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THE NONEQUIVARIANT COHERENT-CONSTRUCTIBLE
CORRESPONDENCE AND A CONJECTURE OF KING

SARAH SCHEROTZKE AND NICOLO SIBILLA

ABSTRACT. The coherent-constructible (CC) correspondence is a relationship between co-
herent sheaves on a toric variety X and constructible sheaves on a real torus T. This was
discovered by Bondal, and established in the equivariant setting by Fang, Liu, Treumann and
Zaslow. In this paper we explore various aspects of the nonequivariant CC correspondence.
Also, we use the nonequivariant CC correspondence to prove the existence of tilting com-
plexes in the derived categories of toric orbifolds satisfying certain combinatorial conditions.
This has applications to a conjecture of King.

1. INTRODUCTION

The coherent-constructible correspondence (CC correspondence) is an equivalence of cate-
gories that relates coherent sheaves on a toric variety X, and constructible sheaves on a real
torus T which is dual to the compact torus acting on X. The CC correspondence was first
conjectured by Bondal in his influential preprint [Bo|, and was established in the equivariant
setting by Fang, Liu, Treumann, and Zaslow in [FLTZ1, FLTZ2]. In this paper we establish
some general results towards the nonequivariant CC correspondence. Further, we achieve
a complete proof of the nonequivariant CC correspondence for an interesting class of toric
DM stacks: our main application is the construction of tilting complexes in their derived
categories. Below we give a more detailed sketch of our results.

1.1. The non-equivariant coherent constructible correspondence. Let ¥ = (N, X, 5)
be a stacky fan (see Section 3 for a definition), and let M = Hom(N,Z) and Mg = M ®@zR.
Denote X the corresponding toric orbifold. In [FLTZ1, FLTZ2] the authors define a conical
Lagrangian Ay C T* Mg, and construct an equivalence between the torus equivariant cate-
gory of perfect complexes Perfr(Xy), and the category of compactly supported constructible
sheaves on Mg with singular support in As;, She(Mg,As). The notion of singular support
is due to Kashiwara and Schapira [KS], informally it is an invariant that measures the way
sections of constructible sheaves propagate. We recall its definition and some of its basic
properties in Section 4.

The authors in [FLTZ1, FLTZ2] conjecture that a similar statement holds when replacing
the equivariant category with ordinary perfect complexes, Perf(Xs). For toric varieties
partial results in this direction were obtained by Treumann in the preprint [Tr]. In Section
5 we extend Treumann’s work to toric orbifolds. More precisely, let T be the quotient of Mg
by the integral lattice M, T = Mg /M. As A is invariant under translation by M we obtain
a conical Lagrangian subset A = A/M of T*T.
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2 SARAH SCHEROTZKE AND NICOLO SIBILLA

Theorem 1.1. There is a fully faithful functor k : Perf(Xs) — Sh.(T, As) which makes
the diagram commute (up to natural equivalence)

Perfr(Xs) —;> She( Mg, /N\z)

forgl/ lp!

Perf(Xg) —r s ShC<T, Az),
where p : Mg — Mg /My is the quotient map, and Forg is the forgetful functor.

If Xs; is a toric orbifold, we say that the non-equivariant CC correspondence holds for X
if x is an equivalence. Following [FLTZ1, FLTZ2] we make the following Conjecture.

Conjecture 1.2. The non-equivariant CC' correspondence holds for all toric orbifolds.

One of or main results is a proof of Conjecture 1.2 for a class of stacky fans 3. called cragged
(see Definition 6.3), which satisfy some special combinatorial conditions. Bondal and Ruan
announced that the non-equivariant CC correspondence holds for weighted projective space
[BR]: as weighted projective spaces have cragged fans, this follows from our work.

Theorem 1.3. If ¥ is a cragged stacky fan then the functor k : Perf(Xs) — Sh.(T, As) is
an equivalence.

The conditions defining cragged fans are satisfied in a number of interesting cases: we have
already mentioned weighted projective spaces, also all toric Fano surfaces have cragged fans.
The proof of Theorem 1.1 depends on a careful study of the category of constructible sheaves
She(T,As). When X is cragged Sh.(T,As) has some important properties, including the
fact that it is closed under tensor product of constructible sheaves. This is one of the key
ingredients in the proof of Theorem 1.1.

These properties of Sh.(T,As) follow from general results about constructible sheaves.
In Section 4 we define cragged Lagrangians: if ¥ is a cragged fan then Ay is a cragged
Lagrangian in this sense. Using techniques from Kashiwara and Schapira’s microlocal sheaf
theory [KS] we prove that if M is a real analytic manifold and A C T*M is cragged then
Sh.(M,A) is always closed under tensor product, and the restriction of the tautological
t-structure of constructible sheaves restrict to a t-structure on this category.

1.2. King’s Conjecture and tilting. Section 7 contains an application of the non-equivariant
CC correspondence to the algebraic geometry of toric DM stacks. Let us recall the definition
of tilting objects in triangulated categories:

Definition 1.4. Let k be a field. Let T" be a k-linear triangulated category, and let £ be an
object of T. We say that £ is a tilting object if the following conditions are satisfied:
o Homyp(E,E[i]) =0 for all i # 0.
e The algebra A = Homy(E,€) is finite-dimensional over k, and has finite global
dimension.
e & generates T' as a triangulated category.

Motivated by the theory of moduli of quiver representations in [Ki] King formulated an
influential conjecture:
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Conjecture 1.5 ([Ki] Conjecture 9.3). Let X be a smooth complete toric variety. Then
D*(Coh(X)) admits a tilting object £ that decomposes as a direct sum of line bundles.

A lot of work has been done towards establishing King’s Conjecture and its extension to
toric orbifolds in several classes of examples, see for instance [CM] and [BH] and references
therein.! Recently however King’s Conjecture has been proved to be false [HP, Ef]. It seems
reasonable to revise the statement of King’s conjecture by dropping the condition that the
tilting object is a direct sum of line bundles. At the same time, it is natural to extend its
scope to general smooth and proper DM stacks.

Conjecture 1.6. Let X' be a smooth and proper toric DM stack. Then Perf(X) admits a
tilting complex.?

In Section 7 we prove Conjecture 1.6 for toric DM stacks with cragged fans.
Theorem 1.7. If ¥ is a cragged stacky fan then Perf(Xs) admits a tilting complex.

Our technique to produce tilting complexes in Perf(Xy) is novel and relies in a crucial
way on the CC correspondence. The key point is that as Ax is cragged, the tautological
t-structure of Sh.(T) restricts to a t-structure on Sh.(T,As), and we have a good control
over its heart. From the perspective of toric geometry the condition that 3 is cragged is
quite artificial, however at present it cannot be removed: if 3 is not cragged the canonical ¢-
structure of Sh.(T) (essentially) never restricts to a t-structure on Sh (T, Ax). We expect that
this technical obstruction might be lifted by selecting different ¢-structures on constructible
sheaves on T, such as the ones arising from MacPherson’s theory of cellular perverse sheaves
[Po, Vy], and investigating their interplay with the microlocal conditions encoded in Asy,. We
will return to this in future work.

1.3. The CC correspondence and Homological Mirror Symmetry. We conclude with
a brief discussion of the relations between our work and mirror symmetry.> The Fukaya cate-
gory of a symplectic manifold is an intricate invariant that measures the quantum intersection
theory of Lagrangian submanifolds [FOOO, S]. Work of Nadler and Zaslow [NZ, N] shows
that, in the case of cotangent bundles, an alternative and much more manageable description
of the Fukaya category is available. Let M be an analytic manifold and A C T*M a conical
Lagrangian. Restricting to Lagrangian submanifolds of T*M which are asymptotic to A cuts
out a subcategory of the Fukaya category, Fuk(T*M,A) C Fuk(T*M).

Theorem 1.8 ([NZ, N]). There is a quasi-equivalence p : Fuk(T*M,A) — Sh.(M,A).
Using Theorem 1.8 we can reformulate Theorems 1.1 and 1.3 as follows:

Theorem 1.9. Let Xs, be a toric orbifold.
(1) There is a fully-faithful embedding T := pu~' o k : Perf(Xs) — Fuk(T,As).

LA different but closely related result is due to Kawamata [Kaw] who proves that all toric varieties admit
exceptional collections composed of coherent sheaves.

2A related statement is proposed as Conjecture 1.6 in [Ef].

3For an introduction to mirror symmetry with special emphasis on Kontsevich’s HMS we recommend the
nice overview [Bal].
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(2) Further, if ¥ is cragged T is an equivalence.

Theorem 1.9 (1) extends to toric orbifolds Theorem 2 of [FLTZ3]. In view of Theorem 1.9,
we can regard the CC correspondence as a version of Kontsevich’s Homological Mirror Sym-
metry conjecture (HMS) for toric orbifolds. This perspective is explained in great detail in
[FLTZ3]. The authors show that the functor 7 can be interpreted as implementing T-duality
which, according to the Strominger-Yau-Zaslow conjecture [SYZ], is the geometric mecha-
nism responsible for mirror symmetry. We remark that the ordinary formulation of HMS
for toric orbifolds differs from the one expounded in [FLTZ3], although it is conjecturally
equivalent to it. We explain this next.

Standard HMS in the toric setting [Ko| predicts that there is an equivalence between
Perf(Xs) and the Fukaya-Seidel category of the mirror Landau-Ginzburg (LG) model. The
LG model is given by a holomorphic map Wy : (C*)* — C encoding the combinatorics

of the fan 3; the Fukaya-Seidel category Fuk((C*)", Wx) is a symplectic invariant of the
pair ((C*)™,Wx). In the last fifteen years this formulation of HMS for toric orbifolds has
been intensely studied, see [AKO1], [AKO2] and references therein. We also note the papers
[A1, A2], by Abouzaid, which take an approach to HMS for toric varieties that is closer in
spirit to the CC correspondence: a detailed discussion of the relationship between Abouzaid’s
work and the CC correspondence can be found in Appendix C2 of [FLTZ3|.

Although seemingly quite different, the ordinary formulation of HMS for toric orbifolds
is conjecturally related to the CC correspondence. In fact, applications to HMS provided
the main motivation for Bondal’s original work on the CC correspondence. According to
[Bo, BR] the symplectic geometry of the LG model ((C*)", Wx) can be read off from the
sheaf theory of the compact torus T C (C*)", which can be identified with My ®z U(1).
In particular, when 3 is the stacky fan of a weighted projective space Bondal and Ruan
conjecture that there is an equivalence:

Sho(T, Asy) & Fuk((C)?, Wy).4

We can extract from our work a proof of Bondal and Ruan’s claim in the simplest non-trivial
class of examples: weighted projective planes. Indeed, Theorem 1.3 together with the proof
of ordinary HMS for weighted projective planes given by Auroux, Katzarkov and Orlov in
[AKO1] implies the following:

Proposition 1.10. Let X be the stacky fan of a weighted projective plane. Then there is an
equivalence: Sh.(T,As) = FuZ(((C*)Q, Ws).

Acknowledgements: We thank David Treumann and Eric Zaslow for their interest in
this project. We thank particularly David Treumann for many useful discussions. Claus
Ringel kindly answered some of our questions. S.S. thanks the Mathematical Institute for
funding and providing a stimulating environment. N.S. thanks the Max Planck Institute for
Mathematics for excellent working conditions.

4Bondal’s original statement involved considering first a stratification Ss; on T capturing the combinatorics
of 3, and then the subcategory of sheaves constructible with respect to Ss, Sh.(T,Ss). However the
categories Sh.(T,Ss) and Sh.(T,As) coincide: this follows from a mild generalization to non-Whitney
stratifications of Remark 4.5 below.
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2. CONVENTIONS AND BACKGROUND

Throughout the paper we work over the field of complex numbers C.

2.1. Categories. By dg category we shall always mean a C-linear differential graded cate-
gory, see [Ke|] and [Dr] for definitions and basic properties. If C' is a dg category and z,y
are objects in C, we denote hom¢(z,y) the complex of morphisms between x and y. We
denote D(C') the homotopy category of the dg category C: D(C') has the same objects then
C, while the set of morphisms Hompcy(x,y) is given by the zero-th cohomology of the
complex home(x,y). It will be often useful to work with triangulated dg categories, which
are defined for instance in Section 7 of [To]. If E is the set of objects in a triangulated dg
category C' we denote (E) C C the smallest triangulated dg subcategory of C' containing F.
The homotopy category D(C') of a triangulated dg category C'is triangulated in the classical
sense. We say that a triangulated dg category C has a t-structure if its homotopy category
D(C) has one. The reader can consult [Lu] Section 1.2.1 for basic facts on t-structures in
the context of stable (0o, 1)-categories: all the statements there can be adapted to triangu-
lated dg categories in a straightforward way. We sometimes consider diagrams of functors
between dg categories: we say that such a diagram is commutative if it is commutative up
to canonical natural equivalence.

For future reference we recall the notion of Postnikov systems in triangulated dg categories,
see Chapter 4 of [GM]. Postnikov systems give a convenient way of talking about resolutions
in triangulated categories.

Definition 2.1. Let C' be a triangulated dg category, and let

X = xe & xert 4 yo

be a sequence of objects in C with degree zero maps between them, such that d**'d* = 0 in
the homotopy category.

o A (left) Postnikov system attached to X* is a diagram in C' of the form

XC de XC+1 dc+l XC+2 dc+2 o d71 XO
Id\fc 1\ de g('+1 fc,F— l\gc-‘—Q\ fc,F—Q tl\go\
= X¢ Yc+1 Yc+2 - . | - YO
+1 +1 +1 +1

which satisfies the following conditions:
(1) f and g have degree zero, and f'g® = d' in the homotopy category.

(2) vi &y xit1 95 yit g a cofiber sequence.
e We call an obJect Y of C' a left convolution of X* if there is a Postnikov system
attached to X*® with the property that Y = Y.

Remark 2.2. Postnikov systems are preserved by dg functors of triangulated dg categories.
Note also that if Y € C is a left convolution of X*® then Y belongs to the subcategory
(Xe,..., X% cC.
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2.2. Constructible sheaves. The classical reference for microlocal sheaf theory is [KS].
Although the theory of [KS] is cast in the language of ordinary triangulated categories, it is
straightforward to adapt it to the setting of dg categories. This issue is discussed at greater
length in [NZ, N] to which we refer the reader for further details. If M is a topological space
we denote Sh(M) the dg category of bounded complexes of sheaves of C-vector spaces on M
localized at quasi-isomorphisms: Sh(M) is a dg enhancement of the usual derived category
of sheaves over M, which is equivalent to the homotopy category D(Sh(M)). For the theory
of localization in the dg setting we refer the reader to [Dr].

Assume that M is a real analytic manifold. A sheaf F of C-vector spaces is called quasi-
constructible if there is a Whitney stratification of M such that the restriction of F to each
stratum is locally constant. F is called constructible if additionally its stalks JF, are finite
dimensional vector spaces for all x € M. We denote Sh.(M) (resp. Shy.(M)) the triangulated
dg category of complexes with constructible (resp. quasi-constructible) cohomology. We
often refer to objects in Sh.(M) simply as constructible sheaves. An important invariant of
an object F € Sh.(M) is its singular support, see [KS] chapter V. We give a detailed review
of this concept in Section 4. If A C T*M is a Rog-invariant Lagrangian, the triangulated
dg category of constructible sheaves whose singular support is contained in A is denoted
She(M,A\) C Sho(M).

The theory of Grothendieck’s (derived) six operations f,, f*, fi, f', ®, Hom can be lifted
to the dg category of constructible sheaves Sh.(M), see [N] Section 2.2. We denote I'(—) the
functor of global sections. If F € Sh.(M) and Z C M is a closed subset we denote I'z(F)
the derived functor of the subsheaf of sections supported on Z. Throughout the paper, it
will always be understood that all the functors between triangulated dg categories are dg
derived: thus, for instance, we denote the derived push-forward simply f,, and not Rf,, and
similarly for I'(—) and I'z(—).

2.3. Deligne-Mumford stacks. An introduction to Deligne-Mumford (DM) stacks can be
found in the appendix of [Vi]. We refer to [Vi] also for a definition of (quasi)-coherent sheaves
and vector bundles on DM stacks. If X' is a DM stack we denote QCoh(X) the triangulated
dg category of bounded complexes of quasi-coherent sheaves on X: QCoh(X) is obtained
from the dg category of bounded complexes of quasi-coherent sheaves on X by localizing
at quasi-isomorphisms. A perfect complex is an object of QCoh(X) which is locally quasi-
isomorphic to a complex of vector bundles on X. The triangulated dg category of perfect
complexes is denoted Perf(X) C QCoh(X). Let G be an algebraic group acting on X" in the
sense of [Ro|. The G-equivariant categories of quasi-coherent sheaves and perfect complexes
on X will be denoted respectively QCohg(X) and Perfq(X).

3. TORIC ORBIFOLDS AND STACKY FANS

In this section we review the definition of toric DM stacks and stacky fans due to Borisov,
Chen and Smith [BCS], see also [FMN] and [Iw]. We also recall a few facts in toric geometry
which will be important later. We follow quite closely [BCS] except we work in somewhat
lesser generality. Indeed, in order to simplify the exposition we restrict to toric orbifolds, i.e.
toric DM stacks with trivial generic stabilizers.

Definition 3.1. A (strict) stacky fan X is given by a tuple (N, X, 3), where:
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e N = 7" is a finitely generated free abelian group.

e Y is a finite rational simplicial fan in Ng = N®zR, such that its set of one dimensional
cones (1) = {p1, ..., pr} spans Ng.

e 3:7"=@.Z|Z-e; — N is a homomorphism such that for all i € {1...r} b; := [(e;)
belongs to p;.

To any stacky fan we can attach a toric orbifold Ay in the following way. Let M =
Hom(N,Z) and let p* : M — M’ := Hom(Z",Z) be the dual of 5. It follows from our
assumptions that 8* is injective. Denote Gale(N) the cokernel of 5*, and set

Gx := Hom(Gale(N),C").

The morphism £* induces an embedding G, < Hom(M',C*) = (C*)". For all ¢ € ¥ denote
Z, C Hom(M',C) = C" the closed subset defined as follows

Zy ={(z1,...,2,) € C"| H z = 0}.
ist. pilo

Let Us, be equal to the open subset C" — | Zy. Note that Us is invariant under the

action of Gy.

Definition 3.2. The toric orbifold X5 associated to the stacky fan 3 is the quotient stack
Us/Gx].

The fact that Xx is a DM stack is proved in Proposition 3.2 of [BCS]. Also, it follows
from Definition 3.1 that Xy is an orbifold, i.e. it has trivial generic stabilizer.

oceEY

Remark 3.3. The coarse moduli space of X is the toric variety associated to the underlying
ordinary fan ¥, Xy, see [BCS] Proposition 3.7. If ¥ is smooth and all the vectors b; = 3(e;)
are primitive, then X is a variety and is isomorphic to Xys. This is not the case if the b;-s
are primitive vectors but X is not smooth: indeed A% is always smooth.

Remark 3.4. As explained in [FMN] toric DM stacks admit an intrinsic definition as com-
pactifications of DM tori (see [FMN] Definition 3.2) carrying a DM torus action, much in
the same way as ordinary toric varieties. The case of toric orbifolds is especially simple.
Indeed, if the generic stabilizer is trivial the DM torus of [FMN] coincides with the ordinary
algebraic torus T'= N ®z C* and there is an open embedding T" — A.

Next we state some results which extend to toric orbifolds some familiar properties of
toric varieties. In the sequel when referring to objects in Perf(Xy) admitting an equivariant
structure, this will always be with respect to the natural action by the open dense torus
T — Xs.

Proposition 3.5 ([BH]). Let X' be a toric orbifold, then any coherent sheaf F on X admits
a finite resolution P* = (-+- — P! — PO) — F such that, for all m, P™ is isomorphic to a
direct sum of line bundles: P™ = @~} L;.

Proof. This is proved in [BH], see Corollary 4.8. O

Remark 3.6. It will be useful to think of the resolution P*® using the language of Postnikov
systems. Indeed, we can regard P’ as objects in Perf(X) placed in degree zero. Then
Proposition 3.5 can be restated as saying that F is a left convolution of P°.
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Proposition 3.7. Any line bundle L on a toric orbifold X admits a T -equivariant structure.

Proof. Line bundles on Xy, = [Us;/Gs] are given by Gs-equivariant line bundles on Us. The
statement then follows because Uy is an ordinary toric variety and line bundles on ordinary
toric varieties always admit an equivariant structure. 0]

Corollary 3.8. o Let L be the set of line bundles on X, then (L) = Perf(X).
o Let Er be the set of objects in Perf(X) admitting an equivariant structure, then

(Er) = Perf(X).
4. CONSTRUCTIBLE SHEAVES AND CRAGGED LAGRANGIANS

In this section we prove a few general results about constructible sheaves which will play
a key role in our argument. We start by giving some more explanations on the notion of
singular support. For the rest of this section we assume that M is a real analytic manifold.
Let F be an object in Sh.(M):

Definition 4.1 ([KS] Definition 5.1.2). The singular support SS(F) of F is the subset of
T*M defined by the following condition: if p is a point in 7*M, p ¢ SS(F) if and only if
there exists an open neighborhood U of p having the property that for all o € M, and for
all 1-differentiable function ¢ defined in a neighborhood of zy and such that ¥ (x¢) = 0 and
di)(zo) € U, we have an isomorphism (BRI (zerr s. t. p(2)>0} (F))ay = 0.

Definition 4.2. Let M be a manifold. A stratification S of M is the datum of a preorder
I, and a locally finite collection of locally closed subsets of M indexed by I, {Z;};cr, with
the following properties

o forall4,j,ifi # j then Z,NZ; = @,

e /Z;:N Z # @ if and only if Z; is contained in Z, and this holds if and only of ¢ < j.

e The subsets {Z;}cr are the strata of a Whitney stratification of M.

Definition 4.3. If S is a stratification, we denote Sh.(M,S) C Sh.(M) the triangulated dg
category of complexes that have cohomology sheaves which are constructible with respect to

{Zi}ier
In Theorem 4.4 we gather a few important properties of the singular support, referring to
[KS] Chapter V and VT for proofs. We say that a subset A C T*M is conical if it is invariant

under fiber-wise dilation by positive real numbers, that is if for all z € M and A € Ry
MANTIM) C A.

Theorem 4.4. Let F € Sh.(M), then

(1) SS(F) C T*M is a conical Lagrangian subset.
(2) The support of F is equal to SS(F) N Ty M.
(3) If S = {Z;}ier is a stratification of M and F is constructible with respect to S, then
SS(F) C Ui, 7M.
(4) If F1 — Fo — F3 is a cofiber sequence in Sh.(M), SS(Fy) C SS(F1) U SS(F3).
As we mentioned in Section 2.2 if A C T*M is a conical Lagrangian set, we can consider

the subcategory Sh.(M, A) of constructible sheaves F such that SS(F) C A: Theorem 4.4
(4) shows that Sh.(M, A) is triangulated.
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Remark 4.5. Let S = {Z;}ic; be a stratification, and let As = |J,c; 77 M. Then by
Theorem 4.4 (3), Sh.(M,S) C Sh.(M,As). It is easy to see that this inclusion is an
equivalence.

The category Sh.(M) has two additional structures which will be of interest for us: it
is a symmetric monoidal category under tensor product of sheaves; also, it comes equipped
with a tautological t-structure whose heart is given by sheaves placed in degree 0. However
for a general conical Lagrangian A the tensor product does not restrict to the subcategory
She(M,A) C She(M), and similarly for the t-structure. In the rest of this Section we
introduce a class of Lagrangians, called cragged, having the property that both the t-structure
and the tensor product restrict to Sh.(M, A).

Remark 4.6. Let S = {Z;}icr be a stratification, and let As = {J,.; 77 M. It is easy to
see that Sh.(M,S) is closed under tensor product, and that the tautological t-structure of
Sh.(M) restricts as well. Lagrangians of the form Ag are encompassed by our notion of
cragged Lagrangian.

Definition 4.7. (1) Let U be an open subset of a vector space E. We say that a closed
subset A C T*U is globally cragged if there is a stratification S = {Z; };c; of U, and
a collection of closed convex cones {V}ie; in £ such that: A =J,.; Z; x V..
(2) More generally, suppose that M is a manifold and that A C T*M is a closed subset.
We say that A is cragged if there is an atlas (Uy, ¢a ), of M such that, for all o € J,
(¢u, ddy) is a trivialization of the cotangent bundle that maps A, = ANT*U, onto
a globally cragged set.

Lemma 4.8. Under the assumptions of Definition 4.7 (1), we also have that if i < j then
ViD V.
Proof. If z lies in Z;, there is a sequence (z,)nen in Z; having the property that x,, converges

to z. Let £ be in V}, and consider the sequence (z,,&)nen — (2,€). As A is closed and
(n, &)n belongs to A for all n, the limit (z,£) belongs to A as well: thus ¢ lies in V. O

Denote + : T*M X T*M — T*M the map of fiberwise addition. If A and B are subsets
of T*M, write A + B for the image of A x,; B under +. Following [KS] denote A+B the
subset of T*M given in coordinates as follows: (z,() € T*M lies in A+ B if and only if there
are sequences (Zn, &, )neny in A and (Y, Mn)nen in B such that

(1) 2, > 2, yp = 2, and &, + 1, — ¢, and

(2) |20 — ynll&nl = 0.
Definition 4.9. A subset A C T*M is called pre-additive (resp.additive) if it is conical, and
A+ A=A (resp. A+A=A).

Note that an additive set is also pre-additive.
Lemma 4.10. Let M be a manifold. If A CT*M 1is a cragged set, then A is additive.

Proof. Since additivity is a local property, we can assume that M = U where U is an open
subset in a vector space E, and that A is globally cragged. We use the notation of Definition
4.7 (1). If p lies in M we denote i, the element of I such that p belongs to Z;, .
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Fix z € M. We need to show that we have an inclusion (A+A), C A.. Note that for
all points p in a sufficiently small neighborhood of z, we have that i, < i,. Let (2,¢) be
in (A+A).. Then there are sequences (2,,&,)neny and (Yp, M )nen in A such that z, = 2,
Yo — 2, and &, + Nn 2 (. We can assume that i, < iz, and i, < 4, for all n. Since A
is cragged, this implies that for all n both (z,&,) and (z,7,) belong to A,. Also A, is a
closed convex cone: since the sequence (z, &, + M, )nen lies in A, the limit (z, &) to which this
sequence converges belongs to A, as well. That is, (z,£) € A, as we wanted to prove. O

Suppose that M, A C T*M and {U,, ¢o }acs satisfy the conditions described in Definition
4.7 (2) in the following weaker form. The chart (¢q,d¢,) maps A, = T*U, N A onto a set
of the form | J,.; P; x V;, where {Vi}ier are convex cones and J,.; Pi = ¢o(Us). We do not
assume that {P; };c;s is a stratification (in particular the P;-s might be non pairwise disjoint):
we assume however that there exists a stratification that refines {P;},c;. If A has these
properties we say that A satisfies condition (2’). The following holds:

Lemma 4.11. Let A CT*M be a closed subset. The following are equivalent:

e A is cragged.
o A is pre-additive and satisfies condition (2').

Proof. Lemma 4.10 shows that cragged implies pre-additive, so we only have to prove the
other implication. Let o € J: using ¢, we identify T*U, and U, x E*, and we set U := U,
and A := ANT*U. By pre-additivity the fibers of A over the points of U are cones: also,
they can be written as finite unions of elements in {V;};c;. By shrinking U we can assume
that, regarded as subsets of E*, there are only finitely many fibers of A over U. We denote
them Wi, ..., W,. By further shrinking U we can also assume that the intersection of { P, };cs
with U is a finite collection of closed subsets, which we denote P, ..., P,,.

Now consider the partition @1,...,Q, of U defined by the following rule: p € @Q; if
A, = W,. Note that the @);-s are obtained from the closed subsets Pi,..., P, by tak-
ing unions, intersections, and complements: since by assumption {F,};c; can be refined
to a stratification, the same is true of Q1,...,Q,. Let {Z;};c;r be a stratification refin-
ing the partition {Q;...Q,}. By construction, we can write A = J,.;, Z; x W;, where
W; € {Wy,...,W,} are convex cones. That is, A is cragged, as we wanted to show. 0

Lemma 4.12. Let A C T*M be a conical Lagrangian subset and assume further that A is
additive. Then Sh.(M,\) is closed under tensor product.

Proof. This follows from results contained in Chapter 5 of [KS] (see also Theorem 1.1 of
[GS]): in particular, we have an inclusion SS(F ® G) C SS(F)+SS(G). If A is additive,
then SS(F)+SS(G) C A+A = A. O

Corollary 4.13. If A C T*M is a cragged conical Lagrangian, then Sh.(M,\) is closed
under tensor product.

Next, we prove that if A is a cragged conical Lagrangian the tautological ¢-structure on
Sh(M) restricts to a t-structure on Sh(M, A).

Lemma 4.14. Leti: U < M be an open subset, and let F and G be two objects in Sh(M).
Then:
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o SS(i*F) = SS(F) N T*U.
o Hi(i*F) = i*(Hi(F)).

Proof. As the definition of singular support is local in nature, the first claim follows imme-
diately. The second is a consequence of the fact that ¢* is exact. 0

Lemma 4.15. Let U be an open subset of a vector space E, and let V be a closed convex
cone in E*. If F € Sh(M) has the property that SS(F) is contained in U x V, then
SS(H'(F)) cUxV forallj.

Proof. See [KS], Exercise VI.1. O

Proposition 4.16. Let M be a manifold, and let A C T*M be a cragged conical lagrangian.
Then the t-structure on Sh(M) restricts to a t-structure on Sh(M,A).

Proof. We have to prove that for all objects F in Sh(M,A), and for all i € Z, H*(F) lies in
Sh(M,A), or equivalently that SS(H(F)) C A. By Lemma 4.14 we can assume that M is
an open subset U in a vector space F/, and that A is globally cragged. We use the notations
of Definition 4.7 (1).

If p is a point in U we denote 4, € I the index such that p € Z; . It is sufficient to show that
for all p, the fiber SS(H'(F)), is contained in V; . We can consider an open neighborhood
U’ of p having the property that for all ¢ € U’, i, < i,. Let ¢ : U' C U be the inclusion. By
Lemma 4.14 SS(i*F) = SS(F)NT*U’ c U' x V;,. Applying Lemma 4.14 and then Lemma
4.15 we obtain the inclusion

SS(H/(F))NT*U" = SS(i*H' (F)) = SS(H(i*F)) cU' x V;,,
This implies in particular that SS(H?(F)), C V;,. O

If S is a stratification satisfying some extra conditions then Sh.(M,S) can be described
very explicitly as a category of quiver representations. We make use of the convenient recent
reference [Ba|, but remark that this circle of ideas goes back to MacPherson and others: for
more information see for instance [Kal, and the discussion in the first Section of [Tr1].

Let us briefly summarize the results in [Ba] that we will need in the sequel. Let S be an
acyclic stratification of M in the sense of [Ba] Definition 17. For our purposes it is sufficient
to remark that any triangulation of M yields such a stratification, and that any stratification
in the sense of 4.2 admits a refinement that is acyclic. Section 4 of [Ba] contains a prescription
that attaches to S a directed quiver with relations (Qs, Rs). Let As be the path algebra of
(Qs, Rs), and let D} (modAs) be the triangulated dg category of finite As-modules.

Remark 4.17. Recall that a directed quiver is a quiver which has no oriented cycles and
loops. Note that as the quiver Q)s is directed, As has finite global dimension.

Theorem 4.18 ([Ba] Theorem 21). There is a quasi-equivalence
® : She(M,S) = D} (modAs).

Also, ® preserves the tautological t-structures.
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5. THE COHERENT-CONSTRUCTIBLE CORRESPONDENCE

We start by reviewing the statement of the equivariant coherent-constructible (CC) corre-
spondence of [FLTZ1, FLTZ2]. Next we extend to toric orbifolds partial results of Treumann
[Tr] on the non-equivariant CC-correspondence. Building on these results in the next Section
we prove one of our main theorems: we establish a complete statement of the non-equivariant
CC-correspondence for a class of toric orbifolds satisfying some special combinatorial condi-
tions.

We use the notations introduced in Section 3. Let ¥ = (N, X, 8) be a stacky fan. Hence-
forth, we assume that all stacky fans 3 are complete: that is, that their underlying ordinary
fan ¥ is complete. Recall that we write M = Hom(N,Z), Mg = M ®z R, and that J is a
homorphism of the form § : Z" = ®&'=Ze; — N. We set b; = B(e;) and B = {by,...,b.}.
For all o € X, we denote N, C N the sublattice generated by BNo = {wy,...,ws}, and
we denote M, the dual lattice M, = Hom(N,,Z). If 0 € ¥, and yx € M,, we make the
following definitions:

a; = {x € Mpl[{z,w;) = (x,wi)o}, 0y = {x € Mg|[{z,w;) > (x,wi)o},

where (e, ) and (e, ), are the natural pairings. Following [FLTZ2] we define the conical
Lagrangian subset As; C Mg x Ng = T*Mpg by the formula:

[\E: U U T;X—TCMRXNR:T*MR.
TEX XGMT
Let She(M,As) C She(M,As) be the subcategory of sheaves with compact support.

Denote T'= N ®z C* the torus acting on X'. In [FLTZ1] and [FLTZ2] Fang, Liu, Treumann
and Zaslow prove the following theorem:

Theorem 5.1 (Equivariant CC-correspondence, [FLTZ2] Theorem 7.6). There is a quasi-
equivalence of dg categories K : Perfr(Xs) — She.(M, As).

The purpose of this Section is to extend work of Treumann [Tr| on the non-equivariant CC-
correspondence for toric varieties to the larger class of toric orbifolds. We follow very closely
the arguments in [Tr]. Let T be the torus obtained as the quotient Mg /M and let p be the
quotient map, p : Mg — T. Note that Ay is invariant under translation by elements in the
integral lattice M. Denote Ay its quotient under the M-action: Ay is a conical Lagrangian
subset of T*T. We denote Forg both the forgetful functor QCohs(Xs) — QCoh(Xs), and
its restriction to perfect complexes Perfr(Xy) — Perf(Xx). The following holds:

Theorem 5.2. There is a quasi fully-faithful functor of triangulated dg categories
K : Perf(Xs) — Sh.(T, As),

which makes the following diagram commute:

PerfT(Xg) 4‘ Shcc(MR7 AE)

}'orgl lp!

Perf(.)(z) e ShC<T, Az)
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We prove Theorem 5.2 by constructing « explicitly on a set of generators. Let us review
briefly the main steps of the Theorem 5.1. In [FLTZ2| the authors attach to all pairs (o, x),
o € ¥ and x € M,, a quasi-coherent sheaf ©.(c, x) € QCohr(Xx) and a constructible sheaf
Or(o,x) € Sh.(Mg) as follows:

Or(o,x) = ((0))° = Mg)or[dim(Mg)],
Or(o,x) = (Xo = X5).0x, (X);

where X, C X is the open substack associated to the cone o, and (0))° C Mg denotes
the interior of O’;(/. The functor & is first defined as a functor between the larger categories
QCoh(Xs) — Sho(Mg, As): & sends ©/%.(c, x) to O7 (0, x) and this assignement determines
£ uniquely. The key fact is that & restricts to the subcategories Perf(Xs) and She.( Mg, Az),
and defines a quasi-equivalence between them.

In the non-equivariant setting we consider the sheaves

@(07 X) = p!@T<Ua X)a

©'(0,x) = Forg(O%(o,x))-
We start showing that the prescription x(0'(c,x)) = ©(o, x) defines a quasi fully-faithful
embedding of dg categories k : QCoh(Xs) — Shy(T,As). Note that we have a natural
action of M on M,: with slight abuse of notation, if m € M and y € M, we write m + x
for (m)|n, + x. More generally, let 7 and o be two cones such that 7 C o, and thus also
oV C 7V. We have a canonical map M, — M, given by restriction to N,. As before, if
X1 € M, and xo € M, we simply write x; + x2 instead of (x1)|n, + x2. We remark that the
sheaves ©(c, x) and ©'(o, x) depend on x only up to the action of M.

Lemma 5.3. Let o and 7 be cones in . There is a & € M such that O’;(/I C 7'>\</2+£ if and

only if T Coand§ €1/, .

Proof. Let us assume first that 7 C . The condition { € 7/, | implies that { —x1+x2 € 7"
and hence 0¥ — x1 + x2 +& C 77. We conclude that o), C 7/, ,.. Conversely, if o C 7 .,

then 0¥ — xy1 + x2 + & C 7Y. It follows that oV C 7V, hence 7 C 0 and —y; +x2 + £ € 7.

The second condition is equivalent to the fact that & € T;(/Q_Xl. O
Proposition 5.4. We have

) L[ Clry_. . NnM] ifi=0and T C 0,
Ext'(©(0, x1), O(7, x2)) = { 0[ e | (j;herwise

and

12

Y £, —
Ext'(6/(a, 1), ©'(7, x2)) { Clr),_ (.M M] ifi=0andT Co,

otherwise.

Proof. By adjunction we can write

hom(8(o, x1), O(7, x2)) = hom(pOr (0, x1), (T, x2)) = hom(O1(0, x1),p'O(T, Xx2)).
Also, p'O(7, x2) decomposes as the direct sum Decas Or(7, X2 +&). Thus we have that

hom(©(o, x1), ©(T, x2)) = @ hom(©r (0, x1), Or(T, X2 + §))-
ceM
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Then the first equality is a consequence of [FLTZ2] Proposition 5.5 and Lemma 5.3. The
second equality follows in a similar way. O

Let (©r) C Sh.(Mg) and (%) C QCohy(Xs) denote the full triangulated dg subcate-
gories generated respectively by the objects O (o, x) and ©/(o, x). In the non-equivariant
setting, we write (©) C Shy(T) for the full triangulated dg subcategory generated by the
objects O(a,x), and (0') C QCoh(Xs) the one generated by the objects ©'(o,x). The
assignment ©'(o, x) — (o, x) determines uniquely a functor x : (©") — (©).

Theorem 5.5. The functor k : (©') — (O) is a quasi-equivalence, and fits in the following
commutative diagram of dg categories

(04) —=(O7)

]:orgj lp!

(©) ——(O).

Proof. The functor k is a quasi-equivalence by Proposition 5.4. The commutativity of the
diagram follows from the definition of . OJ

Proposition 5.6. The dg category Perf(Xs) is contained in (©').

Proof. The equivariant CC-correspondence implies that Perfr(Xs) C (©4). The image of
Perfr(Xs) under the functor Forg is by definition the set Ep of perfect complexes on X
admitting an equivariant structure. It follows that Ep C (©'). Since (©’) is triangulated
it must contain also the triangulated hull of Er, (E7). By Corollary 3.8 (Er) = Perf(Xy),
and therefore Perf(Xy) is contained in (©’): this concludes the proof. O

In view of the previous proposition we can restrict x to Perf(Xs). In order to prove
Theorem 5.2 it remains only to show that x sends Perf(Xs) to Sh.(T,As): this is the
analogue of Theorem 7.1 of [FLTZ2| in the non-equivariant setting.

The proof of Theorem 5.2. Corollary 3.8 shows that Perf(Xs) = (L) where L is the set of
line bundles on Xyx. It follows that the image of Perf(Xs) under x is equal to (k(L)),
where x(L) := {x(£), £ € L}. By Proposition 3.7 if £ is in L we can choose an equivariant

representative £ € Perfr(Xs) such that £L = Forg(L). Also, using Theorem 5.5 we can
write k(L) = py(#(£L)). One consequence of Theorem 7.1 of [FLTZ2] is that x(L£) belongs to
Shee(Mg, As). This implies that p(%(£)) is a constructible sheaf and also that its singular
support is contained in p(A): pi(A(L)) € She(T,As). Since Sh.(T,As) is triangulated we
conclude that

k(Perf(Xs)) C (k(L)) C She(T,As)

as we wanted to prove. O

Remark 5.7. We believe that there is an inclusion Sh.(T, Ax) C (©) but we do not know
how to prove this in full generality. Indeed, this statement is equivalent to the fact that
the quasi-fully faithful embedding « : Perf(Xs) — Sh.(T, Ayx) is also essentially surjective.
In Section 6 we give a proof of the essential surjectivity of x but only under additional
assumptions on the combinatorics of 3, see Theorem 6.11.
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5.1. Functoriality of x and tensor products. For completeness we prove that x is func-
torial with respect to maps of stacky fans, and that s intertwines the ordinary tensor product
on Perf(Xs) and the convolution tensor product on Sh.(T, Ax). This is the analogue in the
non-equivariant setting of Theorem 5.16 and Corollary 5.18 of [FLTZ2]. We remark that
these results will not be used in the rest of the paper.

The next Definition is due to Borisov, Chen and Smith, see [BCS] Remark 4.5.

Definition 5.8. A map of stacky fans between ¥y = (Ny, 3, 1) and 3y = (No, Lo, fo) is
a group homomorphism f : Ny — Ny with the following properties:

(1) Denote fg : (N1)r — (N2)r the homomorphism obtained by extension of scalars.
Then fr maps cones in ¥y to cones in s: that is, if o1 € ¥y, there is 09 € Y5 such
that f]R(O'l) C 0os.

(2) If 01 € ¥y and 09 € Xy are as in (1), then f(N,,) C N,,.

To a map of stacky fans f we can attach (see [FLTZ2] Section 5.6 for additional details):
e A map of vector spaces Uy : Mag — Mig. As vp 7 '(Mz) is contained in Myz, vy
descends to a map vy : Ty := My /M7 — Ty := Maog/Ms .
e A map of stacks uy : Xy, — Ay, which is equivariant with respect to the torus
actions: that is, uy fits in the commutative diagram

uf‘Tl ><Uf

T1 X le —>T2 X XEQ

XE Xzza

1 uf

where T} C Xs, and Ty C Xx, are the open torus orbits, and m; and ms denote the
respective actions on Xy, and Xy, .

Theorem 5.9. Let f : 31 — 35 be a map of stacky fans. Assume that the underlying
homomorphism f : Ny — Ny s injective. Then we have a commutative diagram of dg
categories:

(0%,) —= (Ox,)

(0%,) == (Ox,).

Proof. We define a natural transformation ¢ : v; o kg — k1 o u* on the generators ©'(a, x).
Note that there are natural quasi-isomorphisms

® o /{2(@/22 (07 X)) = U!@Eb (Ua X) = U!p2!®Tz,22 (07 X) = pllﬁ!@Tg,Eb (Ua X)
= pu(01R2(0%, (0, X)),
o k0 (O, (7.X)) = k1 0 Forg(u'®h, 5, (0.X)) = pulfru' O, 5,(, X))
The natural transformation ¢ can therefore be defined by applying p;; to the natural trans-
formation 7 : vy o ks — Ry o u* which is defined in [FLTZ2] Theorem 5.16. As [ is a
quasi-isomorphism, ¢ is as well, and this concludes the proof. [l

[l
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Corollary 5.10. The functor k : Perf(Xs) — Sh.(T,As) is monoidal with respect to
the usual tensor product of perfect complexes, and the convolution product on constructible
sheaves.

Proof. Let 3 x X be the stacky fan of the product s, x Xs;. The diagonal A: N — N x N
defines a injective morphism of stacky fans between ¥ and ¥ x 3. Note that uy is the diagonal
embedding Xs; — Xx x A, while vy is the addition map: vy : T X T — T,vs(a,b) = a +b.
Let F,G be objects in (©')s (resp., in (O)x): the boz product of F and G is defined by
the formula F X G := piF @ p3G € (0)sxs (resp. FXRG € (O)sy«x), where py, ps are the
projections, pi,ps : Xz X Xy — Xs (resp. p1,p2 : T x T — T). It follows immediately

Y

from the definition of k that there are natural isomorphisms k(©'(o1,x1) X ©'(02, x2)) =
k(0 (01, x1)) K K(O (02, X2))-

Denote ®° the ordinary tensor product on (©’), and ®° the convolution tensor product
on (0). Applying Theorem 5.9 to A we obtain natural isomorphisms

k(O (01, x1) ®° O (02, x2)) = K(u}(O (01, x1) B O (02, X2))) =

vpk(O' (01, x1) KO (03, x2)) = v71(O(01, x1) K O(02, x2)) = O(01, x1) ®° O(032, X2).
This implies that £ : (©’) — (O) intertwines ®° and ®°. As these tensor structures restrict
to the subcategories Perf(Xy) and Sh.(T, Ax) this proves the statement. O

6. CRAGGED STACKY FANS AND THE NON EQUIVARIANT CC-CORRESPONDENCE

In this Section we prove that the quasi fully-faithful functor s : Perf(Xs) — Sh.(T, Ax)
is essentially surjective provided X satisfies some special properties, that is, it is cragged in
the sense of Definition 6.3.

Remark 6.1. The essential surjectivity of k is equivalent to the statement that the image
of py generates Sh.(T,As). Indeed Corollary 3.8 shows that the image of Forg generates
Perf(Xx), and & is an equivalence by the equivariant CC-correspondence of [FLTZ2].

Lemma 6.2. Let X a toric DM stack, consider the point 1 € T C X, and let k(1) be the
skyscraper sheaf at 1. Then, k(k(1)) = Cr.

Proof. Denote j : T — X the inclusion of the open torus orbit. Computing the Koszul
resolution of k(1) gives a complex

(1) (.00 = - 5 (.09)E) = (.0p)" = ,0r,

which is isomorphic to k(1) in the derived category of quasi-coherent sheaves on X. Recall
that k is defined precisely by assigning quasi-constructible sheaves to quasi-coherent sheaves
obtained as push-forward of structure sheaves on torus invariant open subsets. Thus, we can
evaluate x on the complex (1).

The functor x admits a simple geometric interpretation on complexes of 7,Or-modules.
Indeed, we can regard a complex of j,Opr-modules as a complex of modules over the group
algebra Clm(T)] = C[T, Ty ", ..., Tn, T;Y]. Further, the abelian category of modules over
C[m1(T)] is naturally equivalent to the category of locally constant quasi-constructible sheaves
on T: x maps a complex of j,Opr-modules to the corresponding complex of locally constant
quasi-constructible sheaves on T.
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As a complex of C|m; (T)]-modules, (1) is the Koszul resolution of the trivial representation
of C[m(T)],

2) € (TN = - = (€MD) > (€m (D))" — Clr (T,
Thus (k(1)) is the locally constant sheaf given by the trivial C[m(T)]-module, i.e. the
constant sheaf Cr. This concludes the proof. 0

Let ¥ = (N,X, 8) be a stacky fan. Let 3 be of the form 8 : Z" = &'ZZe; — N. As in
Section 5 we denote b; = (¢;) and B = {by,...,b.}.

Definition 6.3. We say that X is cragged if the following two conditions are satisfied:
(1) (exhaustiveness) Let S be a subset of 3. Denote (S) C N the smallest convex cone
containing all cones ¢ in S. Then there is a subset 7" C ¥ such that (S) = J, o 7.
(2) (unimodularity) Let by, ..., b, be a set of linearly independent vectors in B, and let
pi = Rsob;. Exhaustiveness implies that (p1,...,p) = UTGT 7. Let Ny C N be the
sublattice generated by BN J,cp 7. Then by, ..., b form a Z-basis for Ny.

Proposition 6.4. A stacky fan X is cragged if and only if As, is a cragged Lagrangian.

Proof. We start by proving that if X is cragged then Ay is a cragged Lagrangian. Note that
for all stacky fans X, As; satisfies the assumptions of Lemma 4.11. Thus it is sufficient to
prove that if ¥ is exhaustive and unimodular then Ay, is pre-additive. We have to show that
for all ¢ € Mg, (Ag), is a convex cone. Denote Sy the subset of ¥ consisting of all cones 7
such that ¢(N,) takes integral values, that is such that ¢ € M.

By exhaustiveness, there is a Ty C ¥ such that (Sy) = UTET¢ 7. Using unimodularity we
can find a subset B, C B with the following properties:

(1) the vectors in B, form a basis of the sublattice generated by B N Ty,

(2) for each b € B, there is a 0 € S, such that b belongs to o.
This implies that Ty C S4. Indeed, let 7 € T, and set B = BN 7. The cone 7 lies in
Sy if and only if ¢ takes integral values on the elements of B”. Since B” is contained in
the sublattice generated by B N UTET¢ 7, all its elements can be written as integral linear
combinations of vectors in By. By definition ¢ takes integral values on By, therefore the
same is true for B7 as well. These considerations give us an inclusion

—(Ss)=J —7< | —o = (Ax)s,

T€T¢ O'GS¢

and the reverse inclusion is clear. Thus (Ag), = —(S4), and therefore (As)s is a convex
cone as we needed to show. }

Let us prove the other implication: if Ay is pre-additive then X is exhaustive and unimod-
ular. Let S be a subset of 3, denote Ng the sublattice of N generated by (S) N B and denote
Mg the dual lattice. Pick a minimal set of generators ¢7, -+, ¢7 of Ms. Choose preimages
b1, , ¢ in Mg such that ¢; is sent to ¢7 under the quotient map Mg — Mg ®z R. The
fibers of Ay, are naturally subsets of Ng. Thus it makes sense to consider the intersection of
the fibers (Ax),, as a subset of Ng. It is immediate to see that N;(Ag)y, = Uyc(sy —0- Since

As is pre-additive, (Ax)g, is a convex cone for all 4, and therefore N;(Ax)y, = U, (5) —0 18
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a convex cone as well. There is an inclusion (J, g o C (S). The reverse inclusion holds as
well since (J,cg0 C U, (5 0, and by definition (S) is the smallest convex cone containing
Uses - Thus (S) = U, 0: this proves that 3 is exhaustive.

Next we show that unimodularity holds as well. Suppose to the contrary that unimodu-
larity fails: in the notation of the statement this means that there are one dimensional cones
P15 -5 pm such that (p1,...,pp) = U,cp 7 but {b1,..., by} is not a basis of the sublattice
Ny generated by BN |J, . 7. We define a homomorphism ¢ : N — R having the following
two properties:

(1) ¢ takes integer values on {by,..., by},

(2) there is an element by € B N |J, . 7 such that ¢(by) is not an integer.
Denote py the one dimensional cone such that by € pg. The conditions on ¢ imply that —p;
is contained in (Ag), for all p € {1,...,n}, while —py is not: —py € (As),. Since Ay is pre-
additive (As)4 is a convex cone and therefore contains —{(p1, ..., p,) as a convex sub-cone.
This gives a contradiction because then we would have —py C —{(p1,..., pm) C (Ag)y. O

We give below two examples of fans where either unimodularity or exhaustiveness fails.

Example 6.5. e Consider the fan 3 in R? given by (0), the one-dimensional cones
pi, the four faces (p1, p2), (p1, ps), (P2, pa), {3, p4) and the cone spanned by all the
one-dimensional cones (p1, p2, ps, p4)-

[ [ ]
%’/”4/
[ ]

Then ¥ is not exhaustive: indeed the cone (p1, pa, p3) cannot be written as a union
of cones of .

e All complete fans in R? are exhaustive, but they might fail to be unimodular: in

fact unimodularity is a more restrictive condition than smoothness. Consider the

smooth complete fan Y in R? spanned by the one-dimensional cones p; := R+((1,0),

P2 = IR>0(17 1)7 p3 = R>U(1’ _1) and pa = R>0(_1’ O>

p1i
® —Pi— @ —P2— @
P3

N

Ifi,j arein {1,...,4} denote o;; the two dimensional cone of ¥ given by o;; = (p;, p;)-
Then (p1, p3) = 012 U 023 but the Z-lattice spanned by N N (012 U 093) is generated
by (1,1),(1,—1) and (1,0). Hence ¥ is not unimodular.

Corollary 6.6. X is cragged if and only if As is a cragged Lagrangian.
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Proof. For Lagrangians being cragged is a local condition, thus As is cragged if and only if
As is cragged. This together with Proposition 6.4 proves the statement. U

The conditions of Definitions 6.3 are quite restrictive but they are verified in a number of
interesting examples. For instance, all toric Fano surfaces have cragged fans. Also Proposi-
tions 6.9 and 6.10 below imply, in particular, that in all dimensions there are infinitely many
examples of toric orbifolds with cragged fans.

Definition 6.7. Let 3 = (N, X, 3) be a stacky fan such that N has rank n and ¥ contains
n + 1 one dimensional cones. We say that X’s; is a generalized weighted projective space.

Remark 6.8. Equivalently, generalized weighted projective spaces are toric orbifolds with
Picard number one. Generalized weighted projective spaces contain ordinary weighted pro-
jective spaces but form a strictly larger class, see [Bu] for several concrete examples. Note
that the author of [Bu] calls these varieties “fake weighted projective spaces.” We follow a
different convention here because the name “fake projective space” is most commonly used
in algebraic geometry to refer to a different class of objects, see e.g. [PY].

Proposition 6.9. If ¥ = (N,X,3) is the stacky fan of a generalized weighted projective
space then 3 is cragged.

Proof. Let N = 7Z". Then X is fully determined by the assignment of a set of n + 1 vectors
B={b;...by11}in N = Z": they satisfy an equation of the form myb; +---+my, 110,01 =0
where all the coefficients are strictly positive integers. The one dimensional cones of ¥ are
given by p; = Rxob;, 5 : @Zjﬂ Ze; — N maps e; to b;, and the fan Y is the collection of
all the cones spanned by proper subsets of {p; ... pn4+1}. This implies in particular that X
is exhaustive. Now let b;, ...b;, be a set of linearly independent vectors in B. By definition
(piy - - - piy) isacone in ¥. Thus the fact that b;, ... b;, are a Z-basis of the sublattice generated

by BN {pi, ...pi,) = {bi, ...b;} is tautological: X is therefore unimodular as well. O

Proposition 6.10. Let Xs; be a toric orbifold with cragged stacky fan ¥ = (N, X, 3), and
let G be a finite group acting on X in a way that is compatible with the torus action. Then
the stacky fan of the quotient [Xs /G| is cragged as well.

Proof. Note that G can be embedded as a finite subgroup of the torus T' = N ®z C* in
such a way that the action of G on Xy is induced from the action of T' by restriction. The
subgroup G determines an overlattice M’ of M = Hom(N,Z): M’ is the lattice of characters
of T" which restrict to the trivial representation of G. By dualizing we get a surjective map
q: N — N'. The stacky fan of [Xx/G] is given by 3’ = (N, ¥/, g0 [3), where ¥/ is the set of
cones {¢q(o)|o € X}. Exhaustiveness and unimodularity of ¥’ follow immediately from the
same properties of 3. O

The next Theorem is one of our main results.
Theorem 6.11. If X is a smooth toric orbifold such that ¥ is cragged, then
K : Perf(Xs) — Sh(T, As)

is an equivalence of categories.
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Proof. As explained in Remark 6.1 it is sufficient to prove that the image of
pr i She(M, As) — She(T, As)

generates Sh.(T,As). Informally, our argument depends on the availability of a kind of
categorification of partitions of unity: we explain briefly this analogy before proceeding with
the proof. The role of the unit function is played by the constant sheaf Ct € Sh.(T, Ax),
which is the unit for the tensor product® in Sh.(T, As). We regard the image under x of a
line bundle £ as corresponding to a bump function (or rather, to the indicator function of
an open subset): as a justification recall that if L is an equivariant ample line bundle then
i(L) = i1Cas, where Cpo is the constant sheaf on the interior of the lattice polytope A
(see [FLTZ2]). When X is cragged we can construct a complex X*® in Sh.(T,As) with the
property that X are direct sums of objects of the form k(L) and Cr is a left convolution of
X*: this is the key step in our argument, and we think of this as an analogue of a partition
of unity.
Lemma 6.2 implies that there is a resolution

P =(P" =Pt ... 5 PY = k(1)

of the skyscraper sheaf k(1) such that P’ is a direct sum of line bundles for all . We regard
P* as a complex of objects in Perf(Xs) and k(1) as the left convolution of P°®. Evaluating
k on P* we obtain a complex in Sh.(T,As), k(P*) = (k(P™) — --- — k(P")) such that
k(k(1)) = Cr is its left convolution. We can use this to realize all objects of Sh.(T, Ax) as
iterated cones of objects lying in the image of p; in the following manner.

Let F € Sh(T, As). We tensor x(P*) with F and we get a complex

K(P™)@F = -+ = k(P°) ® F,
such that F = Cr ® F is its left convolution. This implies that F lies in the subcategory
(K(P™YRF,...,k(P") @ F) C Sh.(T).

Note that x(P?) ® F is an object of Sh.(T,As) for all i: in fact, since As is cragged,
Sh.(T, As) is closed under tensor product by Corollary 4.13. We prove next that x(P?) ®
F lies in the image of p;. Write P" = @D,c; L;j where L; are line bundles, and choose

equivariant representatives L; € Per fr(Xs). There are natural isomorphisms (€D, s £i) =
D,c; k(L)) = @jejpl(/%(ﬁj)). Thus we have that

P'@ F = P (pi(&l >~ P p(E(L;) @ p'F),
jed jeJ

where the last isomorphism is given by the projection formula.® This completes the proof. [

SWe stress that here we are working with the ordinary tensor product of constructible sheaves, as opposed
to the convolution product which was discussed in Section 5.1.

SNote that p'F € She(M,As) is not compactly supported: however the tensor product /%(/37) ® p'F is,
and therefore lies in She.(M, ]\g) as required.
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7. TILTING COMPLEXES

As an application of Theorem 6.11 we prove that if 3 is a cragged stacky fan, then
Perf(Xs) has a tilting complex. Let A be a finite-dimensional algebra over C.” Let us recall
some notations: modA is the abelian category of finite dimensional A-modules, Dgg (A) is the
triangulated dg category of finite dimensional A-modules, and D°(A) the homotopy category
D*(A) = D(D},(A)). Djj,(A) has a tautological t-structure with heart equal to modA.

Theorem 7.1. Let A be a finite dimensional algebra of finite global dimension. Let C be
a triangulated dg category. Assume that there is a quasi fully-faithful embedding of C into
DZQ(A) that satisfies the following conditions:

(1) The restriction of the tautological t-structure of DZQ(A) s a well defined t-structure
on C.
(2) The embedding C — D} (A) admits a left adjoint.
Then there exists a finite-dimensional algebra B having global dimension smaller or equal
than the global dimension of A, and a quasi-equivalence C = Dgg(B).

Let A and C be as in the statement of the theorem. We denote C° = C NmodA: C° is the
heart of the induced ¢-structure on C. The homotopy category D(C) is a thick subcategory
of D*(A), and the inclusion C — D} (A) admits a left adjoint which we denote L.

Lemma 7.2. An object X € Dgg(A) belongs to C if and only if H/(X) € C° for alli € Z.

Proof. Clearly if X € C then H'(X) € C°. We prove the other implication by induction
on the number of indexes i for which H*(X) is different from zero. Suppose that H'(X)
vanishes for all but one i. Then X = H*(X) and as the objects of C° are contained in C we
have that X € C. Suppose now that the set of indices 7 such that H*(X) # 0 has cardinality
n. Take j to be the maximal index such that H7(X) # 0. In D}, (A) we have a cofiber
sequence Y — X — H’(X), where Y has non-vanishing cohomology in a strictly smaller set
of degrees than X. By the inductive hypothesis Y € C. As C is triangulated, X belongs to
C as well. 0

Let A and B be two abelian categories. We say that an exact functor F' : B — A is
degree-wise fully faithful if Extyz(A, B) = Ext'y(FA, FB) for all i € N.

Lemma 7.3. Let A and B be finite-dimensional algebras. Suppose that A has finite global
dimension. If F': modB — modA is a degree-wise fully faithful functor, then its extension
to the dg enhancements F : DZQ(B) — DZQ(A) is also quasi fully faithful. Further the global
dimension of B is smaller or equal than the global dimension of A.

Proof. Since F is degree-wise fully faithful, the A-module F'(B) satisfies Ext’, (F(B), F(B)) =
0 for all © # 0. It follows from [Ri] Theorem 2.12 and Propositions 3.1 and 3.2 that F
induces a fully faithful embedding into D°(A) of the triangulated category of perfect B-
modules, Perf(modB). Note that the maximum range of non vanishing FExt-groups be-
tween B-modules is bounded by that of A-modules. That is, the global dimension of B
is bounded by the global dimension of A, and Perf(modB) = D°(B). Thus, there is a

TAll algebras appearing in this paper are always assumed to be associative and unital.



22 SARAH SCHEROTZKE AND NICOLO SIBILLA

fully faithful embedding D?(B) — DY(A). By the uniqueness of cg enhancements (see
[LO][Proposition 2.6]) for D’(B) and D°(A), the embedding lifts to a quasi fully faithful
embedding F' : Dj (B) — D}, (A). This completes the proof. O

Let (D<g, D=¢) be the aisles of the tautological t-structure on D?(A), and 7<o : D*(A) —
D<y and 7+¢ : D°(A) — D+ be the truncation functors.

Proposition 7.4. Let D(C) and D°(A) be as in the statement of Theorem 7.1. Suppose
now that M = 17<oM for some M € C, that is M has zero homology only in positive degree.
Then the left adjoint L(M) has zero homology in positive degree, that is L(M) = T<qL(M).

Proof. If M is an object in D°(A) there is a unique object M+ € D(C)* such that M+ —
M — L(M) — M*[1] is a distinguished triangle. We have the following commutative
diagram whose middle row and columns are distinguished triangles:

TS()ML E—— TS()M —— T§0L(M)

o

Mt M L(M)

]

Suppose now that M = 7<oM. Then 7-¢M vanishes and Hom ps4)(M, X)=0 for all X in
D~g. As 7o9L(M) lies in C, it follows that

HOIHDb(A) (M, T>0L(M)) = HOIHDb(A) (L(M), T>0L(M)) =0.
Thus 7-9L(M) = 0, and we have that L(M) = 7<oL(M). O
We can now proceed with the proof the main theorem of this section.

The proof of Theorem 7.1. Denote by j the embedding of modA into D?(A) as the heart of
the tautological t-structure. Consider the following commutative diagram:

D(C) == D)

)

PR

C' — modA .
io

We denote L° : modA — C° the composition L° = H°Lj. We prove first that L° is a left
adjoint of iy. Let N € modA and M € C°. We have that H'L(N) = 7o_;7<oL(N). Since N
is concentrated in degree zero by Remark 7.4, 7<oL(N) = L(N). Thus

Homeo (LN, M) 2 Hompy (4)(7s1L(N), M).
We apply Hom(—, M) to the distinguished triangle
TS_lL(N> — L(N) — 7'>_1L(N) — Tg_lL(N)[l].
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As M is concentrated in degree zero, we deduce that
Hom b4y (751 LN, M) = Hom(LN, M) = Hom(N, M),

that is, LY is a left adjoint of .

Left adjoints of exact functors preserve projective generators. Thus L°(A) is a projective
generator of C°, and C° is equivalent to modB where B is equal to Endeqa(LY(A)). The
equivalence modB — C is given by the functor — ®p L°(A). Consider the composition
F = io(— ®p L°(A)), F is a degree-wise fully faithful functor from modB to modA. By
Lemma 7.3, F extends to a fully faithful embedding F' : D} (B) — D} (A) whose image
consists of complexes with cohomology in C'. By Lemma 7.2, the image of F' lies in C.
Conversely D(C) is generated by C° as a triangulated category. This shows that there is an
equivalence C = DY (B). O

Theorem 7.5. Let Xs; be a smooth toric orbifold such that ¥ is cragged. Then there is a
finite-dimensional algebra B of finite global dimension such that Perf(Xx) is quasi-equivalent
to D5 (B). In particular Perf(Xs) contains a tilting complex.

Proof. Since Ay is cragged, the tautological t-structure of Sh.(T) restricts to Sh.(T, Ax). Let
S be a stratification of T that is acyclic and is such that all complexes in Sh.(T, Ax) have
cohomology that is constructible with respect to S: this gives an embedding of Sh.(T, Ax)
into She(T,S). By Theorem 4.18 there is a quasi-equivalence Sh.(T,S) = D} (As) that
preserves the t-structures. Thus we obtain a quasi fully-faithful functor

J : She(T,As) — Djy(As),

that is compatible with the ¢-structures. Also, J has a left adjoint. Indeed, since Xy is a
smooth and proper DM stack, Perf(Xs) is a saturated dg category in the sense of [To|. In
particular, by Proposition 13 of [To] all quasi fully-faithful functors with source Perf(Xs;)
admit both a left and a right adjoint, and the same holds for the quasi-equivalent category
Sh.(T,As). This completes the proof, as we can apply Theorem 7.1 and obtain a chain of
quasi-equivalences
Perf(Xs) = Sh(T, As) = D} (B).
O

Remark 7.6. For weighted projective spaces stronger results are known. Borisov and Hua
[BH] prove that they admit a full strong exceptional collection of line bundles, this generalizes
Beilinson’s famous theorem [Be] on the derived category of ordinary projective spaces.
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