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We introduce Riemann-Hilbert problems determined by the refined Donaldson-Thomas
theory. They involve piecewise holomorphic maps from the complex plane to the group
of automorphisms of a quantum torus algebra. We study the simplest case in detail and

use the Barnes double gamma function to construct a solution.

1 Introduction

There has been recent interest in a class of Riemann-Hilbert problems that are naturally
suggested by the form of the wall-crossing formula in Donaldson-Thomas (DT) theory.
These problems involve piecewise holomorphic maps from the complex plane to the
group of automorphisms of a Poisson algebraic torus, with discontinuities along a
collection of rays prescribed by the DT invariants. Such problems appeared in the
physics literature in the work of Gaiotto et al. [12, 13] and have since been considered
by mathematicians [1, 5, 6, 8].

The works listed above are mostly concerned with Riemann-Hilbert problems
defined using unrefined DT invariants. In this paper, we consider an analogous class

of Riemann-Hilbert problems arising in refined DT theory. These involve maps into
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2 A. Barbieri et al.

the group of automorphisms of a quantum torus algebra. Earlier discussions of such
quantum Riemann-Hilbert problems appear in [7, 9].

In this paper, we consider the special case of a refined BPS structure satisfying
the conditions of Definition 1.2 below. The basic example is the one arising from the
refined DT theory of the A, quiver. We give an explicit solution to the corresponding
quantum Riemann-Hilbert problem in terms of products of modified gamma functions.
We also write the solution in adjoint form using a modified version of the Barnes double
gamma function. It is intriguing to note that this same function arises in expressions
for the partition functions of supersymmetric gauge theories [17, Appendix Al.

We conclude by discussing two natural limits of the adjoint form of the solution,
which both relate to the classical Riemann-Hilbert problem studied in [1, 5]. In one of
these limits, we find the Hamiltonian generating function for the classical solution. In

the other, we rather unexpectedly find the r-function introduced in [5].

1.1 Refined BPS structures

In [5], the output of unrefined DT theory was axiomatized to give the definition of a
BPS structure. This is a special case of Kontsevich and Soibelman's notion of a stability
structure [15]. The natural analogue for refined DT theory reads as follows (compare
also [9, Section 4]).

Definition 1.1. A refined BPS structure (T, Z, 2) consists of the following data.

(a) A finite-rank free abelian group I' = Z®", equipped with a skew-symmetric

form
(=, —=):T'xT = Z.

(b) A homomorphism of abelian groups Z: I" — C.

(c) A map of sets

Q:T - QL*2], Q@)= 2,0 L,

nez

where L? is a formal symbol, satisfying the following two conditions.

(i) Symmetry: Q(—y) = Q(y) forall y e I', and Q(0) = 0.
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A Quantized Riemann-Hilbert Problem in DT Theory 3

(ii) Support property: fixing a norm || - || on the finite-dimensional vector space

I' ®, R, there is a constant C > 0 such that

Q) #0 = 1ZW)|>C- vl

The original definition is recovered by setting . = 1 and taking Q to be a map
r - Q.
The support property will in fact play no role in what follows since we only

consider refined BPS structures satisfying much stronger finiteness constraints.

Definition 1.2. We say that a refined BPS structure (Z, I, Q) is

(a) finite if Q(y) = 0 for all but finitely many classes y € I,
(b) uncoupled if Q(y;) #0and Q(y,) #0 = (y;,¥,) =0,
(c) palindromicif Q,(y) =Q_,(y)forallneZandy €T,
(d) integralif Q,(y) e Zforalln € Zandy €T.

For the most part in this paper, we shall restrict attention to the following

example, which satisfies all the conditions of Definition 1.2.

Example 1.3 (Doubled A, structure). Given an element z € C*, there is an associated
refined BPS structure (T, Z, Q) defined by the following data:

(a) the lattice I' = Z®2 and skew-symmetric form (—, —) are
=70 ®Za", (¥, a)=1;
(b) the group homomorphism Z: I' — C is determined by
z=2() eC*  Z@")=0;
(c) the only nonzero refined BPS invariants are Q(+«a) = 1.
This example corresponds mathematically to the refined DT theory of the A; quiver. In

physical terms, it describes the BPS spectrum of U(1) gauge theory (Remark 3.1). We

will refer to it as the doubled A, refined BPS structure.
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4 A. Barbieri et al.
1.2 The quantum Riemann-Hilbert problem

Let (T', Z,2) be a refined BPS structure. Precisely formulating the associated quantum
Riemann-Hilbert problem is a nontrivial task, at least as difficult as the analogous
problem in the unrefined situation, which was discussed at length in [5]. Here, we just
give the rough idea. Morally speaking, the quantum Riemann-Hilbert problem takes
values in the group of automorphisms of the quantum torus algebra

_ +1 — Lz
CQ[T] - @C[L 2] Xy X KXy, =Lz “Eyi+yr

yel

which is a quantization of the ring of functions on the algebraic torus
T = Hom, (I',C*) = (CH". (1.1)
We introduce the one-parameter family of automorphisms
€,(t) € Aut (Cq[']I‘], €7()(x,) = exp(Z(y)/V) - x,,

which lift the pull-backs by the corresponding translations of the classical torus.
Recall the following quantum dilogarithm function (the reader should be aware

that there are different conventions for this function in the literature; see Remark 3.3):

n

(1.2)

E,0=[]a-dg%, E = x .
ey ;g)( 7*x) ey T;J(l—q)m(l—q")

The active rays £ C C* of the BPS structure are defined to be the rays of the form
¢ =R_g,-Z(y) for classes y € I satisfying Q(y) # 0. To each such ray, we would like to

attach a product

il ()
pT,(0) = [] []Eu(-L"2 %) ec,Im, (1.3)
Z(y)el neZ

and then consider the associated automorphism

Of course, since the product in (1.2) is infinite, the expressions (1.3) and (1.4) do

not make rigourous sense, and it is therefore necessary to work in some extension of the
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A Quantized Riemann-Hilbert Problem in DT Theory 5

quantum torus or perhaps to pursue some entirely different approach. Ignoring these
difficulties for a moment longer, the quantum Riemann-Hilbert problem can be roughly

stated as follows.

Problem 1.4. (Heuristic version). Find a piecewise holomorphic function
®: C* — Aut Cq[T],

satisfying the following three conditions:

(i) as t crosses an active ray ¢ C C* in the clockwise direction, the map ®(¢)

jumps by the corresponding automorphism
(1) = P(8) 0 Sy(0);

(ii) ast— 0, we have ®(¢) o €,(t) — id;

(iii) the function ®(t) has “moderate growth” as t — oc.

At present, we only know how to rigourously formulate, let alone solve, the
quantum Riemann-Hilbert problem under the conditions (a)-(d) of Definition 1.2, and
we will therefore restrict to this case from now on. In fact, for any such refined
BPS structure, the solution of the associated quantum Riemann-Hilbert problem can
be obtained by superimposing solutions to the problem defined by the refined BPS
structure of Example 1.3. Thus, we will now restrict attention to this doubled A, case.

We will return to the general case in Section 5.

1.3 The doubled A; example

Fix an element z € C*, and consider the corresponding refined BPS structure ([, Z, Q)
of Example 1.3. Introduce the following alternative generators of the quantum torus
algebra C,[TI:

1
5 . 5 . 1
q? :=-Lz, Yma+nev = (_1)m(n+ ) "Xma+na -

For an explanation of these signs, see Section 3.2. Although they are not strictly

necessary, introducing them will lead to simpler formulae below.
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6 A. Barbieri et al.

There are two active rays £, = £R_j - z, and the corresponding expressions (1.3)

are
1 _ 1 _
DT, (¢y) =By (-L2x,,) "' =Eg(—q?y.,) "

To make rigourous sense of these elements, we will first need to modify the quantum
torus algebra. Define the extended quantum torus algebra to be the noncommutative

algebra

C T = PMHXC) - Y, (1.5)

nez

where M(H x C) denotes the field of meromorphic functions f(z,#) on the product of
the upper half-plane H with the complex plane C, and the product is

(fl(fle) 'Ynlav) * (fz(fre) . Ynzozv) =f1(t,9) 'fz(f'e + nlr) 'Y(n1+n2)otv' (1.6)
There is a commutative subalgebra
C,ITl, = M(H x C) -1 C C,IT] (1.7)

and an injective homomorphism I: C [T] < m defined by

[Nk

I:G2 - Vypginav > €xp (mi(k + mn)t + 27imo) - ypov.

We will often identify elements of C/[T] with their images under the embedding I. Note
that

1 . .
I(q2) = exp(mit) - 1, I(y,) = exp(2mif) - 1, Iy, v) =Yy

The product in the definition of the quantum dilogarithm (1.2) is absolutely

convergent for |g| < 1 and there are therefore well-defined elements
DTq(Zi) — ]EeZnir (_eﬂi‘[ﬂ:ZHi@)—l . 1 c (Cq[T]O
and corresponding automorphisms
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A Quantized Riemann-Hilbert Problem in DT Theory 7

It is now straightforward to write down a rigourous version of the quantum
Riemann-Hilbert problem (see Problem 3.6 below). Since there are only two active rays,

analytically continuing the two parts of the solution leads to maps
O, :C*\il, — Aut(C/qm,
satisfying the jumping relation

®_(t)oS,(t,)  if Re(t/z) >0,

o, (t) = (1.8)

d_(t)o Sq(zf)—l if Re(t/z) <O,
together with natural limiting conditions at ¢ = 0 and t = oco.

1.4 Solution to the doubled A; problem

Due to a symmetry of the problem, a solution to the above quantum Riemann-Hilbert
problem can be deduced from the solution to the corresponding classical problem
studied in [1]. Unfortunately, we can only prove the uniqueness properties for this
solution under some strong additional hypotheses (Remark 3.8).

To describe this solution, let us first introduce the equivalent maps
Wy CF\ity - AutCIT],  W(t) = D) o ().

We also introduce the modified gamma function

C(w+n)- eV

1 ’
N2 - wtW 2

A(w,n|1) =

which is meromorphic and single-valued for w e C*\R_g and 5 € C.

Theorem 1.5. For each z € C*, the unique automorphisms ¥, (t) € Aut@['l‘ﬁ] that act
trivially on the subalgebra (1.7), and satisfy

+1
W, (1) (yv) = A :i:ilq:((?—i-z)‘l Vo
£ e 27it’ 2 2 ot

give a solution to the above quantum Riemann-Hilbert problem.
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8 A. Barbieri et al.

An interesting new possibility in the quantum case is to express the solution of
Theorem 1.5 in adjoint form. Namely, for each z € C*, we can write
Although this does not specify the functions ¥, uniquely, we show that a natural choice
is to take

z 1
Yo =F( 2 =T
27it 2

:Fe‘l,r)ild, (1.11)

where the function F(w,n|a;,a,) is a modification of the Barnes double gamma

function. More precisely,
1
F(w,11ay,85) = Do(W + 1| ay, ap) - 90710102 yyzbeavinianc),

where I', denotes the Barnes double gamma function, and

3w? nw w(a, + a,)
9w, nlay,ay) =——— - L=
a,ay, a0, 2a,a,

B, (x|ay,ay) x2 (1+1)+1(a2+a1)+1
x|aq, = —(—+—)x+=(—=+— —.
22 12 a,a, a, a, 6\a; a, 2
This modification of the double gamma function is entirely analogous to the
modification (1.9) of the usual gamma function: it is designed to eliminate the sporadic
terms in the large |w| asymptotic expansion of the function I'y(w+1n|a;, a,). In fact, we

prove that when Re(a;) > 0, there is an expansion

(—l)k By kio(nlay, ay) ek
k(k+ 1)(k +2) '

logF(w,nla;,ay) ~ z
k>1

where B, ,,(x|a,,a,) denote the double Bernoulli polynomials, which is valid as |[w| — oo
in any closed subsector of the half-plane Re(w) > 0.
1.5 Two interesting limits

There are two limits to the solution of Theorem 1.5, which is interesting to consider, and

which relate to the classical Riemann-Hilbert problem studied in [1, 5]. The classical
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A Quantized Riemann-Hilbert Problem in DT Theory 9

problem, at least heuristically, looks for maps
o, : C\ ity — Aut(T),

where T is the classical torus (1.1), satisfying conditions analogous to those in

Problem 1.4 above. As above, it is convenient to write
W, :C\ily — Aut(T), Do (t) = W, (1) 0 y(0),
where €,(t) is the translation of T defined by
e2(t)(y,) = exp(Z(V)/1) - v,

It is shown in [1] that a possible solution is given by

P 1 +1
Vo0 (V) =Yy Vi@ )=A (iﬁ, 5 FO ‘ 1) S (1.12)

where we have written y, = exp(27i6).
The 1st limit consists of sending r — 0. The product on the quantum torus C,[T]

induces in this limit a Poisson bracket on T given explicitly by

{Yyllsz} = ()/1, VZ) : y)/1+}/2'

In this limit, the solution to the quantum Riemann-Hilbert problem specified in
Theorem 1.5 becomes the solution (1.12) to the corresponding classical problem. The
adjoint description (1.11) becomes the statement that the automorphisms W_ (¢) € Aut(T)

that solve the classical problem are the time 1 Hamiltonian flow of the functions

H,(zt,6) = lim ((Znit) log wi(t)).
T—0
In terms of the explicit description (1.12), this is the identity

9 H.(z,t.6) = F(2xi) - lo A(i—z 1 9|1)
— ,t,0) = i) - —, — .
06 * + & 2mit' 2 T

In Section 4.2, we give an explicit description of the functions H, (z, t,6) in terms of the

Barnes G-function.
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10 A. Barbieri et al.

The 2nd limit consists of setting t = 1 and hence q% = —1 and seems to
correspond in physical terms to the Nekrasov limit. Although the quantum torus algebra
(Cq[’JI‘] becomes commutative in this limit, the extension (1.5) does not. It is convenient to

express the limiting function in the form

r(ZZ 20) = (Z2)" imy. @ (1.13)
27’[it,:F - 2mit T—1 S '

where the function Y (w,n) can again be expressed in terms of the Barnes G-function
(4.8).

Sl

When 6 = 0 the expressions (1.13) coincide with the r-functions appearing in [5,
Section 5.4], so we can view (1.13) as an extension of this function to arbitrary values of
6. Note, however, that there is a confusing shift here: with our conventions the classical
Riemann-Hilbert problem studied in [5, Section 5.3] corresponds to 6 = % The defining

relation (1.10) gives in the limit an identity

v (+-2 0+ 2)) = (2 oL AiZleuil
2mit’ T 2)) = 27t 2 2mit’ 2 T '

This difference relation may give some clue as to the true nature of the r-function, whose

definition in [5] remains rather mysterious.

2 Special Functions

The solution to our quantum Riemann-Hilbert problem can be expressed using modified
versions of the Barnes multiple gamma functions I';(x|a;) and I'y(x|a;,a,). In this
section, we recall the definition of these functions and review some of their basic
properties. We then introduce the two modifications A(w,n|a;) and F(w,n|a;,ay)

appearing in the introduction.

2.1 Multiple Bernoulli polynomials

Let N > 0 be a positive integer, and fix a vector of nonzero complex numbers

a=(a,,...,ay) € (CHV,
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A Quantized Riemann-Hilbert Problem in DT Theory 11

In what follows, we shall make frequent use of the multiple Bernoulli polynomials

By (x| a@). These polynomials are defined by the expansion

% :%Ble(xmyt—i. (2.1)
They satisfy the difference relations
Byx(x+a;lay,---ay) —Byxxlay,---ay) =kBy ;1 (X|ay, -+, a1, Q11 Ay)
and the homogeneity property
Byr(Ax|ia) = *VBy (x|@),  reC*. (2.2)

The polynomials By (x) = By (x| 1) coincide with the classical Bernoulli polynomials.

It will be useful to have explicit expressions for a few of these polynomials to

hand:
B pxla;) L B, (xla;) x 1 By ,(x]a;) X—z +a
Xla = , X|a = - =, X|a = — X .
1,0 1 a 1,1 1 a, 2 1,2 1 a, 6
Byo(xlay, ay) ! B, ,(x|ay,a,) a, +a,
X , = , X , = _ -,
2,0 122 a,a, 2,1 1722 a,a, 2“1“2

2

B, (x| ) X (1+1)+1(a2+a1)+1
xla,, ay) = —(—+—)x+=z(—=+— —.
22 12 aa, a, a, 6\a, a, 2

These can be obtained by multiplying out the classical Bernoulli polynomial expansions

for the N individual factors appearing on the left of (2.1).

2.2 Multiple gamma functions

We recall here the definition of the Barnes multiple gamma functions. Our basic
references for this material are [11, 14, 18]. Most of the results we need can also be
found in Barnes’ original papers [3, 4], although it is important to note that these older

sources use a different normalization; see [18, Equation (3.19)].
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12 A. Barbieri et al.

We again fix a positive integer N > 0 and a vector of nonzero complex numbers
a=(a,,...,ay) € (CHV,

Assume for now that Re(a;) > 0 for all i. Let us also fix an element x € C. The Barnes

multiple zeta function is defined by the sum

s xla)= D, x+n-a7,

ne(Zso)¥

which is absolutely convergent for Re(s) > N. It can be analytically continued, [18,
Section 3], to a single-valued meromorphic function of s € C, with poles only at the
pointss=1,2,--- ,N.

Assuming again that Re(q;) > 0, the Barnes multiple gamma function 'y is

defined by the formula

ad
Fy(xla) = exp == iy(s X[ @)]s=o-

This is a meromorphic function of x € C, without zeroes and whose poles, [18,Section

3], lie at the points of the form
N
X = —Zmiai, m; € Zsy.
i=1

The functions ¢y(s,x|a) and I'y(x|a) are generalizations of the Hurwitz zeta
function ¢y (s, x) and the gamma function I'(x), respectively. Indeed, [18, Equations (3.23)
and (3.27)] gives

(s, x|a)=a "S-y (g) r(x|a)= —— T (5) ait, (2.3)

where we take the principal branch of log(a) on the half-plane Re(a) > 0.

The main property of the zeta function we shall use is the difference equation

{N(slxlalr"‘aN) _é‘N(SIX—i_ai'al/"' IaN) = CN—](Slxlall"' /ai_lrai+1l"' IaN)I

which is immediate from the definition. This relation induces an analogous relation for

log Iy
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A Quantized Riemann-Hilbert Problem in DT Theory 13

The multiple gamma functions have the homogeneity property

1 N-1
Iy -x[A-a) =exp (IW < (=1) 'BN,N(X|Q) : IOg()\)) Iyxla), (2.4)

valid for A € C* \ R_j such that Re() - a;) > O for all i. We take the principal branch of
log(x). This follows immediately from the definition once one knows [14, Appendix A]
that

(-DN

N!

(y0,xa) = 'BN,N(X|Q)-

The relation (2.4) allows us to analytically continue the function I'y (x| @) to the domain
a; € C"\R_g, Re(a;/a;) > 0, 1<ij<N.

In words, we allow the parameters a; to vary freely in the domain C* \ R_, providing
that they all lie in a single open half-plane.
2.3 Modified gamma function

It will be useful to consider certain modifications of the Barnes gamma functions
designed to kill the sporadic terms in their asymptotics as x — oco. We first consider

the case N = 1. Take a € C* with a € C*\ R_,, and consider the function

w
AW, n1@) =Ty(w+7|a) - exp(~By (W +n| @) logw)) - exp (=),

where w € C*\ R_, and 5 € C, and we take the principal branch of log(w). Using (2.3),
we can rewrite this as
1 w+p

() exp () (2) 2

although one should be a little careful here, since with our chosen analytic continua-

N~

Aw,nla) = (2r)~

tions, the expression log(w/a) = log(w) — log(a) is specified by the principal branches

of the functions log(w) and log(a) on the domain C*\ R_,,.

Proposition 2.1. The function A(w, n|a) has the following properties.
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14 A. Barbieri et al.

(a)

(d)

(e)

It is a single-valued, meromorphic function of the variables w,a € C*\ R_,

and 5 € C. It has no zeroes and poles only at the points
w+1n =na, n e Z.
It has a homogeneity property
A(Aw,An|ra) = A(w,n]|a), (2.6)

for A € C* such that Aw, Aa € C*\ R_,,.
On the half-plane +Im(w/a) > 0, it satisfies the reflection property

2ri(w+n) \ —1
A(W,nla)-A(—w,a—nla)z(l—eiiaﬂ) . (2.7)

For fixed a € C* \ R_y and 5 € C, there is a constant k > 0 such that for
0< w1

Wik < |A(w, n]a)| < |w| k.

When a € R_j and 5 € C, there is an asymptotic expansion

DByl
k(k+1)

log A(w,nla)~ >

k>1

valid as |[w| — oo in any closed subsector of C* \ R_,.

Proof. Properties (a), (b), and (d) are clear from expression (2.5) and the well-known

properties of the gamma function. For (c), we can use the homogeneity property to

reduce to the case a = 1, when the given relation is a simple consequence of the Euler

reflection formula for the gamma function; see [1, Lemma 3.1] for more details. For (e),

we can reduce to the case a = 1 using the homogeneity properties (2.2) and (2.6), when

the claim is a form of the Stirling expansion. |
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2.4 Modified double gamma function
Take parameters a;,a, € C*\ R_,, and assume that Re(a,/a;) > 0. In this section, we

consider the function

1
Fw,nla;,a,) :=Ty(w+nla;, ay)-exp (EBZ,Z(W +nla,, a,)log W) .
(2.8)

3w? w  w(a; +a
- exp (— L + (@ + 2))
4a,a, a,a, 2a,a,

with w € C*\ R_y and n € C. As before, the middle factor is fixed by choosing the
principal branch of log(w). This function is a modification of the Barnes double gamma

function obtained by killing the sporadic terms in its asymptotics as w — oo.

Proposition 2.2. The function F(w, n|a,, a,) has the following properties.

(a) Itis asingle-valued, meromorphic function of w,a,,a, € C*\R_g,andn € C

providing that Re(a,/a,) > 0. It has no zeroes and poles only at the points
W+ =n;a; +Nyay, (nq,ny) eZzso.
(b) It satisfies the symmetry relation
F(w,nlay,ay) =F(w,n|ay ay)
and the homogeneity relation
F(Aw,An|Aiay, ray) =F(w,nlay,a,),

valid for A € C* such that Aw, 1aq; € C*\ R_,.

(c) It satisfies a difference relation

Fw,n+aylay, a,)
F(W,'ﬂapaz)

=A(w,nla) ™t

(d) Consider fixed a;,a, € C* and € C, and assume that Re(a;) > 0. Then,

there is an asymptotic expansion

k
(=1 'Bz,k+2(77|a1,(12)' K

logF(W,ﬂ|a1:az)Nz k(k+ 1) (k+2) v

k>1
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valid as |w| — oo in any closed subsector of the half-plane Re(w) > 0.

Proof. The single-valuedness of F is a consequence of the definition for Re(a;) > 0 and
the way we have analytically continued to the domain aq; € C*\ R_, and Re(a,/a;) > 0.
The claim about the zeroes and poles follows from the corresponding properties of the
double gamma function, which can be found in [14, Appendix A]. The symmetry in a,, a,
is immediate from the definition of the double gamma function. The homogeneity of
F(w,n|ay,a,) is a consequence of (2.4).

For part (c), start with the reflection identity for the double gamma function

Iy(x+aylaq, ay)
Iy(x|a,, ay)

=T (xla)t,

which can be found in [14, Appendix A] under the assumption Re(a;) > 0. The result

follows by analytic continuation and the identity

lez(X+ az | al’az) _B2,2(X|a1,a2) - 2B1,1(X|a1).

The proof of part (d) can be found in the appendix as a consequence of a more general

statement about multiple gamma functions I'y(x + § | a). [ |

3 The Quantum Riemann-Hilbert Problem for Doubled A,

In this section, we describe the refined BPS structure associated to the double of the A,
quiver and show how it defines a rigourous quantum Riemann-Hilbert problem taking
values in the group of automorphisms of an extension of the quantum torus algebra. We

then give a solution to this problem using the special functions of Section 2.

3.1 The doubled A; example

Let (I', Z, Q) be a refined BPS structure as defined in the introduction. The corresponding

quantum torus algebra is the noncommutative ring

N

C Tl = @C[Li%] "X, X, * Lznr) . x

v1 V2 vit+vz® (3.1)

o
Il

yell
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It is an algebra over the ring of Laurent polynomials C[Li%]. The specializations

1 .
at Lz = +1 are the commutative algebras

CIT.] = @C "Xy Xy ¥ Xy, = (il)Wl'n} "Xy by
yel
which are the rings of algebraic functions on the varieties
Ty = {87 > 1604 +7) = EDP7 60 - ()} = (€2 3.2

These are the algebraic torus T, and the twisted torus T_ considered in [5, Section 2].
In this section, we shall consider the refined BPS structures (I', Z, Q) defined in

Example 1.3. Recall that they consist of the following data:

(a) the lattice I' = Z®2 and skew-symmetric form (—, —) are
r=7Z-a®7Z- o, (Y, ) =1;
(b) the group homomorphism Z: I' — C is determined by
z=2Z(a) € C¥, Z(@Y) =0;

(c) the only nonzero refined BPS invariants are Q(+a) = 1.

Remark 3.1. From a mathematical point of view, these data arise from the refined
BPS structure defined by the DT theory of the A; quiver by a formal doubling procedure
[15, Section 2.6]. In physical terms, it corresponds [12, Section 4] to the U(1) gauge
theory whose charge lattice I" is spanned by “electric” and “magnetic” generators y,, v,,

satisfying (y,,. v.) = 1 and whose only nonzero BPS invariants are Q(+y,) = 1.

3.2 Quadratic refinement

As in the introduction, it will be convenient to define some alternative generators for
the quantum torus by introducing some signs. This is fiddly but really just a matter of
convention and can safely be ignored at a 1st reading.

A quadratic refinement of the form (—, —) is a point of the finite subset

[o:m > @E o0 +7) = DM 00n) o) €T
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Such a point o € T_ defines an involution of the quantum torus algebra

D: CylTl - CylTl, L2 —LZ, x, > 0(y) x,. (3.3)

. . e 1 .
Note that this automorphism exchanges the two commutative limits .2 — +1 consid-
ered above and therefore induces an isomorphism T, =T _.

For the doubled A, refined BPS structure we are considering, an example of such

a quadratic refinement can be defined by setting
o(ma +na") = (=)™, (3.4)

Although this definition looks rather arbitrary at 1st sight, this quadratic refinement
should in fact be viewed as being canonical (see the discussion in [13, Section 7.7]): it is
uniquely defined by the property that Q(y) # 0 implies o (y) = —1.

We would now like to compose the quantum Riemann-Hilbert by the involution
D so as to obtain nicer formulae for its solution. To express this in a down-to-earth

manner, we introduce new variables
y,i=0o()-x,,  q%:=-Lz
Then, the quantum torus is

+1 in,
CQ[T]:@C[CI 2]'yy' yVl*yV2=q2<yly2>'yy1+Vz‘
yel

This change of variables has no effect on the form of the heuristic quantum Riemann-
Hilbert problem described in the introduction and at 1st sight looks completely trivial.
However, it becomes nontrivial when we pass to the extended quantum torus.

3.3 Extended quantum torus algebra

Let us recall from the introduction the definition of the extended quantum torus algebra

C T = P MHXC) - Ypo, (3.5)

nez
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where M(H x C) denotes the field of meromorphic functions f(z,6) on the product of
the upper half-plane # with the complex plane C, and the product is

(f1 (7,8 -ynlav) * (fz(r,e) -ynzav) = [i(2,0) - f(1,6 + 0D - Vipomgpav- (36)
We also consider the commutative subalgebra
C,IT], = M(H x ©) - 1 C CITI. (3.7)

Lemma 3.2. There is an injective ring homomorphism I: C,[T] < m defined by

[SE

42 VYmainav = €XP (Ti(k + mn)t + 27im0) - y .

Proof. The relations in (3.1) are easily checked. The fact that the resulting ring
homomorphism is injective follows from the fact that for any distinct complex numbers
ay,---,a, € C, the exponential functions f;(t) = exp(a;t) are linearly independent over
C. [ |

We often identify elements of C,[T] with their images under the embedding I.

Note, in particular, that
1 . . v
I(q?) = exp(mit) - 1, I(y,) = exp(2mif) - 1, I(Y,) =Yg (3.8)
The group homomorphism Z: I' — C defines a family of automorphisms
ez(t) € AutC [T], e, (t)(y,) ="y, y €T, teC¥

which lift the rotations of the tori T, obtained by exponentiating the flows of the
invariant vector fields corresponding to Z/t. These automorphisms extend to a family

of automorphisms of m defined by

ZO(F.0) Vna) =F (7.0 + 52) * Va.

where we used the assumption that Z(«) = 0.
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3.4 Quantum dilogarithm

The quantum dilogarithm function is defined by the infinite product

E,x) =[] - ¢*0.

k>0

Under the assumption |g| < 1, the product converges absolutely and defines a nowhere-
vanishing analytic function of x € C. Assuming |x| < 1, we can expand [10, Section 1.3]

as

n

BT =2 g A = (7=)

where the quantum exponential is

g -1

q-1"

exp (x) = > [2‘—][1, gt =y -In—11,---11l,, [k, =

n>0

Remark 3.3. There are different conventions for this function in the literature. For

example, Kontsevich and Soibelman [15, Section 6.4] define

[N

n

qz -x"
) (@r =g Y

KS () — 11
B 100 =Eg(—q20 =1 +> =1

n>1

This is also the convention used by Fock and Goncharov [10, Section 1.3]; although they
refer to this function as the q-exponential, reserving the term quantum dilogarithm for
a different function, often called the Fadeev quantum dilogarithm, which is essentially

the double sine function.

We consider the elements
DT, (01) = Egaric (—€™7#27%) ™1 .1 € C [T],,
which are clearly invertible, and the corresponding automorphisms

We can compute these automorphisms explicitly as follows.
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Lemma 3.4. The automorphismsS,(¢,) act trivially on the subalgebra (3.7) and satisfy
1
Sqly): Vv = 1+ a2y, )Tl sy,

Proof. The automorphisms Sq(£4) act trivially on the subalgebra (C/qﬁo because this
subalgebra is commutative. The definition of the quantum exponential shows that it

satisfies the difference relation
-1 _
IEq(X) -]Eq(qx) =1-x.

Using the definitions, we therefore have

:|:27n'9+71ir)—1 :I:27ri9+7n'r) 1

1 _ 1
Eg(—q2Vig) " *Vav * Bg(—q2¥1,) = Eganic (—€ L# Yy * Egari (—€
— ]EeZHir (_ei2ﬂi0+ﬂif)fl . ]EeZHiI (_ei2ﬂi9+(li2)ﬂif) 3 Yav — (1 + eiZniGinir):Fl . yav,

which gives the stated result under the identifications (3.8). |

3.5 Maps into the extended quantum torus

Before stating the quantum Riemann-Hilbert problem, we need to make a few defini-
tions concerning holomorphic maps into the extended quantum torus algebra and the

limiting behaviour of such maps.

Definition 3.5. Let D C C be a domain.

(a) By a meromorphic map f: D — C/qﬁ' we mean a finite sum of the form
F@ =D Fu@,0,8) ¥nov,
n

such that each function f;,(r, 6, t) is meromorphic on H x C x D.

(b) Given a meromorphic map f(¢) as in (a), and a point t, € D, we say that

F®) = 9= gu(1,0) Ypov € CylT]
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(c)

ast — ty, if for each n € Z, and each (r,0) € H x C, one has
fo(t,0,t) — g,(t,0) ast — t,.

Suppose the domain D is unbounded. We say that a meromorphic map f(t)
as in (a) has bounded growth at infinity if for all (r,0) € H xC, and all n € Z,
there is a k > 0 with

1t17% < |f,(z,0,0)] < [t|F as |t| > oo.

We say that a map ¢: D — Autq[TT] is meromorphic if for any element
ace @ﬁ the map

eval (¢): D — m, eval,(¢)(t) = ¢(t)(a)

obtained by applying ¢(t) € Aut(C/qm to the element a € m is meromor-
phic in the sense of (a).

We similarly extend definitions (b) and (c) to the case of automorphisms by
evaluating on arbitrary elements. Thus, for example, given a meromorphic

map ¢(t) as in (d), and a point t, € D, we say that
¢(t) > ¥ € Autm ast— tg,

if for every element a € (C/qm, one has eval,(¢)(t) — eval,(y) in the sense of

(b). Similarly for bounded growth at infinity.

3.6 Rigourous quantum Riemann-Hilbert problem

We can now state a rigourous version of the quantum Riemann-Hilbert problem for
the doubled A; refined BPS structure. As in [5, Section 4], it is best to formulate the

problem in terms of maps on half-planes in C centred on non-active rays [5, Remark

4.6 (ii)]. Glueing these together exactly as in [5, Section 5.1], we arrive at the following

formulation.

Problem 3.6. We look for meromorphic maps

O, :CH\ilL — Aut(C/qm,
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satisfying the following three properties.

(qRH1) There are relations

®_(t)oSy(t,)  ifRe(t/z) >0,
@, (t) =
®_(t)oSy(¢_)""  if Re(t/z) <O.

(qRH2) Ast— 0in C*\i¢, we have ®(t) o €,(t) — id € Aut C/qm.
(qRH3) The map &, (t) has bounded growth at infinity.

Written in terms of the equivalent data
Wy CF\ily — AutCIT],  Wo(8) = ®L(8) o ey(t),
the condition (JRH1) becomes

w_(1) oS (ty) if Re(t/z) > 0,
Vi) = -
W_()oS,(_)~" if Re(t/z) <O,

where we define automorphisms

S () =€, (—t) oS (¢ e,(t) = Ad .
q(e) = €7(—1) 0 S4(L,) o €4(0) ez(—t)(JEq(—q%yﬂ)*l)

These automorphisms again act trivially on the subalgebra (3.7) and satisfy
~ 1 z
Sq(ﬁi)il LY U+ gTz ey, )T xy (3.9)

The conditions (QRH2) and (JQRH3) are unchanged.

3.7 The solution

The form of the discontinuities (3.9) makes the problem identical to the classical
commutative Riemann-Hilbert problem for A; studied in [1] after a shift 6 > 6 + 37.
The choice of the quadratic refinement produces an additional shift by 6 +— 6 + % We

can therefore give the solution as follows.
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Theorem 3.7. Problem 3.6 has solutions the automorphisms W, (), which act trivially

on the subalgebra (3.7) and satisfy

z 1 T £l

Proof. All automorphisms of m being considered act trivially on the subalgebra
(3.7) so it will be enough to consider their action on the generator y,v. Using formula

(3.9), the jumping condition (JRH1) comes down to the statement that

z 1 T z 1 T -t . z o\ -1
Al—— - — (Q _) ‘ 1)=A1(= - (9 _) ‘ 1 . (1 tmit | ,F7 . ianf)) ,
(2mt 2 \"13 ) ( 2ric' 2 T\ T3 reente

when + Re(t/z) > 0, which follows from Lemma 2.1(c). Since all elements of the algebra
m are polynomials in the element y,. over the subalgebra (3.7), to check (qRH2) it is
enough to check that

afr 2L (0+1)‘1 1
—_ —_ e
omit' 2+ 2

as t — 0 in the domain + Re(t/z) > 0, which follows from Lemma 2.1(f). Similarly, the

bounded growth condition (qRH3) follows from Lemma 2.1(e). |

We then have forn > 0

n-1 +1
Vi (®) (Ynav) = V20 (Vo) 5 5 Ve ® (var) = [] A (iﬁ% F(o+(i+ %))r \ 1) “Vna
j=0

W (1) (Y—nozv) =WV4(0) (Ynav)il = H A (iﬁ, % F (9 + (J+ %))T ‘ 1)¥1 “Ynav

j=-n

Remark 3.8. We can only make very weak uniqueness statements for the above
solution. Suppose we impose the extra condition that the solution W, (¢) should preserve

the grading

CyITl = D C,IT], - Yo

nez

and act trivially on the zeroth graded piece. Any such solution is determined by

W, )y, > fr0,7,2,0) Y,
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for some meromorphic functions f, (6, t,z,t). The transformations (3.9) have poles or

zeroes at the point

zZ
C2ni(n+6+31+1)

t (3.11)

for all integers n € Z, so it is inevitable that the functions f, also have poles or zeroes
at these points. If we impose the condition that f, (9, 7, z, t), considered as functions of
t € C*\ £, have finitely many poles and zeroes and that these are simple and occur
only at the points (3.11), then similar arguments to [1, Section 2] show that they must be

given by the formula (3.10) up to shifting the variable 6 by an integer.

3.8 The adjoint form

It is interesting to write the solution of Theorem 3.7 in adjoint form as follows.

Theorem 3.9. For each z € C*, the solution ¥, (¢) of Theorem 3.7 can be expressed as
Vo (t)=Ady,q, Wi CF\ity — CIT],

where we define maps

z 147
2rit’ 2

wi(t)=F(i ;9‘1,1)_1. (3.12)

Proof. We recall the multiplication rule (3.6), which shows that for all g € M(H x C)
9T, 0) %Yo % 9(r, )" = g(z,0)g(z,0 + 1)1 - y,v.

The claim then follows from Proposition 2.2 (c). |

Remark 3.10. The above adjoint form is far from unique. To reduce this indeterminacy,

one could try to lift the quantum Riemann-Hilbert problem to a problem involving maps

Yu: C\ity — CIT],
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with the jumping conditions

P LR (- exp (wit + 27i0 — 2)) ™
' Y_(t) * Egznic (—exp (wit — 270 + %)) if Re(t/z) <0

if Re(t/z) > 0,

and appropriate limiting behaviour at ¢t = 0 and ¢t = co. We do not know whether this

problem has an interesting solution.

4 Two Limits

In this section, we consider two limits of the solutions to the quantum Riemann-Hilbert
problem discussed in the last section corresponding to r — 0 and t — 1, respectively.

We explain how these relate to the classical Riemann-Hilbert problem studied in [1, 5].

4.1 C(Classical Riemann-Hilbert problem

We refer to [5] for the definition of a BPS structure and its associated Riemann-—
Hilbert problem. In this section, we will use the term classical when referring to these
concepts, to differentiate them from the refined BPS structures and quantum Riemann-—
Hilbert problems considered above. Note that a refined BPS structure (I', Z, 2) has an
associated classical BPS structure, as defined in [5], obtained by evaluating the Laurent
polynomials Q(y) € Q[}Li%] at the point L2 = —1.

In heuristic terms, the classical Riemann-Hilbert problem associated to a

classical BPS structure involves piecewise holomorphic maps
®: C* — Aut(T.),

with prescribed limiting behaviour at ¢ = 0 and ¢ = oo analogous to those imposed in

Problem 1.4 and discontinuous jumps
D(t) > D(t) o S(¥),
given by wall-crossing automorphisms

SO (xg) = [] 1 —x)" 020 . x,.
Z(y)et
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Here, T_ denotes the twisted torus defined in (3.2), and the functions > T_ — C* are
the twisted characters [5, Section 2.4]. It is often convenient to consider the equivalent

maps
W: C* — Aut(T_), D(t) = W(t) o e4(2),
where €,(t) is the translation of T_ defined by

€(0)"(x,) = exp(Z(y)/t) - x,,.

A quadratic refinement o: ' — {+£1} of the form (—,—), as in Section 3.2,

determines an isomorphism between the twisted torus T_ and the genuine torus T,

pg: Ty —T_, pj(xy)zyy, 4.1)

where y, : T, — C* denotes the genuine character of T, corresponding to y € I'. Under
this identification, we obtain a Riemann-Hilbert problem taking values in Aut(T,), in

which the wall-crossing automorphisms take the form

S(@)*(yﬂ) = H 1—-0o(y)- yy)(yrﬁ)'g()/) Y-
Z(y)et

Abusing notation, we shall use the same symbols ®(t), ¥(¢) for the resulting piecewise
holomorphic functions, now taking values in Aut(T, ).

Let us now consider the case of the doubled A; refined BPS structure of
Example 1.3. The polynomials Q(y) are all constant, and the resulting classical BPS
structure and its associated Riemann-Hilbert problem are precisely the ones studied in
[5, Section 5] and [1]. We shall use the identification (4.1) corresponding to the canonical
quadratic refinement o € T_ of (3.4). As usual, since there are only two active rays, the

piecewise holomorphic maps W(t) give two functions
v, (t): C*\ ity — Aut(T,).

It is shown in [1] that a possible solution, which is in some sense minimal, is given by

z 1 +1
VL0 W) = Ve Vi) () = A (iﬁ, Sl 1) Vs (4.2)
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where we have written y, = exp(27if). This corresponds to x(«) = exp(2nid), with
=06+ % Note that since the solution (4.2) depends explicitly on 6 rather than its

exponential, it is not single-valued on the torus T, .

4.2 Limitt — 0

The 1st limit consists of sending r — 0 and therefore q% — 1. The product on the

quantum torus C,[T] can be expanded around 7 =0
Y Yy, = Vyrtye + it - {YV1’YV2} + 0(12)’
where {—, —} is a Poisson bracket on the algebraic torus T, given explicitly by

V1 ¥yt = V1 ¥2) - Vg

As 7 — 0 the solution to the quantum Riemann-Hilbert problem specified in
Theorem 3.7 becomes the solution (4.2) to the corresponding classical problem. The

wall-crossing automorphisms of Lemma 3.4 become

SUL): Y > A +y. )Ty

The adjoint description (1.11) becomes the statement that the partially defined automor-

phism W, (¢) is the time 1 Hamiltonian flow of the function
H.(z1,6) = lim ((Znit) log wi(t)). (4.3)

This boils down to the statement that
O i (2.t,0) = T@2ri) logA (-2 L 0/1 (4.4)
A r by = V4 : P A . .
26 * + & 2mit’ 2 T

Define a function

/ w2 n2 _p. 1
e V. Gw4n+1)-e Tt 2t

A(w,n) = 5 , (4.5)
L(w 4+ pwHn . w2+ =1
where G(x) denotes the Barnes G-function, and
, 0
{1 =200 Dl,_ (4.6)
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is the derivative of the Riemann zeta function at s = —1. We refer the reader to [2] and

[22, ] for basic properties of the G-function.

Lemma 4.1. There is an expression
H,(zt,0) = —2ni) loga (-2 L 30
z,,0)=—(aml) - eyt .
+ & 2rit 2 +
Proof. Start with a result of Spreafico [19, Corollary 9.4], which states that
. 0
limz-logl,(x|1,7) = —¢p(—1,%X) — —Cu(s, %) | g—_1,
>0 s

where (s, x) = ¢;(s,x| 1) denotes the Hurwitz zeta function. The arguments of [21, p.

499] gives the relation
L@, x| 1,1 =5, — 111 + (1 -0, (s, x| 1),
which can be differentiated with respect to s to get
a9
— 8—S§1(S,X| Dlg__; =-logly(x|1,1)+ (1 —x)log'; (x| 1).
It is shown in [4, Section 27] that there is an identity
Fyx|1L, 1) =p G 21) 7=p Gx+1)-T'(x)-(21) 2. 4.7)

The constant p = p(1,1) is inserted to allow for the fact that Barnes uses a different
convention for his double gamma function, which differs from the modern one by
a constant [18, Equation (3.19)]. We can determine this constant by comparing the
constant terms in the large w asymptotic expansions of the two sides, which can be
found in Corollary A.2 and [2, Section 15] or [22, ], respectively. Using the identity [22,
(A.11)], we obtain p = exp(—¢’(1)) - v/27.

Use the fact that

1 1 5 1
G-LxID) =—2B &I =2 (X —x+ ),
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which can be found in [14, Appendix A] or in [19, Section 1], to get

. 1/, 1 ,
llII(l)‘C-lOgFZ(XH,t):E b’ _X+€ +logG(x+1) — xlogI'(x) —log ¢’'(—1).

Using the definition (2.8), this easily implies that
liII(l)l' -logF(w,n|1,7) =log A(w, n).
T—>
The result then follows from the definitions (3.12) and (4.3). [ |
The relation (4.4) follows from the identity
d
. log A(w,n) = —log A(w,n|1),
n
which follows from the definitions (2.5) and (4.5), together with the relation
0 1 1 0
—logG(w+n+1)=—=-—wW+n) + =log27) + W+ n)—log'(w + ),
an 2 2 on
which can be found in [2, Section 12] (see also [22, Formula (A.13)]).

43 Limitz —> 1

The 2nd limit consists of sending t — 1 and hence q% — —1. Although the quantum
torus algebra (Cq[’]I‘] becomes commutative in this limit, the extension (1.5)—(1.6) does

not. Define a function

’ W2
eV . Gw 6+ 1) e T W

Y(w,6) = I Ty (e (4.8)
where G(x) is again the Barnes G-function and ¢’(—1) is given by (4.6) as before.
Lemma 4.2. There is an identity

lim y, (6) = F(+ - 15011, 1)_1 - (E)llz Y (i—z,,q:e) .
T—1 2mit 2mit 2mit
Proof. This is an easy calculation, once the constant p in (4.7) is computed. |
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Note that the difference relation Proposition 2.2 (c) gives in the limit r = 1

Y (w, )

One rather mysterious feature of [5] was the introduction of the r-function. That
paper dealt only with the case (o) = 1 corresponding to 6 = % It was proved in [5] that

a possible choice for the r-function in the doubled A, case is

an="(I% 0
TL(Z, 1) = — .
+ 2mit
We can therefore view the function

1

r(ZZ z0) = (Z2)" im0 (4.10)
27Tit’:F “\2xit =1 + )

as an extension of the function t, to all values of 6. Note, however, that there is
a confusing shift here: with our conventions the classical Riemann-Hilbert problem

studied in [5, Section 5.3] corresponds to 0 = % The difference relation (4.9) implies that

r(+2 o+ 1)) = (2 o1 AiZleuil
orit' T\" " 2)) T T T\U T 2 omit' 2 T ’
which perhaps gives a clue as to the true nature of the r-function.

5 The General Case

In this section, we consider the general quantum Riemann-Hilbert problem correspond-
ing to a refined BPS structure satisfying the four conditions of Definition 1.2. We shall
be rather brief since the proofs are all identical to the ones for the doubled A, case, just

with added notation.

5.1 Extended quantum torus

Let us consider a refined BPS structure satisfying the four conditions of Definition 1.2.
As before, we will use a quadratic refinement of the form (—,—) on I' to introduce
some convenient signs. For simplicity, we assume that we can find such a quadratic

refinement o: I' — {£1} with the property that

Q,(y) #0 = o(y) = (D" (5.1)
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The general palindromic case is completely analogous with some terms occurring with
a different sign.

As in Section 3.2, we then introduce alternative generators for (Cq[’IF]

1
-Lz, v, = o(y) ‘X, (5.2)

Q
Nl—
Il

The uncoupled assumption ensures that we can decompose
r=r,er,, (5.3)

in such a way that Q(y) = 0 unless y € I',, and the form (—, —) vanishes when restricted

to I', and T, separately. Introduce the vector space
V, = Homy(T,,C) = C¥,

and denote a typical element by §: I', — C. Note that each element § € I',,, determines a
corresponding element (5, —) € V,.

We can write down an extended quantum torus algebra

C T = @ MHxV,) -y, (5.4)

§€lm

in much the same way as before, where the coefficients of the formal symbols y; are
meromorphic functions f(z,0) on the product of the upper half-plane H with the vector

space V,. The product is
(£ 075, ) * (F(.0) 73,) = 1,00 - fo(T,0 + 161, -)) - ¥, 1,

and there is an injective homomorphism I: C[T] < m defined by

k
2

I:q2 -y, 1), = €XP (Tik 4 (V) V)T 4 2710(¥e)) - ¥,

where (y,,y,,) denotes an arbitrary element of I' under the decomposition (5.3). As
before, we identify elements of C,[T] with their images under the embedding I. Note
that

I(g?) = exp(niv) -1,  I(y,) =exprib(y) -1, 1, )=y, (5.5)
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fory, e’y and y,, € T',.

5.2 Automorphisms associated to rays

According to (1.3), and using (5.1) and (5.2), the automorphism associated to an active

ray £ C C* is

ntl
Sq() = Adpr, ),  DT,(0) = IT [1E,(-q"7 v, >,
Z(y)et neZ

which makes sense in the extended quantum torus as before. To give a formula for it,

we first introduce some notation. Given classes 8,y €T, let

€B,y) e (£}

denote the sign of (8, y) and

1 . ,
€(B.y)={r=5 €By)-@-1:0<j<IB7l
denote the set of half-integers lying between 0 and (8, y).

Proposition 5.1. The automorphism S,(¢) of the algebra (5.4) preserves the grading,

acts trivially on the zeroth graded piece, and satisfies

sowp=T1 T1 T1(-a¢"r) """y, (5.6)

Z(y)el rek(B,y) neZ

for any class g € T',.

Proof. This follows by an explicit computation exactly as in Lemma 3.4. We leave the
details to the reader. |

5.3 Solution in general case

As in [5, Section 4], it is best to consider the solution to the Riemann-Hilbert problem to

be a collection of functions

®,: H, - AutC,[T],
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defined on each half-plane H,. centred on a non-active ray r C C*. As before, we write
W.(t) = @,.(2) 0 €,4(2).

Theorem 5.2. A solution to the quantum Riemann-Hilbert problem in the case of a
refined BPS structure satisfying the four conditions of Definition 1.2 is given by the

collection of functions

Qn(y)-€By)
e

Z(y) 1
v.ovp= [] I HA(FZ,E— - (5+2)|1

Z(y)eily Lek(B,y) neZ

where the outer product is over the finitely many active classes y € T', for which
Z(y) € iH,.

Proof. Consider small clockwise (respectively anti-clockwise) perturbations r,
(respectively r_) of an active ray ¢. Note that the product in the statement of the theorem
for the rays r, differ precisely by products over the classes y € I', satisfying Z(y) € ¢£. It

follows that for ¢ € H,, we have

. . VA —Qn(y)-€B.y)
veowp = [ 1 11 (1 + exp (2me(y> +2m(g +A)t - %)) “Wr_(B)(yp),

Z(y)el rek(B,y) nez

where we used the palindromic assumption ,(y) = ©_,(y) together with Proposition
2.1(c). Using formula (5.6) and the identifications (5.5), this agrees with the wall-crossing

automorphism
S4(0) = €2(—1) 0S,4(£) 0 €5(8) € Aut C[T.

The other conditions of the Riemann-Hilbert problem are checked in exactly the same

way as before, since the product appearing in the statement of the theorem is finite. W

The adjoint form is given by the expression

—Qn(y)
o= [1 [IF (Z(V)l (2n+1)t—9(y))l,r) .

2wit 2 2
Z(y)eily neZ

We recover the formulae of Section 3.7 by glueing the solutions W,.(t) for rays r contained
in the half-plane +Im(¢/z) < O to obtain a function ¥, (t) on the domain C* \ if .
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A A 2nd Stirling Formula for the Multiple Gamma Functions

The goal of this appendix is to compute an asymptotic expansion for logI'y(x + § | a),
N > 1, analogous to the 2nd Stirling approximation for the Gamma function. We assume
)N

once for all that @ € (C*)" with q; lying in the same open half-plane in C*, and denote

by A, a nonzero complex number such that Re(i, - a;) > O foreveryi=1,...,N.

Theorem A.1. Letx,$ € C, with |arg (%) | <7 and | arg (Xxij) | < 7, then

logT'y (x+461a)

has asymptotic expansion as |x| - oo away from poles

(_1)N+1 N-1

e (BN'N(X +8|@log®) — > cyyByrOl@)x + OV F + Py (x,5] g))

’ k=0

DY By y g Gle)
k(k+1)---(k+N)

’

k>0

where

1. cyr=(})->N7¥1! are combinatorial factors and
2. Py_;(x,8]a) is a polynomial of degree N — 1 consisting in the nonnegative
degree terms of the Laurent polynomial
(—1)ntlgn
n

N
Bynx+312) ) e
n=1
When N = 1, the formula above recovers the usual second Stirling expansion for
the Gamma function, recalling that I'; (x |a) = '(x/a) - Qi 1. (27t)*%. We are particularly

interested in the case N = 2.

Corollary A.2. Let a;,a, be two nonzero complex numbers lying in the same half-
plane, A =X, 4,y %, € C. Then,

2

3x x(a; +a,) ox

4a,a, 2a,a, aa,

1
logl, (x+38|ay, a,) ~— 53212(X+5|a1,(12)10gX+

Z (—DF- Byri2@lay,ap) g
X
= kk+D(k+2)

is valid for |x| — oo away from poles as long as | arg(x/A)|, | arg(x + §)/A| < =.

Proof. 1Itis an application of the theorem above when N = 2. In particular, we have

Byt dlanay (- )= X B 8 (L 1), ppey
b a,.ay) |-—-=—=)= - ] x).
2.2 2 \x 2x2 a,a, a,a, 2a,a, a, a,
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ai+az
2ai1az '

We also have B, 4(0|ay, a,) = »By1(0]ay,a;) = — andcy,g=1- 3, =1 N

alaz

The proof of Theorem A.1 given below is mostly a rephrasing of the proof of the
asymptotic expansion of I'(x + §) that can be found in [23, Section 13.6]. It is based on
the comparison with the standard asymptotic expansion of logI'y(y | @) when |y| — oo,
y ¢ R_y, [18, Equation 3.13]

N+1 ©|ay"* T
%Bmmanog(y)“ ”Nzomlzll N

(A.1)

k—N
+ 3 o e om
k>N+1 :

and depends on the next results. We denote by

N . .
b'e -1 x/
W (x,a) = H (1+—)'exp Q .

n-a —~ J (m-ay

neNN\{0} J=1

the canonical Weierstrass product associated with ¢y(s,x|a). It is uniformly and
absolutely convergent in any bounded closed region of the complex plane, meaning that
the corresponding logarithm series converges uniformly and absolutely. An application

of the “Lerch formula” by Spreafico [20, Proposition 2.9] shows that
logT'y (x1a) =Ty(0]a) —logW (x,a) — logx + gy (x| a), (A.2)

for a polynomial gy(x|a) of degree N. The polynomial gy(x|a) is explicitly given in

[20] in terms of the residues of ¢y (s, 0]a); note that in Spreafico’s notation, {(s, S,) and

F(x,Sy) correspond respectively to our x5 - ¢y (s, x| g) and W(x, a), assuming S, to be

the sequence S, = (n-a + X)QENN\{O}‘

For fixed § € C, x € C*, with | arg x| < 7, we introduce the function
S

(8) 1= — (s,
g S) = S~Sin(7rs)§N(S' |Q)

Lemma A.3. g(s) has poles at s € Z whose residues are well-defined functions in x. In

particular,
1k ok
ifs=kez\|0,...,N} Res(g,k)z(l)Tng(k,Mg),
ifs=0 Res(g,0) = ¢y(0,8 | @) -logx +1log 'y (8] a),

while for s =j € {1,...,N}, Res(g,J) is of type c;log(x) + d;, for some c;,d; € C.
J j jr%y
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Proof. We expand in series around s =k € Z

— k1 n
XS:Xk-Z%:Xk~(1+(S—k)10gX+0(S—k)2)
n>0 :

1 1 (s—k) 1 1 2
ey e (e ) =g prosn
()

sin(yrs)_l=(—1)k(sinn(s—k))_1=(—1)k( (l_k)+ n(s—k)+0(s—k)3)

Around s = 0, the Taylor series of ¢y(s,8|a) is ¢y(0,8|a) + slogy(|a) + 0O(s2). The
multiple zeta function ¢y(k,8|a) has poles at k = 1,...,N, around which it can be

written as
iy (s,x1a) = Ry' (k,x1@) - (s — k)~ + Ry(k, x| @) + O(s — k).

Res(g,j) is therefore given by (logx — —) _l(k §|a) +RY vk la). |

Lemma A.4. Assume Rex > 0, Rea; > 0, |g;| < 1 for all i. In the following cases,

(@) |x| <1, and C is an arc of large radius contained in Res > N and centred on
seR,N—-1<5s5<N;
(b) C=IxiR,IC{Res < N + 1} aclosed real interval, and R > 0,

the integral [, g(s) ds vanishes.

Proof. (a) follows from the fact that ¢y (s,8|a) — O for Res > N, |s| > 0, [18, Equation
3.8]. For (b), we prove that the integrand is dominated by e~!™S$l when Res is bounded
above and below and |Ims| > 0. By [16, Theorem 3] we have that, fors € C\ {1,...,N},

1 1
{N(s,élg):(s—1+ ){N 1s—=1,81(@ay,...,ay_1))+ O0().

We know that when Res < 1, ¢(s,8) = O(|Ims|'~R®S . log|Ims]), [23, Section 13.5]. Then,
proceeding inductively we obtain a bounded behaviour for ¢y (s,é |@). For | Im s| > 0, the

integrand is dominated by ~ e~I™sl The conclusion follows. [ |

ssins

Proof. of Theorem A.1 We first observe that, since ¢y (s, x|x,a) 59 = #BN'N(X la),
the following holds:

(—1)N+1
i
This, together with the homogeneity property (2.2), implies that it is enough to prove the

logT'y(Ax|2a) = By yx|a)logi +logy(x|a).

statement for Re(a;) > 0, |a;| < 1.
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Assume initially that Re(x) > 0. Consider the difference logI'y;(§ | @) —log I'yy(x +
d|a). By (A.2), it equals

(A.3)

W(x + 4, +3
Qx| @) — qu(x+8|a) +log LETED g, (X5 )

WG, a)

log W is the absolutely convergent series

x S (xsy Y
2. log(1+n~a+5)+z j ((n'g)f_(n'g)")

neNM\(0} == =1

For |x| < min{1,8],|a;||i = 1,...N} the logarithms log (1 + na+8) and log (¥}2) can be

expanded in (absolutely convergent) series and the second half of (A3) reads

N o1y i j N o 1yk-1.k
3> Z( y(x+sy ¥ +Z( DF1x 1 i
J \ewao @) & k @atd)

neNV\{0} | j=1

(— 1)k 1 k 1 (— 1)k 1 k 1 (_1)k—1Xk 1
+k§, k (n-a+d8)k +Zl k 5k+]§4v k sk’

(A.4)

The two sums over k > N converge absolutely and can be extracted from the series.

Switching the order of the sum, they give

(— 1)k—1

Z TngN(kl ) | Q)l

k>N
which in turn, by Lemma A.3, coincides with fc %;N(s, 8| a) ds, where C is a contour
encircling clockwise the integers k > N. We assume for a moment that |x| < 1. Keeping
in mind Lemma A.4, we deform continuously C to a path encircling the negative integers.
Applying again Lemma A.3, it equals

(—=DFx*
Clog(x) + D+ ¢y(0,8|a) -logx +log Ty @) + > ——w(-kdlw,
k>0

for some complex numbers C,D. We recall that ¢y(—k,8|a) = ((Nl)k;c,'BNN r@la) fork e

N. Summing everything together, the resulting expression for
logTy(§la) —logTy(x+461a),

for |x| < min(|d|, |a;||1=1,...N}, becomes

_1)N+k I
logFN(8|2)+p(X,8,g)+Z( STk

———— By k(0 la)x¥,
“ —k(V + k)

where p(x,§,a) contains polynomial and logarithmic terms and the contribution of the

remaining of (A4). By analytic continuation, the formula holds for every x € C, |argx| <
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7, away from poles. Assuming also | arg(x + §)| < m, we compare it with (Al) evaluated

at y = x + 8. This, up to terms of order O(x!), can be rewritten as

(-1 v B0l 3! -k
7 Bun(x+8 @) log(x) + (-1) k;) Aol (x+ 8N F4 (A.5)
(_1)N+1 ) 5

By y(x|a) is a polynomial of degree N. The comparison shows that p(x, §, a) must equal
(AD5)+Py_(x,6|a),

where Py_;(x,8|a) consists in the nonnegative degree terms of (A6) after expanding in

series log (1 + 2). [ |

Funding

This work was supported by the European Research Council through the project ERC-AdG
StabilityDTCluster.

Acknowledgments

We thank Dylan Allegretti, Pierrick Bousseau, Lotte Hollands, Sven Meinhardt, Andy Neitzke, Tom
Sutherland, and particularly John Calabrese, for useful comments and correspondence.

References

[1] Barbieri, A. “ A Riemann-Hilbert problem for uncoupled BPS structures.” Manuscripta Math.
162, no. 1 (2020): 1-21.

[2] Barnes, E. W. “ The theory of the G-function.” Q. J. Pure Appl. Math. 31 (1900): 264-314.

[3] Barnes, E. W. “ The genesis of the double gamma function.” Proc. Lond. Math. Soc. (3) 31
(1900): 358-81.

[4] Barnmes, E. W. “ The theory of the double gamma function.” Philos. Trans. Roy. Soc. A 196
(1901): 265-388.

[6] Bridgeland, T. “ Riemann-Hilbert problems from Donaldson-Thomas theory.” Invent. Math.
216 (2019): 69-124.

[6] Bridgeland, T. “ Riemann-Hilbert problems for the resolved conifold.” J. Differential Geom.
115 (2020): 395-435.

[7]1 Cecotti, S., A. Neitzke, and C. Vafa. “ Twistorial topological strings and a tt* geometry for
N = 2 theories in 4d.” Adv. Theor. Math. Phys. 20 (2016): 193-312.

[8] Filippini, S. A. and J. Stoppa. “ TBA equations and tropical curves.” Internat. J. Math. 27, no.
7 (2016): 1640005.

[9] Filippini, S. A. and J. Stoppa. “ Block-Gottsche invariants from wall-crossing.” Compos.
Math. 151, no. 8 (2015): 1543-67.

1202 Ateniged 0 Uo Jasn NezueAy Ipnig Ip aiouedng ajeuolzeulaiu| Bonos - YSSIS Aq 288/Z09/y6ZeBUL/UIWIEE0 L 01 /10P/8[0I B-80UBAPE/UIWI/WOD dNO™oIWapese//:sdjy WoJ) papeojumoq



40 A. Barbieri et al.

(10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

Fock, V. and A. Goncharov. “ The quantum dilogarithm and representations of quantum
cluster varieties.” Invent. Math. 175, no. 2 (2009): 223-86.

Friedman, E. and S. Ruijsenaars. “ Shintani-Barnes zeta and gamma functions.” Adv. Math.
187 (2004): 362-95.

Gaiotto, D., G. Moore, and A. Neitzke. “ Four-dimensional wall-crossing via three-
dimensional field theory.” Comm. Math. Phys. 299, no. 1 (2010): 163-224.

Gaiotto, D., G. Moore, and A. Neitzke. “ Wall-crossing, Hitchin systems, and the WKB
approximation.” Adv. Math. 234 (2013): 239-403.

Jimbo, M. and T. Miwa. “ Quantum KZ equation with | g |= 1 and correlation functions of
the XXZ model in the gapless regime.” J. Phys. A 29, no. 12 (1996): 2923-58.

Kontsevich, M. and Y. Soibelman. “Stability structures, motivic Donaldson-Thomas invari-
ants and cluster transformations.” arXiv preprint arXiv:0811.2435. 2008.

Matsumoto, K. “ The analytic continuation and the asymptotic behaviour of certain multiple
zeta-functions 1.” J. Number Theory 101 (2003): 223-43.

Okounkov, A. and N. Nekrasov. “ Seiberg—-Witten Theory and Random Partitions.” In The
Unity of Mathematics, vol. 244. Progr. Math. 525-96. Boston, MA: Birkh&user, 2006.
Ruijsenaars, S. N. M. “ On Barnes multiple zeta and gamma functions.” Adv. Math. 156, no.
1 (2000): 107-32.

Spreafico, M. “ On the Barnes double zeta and gamma functions.” J. Number Theory 129
(2009): 2035-63.

Spreafico, M. “ Zeta invariants for sequences of spectral type, special functions and the
Lerch formula.” Proc. Roy. Soc. Edinburgh Sect. A 136A (2006): 863-87.

Vardi, A. “ Determinants of Laplacians and multiple gamma functions.” SIAM J. Math. Anal.
19, no. 2 (1988): 493-507.

Voros, A. “ Spectral functions, special functions and the Selberg zeta function.” Comm. Math.
Phys. 110 (1987): 439-65.

Whittaker, E. T. and G. N. Watson. A Course of Modern Analysis: An Introduction to the
General Theory of Infinite Processes and of Analytic Functions with an Account of the
Principal Transcendental Functions. Reprint of the fourth (1927) edition. vi+608. Cambridge
University Press, 1996.

1202 Ateniged 0 Uo Jasn NezueAy Ipnig Ip aiouedng ajeuolzeulaiu| Bonos - YSSIS Aq 288/Z09/y6ZeBUL/UIWIEE0 L 01 /10P/8[0I B-80UBAPE/UIWI/WOD dNO™oIWapese//:sdjy WoJ) papeojumoq



	A Quantized Riemann--Hilbert Problem in Donaldson--Thomas Theory
	1 Introduction
	1.1 Refined BPS structures
	1.2 The quantum Riemann--Hilbert problem
	1.3 The doubled A 1 example
	1.4 Solution to the doubled A 1 problem
	1.5 Two interesting limits

	2 Special Functions
	2.1 Multiple Bernoulli polynomials
	2.2 Multiple gamma functions
	2.3 Modified gamma function
	2.4 Modified double gamma function

	3 The Quantum Riemann--Hilbert Problem for Doubled A 1
	3.1 The doubled A 1 example
	3.2 Quadratic refinement
	3.3 Extended quantum torus algebra
	3.4 Quantum dilogarithm
	3.5 Maps into the extended quantum torus
	3.6 Rigourous quantum Riemann--Hilbert problem
	3.7 The solution
	3.8 The adjoint form

	4 Two Limits
	4.1 Classical Riemann--Hilbert problem
	4.2 Limit 	au 	o 0
	4.3 Limit 	au 	o 1

	5 The General Case
	5.1 Extended quantum torus
	5.2 Automorphisms associated to rays
	5.3 Solution in general case



