapter 3 (see Sec. 3.5) for studying the asymptotic values

of the subsystem complexity after a global quench.
As consistency check of the fact that the GGE describes the limit t→∞ after the global quench,

one observes that the correlators in (C.2.8) and (C.2.11) are recovered by taking (C.2.3) and
(C.2.4) respectively and replacing all the oscillatory functions with their averages (i.e. [sin(Ωθt)]

2

and [cos(Ωθt)]
2 by 1/2 and sin(Ωθt) by 0).
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[163] H. Casini, E. Testé and G. Torroba, “Markov Property of the Conformal Field Theory Vacuum and
the a Theorem”, Phys. Rev. Lett. 118, 261602 (2017), arxiv:1704.01870.

[164] E. H. Lieb and M. B. Ruskai, “A Fundamental Property of Quantum-Mechanical Entropy”,
Phys. Rev. Lett. 30, 434 (1973).

[165] E. H. Lieb and M. B. Ruskai, “Proof of the strong subadditivity of quantum-mechanical entropy”,
J. Math. Phys. 14, 1938 (1973).

[166] G. Vidal and R. F. Werner, “Computable measure of entanglement”,
Phys. Rev. A 65, 032314 (2002), quant-ph/0102117.

[167] M. B. Plenio, “Logarithmic Negativity: A Full Entanglement Monotone That is not Convex”,
Phys. Rev. Lett. 95, 090503 (2005), quant-ph/0505071.

[168] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin and W. K. Wootters, “Mixed state entanglement and
quantum error correction”, Phys. Rev. A 54, 3824 (1996), quant-ph/9604024.

[169] E. Schmidt, “Zur Theorie der linearen und nichtlinearen Integralgleichungen”,
Math. Ann. 81, 433–476 (1907).

[170] M. Nielsen and I. Chuang, “Quantum Computation and Quantum Information”, Cambridge
University Press (2010).

[171] J. Bisognano and E. Wichmann, “On the Duality Condition for a Hermitian Scalar Field”,
J. Math. Phys. 16, 985 (1975).

[172] J. Bisognano and E. Wichmann, “On the Duality Condition for Quantum Fields”,
J. Math. Phys. 17, 303 (1976).

[173] W. G. Unruh, “Notes on black hole evaporation”, Phys. Rev. D 14, 870 (1976).

[174] P. D. Hislop and R. Longo, “Modular Structure of the Local Algebras Associated With the Free
Massless Scalar Field Theory”, Commun. Math. Phys. 84, 71 (1982).

[175] H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic entanglement
entropy”, JHEP 1105, 036 (2011), arxiv:1102.0440.

[176] G. Wong, I. Klich, L. A. Pando Zayas and D. Vaman, “Entanglement Temperature and
Entanglement Entropy of Excited States”, JHEP 1312, 020 (2013), arxiv:1305.3291.
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