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ABSTRACT

In this thesis we study some topics related to instanton counting in (com-
plex) dimension two, three and four. In dimension two, we introduce and
study a class of surface defects in 4d N = 4 Vafa-Witten theory on a product
Cgx x T? of a k-punctured Riemann surface by the two-torus, supporting
BPS solutions which we call nested instantons. Exploiting supersymmetric
localisation, we compute explicitly the partition function of the Vafa-Witten
theory in presence of a general defect in this class and conjecture a specific
polynomial behaviour for some nesting profiles. We also study the geometry
of the moduli space of representations of the nested instantons quiver, and
we prove that it’s a quasi-projective variety isomorphic to the moduli space
of flags of framed torsion-free sheaves on IP2.

In dimension three, we extend to higher rank the vertex formalism devel-
oped by Maulik-Nekrasov-Okounkov-Pandharipande for Donaldson-Thomas
theory. We use the critical structure of the quot scheme of points of A3 and
the induced equivariant perfect obstruction theory to compute K-theoretic
and cohomological higher rank DT invariants. We also prove two conjec-
tures proposed by Awata-Kanno and Szabo about the plethystic expression
of their generating function. Moreover, we define a chiral version of the
virtual elliptic genus, and the corresponding elliptic DT invariants. This
definition compares to results from string theory found in Benini-Bonelli-
Poggi-Tanzini, and we argue that a conjecture about the partition function
of elliptic DT invariants can be interpreted in terms of its behaviour in the
modular parameter.

Finally, in dimension four we study solutions to an analogue to the self-
duality equations in (real) four dimensions. We construct a Topological Field
Theory describing the dynamics of D(-1)/Dy brane systems on Riemannian
manifolds with Spin(7)-holonomy. The BPS-bound states counting repro-
duces the (cohomological) DT theory on four-folds. We also study the lo-
cal model for eight-dimensional instantons and provide an ADHM-like con-
struction. Finally we generalise the construction to orbifolds of C* admit-
ting a crepant resolution, and compute the corresponding partition function,
which conjecturally encodes the corresponding orbifold DT invariants.
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INTRODUCTION

The interplay between string theory and geometry has been very fruitful
in producing results of interest for both the parts at play. This is particularly
true when talking about supersymmetric theories, because of their deep rela-
tion with the underlying geometrical objects. In particular, studying the BPS
sector of string theories is often of great interest as it consists of quantities
which are usually protected from quantum corrections, and which can some-
times be studied non-perturbatively. On the other hand, BPS state counting
has been shown in many occasions to have a precise mathematical interpre-
tation rooted in counting/classification problems in geometry. Moreover, the
very structure of Quantum Field Theories enjoying supersymmetry makes
them particularly suited to addressing this kind of problems. On the first
place, one is led to consider supersymmetric (or conformal) QFTs as the tra-
ditional perturbative approach is insufficient for probing non-perturbative
phenomena or the strong-coupling regime, and a way out is offered by those
theories with sufficient symmetries so as to give a better analytical control.
Supersymmetric theories come also equipped with a set of peculiar features
making them stand out of the crowd of the other QFTs, and making it feasi-
ble to actually perform exact computations. One of these peculiarities is su-
persymmetric localisation, by which in principle one can reduce the problem
of computing path integrals to ordinary integrations or even to summations
over simple contributions determined only by those field configurations that
are protected by the supersymmetry. One can indeed think to supersymmet-
ric localisation as an infinite-dimensional analogue of previously known lo-
calisation theorems in mathematics [8; 92], a prototypical example of which
being the Duistermaat-Heckman formula, which provides conditions for the
saddle-point approximation of an oscillatory integral to be exact. The re-
sult of this is that we are sometimes able to evaluate the partition function
exactly, thus capturing also all the non-perturbative effects. When taking
into account the many existing connections to a plethora of different under-
lying structures, it becomes clear how supersymmetric gauge theories may
be used as a powerful tool to approach several different problems both in
physics and in mathematics, e.g. computing the spectrum/eigenfunctions of
certain (quantum) integrable systems [179-181] or topological invariants of
manifolds [4; 44; 45; 85; 135; 222].

One tool which often provides deep insight in the characterisation of both
the behaviour of physical theories and the related mathematical structures
is offered by the study of defects, i.e. embedded submanifolds on which
a parabolic reduction of the gauge field is prescribed. Surface defects (i.e.
codimension two defects) have been widely investigated in many contexts
from various different perspectives. The study of their role in the classifica-
tion of the phases of gauge theories was pioneered by "t Hooft [205]. Surface
defects were also introduced by Kronheimer and Mrowka [145; 146] in the
study of Donaldson invariants. The correspondence with two-dimensional
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conformal field theories [3] prompted a systematic analysis of surface de-
fects and highlighted their relevance for quantum integrable systems [2; 174]
and for the study of isomonodromic deformations and Painlevé equations
[35; 39; 105]. Surface defects preserving half of the supersymmetry in N =4
four-dimensional theories were introduced in [114], and later works gener-
alised the construction to N = 2 theories, e.g. [51; 104; 113]. A simple
example of surface defect is that of a G = SU(N) gauge field A on C, x C,,,
for which a divergent behaviour is prescribed at w =0, as

Apdx? ~diag(xq, ..., 01,...,am, ..., 000m)id8,

Ny times npm times

thus breaking the gauge symmetry to the Levi subgroup S[U(nj) x --- X
U(nm)] =L € SU(N) on the surface defined by w = 0. Corresponding to
the divergent behaviour of the gauge field dictated by («1, ..., apm) (together
with their multiplicities) we also have a parabolic subalgebra p C g¢c, gener-
ated by elements x € gc such that [, x] = iAx, where A > 0 and « € ¢ is an
element of the Cartan subalgebra ¢ C gc such that [, IL] = 0. A surface oper-
ator in N = 4 (resp. N = 2) theories can then be understood as coupling
the four-dimensional theory with a two-dimensional one on the surface,
which might be taken as a non-linear sigma model with target T*(G¢/P)
(resp. G¢/P), were P C G is the parabolic subgroup of G¢ corresponding
to the parabolic subalgebra p.

The study of brane dynamics, moreover, has provided over the years many
interesting and deep results both in physics and in mathematics. Indeed
it is often the case that brane systems are string theoretic realisations of
interesting moduli spaces, and the contact with enumerative geometry is
made through BPS counting. In principle one might start with a system of
k Dp branes and N Dqg-branes, with p < ¢, where even (resp. odd) p, q
are allowed in type IIA (resp. type IIB) supersymmetric backgrounds. The
low energy effective theory on the worldvolume of the Dqg-branes is a U(N)
d = q + 1 supersymmetric Yang-Mills theory with a certain amount of su-
persymmetry preserved. Open strings can be suspended between Dp-Dp,
Dp-Dq and Dg-Dq branes, where in general situations one might neglect
the Dg-Dq modes. Adding a B-field along the Dg-branes can be useful to
preserve part of the supersymmetry which is broken by the presence of the
Dp-branes [225]. The scalars fields of the theory we are left with describe the
fluctuations of the Dp-branes in the background of the Dqg-branes, and they
get combined with their fermionic partners in supersymmetric multiplets
in some representation of U(k). Then, from the point of view of the Dp-
branes, we have a (p + 1)-dimensional Gauged Linear Sigma Model (GLSM,
in the following) describing their dynamics. Frequently this GLSM carries a
great deal of information about the geometry of the moduli space of vacua
to which it flows in the infrared. A standard example of this procedure is
the construction of the moduli space of ADHM instantons on C? and ALE
spaces via D(-1) /D3 brane systems [89—91; 223]. This approach has been suc-
cessfully applied also to different settings. For example one might start with
a type IIA supersymmetric background on X x C?, X being a Calabi-Yau
threefold, and consider a system Do/D2/D4/D6 branes wrapping holomor-
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phic cycles of X. Compactifying on X, the resulting four-dimensional theory
will have N = 2 supersymmetry. Based on the specific brane configuration,
various different moduli spaces can emerge, among which we have, for in-
stance, the following two.

¢ In the case of a single D6-brane and no D4-branes, the partition func-
tion of the resulting theory will reproduce the Donaldson-Thomas the-
ory of X. Indeed the low energy theory of a D6 in the presence of
Do/Dz2 branes can be described as a U(1) gauge theory whose parti-
tion function localises on the solutions to the following BPS equations

[13; 124]

20 _y_ 102
FX =0=Fy",
FJ\J/\wZ:O,
da® =0,

where w is the Kidhler form of X, Fo = dA is the curvature two-form
and da is the covariant derivative acting on the complex scalar field @.
The corresponding (Gieseker compactification of the) instanton mod-
uli space is then identified with the moduli space of ideal sheaves on
X, and it is stratified in components Hilb,, g (X) given by the Hilbert
scheme of points and curves of threefold X.

o If we turn off the Dé6-branes, and we consider instead N Dj-branes
wrapping a four-cycle C C X, the resulting gauge theory on the world-
volume of the D4 will be the four-dimensional N = 4 U(N) Vafa-Witten
theory on C, [29; 212], with a topological twist needed in order to have
the covariantly constant spinors necessary to define supersymmetry on
curved spaces. In this case, the gauge theory localises on the solutions
to the following equations

Ff+[B",BT]+[BT,®] =0,
da® +diB" =0,

where F} is the self-dual part of the curvature Fa for the gauge con-
nection A on a principal U(N)-bundle P — C, Bt € Q2+(C,adP) is
a self-dual two-form, ® € Q°(C,adP) a scalar field and [B*,Bt]y =
Bik, le]gkl, g being the metric of C.

Equivalent constructions can of course be given also in type IIB back-
grounds, where, for instance, Donaldson-Thomas theory is reproduced by
a system of D(-1)/D1/Ds5 branes. If there are no Di-branes, the effective
theory on the D(-1)-branes, which in this case are 0-dimensional objects, is a
quiver matrix model, which encodes the critical structure of Quotps (%", n),
where v and n are the number of D5 and D(-1) branes, respectively. This
D-brane construction can be suitably generalised to get K-theoretic and el-
liptic versions of DT theory. One can study, for instance, a brane system
of n Di1-branes in the background of r Dy7-branes on the product of X by
an elliptic curve, say X x T2, which provides the elliptic version of higher
rank DT invariants, [22]. Generalisations of DT theory to higher dimension

xi
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are also possible. Their study was initiated, on the mathematical side, by
Donaldson-Thomas [88] and, on the physics side, they can be interpreted
as the description of the brane dynamics of a D(-1)/Dy system [1; 33], sta-
bilised by a non trivial B-field background [225]. One natural extension, as
it was the case with threefolds, is to consider Do/D8/D8 systems, where the
Do quantum mechanics realises the K-theory lift of DT theory on four-folds.
Observables from the chiral ring can be included via descent equations, as
in the four-dimensional case, [13], and explicit combinatorial computations
have recently appeared in [173; 177].

Similarly to the DT case, many other problems from differential/enumer-
ative geometry can be addressed by studying brane dynamics. For instance,
partition functions of GLSMs on the two-sphere S? [23] are useful sources of
information about moduli spaces of genus-zero pseudo-holomorphic maps
to the target space, and are known to offer a convenient tool to extract
Gromov-Witten invariants [135]. In this context, exact spherical partition
functions of D1/D5 brane systems have been computed in [44; 45]. These
particular models at low-energy are described by GLSMs with target Naka-
jima quiver varieties, and the spherical partition function links together their
quantum cohomology with higher rank Donaldson-Thomas theory and cer-
tain integrable systems of hydrodynamic type.

In this thesis we are concerned, broadly speaking, with some topics in in-
stanton counting, and with their sheaf theoretic counterpart. On one side we
will study moduli spaces of generalised instantons supported by surface de-
fects in Vafa-Witten theory. They are in turn engineered by specific systems
of D-branes in type IIB supersymmetric backgrounds. On the other side,
we will be interested in computing virtual invariants of moduli spaces of
instantons, i.e. higher-rank Donaldson-Thomas invariants and some of their
refinements, in three and four complex dimensions. The common thread
shared by the different topics covered in this thesis is the technique of local-
isation, both from the mathematical perspective (in the forms of equivariant
and virtual localisation) and from the physical one (in the form of supersym-
metric localisation). Here is an outline of the content of this work.

THE FIRST TWO CHAPTERS are devoted to reviewing the main computational
tools used in this thesis, namely equivariant and supersymmetric lo-
calisation. We start in §1.1 by reviewing briefly the construction of
equivariant cohomology, which leads to the statement of equivariant
localisation in §1.2. In §1.3 and §1.5 we give generalisations of the
Atiyah-Bott localisation theorem (cf. Thm. (1.6)) to K-theory (Thm. 1.9)
and the virtual setting (Thm. 1.12-1.13). In §2.3, instead, we review
the localisation arguments commonly used in supersymmetric quan-
tum field theories. As a geometric motivation to the computation of
partition functions of supersymmetric theories we also recall in §2.1
the definition of the Witten index and its relation to topology of target
spaces. This is generalised in §2.2 to refinements of the Witten index
in connection to the x,-genus and elliptic genus of target spaces.

THE THIRD CHAPTER is the content of a joint work with Giulio Bonelli and
Alessandro Tanzini, [36], and is concerned with the study new classes
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of surface defects in supersymmetric gauge theories. These are engi-
neered as Dy/D3 brane systems on local four-folds, and support BPS
solutions which we call nested instantons and which we will describe
mathematically in Chap. 4. The precise brane construction is carried
out in §3.1, where it is also showed that a certain limit of the effective
theory of the D3-branes is described by a quiver GLSM. In §3.2 we com-
pute the complete partition function of the quiver GLSM above, which
in some cases leads us to conjecture a certain polynomial behaviour in
the quantum mechanical limit, studied in §3.2.4.

IN THE FOURTH CHAPTER we study the moduli space of representation of
the nested instantons quiver underlying the constructions in chapter 3.
The construction of the moduli space of representation of these quiver
is carried out in §4.1 (Thm. 4.8), while in §4.2 we prove a scheme-
theoretic isomorphism with a (suitably defined) moduli space of flags
of framed torsion-free sheaves on IP? (Thm. 4.15). Finally, in §4.3 we
compute virtual K-theoretic invariants of flags of framed torsion-free
sheaves on IP? using the virtual localisation theorem stated in §1.5. The
material of this chapter is essentially contained in [37].

THE FIFTH CHAPTER is part of a joint work with Sergej Monavari and An-
drea T. Ricolfi, [96], and it is devoted to developing a higher-rank gen-
eralisation of the equivariant vertex formalism for Donaldson-Thomas
theory of points on the affine space A3. In §5.1 the local model of
the quot scheme of points Quotas (0", n) is introduced, and it is
proved that it is a critical locus (cf. Prop. 5.3) endowed with an in-
duced equivariant perfect obstruction theory (cf. Lemma 5.10). This
enables us to define the higher-rank vertex in §5.3 and to compute in
§5.4 the K-theoretic DT partition function, which is expressed in a sim-
ple way as a plethystic exponential as in Thm. 5.17. In §5.5 we reduce
the K-theoretic DT partition function to its cohomological counterpart,
while §5.6 is devoted to defining a chiral version of the elliptic genus
(Def. 5.27) and correspondingly an elliptic version of the DT generating
function (Def. 5.29).

IN CHAPTER 6, which is the content of a joint work with Giulio Bonelli,
Alessandro Tanzini and Yegor Zenkevich [38], we study the moduli
space of solutions to the 8d version of the self-duality equations. In
§6.1 we develop an equivariant Topological Field Theory on Spin(7)
eight-manifolds, whose low-energy theory describes a D(-1)/Dy brane
system. The BPS bound states counting reproduces the Donaldson-
Thomas theory on four-folds. In §6.2 we describe an ADHM-like con-
struction, which provides solutions to SU(4)-invariant first order Yang-
Mills equations in eight dimensions which generalise the self-duality
equations in four dimensions. In §6.2.6 and §6.2.7 we explicitly solve
the ADHM-like equations in the abelian case. Finally, in §6.3 we gener-
alise the ADHM construction to orbifolds of C* by the action of a finite
subgroup G of SU(4) such that C*/G admits a crepant resolution. The
particular case of Op1(—2) ® 052, resolving the orbifold singularity of

P!’
C?/Z; x C?, is studied in §6.3.3 as an example.






1 LOCALISATION THEOREMS

Among the most powerful techniques we can exploit for getting informa-
tion about geometric objects, we can certainly include localisation theorems.
In a nutshell, they imply that much of the data characterizing certain spaces
endowed with suitable group actions is encoded just in their fixed locus. The
relevance of localisation results becomes even more manifest when taking
into account the role they play also in theoretical physics, and in particu-
lar in string theory. In their simplest form, the algebraic statements about
equivariant localisation can often be reduced to various previously known
results in differential and symplectic geometry. A prototypical example of
these is the Duistermaat-Heckman theorem [92], concerning the moment
map p: M — RY for a symplectic manifold M equipped with the action of a
torus T9. On one side this theorem asserts that the push-forward under u of
the symplectic measure is a piece-wise polynomial measure on R9. On the
other side, one can equivalently state the Duistermaat-Heckman theorem as
an integration formula depending only on the fixed locus M"® under the
action of T9 for the Fourier transform of the Liouville measure. In the case
T9 = S" and MS' consists only of finite points, one has

e—itu(p)

—i w™ .
Jue™ % = X ety (1:02)

pems!

where w is the symplectic form on M and e(p) are integers associated to
the infinitesimal action of S! in a neighbourhood of p. In this framework,
localisation is a statement about the exactness of the stationary phase ap-
proximation of the integral in (1.0.1), whenever the symplectic manifold M
is equipped with a Hamiltonian circle action. This, as we will see, is indeed a
general feature, as localisation theorems often enable one to reduce a compu-
tation to the fixed set of a certain group action. Many analogous results are
moreover available in the context of equivariant Chow groups and equivari-
ant K-theory, see, for instance, the Atiyah-Singer index theorem [10], which
actually motivated the formulation of equivariant K-theoretic localisation. In
this chapter we review the localisation results we will use the most in the rest
of this thesis, starting from the simple framework of equivariant cohomol-
ogy and the Atiyah-Bott theorem, following [8; 102; 189]. Later we will also
state the K-theoretic and virtual versions of the localisation theorem, in §1.3
and §1.5 respectively. As an example we show in §1.4 how to compute the
Hirzebruch x,-genera of the Hilbert scheme of points of smooth projective
surfaces.



1.1 EQUIVARIANT COHOMOLOGY

The definition of the equivariant cohomology is made up in such a way to
capture the topological data of a space equipped with the action of a group
while still enjoying the usual functorial properties of ordinary cohomology.
In a sense one can understand equivariant cohomology as an extension of
ordinary cohomology, as its definition makes immediately clear.

Let then M be a topological space equipped with the action of a topologi-
cal group G. If M is a smooth manifold and the action of G on M is free, we
want the definition of equivariant cohomology to be HE (M) = H*(M/G). If
instead the action of G has fixed points on M, Hg (M) should capture the
stabilizers of the fixed points. For instance, if M = {pt}, any G-action sta-
bilizes the only point of M. Moreover M/G is also always a point, but the
equivariant cohomology should keep track of the action of the group, and,
as we want it to enjoy functorial properties, we should have pull-back maps
to the equivariant cohomology H},(M), for any subgroup H C G. The main
idea here is to realize that there exist a contractible space EG on which G acts
freely, and to define Hg, (pt) to be the ordinary cohomology of the classify-
ing space of G, i.e. H*(EG/G) = H*(BG). In this case H{, (pt) is the so-called
group cohomology, and it is also denoted H{,. The existence of such a classi-
tying space was proved by Milnor [160]. In particular, given any topological
group G, there exists a universal G-principal bundle EG — BG, such that
any other G-principal bundle P — B is obtained as a pull-back from the
former via the morphism B — BG in the homotopy category. The fact that
any principal G-bundle P — B can be obtained from the classifying space via
pull-back can be seen as follows. We have the following commuting diagram

P<+— PxEG —— EG

L] |

B 5 Pg BG,

and as p is a fibration with contractible fibre EG, B and Pg have the same
homotopy type, while all the sections of p are fibre-wise homotopic. The
composition of one of such sections with the projection Pg — BG produces
amap f: B — BG such that P = f*(EG), which is moreover unique up to
homotopy.

Let then M be a topological space equipped with a left G-action, or, for
the sake of brevity, a G-space. We use the balanced product to form the
space Mg = EG x© M = (EG x M)/G, where we take the equivalence re-
lation (e-g,p) ~ (e,g-p). EG x M is homotopy equivalent to M, as EG is
contractible. Moreover if M is a smooth manifold, the quotient (EG x M)/G
is well defined also in the smooth category, as the action of G on EG x M is
free.

Definition 1.1. We define the G-equivariant cohomology of the G-space M to be
the ordinary cohomology of Mg:

HE (M) = H*(Mg).
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Remark 1.1. The equivariant cohomology H¢ (M) comes naturally equipped
with the structure of a Hg-module. Indeed Mg P, BG is a bundle with fibre
M, induced by the G-equivariant projection EG x M — EG. The module
structure is then induced by the standard pull-back

p* i HE — HE (M),

In general, however, it is not true that Hg (M) = HY ® H*(M). While it is
certainly true whenever the action of G is trivial, there are nevertheless ex-
amples of G-spaces, called equivariantly formal, whose equivariant cohomol-
ogy is isomorphic to the tensor product of the ordinary cohomology by the
group cohomology despite the action being non trivial (cf. Exampe 1.4). <
Remark 1.2. The inclusion ¢ : M < Mg of M in Mg as the fibre over the
basepoint of BG induces a homomorphism

T HE (M) — H*(M). <

Remark 1.3. Whenever M = {pt} we recover the definition of group cohomol-
ogy Hg (pt) = H®*(ptg) = H*(EG/G) = H*(BG). If the action of G on M is
free, then Hg (M) = H*(M/G). Indeed we have a diagram

EG +—EGxXM —— M

| | |

BG Mg d M/G

where o is not a fibering in general, as the fiber o~ '(Gp) over the orbit Gp
is the quotient EG/G;, = BG,,. However, under reasonable assumptions (for
example if G is a compact Lie group), o induces a homotopy equivalence
when the action of G is free, whence the assertion follows. <

An important point is that, by definition, a G-space may have non van-
ishing equivariant cohomology in degree higher than its dimension, as it is
the case for instance for H = Hg (pt). Let us also point out that though
EG is only defined up to homotopy equivalence, however the construction
of HE (M) does not depend on the particular choice of classifying space
EG — BG.

Example 1.2. If G = R, then the classifying space can be chosen to be R — pt.
If instead G = Z, a good choice for the classifying space is R — S, mapping
x > el

Example 1.3. If G = (C*)"™, we may take the universal principal bundle over
the classifying space as (C*°\ 0)™ — (P*®)™. If instead G = (SH™, we can
take in an analogous fashion (S*°)™ — (IP*°)™. At the level of cohomology we
have that H®*(B(C*)™) = He((IP>*)") = ch*)n = Z[ty,...,t,], where t; =
¢t (mfO(=1)), and i : (P®)™ — P> is the projection onto the i-th factor.

Example 1.4. The 2-sphere S*> C R3 with a circle action rotating S* around the
z-axis is equivariantly formal, i.e. HE, (§2) = HS ® H®(S2). Indeed let Dis C S?2
the two disks depicted in Fig. 1. As both Dy and D, are contractible (and S'-
invariant) Hg; (D1) = HE,(D2) = HEy = Z[tl. Moreover HE, = Z|[t] is one-
dimensional (resp. zero-dimensional) in even degree (resp. odd degree), while S!

3
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acts freely on D1 N Dy, whence HE, (D1 N D3) = H*((Dy N D3)/S') = H*(pt).
We then have the Mayer-Vietoris sequence in cohomology

- — H*(pt) — H%,(S?) — HE, @HE, — H(pt) — -+,

and by comparing dimensions we conclude that S? is S'-equivariantly formal.

: m

N N

Figure 1: Suitable covering of the 2-sphere for the Mayer-Vietoris sequence.

Equivariant cohomology also enjoys functorial properties similarly to stan-
dard cohomology. For instance, if M is a G-space and N is a H-space, and
we have maps ¢ : G — H, f : M — N, such that f(g-x) = @(g) - f(x), we
are able to define a natural pull-back homomorphism f* : H},(N) — Hg (M).
Indeed, we can construct a map Mg — Ny, and taking its cohomology we
naturally get the desired homomorphism f*. The case in which both M and
N are G-spaces and f is G-equivariant is particularly interesting, as it ad-
dresses G-equivariant vector bundles E — M. Indeed we have the following
diagram

Fg+— GxE—E

| ! |

Mg ¢«— GxM —— M,

by which we have the vector bundle Vi = Eg —+ Mg. This also enables us to
define equivariant characteristic classes for equivariant vector bundles. For
instance, G-equivariant Chern classes of E are defined to be

cC(E) =ci(Ve) € HE(M).
Example 1.5. A G-equivariant vector bundle over a point is simply a representation
p: G — GL(E), which is a character x : G — C* in the case of a line bundle L — pt.
Its weight is defined to be wy, = c$ (L) = c1(Vy).

Although a push-forward map in equivariant cohomology f, : H3 (M) —
Hg (N) induced by a G-equivariant map f: M — N is more difficult to con-
struct, it is still available whenever M and N are compact. In this case
we cannot simply mimic the construction of the Gysin map in ordinary
cohomology, as it relies on Poincaré duality and in general Mg and Ng
can be infinite dimensional spaces. However one can use so-called approx-
imation spaces to get around the issue and properly define the equivariant
push-forward homomorphism. These form a system of smooth principal
G-bundles E; — B; whose colimit recovers the universal principal bundle
EG — BG. Moreover if MiG = E; xS M and NiG = E; x© N, one has that
HE (M) = HP(M) and HR(N) = HP(NY) for i > p. By using Poincaré
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duality at the level of approximation spaces it is then possible to define ho-
momorphisms f} : HE (M) — HE 9(N), where q = dim M — dim N.

. P .
HP (ML) —— 5 HP=a(NL)

o | Teo

Him M"“Gfp(MiG) — Hdim Mgfp(NE)

1.2 EQUIVARIANT LOCALISATION

Let t: N — M a closed embedding of compact manifolds of codimension
d. In the context of ordinary cohomology we have an identity, which goes
under the name of excess intersection formula

ULl =e(Nn/m) € HY(X).
A similar formula is available also in the equivariant setting

581 = eg(Nn/m),

as the normal bundle of the quotient Ng < Mg can be identified with the
quotient (Nn/m)g of the normal bundle Ny xeg/MxEG-

Suppose T is a torus and X is a smooth T-variety, so that its fixed locus
XT C X is smooth. Let then t be the inclusion X" < X inducing the push-
forward

Lt HE(XT) = H$(X).

The content of the localisation theorem is essentially that that this homomor-
phism becomes an isomorphims after inverting a finite number of non-trivial
characters. Indeed, let Fx be a component of the fixed locus XT, and let
la : Fo = X with normal bundle N, = N¢_,x. By virtue of the equivariant
version of the excess intersection formula we have 1y« (—) = eT(Ny) N (—),
and the equivariant Euler class e1(N) is non vanishing whenever restricted
to points of F,. Indeed the T-action on Ny « = TxM/TF« is non-trivial, as
(TxM)T = TF4, whence the Euler class of the normal bundle is non vanish-
ing, being the product of non zero weights. Moreover, one can show that
given a T-equivariant vector bundle E — M, its restriction to F« gets decom-
posed in T-characters p: T — C* as E[f, = @ Ef .. The equivariant Chern
class ciT(EF,u) is invertible in H%i(F)[u’]]. Thus, if F« is a component of
MT of co-dimension d we, the Euler class et (N /M) € H-zrd(F) is invertible
in HY}(F) [u]_] PR us_1], where 1, ..., us are the characters appearing in the
decomposition of N¢,p;. For convenience, in the following we will denote
by H$ = Frac H} the field of fractions of HY.

Theorem 1.6 (Atiyah-Bott, [8]). Let M be a compact smooth manifold equipped
with the action of a torus T. The pushforward of the inclusion « : MT — M gives
an isomorphism

Lot HHMT) @ps Y = HEH M) Qs K

5
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The inverse of the isomorphism in the Atiyah-Bott theorem is given by

where the sum runs over the components of the fixed locus MT c M.
Rephrasing differently we might say that each element 1y in H (M) Qns HY
has a unique presentation as

BV
b= % Look er(N

Pushing forward the natural projection m : M — pt we get the equivariant
homomorphism 7, : H} (M) — H}, which corresponds to integration along
the fibers of Mg — BG, over the base point of BG. The structure map
My : Fo — pt on any component of the fixed locus factors as my = 70 Ly,
and Ty = 704 0 L. This finally leaves us with the following

Corollary 1.7 (Integration formula). Given { € H} (M) ®@ps HT, we have
0 J G
= 7'[* = 7T * = _—
Jy = 2o (NG T2 en(N

Part of the interest in the localisation formula lies in the fact that we can
often trade an ordinary integral for an equivariant one, and apply localisa-
tion thereafter. Indeed there is a Cartesian square inducing a commutative
diagram in cohomology,

X —Y— pt He*(X) —2 s Z
J/L lb ~ L*T b*T
X — BG HE (X) — HE

which implies that given a cohomology class 1, its pushforward p.« can be
computed, thanks to the commutativity of the diagram, as b*m, W, where ¥
is an equivariant lift of \, i.e. W =1).

Example 1.8. Let M be a smooth oriented compact manifold equipped with the
action of a torus. Suppose that the fixed locus is comprised only of isolated points
MT ={p1,...,pm}. Then x(M) = m. Indeed

XM = [ el = [ erimvy = Y ST 5 g

i=1 p‘/M i=1

1.3 A BRIEF K-THEORETIC INTERMEZZO

Localisation results analogous to those we examined in the context of
equivariant cohomology are also available for equivariant K-theory. As this
is often the correct framework to work in when comparing to string theory,
we recall them here, following [48; 184; 210].
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Let then X be a scheme acted upon by a reductive grouop G. By K§ (X)
(resp. K& (X)) we denote the K-group of the category of G-equivariant
coherent sheaves on X (resp. locally-free G-equivariant sheaves). The K-
group of locally-free sheaves is equipped with a natural homomorphism
K% (X) — Kg (X), which is an isomorphism whenever X is non-singular. If
X is a point the equivariant K-groups are identified with the representa-
tion ring, or character ring, of G, i.e. Kg (pt) = K%(pt) = R(G). Similarly
to what happens in the case of equivariant cohomology, in general K2 (X)
is an algebra over R(G), and the concept of equivariant formality can be
extended to the context of K-theory as the case in which the natural map
K%(X) — K% (pt) = R(G) is surjective.

Push-forwards and pull-backs can be defined for equivariant morphisms
of schemes f : X — Y, under suitable assumptions. For example, if f is a
flat morphism one can define the pull-back f* : K§(Y) — K§(X) from the
sheaf-theoretic inverse image functor. Indeed, to any G-equivariant coherent
sheaf .# on Y we can associate the coherent sheaf f*.# on X as

F 5 1. F = Ox e, T 7.

As f* : Cohg(Y) — Cohg(X) is an exact functor it descends to equivariant
K-theory. In the case of vector bundles f* : K% Y) — K% (X) can be simply
defined by pulling them back. If f : X — Y is instead a proper morphism, we
have the direct image functor f, : Cohg(X) — Cohg(Y), which in general is
not right exact. Given [#] € Kg (X) we may then define the push-forward as

flF] =) (DURY.F] € KE(Y).

Any short exact sequence of coherent sheaves 0 — & — % — ¢ — 0 induces
a long exact sequence

0 — f,& — f.% — 1.9 — R'f,& — R, % — R'f,9 — ...
so we have that
fo([F] =[] — [9]) = f[F] — £ [E] — £ Y]

and f, descends to a well defined morphism in K-theory. In the particular
case f is the structure morphism f : X — pt, the direct image functor is really
the global sections functor. Thus, given [[#] € Kg (X), we have

f.l7) =) (-1)'H'(X, 7)) € R(G),

which coincides with the definition of the equivariant Euler characteristic in
K-theory xg (X, —) : K%(X) — K%(pt) = R(G).

As the case of G being an algebraic torus will be the only one we will
be interested in, from now on we will focus mainly on G = T = (C*)9.
The representation ring R(T) is naturally the K-group of the category of
T-modules. If V is a finite-dimensional T-representation, it will decompose
naturally as the direct sum of one-dimensional T-modules, called the weights
of V. Each weight of the T-module V is then associated to a character p €

7
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T = Hom(T,C*) = Z9. Moreover, we can associate each character pu to a
monomial tH = tﬁ” ---tgg in the coordinates (t1,...,tg) of T. There is a

trace map
try(t) =) t*

sending the class of a T-module to its decomposition into weight spaces,
which provides an isomorphism

tr: K (pt) > Z [t" e T]. (1.3.1)

Let us also notice that traces of finite dimensional T-modules can also be
computed in the localised K-theory K$ | _(pt), where some (or all) the elements
11—ttt e Kg(pt) are inverted

Z[t* e T =K{(pt) = K \o(pt) = Z [t“, p—

ueﬂ.

We can now turn to the formulation of the localisation theorem in equiv-
ariant K-theory. It is convenient to define the total antisymmetric algebra
A (E) and the total symmetric algebra Sym$ (E) of a vector bundle E over a
scheme X, as

AY(E) =) tIATEl € KO(X)It,  Sym{(E)=) t'[Sym"E] € KO(X)[t].

i>0 i>0

This definition can naturally be extended to G-equivariant K-theory, i.e. to
any E € K&(X). We now take a T-scheme X with fixed locus X', whose
natural inclusion in X we denote by t : XT < X. As T is reductive, if X
is smooth, so is X' c X. Given any & ¢ Kg(XT), we can state a result
analogous to the excess intersection formula, which reads

V'L = F QN N¥T/X, (1.3.2)

where Nyt ,x is the normal bundle to the T-fixed locus. The localisation
theorem in K-theory then states that the push-forward map . in Eq. (1.3.2)
becomes an isomorphism after inverting a finite number of terms of the form
(T—1t").

Theorem 1.9 ([210], Théoreme 2.1/2.2). Let X be a scheme equipped with the
action of a torus T. Let moreover X1 be the T-fixed locus in X and v: X7 < X the
natural inclusion. The push-forward v : Kg(XT) — Kg(X) is injective. Moreover
there is an isomorphism

L STIKG(XT) S sTTKE(X),

where S is the multiplicative set in R(T) generated by elements of the form 1 —t¥,
with non-zero .

As we saw for the case of equivariant cohomology, the localisation theo-
rem in K-theory enables us to compute push-forwards by only looking at
the fixed locus of the torus action. Thus, for any T-equivariant vector bundle
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V over a proper scheme X, we may compute the equivariant push-forward
xt(X, V) as

XT(X, V) =x71 (XT V|XT> € K¢ (pt) []

. Vv
AN NXT/X

L HE 'T] . (1.3.3)

Remark 1.4. It may happen that sometimes we want to compute K-theoretic
invariants for schemes which are not proper, say for quasi-projective vari-
eties X. Though push-forwards in this cases are not well defined, we may
nevertheless exploit the localisation theorem to define invariants to be the
rh.s. of Eq. (1.3.3), provided that the fixed locus X' is proper. The same
observation holds true also in the case of equivariant cohomology. <

1.4 AN EXAMPLE: X_y (S™)
If X is a proper scheme, we define the Hizebruch x_-genus of X as
Xy (X) = XX, A, TY).

In this section, we want to compute the Hirzebruch x_,-genus of the
Hilbert scheme of points of a projective surface S by exploiting the technique
of equivariant localisation, along the lines of [153]. To this end, let Hilb(S)

be defined as
Hilb(s) = J [ s™
n>0

We will exploit equivariant localisation in order to prove the notorious for-

mula
. P" X—ym(S)
—y (Hilb(S)) = exp <m>] o yp)m> , (1.4.1)

which was proved differently by Gottsche-Soergel [111], Cheah [67] and
Ellingsrud-Gottsche-Lehn [94].

The key fact here is that any complex genus of Hilb(S) only depends on
the cobordism class [S] in the complex cobordism ring with rational coef-
ficients Q = QY ® Q, [94]. Moreover, as Q is the polynomial ring freely
generated by the cobordism classes [IP'], it is sufficient to study the Hirze-
bruch genera of Hilb(IP?) and of Hilb(IP' x P'). Both of P? and P! x P! are
toric projective surfaces, so that their Hilbert schemes are smooth projective
varieties carrying a natural torus action induced by the action of T = (C*)?2
on the toric charts.

If X is toric, we will denote by A(X) the set of vertices of its Newton
polytope. Moreover, for any tuple of integers n = {ny, « € A(X)} we define
In| to be Y . The T-fixed locus of X'™ is decomposed as

Hib™(x)" = T [[ Hib™ (U’

In|=n «€A(X)
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(a) ]PZ (b) I[)] ><]P1

Figure 2: Toric fans for P? and P! x P'.

Thus, the fixed points of the Hilbert scheme of X must have support con-
tained in A(X), inducing a decomposition of the tangent space at a fixed
point Z
T, X = Tz Ul = @@ Tz (CH)nel
(X)

€A xeA(X)

Let now X be a projective toric surface S. Then the decomposition of the tan-
gent space at any fixed point, together with the localisation theorem, implies
that

(X)—1
e (8) = 5 TT o (U8¥) = XTI e (€0),
In|=n xeA(X) In|J=n «=0

with an abuse of notation justified in light of Remark 1.4.

As the complex cobordism ring is generated by the classes [IP?] and [P! x
P'], we will prove Eq. (1.4.1) for the x_y-genus of any projective surface by
analysing the two cases above separately. This analysis will be made easy
both by the decomposition of the tangent space at the fixed points and by the
compactness of IP? and P! x IP'. Indeed, one can compute the x_-genus
equivariantly in the first place. Then, we can get information about the non-
equivariant case by taking the limit of vanishing equivariant parameters, as
the x_-genus is rigid with respect to the torus action. We will exhibit the
complete computation only for P2, as the case of P! x P! is completely
analogous.

1.4.1 Case |: IP?

The projective plane IP? has three torus-fixed points, and correspondingly
three toric charts. The equivariant parameters on the three affine patches
can be read off the toric diagram in Fig. 2a as follows:

t,00) =1, t20) = t2,
tyy) =1/t, ty,1) =t2/ts, (1.4.2)
t1,2) = 1/t2, ty,2) = ti/t2.
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Recall that fixed points of the Hilbert scheme of n points of the affine plane
can be either characterized as monomial ideals or as partitions of n, [165].
Moreover, the tangent space at a fixed point Z of (C?) n corresponding to
the partition pu € P(n) can be written as

T, (CZ)[TL] _ Z (tg(s)+1t;a(s) +t?l(s)tg(5)+1> c Kgl_(pt) = R(T), (1.4.3)
seEYy,

where Y|, is the Young diagram associated to the partition p while the leg
length 1(s) and the arm length a(s) are defined as shown in Fig. 3. In partic-
ular, if s is a box in Y, with coordinates (i,j), then we define a(s) = p.].’ —1i
and 1(s) = p; —j, where p’ is the partition of n transposed to .

sTel<]*]

a(s)

Figure 3: Arm and leg length of a box in a Young diagram.

From Eq. (1.4.3) we are immediately able to read off the contribution of
each affine chart to the equivariant x_-genus of any toric projective surface,
which we might take as a definition by localisation of x_, ((C?)™):

X—y (u[n“}> =X—y ((CZ)[n“}>

= 2 N
l«leEfP(TLoc)
s)+1,—al(s) L(s) als)+1
. Z H ( yt10( tZOc ) (1 _yt10( tZOC )
- $)+1 —als) Us) als)+1) 7
Ha€P(Na) SEYY ( t1 o JLZ « ) (1 _t1 o tZ o )
(1.4.4)
where, of course, the equivariant parameters t; , t2,« should be referred

to the correct choice in the particular toric patch Uy = C?. We are then
interested in computing the generating function

y (Hib(P?)) = 3 xy (P2)") pn
n>0

Sy YT e (u)

n>0 [n|=n xeA(P2)

= J] ny< )p“”‘,

xEA(P2) Ny =0
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where everything is to be intended in the equivariant sense. By then study-
ing the limit of vanishing equivariant parameters on each toric chart we get

_y tio—0 _
>Ny TSN e, (1.4.5)
no€P(1no) Ho€P(no)
Z N ti,1—>0 Z ym s(m) (1.4.6)
peP(ny) w €P(ny)
_ ti, —0
>N S Yy (1.4.7)
w2 EP(Ny) n2€P(n2)

where r(n) denotes the number of rows in the partition p, ie. if p =
(K1, .00, ) = (1) =k, while

=#{peYu:lp)—1<alp) <lp)}.

Indeed, let us show how to compute (1.4.5) as an example.
. 1 _ytg(s)Jr]t;a(s)
lim (s)+1,—a(s) =1,
t=0\ 1t t,
as 1(s) = 0. Moreover

Y,
—1(s) a(s)+1
lim T—yt; "'t5° _ ! a(s)+1
£ -0 1 —1(s),a(s)+1 - —yt,
-4 L a(s)+1’

so that finally

e~ Ls)a(s)+1 if 1 >0
lim lim (1 vh b >:{y' if Us)

t2—=0t;—0 \ ] —t?l(s)tg(s)+] 1, ifl(s) =0

and putting together all the different contribution we recover Eq. (1.4.5).
We are now able to combine the results in equations (1.4.5)-(1.4.7) to com-
pute x_ (Hilb(IP?)):

_y (Hilb(IP?)) (me nr( ) (me n—s( )) (%puyn>

- (Zplul 1 ( ) (Zplu n—r( )> (%puyn>

ﬁ(zplul 4 (6—1)r(p )>,
B (1.4.8)

as we have the following
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Lemma 1.10. There is an identity

> o oy= )y st

peP(n) peP(n)
Proof. For a proof by induction, see [153, Lemma 3.1]. ]
The following lemma will let us conclude

Lemma 1.11. There is an identity

1
[l -+ (e=1) _
Zpu " T = H ]_ym+e—1pm

m2>1

Proof. The result follows after some simple manipulations. First of all let us
point out that a partition p of an integer n can be described by a sequence
of integers {);}, where only finitely many A; are non zero and } ;jAj = n.
Then we have that r(u) = Zj Aj and

Zp\ullul+21() Z Z‘JZ]

n=0 HEP(n
_ (e—1) A
=2 ()" Zv S A
n>o Al=n
H Z m m+0— 1 Am
m>1Am >0
=11 .
1— m+€ 1°
m2>1 P U

Using lemma 1.11 we are now able to rewrite Eq. (1.4.8) in a much simpler
form

_y (Hilb(P?))

(Zpu n+(€—1)r(p ))
]:I —p ym+€ 1

1 1 1
1 _pm+1ym 1 _pm+1ym+1 1 _pm+1ym+2

I
— 1 :N I :N

3
Y
o

m+1 m)

= Xp(*logﬂfp y

710g(] 7pm+1ym+1)

3
WV
o

m—H m+2))

Z% +yt 4yt Y (yp)
nzl

m>=0

:1+y +y*"
n I—ympn

||
\vl\’]
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As 14+y™ +1y?™ = x_yn (IP?) we conclude that

2 P X _yn(P?)
X_y (Hllb(]P )) = eXp T]—yyinpn
n>1
1.4.2 Case ll: P! x P!

The equivariant parameters of the torus action on P! x IP! can be chosen
in the four affine patches according to Fig. 2b as follows

t1,000) = t1, t2,000) = t2,

t1,001) = t1, ty,01) = 1/t2, (1.4.9)
t1,010) = 1/t1, t2,(10) = t2,

t,1) =1/t ty 1) =1/t2.

Proceeding in the same way as we did for the IP? case, we need to compute
the equivariant generating function

X—y (Hib(P!' xP")) = > x_y <(1[J1 « ]P1)[n1)pn

n=0

SY e Y TT e (u)

n=>o0 In|=n € A(P! xP1)

=TT X ey (ud™)pm,

xEA(PTxIPT) Ny 20

and then take the vanishing limit of the equivariant parameters in each toric
patch. A computation very similar to the one in the previous section yields

P! x P!
X—y (Hilb(P" x P")) = exp Z PR Xy (P < IP) , (1.4.10)
n>l1 1- y p

which finally completes the proof of Eq. (1.4.1).

1.5 VIRTUAL LOCALISATION

Up to this point we have been dealing only with non singular schemes.
A natural question would then be how much of the localisation machinery
we have been describing so far can be carried over to the singular case. It
turns out that results analogous to the ones in Thm. 1.6 and Thm. 1.9 can be
proved whenever the scheme X is equipped with the additional structure of
an equivariant perfect obstruction theory.

In general, a perfect obstruction theory on a scheme X, as defined in [17; 152],
is the datum of

e a two-term complex E = [E~! — E% on X;
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e a morphism ¢ : E — LLx in the derived category from E to the trun-
cated cotangent complex Lx = t>_1L%, where L} € DI=0/(X) is the
full cotangent complex defined by Illusie [127]. The morphism ¢ is
also required to satisfy the following two properties

- hO(¢) is an isomorphism;

- h ' (¢p)is surjective.

Given a scheme X with a perfect obstruction theory (E, ¢), the integer vd =
rk E is called the virtual dimension of X with respect to (E, ¢). a morphism

q)i]E—)]LX

Remark 1.5. If there exists an isomorphism 0: [E ~ EV[1] such that 8 = 0V[1],
the perfect obstruction theory defined by (I, ¢) is said to be symmetric. Such
obstruction theories have virtual dimension 0, and moreover the obstruction
sheaf, defined as Ob = h'!(IEV), is canonically isomorphic to the cotangent
sheaf Qx. In particular, one has the K-theoretic identity

E =h%(E) —h "(E) = Qx — Tx € Ko(X),

as the obstruction sheaf h®(E) = h'(EV) is canonically isomorphic to Qx
(cf. [18, Prop. 1.14]) and h~1(E) is its dual. <

With the aid of the structure induced by a perfect obstruction theory on a
scheme, one can define a virtual fundamental class, against which integration
will be defined. Indeed, a perfect obstruction theory defines a cone ¢ —
(E71)V, and the virtual fundamental class will be be defined via the refined
intersection

X]VIr = 0'[e] € Ayg(X), (1.5.1)

where 0: X < (E~")V is the zero section of the vector bundle (E~')Y. This
virtual fundamental class [X]"'* only depends on the K-theory class of E, [202,
Thm. 4.6]. Then, on a proper scheme, one can define virtual (enumerative)

invariants as
J x € Q,
[X}Vir

where a € A*(X). These intersection numbers are going to vanish if i # vd.
It also turns out that virtual invariants in a K-theoretic framework can be
defined, as a perfect obstruction theory also induces a virtual structure sheaf,
[17; 202]
@ng = [L0* O] € Ko(X). (1.5.2)

If the structure morphism 7t : X — pt is proper, the K-theoretic push-forward
defines the K-theoretic virtual invariants by

X(X, V) = x(X, V& 64 € Ko(pt), (1.5.3)

forany V € KO (X).

Let now X be a scheme with a perfect obstruction theory [E and the ac-
tion of an algebraic torus G. Then (E,¢) is a G-equivariant perfect ob-
struction theory if ¢ can be lifted to a morphism in the derived category

15
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of G-equivariant sheaves. As in the previous sections, we will mainly be
interested in algebraic tori.

If X carries the trivial action of a torus T = (C*)9, any T-equivariant coher-
ent sheaf & € Coht(X) can be decomposed in eigensheaves according to the
torus action: & = ®u &, where, as usual, the sum runs over the characters
of T,ie. p € T. We can then define the fixed and moving part of & as

gﬁx _ éool Lmov @ éou.
p#0

If X does not carry a trivial action of T, one can define the virtual normal
bundle to a component F of its fixed locus XT < X, as the moving part of the
restriction of virtual tangent bundle to F

vir __ vir|MOV. =\ mov
Nex =Tx'|g = E

, (1.5.4)

This sets the stage for the virtual versions of the localisation theorems. In
the virtual setting, virtual localisation formulae can be proved both in equivari-
ant Chow theory, [112], and in equivariant K-theory, [95; 188].

Theorem 1.12 ([112], eq. (1)). Let X be a scheme equipped with a C*-action and a
C*-equivariant perfect obstruction theory. Then
_]Vir

XM=} e[ii‘lvir) AT (X)®Q [t, H :

i

where the sum ranges over the connected components X; C X' < X with virtual
normal bundle NY™,

Theorem 1.13 ([188, Thm. 3.3]). Let X be a scheme equipped with the action of
an algebraic torus T and a T-equivariant perfect obstruction theory. Let moreover
t: XT — X be the natural inclusion of the fixed locus. Then we have

vir

Y Vir,\/
A* NXT/X

vir

Y= L, € K§(X) ®gper1) Q1)

If X is also proper, we saw how it makes sense to consider the equivariant
push-forward of the structure morphism. In this case Thm. (1.13) implies
the following localisation formula

V|XT

4 ') Vil‘,\/
A% NXT/X

XVir(X, V) _ XVir XT

e K (pt) [ we ﬂ , (55)

1—tH

forany V € KQF(X).
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21 THE WITTEN INDEX AND TOPOLOGY

As the Witten index and its generalisations will be the main objects we
will be computing in the rest of this thesis, in the form of supersymmetric
partition functions, this section will be devoted to reviewing its definition
and its basic properties. We start by reviewing some facts about supersym-
metric quantum mechanics, which moreover serves the purpose of better
explaining the connection between supersymmetric theories and topology.
By definition [216; 217], a supersymmetric quantum mechanics can be con-
structed starting from a Z;-graded Hilbert space (H, (—, —)), with the Z,-
grading realised by an operator (—1)F. The Hilbert space must be further
supplied with two odd nilpotent operators Q and QT, i.e. the supercharges,
whose anti-commutator defines a positive semi-definite even operator H, i.e.
the Hamiltonian, as

{QQ'} =2,

so that [H, Q] = 0 = [H, Q]. Under the Z,-grading, the Hilbert space can be
decomposed in its even (bosonic) and odd (fermionic) components,

H =Hg & H,

and the supercharges act as operators exchanging them, i.e. Q, QJr Her —
Hr . A ground state will be a zero-energy state as («, Hx) > 0 given « € K,
so it will be defined as o € H such that He = 0. By the commutation
relations of the supercharges, it is easy to deduce that a state has zero energy
if and only if it is annihilated by Q and QT. Such a state is then preserved
by supersymmetry, and it is called a supersymmetric ground state. If we also
assume the Hamiltonian to have purely discrete spectrum o(H), the Hilbert
space can be decomposed in eigenspaces of H

H= J—C(TL)I
neo(H)

and this decomposition is compatible with the Z, grading, in the sense that

H= He, (n) & Hr,(n)-
neco(H)

Moreover, as Q is nilpotent, we have a complex of vector spaces

Q Q

e g Hr —2s g, (2.1.1)

17
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whose cohomology defines the Q-cohomology

_kerQ:Hp — Hr
_ImQ:U{F—>J{B
_kerQ:fHF—HHB
_ImQZfHB—>fHF

which satisfies Hg /£(Q) = Hg,F (o). If it so happens that there exists a
hermitian operator F with integral eigenvalues, the fermion number operator,
such that el™" = (—1)F, the Hilbert space is Z-graded by F, and the complex
(2.1.1) splits into a Z-graded one as

Q Q

e G‘Cp_1 2

Q
Hyp Hop1 —— . (2.1.2)

The cohomology of (2.1.2) H*(Q) refines the Q-cohomology, in the sense that

He(Q) = €D HP(Q),  He(Q) = P HP(Q).

n even n odd

One peculiar feature of supersymmetric quantum mechanics is that posi-
tive energy states are always paired, i.e. Hp () = Hf (r,) when n > 0. This
implies the existence of a deformation invariant (where by deforming we
mean deforming the spectrum of H), the Witten index tr(—1)Fe=P™, defined
as

tr(—1)Fe P™ = dim 3 () — dim Ff (o)
= dim ker Q — dim coker Q
= dim ker Q — dim ker QT

which qualifies it naturally as the index of the Q operator.” We can also
express the Witten index as the Euler characteristic of the complex (2.1.2), as

tr(—])Fe*BH = dimeB,(O) — dimj'f]:,(o)
=dim Hg (Q) —dim H¢(Q)

= (-1)PdimHP(Q).
P

The connection of the Witten index to the topology of, say, Riemannian
manifolds is made manifest by analysing the path integral formulation of
supersymmetric quantum mechanics. Indeed, quantum mechanics can be
understood as a one-dimensional quantum field theory, or as a theory of
maps @ : X — Y, where X is one-dimensional, and is usually taken to be
R, an interval I C R or S'. This formulation of quantum mechanics can be
extended to the supersymmetric settings, where one needs to suitably extend
the set of fields in order to include the fermionic partners to the bosonic
fields @ : X — Y. If, for instance, Y is an n-dimensional Riemannian manifold
(M, g), the supersymmetric quantum mechanics with target space M will

In the case the spectrum o(H) of the Hamiltonian H is not purely discrete, the Witten index
may gain anomalous contributions making it dependent on the parameter f3.
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consist of bosonic variables, which will be maps ¢ : X =+ M, and fermionic
ones, which will be sections \, 1 € T' (X, $*TM ® C). In the local coordinates
x! of M, they will be represented by collections of maps ¢! = x! o1, and
similarly for the fermionic variables ,{ ~ {ll)i,El}. If t is the coordinate
on X, by defining Dt = 94t + rjikat@xpk, the Lagrangian for the theory
is

Ll b, ) = D10cp 0r0) + 22 (B D! —Dip'v)
_¥¢i$jwk$l, (2.1.3)

and it is invariant under the supersymmetry

st = e’ — e,
sebt = e (100"~ TR b*)
seb' =~ (100! +vhab v"),

corresponding to the supersymmetric conserved charges Q = igijﬁiatd)j
and Q = —igijp'0¢d’. The Witten index can then be understood as the
finite-temperature partition function of this theory, at temperature 3!

B _
(=) e P = | [DeDyD] exp (JO dtL(d>,1b,1l))> ,

where periodic boundary conditions have to be imposed on fermions.

The Hilbert space for this supersymmetric quantum mechanics will be
H = Q(M) ®C, and the grading of J{ by the form degree is identified with
the Z-grading by the fermion number operator F. On J, the bosonic and
fermionic fields are represented by operators acting as follows

¢!~ My, Pt gijla/axir ? ~ dXMA,

where by M,: we denote the multiplication operator by x', and , is the
contraction by the vector field v. In this framework, we have Q =d, Q = 8
is the codifferential, and the Hamiltonian is the Laplace-Beltrami operator

A

T, = 1
H:E{Q,Q}:E(dé—l—éd):z.

Thus, the zero energy states are harmonic forms H ) = H(M, g), which
implies at the level of Q-cohomology that H*(Q) = Hiz(M) = H*(M;R).
We are then able to conclude that the Witten index of the supersymmetric
quantum mechanics on a Riemannian manifold (M, g) computes the Euler
characteristic of M, as

tr(—1)fe PH =) (—1)PdimHP(Q) = ) (~1)P dimHP(M;R) = x(M).
P P

Remark 2.1. For the most part, similar considerations may be carried over to a
supersymmetric quantum mechanics having as target space an n-dimensional
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Kéhler manifold. In that case, however, the model enjoys extended super-
symmetry, in that one can find four conserved supercharges. Moreover, there
are two different fermion number operators, the axial one Fao and the vec-
tor one Fy, such that [Fy,Fa] = 0. Thus the Hilbert space Q(M) ® C is
(Z ® Z)-graded as

n
aM)eC= G ariMm).
p.q=1
Correspondingly, the harmonic forms (M, g) representing the zero energy
states are bigraded, and at the cohomological level one gets the well-known
isomorphisms for Dolbeault cohomology

HE4 (M) = 3(P9(M, g) = HP9 (M), <

2.2 REFINING THE WITTEN INDEX: ELLIPTIC GENERA

In passing from Riemannian manifolds to complex manifolds, one is of-
ten led to defining certain refinements of topological invariants capable to
capture more detailed features. A simple example is offered by the Hirze-
bruch xy-genus, which is defined for a holomorphic vector bundle E over a
compact complex manifold X as

Xy E) = Y (=1)%yP dim H (x, Ox(E) ®/\"T>\</>,
P.q=0

where Ox (E) is the sheaf of holomorphic sections of E, while T% is the cotan-
gent bundle of X. By defining the Euler-Poincaré characteristic of E as

X(X,E) = Y (=1)P dim HP (X, Ox(E)),
p=0

we see that the Hirzebruch genus can be also written as

Xy X E) =) y'x (X EAPTY).
p>0

Whenever E = 0 is the trivial line bundle, we have

Xy(X) =xy(X, 0x) = > (=1)9yP dim HP9(X),
p,.q=0

and we immediately see that under suitable choices of the value of y, the
Hirzebruch genus xy (X) reduces to other known invariants:

e if y = —1 it reduces to the topological Euler characteristic of X, i.e.
X—1(X) = e(X);

e if y =0, xy(X) reduces to the so-called arithmetic genus x(X);

o if y =1 we get the signature o(X).
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From the point of view of supersymmetric theories, the Hirzebruch xy-
genus of a compact Kédhler manifold (M, g, w) can be interpreted as the
Witten index of a supersymmetric quantum mechanics with target space M,
whose action is a deformation of (2.1.3) by a mass-like term of the form

1 ) .
Laer(P) = _Emll)lwijll)] +c,

where w is the Kdhler form of M and m plays the role of the mass parameter,
[126]. Moreover, the mass parameter m is related to the y parameter of the
Xy-genus as Yy = exp(—Pm). Thus in the decoupling limit m — +oo the
partition function of the supersymmetric quantum mechanics on the Kéhler
manifold M reproduces the arithmetic genus x(M).

In a similar sense, when dealing with a supersymmetric quantum field
theory, one can often study modifications in the definition of the Witten
index so as to capture more information in the partition function. This can
be done, for example, if one is able to find a set of fugacities q; associated
to conserved charges Ci, such that [Q,Ci] =0 = [Qf, Ci]. In this case one can
define the index as

9(qi) = trac(—1) e PHT T o

For instance, we can consider a two-dimensional N = 2 supersymmetric
gauge theory on a torus. The partition function of the theory reproduces
the so-called elliptic genus of the target space, which can be identified with
a refinement of the Witten index of the kind above. Indeed, if the super-
symmetry content is that of a 2d N = (2,2) theory with flavour symmetry
group K and U(1) R-symmetry ], we can compute the partition function as
the index

JeG(T, 2, ua) = trrr(—1) T qMrgry/ Hx';“, (2.2.1)
x

where K are the Cartan generators of K while 1, z and u are defined by
q = exp(2mit), y = exp(2miz) and x, = exp(2miuy) respectively. The trace
is to be computed over the Ramond-Ramond sector, i.e. fermions are given
periodic boundary conditions, and the left- and right-moving hamiltonians
Hy g are defined in terms of the Hamiltonian H and momentum P as 2H| =
H +iP and 2Hg = H —iP. Then we see that, as qHLqHR = exp(—2nJtH —
2mRTP), we can actually compute the index (2.2.1) as the partition function
of a theory on a torus w ~ w+1 ~ w4 1 with complex structure T. We
are however not limited to theories with N = (2,2) supersymmetry, and in
the case of a two-dimensional N = (0,2) theory we can indeed define an
index analogous to (2.2.1). In the N = (0,2) case we do not have a U(1)
R-symmetry, so we define

Jec(T, 2, us) = trrr(—1)FgMrghi® H xKe, (2.2.2)
x

with the same notation as before. These indices are known in physics to
be computing the elliptic genus of target space, and were first introduced
in the 80’s, [93; 149; 186; 196; 197; 218; 219]. Later it was realised that the
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elliptic genus of a Landau-Ginzburg model could be computed by localisa-
tion [26; 27; 139; 140; 221]. More recently, in [24; 25] the application of the
localisation argument (see §2.3 for a very brief review) to the path integral
formulation of the elliptic genus made the computation possible for general
two-dimensional N = 2 supersymmetric gauge theories. These localisation
formulae are particularly useful as they can be exploited to compute parti-
tion functions of GLSMs, that is to say gauge theories of vector multiplets
with additional matter, possibly supplied with superpotential interactions.
These are known to flow at low energy to sigma models having as target
space the locus cut out by the vanishing of the superpotential terms, whose
elliptic genus is actually computed through the GLSM partition function.

From a mathematical point of view, instead, the indices (2.2.1) and (2.2.2)
are computing a refinement of the xy-genus which we described at the be-
ginning of this section. In particular, for any vector bundle E over a scheme
X we define the formal power series

e q,y) = Q) (A%yqn(EV) @A (B) @ Sym. (ESEY)),
n>1

so that £(E; q,y) € K°(X)[y,y~'I[t] and if X is a smooth projective scheme,
while V € K°(X) a vector bundle over it, we are able to define its elliptic
genus as

El(X, V;y,q) =y~ ™%/ 2 (X, E(Tx)® V)

| (2.2.3)
=y dMX/2y (X, Vo AL TY ® &(Tx)).

We immediately see that the elliptic genus so defined is indeed a refinement
of the x_y-genus, to which it reduces for q = 0, as Ell(X,V;y,q)lq—0 =
y—d1mX/2X_y (X, V)

Remark 2.2. Even though all the definitions given so far are valid for smooth
manifolds/non singular varieties, some generalisations to the case of sin-
gular schemes are available [95]. In particular, whenever X is a possibly
singular scheme equipped with a perfect obstruction theory, a virtual ver-
sion of the holomorphic Euler characteristic, and correspondingly also of
the x,-genus and elliptic genus, can be defined (cf. §1.5). One may then be
tempted to assume that the elliptic genus, in its virtual version, can still be
interpreted as the partition function of a two-dimensional supersymmetric
gauge theory whose target space is the scheme X. While this is true for 2d
N = (2,2) theories, it may fail at the equivariant level for purely N = (0, 2)
theories, as it is the case, for instance, for the low energy effective theory
of a D1/Dy system, [22]. In this case the index (2.2.2) computes a “chiral”
version of the elliptic genus (cf. §5.6.1). <

2.3 SUSY LOCALISATION

As we already pointed out, one of the advantages of studying supersym-
metric quantum field theories lies in the availability of localisation tech-
niques. Much like in the mathematical setting of equivariant cohomology
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[8; 92], and inspired by it, localisation arguments were first introduced in
physics for computing partition functions for twisted theories on compact
manifolds, [220; 224]. Later localisation arguments were extended to theo-
ries on both non compact manifolds with the so-called Q-background [162;
170; 175] and non-twisted theories on certain classes compact manifolds or
manifold with boundaries. In this section we will review supersymmetric lo-
calisation arguments, while in the next section we will briefly see how these
can be exploited in order to compute the elliptic genus of two-dimensional
N = (0,2) GLSMs.

Let then {¢} be the set of fields for a quantum field theory with action
S{e}l. As usual, fields in {@} can be divided in two families according
to their statistics, the even ones are bosons, the odd ones fermions. We
will assume the theory to enjoy a Grassmann-odd (fermionic) symmetry Q,
ie. QS{e}] = 0 and we say S[{¢]}] to be Q-closed. If the quantum field
theory we are considering is supersymmetric, Q will be identified with a
supercharge. We will also assume this symmetry to be non-anomalous, i.e.
the path integral measure is Q-invariant, and nilpotent or, more generally,
we will assume it to square to a Grassmann-even (bosonic) symmetry B, i.e.
Q? = B. The objects of interest of quantum field theory are usually encoded
in the partition function

z- J [D{p}] e S]]
F

and in vacuum expectation values of observables O

©) = | IDtyoesier,

where, in both cases, we denote by J the whole space of field configurations.
Of course, J is generally speaking an infinite-dimensional space, which can
be identified with the space of sections of the bundles defining the relevant
fields in the theory, and the path integral is ill-defined. As we will see,
however, the localisation argument often provides a way of reducing the ill-
defined path integral to a well-defined ordinary integration. To this end, we
will be interested in the particular set of BPS observables Ogps, i.e. local or
non-local observables preserved by the fermionic symmetry QOgps = 0.

Let then G be the symmetry group associated to Q. If § was to act freely
on J we would have had

(Opps) = L [D{¢}] Ogpge Sl

=vol(9) J [D{@}] OppseSHeH,
5/9

However, as we chose Q to be a fermionic symmetry, vol(G) = 0, so the action
of § on J can’t be free. In particular, the fixed locus of G corresponds to the
BPS locus

NMgps = {{o} € T : Yo} = 0}

of Q-preserved field configurations. The path integral localises to Mpps. As
this is often finite-dimensional, the path integral gets reduced to an ordinary
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integral, and expectation values of BPS observables can be computed exactly,
thus also capturing all the non-perturbative phenomena of the theory.

A slightly different localisation argument goes as follows. Consider a
deformed version of the expectation value of a BPS operator by a Q-exact
term

(Opps) (1) = J (D)) OppseSHe—taVite),
F

where V[{¢}] is a fermionic operator invariant under B, so that Q2V =BV =
0. It turns out that the expectation value (Ogps)(t) is actually independent
of t as long as V doesn’t change the asymptotics of the integrand at infinity.
Indeed

%@BFS}(’L) = L [D{}] OppsQV[{@)le SHeH-toVilel

— | Dte)0 (O Vit Sion-taviien) —g,
F

so that the expectation value (and also the partition function) only depends
on the Q-cohomology class of the action. Thus it is convenient to deform
the action by a positive definite term, so as to be able to compute (Ogps) by
taking the limit t — +oo in the deformed expectation value (Opps)(t). More
precisely, it is sufficient for the bosonic part of V to be positive semi-definite
for the path integral to localise to the set of so-called BPS vacua (or minima)
Myac C F, where

Myac = {{(P} €g: QV[{([)H |bos = O} :

In general there is no guarantee for Mipps to coincide with My,.. Though
for certain choices of the deformation QV[{¢]] this can certainly happen, in
general situations the path integral localises to M. = Mpps N Myac.

The approach to localising the path integral by Q-exact deformations can
be used in order to extract explicit localisation formulae for the partition
function, or, more generally, for expectation values of BPS operators. Indeed,
let us consider for simplicity the case of the partition function, and expand
the fields {¢} around the minima {@o} as @ = o+t '/25¢. As the semi-
classical 1-loop expansion of the action is exact at t — oo, we have

lim Z(U:=J [Dipol] e Seal [ [Dis )] e (B@Hess(QV)l(wo)1s0)/2

t—+o0

where
52S[{e})]

Yol
Even though the second integral is in principle infinite-dimensional, it only
involves a Gaussian integral containing the Hessian of the localising defor-

mation QV[{e}], which can be factorized into bosonic and fermionic contri-
butions

S.
{ot={wo}

(5, Hess(QV)[@oll5@) = J"&p

(0, Hess(QV)[{@oll6@) = (d¢¢, Kel{@o}15@¢) + (81, Kp[{@o}d@p).
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The inverse of the super-determinant (i.e. the ratio of bosonic and fermionic
1-loop determinants) of the localising deformation is then the result of the
integration over {5¢}, so that in the end one gets

o Sitool dﬂww))/
tETwz(t)—vaac[D{@o}}e ¢ (deth({(pO})

- j [D{pole @) Sdet~" (Hess(QV)) (o).
9"')/t\’ac

Let us end this section with a couple of remarks. First we want to point
out that the choice of the localising deformation QV is not unique, and it de-
termines the so-called localisation scheme. Different localisation schemes will
naturally produce different BPS vacua and different 1-loop determinants,
but the end result will nevertheless be the same, as Z(t) and (Opps)(t) are
independent of t, hence also of the particular deformation chosen. In some
of these localisation schemes M, may degenerate to constant field config-
urations, in which case the path integral is reduced to a finite dimensional
integral, i.e. a so-called matrix model. Moreover, when computing the super-
determinant of the “Hessian” of QV one has to be careful about possible
bosonic/fermionic zero-modes, which, whenever present, have to be dis-
carded from the computation.

2.4 ELLIPTIC GENERA VIA SUSY LOCALISATION

We saw in §2.2 how the generalisations of the Witten index (2.2.1)-(2.2.2)
compute the elliptic genus of the target space of a two-dimensional super-
symmetric gauge theory on a torus. In many cases the computation of this
partition function can be carried out by means of localisation, and in par-
ticular localisation formulae can be derived in the case of GLSMs, [24; 25].
Throughout chapter 3 we will be interested in computing partition functions
of low energy effective theories of a certain 4d N = 4 topologically twisted
Vafa-Witten theory. As these effective theories are 2d GLSMs on a torus, we
briefly review here the localisation formula for the partition function of such
GLSMs. A detailed analysis of the problem is given in [24; 25].

A 2d N = (0,2) GLSM is determined by the following data

e A gauge group G, with Lie algebra g. The corresponding gauge field
A will find its place in a g-valued vector multiplet V = (A, A", A',D),
where AT is a right-moving Weyl fermion and D is a real scalar.

¢ Charged matter fields assembled in Fermi and chiral multiplets A and
®, transforming in given representations pa and pp of G. A general
chiral multiplet ® = (¢, ) is comprised of a complex scalar ¢ and of
a left-moving Weyl spinor . A generic Fermi multiplet A = (", G)
consists instead of a right-moving Weyl spinor 1" and an auxiliary
complex scalar G. The supersymmetric variation of a Fermi multiplet
involves the choice of a chiral multiplet £(®) = (E, ), which is a
holomorphic function of the fundamental chiral multiplets in the the-
ory.
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¢ Holomorphic functions J(®) of the chiral multiplets expressing generic
interactions.

The most general Lagrangian density one can write with the ingredients
above will then be

L(V,®,A,]) =Ly +Lo +La+1, (2.4.1)

with
Ly = tr (F%z +D?— ZTLDZ?\*) , (2.4.2)
Lo =DudD ¢ +idpDd+2 Db~ —p Ao+ oA v,  (2.43)
Lan=—20 D" +EE+GG+1P vp — ™, (2.4.4)
Ly =) (GaJ +ibd;®), (2.4.5)

X

where we used the complex coordinates z = x' +ix%, z = x! = ix2. We will
also correspondingly write the action as a sum

SIV,®,A,Jl =Sv +So +S/\-|-S].

A great simplification is offered by the fact the Lagrangian (2.4.1) is Q-exact,
as

Ly = Qtr(ATD +iATFyy), Lo = QQ2idD v~ idA T ¢),
LA =0 G—ifyp"), Ly = QMWgJ*).

In order to compute the partition function via localisation, one needs to
choose a suitable localising action, and the Q-exactness of the Lagrangian
suggests that a good choice might be

1 1
SIOC[VI (D//\] = ?SV + 97(S® +S/\)/

so that localisation might be performed by taking the limits e,g — 0. As
we can easily see from (2.4.2), the localisation locus for the vector multi-
plet coincides with flat connections F1; = 0 (up to gauge transformations),
whereas D needs to vanish. Whenever the gauge group G has connected
and simply-connected non-abelian part the space of flat connections F1, =0
can be identified with the quotient of a torus T2™* G by the Weyl subgroup
W C G. All the other fields in the chiral and Fermi multiplet must instead
vanish in order to ensure the vanishing of the localising action.

One can moreover compute the 1-loop determinants of the vector, Fermi,
chiral multiplets around 2, taking care of the necessary regularisations.
The result is the following

—loo . ﬂ(q)
Zlq)/p(pp('f,u) = H IW, (246)
pPEP®
1—loo . 0 ,Xp
Zj ) = T i), (247)
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oy kG

2 rk G
2700 ) <27ml(®> I 16’11(1‘;:]’)‘) [[dw — (48)
xERg a=1

where p € p, denotes the weights of the representation p, of G, while Rg
is the root lattice of G. We also use the shorthand notation x? = e27P(u)
where we identify u as an element u € ¢ in the Cartan subalgebra ¢ C g and
a weight p with an element p € £V, If the theory also has flavour group K,
with Cartan generators y, = e?™za  the matter multiplets will be decorated
by a representation of G x K, and the 1-loop determinants (2.4.6)-(2.4.8) can
be made to keep track also of the action of K as in (2.2.2) by performing the
substitution xP ~» xPGyPK,

After denoting collectively by {®} and {A} the chiral and Fermi multiplets
of the theory, we define

—1 —1 —1
Zioptw) =2y Pltw) [ Zopllvw  J]  ZhoF(nu).

We see that the 1-loop determinant of a chiral multiplet ® transforming in
the representation pgp of G x K develops poles along the hyperplane

Hp, ={pc(u) +pk(z) =0 mod Z + tZ}.

We define the union of all the possible singular hyperplanes as Msjng =
U{q;} H,,,, which contains

*

sing = {u* € Mying : at least rk G linearly independent H,,, meet at u*} .

Allin all, a careful analysis of the localisation procedure reveals that the T2
partition function of an N = (0,2) GLSM takes the form (2.4.9) (cf. [24; 25])

Zr(oz) = 3 JKRes o QU MZ ipl(tz ), (2:49)
wrEMGe

where JK-Res is a linear functional on the space of meromorphic rk G-forms
known as the Jeffrey-Kirwan residue, [131; 132]. The JK residue depends on
the representations pg associated to the hyperplanes meeting at u*, which
we assemble in the charge matrix Q(u*). More precisely, if { hyperplanes
meet at u*, corresponding to weights p; € ¢V chosen among the 1-loop
determinants of the chiral multiplets {®}, we define Q(u) to be the (rk G x £)-
matrix whose columns are given by the transposed covectors p], i.e. Q(u*) =
{piT }f:1 . The residue in (2.4.9) also depends a priori on the choice of a generic
vector n € £V, but it’s locally constant in n.

Even though the JK residue is, generally speaking, the correct framework
for computing partition functions of higher-rank gauge theories, it’s actually
equivalent to an integration along a suitable cycle over £. This will be in-
deed the route we will take when dealing with computations of this kind in
Section 3.2.2.
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3 SURFACE DEFECTS AND NESTED
INSTANTONS

In this chapter, we study the low-energy effective theory of a D7/D3 sys-
tem on a local four-fold embedded in the ten dimensional IIB superstring
supersymmetric background. The D3 branes effective theory is the topo-
logically twisted Vafa-Witten (VW) theory [212] with two extra chiral multi-
plets in the fundamental describing the D7/D3 open string sector. The Dy
branes gauge theory is related to (equivariant) Donaldson-Thomas theory
[87] on the fourfold. Actually, we consider these theories in a non-trivial
QO-background corresponding to the equivariant parameters associated to
rotations along the non-compact directions of the fourfold. This lead to a
refinement of the above mentioned gauge theories. We focus on the case
S = T? x G, the last being a Riemann surface with punctures {p;}. Surface
operators of this four-dimensional gauge theory are real codimension two
defects located at T? x {p;}.

The effective theory describing the dynamics of such surface defects is ob-
tained in the limit of small area of C and turns out to be a quiver gauged
linear sigma model which flows in the infrared to a non-linear sigma model
of maps from T? to the moduli space of nested instantons. This is a gen-
eralisation of the usual ADHM instanton moduli space, structured on the
decomposition of the gauge connection at the surface defect. It is obtained
from the usual ADHM instanton moduli space by implementing a suitable
orbifold action which generates the fractional fluxes of the gauge field at the
defect. The partition function of the D7/D3 effective theory computes the
equivariant (virtual) elliptic genus of this moduli space in presence of mat-
ter content dictated by the topology of C, which, for genus g amounts to g-
hypermultiplets in the adjoint representation. Their contribution is encoded
in a bundle 7§ over the moduli space of nested instantons. The general for-
mula for the elliptic genus is (3.1.16) which, in the particular case r = 1 and
k =1, calculates the virtual elliptic genus of the bundle 7 over the nested
Hilbert scheme of points on C2?. The explicit combinatorial expression of
(3.1.16) is given by (3.2.34) in terms of nested partitions.

We also study the circle reduction of this system, which leads to a T-dual
D6/D2 quantum mechanics. In this case, we find that the generating func-
tion of the defects, obtained by summing over all possible decompositions
of the connection at the puncture, or in other terms over all possible tails
of the quiver, displays a very nice polynomial structure in the equivariant
parameters.

The method we used to compute the partition function of the D-brane sys-
tem is twofold. One, worked out in §3.2.1, makes use of super-localisation
formulae [52] directly leading to a sum over fixed points with weights com-
puted from the character of the torus action on the nested instanton moduli
space. An alternative derivation is performed in §3.2.2, where the T? parti-
tion function is evaluated via a higher dimensional contour integral 4 Ia [170].
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This can be also prescribed via Jeffrey-Kirwan residue method [24; 25], as it
was used in the study of D1/D7 BPS bound state counting on C3 in [22].
We remark that although the residue method is computationally more de-
manding, it has the advantage of allowing the study of wall-crossing among
spaces with different stability conditions by changing the integration contour
[7; 45].

When one considers a single D7 brane, the nested instanton moduli space
reduces to the nested Hilbert scheme of points on C?. Our brane construc-
tion provides a conjectural description of this space as the moduli space of
representations of the quiver considered in §3.1.7. Moreover, in this case the
summation over the tails of the quiver gives rise to polynomials related to
the modified Macdonald polynomials, and the whole partition function is
related to the generating function introduced in [119] to describe the coho-
mology of character varieties. The analogue result for the full T? partition
function gives rise to special combinations of elliptic functions which can be
regarded as an elliptic lift of these polynomials. We display few examples in
equations (3.2.48),(3.2.49),(3.2.50). These formulae should encode the elliptic
cohomology of character varieties and can be viewed as an elliptic virtual
refinement of the generating function of [119]. We remark that the D6/D2
quantum mechanical system and its relation with [119] was studied in [69]
via a different approach based on topological string amplitudes on orbifold
Calabi-Yau.

The relation with character varieties can be understood from the fact that
Vafa-Witten theory on S = T? x € is known to reduce in the small € limit
to a GLSM on T? with target space the Hitchin moduli space over C [28].
This in turn is homeomorphic [203] to the character variety of €, namely the
moduli space of representations of the first fundamental group of C\{p;} into
GL,, (C) with fixed semi-simple conjugacy classes at the punctures.

There are some open questions to be discussed about the above construc-
tion. Actually, the 2d (2,0) D3/D7 quiver gauge theory that we consider is
anomalous, the D3/Dy open string modes breaking (2,2) to (2,0) and gen-
erating an R-symmetry anomaly. Indeed instantons in the Dy brane gauge
theory are sourced from D3 branes. The mathematical counterpart is that
Donaldson-Thomas (DT) theory on fourfolds has positive virtual dimension
and requires the insertion of observables to produce the appropriate mea-
sure on the moduli space [57; 59]. To cure this, we introduce new fields
with opposite representations with respect to the gauge group and global
symmetries. These are sources of the insertion of suitable observables which
compensate the R-symmetry anomaly. Actually, the extra fields we consider
can be thought as arising from coupling of D3 branes to D7-branes. It was
recently conjectured [200], that D7/Dy system undergoes tachyon conden-
sation leaving behind D3-branes. This proposal is a generalisation of the
known condensation [199] of D5/D5 into D3s. Indeed in our calculations
we find that, at special values of the equivariant parameters, the contribu-
tion of the D3/D7 and D3/D7 modes to the elliptic genus cancels out, in
line with the above expectations. It would be extremely interesting to further
analyse a possible application of our technique to the string field theoretic
description of D-branes/anti D-branes annihilation.
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The mathematical implication of all this is that DT theory on the local
surface four-fold should reduce to VW theory on the complex surface S itself,
the corresponding partition function providing conjectural formulae for VW
invariants on S in presence of surface defects. We aim to further investigate
this reduction in the future and to analyse the elliptic genus of the nested
instanton moduli space and in particular of the nested Hilbert scheme of
points on toric surfaces. This can be obtained via gluing the contributions of
the local patches [30; 31; 169]. Let underline that our computations concern
a refined version of VW theory, a refinement being given by the mass m of
the adjoint hypermultiplet. Therefore, by studying the limit at m — oo, with
appropriately rescaled gauge coupling, we reduce to pure twisted N = 2
gauge theory computing higher rank equivariant Donaldson invariants of
S. Moreover, while in this work we considered S = T2 x G, non trivial
elliptic fibrations or other product geometries can be studied. In this way our
approach could be used to generalise the results on Donaldson invariants of
[154; 156]. The general modular properties of these generating functions are
worth to be analysed [155; 212].

Finally, the relation of our results to representation theory and quantum
integrable systems should be explored, in particular investigating whether
the cohomology of the nested instanton moduli space hosts representations
of suitable infinite dimensional Lie algebrae, generalising the results of [159;
163; 198]. Also the characterisation of the polynomials appearing in the
quantum mechanical limit is to be worked out, by studying recurrence re-
lations and/or difference equations they satisfy. This would possibly open
a window on the relation with quantum integrable systems. For example,
in [43; 45], the relation between D1/Ds5 systems on P! and quantum Inter-
mediate Long Wave hydrodynamics was studied, finding that the mirror of
the associated GLSM provides the Bethe ansatz equations of the latter. Anal-
ogous relations between the mirror of the 2d comet-shaped quiver gauge
theories and suitable integrable systems are worth to be explored.

The chapter is structured in two main Sections. In the first one we pro-
vide the general brane set-up and a detailed derivation of the comet-shaped
quiver from D-branes on orbifolds. We then discuss the reduction to quiver
quantum mechanics and the relation to character varieties. In the second,
we perform explicit computations of the relevant partition functions and the
relation with modified Macdonald polynomials of the reduced quantum me-
chanical quiver theory.

3.1 D-BRANES, GEOMETRY AND QUIVERS

3.1.1  Preliminaries

Let us start by discussing the geometric D-branes set-up.

We consider a Type IIB supersymmetric general background built as the
total space of a rank three complex vector bundle V¢ on a complex surface
S

Xs = tot (V3) (3.1.1)
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where supersymmetry requires the Calabi-Yau condition detVg = X, where
Ks is the canonical bundle over S. To place a D3-D7 system in such a back-
ground, we assume that V2 has the following reduced structure

VE=Ks@det '"VZ@ V2

where the rank two bundle VZ is otherwise unconstrained.

Let us therefore consider the theory of N D3-branes wrapping the complex
surface S in the background of r Dy-branes along the local surface fourfold
tot (V2).

The low-energy dynamics of the N D3-branes can be obtained as usual
by dimensional reduction of the N = 1 D = 10 supersymmetric Yang-Mills
theory on X5 down to their world-volume. This produces a topologically
twisted version of the N =4 D = 4 theory on S [29] whose boson content is
given by the gauge connection A, a section @ of the line bundle £ = Xs ®
dethé and a doublet ®@,. which is a section of Vé, the latter describing
the transverse motion of the D3-branes in the ambient X5. All these fields
are in the adjoint representation of the U(N) gauge group. The above set-up
reduces to the Vafa-Witten topologically twisted N = 4 D = 4 on S if the
rank two vector bundle VS2 = C? is trivial and therefore X5 = tot (Ks) & C?.
In this case, the above construction indeed gives the gauge connection A
on S, a complex (2,0)-form ®s valued in the fiber of Ks describing the
transverse D3-branes motion within the local surface X3 = tot (Xg), while
the motion along the remaining C? transverse directions is described by two
other complex scalars B, withi=1,2.

The effect of the additional r background Dy-branes on the D3-branes is
kept into account by a further set of two complex scalars I and | in the
bifundamental N x T and r x N of the gauge symmetry group U(N) and
flavour global U(r) group. These are sections respectively of s and detV3 in
general. This follows from the fact that these fields are in the positive chiral
spinorial representation of the transverse SO(4) and are therefore sections of
S, ~ Aleven,0) (Vé), for S a Kahler surface.

The continuous symmetries of this geometric set-up in the transverse di-
rections to the D3-branes are the (C*)3 -action on the C3 fiber of Vg’ with
respective weights (€1, €2, m). These are the global symmetries of the gauge
theory on S which can be uses to define the relevant Q-background after
turning on the relative background gauge fields. The parameter m intro-
duces a mass for the adjoint hypermultiplet of the four dimensional theory
inducing the supersymmetry breaking from the N = 4 Vafa-Witten theory to
its N = 2* refined version.

In the following, we will study the above general system in the case in
which the complex surface is in the product form S = T2 x G, where C is a
Riemann surface and Vé is trivial. In this case, the canonical bundle over S
reduces to the holomorphic cotangent bundle over € and

X5 = tot (T*C) x T> x C2.

In order to introduce surface defects in the gauge theory, we’re going to
generalise the above set-up to the case in which € is punctured at the points
where the defects are located. More precisely, the parabolic reduction of the
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gauge bundle at the punctures is encoded in an orbibundle structure. The
effective two dimensional field theory describing the dynamics of the defect
is obtained from the above set-up in the chamber of small € volume leading
to a quiver gauged linear sigma model describing the relevant open string
modes. In the IR this reduces to a non-linear sigma model of maps from T2
to the moduli space of representation of the quiver above.

3.1.2 D-branes on the orbicurve and defects

Let us now generalise the above setup to the case in which € is an orbi-
curve, that is a Riemann surface with elliptic singular points. This means
that the local geometry at some marked points {P} of C is that of the Zj_
quotient of a disk D acted by zo = wyzy With wix =

Placing D-branes on an orbicurve consists in excising a regular cylinder
out of the total space of the corresponding regular vector bundle and pre-
scribing new local transition functions defining the lift of the discrete group
action to the total space of the vector bundle. This operation extends the
vector bundle to an orbibundle.

Let us therefore consider the geometry of the D-branes in the vicinity of a
marked point P of order s with local coordinate z. The action on the D-brane
Chan-Paton factors induces a modification of the gauge symmetry due to D-
branes fractionalisation [91]. Let y; be the number of D-branes in the ("
sector, namely the one corresponding to the charge £ representation z* of Z.
This corresponds to prescribe the new transition function at the excised disk

as
s—1

_ 4
gp = @Z Ly,
£=0

and, correspondingly the local behaviour of the gauge connection as

B dz\ Sn dz\ S ¢
Ap =gp dgp = ~ @21wz 3 @giw,
=0 =0

where Z = z*. This finally induces the local prescription on the curvature
F=dAas

s—1

Fp/(2m) = V-15(2)dz N\ d2EP <£> 1y,
=0

which implements the realisation of the real co-dimension two defect in the
four-dimensional gauge theory. Let us remark that from the algebraic geom-
etry viewpoint this corresponds to study sheaves on root stacks, which is a
natural framework were fractional Chern classes appear [54].

One can better describe the resulting gauge theory structure of the local
D-brane configuration from the viewpoint of the geometry of the covering
disk with local coordinate Z = z°.

This is the s-covering of the quotient disk, that is given by the collection
of s consecutive Riemann sheets. The y, D-branes in the {*"* sector and their
images span { Riemann sheets. As a consequence the (' Riemann sheet is
spanned by an overall number of n, = ZZ/_:]e Y¢ D-branes. Let us notice
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=

Figure 4: The “brane cake” describing the covering structure on the local orbifold disk.

that the outward of the quotient disk is joined to the rest of the Riemann
surface by the first Riemann sheet which is consistently covered by all the
no =Y 5 yer = N D-branes.

3.1.3 Two dimensional quiver GLSM from the reduction to small C volume:
bulk part

Let us consider now the reduction to small € volume of the system above.
This leaves behind a gauge theory on the leftover T? world volume whose
spectrum can be computed by harmonic analysis. We denote by g the genus
of C.

Let us first discuss the reduction on a regular Riemann surface and then
the more general situation in which € is an orbicurve.

The complex scalars I and ] get simple dimensional reduction and stay
scalars in the bifundamental, the gauge connection A on S = € x T? leaves
behind the gauge connection A on T2 and g complex scalars in the adjoint,
while other g complex scalars in the adjoint arise from the reduction of the
transverse field ®g. These will be denoted as Béi) and Bgi), where 1 =
1,...,9.

The other two complex scalar fields in the adjoint, namely B and B;, get
simply dimensionally reduced.

This field content results in the quiver of Fig. 5.

The relations of this quiver can be read from the reduction of the F-term
equations in the Appendix A (3.A.1) and (3.A.3) by expanding in harmonic
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o
g

Figure 5: Quiver gauge theory arising from the compactification on Cq o.

modes along the curve €. More explicitely, the @s field and the component

of the gauge connection A¢ along € give rise to the g hypers in the adjoint

representation (B él), Bfll) ), wherei=1,..., g, obeying the BPS equations
[B1,B2] +1J =0, BY,B)] =0 (3.1.2)
[B1,B5] =0, [B1,B3] =0, [B2, B3] =0, [B2, B3] =0
Bil=0,]JB=0,BiI=0,JB, =0

The above equations are equivalent to g commuting copies of the ADHM
equations for gauge theory with one adjoint hypermultiplet [52], as it can be
shown by a simple squaring argument.

In the general Q-background the supersymmetry of the D3-brane system
reduced on TZ is (2,2) while the combined D3/D7-brane system reduced on
T2 has (0,2) supersymmetry due to the presence of the chiral fields I and ]
and the above field content, augmented by the relevant fermions, form the
corresponding multiplets.

Let us underline that this theory itself suffers of a U(1)g-symmetry anomaly
due to its chiral unbalanced field content. This can be immediately under-
stood from the fact that the D3-branes profile produces an instanton back-
ground in the D7-brane gauge theory inducing chiral symmetry breaking.
From the mathematical viewpoint it is known that the Donaldson-Thomas
theory on fourfolds has positive virtual dimension which implies that one
has to introduce observables matching the dimension counting. We propose
that the suitable set of observables is given by a compensating sector of op-
posite charges — given by I, ] and other fields associated to the g-hypers to be
specified later — which cancels the anomaly. This sector may be interpreted
as a background antiD7-brane system.

3.1.4 Two dimensional GLSM of the defect: the nested instanton quiver

When the curve € is extended to an orbicurve, at each orbifold point the
gauge symmetry is reduced and further 2D degrees of freedom are present.
These correspond to the open strings stretching between the twisted D-
branes and, from the gauge theory viewpoint, to the degrees of freedom
defining the codimension two defect prescribed by the singular behaviour
of the gauge curvature at the orbifold points.
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To obtain the effective low energy quiver description, we excise a disk
around each puncture of € and discuss the the local behaviour of the D-
branes system at the orbifold points computing the associated low energy
quiver gauge theory. We then glue back the disks to the bulk Riemann sur-
face obtaining the full description of the gauge theory with defects reduced
to two dimensions by the small C-volume limit. This procedure is pictorially
described in Fig. 6.

Figure 6: Disk excision and gluing

The relevant open strings degrees of freedom can be inferred from the D-
branes distribution as in the above Fig. 4. More precisely, see for example
[101; 209], the Chan-Paton space of the D-brane system decomposes into
irreducible representations Ry of the local discrete group Zs as

s—1

V = ) Vi®R (3.1.3)
=0
s—1

W = ) WaR (3.1.4)
=0

where each of the D3 and Dy -brane charged sectors is denoted as

V,=C", W, =Che. (3.1.5)
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As depicted in Fig. 4, the (-th Riemann sheet of the covering hosts a net
number of nj = ZZ;].] Y¢ D3-branes and of rj = ZZ;].] B¢ D7-branes so that
the open string degrees of freedom are represented as linear maps among
the spaces

V]' = ZVE (316)
{=j
s—1

W = Z'\We (3.1.7)
t=j

Let us now discuss the corresponding quiver gauge theory. This consists
of a (0,2) quiver gauge theory on T? with gauge group ®j_o,.. s—1U(ny),
each node being coupled to two chiral multiplets in the adjoint B ,sz €
EndV;j and each pair of successive nodes by a chiral in the bifundamental
Pl € Hom (Vj,V,-+1) forj =0,...,5s—1. The D3-Dy open strings modes
are described by the linear maps I' € Hom (V;, W;) and ] € Hom (W;, V).
Summarizing, the local D3-D7 system is effectively described by

B),B) € EndV;, P € Hom (Vj, Vj,1) (3.1.8)
U € Hom (Vj,W;) and J’ € Hom (W;, V;)

As is shown in the Appendix A these fields obey the relations
B),B+UP =0, BF—FB™ =0 B,F-FB,"" =0, JJF =0.

(3.1.9)
Therefore, the resulting quiver describing the local D3-D7 system at the de-

fect is given in Fig. 7.

To T Ts—1

Figure 7: Quiver gauge theory arising from the compactification on Cq 7.

The moduli space .47 n . of its representations describes nested instan-
tons. Indeed the n D3 branes realise an n-instanton profile for the U(r) Dy
gauge fields, preserving the flag structure at the puncture. The partitions
A=A >2A>..)of rand p = (uy > p2 > ...) of n describe respectively
the decomposition of the Dy and D3 Chan-Paton vector spaces into repre-
sentations of the Z; group. More precisely, as shown in fig. 7, one gets the
quiver of the flag manifold realised by the Chan Paton vector spaces of the
D3 branes Vg1 C Vs_2 C ... C Vp with dimensions n; = no — Z{:1 Lty
framed by the D7 branes vector spaces with dimensions r; = 1o — Z{:1 AL
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The heights of the columns of each partition is obtained from an ordering of
the data of the dimensions vector spaces (3¢ and vy, of (3.1.5). Indeed, these
can be ordered by using Weyl symmetry of D3 and D7 branes gauge groups
suchthatyo 2vi>...2vs—1and o= P11 =... 2> Ps_1.

The moduli space of nested instantons has a natural projection to the stan-
dard ADHM instanton moduli space .#;

T Nanu — Mrn (3.1.10)

which is realised by setting all the open string twisted sectors to be empty,
namely by setting to zero all the fields P/, j =0,...,s—1and (U, ]’, B}, B})
forj=1,...,s—1.

3.1.5 Relation to other quiver defect theories

Some comments are in order regarding the quiver theory of the defect we
obtain in our construction with respect to other quiver defect theories. The
quiver we study is derived from a Dp/Dp+4 system via an orbifold action
which affects a transverse direction to both the brane types. In this respect,
it is different from the chain-saw quiver describing affine Laumon spaces
[137], were the orbifold acts instead on the coordinates By, B, describing the
motion of Dp branes inside the Dp+4. This induces a different quiver with a
different set of relations. A quiver which relates to the one in [137] can be
obtained by considering a different specialization of the general geometric
background for the D3/D7 system described in §3.1. More precisely, one
can consider T2 x Xg x C¢,, where X¢ = tot[0(p) ® O(—p + 2g —2)]69,k is
the total space of a sum of two line bundles of the compensating degree
on the orbicurve. In such a geometry we can consider the D3-branes along
T2 x Cy,x and the D7 say along T2 x Y4 % C¢,, where Y; = tot [ﬁ(p)]@glk
and the fiber still hosts the torus action corresponding to the e;-parameter
of the Omega-background. For p > 0 in the vicinity of the orbifold points
the geometry in the fiber direction is sensitive to the orbifold group. As a
consequence, the corresponding modes in the open string sectors get twisted
and the quiver changes by loosing an adjoint multiplet per node which gets
a bifundamental, as well as the flavoured fields J; will now point from the
gauge node to the nearby framing node. The resulting local quiver at the
defect is then the chain-saw quiver. Correspondingly, the comet shaped
quiver would in this case display tails given by chain-saw quivers. This can
be also obtained from a D1/Ds5 system with both D1 and D5 wrapping Cq x
via a double T-duality along transverse directions to both.

Since on the other hand both quivers are describing the parabolic reduc-
tion of the gauge connection on a surface defect, it is conceivable to expect
that a relation can be found between the associated partition functions at
least in some limit or suitable parametrisation. This could require non-trivial
combinatorial identities on the partition functions themselves, similarly to
what dicussed in [133] concerning the relation between orbifold and vortex-
like defects.
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Moreover, when decoupling the D7 branes by setting I = 0,]) = 0, the
description of the D3 branes at the defect lead to the quiver of fig. 8 which
describes a flag manifold with extra adjoint hypers at each node.

o @

Figure 8: Quiver gauge theory for D3 branes at a single puncture.

We notice that also the TSU[N] quivers for defects studied [46; 47; 51;
72; 97; 167] are based on flag manifold quivers but display a different field
content. It should be possible to compare the two kind of defect gauge
theories in suitable limits by finding an appropriate dictionary.

3.1.6 Nested Hilbert scheme of points

The nested instanton moduli space is expected to reduce for a single Dy-
brane r =19 = 1 to the moduli space of the nested Hilbert scheme of points
on C?, Hilb™"(C?). In this particular case the quiver described in the previ-
ous subsection reduces to the one of fig. 9 with relations

BS,BSI+1°7° =0, [B},B)J=0, j=>1 (3.1.11)
B/F —FB" =0 B,F-FB, =0, JF°=0.

AN 8
C C

Figure 9: Nested Hilbert scheme quiver.

The moduli space of representations of this quiver is expected to provide
an explicit description of Hilb™*(C?2). This has been indeed proven for the
particular case of two-step nested Hilbert scheme n; = 0 for j > 2 in [213],
where it is also shown that this variety is smooth for n; = 1. Indeed it is
known that for ny > 1 the two-step nested Hilbert scheme is singular. More-
over, nested Hilbert schemes with more than two steps are always singular,
and a fortiori also the nested instanton moduli space. The D3/Dy partition
functions we will evaluate via localisation will then compute virtual invari-
ants of these moduli spaces, since a perfect obstruction theory for them is
expected to exist.
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3.1.7 Comet shaped quiver

Finally, the description of the D3/Dy system on the full geometry gives
rise to the comet shaped quiver of fig. 10.

(M

s1—1

=

Figure 10: The comet-shaped quiver.

This is obtained by gluing the nested instanton moduli quivers describing
the decompositions of the branes at the defects to the bulk quiver of Fig. 5.
The number of tails in the comet quiver is equal to the number of punctures
of the Riemann surface, while their length is related to the flag structure due
to the parabolic reduction of the connection at each puncture. All in all, the
effective theory describing the D3-D7 system on T2 reduces to a GLSM with
target space the total space of the bundle

Vg =" ((T*///r,n)@g ® (det 9)1_9> (3.1.12)

over the moduli space of nested instantons .#; ) n,,., where the collection of
partitions A = (A1,...,AK) and n= (u', ..., uk) describe the decomposition
of D7 and D3 branes respectively under the cyclic groups Zs, , i =1, ...k act-
ing at the punctures. The physical interpretation of the above bundle is the
following: the first factor is simply the contribution of the g hypermultplets
in the adjoint representation of the bulk theory described in subsection 3.1.3.
Regarding the second factor, let us remark that the couplings of the D3/Dy
brane system turns on a background line bundle describing the determinant
bundle of the Dirac zero modes in the instanton background. This is given
by the determinant of the tautological bundle .7 over .#; .. The power
(1 —g) is due to the multiplicity of fermionic zero-modes on the Riemann
surface C. In the limit of degeneration of the T2 to a circle this leads to a
Chern-Simons interaction term for the resulting D2/D6 system. This term
is essential in the comparison with results on character varieties and will
be discussed in detail in §3.1.9, while in the next one we will briefly recall
some basic definitions about character varieties that will be useful for the
subsequent discussion.
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3.1.8 Character varieties

Given a Riemann surface € of genus g with k punctures D = ¥ | p;, one
defines the GL,,(C) character variety as the moduli space of representations
of the first fundamental group of C\D into GL,(C)

S0 ={p € Hom (77 (C\D), GLn(C)) [p(yi) € Ci}//PGLn(C)  (3.1.13)

namely the parts of the partition o', (o} > o} > ...), describe the multiplici-
ties of the eigenvalues of any matrix in the conjugacy class C;.
When non empty (3.1.13) is a smooth projective variety of dimension

de =n%(29—2+Kk) —Z (62)2—1—2
i)

To describe the cohomology of (3.1.13), Hausel-Letellier-Rodriguez-Villegas
[119] introduced the k- puntures, genus g Cauchy function

= Z Holz,w

ocP

L xl,z w? (3.1.14)

H':]x

where P is the set of partitions, AL (xq; 2%, w?)

nomials and

}(U(Z/W) = H (Z

sco (z2al(s)+2—w2s)y(72a(s) —42L(s)+2)" (3-1.15)

are refined Macdonald poly-

2a(s)+1 _WZI(S)—H )Zg

where a(s), 1(s) are respectively the arm and leg length of the s box of the
Young diagram o representing the partition (see Fig. 3). Eq.(3.1.14) turns
out to be the generating function of the cohomology polynomials of GL,,(C)
character varieties, summed over n.

Let us now outline the connection with the brane construction described
in the previous subsections. The dynamics of D3 branes on the local surface
S is refined Vafa-Witten theory. When S = T2 x €, this reduces in the limit
of small area of € to a gauged linear sigma model from T? to Hitchin’s mod-
uli space on C [28]. On the other hand, in [203] it was proved that (3.1.13)
is homeomorphic to the moduli space of Higgs bundles with parabolic re-
duction on the divisor D = Z]fﬂ pi. In presence of Dy branes, the non-
perturbative effects on their dynamics are obtained by summing over the
D3-branes partition functions. One then naturally obtains a generating func-
tion of the elliptic cohomology of GL;,(C) character varieties. Summarising
the T2 partition function of the D3-D7 comet shaped quiver reads

Zr=Y Z ) EIIY (,/VT,M,E, 7/9) , (3.1.16)

N opePn

with (qh)* = H1 ] Hs1—1 (q‘lu&> * and the EllVir(Ji/r,Ln,E, ¥y) is defined
as in §2.2. For a single D7 brane r = 1y = 1, the above formulae can be
understood as an elliptic virtual generalisation of the generating function in-
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troduced by HLRV. Indeed, we will show in the following that in the limit of
degeneration of T2 to a circle, one obtains HLRV formulae, or more precisely
a virtual refinement of them.

3.1.9 Reduction to quantum mechanics, Chern-Simons term and HLRV
formulae

In this subsection we summarise the reduction of the D3/D7 system on
T2 to a quantum mechanical system in a T-dual picture. More precisely,
if the two torus factorises as T? = S! x S! and one of the two circles is
taken to be very small, our D-brane system can be T-dualised along the
small circle and reduced to a corresponding D2/D6 system on € x S'. This
corresponds to the quantum mechanics of the comet shaped quiver with a
Chern-Simons coupling, given by a phase factor et™/J CS(AF) — gim [dx*A,
so that the particle is coupled to an external vector potential. Let us briefly
recall how this works in the standard ADHM case [206] in order to then
generalise it to the nested instanton moduli space. The partition function is
the equivariant index

Zg1 = Z q"" Ind (Myp, £Z™), (3.1.17)
n

where £ is the determinant line bundle £ = DetId, whose fiber on the
space of connections A /G is (detker ) o )* ® (detker D;\). By making use the

ADHM construction for the moduli space of ASD connections, the n—dimensional

vector space Vj is actually the space of fermionic zero-modes. In order to
compute the Chern-Simons level, we make use of the Atiyah-Singer index
theorem for a vector bundle E - M

Ind(M, E) = Ind(13) :J A(TM) AchE, (3.1.18)
M

which gives the index of the Dirac operator twisted by E,ie D : S®E = S®E,
S being the spin bundle over M. To compute the CS level in the case at hand
one has to consider the geometric background S' x T*€ x C? x RR. Because
of the twisting of the supersymmetric theory along C, the I operator along
€ reduces to the 9 operator and the roof genus A(TM) to the Todd class.
Thus, when we take the effective theory obtained by shrinking the size of €,
Ind(d)e gives the muhphaty of the fermionic zero modes, according to the

decomposition (o) — ‘be ® %z . The index theorem along C reads

Ind(d)e = Je Td(TC) =1—g, (3.1.19)

which determines the level of the Chern-Simons interaction to be m =1 —g.
Finally, the partition function is given by the following equivariant (virtual)
index

Zgi = Z Z TInd( tan,u Det(ID)® (1_9)), (3.1.20)

n pueP(n)



ne1 (1)

where we use the notation q" = qgo(u) RN P and

Ind (JV,Det(D)@)(]_g)) = A(T".4) ch (Det(D)®“_9)> AT, (3.1.21)

In the quiver representation of the nested instanton moduli space, the 13
operator on C? appearing in the above equation is given by the pull-back
of the tautological bundle .7 on the ADHM moduli space .#; », so that its
determinant line bundle coincides with the one of .77, which will be used in
the equivariant localisation formulae.

In the following §3.2 we will show that the above partition function, when
computed for the particular case of the nested Hilbert scheme of points on
C?, gives a virtual generalization of HLRV formulae and reduces precisely
to them when the nested Hilbert scheme is smooth. Let us remark that
the quantum mechanical system of the nested Hilbert scheme of points and
its relation with HLRV formulae has been studied in [69] via a different
approach based on topological string amplitudes on orbifold Calabi-Yaus.

3.2 PARTITION FUNCTIONS

In this section we proceed to the evaluation of the partition function of the
effective quiver gauge theories of the D3/D7-system discussed in the pre-
vious section in the limit of small volume of the wrapped curve €. This is
performed by making use of supersymmetric localisation which is a version
of equivariant localisation formulae [187] for super-manifolds which allows
a generalisation to supersymmetric path integrals in quantum field theories.
The only configurations contributing to the latter are the fixed loci of the su-
persymmetry transformations. When these are isolated points, the path inte-
gral reduces to a sum over them weighted by one-loop super-determinants
of the tangent bundle T at those points, that is

(3.2.1)

where {FP} is the set of fixed points, S(x) is the value of the action at x € {FP}
and T, = T|y is the restriction of T at x.

In the following we will implement the above computational scheme by
calculating the above data for the relevant quiver gauge theories on T?. We
will first focus on the contribution of a single defect on the sphere encoding
the parabolic reduction of the connection at a given point, which is described
by a single legged quiver. Then, we will consider the case of higher genus
Riemann surface and combine all the contributions in the comet-shaped
quiver theory partition function.

3.2.1  Contribution of a single surface defect on the sphere

The matter content of the GLSM we are interested in is the one sum-
marized in table 1, where G = U(ng) x U(nq) x --- x U(ns_7) and O; de-
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Figure 11: Low enerqy GLSM quiver in the case of g =0, k = 1.

notes the Young diagram corresponding to the fundamental representation
of U(n;). The relations satisfied by the quiver GLSM are enforced by the

\ gauge G \ flavour U(1) x U(1)? \ twisted mass \ R—charge
B% 0ol 11,0 —€] q
B | Oi®lk Lo,m —€2 q
I Do Hio,09 —a q+p
J| Do U a—e q—p
FU | O @O ]1(0 0) 0 0
Xi O ® O 1(,1,,1) € —2q
X0 | Oi @Oy Li—1,0 €1 —q
X2 | Oy @Oy Lio—1) €2 —q
XJF [y U e—a P—q

Table 1: Field content for quiver 11

superpotential W in (3.2.2).

N
W =tro [xo([BS, B +1])] + D trs [ J[BY, BY] + %P1 (BT — FiB )+
i=1
By(pi—lri _ ripi 1
X2 (BLTF FBZ)}+XJF]F.
(3.2.2)

Let us notice that, as we already pointed out, the locus cut out by W through
the D—term equations is overdetermined. Thus we still have to introduce
s — 1 additional chiral fields Q;, i =1,...,s —1 taking care of the relations
over the constraints. These additional fields will transform in the 0J; ® [J;_1
representation of U(ni) x U(ni_7). We will assign them R—charge 2q and
they will be charged under the U(1)? flavour symmetry with charge (1,1).
The relations over the constraints induced by these chirals is

0=BI B F 4+ B (BITF - FIBY) — BV TP - FBY)BL+
+ (B 'F'—F'B3)B} — By '(By 'F'—F'B) — F'[B},BY,
when 1 > 1, while
0 =([BY, B9 +1))F' +BY(BYF' —F'B}) — (BJF' —F'B])B)+
+(B3F' —F'B3)By —Bi(B3F —F'By) —I(JF') —F'[B}, B}]
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covers the remaining case i = 1.
The chiral supersymmetry transformations of the above fields are

Ql=p1, Qui=Dal+¢°I-1Ia

QJ=wj, Quy=DaJ—J¢°+a]—¢]

QB =M}, QMi=DaB!+[d!,BH — e B

QUi =F, QF =Dab}—d'bi+ ot

Qxi =hi, Qhi=Daxi+ [} ]+ ehy

Qxjr =hyr,  Qhyr = Daxgr + [, x5¢] + (e — a)xr

Q¢ =h{', QR =Daxy' +ox X e
QxqQ, =hqg,, Qhg, =Daxq;+ d)ii]XQi _XQ'Ld)i +€XQ;
QA=n, Qn=Fa, QA=0

where (A, A) is the connection on T? in holomorphic coordinates and Fa
its curvature two-form, €, | = 1,2 are the equivariant weights of the U(1 )?
rotation group acting on C? and € = €7 + €2. Moreover ¢L,i=0,...,s—1
are the zero modes of the A-connection implementing global U(n;) gauge
transformations of the i'"-node. The fixed points of the above supersym-
metry transformation impose that the connection (A, A) is flat. Then by a
standard squaring argument one can show that the other fields must be con-
stant so that the supersymmetry fixed locus reduces to the fixed locus of the
U(1)"*+2)_torus action on the nested instanton moduli space, where U(1)"
is the Cartan torus of the U(r) gauge group with equivariant parameters
ap, b=1,...,r.

As we already discussed at the end of §3.1.3, the (0,2) D3/Dy-branes the-
ory displays a U(1)r anomaly whose compensation can be obtained via the
insertion of suitable observables. To this end we introduce a sector of addi-
tional degrees of freedom I and ] with opposite gauge global charges w.r.t.
and ] which, once integrated out, produces the insertion of the observables.
These will be properly taken into account in the following computations.

The characterization of the fixed locus of the torus action on the moduli
space of nested instantons .4 (r, o, ..., Ns 1) = A} ;1] 1 1 (n), Which will be
carried out in detail in §4.3.1, is most easily understood by describing it as
the moduli space of (suitably defined) stable representations of the quiver in
Fig. 11. In this setting we associate to the quiver 11 the vector spaces W and
V;, in addition to the space

X = End(V,)®? @ Hom(V,y, W) & Hom(W, V)&
s—1
& | (End(Vi)®? & Hom(V;, Vi — 1))

i=1

of the morphisms of the quiver corresponding to the matter fields B} ,, F', I
and ]. In this language, the quiver in Fig. 11 would be represented graphi-
cally as the one in Fig. 12. On X we have a natural action of § = GL(Vy) x
.-+ x GL(Vs_1), which preserves the subscheme Xy of those points satisfying

the relations (3.1.11). Then, given a framed representation (W, Vo, ..., Vs_1,X),

X € X of the quiver 12, one can prove that there is a suitable definition of
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B Bj B{

O L0 0

V, vV, Vo = W
By~ B} BY

Figure 12: General representation of quiver 11.

stability such that, in a particular chamber of the parameters at play, semi-
stability is equivalent to stability (also as a GIT quotient), so that it makes
sense to talk about the moduli space of stable framed representations of
the quiver 12 without any further specification. This space will be denoted
by A (v,ng,...,ns—1) = Xo/xG, for some suitable choice of an algebraic
character x of G.

By means of this construction one can show that there is a sum decom-
pOSitiOIl Vo = Vi Vi and Vi = Vi 1 @ \A/i+1, such that Vi = \A/i D \71,1.
This splitting also induces the following block matrix decomposition of the
morphisms B?,z, [and J in (3.2.3),

Bi B B B 't o
0 __ 1 1 0 _ 2 2 _ _ i

such that (W, V;, E%, E},Ti, J!) is a stable ADHM datum.

Once an equivariant action of a torus T ~ A4/ (r,no,...,Ns_1) is intro-
duced in the natural way suggested by the SUSY construction of the quiver
(11), the previous observations makes it possible to characterize the T-fixed
locus of A (r,mg,...,ns_1) in terms of those of some moduli spaces of sta-
ble ADHM data. However, in order to give a combinatorial description of
the T-fixed points of .4/ (r,ng,...,ns_1) we need the following definitions.

Definition 3.1. Let P be the set of non-increasing finite sequences of positive in-
tegers. A partition of an integer n. € Z~ is an element p = (u!,...,u™) € P
such that u' + - - - 4+ u™ = n (of course we may extend the definition to include the
case 1 = 0 by defining its only partition to correspond to the empty sequence). We
define the size of | as the integer |u| = n. Similarly, given v € Z -, an r-coloured
partition w of n is an r-tuple of ordinary partitions p = (u1,...,uy) € P such
that |uq| =+ - - - + |ue| = n. We will sometimes refer to the i-th component w; of p
as the component labelled by the i-th colour. The set of partitions (resp. r-coloured
partitions) of an integer n form a finite subset P(n) C P (resp. P"(n) C P7).

Definition 3.2. Two partitions py = (ul, ..., u?”_) € Pand p; = (1h, ..., 1y €
P form a nested couple i C po if p1 < pp and uy < uj fori=1,...,my. Simi-
larly, a couple of r-coloured partitions wy € P" and pn, € P will be a nested couple

wy C py if luly < Il and if wii € poi for all the colours i = 1,...,v. The

nesting relation makes (P, C) and (P", C) into partially ordered sets.

We now have all the needed ingredients to state the following proposition

Proposition 3.3. The T-fixed locus [.4 (1,Mg, ..., Ns_1 )]T of A/ (r,Mnp,...,Ns_1)
is described by s—tuples of nested coloured partitions p; C --- C pug_1 C pg, with
ol = o and |pi~ol = no — ni.
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Example 3.4. As an example, consider the moduli space A (2,3,2,1). Its fixed
point locus will be described by the following couples of nested partitions,

(11,24,3%0), (1", 2", 251, (1", 2510000,
(itat 2t ahy, a2t 2hy, a1ttt 2,
(it ittt 2hy, (017,21,3Y), (17,21, 21%;0),

(42,320 « < (0;17,27,217), (11,12,2"1%50), (0;17,12,2"17),
(11,12,13%;0), (11,12 151, (15100,
(atatazatahy, g, a1tk 2),
(1t 1ty (0;,111213),

where each term on the r.h.s. has to be interpreted as a couple of nested partitions,

e.g.
(]2,21]1,3121;9) iz I@@ (H‘—) |‘—> |)@®

The notation we use for a partition w € P is descriptive of its corresponding
Young diagram in the following sense: [puj" - - p}" - -] denotes the partition

Py o = (e B B 1),
— N——

or, in other words, ij counts the number of rows of length ; stacked one over the
other.

The super determinant weighting the contribution of each fixed point can
be computed from the character decomposition of the torus action on the
(virtual) tangent space:

TS =End(Vo) ® (Q — 1 —A?Q) + Hom(W, Vy) + Hom(Vo, W) @ A2Q+
—Hom(Vy, W) ® A2Q+

s—1
+ 2 [End(Ve) —Hom(Vg, Ve1)l ® (Q —1—A%Q)
=1
(3.2.4)

where Q denotes the representation T; 4 T, in the representation ring R(T).
In the previous presentation of the virtual tangent space, the first line ac-
counts for the standard ADHM quiver (B?, Bg, I,]) and their constraints, the
second line for the constraint JF! = 0 and the third line for the maps in the
tail, their constraints and the relations among them.
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By decomposing the vector spaces V; in terms of characters of the torus
action T ~ A7 ;1) 1, We can then study the character decomposition of the
virtual tangent space to the moduli space of nested instantons

ML) N
(b)
i—p :
o Tt X33 woe? (18 )
a,b=1 i=1 j=1

(a)’ (a)’
) Méu) l’1'01 M4

(a . ()’
jHugs +1 —J+Ho; +1 )+u11
(Tz N Z ) Th

j=1

a)’

M(a) N(b)

+SZ1 Z Y3 RoR;! ( T ”(k)”>

k=2 [a,b=1 i=1 j=1

i, (@) i (@)
(Tz St -1, ol H)} + (s =1)(Th T2),

(3.2.5)

where the fixed point Z is to be identified with a choice of a sequence of
coloured nested partitions p; € pun_7 € -+ € pg_7 C po, as in Prop. 3.3,
Z + po, p' denotes the partition transposed to p and T, R, are the gen-
erators of the torus action of U(1)"™*'. Let us also point out that the last
term, namely (s — 1)(T;T2), has been added in order to take into account
the over-counting in the relations [B}, Bi] = 0 due to the commutator being
automatically traceless.

Having the character decomposition of the virtual tangent space to the
moduli space of nested instantons enables us to easily compute the 2d N =
(0,2) partition functions of the low energy GLSM of §3.1.4 in terms of the
eigenvalues of the torus action, which we will do in the particular case of
r = 1 for the sake of simplicity. The partition function we want to compute
on the sphere €y = S? with 1 marked point will take the form

Q2. o\ Z [Hol Iro\mil [Ho\Hs—1]—ell
27(8%q) = qOLLO q]uo . qspﬂ e Z((?uo,m,..-,usq)’ (3-2.6)
S Cuo

with q = (qo,...,9s—1), Iti \ 4| = |uil — Iy;| denoting the number of boxes
in the skew Young diagram Yui\u , while Zeﬂol tet) is the contribution at
a fixed instanton profile.

In particular, once we fix an instanton configuration by choosing a se-
quence of nested partitions pu; C --- C pg_1 € po we can write the torus
partition function as

11 11 cell Aell el 11 11
ZeHOrl’Llr Hs— 1 Le Ne FLO‘J’fLO HTﬁO u]WiO/ oHs—17
where
Lfﬂ) = H exp [—vol TZ)(d)(s)—E)], (3.2.7)
sEYHO
1
Nell — 2.8
o= 11 & meee rEe o (3-28)

SEYy,
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[T ei(tld(s)—a)e: (td(s)—a+e), (3.2.9)

SeYHo\D
Mo Hoi—H1,i

Tﬁlcl) T H H 01 (tleri+ea(j+uiqi)), (3.2.10)
i=1  j=1

—ell 1
o SEYH 01(tlo(s) —a+e)’ G211

Ho\Kq
s—2 MO NO

H HH O1(tler(i+ ;) + €2y g —j+1)

o |2t 01(tler(i—pit15) +ealpy 1 —i+1)

(2

Mo No

HH91 (tler (i — prrr,5) +e2(pp; —j+1))
01(tler(i— ;) +ealpy; —j+1))

, (3.2.12)

and for any box s in a Young diagram Y|, we defined ¢(s) to be the quantity

(3-2.13)
() =a+(i-Ter+(—1)ez, (3.2.13)

and
E(s) = —eja(s) +ea(l(s)+1), (3.2.14)

with a(s) and 1(s) being respectively the arm and leg length of s in Y/,.
Notice that Neu is the elliptic analogue of the Nekrasov partition function,

while N , is its ADHM analogue due to the Dy coupling, and by d we mean
its Coulomb parameter. As in [177; 225] the Dy-branes get stabilised in pres-
ence of a B-field flux, so that their presence doesn’t break supersymmetry
and the low energy description of the D7/D7 system is that of a U(N|N)
gauge theory, [84; 142; 185]. Moreover the contributions from the functions

to, L1 7 ﬁi u, and Wy, altogether encodes the contribution of the sur-
face defect insertion. Finally, Lf}}) encodes the CS-like term we discussed in
§3.1.7 and 3.1.9. This is interpreted as a CS-term contribution when the limit
to QM is taken, and a 5d partition function on R* x S' is retrieved. In any
case, it comes from the coupling to a background connection on the deter-
minant line bundle Det I} encoding fermionic zero modes. This background
connection is mirrored by the presence of & in (3.2.7), which is intended to
be later specialized to & — a.

Because of the previous observations it is instructive to perform the sum-
mation over all the sequences of s nested partitions in two steps. First we
sum over all the smaller partitions p; C --- C pus_1 C po at fixed pp € 2.
It will prove useful for what we will do later to define the rational function
Pell as in (3.2.15).

.....

ell _ il 1 ell o\mil | lro\wsal
PHO - Z r‘Tlelo 1 jﬁuo H1Wuo o Hs— 19 45 (3-2-15)

S Cps

Finally, by summing also over the i partitions we can rewrite the full
partition function as in (3.2.16),

Zell( CIO/ . /qs 1 qulJ'Ol ﬁé il(l), (3216)
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where we defined

11
S5 = AL, 6217

and Pf}é are particular elliptic functions which can be regarded as an elliptic
virtual uplift of modified Macdonald polynomials. The first few examples
are listed in (3.2.48),(3.2.49),(3.2.50). As a useful remark, we want to point

out that by taking the limit qi~o — 0 we can effectively switch off the tail of

. . i~0—0 .. .
the quiver, since Pfj}) dizo77, 1, and we recover the partition function on the

sphere with one puncture of trivial holonomy, Z5'(S?; qo).

3.2.2 An alternative derivation: contour integral formulae

In this section we will be explicitly computing the partition functions of
the low energy theory coming from the D3/Dy system described in §3.1.4
by reducing the supersymmetric path integral to a contour integral via su-
persymmetric localization [24; 25].

The model we are interested in gives rise to a 2d N = (0,2) GLSM on T2.
The mechanism of supersymmetry breaking from the maximal amount to
N = (0,2) in the reduction to the low energy theory leaves us with a matter
content comprised of chiral fields corresponding to the morphisms in the
representation theory of quiver 9 in the category of vector spaces, and Fermi
fields implementing the Lagrange multipliers in the superpotential. Let us
first study the partition function for the quiver GLSM of Fig. 11, having
fixed the numerical type of the quiver to (1,ng,...,ns_1). In this case the
localization formula is given by

1
Z2 = 2N \Lf;c Z12 1 _jo0p(T,2,X) (3.2.18)

where C is a real N-dimensional cycle in the moduli space of flat connec-
tions on T2 to be fixed with the Jeffrey-Kirwan prescription, x denotes the
collection of the (exponentiated) coordinates we are integrating over and

. R a 01 (tu )0 (thu, —zq + €)
vA z,%) =% > T
T2,1—1oop (T, Z/X) g 0, (T|LL% +2q/2—€1)04 (Tlu%. +2zq/2—€32)

o

H 1
01(thud +z(q+p)/2—a)0i(thd —z(q—p)/2—a+¢€)

i=1

sl [ 01 (tluk)0; (thuk —zq + ¢)

g g 01 (thul +2q/2 — €1)0; (Tlu‘fj +2zq/2—¢€3)

kTl gy (Tlu‘f—uk*] —zq/2+€1)04 (Tlu]f—u]f*] —zq/2+ €2)

H H ) )

i=1j=1 01 (T|u]j<7] —uk)0; (T|u;<*1 —uk+zq—e¢)

[T01(tu! +z(p—q)/2—a+e),

i=1

(3.2.19)
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with

s—1
2m?(1)81 (1l —zq + €) )] (n?(1))™e
“= 1_H0 [ <91 (tlzq/2—€1)01(tlzq/2—€2) /| (i '

As was already pointed out in §3.1.3, the coupling of the D3-branes to the
D7-branes makes the theory anomalous. This chiral anomaly is encoded in
the contributions dependent on the fields coupled to the framing, namely I
and ], which break a chiral half of the original N = (2,2) supersymmetry.
From the point of view of the localization formula this is most easily made
manifest by studying the transformation properties of the integrand under
shifts along the generators of the torus. Let us the recall that the Jacobi
01(1lz) function is defined in terms of the exponentiated modular parameter
q=e?™7, 31> 0,and y = e?™% as

1/8

01(tlz) = q' %y~ 1%(q, q)00(Tl2),

where 0(1z) = (Y,9)oo(qy ™", @) and (a,q)ee = [ o(1 — ag¥) is the
q—Pochhammer symbol. By this definition it is easy to see that the Jacobi
function 01(7lz) is odd in z, i.e. 01(t|—2z) = —01(1lz), and that it is quasi-
periodic under shifts z - z+a+bt, a,b € Z:

01(Tlz + a + br) = (—1)atbe 2mibze—inbitg (1,)  vq b e Z.

The anomaly then comes from the fact the integrand is unbalanced in terms
of the theta functions, exactly due to the presence of I and | (indeed their
contribution appears in the second and last lines in Eq. (3.2.19)). The part
of the T—loop determinant coming from adjoint and bifundamental fields
does not contribute to the gauge anomaly, as it comes from an N = (2,2)
multiplet. As we already explained in §3.1.3, we take care of this anomaly
by introducing extra Fermi fields I and ], which we think can be interpreted
as accounting for interactions with D7—branes. In this way we get that the
T2 partition function is corrected by the presence of the D7 as

ZD3/D7/W(TZX):2 ﬁ 01 (thul; )91(Tlu —zq+e€)
T21—loop ‘77 s 01 (thud +zq/2—e1)91(1|u +2q/2—¢€3)

ﬁ 01 (thud + zRy/2 —@)0; (thuf +2R/2—Ta+e)
S5 01 (T +2(q+p)/2—a)0r (thu —z(q —p)/2—a+e)

- 61(T|u )91(Tlu —zq—i—e)
1:1 (H 04 (Tlul] +zq/2— €1)01 (T|LLU +2z2q/2—€3)

) )
01 (Tl —uk) (Tl —uk +2zq—¢)

e T 61(Tluli‘—u].<*1 —zq/2+e1)91('rlui —ukt zq/Z—i—ez))

ﬁ 01(th +z(p—q)/2—a+e)
04 (Tlui‘ —l—zRTF/Z —a+e)

(3.2.20)

i=1
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with

s [0 (L 2mAeit—zqe)  \™
S g[m!(91(r|zq/2—e1)61leqﬂ_ez)) '

Two observations are due here.

1. An appropriate choice of the R—charges Ry and Ry (which also deter-
mines the R—charge Ry relative to the multiplier for the constraint
JF = 0) makes it possible to overcome completely the anomaly issue in
the integration variables and in the U(1)r fugacity. However, asking
for the double periodicity of the integrand forces us also to impose a
constraint on the twisted masses a and a, namely d@ = a —a € Z. This
condition is responsible for the fact that introducing the extra fields
needed to cure the anomaly doesn’t change the fixed point structure
of the localization computation. The procedure we adopted has one
additional beneficial side-effect. In fact, even though the theory involv-
ing the D7 branes is different from the one we started with, however it
is still an interesting quantity, as it should compute a generating func-
tions for insertions of observables, as it was proposed in the D8/ D8
case by Nekrasov in [173].

2. As for the second remark, it is interesting to study the QM limit (T —
ioco) of the partition function at hand. In fact when we shrink one St
in T to a point, we can decouple the contribution of the D7 branes
by taking very large values of @ and by then rescaling the relevant
gauge coupling. By doing this we recover the 5d partition function
one can independently compute on R* x S, apart from an overall
normalization factor. This will give us the equivariant Euler number
of the nested Hilbert scheme of points on C2, possibly twisted by a
power of the determinant line bundle of the Dirac [} operator.

Now, in order to explicitly compute the partition function we need to
remember that the Jacobi 01 (t|z) function does not have any pole, however
it has simple zeros on the lattice z € Z + 1Z. Moreover it is simple to verify
that 8(tlz) ! has residue in z = o+ Bt given by the following formula

1 % 1 (_])oc+(3ei[32T
21 [ qype O1(Tlz)  2mm3(7)

In general a careful analysis of singularities would be needed in order to
understand which poles are giving a non-vanishing contribution to the com-
putation of the partition function on T2. In our particular case the poles
contributing to the residue computation will be classified in terms of nested
partitions p; C --- C pug_1 C po. In principle this result could be obtained
via the systematic approach of Jeffrey-Kirwan. Here we follow an alternative
procedure by giving a suitable imaginary part to the twisted masses (for ex-
ample through the R—charges via a redefinition of the relevant parameters,
as in [44]) and by closing the integration contour in the lower-half plane. In
this particular setting we take care of redefining a, €; in such a way that
Ja, Je; < 0 and Ja > Je. By the requirement on the Cartan parameters of



the Dy-branes, namely a —a € Z, we also have Ja = Ja < 0. It is sufficient
to study the pole structure of the first two integrations (namely {u]Q} and {u)-1 b
in (3.2.20), whose poles and zeros are schematically shown in table 2. The

Poles | Zeros
uQ:a uQ:ﬁ
0 0 —
u; =a—=e€ u; =a—e€
) o ) o
U = €2 U = —¢€
T_ .0 T_ .0
W=w—e|uw —uw—e
uj]:ﬁ—e u}:a—e
1 _ 1 _
u%]. €1 L1Lij—0
U = €2 U = —€

Table 2: Poles and zeros for {ug)} and {u]]} in (3.2.20).

integration over the {ug) } is standard, as it is has the same pole structure of
the standard Nekrasov partition function [44; 170], and the poles contribut-
ing to the residue computation will be described by partitions pp. Each box
in pp will then encode the position of a pole for the first ny integrations. As
for the integrations over the {u).]} variables we first point out that the 1-loop
determinant due to the Dy—brane, as a — @ € Z and the corresponding pole
falls out of the integration contour. In the same way also poles of the 1-loop
determinant of Q; give a vanishing contributions, because of one out of two
different reasons: either the singularity falls out of the integration contour
or its contribution is annihilated by a zero coming from the determinants of
X?i- Any pole that might fall outside the Young diagram associated to uo
must also be excluded from the computations, because of the flag structure
of the quiver in Fig. 11. These considerations lead us to the classification of
poles of the {u;} integrations in terms of partitions as follows: by choosing
the order of the integration to be u} ,u}, .. .,ull , poles are chosen by succes-
sively picking outer corners of Y, so that the complement in Y, is still a
Young diagram corresponding to a partition wy, with [u1| = no —ny. The
procedure we just described is depicted in Fig. 13.

Figure 13: Procedure for picking poles of {u; }from Yy,.

Any successive integration is done in the same way, and the poles con-
tributing to the integration are classified by sequences of nested partitions,
as we discussed in §3.3.

Boxes in the skew partitions o \ 1; will denote positions for poles in the
j—th integration, according to the following rule: a box of Y|\, located at
position (i,j) inside Y, (this is required by the nesting phenomenon) corre-

sponds to the coordinate u{k) =a+(i—T1)e1 +(j —T1)ez. One thing to be
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pointed out is that the assignment of a certain Young diagram configuration
do in fact specify a particular pole only up to Weyl permutations of the co-
ordinates: because of this we choose a particular ordering of the coordinates
and neglect the counting factor (ng!---ns_j H~Tin 2.

D3/D7/D7

The partition function Z; will then take the following form

D3/D7/D7 4 —\5JF _
ZTZ = Z'res Z (Zuo(€1/€2/ a)ZL],uO(€1/€2/ (1)
i Crps—1 CHo

s—2
H Zuiﬂlui (e1, €2/a)) ’

i=0

with

. w7 81 (| —2q+¢) "
Zres = (_1) H |:nl| <e1 (’T|Zq/2_ 31)91 (T|Zq/2— €2)1’](T)> :|

i=0
o 01 (Tl (s) — @07 (tldp(s) —a+e)
Zoler ez = ]] 01 (td(5))01 (TId(s) + €)

seuo\O
01(tldp(s) —d(s))
H <e1(T|¢( = (") —e1)
s,8’Eno 91(T|¢( ) — (s /)+€)>
01 (tld(s) — Pp(s’) —e2)
$(s"))

- 01 (1l (s) —
Zukﬂluk(e]’ez’ a) = 51;!’ <91(T|¢(5)_¢(S/)_€1)

s;s'epo\trr O1(T|d(s) — d(s’) + €) )
01(tld(s) — Pp(s’) —e2)
01(tld(s) — (s’) +e1)
ER( 01 (T6(s") — (5]
s'€no\ b 91(T|¢(S)—¢(S/)+€z))
01 (tld(s’) — d(s) —€)

01 (Tldp(s) +€)
zl! ,€2,
wimo (€1, €2,0 H 01 (Tldp(s —a+<—:)
s€lo \ 1
s'eno

These formulae are to be compared with the contribution of a quiver with
fixed numerical type to Z’iu(Sz ;90,--+,qs—1), in particular the contribution
at each fixed point will be the same as ZeHO,._., e 1) which was defined in
§3.2.1, but in principle one could use the same technique in order to compute
partition functions in the more general case of a genus g Riemann surface

Cq.

3.2.3 General Riemann Surfaces

When we switch from the genus 0 case to a generic Riemann surface Cg4
with T puncture, we are effectively turning on a matter bundle correspond-
ing to the contribution of g adjoint hypermultiplets, and the quiver in Fig. 11
describing the GLSM we are studying gets modified into quiver 14.
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29+2{
CERCEN,

Figure 14: Low energy GLSM quiver for a general Cg 7.

This GLSM encodes the ADHM construction of 47 1 ,, ,, with additional
g hypermultiplets in the adjoint representation, all of them with twisted
mass m, which reproduces an N = (0,2)* theory." In the same spirit as in
[52], from the point of view of the matter fields this consists in introducing
2g adjoint chirals and 2g fundamental chirals, with appropriate relations
dictated by the brane system. As it was the case for the theory without
any adjoint hypermultiplet, each of the fundamentals we introduce makes
the theory anomalous by breaking a chiral half of the supersymmetry, and
this phenomenon can be cured by insertion of observables, encoded in Dy
contributions. The additional field content to 1 is summarized in table 3,
while the ADHM relation on the ng node must be modified

\ gauge G \ flavour U(1) x U(1)? \ twisted mass \ R—charge

Bé @0@\]0 ]1(0,0) m —q+t
B, Do@Do 1(771/,1) €E—m —q—t
Ki |:|o D(O,O) a—m —p—t
Li |:|0 D(],” —at+e—m p—t
i | =

X(() & Uo ® Lo Lio,1) €1 —m —t
i | =

X(() | Do @0, L 1,0 m— ey t

Table 3: Hypermultiplet additional fields for quiver 14

g
[BY,BS] + E B, B+ 1) =0 (3.2.21)
i1

and the relations (3.2.22)-(3.2.25) must be enforced through Xé3’4)’i, Ki and
L.

82011] = By, B}] — [B], B} (3.2.22)
gic,lij = [By, B}] — B, BY] (3.2.23)

Strictly speaking we are dealing with an N = (0,2)* theory only in the case in which C is a
g = 1 Riemann surface. In the same spirit we might want to point out that the 5d partition
function to which the elliptic index is reduced in the QM limit is not really computing the
equivariant virtual xy—genus of the vector bundle ¥, but rather the equivariant virtual
Euler characteristic of an antisymmetric power of 7. This also means that the torus partition
function is not, strictly speaking, the (equivariant virtual) elliptic genus as it is defined in [95],
as it is instead an elliptic generalization of the virtual Euler characteristic.
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elon = Bi1—B}'JT (3.2.24)
Eﬁm BiI+ By]T (3.2.25)

The partition function for a general genus g riemann surface C4 with one
puncture will now read (we take the r = 1 case for the sake of simplicity)

11 [rol | | | s—11—ell,
29 (Cg; q) = z qq° q]HO\m qsuo]\u ! Z((?uogm,...,usq)’ (3.2.26)
S Cuo

with q = (qo,...,9s—1) and

ell,g ell npell aell pell  well )| 11 ell
Z(uo,m,---,usq) L N Nuogguogguoqﬁomﬁtomw oHs—17

where we defined

e = T 6f(tE(s) —m)6f (tE(s) — e +m),

SeYuo
—ell 1
& = .
9-Ho H 07 (tld(s) —a—m)87 (tldp(s) —a+e—m)
s€po\l

ell
(Ko,--esbts—1)

which is needed in order to compute the partition function Z?H (S%; qos---,qs—1)-
In the same way as we did in §3.2.1, we can compute the full partition

function Zﬁu((‘fg ;q0,---,qs—1) by first summing over the nested partitions

i) C --- C pus_7 and use the definition (3.2.15) of P! in order to get

We remark that by setting g = 0 we readily recover the function Z

Z’?ll(eg;q()/'--/qs 1 quuo‘ ZHHOPTL% (3227)

ell

with the following definition of Hg,u o

ell ell npell aell cell  well
Ja10 = Lo Nio N0 €10 € g o (3.2.28)

i 0 i 0
Again we remark that Pe11 42070 1 50 that 23 (Cg;q0, -+, qs—1) RN

Zell(eg, qO)

Comet shaped quiver

Finally, we are interested in computing the partition function on a Rie-
mann surface €4 with k punctures of generic holonomy, whose low energy
GLSM is in general described by the quiver in Fig. 15.

We will start from the case of @y = S, which will take the form (3.2.29)

S as ot ) =T o F H(“"\”‘

{uiCCpul 3k 5=1

\uo\ujs,ﬂ ell
ds—1 >Z(uo,{u%,...,u§1})'

(3.2.29)
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Figure 15: Comet-shaped quiver.

In this case the virtual tangent space to A4} 1), , in (3.2.4) will be modified
to be of the form (3.2.30).

TS (r,nd,...,nt 1)) =End(Vy) ® (Q —1—A?Q) + Hom(W, V;)
—|—Hom(Vo,W) ® A%Q

—ZHom W)@ A%2Q
N s—1

+y ) [(End )~ Hom(V{*, v{*}))
i=14{=1
©(Q-1 —A2Q)]

(3.2.30)

By a simple generalization of the computations leading to (3.2.5) it is pos-
sible to see that fZ.iH(SZ; qo,{q%, eee, q;_] }) takes a form similar to (3.2.16), as
is shown in (3.2.31)

Kk
2(8% qo {ai, .., ql 4} = Z qg'yin [T Pstkt, (3.2.31)
with
pelli =y Teu ?11 Well ( i)luo\““ - (qt )'“0\”34'
Ho Ho, i T a1 As—1 ’
HiCCul
. (3.2.32)
and the functions ‘J’eu ‘Jio i and W S take the same form as in

equations (3.2.7)-(3.2 12)
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By a completely analogous procedure we can get that partition function
of the low energy theory relative to a general Riemann surface of genus g,
possibly g = 0. By using the results of §3.2.3, we easily see that

g qodal, .. al D =D q Y H( o\l
Ho

(Wi CoCul  He, =1

|M0\Hs,1 \ Zell,g
s—1 (rofri,..opmi 1)°

(3-2.33)

By turning on the matter bundle described in §3.2.3 on the moduli space
of nested instantons .4 (, no,{ni] L, n;q }), whose virtual tangent space is
given in Eq. (3.2.30) as an element of the representation ring of the torus R(T),
the suspersymmetric localization theorem (or equivalently the equivariant
one) gives us (3.2.34),

k

Zi“(eg;qo,{qﬁ,---,qiq} quw leuOHPﬂé‘, (3.2.34)
i=1

where P'311 ! is defined in (3.2.32) and Heu is the same one as in Eq. (3.2.28).
A couple of final remarks are due here. First of all we notice that we
can switch off any number of the contributions of the tails of the comet
shaped quiver 15 by taking the limit to 0 of the respective instanton counting
parameters. Then, given any k’ < k we have that
]
281(€g; ol - ab 1)) s Ze“( Cqiqo,{qi, -, a5 1}

i=1,.
j= k+1

Moreover, we expect our partitions functions to be computing the equiv-
ariant elliptic cohomology of the moduli spaces of stable representations of
quivers 11-15, as in [193].

3.2.4 Limit to supersymmetric quantum mechanics

We now want to study a particular dimensional reduction of the 2d N =
(0,2) system we studied on T? in the previous subsections. By reducing
on a circle we get the Witten index of an N = 2 SQM. This dimensional
reduction can be obtained from the elliptic case we just studied by tak-
ing the limit e?™T — 0. In this scaling limit we can use the fact that
01(tlz) — 2q'/3sin(nz) as ¢ = e?™T — 0. In the resulting theory on S!
we can decouple the D7 branes by taking very large values of the Cartan
parameter @ and then rescaling the gauge coupling. Moreover the quantum
mechanical partition function can be obtained by itself via localisation, and
the result agrees with the decoupling procedure we just described. Indeed,
the Dy-branes only act as a source of observables matching the anomaly, so
they do not give rise to new poles in the localisation integral. Moreover the
observables they generate do not contribute in the dimensionally reduced
theory, whose moduli space is zero-dimensional, i.e. it doesn’t display un-
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balanced fermionc zero modes. As we already anticipated, we will see how
the results we obtain by this procedure compute particular equivariant vir-
tual invariants of the bundle 7 over the moduli space of nested instantons
N #11,n,u Which is described by the stable representations of the quiver in
Fig. 14. A bit of care is required in order to take the correct scaling limit,
and in particular one has to require that ¢ — 0 while vol(T?) — B = rg1.
Moreover, one should take into account that in the S' theory twisted masses
are also rescaled by {3, so that the result may be expressed in terms of
q = eber/2 qz = ePe2/2 and y=e Bm,

The geometric interpretation of the Witten index of the quiver gauge theo-
ries described in the previous section is the equivariant (virtual) Euler charac-
teristic of a given bundle over the moduli space of nested instantons. Then,
computing the Witten index geometrically amounts to studying the stable
representations in the category of vector spaces of the quiver 7 under suitable
stability conditions. This procedure has the advantage of letting us compute
the weight decomposition of the virtual tangent space Ty".4; 1), , at the
fixed points Z in the representation ring of the torus. The way in which this
is done is very briefly described in §3.2.1. As it is shown in §3.2.1, the fixed
locus of the torus action consists only of isolated points, which are character-
ized in terms of s—tuples of nested coloured partitions py C ---pg_7 C py,
such that [uy| = ng =n, while |y;| =no —n;.

Once the fixed point locus has been completely characterized and a weight
decomposition of the virtual tangent space is at hand, one can in full gen-
erality define an s—parameter family of partition functions on A 11y,
with parameters p = (po,p1,...,Ps—1) € Z*. In terms of the quiver vector
spaces (W, Vy,...,Vs_1) one can introduce (s + 1)—tautological bundles W
and V;,i=0,...,s— 1, with W = ﬁ(/;/w]],nru. We can then define £; = det %,

Lp = & Li®pi and compute the virtual Euler characteristic of the bundle
S ® Ly over A, 11y, With S an arbitrary irreducible representation of T.
The generating function of the virtual Euler characteristics of the moduli
space of nested instantons in (3.2.35) will then reproduce the QM partition
function 3.1.20, when p = (1—g,0,...,0).2

S

Z5 (a1, 42,0 = Y chr X (S £p) [T (3235)

nGZ;O i=1

In the following we use the notation cht to denote the T—equivariant Chern
character of a vector bundle, which has a very convenient representation
in the representation ring R(T). The usual Chern character is defined as
follows: if E is rank 1 vector bundle over X, with Chern roots x1, ..., x;, then
one defines

ch(E) = Z exi,
i=1

It is interesting to compare the role of this line bundle £ to the way in which the Cern-Simons
term was introduced in §3.1.9. In particular it turns out that the vector space V, can be
recognized to be the space of fermionic zero modes, [141; 166; 206], so that the identification
of £(1,...0) = det ¥ with Det[J is in fact quite natural.
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whic1:1 can be equiVAariantly extended to a ring homomorphism chg : K:G (X) —
Hg (X, C), where X = {(x,g) € X x Glxg = x} = ]_[9X9 and Hg(X,C) ~
[@ g H(X9,QC) G. The effect of chg can be concretely characterized as fol-
lows: if E is a G—equivariant vector bundle on X, for each x € X9, we can
compute the eigenvalues (supposed to be distinct) A1, ..., A, of the G—action,

and the corresponding eigenspaces El,...,EI, so that E|xs can be repre-
sented as the direct sum of vector bundles

Exs =E'@-- - @ E".

Finally one defines chg(E) = Y ; A; ch(E), so that

chg(E) = P chy(E) € | @ H(X9,C

geG geG

The Chern character, and also the equivariant Chern character, satisfies
some important properties which we will use extensively in the following:

ch(E®F) =chE+chF, ch(E®QF) =chEchF.

If we restrict to the case p = (po,0,...,0), the fiber of £ at a fixed point
L+ p C---Cpug 1 Cpp will be given by (3.2.36),

(a] (a)/ Po

Lz =0, = H H HT%ﬂ Eh PR (3.2.36)

ax=1 i=1 j=1

where (Ty,T2, Ta,, ..., Ta,) denote the fundamental characters of T x (C*)"
acting on A} (1], , and M p(()a])/, N (()a) = pé‘;).

Then supersymmetrlc locahzatlon (equiv. equivariant localization) can be
exploited in order to compute partition functions (equiv. virtual equivariant

Euler characteristics). If we start from the case g = 0 we get

chy [ (A (rn), L) = chr L2

Ze‘/VrIH A_ |:TV1rJV r1n, H}

_ uo(qlqu)
B 2 </\ 1 [Tz tl,]

H1C-Cus 1CHo o

with A¢(E) = 3 ;5 t'A'E for any (equivariant) vector bundle E on A7 (1) 1 ./
while £,(q1,92), Wy,,...n. ,(d1,492) and Ty, 4, (q1,q2) are given by equa-
tions (3.2.37)-(3.2.39),

(a)r Po
T )“'01

(
Luolara2) =[] H [T eadid) (3-237)

a=1 i=1 j=1
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(@) (a)
T Méa] Hoi 7”1% . (a)s
_ —i_ )M
Tuow (a1,92) = [T T1 (1—paq1 d, ) (3.2.38)
a=11i=1  j=1
b .. a
s—2 v MgUNGY 1 1 ”1[@;')*1 - -
w ( ) = (0—pPapy, 917 95 )
Ho ks 41, 42) = H NGy
— —1 i=1 i— — +1,j k+1,
k=0a,b=1 i=1 j=1 (]_papb q; j q; +14 )
(b) .. (a)r
—1 M1yt J—Hgp 1
(1—papy a7 7 dy 7 )
® . .  (ay (3-2:39)
(] —1 M =t I Hos 71)
—PaPy qy q;

with p; = chTg, and similarly q; =chT;.

The generalization to the case of a general Riemann surface €4 of genus
g is immediate, as it only amounts to computing the “virtual Hirzebruch
Xy—genus” of the bundle "%y — A7 (111, - This is obviously the same as
turning on a matter bundle relative to additional g adjoint hypermultiplets,
whose twisted mass m is naturally identified with y in the Hirzebruch genus
by exponentiation.

— B cht (L No) chrt /\y [(Tuo'//lf\,/ﬂo)@g] .

G Cug_1Cuo o

s—2
“Tu e (41, 42) HWﬁfﬂ,ui(quz)) :
i=0

(3.2.40)

Surprisingly enough, explicit computations suggest that the partition func-
tion of each choice of numerical type for the nested instantons quiver should
consists of a usual Nekrasov partition function multiplied by a polynomial
in the torus characters. This observation is summarized in the following
conjecture.

Conjecture 3.5. The function Zu1>0 Tuons (41, 92) Wy, (q1,q2) is a poly-
nomial in q = q1_1 and t = qz_] with rational coefficients in the {pi}1<i<r, while
it is a polynomial with integer coefficients when r = 1.

3.2.5 Comparison to HLRV formulae

The Nekrasov partition function on R* x S! is known to have the follow-
ing form

s e sinh | & (E(s) —m))| sinh | §(E(s) — e +m)]
ZH}E’N S - ka Nl;\_L 51;% sinh [%E(s)} sinh [%(E(s) — e)} '

(3.2.41)
where E(s) = a,5 —e1h(s) + e2(v(s) + 1), and given two Young diagrams
Y, Y5 € Yi the quantities h(s) and v(s) are defined to be h(s) = vi, —jx and
v(s) = \7].’A —1i). We will be interested in the specialization of the Nekrasov
partition function to the case N = 1, so that h(s) and v(s) will become

respectively the arm length a(s) and leg length 1(s) for the box s in the
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Young tableaux classifying a given pole configuration. Now, following the
conventions of [119], let x; = {x1,1,%12,...} and xx = {xK,1,%x2,...} be
k infinite sets of variables and let moreover A(x7),...,A(xx) be the corre-
sponding rings of symmetric functions. Given a partition A, Ha(x;q,t) €
A(x) ®z Qlq, t] will denote the modified Macdonald symmetric function.
The k—point genus g Cauchy function Q(z, w), with coefficients in Q[z, w] ®z
A(x1,...,XK), is defined as follows

n:]x

= Z Halz,w xl,z w?
AEP
with
B (22a(5)+1 _W21(s)+1)29
%A(Z/W) - g\ (Zza(s)+2_wzl(s])(zza(s) _WZL(S)-FZ) . (3-2.42)

The modified Macdonald polynomials Hy(x; g, t) are defined as

X ql ZKLL?\ q/ )/

where s, (x) are the usual Schur functions, while f(;\u(q, t) denotes the mod-
ified Kostka polynomials, which are expressed in terms of the usual Kostka
polynomials as

Kaulg, t) = tn(u)KAu(q/til)r

with n(pn) = Zi(:”]) ui(i—1), and Ky, (q,t) can be interpreted as being a
deformation of the Kostka coefficients K, appearing in the expansion of
the Schur polynomials in terms of the monomial symmetric functions:

x) =) Kaugmu(x)
o8

Moreover, the modified Macdonald polynomials can be viewed as a g-
deformation of the standard Hall-Littlewood polynomials, and are related
in a non trivial way to the Macdonald polynomials P, (x; q,t), which are
eigenfunctions of the trigonometric Ruijsenaars-Schneider Hamiltonian [106;

144]:

X
Ha[X; =l —Fq,1/t,
AXqtl=t hL_th/]
where X denotes the plethystic substitution X = x7 +x, +x3 +- - -, the square
brackets are to be intended as a plethystic insertion and

06 a,t) =TT (1= a0 ) Py q,0).

SEA

The modified Macdonald polynomials are also eigenfunctions of a linear
operator A, [118], which acts on a symmetric function f as

1—a1=9] ooy
z

7
20

M—fh+
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where Q[X] = >, hn(X) and (e)],0 denotes the constant part in z.

We will think to Q(z,w) as being a function associated to a genus g Rie-
mann surface with k punctures. Moreover, if we are give p = (u',...,uk) e
P* we can define the following function

Hy(z,w) = (22 —1)(1 —w?)(PLQ(z,w), hy),

where hy = h1(x7) - hye(xx) € Alx3,...,xk) are the complete symmet-
ric functions, and (;,-) is an extension of the Hall pairing. The interest in
H, (z, w) lays in the fact that it encodes information both about GL, (C) char-
acter varieties .#,, of k—punctured genus g Riemann surfaces with generic
semisimple conjugacy classes of type u at the punctures and about comet-
shaped quivers Q,, with g loops and k tails of length defined by p. It is in fact
conjectured that through the knowledge of H,(z, w) we can get the mixed
Hodge polynomial and the E—polynomial (and thus the Euler characteristic)
of both these character varieties and quiver varieties.

If we now study the particular case of comet-shaped quivers with k =1,
l(n) =1 and g = 1, whose corresponding quiver is the Jordan quiver, we can
specialize x = (T,0,...) for some variable T and HA(T,0,...;z,w) =T so
that

(ZZQ(S)JH _W21(5)+1 )2

_ Al
Qfz,w) = Z Z H (22a()12 — 4 21(5)) (z2a(s) _qus)u)TA' (3-243)
K A=k

If we now compare (3.2.43) to (3.2.41) in the case N = 1, with m = ¢/2, we
can immediately see how closely Q(z, w) resembles to ZH]S;X s q* as long
as we make the identifications zZ = eP€1, w? =eP2and T = q, q being the
instanton counting parameter.

If we next take g to be arbitrary, but still take k = 1 and (1) = T a gen-
eralization of our previous observations is straightforward. In fact, as we
already pointed out in the previous sections, adding loops to the Jordan
quiver has the net effect of introducing 2g + 2 matter fields By, By, B éi), BS)
(with i = 1,..., g) transforming in the adjoint representation of the gauge
group U(k). The role played by each of the Béi), Bz(f) fields is analogous to
the one of B3 and B4 in the ADHM linear sigma model with adjoint matter.
Since all of these fields do not contribute with poles to the residue com-
putation of the localization formula, if we choose their twisted masses and
R—charges to be the same as the ones for B3 and B4 their net effect will be
that of introducing a g—th power to the numerator of (3.2.41) (which really
is the meaning of turning on a matter bundle for g adjoint hypermultiplets
twisted by their mass m).

Actually one needs to turn on a Chern-Simons coupling in order to ex-
actly reproduce Q(z, w) starting from a gauge theory. In fact we can rewrite

(3.2.43) as

2a(s)+1W21(s)+1 )g

1
azw) => > ] [(—Ug 1 ZZZa(s)+2W21(S)+2

k |Al=k s€A
(] o Zfza(s)71W21(s)+1 )g(] o ZZa(s)+1W721(s)+] )g
' (] 7272(1(5)72“,21(5))(] 7Z2a(s)W721(s)72)

TIAI
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and we can easily see that

(Zla(s)+1W21(5)+1)9 B 1 H 2a(s)+2 21( )—0—2)9 1
22a(s)+22L(s)+2 — (zy) Al

SEA

_ ] - (Zzzs(a(sm)szs(usm))g"
(zw)

1 25 i(s)y, 2% j(s))g“
= ——— (z7&s S Iwh s
(zw) Al (
( )\)\I 2g—2)

-1
_ 2(i(s)-1))?
= ealg Nz H( w ) ’

which, apart from a harmless overall normalization, is the contribution of
a Chern-Simons interaction at level 1 — g, [206]. Thus we conclude that
the partition function for the 5d N = 1* ADHM quiver theory with g ad-
joint hypermultiplets and a Chern-Simons term at level 1 — g reproduces the
Cauchy function (3.2.44) when resummed over all the instanton sectors (see
also [71]).3

SEA

2a(s)+1 _W21(5)+])29

Al
Z Z H Zza _WZL(s)) (Zza( ) _ w2l(s) )T (3-2.44)

k A=k

As it was shown in [54; 69], one interesting thing to point out in Eq. (3.2.44)
is that it computes a generating function for a geometric index. It is actually
known that the moduli space of stable representations for the ADHM data
(3.2.45) is isomorphic to the Hilbert scheme of dim(V) = n points in C?
when dim(W) = 1.

B,

()

\% ? w, [By,B2]+1] =0 (3.2.45)
)

Then Qx(q1,q2) such that Q(z,w) = Y Qi (22, WA TN s computing the
Hirzebruch xy—genus of a vector bundle over (C2), In particular we have
[69; 70]

g _
Z 041, d2,y) = chrx [(TV(CZ)W) ® (det 7)1 79, (€)™
AEP(n
chy (det 7)' 9 chy Ay, [(TY (C?)M)®9]
ChT /\,1 [T)\\/(CZ)[TL]] !

-y

AEP(n)

where det.7 denotes the determinant line bundle on (C?)™ and y = e ™.
It was proved in [69] that a similar result holds true also for the genus
g Cauchy function relative to punctured Riemann surfaces with non-trivial

The 5d N = 1x theory here is intended to be abelian (as we focused only on the case N =1
after Eq. (3.2.41)) and it amounts to a free theory of g adjoint hypermultimplets, as displayed
in Eq. (3.2.42).
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holonomy around the punctures. In the case of a single puncture (assumed
to be generic) of type p, the Cauchy function at fixed [A| = n computes
the residual equivariant Hirzebruch genus of a vector bundle over a nested
Hilbert scheme of n points .47 11}, ,, On C?:

Z H(z, w)Ha (x; 22, w?) =chtxy [71*“1/9,1/1/]/[11],11,” , (3.2.46)
AEP(N)

where 72 M 1)y — (€2)™ is the natural projection of the nested Hilbert
scheme to the underlying Hilbert scheme of n points on C?, and 7, =
(TV(C?) [“])@g ® (det 7)'~9. Moreover the rhs of (3.2.46) can be computed
in terms only of characters of vector bundles over (C2) = Hilb™(C?) due
to a result by Haiman, [69; 117], and we have that

Z chr Ay [(TY (C?))®9]
cht A_q [T}Y(Cz)[“]]

chr Xy |7 Yo M 11 ] =
A€P(n)

cht (det 7)' 9 chr(PY),

where PY is a vector bundle over (C%)™ whose fibers over closed points
1] € (C?)™ are isomorphic to permutation representations of 8.

By virtue of what we showed in subsection 3.2.4, we expect our results to
give a virtual refinement of the formulae found in [69; 119]. For the sake
of simplicity, let us start from studying the case of a quiver consisting of
only two gauge nodes and r = 1, corresponding to a complex curve € of
genus g = 0. We already computed in §3.2.4 the partition function relative
to any generic quiver of the type shown in Fig. 7, with (ro,11,...,15_1) =
(r,0,...,0). We will then be computing the generating function

1

(pop1) _ (Po.P1) i
ZVirO V= Z Zno ] HX?

neZéo i=0
1
. vir e
= Z chr x¥ <=/V1,m,n,v(n>r5(po,p1))Hxil’
neZ, i=0

where y(n) is the ordered sequence determined by n; determining the rele-
vant quiver variety of numerical type (1, o, 7).
We will restrict our attention to p = (po,0), in which case the restriction

Lz of Lp,,0) to the fixed point under T ~ A} 1] 1 y(n) 1S

My vy po

L, = H HTrw]Tz—jH

i=1j=1
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The result obtained in §3.2.4 by means of SUSY localization then specializes
in this case to the form (3.2.47):

50—y _ChT Lz
Z=(v,u) A1 [Tzlr‘/ﬂ\fﬂ]ny(n)}
(Ivlluh)=y(n) o ( )
~ 2.
_ oy A@ W (@ne) i
z=(vu) Ay [Tt
(Ivl,lu)=v(n)
with
M, v Po
£L+v(q1,42) H]_[q% [ I
i=1j=1
and

_ 1
IS 00 fi . SO
i=1j=1 (1—0l§Lj 1qu Hha ququ v

My v H{)

where, as usual, q; = cht Ty and q2 = cht Ts.

In order to support our conjecture that the quiver we studied so far do
indeed provide an ADHM-type construction for the nested Hilbert scheme
of points on C? we will show some relevant examples in the following. In
the two-steps quiver case this is true by a result of [213], which moreover
implies that the non-abelian quiver provides an ADHM description for the
moduli space of framed torsion-free flags of sheaves on IP?. A very brief
review of the result of [213] which are useful for what follows can be found
in appendix 3.B. Even in the two-steps case we can still compare the results
coming from direct localization computations to the formulae in [69; 119].
In particular, since the nested Hilbert scheme of points is known to be non
smooth except for the case (ng,n1) = (n, 1) or (ng,n1) = (n,0), the polyno-
mials we get multiplied by the Nekrasov partition function order by order
are expected to reproduce the modified Macdonald polynomials Ha(x; q,t)
when n; = 1. For the sake of ease of comparison, in what follows we will
use the notation A4 (r,ng,...,ns_1), which is found in [69; 213], instead of
e
Example 3.6. If n = (1, 0) we need to compute the partition function for A4 (1,1,0),
and obviously the partition function reproduces the result in Eq. (3.2.44), for g = 0.

Example 3.7. Take n = (1,1), so that F(1,1,1) ~ .#(1,2,1) ~ Hilb""?)(C?),
[213]. We have two different choices for the fixed points:

(V/PL):D:‘:(21/11) or (Vru):H:(]2/11)
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and we have for the partition function

Zl(‘l—gO xq, ZZI gO xq,)

Ly(q )Wy (g )
= X0X1 (Z (v.) q
(

) A [Tz//ﬁv,no}
with
- L
Zgygo (x;q,t) 29 ) (T4 q)xox;
A [T ]no}
_ “T ¢!
20599 q,0) = 2129t )

A [le% mo}

By putting together with the previous example, we have that

_ Ly(q~T,t7 1) -
mef’zo = E g ) Hy (x0,%1;4,1)

11’10
= Z %%:O(z,W)HV(XO,M;zz,Wz)
veP(2)

We want to point out that the elliptic counterpart to the polynomials determined by
Wy, are the following

01(tl2e1)
Pell (x; €9, € =,
mbierell =, )
1 (xi2e,) (3.2.48)
pell (x. _ oittises )
g e el 01(tlez2)

which obviously reduce to the corresponding modified Macdonald polynomials coef-

ficients when T — ico.

Example 3.8. Let’s now consider n to be such that ng +ny = 3. The only quantity
we need to compute is related to n = (2,1), which corresponds to .A"(1,3,1). We
have the following possibilities for the fixed points:

(v ={=m, By, B, )

and

Wen(q~ 't ") =(1+q+q?)

W @t )+wg (gt ) =0+q+1)

Vvﬁ(q—1 AT = (1 +t+t2)
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As in the previous example, we can exhibit explicitly the elliptic counterparts to
these modified Macdonald polynomials, which read:

01 (tl3eq1)
Penl;j (x;€1/€2) - ’
0
2 1(tler)
01(tl2e1 —e2) O1(Tl2e2 —€q)
Pell ; —
B:!(x €1 €2) ) ( 01(tler —e2)  O1(tlez —er) (3-2.49)
XoX1
01(tl3e2)
PRGer €| =
H 2 01(tle2)

Example 3.9. As a final example of a smooth nested Hilbert scheme of points we
will take A (1,4,1), so that the fixed points will be

(.0 = {0, e, By, B B - )

by which we get

Weam (@t ) =(1+q+q*+4q°)

Wg (@ )+ W (a7 t7) =(1+q+q°+1)
WEE(q_],t_]) =(1+q+t+qt)

Wﬁj(q_],t_‘HWﬁ:(q“,t“) = (1+t+t2+q)

WE(q1,t1) =(T+t+t2+t3)
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which again reproduce modified Macdonald polynomials which can be found tab-
ulated in the mathematical literature. Their elliptic counterpart is now given by:

01 (tl4eq)
. 01(tler)
01(tl2e1) 01(Tl3e7 —€2)
ell . . 1 1 1
PBII(X,e],ez) 3 a < 01(tler) O1(Tl2e1 —e€2)
XoX1
91(T2e2—2e1)>
01 (tlez —2e7)
01(tl2e1) 01 (T|2€2)
ell . o 1 1
PE(xfe]/EZ) . - < e] (T|€]) 91 (T|€2) (3250)
XO 1
01(tl2e2) 01(Tl3e2 —€1)
pell (x:eq e _ ( 1
Ej( ve2) 3 01(tlez) 01(TI2e2 —€q)
XOX
01 (tl2e; —2e2)>
01 (tle; —2e2) )’
01(tlde2)
Pell X; €1, € _ ilmidea)
E( ve2) 01 (le2)
XSX]

The following is the easiest example of a non smooth nested Hilbert scheme,
namely .47(1,4,2), and we can see how in this case our computation doesn’t

reproduce the xy genus of [69], hence the formulae of [119], giving instead
their virtual generalization.

Example 3.10. Take (no,n1) = (4,2). The prescription for the fixed points gives

: {(v,u)}z{mﬂﬂﬂ]ﬂ]ﬂﬂ,Hﬂ,ﬁjﬂjﬂ}

by which we get
Weern (47, 7)) =14+ 94202+ ¢ +q* — ?t — >t —2q*t — ¢°t — ¢t

v —1 41 1 . N 2 2. 3
WE:D(q ,t )—i—WBI‘(q A )=14q+29°+t+qt—q°t—q°t

Wegla 't )+ Wgla Lt ) =1+q+q” +t+qt+t° —q’t—qt’
Wy (g7t ) +Wg (7t ) =1 t+ qt 4+ 2t2 — g2t — qt2

ﬁj q ﬁ: q =l+q+t+qt+ q q
WE(q_]/t_]):1—|—t—|—2t2+t3+t4—qt2—qt3—2qt4—qt5—qt6
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The polynomials above contain the coefficients for the modified Macdonald polyno-
mials which in this case read

Aem (9, e = T+9+2¢° +¢° + ¢
Ag_ (a4 thae =1+q+2¢° +t+qt
Ag(a thae =1+q+q* +t+qt+t?

Flﬁj(qft)\xgxg = 1+4+q+t+qt+2t?

~ 2,43, 44
HE(q,t)XgX$:1+t+2t +t0 4+t

As a final remark let us point out that, even though the GLSM parti-
tion function is naturally computing virtual invariants, as the moduli space
A (r,np,m1) is in general a singular quasi-projective variety, [68], however
one should be able to use equivariant localization to compute usual topolog-
ical invariants also for singular varieties [214; 215].

3.A LOW ENERGY THEORY FOR D3/D7

Let us here sketch a derivation of the low energy effective theory of the D3-
D7 system at an orbifold point by studying the equations of motion reduced
on T2 x €. This amounts to solve the BPS equations

w-F+ By, Bl +[0s, 0l +T1T-J]f =tan ~ (3.A2)

while we minimise the super potential
W :TI‘{(DS ([B1,Bz] —|—U)} . (3A3)

Let us now focus in the vicinity of the orbifold point, where the local geome-
try of Cis C/Zs and that of T*C is the ALE quotient C2/Zs. There the Chan-
Paton bundle of the open string modes decomposes in Zs-representations
as already discussed in §3.1. (3.A.1) admit vortex solutions centered at the
orbifold point, whose vorticity is fixed by the order of the cyclic group. On
the vortex background, the gauge field along C/Z; becomes massive due to
the Higgs mechanism and decouples from the low energy spectrum.

Unpacking the open strings moduli in the Vj twisted sectors one gets the
degrees of freedom in (3.1.8) and the relations (3.1.9). Let us now discuss
how these arise. The modes Bj1 and sz come from the Z; representation of
the By and B; fields and analogously I and J’ from I and J. The further
degrees of freedom arise from @g, that is the one-form in the adjoint. Since
these are describing open string modes in twisted directions under the Z,
group, the fields which arise from @ are homomorphisms between nearby
twisted sectors. Explicitly from the reduction of ®@s one gets the bifunda-
mental modes F1 € Hom (V;, Vj41).
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The BPS vacua equations of this system therefore are obtained from the
reduction to the constant modes of (3.A.1) and the minimization of the super
potential

BB+ 0 =0, BF—_FB*' =0 B,F_PB =0, JF =0

3.B FIXED POINTS AND VIRTUAL DIMENSION

The characterization of the fixed points we described in §3.2.1 makes
it clear that the T—fixed locus in A} (.17, , consists only of isolated non-
degenerate points. Moreover through a simple computation it’s now very
easy to compute the virtual dimension of .4 (r,no,...,ns_1). Altogether
these facts get summarized by the following proposition, which for the sake
of simplicity we state in the simple case of the two-steps quiver.

Proposition 3.11. The T-fixed locus of the moduli space A (r,no,n1) consists
only of isolated non-degenerate points, which are into 1 —1 correspondence with
r-tuples of coloured nested partitions. Moreover vd y (v nyn,) = 2Tno —Tny + 1.

Proof. A very brief sketch of how to prove the statement about the fixed
points was previously given in §3.2.1, so now we will only focus on comput-
ing the virtual dimension of N(r,ng,n1). Using the description provided by
quiver 12 we see that the number of variables involved in the computation
is #var = Zn(z) + Zn% + 2nor + ngny, with r = dim W. Moreover, the number
of constraints we need to implement is #constr = n% + n% —14+nony +nqr,
where we also took into account that the constraints are not independent.
Finally we account for the fact that we take the GIT quotient by the action of
GL(ng) x GL(n1), which contributes by #symm = né + n%. Then

“dim A (1,11, n2)” = #var — #constr — #symm = 2nor —nr+ 1.

In order to directly compute the virtual dimension of the nested Hilbert
scheme of points on C2, we use the character decomposition of T}irﬂ/ (1,n9,1n7)
at a generic fixed point under the torus action. Then

vy (1n0my) = Hm [Tz.#(1,m0)
M7 N
1 Ny Tiiuj Ti T*j+u{+1 T7j+v{+1
+) ) (MM =Th(T, -T, )
i=1j=1
My Vi—i{

-y Y THmtM T

i=1 j=1
=2ng—mnj+1,

which, in the case of a smooth nested Hilbert scheme of points, coincides
with the computation of [213]. A completely analogous computation can
be carried out in the generic (non necessarily smooth) case, by using the
character decomposition we computed for T}iE/V (r,ng,mn1), which in turn
coincides with the representation of the virtual tangent space to the nested
Hilbert scheme of points (when r = 1) given in [107]. [ ]






4 FLAGS OF SHEAVES ON P?

This chapter is devoted to studying the representations of the nested in-
stantons quiver we introduced in §3.1.4. In particular, we focus our attention
to the case in which the dimension vector for the framing is r = (r,0,...,0)
where 1 is the dimension of the rightmost framing node. We also study its
relation to flags of framed torsion-free sheaves on P2 and nested Hilbert schemes,
and compute some relevant virtual invariants via equivariant localisation.

We want to point out that the moduli space we are studying seems to be
analogous to the Filt-scheme studied in [161] in the case of smooth projec-
tive curves. The importance of studying these moduli spaces on (smooth
projective) surfaces lies in their application to the computation of monopole
contributions to Vafa-Witten invariants defined in [207; 208]. In fact these
monopole contributions to Vafa-Witten invariants are expressed in terms of
invariants of flags of sheaves, which in some cases reduce to nested Hilbert
schemes, see [116; 148] for computations in this case. The deformation-
obstruction theory and virtual cycle for the components of the monopole
branch in Vafa-Witten theory giving rise to flags of higher rank sheaves were
explicitly constructed in [201]. Nested Hilbert schemes on surfaces were
interpreted in terms of degeneracy loci in [109; 110], where they are also
shown to be equipped with a perfect obstruction theory. Similarly nested
Hilbert schemes of points were also studied in [107], and a perfect obstruc-
tion theory and virtual cycles are explicitly constructed. Their application to
reduced DT and PT invariants are also discussed in [83; 107; 108].

In the following we give a summary of the result of this chapter. In §4.1
we start our analysis by proving the following

Theorem. The moduli space .4 (v, n) of stable representation of the nested instan-
tons quiver of numerical type (r,n) is a virtually smooth quasi-projective variety
over C equipped with a natural action of T =T x (C*)", T = (C*)?, and a perfect
obstruction theory.

We also prove that .#'(r,n) embeds into a smooth hyperkéhler variety
A (r,n), see §4.1.3.

In §4.2, we construct the moduli space .% (1, y) of flags of framed torsion
free sheaves on IP? and prove the existence of an isomorphism with .4/ (r, n).
As a particular case, we have

Theorem. The moduli space of nested instantons .4 (1,n) is isomorphic to the
nested Hilbert scheme of points on C?, namely

A (1,n) = Xo /G ~ Hilb*(C?).
The moduli space of flags of sheaves is constructed by means of a functor

F(ry) : Schy — Sets
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parametrizing flags of torsion-free sheaves on IP? in

Proposition. The moduli functor F(,. .y is representable. The (quasi-projective)
variety representing F (.. ) is the moduli space of flags of framed (coherent) torsion-
free sheaves on IP?, denoted by F (r,7v).

while its isomorphism with .4"(r,n) is proven in

Theorem. The moduli space of stable representations of the nested instantons quiver
is a fine moduli space isomorphic to the moduli space of flags of framed torsion-free
sheaves on P?: F(v,y) ~ AN (r,n), as schemes, where ny =vyi + - - - +YN.

The ADHM construction of a particular class of flags of sheaves on P2
was given in [168], where their connection to shuffle algebras on K—theory is
also studied. Moreover the construction of the functor F, ) shows that the
moduli space of nested instantons is isomorphic to a relative Quot —scheme.
Perfect obstruction theories on Quot —schemes and the description of their
local model in terms of a quiver is discussed in [14; 192].

In §4.3 we proceed to the evaluation of the relevant virtual invariants via
equivariant localisation. The classification of the T-fixed locus of .4#(r,n) is
presented in the

Proposition. The T—fixed locus of A (1,1, ..., Ns_1) can be described by s—tuples
of nested coloured partitions py C --- C pg_1 C po, with |pugl = no and
IHisol =10 — M.

In 4.3.2 we compute the generating function of the virtual Euler character-
istics of .47(1,n), see eq.(4.3.10) for the explicit combinatorial formula. We

conjecture that, by summing over the nested partitions, this generating func-
tion is expressed in terms of polynomials:

Conjecture. The generating function

XA (no,.omndiar ' =q,a3" =1) =) Pui(q,t)/Ny,(q,t)
Ho

is such that

Puo(q/t) = (Q]T(qqt/)?l’

with Qu,(q,t) € Zlq, .

For specific profiles of the nesting, these polynomials are conjectured to
compute sums of (g, t)—Kostka polynomials:

Conjecture. When |uo| = lun|+1 = un—1l+2 =+ = |1+ N we have
Quuo(@,1) = (P (), Fyy (6:4,1))

= <huo (x), Z E)\,uo(q/t)Kuo,vmv(x)>

AveP(ng)

= Z ]Z?\,uo(q/t)/

AEP(no)
my, (x)#0
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where the Hall pairing (—,—) is such that (hy,my) = 8, and ﬂu(x;q,t),
K, (q,t) are the modified Macdonald polynomials and the modified Kostka poly-
nomials, respectively.

In 4.3.3 we compute the generating function of the virtual x_-genus of
A (1,n), see eq.(4.3.13), and of 4 (r,n) , see eq.(4.3.14). We also show that,
by specialising at y = 1, one gets that the generating function of nested
partitions of arbitrary length is the Macmahon function as expected, see
Eq. (4.3.15).

In 4.3.4 we compute the generating function of the virtual elliptic genus
of #(1,n), see eq.(4.3.16), and of .4'(r,n) , see eq.(4.3.17).

Finally, in §4.4, we extend our results to P2 and P! x P! in the case of
X—y—genera, see formulae (4.4.2) and (4.4.3) respectively. Notice that the
choice of computing x_y—genera was due to the expected simple polyno-
mial dependence iny. Everything which was done in this context is however
completely general and holds for any complex genus.

4.1 THE NESTED INSTANTONS QUIVER

4.1.1  Quiver representations and stability

In the following we will mainly be interested in studying the following
quiver, which will be called the nested instantons quiver

o *0
Q bN b2 Q b Q n

VN " ) ~; V] o~ Vo w (4.1.1)
@) O 0

Bn B1 Bo

with relations
[oxo, Bol +EN =0, [oi, Bil =0, i —dixi1 =0=Pidi — PiPi
Yiog — ®it1Yi =0 =viBi —Biv1vi, $ivi=0, nd1 =0, vi&=0
Given
X =End V§* @ Hom(Vo, W) @ Hom(W, Vo) @ End(V;)®2 & Hom(V4, Vo)
@ Hom(Vo, V1) & - - - ® End(Vn)®? @ Hom(Vn, V1) ® Hom(Vn_1, VN)

a representation of numerical type (r,n) of (4.1.1) in the category of vector
spaces will be given by the datum of X = (W, h), with W = (W, V,, ..., Vn),
with dimW = r and dim V; = n;, and

X >h=(B%BY1J,8B],B)F,G...),
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satisfying

[BS,BSI+1J =0, [B},BI=0,

BiF' —F'Bj"' =0=B5F' —F'B}*’,
G'Bj —B}"'G'=0=G'B} —B}"'G",
FiGt=0, JF'=0, G'I=0

(4.1.2)

which we will call nested ADHM equations. In the following we need to
address the problem of King stability for representations of the nested in-
stantons quiver.

Definition 4.1. Let © = (0,0,,) € Q%! be such that ©(X) =n-0 410, = 0.
We will say that a framed representation X of (4.1.1) is ©—semistable if

o Y0 # X C X of numerical type (0,1) we have ©(X) = 0 - & < 0;
e VO£XCX of numerical type (¥,) we have OX)=0 -A+70s <O.
If strict inequalities hold X is said to be ®—stable.

In [51; 213] the two node case, namely N = 1 was considered and we
can here generalize their result to the more general nested instantons quiver

(4.1.1).

Proposition 4.2. Let X be a representation of (4.1.1) of numerical type (r,n) €
INESLZ, then choose 0; > 0, Vi > 0 and 0¢ s.t. O +n107 +---ng_105_7 < 0.
The following are equivalent:

(i) X is ©—stable;
(ii) X is ©—semistable;

(iii) X satisfies the following conditions:
s1 F' € Hom(Vi, 1, V) is injective, Vi > 1;
s2 the ADHM datum A = (W, V,, B?, Bg, I,]) is stable.

Proof. (i) = (ii) This is immediately true, as any ©—stable representation
is also ®—semistable.

(i) = (iii) Let us first take a ©@—semistable representation X having at
least one of the F' not injective. Without loss of generality let F* be the only
one to be such a map. Then, if vy € ker Fk = B‘;H\zk € ker F¥, due to the
nested ADHM equations, and B]Z“L1 (ker F¥) C ker F* (the same is obviously
true for B¥™1. Now

X=(0,...,0kerF*,0,..., F*, B¥ | pe, BT e 1, O, .. ., 0)

is a subrepresentation of X of numerical type (0,...,0,dimker FX,0,...,0).
Thus
-0+ 70, = 0y dimker F* > 0,

which contradicts the hypothesis of X being ©—semistable.
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If instead we take X to be ©@—semistable and suppose Sz to be false, then
30 € S C Vi s.t. BY(S), BY(S), Im(I) C S. In this case

X=(W,S,Vi,...,Bs,B3s,LJls,...)

is a subrepresentation of X of numerical type (r,dimS,ny,...) but, since
n-0+ 10, =0 having 6;~0 > 0and 6p —m167 —--- < 0, we have

dim S8y + 11607 + -+ 105 = (dimS —np)0p > 0,

which again leads to a contradiction.
(iii) = (i) If we take a proper subrepresentation X of numerical type
(¥, 1), we just need to check the cases ¥ =0 and ¥ =r.

o If # = r then W = W, which in turn implies that I # 0, otherwise the
ADHM datum (B?, Bg, I,]J) would not be stable. Since X is proper the
following diagram commutes

w—15 v
HWT iI —iol=Tolw
W—i—>\~/o

so that iy > 0, otherwise we would have I = 0. Moreover the following
diagram also commutes (and so does the analogous one for BY)
BY
V() — Vo
iT iT =ioB{=BYoi= BY(Vy) c Vo,
B0

\70 ——1%\70

leading to a contradiction with the stability of (W, Vj, B?, Bg, I,]). Since
we are interested in proper subrepresentations of X, at least one i~ ¢
is not zero, and at least one of these non-zero fix < ny, so that 0 -fi +
BT < 0, and X is stable.

e Let now ¥ = 0. Since we are interested in proper subrepresentations
we must choose fiy > 0, otherwise Vi~ = 0 by virtue of the injectivity
of Fx. In the same way as in the previous case the only option is
flp = ng. Following the same steps we previously carried out 6 - fi =

Zk>0 ek(ﬁk —nk) — 9001” < 0. ]

Corollary 4.3. If X is a stable representation of the nested instantons quiver, G =
0, Vk.

Proof. By the previous proposition, due to the injectivity of F¥, FkGk =0 =
Gk =0. [
4.1.2 The nested instantons moduli space

We want now to discuss the construction of the moduli space of stable
representations of the quiver (4.1.1), and its connection to GIT theory and
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stability. First of all we define the space of the nested ADHM data to be the
space X we defined previously, and an element X € X is called an nested
ADHM datum. On X we have a natural action of § = GL(Vp) x --- x GL(VN)
defined by

Y:(go,g1,---,9N, X) — (goBYg5 ', 9oB3gs ' 9oL, Jg, '
91B1g7 ', 91B2g7 ', goF' g7 ',91G gy ",

gnBN g’ gnBY gt gno 1PN g gnGNgR )

This action of § on X is free on the stable points of X. In fact if g € G is
such that g- X = X, VX € X, we claim that g = (1v,,...,1y,). In order
to see this, let S = ker(gp — 1y,). Since g-X = X it follows that goI = I,
which means ImI C S. Moreover goBY = B%go and goBY = B9go, but if
veES = (go—1y,)v=0= gov =v, thus implying that B{(S),B9(S) C S.
The stability of (W, VO,B?,BS,L]) then force S = Vj. Finally since, go =
Iv,, F'(1v, —g7') = 0 = g1 = 1y, by the injectivity of F'. By using this
procedure then one can prove by iteration that gy = 1v,, Vk, thus g - X =
X VX € X & g = 1. This proves that the action of G is free on the stable
points of X, and it is easy to prove that it preserves Xo, which denotes the
space of nested ADHM data satisfying the relations of quiver (4.1.1).

Now if x : § — C* is an algebraic character for the algebraic reductive
group 9, we can produce the moduli space of x—semistable orbits following
a construction due to [143], JK(SS(T,n), which is a quasi-projective scheme
over C and is defined as

A5 (r,m) = Xo//x§ = Proj | @D AXo(r,n)) 5"

n>0
with
A(Xo(r,n))9X" ={f € A(Xo(r,n))[f(h-X) =x(h)™f(X),Vh € .

The scheme #,°*(r, n) contains an open subscheme 4, (r,n) C A,**(r,n)
encoding x—stable orbits. It turns out that also in this framed case there is a
relation between x—stability and ©—stability, as it was shown in [143] in the
non framed setting.

Proposition 4.4. Let © = (0,01,...,0N) € ZN*! and define xo : G — C* the
character
xo(h) = det(ho) % - - - det(hn) M.

A representation X of the nested ADHM quiver (4.1.1) is x@—(semi)stable iff it is
©—(semi)stable.

Since the proof for Prop. 4.4 deeply relies on some known results about
equivalent characterizations of x—stability, we will first recall them. In full
generality, let V be a vector space over C equipped with the action of a
connected subgroup G of U(V), whose complexification is denoted by GC.
Then if x : G — U(1) is a character of G, we can extend it to form its
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complexification x : G¢ — C*. We then form the trivial line bundle V x C,
which carries an action of G€ via x:

1

g-(xz)=1(9-x%x(g9) 'z), geG,(x,z) e VxC.

Definition 4.5. An element x € V is

1. x—semistable if there exists a polynomial f € A(V)GX", with n > 1 such
that f(x) # 0;
2. x—stable if it satisfies the previous condition and if
a) dim(G® - x) = dim(G%/A), where A C GC is the subgroup of G©
acting trivially on V;
b) the action of GC on {x € V: f(x) # 0} is closed.

Given the previous definition, the next lemma due to King [143] gives an
alternative characterization of x—(semi)stable points under the G¢—action.

Lemma 4.6 (Lemma 2.2 and Prop. 2.5 in [143]). Given the character x : G¢ —
C* for the action of G© on the vector space V, and the lift of this action to the trivial
line bundle V x C, a point x € V is

1. x—semistable iff GC - (x,z) N (V x {0}) = 0, for any z # 0;

2. x—stable iff G¢ - (x,z) is closed and the stabilizer of (x,z) contains A with
finite index.

Equivalently, a point x € V is

1. x—semistable iff x(A) = {1} and x(A) = 0 for any 1—parameter subgroup
A(t) C G for which limy_,o A(t) - x exists;

2. x—stable iff the only A(t) such that lim¢_,o A(t) - x exists and x(A) = 0 are
in A.

With these notations, if V*°(x) denotes the set of x—semistable points of
V, V//XGC can be identified with V®(x)/ ~, where x ~y in V() iff G -xnN
GE -y # 0 in V=(x).

Proof of Prop. 4.4. Take a O—semistable representation X € X and assume it
doesn’t satisfy xg—semistability. Then there exists a 1—parameter subgroup
A(t) of G such that lim;_,o A(t) - X exists and x(A) < 0. However each such
1—parameter subgroup A determines a filtration --- 2 X;; 2 X471 2 -+ of
subrepresentations of X, [143], and

Xe(\) =—) 0(Xn) >0,
nez

thus proving one side of the proposition, as the part concerning stability
is obvious from the fact that trivial subrepresentations of X correspond to
subgroups in A.

Conversely, if X is a xg—semistable representation, we want to show that it
is also a 0—semistable one. We only need to consider two cases, correspond-
ing to subrepresentations X of X with # = r or ¥ = 0. Each vector space in
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X, say Vi will have then a direct sum decomposition V; = \N/i o \A/i. We will
then take a 1—parameter subgroup A(t) such that

A(t) = [ﬂé‘ﬁ ]lo ] .

Vi
Then one can easily compute

Xo(A(t)) -z = [det(Ao(t)) % - det(An (t))*ew}_] .

=92

It is then a matter of a simple computation to verify that, if X wasn’t 6—semistable,
then one would have had lim_,o A(t) - X € X x {0}, thus contradicting the
Xeo—semistability. A completely analogous computation can be carried over
when ¥ =, taking

1 0 1y 0
}\O(t):[(\)/o t]:ﬂ.”‘]’ }\l(t):[(;/l t1]]_/‘]’i>0’

Vo Vi
and since (i —n) - © > 0 if X is supposed not to be 0—semistable, this would
still lead to a contradiction.

Finally, if X was to be xg—stable but not 6—stable, the 1—parameter sub-
groups previously described would have stabilized the pair (X, z), z # 0, in
the two different cases ¥ = 0 and ¥ = r respectively, thus again giving rise to
a contradiction. ]

Corollary 4.7. Given a representation of the nested instantons quiver (4.1.1) of
numerical type (r,n), there exists a chamber in QN*1 > (0,04,) = © in which
Oi>0 >0and 0o +mM107 +---+ns_105_1 < 0 such that the following are equiv-
alent:

1. X is ©—semistable;

2. X is ©—stable;

3. X is xe—semistable;

4. X is x@—stable;

5. X satisfies S1 and Sz in Prop. 4.2.

Because of the previous corollary, in the stability chamber defined by
Prop. 4.2 all notions of stability are actually the same, so that a representa-
tion satisfying anyone of the conditions in corollary 4.7 will be called stable,
and the corresponding 4,5 (r,n) = A'(r,n) >~ A ;1) .\, (with the notations
of [36]) will be addressed to as the moduli space of stable representations of
(4.1.1) or, equivalently, as the moduli space of nested instantons. Altogether,
the previous considerations prove the following theorem.*

=

We thank Valeriano Lanza for pointing out to us a correction to the original proof for the
two-nodes quiver found in [213].
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Theorem 4.8. The moduli space A4 (r,n) of stable representation of the nested
instantons quiver of numerical type (r,n) is a virtually smooth quasi-projective
variety equipped with a natural action of T =T x (C*)", T = (C*)?, and a perfect
obstruction theory. The moduli space .4 (r,n) can thus be identified in a suitable

stability chamber with the moduli space of nested instantons N ;1) .-

Proof. The first part of the proof has already been proved. Consider then the
following complex

e(X): €Ox) 2 ex) —s e2(x) —25 e3(x) (4.1.3)
with
N
€°(X) =D End(V1),
i=0
€'(X) =End(V,)®% & Hom(W, V,) & Hom(Vo, W)&

4

N
s> @ End(Vi)@z ® Hom(Vi, Vi,1
i=1

N
@ Hom(Vi, Vi_1)®? @ End(V;)

i=1

€?(X) =End(V,) @ Hom(V;, W) &

N
C3(X) = EB Hom(V;, Vi—1),

i=1

while the morphisms d; are defined as:

do(h) = (Iho, B9, [ho, BY], hol, —Jho, [hy, B1], [hy, BY, hoF' —F'h',...) ",
dy (b9,19,4,3,b1,b3,7,...)" = (b9, B + (B, b3] + ] + Ij, jF' + Jf',
BYf' +b{F! —F'by — 1B, BIf' + bIF' —F'b) —f'B),
..., b, BY+BLbl,..., 6N, BN+ BY, 6N,
ds (cq,.. .,C3N+2)T = (C]]ﬂ + BSC3 — C3B; + C4B} — B?C4 —1Icy — F]C2N+3,
cee CoNt 24P+ BYeaios —c242iBI+

1 0 i T
+c312iB7 —Bicapi —Fleangssis...) -

Notice that the maps dp and d; are the linearisation of the action of § on X
and of the nested instantons quiver relations (neglecting Gt since Gt = 0, Vi),
respectively. The morphism d, is instead signalling the fact that the quiver
relations are not all independent.

Our claim is then that HO(C(X)) = H3(€(X)) = 0, and that C(X) is an ex-
plicit representation of the perfect obstruction theory complex, so H' (€(X))
will be identified with the Zariski tangent to .4 (r,n), while H?(C(X)) will
encode the obstructions to its smoothness. In fact elements of H'(C(X))
parametrize infinitesimal displacements at given points, up to the §—action,
so H'(C(X)) provides a local model for the Zariski tangent space to .4/ (v, n).
In the same way H2(C(X)) is interpreted to be the local model for the obstruc-
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tions as its elements encode the linear dependence of the nested ADHM
equations. Actually one might explicitly determine the truncated cotan-
gent complex t>_1L% ) by a standard computation in deformation the-
ory along the lines of [82] and compute extension and obstruction classes in
terms of the cohomology of the complex C(X).

In order to see that indeed the 0—th and 3—rd cohomology of €(X) does
indeed vanish, we construct three other complexes C(A), €(B) and C(A, B):

az art

ClA): CA)° —— ec(A)! —— C(A)?,

g

C(B): €(B)° ——

g

C(B)! —— €(B)?,

dA,B dA,:B
C(A,B): CA, BO —— CA,B) —— C(A,B)?,

with
C(A)° =€C(A)? =End(Vy),
C(A)" = End(Vy)®? ® Hom(Vy, W) @ Hom(W, V,),
N
C(B)° = €(B)* = HEnd(V1),
i=1
N
¢(B)! = P End(V1)*?,
i=1
N
C(A,B)° = C(A, B)? = (D Hom(V;, Vi_1),
i=1
N
C(A,B)" = @PHom(Vi, Vi_1)®? & Hom(Vy, W)
i=1
and

a4 (ho) = (ho, BSJ, ho, BS), hol, ~Jho) ',
df (69,19,1,) " = b9, B + [BY, b3] + Ij +1J,
a% (..., )" = (e, B, (e, B, ..., Ty, BN, T, BY)
af (b],b3,..., 6N, 6))" = (Ib],BY + B, bl),..., [N, BN + BN, b)),
QB (£, ™) = (~BYf! 4 1'B], —BSf! + 'BL,...

co, —BNTTN L gNBN NN NN ey T
dfl’B (c3,...,Cang2,C2) = (—Bg% +¢3B) —c4B] +BYcq +Ica, ...,

N—T 1 1 0 T
.., By T leang2 —cang2B) + cang 3By — Bicangs)

Then one can prove that there exists a distinguished triangle

C(X) —— CA) @ C(B) —2— C(A,B) , (4.1.4)
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as C(X)[1] is a cone for p = (pg, p1, P2), where

.
po (o, -, in) " = (~hoF +F .., —hn P + FNRy) T,
o1 (b9,69,1,,b},b,...,) " = (<b3F' +F'b],—b3F' +F'bl,...

2:4),01,03 1 1,—b3 2
...,,—b‘]\'qFN+FNbN,—b2N*1FN+FNb2N,_]'F1)T,
)T

1 1 N N T
p2(c1,Can3,--- 3n12) = (=i F +Fleanys, ..., —cang 1B + Flesng2)

By the triangle (4.1.4) one gets the long sequence in cohomology:

0 —— HO(C(X)) —— HO(C(A) @ C(B)) —m HO(C(A, B))

& H (X)) — H'(eW) @eB) 2 1iewm, )

[-% H?(€(X)) —— H2(C(A) ® C(B)) —— HZ(C(A,B))

[ﬁ H3(C(X)) ———— 0,

and, since A is a stable representation of the standard ADHM quiver, HO(C(A)) =
H2(C(A)) = 0. Then H°(€(X)) =0 by the injectivity of HO(p) : HO(C(B)) —
HO(C(A, B)). In fact we have

hy F'hy hy

since F! is injective. Moreover the stability of X implies that d; : C(A, B)! —
C(A, B)? is surjective: this in turn means that H2(C(A,B)) = 0, which im-
plies H3(C(X)) = 0. In fact let’s take d]v:

Bld1 — 1B
o —Bid1+ ¢1B]
)=y | : | = 5

o BY dn — dnBY !
—BNon + OnBY T

b1l

and if ¢ € ker(dY) then ker(¢ 1) would be a ( B?, Bg)—invariant subset of Vj
containing Im(I) which contradicts the stability of X, by which we conclude
that ker(¢1) = Vp. Similar statements hold also for each other component
of ¢, which we then conclude to be ¢ = 0.

The only thing left to prove is that the moduli space .#"(r,n) of stable
representations of the nested instantons quiver is embedded in a smooth
variety which is obtained as an hyperkahler quotient. We will leave this for

§4.1.3. [ |
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For future reference we want now to exhibit some morphisms between dif-
ferent nested instantons moduli spaces and between them and usual moduli
spaces of instantons, which are moduli spaces of framed torsion-free sheaves
on IP2. We obviously have iterative forgetting projections

ni:A(r,ng,...,ny) = A (r,ng,...,ni_1).

Moreover we also have other morphisms to underlying Hilbert schemes
of points on €2, which are summarized by the commutative diagram in
Fig. 4.1.1. In order to see that these maps do indeed exist, take a stable

A (r,no, ..., nNn) —p — A (r,no —nN)

/ | T (N) |
N PNd AN-1
4 T~ +

A (r,mno, ..., nN=1) - > M(T, Mo —MN_1)

/J/ \ N \

NN

hY \ A

N (rmg,...,ny) ———— AH(r,n0 —Mny)

Figure 4.1.1: Morphisms between moduli spaces of sheaves.

representation [X] of the nested instantons quiver. The fact that [X] is stable
implies that the morphisms F' are injective, so that we can construct the sta-
ble ADHM datum (W, V4, B, BL, T, J1) as follows. Let V; be Vo/Im(F' - - - F})
and choose a basis of V; in such a way that

Fl...F = <ﬂ0“>, FloF2o---oF 1V =V,

whence Vo = V; @ V;. Then define the projections 7t; = Vo — Vi and 7; :
Vo — Vi as mi(v,9) = v and 7 (v, V) = v, with v € Vi, ¥ € V;. We can then
show how V; inherits an ADHM structure by its embedding in Vy. Indeed
if we define B} = BSly, B = BYly,, I' = Aol and J' = ]|y, the datum
(W, Vy, BY, BL, TF, ') satisfies the ADHM Eq. (4.1.5).

(B}, B5 + 17" = Bly,, B3Iy ]+ /oo ly, = <[B°,Bg] +U> - =0. (4.1.5)
Vi

This new ADHM datum is moreover stable, as if it would exist 0 ¢ S; ¢ V;
such that E%,Z(Si),ﬁ(W) C S; it would imply that also the ADHM datum
(W, VO,B?,Bg, I,]) wouldn’t be stable. In fact in that case we could take
0C Vi ®S; C Vy and it would be such that B?(Vi ®Sy), Bg(VgL ®Si),I(W) C
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V; @ Si. In fact if we take any (v,8) € Vi@ Sy it happens that B?(v,s) =
(BSlv;(v), BYlv.3) = (BYv;, Bi(3)) € Vi@ Sy, BS(v,s) = (BIlv,(v), BSIy.3) =
(BSlv,,BL(3)) € Vi@ Si and [(W) = [(W)NV; @ I(W)NV; = (mo)(W) @
(7t o 1)(W) C V; @ S;. Thus we constructed a map pEN) A (r,ng,...,nNn) —
M (T, o —Nny).

4.1.3 Hyperkahler embedding

In this section we exhibit an embedding of the moduli space of nested
instantons into a smooth projective variety, which is moreover hyperkéhler.
In the following vector space

N
X = End(Vo)®? & Hom(W, Vo) & Hom(Vo, W) @B | End(V4)®
k=1 (4.1.6)
®Hom(Vy_1, Vi) @ Hom(Vy, Vi 1)
we will introduce a family of relations:
(BY, B +1J+F'G' =0, (4.1.7)
BY,BY] - G'F 4+ FH'GgH T =0, i=1,...,N. (4.1.8)

Then an element (BY,BY,1,7,{B},Bi,F},G}) = X € X is called stable if it
satisfies conditions St and Sz in Prop. 4.2. With these conventions we will
define M (r,n) to be the space of stable elements of X satisfying the relations

(4.1.7)-(4.1.8):
M(r,n) ={X € X: X is stable and satisfies (4.1.7), (4.1.8)}.

Exactly in the same way as we did before we can easily see that there is a
natural action of § = GL(Vy) x -+ x GL(VN) which is free on M(r,n) and
preserves the equations (4.1.7)-(4.1.8): the same is then true for the natural
U—action on M(r,n), with U = U(Vp) x --- x U(VN). Thus a moduli space
A (r,n) of stable U—orbits in IM(r,n) can be defined by means of GIT theory,
as it was the case for .#'(r,n) in the previous sections. Moreover any stable
point of X satisfying the nested ADHM equations automatically satisfies
(4.1.7) and (4.1.8). Indeed, a stable representation of quiver (4.1.1) satisfies,
among other relations, the following equations

BY,BS]+1] =0, Bi>0,B0 =0,

while Gt = 0, fori = 1,...,N, by Corollary 4.3. Thus, any stable repre-
sentation of quiver (4.1.1) with relations (4.1.2) also satisfies the relations
(4.1.7)-(4.1.8), so that .4 (r,n) < .#(r,n) via the natural inclusion.

Next let us point out that on each THom(V;, Vk) we can introduce an
hermitean metric by defining

1
XY) =3t (x vt xt -Y) . VXY € Hom(V;, Vi),

85



86

)
| FLAGS OF SHEAVES ON P~

which in turn can be linearly extended to a hermitean metric (—, —) : TIM(r,n) x
TM(r,n) — C. Finally we can introduce some complex structures on TIM(r, n):
given X € TM(r, n) these are defined as the following I, ], K € End(TIM(r, n))

I(X) = V=1X,
J(X) = (b9, 037, -1, if, (b}, bil, —g', 1if}),
K(X) =ToJ(X),

with X = (b?,bg,i,j,{bi,biz,fi, g'}). These three complex structures make
the datum of
(]M(T, n)/ <_/ _>/ I/ ]/ K)

a hyperkéhler manifold, as one can readily verify. It is a standard fact that
once we fix a particular complex structure, say I, and its respective Kahler
form, wi, the linear combination we = wy + V—Twyg is a holomorphic sym-
plectic form for M(r,n). The thing we finally want to prove is that the
hyperkihler structure on IM(r,n) induce a hyperkahler structure on the GIT
quotient .# (r,n), which will be moreover proven to be smooth. This is made
possible by the fact that the natural U—action on IM(r,n) preserves the her-
mitean metric and the complex structures we introduced. Then, letting u be
the Lie algebra of the group U, we need to construct a moment map

w:M(r,n) > u* @R3,
satisfying
1. G—equivariance: p(g-X) = Ad;q u(X);

2. (dui(X), &) = wi(&¥, X), for any X € TM(r,n) and & € u generating the
vector field £* € TM(r,n).

If then ¢ € u* ® R3 is such that Ad’;(Ci) = (4 for any g € U, w'(Q) is
U—invariant and it makes sense to consider the quotient space w1 Q) /U
It is known, [123], that if U acts freely on w1 (2)/U, the latter is a smooth
hyperkéhler manifold, with complex structures and metric induced by those
of M(r,n).

Our task of finding a moment map p: M(r,n) — u* ® R3 then translates
into the following. Define (u?, v, ) =@ :M(r,n) > u

<[BO,BOT] [Bg,BgT]—|—HT—]T]+F]F1T—GHG1)

— (B1,B]1+ B B)1-F'F + 6’6 + PP - G21G?)

—1
060 = L (1B, BN BY, BY - PNEN 4 NG,
(4.1.9)
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with X = (BY,B9,1,J,{B},B},F,G'}) € M(r,n). In addition to py we also
define a map pc : M(r,n) — g, with g = gl(Vp) x --- x gl(Vn):

(X) = [BY, B +1J+F'G'
(X) = [B), B —G'F' + F2G?

&= &o

(4.1.10)

ue' (X) = BY, BY] — GNFN,

by means of which we define p, 3 : M(r,n) — uas pc(X) = (2 +v—1Tu3)(X).

Notice that in absence of BZ and I, ] the complex moment map we defined
would reduce to the Crawley-Boevey moment map in [76]. We then claim
that p = (u1, 2, u3) is a moment map for the U—action on M(r, n). If this is
true and Y is the algebraic character we introduced in §4.1.2, the space

T = MV 0 551 (0) A M(r, )

H_] ( \4 _]dX/ O/ O) N M(T, n)
u

is a smooth hyperkédhler manifold which, by an analogue of Kempf-Ness
theorem is also isomorphic to .# (r,n). In fact it is known, due to a result
of [143; 165] and the characterization of x—(semi)stable points we gave in
the previous sections, that there exists a bijection between u1_1 (v/—1dx) and
the set of x—(semi)stable points in ug 1(0). Then, in order to prove that p is
actually a moment map, we will first compute the vector field £* generated
by a generic & € u. Let then X = (b%,b9,1,j,{b}, b}, ', g'}) be a vector in
TM(r,n) and ¥Yx : U — M(r,n) the action of U onto X € M(r,n): the
fundamental vector field generated by & € u is

d
Elx =dWx (1) (&) = @ (Wx o¥)li—g,

where v is a smooth curve vy : (—e¢, €) — U such that y(0) = 1 and y(0) = &.

Thus we can compute

E¥x = ([&0, bS], [E0, bS], E0i, —jEo, [E1,b1], [E1, b3,
Eof' — 181,819 —g'&o, ...
ceey [E,N,b]]\’], [((—rN/bZN]/
Enot N —fNEN EngY —gNENCT)
Then if 7t; : M(r,n) — M(r,n) denotes the projection on the i—th component

of the direct sum decomposition induced by (4.1.6) so that i runs over the
index set J, by inspection one can see that w7 is exact, and in particular

w1 = dAq, with
A= 2_1 tr <Z7T1/\7T1*>

iel

This implies that
(M (x), &) =1e+A1,
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and it is easy to verify that p; : M(r,n) — u* thus defined indeed matches
with the definition (4.1.9). Similarly one can realize that

A =fR [tr ( Z ug /\7T1+1*>] , (4.1.11)

ie2znI

A3 = —V/—17 [tr( Z g /\7’[1+1*>] . (4.1.12)

ie2znId

and the moment map components satisfying (ui(x), &) = 1A agree with
the combination u; + v/ —1u3 = pc we gave previously in Eq. (4.1.10).

4.2 FLAGS OF FRAMED TORSION-FREE SHEAVES ON ]Pz

We give in this paragraph the construction of the moduli space of flags of
framed torsion-free sheaves of rank r on the complex projective plane. We
also show that there exists a natural isomorphism between the moduli space
of flags of framed torsion-free sheaves on IP? and the stable representations
of the nested instantons quiver. In the rank r = 1 case our definition reduces
to the nested Hilbert scheme of points on C?, as it is to be expected. By
this reason we first want to carry out the analysis of the simpler r = 1 case,
which also has the advantage of providing us with a new characterization of
nested Hilbert schemes of points on C?, analogous to that of [56].

4.2.1  Hilb"(C2) and .#(1,n)

Before delving into the analysis of the relation between nested instantons
moduli spaces and flags of framed torsion-free sheaves on IP?, we want to
show a special simpler case. In particular we will prove the existence of an
isomorphism between the nested Hilbert scheme of points in C? and the
nested instantons moduli space .4#°(1,ng,...,nn). This effectively gives us
the ADHM construction of a general nested Hilbert scheme of points on C?,
which will serve as a local model for more general nested Hilbert schemes
of points on, say, toric surfaces S. In order to see this, we first recall the
definition of a nested Hilbert scheme of points.

Definition 4.9. Let S be a complex (projective) surface and ny > ny > --- > ny
a sequence of integers. The nested Hilbert scheme of points on S is defined as

Hilb (™ m)(§) =(I; C 1, C--- C Iy C Os : length (05 /1;) = ny}.

Alternatively, if X is a quasi-projective scheme over the complex numbers, we can
equivalently define the nested Hilbert scheme Hilb ™™ (X) as

Hilb (™1™ (X) = {(21,...,zk)

Z; € Hilb™(X), }

Z; is a subscheme of Z; if i < j

Before actually exhibiting the isomorphism we are interested in, we want
to prove an auxiliary result, which gives an alternative definition for the
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nested Hilbert schemes over the affine plane, analogously to the case of
Hilbert schemes studied in [165]. For convenience, in the following we will
sometimes use the shorthand notation (b, f) = (b} , b}, fi1,..., b]f, b‘j, o).

Proposition 4.10. Let k be an algebraically closed field, and n a sequence of integers
No = Ny > --- > ny. Define fi to be the sequence of integers fip = ng > i1 =
no — Ny = -+ = Ny = No — Ny, then there exists an isomorphism

(i) [bY,b3] =0

(i) by, fi — fib} , =
Hilb® (A%) ~ ¢ (b9,b3,1,b, ) |(iii) #S c k™ :b9,(S) € Sand /Sn,
Im(i) C S

(iv) fi : k™ — k™7 is injective

where G = GLn, (k) x -+ x GLy, (k), b%/z € End(k™), i € Hom(k, k™) and
fi € Hom(k™t, k™-1). The action of Syn is given by

g ' (borbg/ i/ s /b]‘|</ b]2<1 fk) = (90b9981/ 90b8961, goi/ LI

o, gkbY g gkbsar ! g1 fig ).

Proof. Suppose we have a sequence of ideals Iy C Iy C ---Ij, € Hilb"(A?).
Let’s first define Vo = klz1,z2]1/1o, b?,z € End(Vy) to be the multiplication
by z1, mod Iy, and i € Hom(k, V) by i(1) = 1 mod Iy. Then obviously
[b9,9] = 0 and condition (iii) holds since 1 multiplied by products of z;
and z; spans the whole k[z1,z,]. Then define Vi = klz1,2]/1; and, since
Io € I for any i > 0, complete Vi to Vg as Vo = Vi @ V;, so that V; ~ k™.
The restrictions of b?,z to V; then yield homomorphisms b} , € End(V;)
naturally satisfying [b%,biz] = 0, while the inclusion of the ideals Iy C I; C

- C Iy implies the existence of an embedding f; : Vi — Vj_; such that
condition (ii) holds by construction.

Conversely, let (19,19,1,...,b%, blz‘, fx) be given as in the proposition. In
the first place one can define a map ¢ : klz1,z2] — k™ to be ¢po(f) =
f(b?, bg)iﬂ ). This map is surjective, so that Ip = ker ¢ is an ideal for k(z1, z;]
of length ny. Then, since f; € Hom(k™t, k™) is injective we can embed k™
into k™o though F; = fjo0---of;_7 of; in such a way that b%/z = b?,zhknic_)]kno,
which is a simple consequence of condition (ii). Then we have the direct sum
decomposition k™ = k™" ¢ k™ the restrictions b} , = b9 ,[non; and
the projection 1; = m; o, with iy = k™ — k™0™, satisfying [b},b}] = 0
and a stability condition analogous to (iii). Thus we define ¢; : k(z1,z3] —
k™o~ by ¢i(f) = f(B%,Eiz)iU ). This map is surjective, just like ¢, so that
I; = ker(¢;) is an ideal for k(z1,z2) of length ng —n;. Finally, due to the
successive embeddings k™ — k™k-1 — ... — k™0 we have the inclusion of
the ideals I C I;_;. [ ]

One can readily notice that the description given by the previous propo-
sition of the nested Hilbert scheme of points doesn’t really coincide with
the quiver we were studying throughout this section. However we can very
easily overcome this problem by using the fact that if (b?,bg,i,j) is a sta-
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ble ADHM datum with r = 1, then j = 0, [165]. This proves the following
proposition.

Proposition 4.11. With the same notations of proposition 4.10, we have that

(a) [ bo,bz 1+ =0

(@) [ =0,1>0

(b) b; z‘f —fibl , =0

Hilb™(A?) =~ { (b9,b9,1,b,f) | (c) jf

(d) ﬂs c k™ :b9,(S) C Sand
Im(i) C S

(e) fi : k™ — k™ is injective

Jon

All the previous observations, together with corollary 4.7, immediately
prove the following theorem.

Theorem 4.12. The moduli space of nested instantons Nz x n,. is isomorphic to the
nested Hilbert scheme of points on C2 whenr=1and A =[1"].

A (1,n) = Xo /G ~ Hilb*(C?).

4.2.2 Z(r,y) and 4 (r,n)

A more general result relates the moduli space of flags of framed torsion-
free sheaves on P2 to the moduli space of nested instantons. In the case of
the two-step quiver this result was proved in [213], here we give a generaliza-
tion of their theorem in the case of the moduli space 4] ;11 ,, ,, represented
by a quiver with an arbitrary number of nodes.

Definition 4.13. Let {y, C P2 be a line and F a coherent sheaf on P2. A framing
& for F is then a choice of an isomorphism ¢ @ Fle, ﬁ?r, with v = rkF. An
(N + 2)—tuple (Eo,Eq,...,En, ) is a framed flag of sheaves on P2 if B¢ is a
torsion-free (coherent) sheaf on ]P2 framed at {o, by ¢, and Ej~¢ form a flag of
subsheaves En C --- C Eo of Eg s.t. the quotients Ey/E;, 1 < j, are supported
away from {u.

By the framing condition we get that c1(Eo) = 0, while the quotient con-
dition on the subsheaves of Eq naturally implies that the quotients E;/En
are 0—dimensional subsheaves and c1(Ej~o) = 0. Then a framed flag of
sheaves on IP? is characterized by the set of integers (r,v), wherer =1k Eg =

- = rkEN, c2(Eo) = vo, h®(Eo/Ej) = vi 4+ +7vj so that c2(Ej=0) =
Yo+t Yje

We now define the moduli functor

Firy) : Schy — Sets,

by assigning to a C—scheme S the set of isomorphism classes of (2N + 2)-
tuples (Fs, @s, Q;, 915, e, QE’, gSN}, with
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o Fs a coherent sheaf over IP? x S flat over S and such that Fs|p2,(,; is a
torsion-free sheaf for any closed point s € S, rkFs =1, c1(Fs) =0 and

c2(Fs) =vo;
e @s:Fslg xs — ﬁz@rxs is an isomorphism of ;_ xs—modules;

o Q% is a coherent sheaf on P2 x S, flat over S and supported away from
{y x S, such that hO(QiSI]sz{S}) = Y1+ ---+vi, for any closed point
seSs;

o gt :Fs — QX is a surjective morphism of @p2, s—modules.
Two tuples (Fs, @s, QL, gt ..., QY, g8 ) and (F§, 0§, QY, gV, ..., QY g}
are said to be isomorphic if there exist isomorphisms of Op2, s—modules
Os : Fs — Fg and Fé : QiS — Qis’ such that the following diagrams commute

Ps T gis :
Fsleoxs — O s Fs —— Qs
@slemxsl % i@s ll‘;
i
FL| F/ 9s i
S XS S S

If this functor is representable, the variety representing it will called the
moduli space of flags of framed torsion-free sheaves on IP2.

What we want to show next is that the moduli space of flags of torsion free
sheaves on IP? is a fine moduli space, and that it is indeed isomorphic (as
a scheme) to the moduli space of nested instantons we defined previously.
First of all we will focus our attention on proving the following statement.

Proposition 4.14. The moduli functor F ...,y is represented by a (quasi-projective)
variety % (v,v) isomorphic to a relative quot-scheme.

Proof. We base our proof on the concept of Quot functor, so let us recall its
constuction and basic properties. First of all let us take the universal framed

sheaf (U(®), po) on P2 x .7 (r,v0o), with ¢o : U" 5ol

LooX A (1,0 LooX A (T, v0)
an isomorphism of Oy 4 —modules. We then define

T,Y0)

Quot(u(mm) : SChi;/(r,yo) — Sets
by
7T . .
Quot 0 4,) (S — ///(r,wﬂ) = {1somorphlsm classes of (Qs, qs)}

where

e Qs is a coherent sheaf on IP? x S, flat over S, supported away from
s x S and such that h°(Qsle_x(s}) = V1, for any s € S closed;
° (s : U.(SO) — Qs is a surjective morphism of Op2,s—modules, where

U(SO) is the pull-back of U to P2 x S via

(Ip2 x m) ‘P2 xS — P? x . (r,7v0).
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By Grothendieck theory this is a representable functor and it was proved in
[213] to be isomorphic to the moduli functor of flags of couples of framed
torsion-free sheaves on P2. In fact there exist a natural forgetting map
Forvoy) — Quot(u(mm) which act as (Fg,q)g,Q]S,g;) — (Q;,g;). This
map also has an inverse given by setting Fs = ker(g'|s), which has a fram-
ing @s at {s x S induced by the framing ¢¢ of u© at o x A (v,v0). The
variety representing F(; ,,,y,) is then the quot scheme Quot?' (U(%)) relative
to .#(r,v0). We can then construct a universal framed sheaf (U("), p;) on
P? x .Z(r,v1,v2) with @q : ulM = 0% , an isomor-

. boo X Z (T,v1,72) Loo X F (T, 70,71
phism of 0y, #(

rvov:)—Mmodules. One can then use the quot functor

Quot(um/yz) : Schif(

F(ry1,v2) — Sets,

in order to show that F,, ., .,) is isomorphic to QUOt(u“),yz)r exactly
in the same way as before and since the latter is representable so is the
former. By iterating this procedure we can finally show that our moduli
functor F(, ) is indeed representable, being isomorphic to a quot functor
QUOt(u(NfH,yN)- Then .7 (r,7y) is a fine moduli space isomorphic to the rela-

tive quot-scheme Quot'™ (UN=1)), [ ]

Remark 4.1. The previous description of the moduli space of framed flags of
sheaves on IP? suggests we could also take a slightly different perspective on
Z (r,7v), namely as the moduli of the sequence of quotients

ZN‘—>-~~;)Z]‘—)F—»Q1—»~'—»QN,

where F is a vector bundle. In this sense . (r,y) seems to be analogous to
the Filt-scheme studied by Mochizuki in [161] in the case of curves. <

Now that we proved that the definition of moduli space of framed flags
of sheaves on IP? is indeed a good one we are ready to tackle the problem
of showing that there exists an isomorphism between this moduli space and
the space of stable representation of the nested instantons quiver we studied
in the previous sections. First of all let us point out that our definition of
flags of framed torsion-free sheaves reduce in the rank 1 case to the nested
Hilbert scheme of points on C2, and the isomorphism we are interested in
was showed to exist in Thm. 4.12 of §4.2.1. This is in fact compatible with
the statement of the following Thm. 4.15.

Theorem 4.15. The moduli space of stable representations of the nested ADHM
quiver is a fine moduli space isomorphic to the moduli space of flags of framed torsion-
free sheaves on P2: Z(r,v) ~ A (r,n), as schemes, where ny =vyi+---+YN.

Proof. We first want to show how, starting from an element of .4 (r,no, ..., nN)
one can construct a flag of framed torsion-free sheaves on IP?. As we showed
previously, to each (Vi, B, B}, F') in the datum of X € A/ (1,ng,...,nN) We
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can associate a stable ADHM datum (W, V;, Bi, ﬁﬁ, I}, TY), fitting in the dia-
gram (4.2.1)

F] ~
Vi Vo Vi
K Ko rol
F2 {0} = |-+ W ——| > W
| | L |
| e
Vz > Vo Vz \
Kot K < )<\\>( 3
F3 {0} |-+ W-——| - W
; : | (4.2.1)
! : 1 }
N * N . N |
K\\\ﬂ “‘/ F\\\J <+ K\\\ﬂ <
N 0} -+ W-—| > W
| | |
| IO
VN Vo VN \
o N N
{0} -——-- W ————- - W

where we suppressed all of the endomorphisms Bj ,, Ejlz We will then
call Z;, S and Q; the representations of the ADHM data ({0}, Vi,B%,Biz),
(W, VO,B?,BS,I,]) and (W, \Z,g%,ﬁiz,ii, b, respectively. The the diagram
(4.2.1) can be restated in the following form:

0—2Zy —S—0Q; —0

bl

0—72Z, —S—0Q, —0
l T l 1 1 (4.2.2)
T

0 —7Zn S —0Qn — 0

Moreover, if E7 , E§ and E denotes the ADHM complex corresponding to
Z;, S and Q; the diagram (4.2.2) induces the following

0 —E; — E — E5 — O
I
0 —E;, - E§ —E), — 0
I A

0 —E;, - E —E, —0

Then, since S and Q; are stable one has that HP(Eg) = Hp(E'Qi) = 0, for
p = —1,1, so that for each line in (4.2.3) the long exact sequence for the
cohomology associated to it reduces to:

0 — HO(Eg) — HO(EQ,) — H'(EZ) — 0,
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and by the ADHM construction (HO(EZ}I), @) is a rank r framed torsion-free
sheaf on IP?, with framing ¢ : HO(Eéi)hgoo SwWe 0,.,. Moreover HO(Eg) is
a subsheaf of HO(Eéi), and H' (E;i) is a quotient sheaf

HY(E3,) ~ HO(EQ,)/HO(ES),

which is 0—dimensional and supported away from £, C IP2. Finally one can
immediately see from (4.2.3) that HO(Eéi) is a subsheaf of HO(E(‘QM ). One
can moreover check that the numerical invariants classifying flags of sheaves
do agree with the statement of the theorem.

Conversely let (Eo,...,En, @) be a flag of framed torsion-free sheaves on
P2 such that rk E; =1, c2(Eo) = vo, hO(Eo/Ej>o) =71 +---+vj. By defini-
tion each (E;, @) defines a stable ADHM datum Q; = (vaj,Vj,EJ‘],'é;,ii, )
(with the convention of calling S = Qy), since it can be identified with
a framed torsion-free sheaf on P2, with rk Ej =1 c2(E) = vo+---+vj.
Moreover we have the inclusion Eg < Ej;, which induces an epimorphism
Y;:8 — Qj. In fact, we can construct vector spaces Vj, \7]~, W and Wj as in
[165], so that

Vo = HO(En(—1)), V3~ HO(Ej(—1)), W=~H(Enle.), Wj=~H (Ejl.),

and by the fact that the quotient sheaf E;/En is 0—dimensional and sup-
ported away from {,, we can construct an isomorphism

W5t HO (Enle,) = HO (Ejle.,) -
Finally we have the exact sequence
O—)EN —>Ej —>Ej/EN —>0,

which induces the following exact sequence of cohomology, thanks to the
fact that HO( E;j(—1)) = 0, being that E; is a framed torsion-free p—semistable
sheaf with ¢q(Ej) = 0 (due to the standard ADHM construction), while
H! (Ej/En(—1)) =0, since the quotient sheaf E;/Ey is O—dimensional,

0 — HO(E;/En(—1)) — H' (En(=1)) =25 H (Ej(—1)) — 0.

The morphism ¥; = (¥j,1,¥;2) is then an epimorphism, since both ¥
and V¥; » are surjective. Taking into account the flag structure of the datum
(Eo,...,En, @), the sequences

0 — ker¥n_1 —S — Q7 — 0

1 T ol

0 — ker¥n_2 4SS —Q, — 0

R A A
v L Ly

00— ker¥o — S — Qn — O
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give us (N + 1) stable ADHM data fitting in the following diagram.

Vi Vo Vi

K\\x R W F\G‘
0} |-+ W -5 w
| I |
! Wn_on ~ }
V5, : Vo V5, [
N . | N |
R N2 o VWN 5 RS
0} - = W22 5w
| I |
\ \
| | |
N LN . 4 ~ |
K\\\ﬂ “V T\/\\\rl N K\\\S <
0 | S>w-——|- 3w
| I I
! Yo, | ~ }
VN Vo ‘ VN |
K\\X v K:S Yoy 02 K\\X v
o) pp— SW 2w

Finally, we need to show that there exists a scheme-theoretic isomorphism
between the moduli space of flags of sheaves .% (1, y) and the nested ADHM
moduli space .4/ (r,n). We may then notice that diagram (4.2.1) enables us
to think to (4.2.3) as sequences of complexes parameterized by .4 (r,n), i.e.
complexes of sheaves on IP? x .4 (r,n). Thus passing to cohomology we get
a family of framed torsion-free sheaves also parameterized by .#'(r,n), and
the isomorphism we were just describing may be regarded as an element of
Fry (A4 (1,1n)), to which we may associate a unique morphism of schemes
A (r,n) — Z(r,v) by the representability of F,,. Conversely, suppose we
are given coherent sheaves (Fs, Q1S, e, QSN) on P2 x S, flat over S, defining
a family of flags of framed torsion free-sheaves (Fs, @s, Q1S, 915, eee, Q?, gy ).
We can associate to this family of sheaves a family of representations of the
nested ADHM quiver parameterized by S, i.e. a morphism S — 4 (r,n).
Then, corresponding to the universal family we get a morphism .#(r,y) —
N (r,n). [ |

4.3 VIRTUAL INVARIANTS

In this section we study fixed points under the action of a torus on the
moduli space of framed stable representations of fixed numerical type of the
nested instantons quiver. By doing this we are then able to apply virtual
equivariant localization and compute certain relevant virtual topological in-
variants. On the physics side this is equivalent to the computation of certain
partition functions of some suitable quiver GLSM theory by means of the
SUSY localization technique.

4.3.1 Equivariant torus action and localization

We begin the analysis of the fixed locus under a certain toric action on the
moduli space of nested instantons with a brief recall of the results obtained
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in [213] and show how they enable us to fully characterize the T—fixed locus
of the two-step nested instantons quiver. In this case we take T = (C*)?
acting on .4 (1, np,n1) by
(tr,t2) - (Vo, V1, W, B, BS, 1], B1, B3, F) = (Vo, Vi, W, t1BY, t2BS, I, tat2],
t1B], t2B5, F),

and we define Q = Q1 + Q2, where Q; is the one-dimensional representation
of T having character t;. The main result we want to recall is the following;:

Theorem 4.16 (von Flach-Jardim, [213]). The moduli space A (r,1n0,11) =~
F(r,no — 11, m1) of stable representations of the nested ADHM quiver is a quasi-
projective variety equipped with a perfect obstruction theory. The T—equivariant lift
of the deformation complex is the following

ex)° 2y o)t 1 ex)2 —25 e(x)3,

with

C(X)° = End(Vy) ® End(V7),
exX) = Q ® End(Vp) ® Hom(W, Vo) & /\ZQ Hom(Vy, W)@
® Q ® End (V1) @ Hom(V4, Vo),
C(X)? = A2Q ® End(Vy) ® Q ® Hom(V1, Vo) ® A2Q @ Hom(V;, W)@
®A?Q®End(V1),
e(X)®> = A?Q ® Hom(V7, Vo)
and
do(ho, h1) = (lho, BY], [ho, BS], hol, —Jho, [h1, B{], [h1, B}, hoF — Fhy)
dy(b9,09,1,j,0],03,1) = (169, B3] + [BS, bS] + 1] + 1j, BSF + bSF — Fb] — fB],
BSf 4+ bIF —Fb) — B}, jF + Jf, [b], B1] + [B], b))
d>(cq1,c2,c3,¢c4,¢5) =c1F+ Bgcz — czB} + C3B? — B} c3 —Icy —Fes
Thus the infinitesimal deformation space and the obstruction space at any X will

be isomorphic to H'[C(X)] and H2[C(X)], respectively. A (r,mq,my) is smooth iff
ny =1([68]).

Moreover, it turns out, [213], that there exists a surjective morphism
q:(BY,BY,LJ,Bl,B},F) = (B],BS,1',])

mapping the nested ADHM data of type (r,1n0,11) to the ADHM data of
numerical type (r,no —ny). Thus we have two different maps sending the
moduli space of stable representations of the nested ADHM quiver to the
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moduli space of stable representations of ADHM data. The situation is de-
picted by the following commutative diagram

A (r,no,n1) 1 M (T,Mg)

\ dl

T‘TL()-Tl])

by means of which one can characterize T—fixed points of .4"(r,ng,1n1) by
means of fixed points of .Z(r,np) and .#(r,no —n1). In particular we can
first take the decomposition Vo = V @ V7, then decompose the vector spaces
Vo, V with respect to the action of T: if Ag : T — U(Vp) and A: T — U(V) are
morphisms for the toric action on Vj, V, we have

vV = Pviky = P{ve VAt =ththv}
Kkl k1

Vo = @Vo(k, 1) = @ {VO € Voldo(t)vg = t]fté\)o}
k1

Thus if X = (W, V, B}, B}, 1,]), Xo = (W, VO,B?, B;, I,]) are fixed points for
this torus action, the very well known results about the classification of fixed
points for ADHM data leads us to the following commutative diagram.

Vik—1,1) B2 Vik—1,1-1)
Vo(k—1,1) Vo(k—1,1—1) BJ
[ | [ (4.3.1)
B9 V(k,1) . V(k,1-1)
T o e
Vo(k, 1) 2 Vo(k,1—1)

Proposition g4.17. Let X € Xq be a fixed point of the toric action. The following
statements hold:

1. Ifk > 0o0r1 >0, then Vo(k,1) =0, V(k, 1) =0;
2. dimVy(k, 1) < 1,Vk, land dimV(k, 1) < 1, Vk, |,

3. If k, 1 <O, then
a) dimVp(k, 1) > dimVy(k—1,1),
b) dim Vy(k, 1) > dim Vy(k, 1 —1),
c) dimV(k, 1) > dimV(k—1,1,
d) dimV(k,1) > dimV(k,1—1),
e) dimVp(k,1) > dim V(k, 1).
The previous propositions give us an easy way of visualizing fixed points

of the T—action on the nested ADHM data. If we suitably normalize each
non-zero map to 1 by the action of [, ; GL(Vo(k, 1)) x [ ]y, GL(V(K/, 1))
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each critical point point can be put into one-to-one correspondence with
nested Young diagrams Y,, C Y,. Thus the fixed points of the original nested
ADHM data are classified by couples (v, v\ n), where u C v and v\ u is the
skew Young diagram constructed by taking the complement of pin v.

If we now take a fixed point Z = (v, u) and define vi = ) , dim Vy(k, 1 —
1), vj’ = Y dimVy(1 —j,1) and similarly u; = )}, dimV(k,1—1), uj’ =
> 1 dim V(1 —j, 1), we can regard Vy and V as T—modules and write them as

M; v{ ) N; v; .
VO :@Vo(k,l) :ZZT‘rl+1T2_]+1 :ZZT;le]TZ_]_._]
k1 i=1j=1 =1 5=1
M H{ N 1
v:®v(krl) :ZZZTri+]T2_j+] :ZZZ]Tri+]T2_j+]
k1 i=1j=1 =1 5=1

with My = vy, My = 1, Ny = v}, N = p}. If we now take Vo = V&V,
then

My Vi—k{ , :
—1 —j i —ui—j+
V] _ Z -I-1 1+1T2 j+1 — Z Z T‘[ 1+1T2 Hi—)
(L5)evin =1 =

The virtual tangent space T}iR/V(Lno,m) to A4 (1,n9,n7) at Z can be
regarded as a T—module, so that

T 4 (1,m0,m1) = End(Vo) ® (Q — 1 — A2Q)
+End(Vi) @ (Q—1-A%Q)
+ Hom(W, V) + Hom(Vo, W) ® A2Q
—Hom(V;, W) ® A2Q
+Hom(V1, Vo)(1+A?Q ~ Q)
=VieVe+VieVi)e(Q-1-A%Q)
—VieVo®(Q-1-A%Q)
+Vo+ Vi@ A2Q —V; @ A%Q.
In the first place we might recognize the term Vi ® Vo ® (Q — A2Q — 1) +
Vo + Vi ® A%Q in the sum as being the tangent space at the mcgduli space of
stable representation of the ADHM quiver T;.#(1,n¢), with Z = (v). Thus
we have
TS A (1,n0,m1) = Tz(1,m0)
+(VieVi—VieaV)e(Q—-1-A%Q)  (43.2)
—Vi®A%Q.
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We have

/ !
My ViTH

Vie(Q-1-A2Q)=(Ti—1(1-T) Y ¥ TIp

i=1 j=I1
vi—mi

M,
=m-nY -1 Y 1
j=1

i=1

N 1Tyt
T _] T1 1THl -T 2—_]
1 z 2)< Ui
T, — TRt
— 1=l 272
= (Ty 1ZT T T2)< -

T1—1ZT (T -T2,

so that

N1 Vi—Hj
VioVio(Q—1—A%Q)=(T;—1) Z Z T, J+1T ]HZTl 1Tul_ vi)
j=1 j’=1
M1 Ny —H
—ZZTI 1 T )+u1+1 T —j+v{ +1)(T1 _] T1
i=1j=1 j’=1

Mi Ny
— E E l H]_ i— V])(T ]+|»ll+1 T2—]+V{+1)
4

i=1j=1

while we have

VT@V()@(Q_]_AZQ):T]_] ZZT]-'—]T ]+1ZT1 1T21 TZ)

j=1j'=1

M1 Ny
_ZZT1 (T, —j+ui+1 T, )+v+1 )(Ty — 1) ZT)
i=1j=1

M Ny

j+ g +1 —j+vi{+1
DD NUEL SIS A

i=1j=1
and

M, vi _“'1.

VieA Q=TT > T~ T
i=1 j=1

/
My Vi—ky

DI

i=1 j=1
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Putting everything together we finally get that

Mi1 Ny o o,
T}i{/ﬁ/(],no,n]) = Tz.//(],no) —|—ZZ [(T;)+Hi+1 _T;)+Vi+1)
i=1j=1

My Vil (4-3.3)

SRR N Mt

i=1 j=1
As an immediate generalization of (4.3.3) we can easily see that

T Msa)Ngb) . (b)
TN (o) =Tadl(rmo)+ D D> ) [Rsz‘ <T$“j —T%)

ab=1 i=1 j=1

/ !
(Tj+u£‘” +1 T—j+v§“) +1> ]
2 — 2

(@) _(a)! (a)’
M v e ® )

EDNED M
i=1 j=1

where (T7,T2,Rq),a = 1,...,1 are the canonical generators of the represen-
tation ring of T ~ A/ (1, g, n1).

Remark 4.2. It turns out that the character representation for the virtual tan-
gent TY"#" can be computed by exploiting deformation theory techniques.
These techniques may also be employed to compute the virtual fundamen-
tal class and (T—character of) the virtual tangent bundle at fixed points of
nested Hilbert schemes on surfaces, as it’s done in [107].

In particular, if one takes (C?) No=N1l'4 5 be the nested Hilbert scheme of
points on C? = Spec(R), with R = C[xg, x1], by lifting the natural torus action
on C? to (CZ) [N°>N1], it is proved in [107] that the T—fixed locus is isolated
and given by the inclusion of monomial ideals Iy C Iy, which is equivalent
to the assignment of couples of nested partitions @ C v. Then the virtual
tangent space at a fixed point is given by

TP 1, = —x(To, To) —x(I1, 1) +x(Io, I1) + X(R, R),

with x(—,—) = ZiZ:O(_] )t Ext}z(—, —). Then the T—representation of Tf’;rCI]
can be explicitly written in terms of Laurent polynomials in the torus char-
acters t1,t; of T. Then in terms of the characters Zy,7Z1 of the T—fixed
0—dimensional subschemes Z; C Zy C C? corresponding to Iy C Iy one has
(see Eq. (29) in [107])

| o oo (-t)(1-t)
tI‘Tf]éygh =7Zo+ E + (Z()Z] —ZoZp —Z]Z]) .

tit2

If we now make the necessary identifications t; = T, 1 Zo=Voand Z; =V
we can see that Eq. (29) of [107] exactly agrees with our prescription for the
character representation (4.3.2) of the virtual tangent space Tg"ﬂ/l/ (1,n9,m1),
with ng = Ng and n7 = No — Nj. <
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We now move on studying the fixed locus of the more general nested
instantons moduli space .4 (r,ng,...,nn). However, similarly to the previ-
ous case we first want to show that the moduli space of stable representa-
tions of the nested ADHM quiver is equivalently described by the datum
of (N + 1) moduli spaces of framed torsion-free sheaves on P2, namely
MM (v, o), A (r,ng—11),...,.#(r,ng —ns_1). In order to do this we want
to know if it is possible to recover the structure of the nested ADHM quiver
given a set of stable ADHM data. First of all we can notice that, as F'
is injective Vi, we have the sum decomposition Vo = Vi ® V;, but also
Vi = Vi @\A/i+1, with \A/i+1 = V;/ImF;, so that Vo = V; @\A/i @Vi—h
thus \71 = Vi D Vi,] .

Let us first focus on the vector spaces Vy and V7. It can be shown as in
[51; 213] that once we fix a stable ADHM datum (W, \71,]~3},l§;,11,j1) and
the endomorphisms B}, B} € End V; it is always possible to reconstruct the
stable ADHM datum (W, V,, B?, Bg, L]) as

B! B} B! B I .
w-(5 ) w5 w) =(n) e

together with the morphism Fl = 1v, such that [B}, B}] =0, B?F1 —F! B} =
BSF! —F'B} = 0 and JF! = 0. The same can obviously be done for any of
the stable ADHM data (W, V;, E%, Eiz, I',7Y) we constructed previously, and
we would have

Bi B B, B I's .
0 _ 1 1 0 _ 2 2 — — i
8 _<o B})’ Bz_(o Biz)' I‘(F)’ =079

together with the morphism f' = 1y, such that [B},B}] = 0, Bft — flA; =
Bgf"L — f'B5 =0 and Jf' = 0. If we now fix

i_ (1w i

F:<01>, F': Vi — Vi,

which is clearly injective, then obviously fl = F'F2...F!, where F¥ now
stands for the linear extension to Vy, and Boft — fiBi = 0 (resp. B9f' —
f'BL = 0) is equivalent to BSF'F2 - .. Fi-1FL —FIF2 ... FiBl = B TP —FiB} =
0 (resp. BS"'F' —FiBY = 0), and Jf' = JF'F2...F' = 0. This construction
makes it possible to us to classify the T—fixed locus of 4 (r,ng,...,ns_1) in
terms of the T—fixed loci of .Z (r,no) and {Z (v, no —ni)}i>o. In particular
the T—fixed locus of .# (v, k) is into 1 — 1 correspondence with coloured par-
titions u = (1!, ..., u") € P" such that |u| = |u'| + - + |u"| = k (cf. Def. 3.1).
This fact and the inclusion relations between the vector spaces V; prove the
following

Proposition 4.18. The T—fixed locus of A (v,no,...,Ns_1) can be described by
s—tuples of nested coloured partitions p; C --- C pg_q C pg (cf. Def. 3.2), with
ol =mo and [pui- ol = 1o —ni.
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In the same way as we did in a previous section, we can read the virtual
tangent space to A (r,ng,...,ns_1) off the following equivariant lift of the
complex (4.1.3)

eX):  ex)° —L5 eyt~ ex)?2 —5 ex)3, (43.4)

where

N
€(X)° = P End(V3),
i=0

C(X)" = Q ®End(V,) ® Hom(W, Vo) & A2Q ® Hom(Vo, W)
N
@ (Q®End(V;) ® Hom(Vy, Vi_1)

i=1

S

N
@ Q ® Hom(Vy, Vi_1)

i=1

C(X)? = A2Q ® (End(Vy) ® Hom(V;, W)) &

& A?Q®End(V;)

N
C(X)* = P A*Q @ Hom(V4, Vi 1)

i=1

Then, the cohomology of the complex (4.3.4) reproduces the virtual tangent
space, which takes the form (4.3.5).

TN (1,m,m2) =End(Vo) ® (Q—1-A%Q)
+Hom(W, V) + Hom(Vo, W) ® A2Q
+End(V7) ® (Q—1—-A?Q)
—Hom(V;, W) ® /\ZQ+
+Hom(V1, Vo) ® (1+A%Q — Q)+
+End(V2) ® (Q —1—A%Q)
+Hom(V,, Vi) ® (1+A2Q — 1)+

(4.3.5)

+End(Vs_1) ® (Q —1—A?Q)
+Hom(V,_1,Vs_2)® (1+A*Q—Q).

By decomposing the vector spaces V; in terms of characters of the torus T
we can also rewrite the representation of (4.3.5) in R(T) as (4.3.6)

(a)  (®)
r Mg Ng

i NG )
TN ) STz o)+ D) ) [RbRa‘ (=)

a,b=1 i=1 j=1

! ’
Tfj+u§fli] +1 _T—j+uéﬁ) +1
2 2
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. (a)’ . (a)’
—j+u +1 —j+uy; +1
<T2 - -1 "o > ] / (4.3.6)

where the fixed point Z is to be identified with a choice of a sequence of
coloured nested partitions py C pun_7 € -+ € pg_g C o as in Prop. 4.18
and Z < y,.

4.3.2 Virtual equivariant holomorphic Euler characteristic

The first virtual invariant we are going to study is the holomorphic virtual
equivariant Euler characteristic of the moduli space of nested instantons.
We will exploit the virtual localisation theorem we described in §1.5. In
particular, if X is proper and V € K°(X) we can apply the virtual Riemann-
Roch theorem [95, Corollary 3.6] to get that

XX, V) = Jm “ch(V) - (), 437)
where [X]VI" is the virtual fundamental class of X, [X]V'' € A 4q(X). Clearly, if
we are interested in x¥I*(X) = x¥I*(X, O) then the eq. (4.3.7) reduces to

XX = | ). 438)
[X]Vlr

Equations (4.3.7) and (4.3.8) can be made even more explicit. In fact if

we take n = rkEp, m = rkEq, so that vd = n —m, and define x1,...,xn

and uj,...,uny to be respectively the Chern roots of Ey and E;, then (4.3.8)

becomes
n m 1
H Xi 1—e™ Y
vir 1 — e_xl H s !
XI55 j=1 j

X(X) = |

while for (4.3.7) we have

uj

XVlr(X’ v) — J e\)k 17 ,
[X]vir ]; E ] —e X1 H] U5

)

since we can consider V € K°(X) to be a vector bundle on X with Chern
roots vy,...,vr.

Now, if we have a proper scheme X equipped with an action of a torus
(C*)N and an equivariant 1—perfect obstruction theory we can apply virtual
equivariant localization in order to compute virtual invariants of X. Let us
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then recall that, if p : X — pt is the structure morphism, one has that (cf. §1.5
and [95, Prop. 6.3])

XX, Ve, ..., en) Zp‘”r (V JA_q (NYI) )

- me (V /N1 TV1f|mOV)v) (4-3-9)

belongs to Q[ey, ..., en] and the virtual holomorphic Euler characteristic is
XX, V) = xV" (X, V;0). Here we denote by V an equivariant lift of V, and
by V; its restriction to the i-th component in the fixed locus.

Of course, as we will be computing virtual invariants of quasi-projective
variety, we will take the rh.s. of (4.3.9) as the definition of the virtual Euler
characteristic. Computations are now made very easy by the fact that we
represented the virtual tangent space to the T = (C*)2—fixed points to the
moduli space of nested instantons in the representation ring R(T) of the
torus (C*)2. In this way T;?,lr is decomposed as a direct sum of line bundles
which are moreover eigenbundles of the torus action. Then we can use the
following properties

ch(E®F) =chE+chF,
At(EDF) = A¢(E) - Ae(F),
St(E@F) = S¢(E) - S¢(F)

and Eq. (4.3.9) in order to compute the equivariant holomorphic Euler char-
acteristic of the moduli space of nested instantons in terms of the fundamen-
tal characters g7 > of the torus T. These will be related to the equivariant pa-
rameters by q; = eP¢i, with B being a parameter having a very clear meaning
in the physical framework modelling the moduli space of nested instantons
as a low energy effective theory. In this framework is very easy to explicitly
compute the virtual equivariant holomorphic Euler characteristic of the mod-
uli space of nested instantons as we already described the T—fixed locus of
A (r,np,...,nn) as being 0—dimensional and non-degenerate. As we saw
in §4.3.1 the fixed points of .4/ (r,no,...,nn) are completely described by
r—tuples of nested coloured partitions py C --- C py C po, with yy € P, in
such a way that || = Z]. |H2)| =np and g \ Bi~ol = Ni>o. In the simplest
case of r = 1 we get

XAV q1,02) =
Too (01,92 )Wi,.un (01,92) | 1
- Z Ho, L1 S 10+ - HN )[v”uo,.--,uN’ (4.3.10)
u C---Cup Ho(q1/q2)
o\ jl=n;

where a(s) and 1(s) denote the arm length and the leg length of the box s in
the Young diagram Y|, associated to p, respectively. We moreover defined

Ny, (a1,92) = H (1 _q;l(sJ*1q§(sJ) (] _q%(s)q;a(sm) ,

SeYuo



4.3 VIRTUAL INVARIANTS \

i i
o Mo i—THi4

To,u (a1, 92) =H H <1 _q]xqu Hn),

Pij—1 J—Hp—1 Mi—1j—1 J=Hp;—1
—q;" oy ]Ch]qz

i=1  j=1
N 1
Wpo,...,uN(qth) = H HH (] Mij—1i J—Hpi—

M, N (
1 Mr—1,—1 J— o —1
k=11i=1j=1 q; q; T— a4 qz

A very interesting and surprising fact can be observed if we rearrange the
expression the holomorphic virtual Euler characteristic of .47 (1,1no,...,nN).
In fact if we perform the summation over the smaller partitions pu; C --- C
un and redefine q = q]_], t= q?, we get

| Prolq t
XA (,ng,...,nN)q1,92) = ZNuo(q)

Ko

and the unexpected fact is that we think P, (q,t) to be a polynomial in q, t
except for a factor (1 — qt)”!

Conjecture 4.19. P, (q,t) is a a function of the form:

Quola,t)

0 —qt) (4.3.11)

Puo(q/t) =

with Q. (q,t) a polynomial in the (q,t)—variables.

Sometimes the polynomials in (4.3.11) can be given an interpretation in
terms of some known symmetric polynomials. In fact, let us define the
following generating function

N
Zmp(9,t%0, ..., XN) = Z XVir(JVU,ﬁo,...,ﬁN)}q,t)HX{‘H/

Tlo}-“ZTLN i=0

where mi = ny —niy1 and the integers i; form a sequence obtained from
n; by asking the integers m; = fi; —fi{;1 to be ordered. By construction
Zmpl(q,tx0,...,xn) € Qlg,t] ®z A(x), ie. it is a symmetric function in
{xi}{io with coefficients in Qlq, t]. By conjecture 4.19 we have

Zmp (g, tx0, ..., XN) = Z Z (1_2510\1;3];0 (q,t) H i

noZ- 2NN ueEP(ny)

_ Qu(q/ )
- l%) (1— qt)NNu(qrt)mu(X)'

Conjecture g.20. When |po| = |un|+ 1 = |un—1l+2 =--- = |u1|+ N we have
Quo(q/t) = <huo (X)/ﬁuo (X/ q/t)>
— <hu0(x), > EA,M(q,t)KM,VmV(x)>

AveP(ng)

= Z E?\,uo(q/t)

AEP(no)
my, (x)#0
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where the Hall pairing (—,—) is such that (hy,my) = 8, and ﬁu(x;q,t),
K, (q,t) are the modified Macdonald polynomials and the modified Kostka poly-
nomials, respectively.

We checked the previous conjectures up to ng = 10.
If instead A" = A (r > 1,np,...,n) We get a more complicated result,
even though its structure is the same as we had previously

XA, Vi ar, q2,{6)) =
B Tanw (a1, a2 W (a1,42) (o
- Z (1) [V”plo,...,uN’ (4'3'12)
nC---Cug Npo (Cl]/qz)
[0\ 1jl=m;
with
. 1
—la(s)—
Nilro)(qqul): H H [(1_tabq1 (s) qtzlb(s)>
a,b=1seY (a)
Ko
la — —1
(1 _ gla(s)gzans) >]
Mg ,
(r) —i.J u%“)
Tp.o,p.1 (ql/ql) = H 1 _tabch q; ’
ab i=1 j=1
(a) py(b) l’l'l[q)_ el 1
) N r My Ny ]_tabch qz '
T
Wuo,...,uN (qquz) = H H u[b.)ii j—p.(“.)'—l
k=1 a,b i=1 j=I1 (‘] _tabq1k,l qZ kA >
(b) (a)r
Mzr =t J—gey —1
<] tabchk " 2 . )

where now tqp = taty T and {;} are the fundamental characters of (C*)" in
G = (C*)" x T, and ayp(s) denotes the arm length of the box s with respect
to the Young diagram Y« associated to the partition ul®) of u (with an
analogous definition for the leg length).

4.3.3 Virtual equivariant Xx_,—genus

The first refinement of the equivariant holomorphic Euler characteristic we
are going to study is the virtual equivariant X —genus, as defined in [95].
We will denote by O_ggr the virtul cotangent bundle of X, i.e. Q‘Qr = (T>V<ir)\/.
If X is a proper scheme equipped with a perfect obstruction theory of virtual
dimension d, the virtual x_,—genus of X is defined by

X 00 =X (XA, OF) = D (—y) XX, 0),
i>0
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while, if V € K°(X), the virtual X—y—genus of X with values in V' is

v1r (X V) Vir(X,V® /\79_0_‘)7(11') — Z(_y)ixvir(xlv(g) Q;{Vir)-
i>0

Though in principle one would expect x*} (X, V) to be an element of Z[t], it
is in fact true that x‘”r (X, V) € Zlt], [95].
The virtual lezebruch Riemann-Roch theorem implies that [95, Eq. 2]

X (X) = ch(A_y TY") - td(T")
J [X]Vir
J [X]Vll‘
X X V) = h(A_yTY") - ch(V) - td(TY")
J [X]Vir
= | X_y(X)-ch(V),
J [X]vir

which, in terms of the Chern roots of Ey, E; and V become

n m
1—ye™™ 1 T—e™
vir _
X J Jvir .HXI ]—e Xi ]H_IuJ 1 _ye_uj,
n m
T —ye ™ 1T 1—e™
Vll‘ Vi _ -
X V) = J Ze [ g—c o7y
i=1 j=1

Finally one can define the virtual Euler number e"(X) and the virtual signa-
ture 0V*(X) of X as e"'(X) = X‘”ﬁ( ) and oV*(X) = X‘”r( ). Whenever y =0
one recovers the holomorphic virtual Euler characteristic instead.

By extending the definition of x_y—genus to the equivariant case in the
obvious way and by lifting V to an equivariant vector bundle V, one has
(cf. [95, Corollary 6.6])

X (X, Vier, ... e Zp“f (Vi@ Ay (OFFx /A (INF)Y),

whence XV“ (X, V) =xVir (X V;0,...,0).
A smnple Computatlon in equlvarlant localization gives us the following
result for 4/ = A4 (1,n9,...,nN):

X‘EL(JV,V;quZ) —
T (a1,92)W (a1,92)
= Y o, H LN V]| . (4.3.13)
i C--Cuo N ;J(qth) KO, N
[\ Hjl=my

with

) (] _q]—l(s)—]q;(s))
Ny (a1,92) = H <1 _yqfl(s)—1qa(s)>
1 2

SEYy,
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Mo No (1 _qqlk,i_iqu*“é,i*])
k=11=1j=1 (1 yay o lCl]z hox ]>
<1 qlilk 15— lqlz i 1>
(1 yay ™ ) M 1)

k—pl . —1
(] yqﬁlk’ lClz et )
] Hk)_l k’ ukl 1>

(
—1
(1 Hx—1,;— ij— PLOL )

Yydq, qz
Eare

The limit y — 0 manifestly reverts to the case of the equivariant holomorphic
Euler characteristic of the moduli space of nested instantons.
A similar result holds also for the general case r > 1:

Xy (A Viar, a2, {4) =

(r)y (r)y
Tu n (Uh,UIz)Wu ST (91,92)
_ z o/t 0 N [V] }uo/---/UN , (4.3.14)

i C--Cuo N(uro)/y(qth)
|H0\Hj|:nj
with
—la(s)—1 _ap(s)
T T —tavq q )
(MY _ ( ar 2
N (e a2) = [ “la(s)—1 _ap(s)
ab=1s€Y (4 (1_ytabq1 q2 )
Ho
(] _tabq%a(s)q;ab(s)*1)
—1
(1 ytapgie® )
N (1 tabdy " )
T a2 =T I1
ab i=1 j=1 <1 Ytavay " Clz )

a Ty gy -1
e [ ()
T
Wi (91,92) = H H OO
j=1 <] —ytabq]k] qs o )

=~
Il
8
o
-
Il
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(b)
TR R
(] abq1 ) q; ' >
b i3

with the same notations of the previous section.

Virtual Euler number

As we already pointed out previously, two specifications of the value of
y in the x_y—genus, namely y = %1, give back two interesting topological
invariants of a given nested instantons moduli space. Let us consider first
the simpler case of rank 1. We can easily see, in the case of the virtual
Euler number, that taking the specialization y = +1 amounts to counting the
number of nested partitions of a given size. Then, if we assemble everything
in a single generating function we have

M(qh---qu v1r 1 Tlo,...,nj))qgo"'q:nj
)

j=0To,..

-y Z #{m S Sy Crotage--a)”,

j=0TNo,..., N

for which a closed formula is not available to our knowledge. Of course if
we focus our attention on smooth nested Hilbert schemes only (i.e. ni~o =0
or n1 = 1, ni~1-0), the generating function of the virtual Euler number
of smooth nested Hilbert schemes is easily expressed in terms of standard
generating functions of partitions:

> e (1,m,1) ﬁ <

n>0 k=0
(

Z eV (A (r,m, 1))q"™ = H (1 —1qk)

n=>0 k=0
(
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We also notice that whenever qo = q1 = --- = qn, generating function of
Euler numbers is actually accounting for the enumeration of plane partition,
whose generating function is known to be the Macmahon function @(q):

Z Z (A (1,mo0,...,m4))g™T TN = D(q). (4.3.15)
j=0mno,.
4.3.4 Virtual equivariant elliptic genus

A further refinement of the virtual x_,—genus is finally given by the vir-
tual elliptic genus. In this case, if F is any vector bundle over X, we define

e =& (/\_yanV ©A_y 1qnF©Sqn(F@ FV)) e 1+q-KX)y,y "ql,
n>1

so that the virtual elliptic genus ElIY"(X;y, q) of X is defined by (cd. §2.2)
EIY™(X;y,q) =y~ /27 (X, €(TX") € Qlly )[4,
or, equivalently
EIM (X, V;y,q) =y~ V2" (X, (T @ V),

By applying the virtual Riemann-Roch theorem again one can see that the
virtual elliptic genus admits an integral representation [95, Eq. 6]

EIM(X;y, q) = j (T y, q),
[X]vir
EllVir(X,V;y,q):J ELTY5;y, q) - ch(V),
[X]vir

with
EU(FY,q) =y ™ 2ch(A_yFY) - ch(&(F)) - td(F) € A*(X)ly~"/2,y"/?Iql.

It is also interesting to study how the virtual elliptic genus is described in
terms of the usual Chern roots xi, uj, vy, as its formula involves the Jacobi
theta function 0(z, 1) defined as

1/891 —y 25 ! 1 L —1
0(z,1) =q'*5———[[01-q"10 —q'y)(1—a'y™"),
1=1

where q = e?™7 and y = e?™Z. In fact if F is any vector bundle over X with
Chern roots {f;}, one can prove [50] that

rk F

(fi/2m — z,7)
EU(F;z,T Hf 8(f. /2 T) ,
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so that finally

) n . m )
EHVlr(X;y, q) _ J H Xi (X1/27T1 H ul u]/ 7'[1 T)
[X}vir o :

(xl/Zm T) 0(uj/2m—z, 1)

Moreover we can extend the definition of virtual elliptic genus to the
equivariant setting, and apply the virtual localisation theorem, thus getting

[95, Corollary 7.3]

EIV™ (X, V,z,T;€1,...,6n) =
_ y—vd/Z prr (V ® 8 v1r ®/\fy (Qv1r|x )//\ (in/ir)V)

and EIIV"(X,V) = EII'"(X, V;0,...,0) (cf. [95, Corollary 6.6]). In particular
we get in rank 1

BNV (1, V;eq,e2) =
TZT  (eq,e2)WHT (e1,€2)
-y ew T ) [V]] (4.3.16)
ZT ceey 4
niC--Cuo NHO (e1,e2) o
[wo\ 1jl=m;
with

N, (e1,€2) =

O(er(l(s) +1) —eza(s), T)
IT [ate

$€ Yy, l(s)+1) —eza(s) —z1)

B(—e1l(s) +ex(a(s)+1),1)
B(—e1l(s) +ex(l(s)+1)—2z,1)

Mo uO‘L H]‘L

O(eri+ex(j+nii)—2z1)
Tt (e1,€2) ’
Lo, 11 H H O(eri+e2(j+ 1) 1,7

i=1  j=1
NMONO[

Wil an(ene) = [TTITI
k=11i=13=1

Oler(i—e—1;) +e2(1+ 1y —i), 1)
Oler(i—pr—1) +e2(1+up; —j)—2z1)
Oler(i— i) +e2(1+up ;i —j)—z71)

O(e1(i— i)+ €21+ —j), 1)
Oler(i—me—13) +e2(1+up;—j)—2z7)

0(er(i—mk—1)+e2(1+u5;—i),7)

— i) Fe2(1+ 1o —j), 7 _
0(eq 1—uk))+ez(1 +uo;—i)—z1)

7

with e€; = ¢i/2mi. One can easily see that the virtual elliptic genus we just
computed is indeed a Jacobi form, and that its limit T — ico reproduces the
X—y—genus. Moreover by taking the limit y — 0 in the x_,—genus one can
recover the virtual equivariant holomorphic Euler characteristic.

Finally, if we study the virtual equivariant elliptic genus in the more gen-
eral case of rank r > 1, we get

BV (A, V;e1,e2,{ai)) =
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T (€1,22) Wi (e1,€2)
= Mo, M1 Hos--- HN
e e gy s

p1C--Cpp
[0\ 1jl=n;

with

2 (cab +€1(1s) +1) — e2a(s), 7)
Ny (61 €2) lkl 11 [ 8(aqp + €1(U(s) + 1) — e2a(s) —2,7)
a s€Yy,
8aay +—€1lls) +€ala(s) +1),7)
8laay +—e1l(s) + e2(1fs) + 1) —2,7)

(a)r (a)r
T M([)a) Hoi —Hii (a)/

. . )
O(aqy +er1it+e2(j+uy; )1
sitiene= 11T 11 (

ab=1i=1 j=1 Olagp+eri+ €z(j+u1i)l)—lﬂ)

r M N L)

N O | Blaap +er(i—w)) +ea(l+ gt =), 1)
Win e e2) = [ o), (@
k=1 ab=1 i1 j=1 |Olaav +erli—w i) +e2(l+uy; —j)—z1)
. b .
O(aqp +e1(i— uli,)m) +ea(T+ i —3) 1)
. b .
Olaay +er(i— ;) +ea(1+ 1) —j) —z,1)
(b (a)r

O(aqn +e1(i— ) +ea(1+ 1Y —j) —2z,7)

Olaan +e1(i— ) +ea(1+ 1%’

. b .
O(aqn +e1(i—p) ) + el + 1y —i) —z,1)
. b
0(aqy +€1(i— “1(<—)1,)') +ex(1+ H(()fli)/ -

_j)/T)

Notice that by knowing the equivariant virtual elliptic genus one is able
to recover both the virtual equivariant holomorphic Euler characteristic and
X—y— genus. In fact the limit T — ico of (4.3.17) recovers exactly the
X—y—genus found in (4.3.14) and a successive limit y — 0 gives us back
the virtual equivariant holomorphic Euler characteristic (4.3.12).

4.4 TORIC SURFACES

In this section we will generalize the results we got in the previous ones
to the case of nested Hilbert schemes on toric surfaces, and in particular we
will be interested in IP? and P! x P'. This is because one might expect any
complex genus of Hilb™(S) to depend only on the cobordism class of S,
as it was the case for Hilb"™(S), [94], and the complex cobordism ring Q =
QY ® Q with rational coefficients was showed by Milnor to be a polynomial
algebra freely generated by the cobordism classes [P™], n > 0. Then in
the case of complex projective surfaces any case can be reduced to IP? and
P'" x P! by the fact that [S] = a[lP?] + b[IP! x P']. The advantage given by
having an ADHM-like construction for the nested punctual Hilbert scheme
on the affine plane is that it provides us with the local model of the more
general case of smooth projective surfaces. In particular, whenever S is toric,
one can construct it starting from its toric fan by appropriately gluing the
affine patches (e.g. Fig. 2a for IP? and 2b for P! x IP"), and computation of
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topological invariants can still be easily carried out by means of equivariant
(virtual) localization. In general, given the toric fan describing the patches
which glued together makes up a toric surface S, each patch U; will be
U; ~ C?, with a natural action of T = (C*)2. Moreover, if S = IP? or
S=P' x P! and Z € Hilb™(S) is a fixed point of the T—action, its support
must be contained in {Py,...,Py(s)_1} (as a consequence of [66]) with P;
corresponding to the vertices of the polytope associated to the fan, so that
one can write in general that Z = Zo U - - - U Z, (s)_1, with Z; being supported
in P;. This also induces a decomposition of the representation in R(T) of the

virtual tangent space at the fixed points:
. x($)-1
TS (Hib™($)) = @ T (Hib™ (Up)).
=0

Let us call then x‘f{J(Pe) = x‘fg(g/i/ﬂ,.née), . ..,n](\f));que)qz,(g)): we will see
how we will be able to compute x‘f{J(Hilb(“)(IPz)) and xvjry(Hilb(“)(]P] X

P')) in terms of X‘Q{J (Pe).

4.41 Case 1: S =1P?

We will be interested in the following generating function

2
> (Hib®P2)) g =TT | 3 x% (Poa™ |, (4-4-1)

with fi defined as in §4.2.1, and since the left-hand side doesn’t depend on
q1,2, we can perform the computation by taking the iterated limits q; — +oo,
q2 — +oo or q1 — 0x, g2 — 0. In each one of the three affine patches the
weights of the torus action will be

q1,0) = M q2,(0) = 92
q1,c1) = 1/a d2,(1) = 92/41
q1,i2) = 1/a2 92,(2) = 91/92

We will study separately the three patches { =0, 1, 2. First of all we notice
that since the x_y—genus is multiplicative, the first contribution coming
from Nl (q1,92) coincides with the same contribution arising in the context
of standard Hilbert schemes. It wash shown in [153] (see §1.4 for a brief
review) that

1

lim lim =" = ylrol=Mo,
a2—=+00a1—~+oo Ny o, (97,0),92,(0))
1
lim  lim —— = yltol,
az—+ooqi—+oo N o (1,01, 92,(1))
lim lim 1 ZU\HOHS(HO),

2—+oom—+oo NV (q7,(2),d2,(2))

13
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where s(up) = #{s € Y% ca(s) < Us) < a(s) +1}. We are thus left with the

evaluation of the other contributions only. Starting from T, ., we get

r I —1 7)'7”/ i ]
Mo Hoi—Hi4 (1 - Ch,}o)qZ,(O] ) )

lim lim Y
I 2
i=1  j=1 (1 —Y%,0)492,(0) )

q2—+00 q1—+00

—
I

_ —) H/i
‘ ' Mo Mo i Hii (] CI]}])CIZ’“) l,) :
hrﬁ hr& F— =y ,
— 400 q1—+00 —1 - i
q2 q1 i=1  j=1 (1 _quE])qZ ) 1, )
i Lo—ul — =K
‘ . Mo Mo i Hii (] q; EZ)qZ,(Z] 1,
hrﬂ 11rﬂ F— =1,
—+00 q1—>+00 i —j—ui;
12 o i=1 j=1 (1 — Y47 (2)92,2) ] )

whence

qzlimoo l]lllgl!—oo T (@1,0),92,0) =1,
. — 4y lro\mil
qzlggoo q111>1’$oo Tuo H (1,00, 92,10) =y '

lim Iim T Y

q2—+00 g —>Foo HOMI (Ch /CIz,(z)) =1

Finally we need to take care of the limit involving W, .., (q1,92) and in

order to tackle let us first point out that we can rewrite W, ., in the
following simpler form:
N _ qix(s) -1\ (1= lk 11( *ak( )—1
y a5 g,
Wi lava) =TT TT 7 (=T
K=1 SEV 000 ( ya*! ) (1 a9 )
! —1 q. — 1
(] _yq]k( 2 ) <] k 1( qz ao(s)— )

1 —1 1 — —1
(1 _q]k( )qz ax(s) ) (1 q1k 1( )qz ao(s)

v

where ugy is the smallest rectangular partition containing po and ay(s) (resp.

li (s)) denotes the arm length (resp. leg length) of the box s with respect to
Yy.- Then, by recalling that the partitions labelling the T—fixed points are
included one into the other as 7 C --- C un C po C ug© it’s easy to realize
that, in the case { = 0, one gets

lim lim = ] ,

1 —q% q;a‘)( =1 1 for 1 (s) <0
q2—>+00 q1—+00 ] —yq1 qz —ao(s)—1 y~ ! for Li(s) >0

and similarly in every other case:

Iim lim 1- qlk ! )qz_ak(S)_] = 1 for L—1(s) < 0
q2—+00 q1—+00 ] _ yqlk 1(s) z—ak(s)—1 y—1 for lx_1(s) >0 !
Iim lim ] _yq1 _ak(S)_] = 1 forb(s) <0
a2 +ooqi—+o0 | _ gl k(s )qz—ak( s)—1 y for L(s) >0’
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7

. . ]_yq%k—l(s) ;00(5)—1 _ 1 for lx_1(s) <0
q2—+00 q1—+00 | _ qlk‘ q;ao() ! y for L_q1(s) >0

so that finally

lim lim W_ Y . (d1,0),92,0) =1

q2—+00 q1—+00

It is easy to see that the same holds true also for { = 2:

li lim W, ¥ , =1,
om Jun (01,(2),92,(2))
while the case { = 1 is more difficult, even though the analysis of the different
cases can be carried out exactly in the same way. We then introduce the
following notation:

115

iy, i) = #{5 € Ve 11, (5) > @iy (8) + 1V () = ay(5) + 1, @iy () < =1},

and we get

Hm  lim WY (a1,1),02,01) =

q2—+o00 q1—+o0

N
— Hys(ukruk)JFS(kal/HO)*s(Hkruo)*s(uk—lrlik).
k=1

Finally, by putting everything together, we have an explicit expression for
(4-4.1).

ZXVII' (Hﬂb > Zq ZUHLOH‘MO

n {mi}

Zq Zy\uo\ [o\ ] Hy B b )+ (Hk—1,H0)

noo (4.4.2)

yS(HerO)S(Hkerk)>

Zq Zyluol s(po)

n {ui}

4.42 Case2: S=P' x P!

Similarly to previous case, we are interested in studying the following
generating function

3
war (Hﬂb(ﬁ)(ﬂ)] « P! )) q" = H Z X‘fry (Pe)q™ |,
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and we can still perform the computation by taking the successive limits
q1 — 400, q2 = oo or q; — 0, q2 — 0. The four patches are now indexed
by ¢ = (00), (01),(10), (11), and the characters q; () can be identified to be in

this case

q1,00) = q1 q2,(00) = 92
q1,(01) = q1 q2,001) = 1/92
q1,(10) = 1/a1 42,(10) = 92
q1,(11) = 1/ 92,11) = 1/92

An analysis similar to the one carried out in the previous section enables
then us to conclude the following

4

- - - _ yltol—M
nggmqlgqm1/Nu§(q1,(oopCIz,(00)) =y'toim Ve,

~ - - _ ol
qzlgﬂooqllgﬂoo 1/NJ (d1,000),92,001)) =y,

qzli{ﬂoo q]l—igl!—oo 1/NLY(41,(00),92,(10) =y,

lim  lim 1/N_Y(q1,00),92,11)) =Y

q2—>+00 q1—>+00

Jim i T (0 00002000 = 1

L Hm T (a1, 00),92,0m) =

) . _ — o —Iro\ul
QleHl#oo mlg}’lkoo-ruo?m(q1,(00)’q2/(10)) =y M,

- — _ o\l
qzlggooqllgllooﬂo?m(ql,(oquZ,(m) =y Mo

Jim Wit (0092000 =1

M W S (91,000),92,001)) = 1,

[ol+Mo
7

Jim i WS (o080 <

qzli}mﬁo qlli}f}}oo Wi (A1,000),92,011)) = 1,

so that, by putting everything together, we have

R
n

(Hib® (P! x 1)) gt = | 3 q" 3 ylwol Mo

n {uid

anzyluol

n {uid

anzy\uo\—\uo\ml

n {mid

Z q° Z y\uo\—\uo\m [+My

n {mi}

(4-4-3)



5 HIGHER-RANK DT THEORY OF
POINTS OF A3

In this chapter we turn to the study of the K-theoretic Donaldson-Thomas
theory of points of A3. In [14] it is shown that the main player in the theory,
the Quot scheme

Quot s (097, 1) (5.0.1)

of length n quotients of the free sheaf ¢®7, is a global critical locus, i.e. it can
be realised as {df = 0}, for f a regular function on a smooth scheme. This
structural result, revealing in bright light the symmetries we were talking
about, is used to define the higher rank K-theoretic DT theory of points. The
rank 1 theory, corresponding to Hilb™(A3), was already defined, and it was
solved by Okounkov [184, §3], proving a conjecture by Nekrasov [171]. Our
first main result (Thm. 5.1) can be seen as an upgrade of his calculation,
completing the study of the degree 0 K-theoretic DT theory of A3.

In physics, remarkably, the definition of the K-theoretic DT invariants
studied here already existed, and gave rise to a conjecture that we prove
mathematically in Thm. 5.1. More precisely, the formula for the K-theoretic
DT partition function DTX of A3 was first conjectured by Nekrasov [171] for
r = 1 and by Awata and Kanno [11] for arbitrary r as the partition function
of a quiver matrix model describing instantons of a topological U(r) gauge
theory on D6 branes.

We also study higher rank cohomological DT invariants of A3. As we show
in Corollary 5.22, these can be obtained as a suitable limit of the K-theoretic
invariants. Motivated by [11; 172], a closed formula for their generating func-
tion DTSM was conjectured by Szabo [204, Conj. 4.10] as a generalisation of
the r = 1 case established by Maulik-Nekrasov-Okounkov-Pandharipande
[158, Thm. 1]. We prove this conjecture as our Thm. 5.2. To get there, in §5.3
we develop a higher rank topological vertex formalism based on the combina-
torics of r-coloured plane partitions," generalising the classical vertex formal-
ism of [157; 158].

As we mentioned above, the Quot scheme (5.0.1) is a critical locus, thus it
carries a natural symmetric (T-equivariant, as we prove) perfect obstruction
theory in the sense of Behrend—-Fantechi [17; 18]. As we recall in §5.2.1, there
is also an induced twisted virtual structure sheaf OV ¢ Kg(QuotAg(ﬁ@r,n)),
which is a twist, by a square root of the virtual canonical bundle, of the ordi-
nary virtual structure sheaf 0V*. The rank v K-theoretic DT partition function
of the Quot scheme of points of A3, encoding the rank r K-theoretic DT
invariants of A3, is defined as

DTX(A%, q,t,w) = Y q"Xx(Quotps (697, 1), 6) € Z(4, (t1t2t3)2, w)[q],
n>0

1 Here, an r-coloured plane partition is an r-tuple of classical plane partitions, see Def. 5.8.
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where the half power is caused by the twist by the chosen square root of the
virtual canonical bundle (this choice does not affect the invariants, cf. Re-
mark 5.6).

Granting Thm. 5.18, we shall write DTIf(Ag', q,t) = DTIf(A3, q,t,w), ig-
noring the framing parameters w. In §5.4.2 we determine a closed formula
for this series, proving the conjecture by Awata—Kanno [11]. This conjecture
was checked for low instanton number in [11, §4].

To state our first main result, we need to recall the definition of the plethys-
tic exponential. Given an arbitrary power series

f:f(ph---/pe;u]/---/uﬂ) € Q(pTI"'/pe)[[u1/"'/u€ﬂ/

one sets
1
Exp (f) = exp (Z nf(p?,...,p?;u?,...,u?)) , (5.0.2)
n>0

viewed as an element of Q(p1,...,pe)[wr, ..., u¢]. Consider, for a formal
variable x, the operator [x] = x' /2 —x~1/2_In §5.4.1 we consider this opera-
tor on KJ (pt). See §5.6.4 for its physical interpretation. We are now able to
state our first main result.

Theorem 5.1 (Thm. 5.17). The rank v K-theoretic DT partition function of A3 is
given by
DTIr((ABI (_1 )rq/ t) = Exp (Fr(q/ t1,t2, t3 )) ’ (503)

where, setting t = t1t2t3, one defines

[t7] [tyt2][t1t3][t2t3]
[it2qlltzq=1]  [tyllt2]lts]

FT(q/t]/t2rt3) =

The case r = 1 of Thm. 5.1 was proved by Okounkov in [184]. The general
case was proposed conjecturally in [11; 22].

It is interesting to notice that Formula (5.0.3) is equivalent to the product
decomposition

DTX(A3, (—1)7q,t) = [[ DTR(A3, —qt ™=+, 1), (5.0.4)
i=1

that we obtain in Thm. 5.21. This is precisely the product formula [177, For-
mula (3.14)] appearing as a limit of the (conjectural) 4-fold theory developed
by Nekrasov and Piazzalunga.

In §5.5 we study the generating function of cohomological DT invariants,
which is defined as

D-I-goh(A.’)’ q, s, V) = Z an 1 e Q((S/V))Hqﬂ

n>o0 [QUOtAS (09" m)]vir

where s = (s1,s2,s3) and v = (vq,...,v,), with s; = cqlr(ti) and vj = c%r(w]-)
respectively, and the integral is defined in Eq. (5.2.2) via T-equivariant residues.
It is a consequence of Thm. 5.18 that DT‘;Oh(A3, q,s,v) does not depend on v,
so we will shorten it as DTS (A3, g, s). In §5.5.1 we explain how to recover
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the cohomological invariants out of the K-theoretic ones. This is the limit
formula (Corollary 5.22)

DTN A3, q,s) = lim DTX(A3, q,eb%),
b—0
essentially a formal consequence of our explicit expression for the K-theoretic
higher rank vertex (cf. §5.3) attached to the Quot scheme Quotps (07, n).

Theorem 5.2 (Thm. 5.23). The rank r cohomological DT partition function of A3
is given by

(s1+sp)(s1+s3)(sp+s3)

DTCM(A3, q,s) =M((—=1)7q) " s,

where M(t) = [[,,51 (1 —t™) "™ is the MacMahon function.

The case r = 1 of Thm. 5.2 was proved by Maulik-Nekrasov—Okounkov—
Pandharipande [158, Thm. 1]. Thm. 5.2 was conjectured by Szabo in [204]
and confirmed for r < 8 and n < 8 in [22]. The specialisation

DTS™MA®, q,8)|, 4 g, i6,m0 = MU(=1)"q)"

was already computed in physics [73].

In §5.6 we define the virtual chiral elliptic genus for any scheme with a per-
fect obstruction theory, which recovers as a special case the virtual elliptic
genus defined in [95]. By means of this new invariant we introduce a refine-
ment DT$11 of the generating series DTK, providing a mathematical definition
of the elliptic DT invariants studied in [22]. We propose a conjecture (Conjec-
ture 5.32) about the behaviour of DT! and, granting this conjecture, we
obtain a proof of a conjecture formulated by Benini-Bonelli-Poggi—Tanzini

(Thm. 5.33).

5.1 THE LOCAL QUOT SCHEME: CRITICAL AND EQUIVARI-
ANT STRUCTURE

5.1.1  Overview

In this section we start working on the local Calabi—Yau 3-fold A3. Fix
integers v > 1 and n > 0. Our focus will be on the local Quot scheme

Quotps (0%, ),
whose points correspond to short exact sequences

0+S— 0% -T—0

where T is a 0-dimensional & p3-module with x(T) = n.
We shall use the following notation throughout.
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Notation. If F is a locally free sheaf on a variety X, and F — T is a surjection onto
a 0-dimensional sheaf of length n, with kernel S C F, we denote by

[S] € Quoty(F,n)

the corresponding point in the Quot scheme.

In this section, we will:

o recall from [14] the description of the Quot scheme as a critical locus

(§5.1.2),

o describe a T-action (for T = (C*)3 x (C*)" a torus of dimension 3 + 1)
on Quots (0P, n), with isolated fixed locus consisting of direct sums
of monomial ideals (§5.1.3),

o reinterpret the fixed locus Quotxs (0%, n)T in terms of coloured par-
titions (§5.1.4),

o prove that the critical perfect obstruction theory on Quots(€®",n) is
T-equivariant (Lemma 5.10), and that the induced T-fixed obstruction
theory on the fixed locus is trivial (Corollary 5.12).

The content of this section is the starting point for the definition (see §5.2.3)
of virtual invariants on Quotps(0®",n), as well as our construction (see
§5.3) of the higher rank vertex formalism.

5.1.2 The critical structure on the Quot scheme

Let V be an n-dimensional complex vector space. Consider the space
Ryn =Rep( 1) (Eg) of r-framed (n, 1)-dimensional representations of the 3-
loop quiver L3, depicted in Fig. 5.1.1. The notation “(n,1)” means that the
main vertex carries a copy of V, whereas the framing vertex carries a copy

of C.
ug

1 : A1,23

Uy
Figure 5.1.1: The r-framed 3-loop quiver L.

We have that R, ,, is an affine space of dimension 3n? +rn, with an explicit
description as

RT,T\. = {(A1/A2/ A3/u]/ .. -/U’T')|Aj € End(V), U’i c V}
=End(V)®* & VO,

By [14, Prop. 2.4], there exists a stability parameter 0 on the 3-loop quiver
such that 0-stable framed representations (A1, A, A3, uq,...,u,) € Ry are
precisely those satisfying the condition:

the vectors uy,...,u, € Vjointly generate (A7, Az, A3) € Rep, (L3).
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Imposing this stability condition on R, ,, we obtain an open subscheme
Uy n C Ry
on which GL(V) acts freely by the rule
g-(A1,A2,A3u,...u) = (AY, A, AL, qu, ..., gu,),
where AY = gA;g~" denotes conjugation by g € GL(V). The quotient
NCQuoty* = U,/ GL(V) (5.1.1)

is a smooth quasi-projective variety of dimension 2n? + . In [14] the
scheme NCQuot;' is referred to as the non-commutative Quot scheme, by anal-
ogy with the non-commutative Hilbert scheme [182], i.e. the moduli space of
left ideals of codimension n in C(xj,x2,x3) (which of course exists for an
arbitrary number of free variables).

On R, , one can define the function
hn: Ren — AT, (A1,Az, A3, up,...,ur) = trAq[Ay, Az,

induced by the superpotential W = A{[A,, A3] on the 3-loop quiver. Note
that this function

e is symmetric under cyclic permutations of Aj, A; and A3, and
¢ does not touch the vectors u;, which are only used to define its domain.

Moreover, hy|u,,, is GL(V)-invariant, and thus descends to a regular func-
tion
fr: NCQuot™ — A’ (5.1.2)

Proposition 5.3 ([14, Thm. 2.6]). There is an identity of closed subschemes
Quotps (097, ) = crit(fn) € NCQuot]*.

In particular, Quotps (0P, ) carries a symmetric perfect obstruction theory.

We use the notation crit(f) for the zero scheme {df = 0}, for f a function
on a smooth scheme. The embedding of the Quot scheme inside a non-
commutative quiver model had appeared (conjecturally, and in a slightly
different language) in the physics literature [73].

Every critical locus crit(f) has a canonical symmetric obstruction theory,
determined by the Hessian complex attached to the function f. It will be
referred to as the critical obstruction theory throughout. In the case of Q =
Quotps (07, n), this symmetric obstruction theory is the morphism

]Ecrit = [TNCQuot’r1 ‘ QHEifT)1 )O-NCQuot? ‘ Q]

¢J (dvaJ J/id (5.1.3)

]LQ = [f/jz ‘d—> QNCQuotF‘Q]
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in DI=10(Q), where we represented the truncated cotangent complex by
means of the exterior derivative d constructed out of the ideal sheaf .# C
OncQuotr Of the inclusion Q < NCQuot;.

Remark 5.1. As proved by Cazzaniga-Ricolfi in [64], for any integer m > 3,
the Quot scheme Quotam (0®",n) is canonically isomorphic to the moduli
space of framed sheaves on IP™, i.e. the moduli space of pairs (E, ¢) where
E is a torsion free sheaf on P™ with Chern character (r,0,...,0,—m) and
@: Elp ~ 05" is an isomorphism, for D C IP™ a fixed hyperplane. <

5.1.3 Torus actions on the local Quot scheme
In this section we define a torus action on the Quot scheme. Set
Ty =(C*)°, T2=(C*)", T=T;xT>. (5-1.4)
The torus T acts on A3 by the standard action
t-xi = tixg, (5.1.5)

and this action lifts to an action on Quotps (%7, n). At the same time, the
torus T, = (C*)" acts on the Quot scheme by scaling the fibres of ¢®". Thus
we obtain a T-action on Quotps (0P, n).

Remark 5.2. The fixed locus QuotAs(ﬁ@T,n)T‘ is proper. Indeed, a T1-
invariant surjection 6%" — T necessarily has the quotient T entirely sup-
ported at the origin 0 € A3. Hence

Quotps (0", )T — Quotps (%7, n)o

sits inside the punctual Quot scheme as a closed subscheme. But Quot,s (0", n)o
is proper, since it is a fibre of the Quot-to-Chow morphism Quotps (69", n) —
Sym™ A3, which is a proper morphism. <

We recall, verbatim from [14, Lemma 2.10], the description of the full T-
fixed locus induced by the product action on the local Quot scheme.

Lemma 5.4. There is an isomorphism of schemes

Quotas(6¥7,m)T= ] JHiD™(AHT. (5.1.6)

ny+--+n=ni=1
In particular, the T-fixed locus is isolated and compact. Moreover, letting To C T
be the subtorus defined by t1tt3 = 1, one has a scheme-theoretic identity
Quot s (%7, n)Te = Quot,s (%7, )T, (5.1.7)
Proof. The main result proved by Bifet in [32] (in greater generality) implies
that N
Quotas(6¥7,m)T2= ]  J]HiIb™(A?). (5.1.8)

N+ 4n,=ni=1

The isomorphism (5.1.6) follows by taking T;-invariants. Since Hilb*(A3)T
is isolated (a disjoint union of reduced points, each corresponding to a mono-
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mial ideal of colength k), the first claim follows. Let now Ty C Ty be the
subtorus defined by tit;t3 = 1, so that Top = T x T,. Eq. (5.1.7) follows
combining Eq. (5.1.8) and the isomorphism Hilb*(A3)T1 = Hilb*(A3)Te
proved in [18, Lemma 4.1]. [ |

Remark 5.3. The T-action on Quotps(0®",n) just described can be seen as
the restriction of a T-action on the larger space NCQuot;'. Indeed, a torus
element t = (tq,ty,t3,wq,...,w;) € T acts on (A1,A2,A3,U1,...,U;) €
NCQuot;" by

t-P=(t1A7,t2A2, t3A3, wiug, ..., weuy). (5.1.9)

The critical locus crit(fy,) is T-invariant, and the induced action is precisely
the one we described earlier in this section. <

5.1.4 Combinatorial description of the T-fixed locus

The T-fixed locus Quotps(0®",n)T is described purely in terms of r-
coloured plane partitions of size n, as we now explain.
We first recall the definition of a partition of arbitrary dimension.

Definition 5.5. Let d > 1 and n > 0 be integers. A (d — 1)-dimensional partition
of nis a collection of n points A ={ay,...,an} C Zgo with the following property:
if ai = (ai1,...,aiq) € A, then whenever a point y = (y1,...,Ya) € Zgo
satisfies 0 < y; < ayj forallj =1,...,d, one has'y € A. The integer n = |A| is
called the size of the partition.

There is a bijective correspondence between the sets of
o (d—1)-dimensional partitions of size n,
o (C*)4-fixed points of Hilb™(A¢), and
o monomial ideals I C Clxy,...,x4] of colength n.

We will be interested in the case d = 3, corresponding by definition to
plane partitions. These can be visualised (cf. Fig. 5.1.2) as configurations
of n boxes stacked in the corner of a room (with gravity pointing in the
(—1,—1,—1) direction).

Figure 5.1.2: A plane partition of size n = 16.

Example 5.6. If A is a (d — 1)-dimensional partition of size n as in Def. 5.5, the
associated monomial ideal is

Iy = <x§1 X (i, .., a) ezgo\ﬂ> C Clxq,...,xal.
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For instance, if d = 3, in the case of the plane partition pictured in Fig. 5.1.2, the
associated monomial ideal of colength 16 is generated by the monomials shaping the
staircase of the partition, and is thus equal to

4 2.2 5.2 2 3.3 4
<X3/ X1X3,X7X3,X7,X7X2,X1X2X3,X2X3,X1X3,X3X3, X2> - C[X1 X2, X3]~
Here is an alternative definition of plane partitions.

Definition 5.7. A (finite) plane partition is a sequence = {m;li,j > 0} C Zxo
such that my; = 0 for i,j > 0 and

T > TG41,5, T = TU,j+1 fOT’ all l,] > 0.

Definition 5.8. An r-coloured plane partition is a tuple @ = (my, ..., 7, ), where
each m; is a plane partition.

Denote by
M=) my
>0

the size of a plane partition (i.e. the number n in Def. 5.5) and by || =
> i_; |l the size of an r-coloured plane partition.

In the light of Def. 5.7, the monomial ideal associated to a plane partition
T is _

I, = <x§x]2x7;”|i,j > O> C Clx1,%x2,x%3].

It is clear that the colength of the ideal I is |n.

Remark 5.4. A general plane partition may have infinite legs, each shaped by
(i.e. asymptotic to) a standard (1-dimensional) partition, or Young diagram.
We are not concerned with infinite plane partitions here, since we only deal
with quotients %" — T with finite support. <

Proposition 5.9. There is a bijection between T-fixed points [S] € Quotps (0T, n)T
and r-coloured plane partitions T of size n.

Proof. For v = 1 this is well known: as we recalled above, monomial ideals
I C C[x1,x2,x3] are in bijective correspondence with plane partitions. Simi-
larly, to each r-coloured plane partition 7© = (73, ..., 7, ) there corresponds a
subsheaf Sz = @;_; Ir, C 0U". But these are the T-fixed points of the Quot
scheme by Lemma 5.4. [

Computing the trace of a monomial ideal

Recall the map (1.3.1) sending a torus representation to its weight space
decomposition. Consider the 3-dimensional torus T; acting on the coordi-
nate ring R = C[x1,x2,x3] of A3. Then we have

. 1
_ o _ 14 4k
= ) = ) LSS g i)

0ezi, (iLjk) ez,
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For a cyclic monomial ideal mgpe = x$x9x§ - R C R, one has

Mmgee = ) D D> tithts = 1S
Mabe 2R ) - —t3)

i>aj>bk>c

More generally, for a monomial ideal I, C C[x1,x2,x3], one has

try, = Z t%tjztlg. (5.1.10)
(Lj,k) g

These are the building blocks needed to compute trs for an arbitrary sheaf

S =@i_; Ix, corresponding to a T-fixed point [S] € Quotps(€¢®T,n)T.

5.1.5 The T-fixed obstruction theory

Recall from [112, Prop. 1] that a torus equivariant obstruction theory on
a scheme Y induces a canonical perfect obstruction theory, and hence a vir-
tual fundamental class, on each component of the torus fixed locus. In this
subsection we show that the reduced isolated locus

Quot s (%7, n)T — Quot s (0%, n)

carries the trivial T-fixed perfect obstruction theory, so the induced virtual
fundamental class agrees with the actual (0-dimensional) fundamental class.

We first need to check the equivariance (cf. §1.5) of the critical obstruction
theory [Et obtained in Prop. 5.3. In fact, this follows from the general fact
that the critical obstruction theory on crit(f) C Y, for f a function on a smooth
scheme Y, acted on by an algebraic torus T, is naturally T-equivariant as
soon as f is T-homogeneous. However, for the sake of completeness, we
include a direct proof below for the case at hand.

Lemma 5.10. The critical obstruction theory on Q = Quotps (0", n) is T-
equivariant.

Proof. We start with two observations:

1. The potential f,, = tr A1[A;, A3] recalled in (5.1.2) is homogeneous
(of degree 3) in the matrix coordinates of the non-commutative Quot
scheme.

2. The potential f,, satisfies the relation
fu(t-P) =tttz - fn(P) (5.1.11)
for every t = (ty,t,t3) € Ty and P € NCQuot;".

Fix a point p € Q = crit(f,) C NCQuot!. Then, setting N = 2n? +rn =
dim NCQuot,*, let x1,...,xn be local holomorphic coordinates of NCQuot;'
around p. Let the torus T act on these coordinates as prescribed by Eq. (5.1.9),
i.e. ty (resp. t2 and t3) rescales each xy corresponding to the entries of the
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first (resp. second and third) matrix, and wy rescales the coordinates of the
vector uy, for L =1,...,r. Formally, for a matrix coordinate xi, we set

(t1,t2,t3,Wi,..., Wy) - X = tg(k)xk

where {(k) € {1,2,3} depends on whether x; comes from an entry of Ay, A,
or Az. We also have to prescribe an action on tangent vectors and 1-forms.
For a matrix coordinate x;., we set

0 _ titats 0

(t]/t2/t3rw1/‘ oW ) :
Tt Oxk (5.1.12)

(t11t21t3lw1/ .o le‘) : ka = tg(k)ka.
If x comes from a vector component of the 1-th vector, we set

o,
(t1,t2,t3,W1,..., W) — Wi

oxk i (5.1.13)

(t1,t2,t3, w1, ..., wy) - dxye = widxg.

However, the T;-action (5.1.13) will be invisible in the Hessian since the
function f,, does not touch the vectors.
The Hessian can be seen as a section

Hess(f,) € T (Q, TﬁcQuotg Q® TNkCQuot:‘

o)

In checking the equivariance relation
t-Hess(f)(&) = Hess(f)(t-&), teT,

we may ignore local coordinates xy corresponding to vector entries, because
the Hessian is automatically equivariant in these coordinates (equivariance
translates into the identity 0 = 0).

So, let us fix an xj coming from one of the matrices. The (i, j)-component
of the Hessian applied to 9/0xy is given by

9 0% fn
H i (fn = yeeey 3.
essij(fn) <an> axi0%, (x1 XN ) dx;

This will vanish unless k € {i,j}. Without loss of generality we may assume
k = i. In this case we obtain, up to a sign convention,

titatz 0 > _ titgts 9%fn (x1 xn ) dx; (5.1.14)
— yoeeey IR e

tg(k} anan

Hessi; (fn) (

tg(k) OXk

On the other hand, combining the observations (1) and (2) with (5.1.12), we
obtain

0 02%f
t- Hessi: (f = t Lot todx;
essij(fn) (axk> (ate(k)xk)(ate()’)xj)( 0(1)X1 o(NYXN ) te(5)dx;

titats " azfn
e
tg(k)tg(j) () anan

(X1, ..., xn) dx;,
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which agrees with the right hand side of Eq. (5.1.14). Thus we conclude that
the Hessian complex is T-equivariant, as well as the morphism (5.1.3) to the
cotangent complex. This finishes the proof. ]

The property (5.1.11) of f, exhibits the differential df,, as a GL3-equivariant
section
dfn, ® t71 : ﬁNCQuot? - QNCQuotF ® t71/

where t 7! = (tyt,t3) ! is the determinant representation of C3 = P, <i<3 t !

C. Therefore, explicitly, the morphism in D=0 (CohTQ) lifting the critical ob-
struction theory (5.1.3) is

[t® TncQuoty Seis(—{n NCQuot? |o]

(dfn)v({ Jid (5.1.15)

[f/jz ‘d—> QNCQuotF‘Q]

so that, in particular, the equivariant K-theory class of the virtual tangent
bundle attached to the (equivariant) perfect obstruction theory (5.1.15) is

Téir = TNCQuotF Q- QNCQuot? |Q ® t_1 S K% (Q). (5-1-16)

This fact will be recalled and used in Prop. 5.15.
Lemma 5.10 implies the existence of a “T-fixed” obstruction theory

fix
]Ecrit‘QuotA3 (oo )T - ]LQUOtA3 (097 )T (5.1.17)

on the fixed locus of the Quot scheme. We proved in Lemma 5.4 that this
fixed locus is 0-dimensional, isolated and reduced. The next result will imply
that the virtual fundamental class induced by (5.1.17) on the fixed locus
agrees with the actual fundamental class.

Proposition 5.11. Let [S] € Quotps(0®T,n)T be a torus fixed point. The defor-
mations and obstructions of Quotps(0®T,n) at [S] are entirely T-movable. In
particular, the virtual tangent space at [S] can be written as

TS = Blls) = Tals) — Qalis @t € K§(pt). (5.1.18)

Proof. The perfect obstruction theory Eqit on Q = Quotps (%", n), made
explicit in Diagram (5.1.15), satisfies Eqi¢ = lEgit[H ® t. Its equivariant K-
theory class is therefore

Euit = —O-Q_TQ®t S Kg(Q)

We know by Eq. (5.1.7) in Lemma 5.4 that no power of t is a weight of Tg|,
for any fixed point p € QT, which implies that

fix -
<TQ‘p ®t> =0, QQ]f;X =0. (5.1.19)

The claim follows. (]
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Corollary 5.12. There is an identity

vir

[QuotAs(@’@T,n)T] = [QuotAs(ﬁ@T,n)T] € Ag(QuotAs(ﬁ@r,n)T).

5.2 INVARIANTS ATTACHED TO THE LOCAL QUOT SCHEME

In this section we introduce cohomological and K-theoretic DT invariants
of A3, starting from the Quot scheme Quotps (0", n) studied in the previ-
ous section. We first need to introduce some notation and terminology.

5.2.1  Some notation

Recall the tori Ty = (C*)3 and T, = (C*)" from (5.1.4). We let t1,1t,t3
and wi,...,w; be the generators of the representation rings K%] (pt) and
K%z (pt), respectively. Then one can write the equivariant cohomology rings
of Ty and T, as

Hy, = Qls1,s2,83, Hp, =Qlvy,..., v,

where s; = c}n (ti) and v; = c}rz (wj). For a virtual T-module V € K%(pt),
we let
trV E Z((t1/t21t3/W]/ LR IWT))

denote its character, i.e. its decomposition into weight spaces. We denote by

(-) the involution defined on Z((t1,t2,t3, w1,...,w:)) by

P(t1,ta, t3, w1, ..., wy) = P(t; 45,65, wil, oo wi ).

Twisted virtual structure sheaf

For any scheme X endowed with a perfect obstruction theory E — Lx,
define as in [95, Def. 3.12], the virtual canonical bundle

Kx vir = detE = det(Ty")V.

This is just detE® @ (detE~")V if E = E® —E~" € KO(X). We will simply
write Ky;; when X is clear from the context.

Lemma 5.13. Let A be a smooth variety equipped with a regular function f: A —
A, and let X = crit(f) C A be the critical locus of f, with its critical (symmetric)
perfect obstruction theory Eqir — Lx. Then Kx vir € Pic(X) admits a square root,
i.e. there exists a line bundle :

:KE

X,vir

€ Pic(X)
whose second tensor power equals det IE ;.

Proof. The K-theory class of the critical perfect obstruction theory is

Eait = Qaly —Ta

XI
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and by definition one has

det Qalx _ det Qalx
detTalx  (detQalx)™!

KX,Vir: :KA‘X@JKA‘X. [ ]
Let X be a scheme endowed with a perfect obstruction theory, and let
ﬁ;?r € Ko(X) be the induced virtual structure sheaf. Assume the virtual
canonical bundle admits a square root. Following [176], we define the twisted
(or symmetrised) virtual structure sheaf as
. . 1
OX" = OX" O KK yir-
In case X carries a torus action, we will see in Remark 5.5 that ﬁA;’(ir acquires
a canonical weight.

5.2.2 Classical enumerative invariants

Degree 0 Donaldson-Thomas invariants of various flavours have been
computed in [16; 18; 63; 115; 150; 151; 158; 192]. This work is concerned
with the general theory of Quot schemes, hence in the (virtual) enumeration
of 0-dimensional quotients of locally free sheaves on 3-folds.

The naive (topological) Euler characteristic of the Quot scheme is com-
puted via the Gholampour-Kool formula [107, Prop. 2.3]

D e(Quotas(697,m))q™ = M(q)",

n>=0

where M(q) =] [,;,51(1 —q™)" ™ is the MacMahon function, the generating
function for the number of plane partitions of non-negative integers. On the
other hand, the Behrend weighted Euler characteristic of the Quot scheme
can be computed via the formula

D evir(Quotas (097, m))g™ = M((—1)"q)", (5.2.1)

n=>0

proved in [14, Cor. 2.8]. For a complex scheme Z of finite type over C, we
have set eyi;(Z) = e(Z,vz), where vz is Behrend’s constructible function
[15]. See [14, Thm. A] for a proof of the analogue of (5.2.1) for an arbi-
trary pair (Y,F) consisting of a smooth 3-fold Y along with a locally free
sheaf F on it. It was shown by Toda [15] that, on a projective Calabi-Yau
3-fold Y, the wall-crossing factor in the higher rank DT/PT correspondence
is precisely M((—1)"q)"¢(Y). The relationship between Toda’s wall-crossing
formula [211] and the Gholampour—Kool’s formula for Euler characteristics
of Quot schemes on 3-folds [107] was clarified in [14] via a Hall algebra
argument.
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5.2.3 Virtual invariants of the Quot scheme

The scheme Quots: (0P, n) is not proper, but carries a torus action with
proper fixed locus. Thus we may define virtual invariants via equivariant
residues, by setting

=Y LcQlsv), (22

T (TVvir
[S]€Quot g (07T © (1s%)

J[QuotA3 (09" n)]vir

where s = (s1,s2,53) and v = (v1,...,Vv,) are the equivariant parameters
of the torus T and T is the virtual tangent space (5.1.18). The sum runs
over all T-fixed points [S], which are isolated, reduced and with the trivial
perfect obstruction theory induced from the critical obstruction theory on
the Quot scheme (cf. Corollary 5.12). We refer to these invariants as (degree
0) cohomological rank v DT invariants, as they take value in (an extension of)
the fraction field Q(s,v) of the T-equivariant cohomology ring Hy.. We will
study their generating function

DTN (A, q,5,v) = ) q J 1€ Q((s,v)[dq] (5.2.3)

So  JlQuotys (oo

in §5.5. On the other hand, K-theoretic invariants arise as natural refine-
ments of their cohomological counterpart. Naively, one would like to study
the virtual holomorphic Euler characteristic

x(Quotps (0%, 1), oV = Z tr <]> e Z((t,w)),
)

o TVir,V
(sleQuot s (oormyt - N\ Ts

where t = (t;,t2,t3), w = (wq,...,w;), and via the trace map tr we identify
a (possibly infinite-dimensional) virtual T-module with its decomposition
into weight spaces. It turns out that guessing a closed formula for these
invariants is incredibly difficult and, after all, not what one should look
at. Instead, Nekrasov—Okounkov [176] teach us that we should focus our
attention on

x(Quotps (697, n), 6) =
J<:\§11‘ l 2
— Z tr W e Z((t, (t1tat3)2, W), (5.2.4)
[S]€Quot 3 (697 m)T S

where the twisted virtual structure sheaf 0 is defined in §5.2.1 — a square
root of the virtual canonical bundle exists by Lemma 5.13 and Prop. 5.3. The
generating function of rank r K-theoretic DT invariants

DT(A3, q,t,w) = ¥ q"X(Quotas(6°7,n), 6'") € Z(4, (t1t2t3)2, W) [q]
n>0
(5.2.5)
will be studied in §5.4.
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Remark 5.5. To be precise, we should replace the torus T with its double cover
Ty, the minimal cover of T where the character t~'/? is defined, as in [176,
dim NCQuot}*) /2 .

§7.1.2]. Then fK‘],i/rz is a Ti-equivariant sheaf with character ¢~

To ease the notation, we keep denoting the torus acting as T. <

Remark 5.6. As remarked in [5; 176], choices of square roots of K differ by a
2-torsion element in the Picard group, which implies that x(Quotas (097, 1), oV
does not depend on such choices of square roots. Thus there is no ambiguity

in (5.2.5). <

5.3 HIGHER RANK VERTEX ON THE LOCAL QUOT SCHEME

5.3.1  The virtual tangent space of the local Quot scheme

By Lemma 5.4, we can represent the sheaf corresponding to a T-fixed
point
[S] € QUOtAa(ﬁEBT,TL)T

as a direct sum of ideal sheaves

S= é/za C ﬁ@r,

x=1

with Z, C A3 a finite subscheme of length n, supported at the origin, and
satisfying n = } ; <, N« In this subsection we derive a formula for the
character of

X(0%7,0%°7) —x(S,S) € K3 (pt),

where for F and G in K%(pt), we set

X(F,G) =RHom(F,G) = ) (—1)'Ext'(F,G).

i>0

Our method follows the approach of [157, §4.7]. Moreover, we show in
Prop. 5.15 that such character agrees with the virtual tangent space T{" in-
duced by the critical obstruction theory.

Let Q« be the T -character of the a-summand of 697 /S, i.e. (cf. Eq. (5.1.10))

Qu = trﬁz‘x = Z t%tlzt];/
(1,j,k) €y

where 7, C Z;o is the plane partition corresponding to the monomial ideal
Jz7, C R=Cl[x,y,z]. Let Py(ty,t2,t3) be the Poincaré polynomial of .77 _.
This can be computed via a Tj-equivariant free resolution

0—=Exs == Ex1 = Exo— Iz, —0.
Writing

Eui = @ R(dwij), daij € Z3,
j
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one has, independently of the chosen resolution, the formula

Palti t2, t3) = ) (—1)'tde0,
]

By [157, §4.7] we know that there is an identity

1+ Py ( 1)
(T—t)(1—t)(1—t3) >3

ro -
Foreach 1 < o, < 1, we can compute

X(Iz24 I25) = Z (—1)""* Homg (R(dwij), R(dp k1))
15,k

= Z (=) R(dp k1 — deij),
15k

which immediately yields the identity

t - PsPa
e tzg) T T —) (1= ) (1 13)

€ Z((t1,t2,t3)).

It follows that, as a T-representation, one has

x(S,8) =x (chx@) Iz ) Wp ®jz[3)
X

B
= Z X(Woc®jzmlw6®jzﬁ),
T<a BT
which yields
Wi]W[s . P(g§
tI‘ = X o . ( ‘ 2)
x(S,S) Z — L * 53
o, =)= 1) (1 - 1)
On the other hand,
Wflwﬁ
trx(ﬁG?r,ﬁ@r) = Z o4 . (533)
1<, BT (T—t1) (1 —t2)(1 —t3)

Combining Formulae (5.3.2) and (5.3.3) with Formula (5.3.1) yields the fol-
lowing result.

Proposition 5.14. Let [S] € Quotas (097, n)T be a torus fixed point. There is an
identity

try (ger o) —x(s,5)

_ 1 Qo (1=t)(—t2)(—t3) | =
= ) wi'wg <Qﬁ—t1t2t3+ i ats QBch> (5:3-4)

in Z((t1/t2/ t3rw1/ . '/WT))'
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For every T-fixed point [S] we define associated vertex terms

Qi n (1=t (T =t2)(1—t3)
titats titats

Vij = wiw <Qj - Q)'Qi) (5:3:5)
foreveryi,j =1,...,r. It is immediate to see that for r = 1 (forcing i = j) we
recover the vertex formalism developed in [157].

Prop. 5.14 can then be restated as

try (gor gor) —try(s,s) = Z Vij.
1<ij<r

We now relate this to the virtual tangent space (cf. eq. (1.5.4)) T¢ of a point
[S] € Quots(0®T,n)T.

Proposition 5.15. Let [S] € Quotps(0%7,n)T be a T-fixed point. Let T =
EY. 5] be the virtual tangent space induced by the T-equivariant critical obstruc-
tion theory. Then there are identities

T =X(0%7,0°T) = x(5,5) = Y Vi eKE(py).
1<i,j<r

Proof. Let NCQuot;" be the non-commutative Quot scheme defined in (5.1.1).
The superpotential f,,: NCQuot" — A' defined in (5.1.2) is equivariant
with respect to the character (t1,t2,t3) — tit2t3, so it gives rise to a GL3-
equivariant section

(5.3.6)

where, starting from the representation C3 = @, <i<3 t71-Ce K%] (pt), we
have set
71 =detC3 = (tytat3) "

Here, and throughout this proof, we are identifying a representation with
its own character via the isomorphism (1.3.1). The zero locus of the section
(5.3.6) is our Quot scheme

Q = Quot,s (%", n),

endowed with the T-action described in §5.1.3. According to Eq. (5.1.16),
the virtual tangent space computed with respect to the critical T-equivariant
obstruction theory on Q is

Tgir = (TNCQuot'T1 - QNCQuot;‘ ® t_]) ‘[5]' (537)

The tangent space to the smooth scheme NCQuot;" can be written, around a
point S < 0%" -V, as

5= (C =1 ® (Ve V)+ ) Homw.C,V), (5:3.8)

x=1

TncQuot?
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where

T T
P Hom(w,C, V) = Pw,' @V
ax=1

=1
represents the v framings on the 3-loop quiver. Let V be written as a direct
sum of structure sheaves .
V=@ 2z
ax=1

where the a-summand has T-character wyQ«. Substituting

_Hhty ity H ity —titats

C—T=t"+6"+t5'—1

titats
T
V= Z Wochx
a=1
into Formula (5.3.8) yields
TNCQuotI“[g} =
tity +tit3 + oty —t1tts 1 — R
= oo D wa'wpQaQp+ D wi'weQp,
172153 1< BT 1< B<r

and hence

(—O-NCQuot;l ®t_]) ‘[g] =

t+ta+t3—1 1. = 1 Qu
T ot D WawpQuQpt ) wy Wb tots
1tat3 << <o B<r 1t2t3

which by Formula (5.3.7) yields

Tgir: Z W;1W[3 (QB_ ro +(]_t])“_tZ)“_ts)QaQB)~

I<ap<r titats titats

The right hand side is shown to be equal to x(0®", 6%7) —x(S, S) in Prop. 5.14.
| ]

5.3.2 A small variation of the vertex formalism

All locally free sheaves on A3 are trivial, but this is not true equivariantly.
For example, we have Kps = Ops ®@ t1tats € K%1 (A3), even though the
ordinary canonical bundle is trivial. Consider

F=EP 0as @i € K§, (A?) (5.3.9)

i=1

where A = (A;); are weights of the T-action, i.e. monomials in the represen-
tation ring of Ty. Let [S] € Quotps(F,n)T be a T-fixed point. It decomposes
asS=@i_; Iz, O\ € K%}1 (A3), where the weights A; are naturally inher-
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ited from F. This generalises the discussion in §5.3.1, which can be recovered
by setting all weights A; to be trivial. Just as in Prop. 5.15, we can compute

TS =x(F,F) —x(S,S) € K} (pt).

We find

T T
Tg}; =X @ ﬁAs ®7\1W1,@ﬁA3 ®7\jo +
im1 =1

T T
—X @jzi ®7\1Wi,@ Iz; @ Aw;j
j=1 i=1

Therefore we derive the same expression for the vertex formalism as be-
fore, just substituting w; with A;w;.

Define, for A = (A1,...,A;) as above and F as in (5.3.9), the equivariant
integral

1
J . 1:= Z W € Q((s,v), (5.3.10)
[Quot 3 (Fm )]V [S]€Quot 3 (647,n)T e Uis
and let
DT?‘Oh(ASI q, S,V))\ = Z an ) 1 (5311)
n>0 [Quot 3 (Fm )V

be the generating function of the invariants (5.3.10). We shall see (cf. Corol-
lary 5.24) that this expression does not depend on the equivariant weights
Ai.

5.4 THE HIGHER RANK K-THEORETIC DT PARTITION FUNC-
TION

5.4.1  Symmetrised exterior algebras and brackets

We recall some constructions is equivariant K-theory which will be used
to prove Thm. 5.1. For a recent and more complete reference, the reader may
consult [184, §2].

Let T be a torus, V = Zu t* a T-module. Assume that det(V) is a square
in K$(pt). Define the symmetrised exterior algebra of V as

K.V = /\7\/1.
det(V)2
It satisfies the relation

ACVY = (7])rkVon.
Define the operator [ -] by

[t =12 —t 2.
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One can compute

tr(A*VY) = H =

n

Nh:

=] -t ) =],
w

n

For a virtual T-representation V.= 3 t* —3 | tY¥, where the weight v =0
never appears, we extend A® and [-] by linearity and find

tr(AVY) = —H

5.4.2 Proof of Thm. 5.1

By the description of the T-fixed locus Quotps (%7, n)T given in §5.1.4,
every coloured plane partition 7t = (713, ...,7;) corresponds to a unique T-
fixed point S = @]_; .#z,, for which we defined in Eq. (5.3.5) the vertex
terms Vi by

Y

ti1trts titats

with notation as in §5.3.1. The generating function (5.2.3) of higher rank co-
homological DT invariants can be rewritten in a purely combinatorial fash-
ion as

DT?Oh q,s V) Zq'“' H e
i,j=1

Similarly, the generating function (5.2.5) of the K-theoretic invariants can be
rewritten as

DTX(A3, q,t,w) = Zq'"' H i1

i,j=1

A closed formula for DTIf(Ag', q,t,w) was conjectured in [171] and has
recently been proven by Okounkov.

Theorem 5.16 ([184, Thm. 3.3.6]). The rank 1 K-theoretic DT partition function
of A3 is given by

DTY(A3,—q,t,w) =Exp (F1(q, t1,t2,t3))

where, setting t = t1tat3, one defines

B 1 [tita][t1t3][tots]
Fi(g, tq,t2,t3) = qlltiq-1]  [tillt2l[ts]

Remark 5.7. 1t is clear from the expression of the vertex in rank 1 that there
is no dependence on wj. As pointed out to us by N. Arbesfeld, this can in
fact be seen as a shadow of the fact that T, = C* acts trivially on NCQuot7'
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and on df,,. Surprisingly, the same phenomenon occurs in the higher rank
case (cf. Thm. 5.18). <

We devote the rest of this section to proving a generalisation of Thm. 5.16
to higher rank.

Theorem 5.17. The rank v K-theoretic DT partition function of A3 is given by
DTR(A®, (—1)"q,t,w) =Exp (F+(q, t1,t2,13)),
where, setting t = t1t2t3, one defines

[t7] [tyt2][t1t3][t2t3]

Fr(q,t1,t2,t3) = [t][t%q][ﬁqq] [t1][t2][ts3]

Remark 5.8. This result was conjectured in [11] by Awata and Kanno, who
also proved it mod q?, i.e. up to 3 instantons. The conjecture was confirmed
numerically up to some order by Benini-Bonelli-Poggi-Tanzini [22]. <

The proof of Theorem 5.17 will follow essentially by taking suitable limits
of the weights w;. To perform such limits, we prove the following key result.

Theorem 5.18. The generating function DTN(A3, q,t,w) does not depend on the
weights wi, ..., Wr.

Proof. The n-th coefficient of DTIf(A3 ,q,t,w) is a sum of contributions
Ty, =
A simple manipulation shows that

l_[uij Wi _thuij
Hvij Wi _thVij
[T, (1= wi Tyt

_A(t) H Hvﬁ(] —W;]thvﬁ),

1<i<jigsr

T =A0 []
1<i<jigr

(5.4.1)

where A(t) € Q((t1, t2, t3, (t3 tztg)% )) and the number of weights w;; and vy;
is the same. Thus, DTIf(A3 ,q,t,w) is a homogeneous rational expression of
total degree o with respect to the variables wy,...,w,. We aim to show that
DTYX(A3,q,t,w) has no poles of the form T —w; 'w;tVi, implying that it is
a degree 0 polynomial in the w;, hence constant in the w;. This generalises
the strategy of [11, §4].

Set w = w;1wjt“’ for fixed i < jand v € Ti. To see that 1 —w is not a
pole, we use [5, Prop. 3.2], which asserts the following: if M is a quasiprojec-
tive T-scheme with a T-equivariant perfect obstruction theory and proper
(nonempty) fixed locus, then for any V € KI(M), the only poles of the
form (1 —w) that may appear in x(M, V® 0" arise from noncompact weights
weT. A weight w is called compact if the fixed locus M C M is proper,
where T\, is the maximal torus in ker(w) C T, and is called noncompact
otherwise [5, Def. 3.1].

We of course want to apply [5, Prop. 3.2] to M = Q = Quotps (%7, n),
T =T; xT, and V = X!/?

. By Equation (5.4.1), our goal is to prove that
w =w; 'w;tY is a compact weight for all i < j and v € T.
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First of all, we observe that T,, = ker(w). Indeed w is not a product of
powers of weights of T, hence

O(kerw) = O(T)/(wi 'wit¥ —1)

~ +1 41 41 4] +1 +1 +1
=C |ty ty i3 0wy, w Wiq/ee Wh

*7 i’f'll 7

which shows that ker(w) is itself a torus (of dimension 3 +r —1). Next,
consider the automorphism T : T ~ T defined by

(tlltzltalwll"‘lwr) H (t1ltzlt3/W]/"'Iwit_vl"‘lel“‘lwr)'

It maps T,, C T isomorphically onto the subtorus T7 x {w; = wj} C T. This
yields an inclusion of tori

Ty ~ Ty x{(1,...,1)} < 1(T.,). (5.4.2)

We consider the action o, : T x Q — Q where T translates the support of
the quotient sheaf in the usual way, the i-th summand of 6% gets scaled by
witY and all other summands by wy for k # i. In other words, in terms of
the matrix-and-vectors description of Q, we set

O_V(t/ (A],AZ,A3,U],. '°/uT‘)) =

= (t1A1, 2 A2, t3A3, Wiug, ., witVug, ., Wil ),

just a variation of Equation (5.1.9) in the i-th vector component. Then, upon
restricting this action to T,,, we have a commutative diagram

TWXQ%Q

o

Ty (Ty) X Q — Q

where o is the restriction of the usual action (5.1.9). This diagram induces a
natural isomorphism QT ~ Q™ (Tw) which combined with (5.4.2) yields an
inclusion

QTW - QTV(TW) N QT1,

where Q' is the fixed locus with respect to the action o,. But by the same
reasoning as in Remark 5.2, this fixed locus is proper (because, again, a T-
fixed surjection 09" — T necessarily has the quotient T entirely supported
at the origin 0 € A3). Thus w is a compact weight, and the result follows. ®

Remark 5.9. After a first draft of this work was already finished, we were
informed of an alternative way to prove Theorem 5.18, which, in a nut-
shell, goes as follows: one exploits the (proper) Quot-to-Chow morphism
Quotps (09", n) — Sym™ A3 to express the K-theoretic DT invariants as
equivariant holomorphic Euler characteristics on Sym™ A3, where the fram-
ing torus T is acting trivially on the symmetric product. One concludes
by an application of Okounkov’s rigidity principle [184, § 2.4.1]. This strategy
will be carried out in [6]. <



54 THE HIGHER RANK K-THEORETIC DT PARTITION FUNCTION \

Thanks to Theorem 5.18, we may now specialise wy, ..., w; to arbitrary
values and take arbitrary limits. We set w; = L' fori=1,...,r and compute
the limit for L — oo.

Lemma 5.19. Let i < j. Then we have

; I\ R N ATE
LIE};O[*VU][ Vﬂ]'wi:Li _( tz)ﬂ] Tl

Proof. Notice that all monomials in V;;j are of the form w; ' wj;A for A a mono-
mial in tq, t2, t3. Then

i 'wiAl| = (U z(1—LYIa7).

W,’L:Li

Write Q; = Zu thand Qj = ) ., tV. Taking limits, we obtain

lim [—Vi)'] ‘

lim — lim [—w;1w)~(Q]- —Qit™!

wi=L" L—oo

Q1= 1)1 =) (1= 1) [,y

L% I, ¢

Similarly, we obtain
Jim =Vl o= (RO dim V]
= (=1l lim |y (@ — Qs
~QQ -t -0 -]
_ (1)l E%L%('”’_'”i)nﬁ(tf—té)'
m
We conclude, as required, that
Lli_rfolo[_vij][—vji]'vvi:]_i = (—t2)lml Il u

Lemma 5.20. Let x be a variable and c¢; € Z, for i =1,...,v. Then we have

T
H XCj*Ci — HX(7T71+21)01.
i=1

1<i<jsr

Proof. The assertion holds for v = 1 as the productory on the left hand side
is empty. Assume it holds for r — 1. Then we have:

r—1
1<igjgr 1<i<gig<r—1 i=1
r—1

_ X(T—] )er H X(—r—l +21i)cy

i=1

139



140 | HIGHER-RANK DT THEORY OF POINTS OF A3

T
_ HX(_T_H_Zi)Ci. -
i=1

Combining Lemma 5.19 with Lemma 5.20 we can express the rank r K-
theoretic DT theory of A3 as a product of T copies of the rank 1 K-theoretic
DT theory. This product formula already appeared as a limit of the (conjec-
tural) 4-fold theory developed by Nekrasov and Piazzalunga [177, Formula

(3.14)]13

Theorem 5.21. There is an identity

DTK(A3, (=1)7q, t, w) = HDTI< T g,

Proof. Set w; = Lt. The generating series DTX(A3, q,t,w) can be computed
in the limit L — oo:

. Kip3 _ |
(i, DT+ (A 'q't'w)*ﬁféozqn H]
i

]<i<j§r
= Z H q\ﬂil [_Vij] H (_t%)|7‘[j|7|7-[i‘
T i=] I<i<j<r
= Z H gl ﬁ(_t%)(—r—lﬂi)lml
T i=1 i=1

= Z H |7T1 )(rﬂ 7| (Z ) 7l

! BRI
=3 TTEval (0 qes )"
7T i=1
— T o5, (-1 g ), .
i=1

We can now prove Thm. 5.17 (i.e. Thm. 5.1 from the Introduction).

Proof of Thm. 5.17. Define

—r—1 3
Grilg,ti,t2,t3) =F1(qt 2 ™%, t,t2, t3).
We have
1
[ g e ()

[t e[t 5 ][5 t5] >
e e

DTN(A3, —qt ™7 Sy = exp Z —
n>1 qu

3 Typo warning: N. Piazzalunga kindly pointed out to us that in [177, Formula (3.14)] one
should read ’N—H — U instead of ‘N +1—21".
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= Exp (Gri(q, t1,t2,13)).

By Thm. 5.21 and Thm. 5.16 it is enough to show that F, = Y [ ; G, 4, or
equivalently

i 1 [t]
[tzqt 7 TYltzq 1t T Y [t qllti g

i=1

It is easy to check this is true for r = 1,2. Let now r > 3: we perform
induction separately on even and odd cases. Assume the claimed identity
holds for r — 2. In both cases we have

by which we conclude the proof. ]

5.4.3 Comparison with metivic DT invariants

Let f: U — A' be a regular function on a smooth scheme U, and let fi be
the group of all roots of unity. The critical locus Z = crit(f) C U inherits a
canonical virtual motive [16], i.e. a {i-equivariant motivic class

dim U
2

Zhir =L~ "3 [pg] € ME = K5 (Varc) [L 7]

such that e[Z]yi; = eyir(Z), where eyi:(—) is Behrend weighted Euler charac-
teristic and the Euler number specialisation prescribes e(IL.~'/2) = —1. The
motivic class [¢p¢] is the (absolute) motivic vanishing cycle class introduced
by Denef and Loeser [81].

The virtual motive of Quotps (0P, n) = crit(f,), with respect to the criti-
cal structure of Prop. 5.3, was computed in [190, Prop. 2.3.6]. The result is as
follows. Let DTI™(A3, q) € Mc[q] be the generating function of the virtual
motives [Quotps (0®",n)lyir. Then one has

rm—1

DTrY(A3,q) =[] T1 (1—1Lz+k—%qm)_1. (5.4.3)

m>1 k=0

The case r = 1 was computed in [16]. The general proof of Formula (5.4.3) is
obtained in a similar fashion in [62; 190], and via a wall-crossing technique
in [63]. Moreover, it is immediate to verify that DT™°" satisfies a product for-
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mula analogous to the one proved in Thm. 5.21 for the K-theoretic invariants:
we have

T
DTFY(A3, q) = [ [ DT (A3, qL T +i) : (54-4)
i=1

In particular, up to the substitution tz — —]L%, the factorisation (5.4.4) is
equivalent to the K-theoretic one (Thm. 5.21). As observed in [192, §4], the
(signed) motivic partition function admits an expression in terms of the mo-
tivic exponential, namely

DT™ A3 (1)q) — E (—rl)fqlL% _Li-LTE)
A% () a) =Exp <(1 —(—1)qLI) (1 — (—1)rqL 5 LI — L7
(5.4.5)

Given their structural similarities, we believe it is an interesting problem
to compare the K-theoretic partition function with the motivic one.

It is worth noticing that Formula (5.4.5) can be recovered from the fac-
torisation (5.4.4), just as we discovered in the K-theoretic case during the
proof of Thm. 5.17. This fact follows immediately from the properties of the
plethystic exponential.

Remark 5.10. A virtual motive for Quoty(F,n) was defined in [192, §4] for
every locally free sheaf F on a 3-fold Y. Just as in the case of the naive motives
of the Quot scheme [191], the resulting partition function DT™(Y, q) only
depends on the motivic class [Y] € Ko(Varc) and on r = rk F. See also [65] for
calculations of motivic higher rank DT and PT invariants in the presence of
nonzero curve classes: the generating function DTT®'(Y, q), computed easily
starting with Formula (5.4.3), is precisely the DT/PT wall-crossing factor. <

5.5 THE HIGHER RANK COHOMOLOGICAL DT PARTITION
FUNCTION

5.5.1  Cohomological reduction

One should think of K-theoretic invariants as refinements of the cohomo-
logical ones, as by taking suitable limits one fully recovers DT‘;"h(A3, q,s)
from DTE(A3, q,t). We make this precise in the remainder of this section.

Let T = C9 be an algebraic torus and let ty,...,ty be its coordinates.
Recall that the Chern character gives a natural transformation from (equiv-
ariant) K-theory to the (equivariant) Chow group with rational coefficients
by sending t; — e, where s; = c1 (t;). We can formally extend it to

h
Zity, P —2— Qs1,. .., 8]

! l

ZI®, .. b e € 5 C[sy, ..., 54]

by sending t? — e®si, where b € C.
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In §5.4.1 we defined the symmetrised transformation [tV] = tz —t 2. We
set [ch(tPH)] = e"" —e~"%" asan expression in rational cohomology, which

enjoys the following linearisation property:

bu-s

T (1—e ") = pel (t*) + o(b?).

[ch(t**)] = e

In other words, e ( - ) is the first-order approximation of [-] in T-equivariant
Chow groups. For a virtual representation V=3 th—3 |tV € KE(pt), de-
noteby VP =3 tP#*—3 _ t®Y the virtual representation where we formally
substitute each weight t* with t?*. We have the identity

[T[eh(t®™)] brkVHu(eT(t”) +0o(b))
[T, [ch(t®Y)] [T, (eT(tv) +o(b))

If rk V =0, by taking the limit for b — 0 we conclude

[ch(V®)] =

lim [ch(V®)] = eT(V). (5.5.1)

It is clear from the definition of ch(-) and [-] that these two transforma-
tions commute with each other. This proves the following relation between
K-theoretic invariants and cohomological invariants of the local model.

Corollary 5.22. There is an identity
DT?.Oh(Ag', q, s, V) = %12}) DTE(Ag', q, ebs, eb\;).

Proof. Follows from the description of the generating series of K-theoretic
invariants as

DTX(A3, gt w) = > q" > [T

n>0  [S]€Quotys (0% )T

and by noticing that rk T{* = 0. [

Thanks to the v-independence, we can now rename
DTN A3, q,s) = DTN A3, q,5,v).
We are ready to prove Thm. 5.2 from the Introduction.

Theorem 5.23. The rank r cohomological DT partition function of A3 is given by

(s1+sp)(s1+s3)(sp+s3)

DT (A3, q,s) =M((—1)"q) " $1°2°3

Proof. By Corollary 5.22 and Thm. 5.17, we just need to compute the limit
: K 3 (_1\7 bsy _ 1; b .b ;b
ggr}) DT} (A®,(—1)"q,e"*) llg}noExp (Fr(q,t7,t3,t3)).

Denote for ease of notation s = c}r(t) = 81+ s2 + s3. By the definition of
plethystic exponential, recalled in (5.0.2), we have
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) [ bkrs]
lim E ,t0,15,1%)) =
blg}) Xp( (g 2 3) expg (b—>o [ebks][e X 5qk] [e%sq—k]

[ebk(s1 +sz)] [ebk(m +53)] [ebk(sz+53)] >

[ebk$1 ] [ebksz} [ebk83]

We have
lim [ePK(s1s2)][ebklsiHs3)][gbklsats3)] (g 4 55)(s1 +53)(s2 + 53)
b—0 [ebksi][ebks2][ebkss] - $15283 ’
and
[ bkrs] T qk
llm bkt bkt = k —k =T (1 _ qk\2°
b0 [ebks][eF s qk][e B sq—K]  [q¥I[g¥] (1—q*)

Recall the plethystic exponential form of the MacMahon function

mia) = TT0-a" " = s ).

n>1

We conclude

lim DTK(A3, (—1)7q, %) — exp (_T. (s1+s2)(s1 +53)(s2 +53)
b—0 $1S8283

1 gk
Z E“ qk)z)

k>1

_r (s1+sp)(sy+s3)(sp+s3)

= I\/I(q) 515253 . ]

Thus we proved Szabo’s conjecture [204, Conj. 4.10].

Remark 5.11. The specialisation

DTS.Oh(Asl q’S)‘s1+Sz+s3:O = M((—])rq)r/

recovering Formula (5.2.1), was already known in physics, see e.g. [73]. <«

We end this section with a small variation of Thm. 5.2.

Corollary 5.24. Fix an r-tuple A = (Aq, ..., Ay) of T1-equivariant line bundles on
A3. Then there is an identity

DTM(A3, q,5) = DTN A3, q,5,v),

where the right hand side was defined in (5.3.11).

Proof. We have
TSh = Z AV

Let Vij = 3, wi 'w;tH be the decomposition into weight spaces. A mono-
mial in T¢ is of the form A7 TAw TwjtH and its Euler class is

eT(}\i_]A]’Wi_]thu) = HU- S+\)j +Cj1r(}\)') — Vi —C?()\i)
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=U-s+V;—Vi
where we define v; = v; + c?(?\i). We conclude that
DTN A3, q,5,v)) = DTN(A3, q,5,9),
which does not depend on v by Thm. ?2. [ ]

Example 5.25. Set v = 2, n = 1, so that the only T-fixed points in Quotps (092,1)
are the direct sums of ideal sheaves

S1=I @O C O, S, =00 I C 0%,

where pt = (0,0,0) € A3 is the origin. One computes

; 1 T—4)(T—1t2)(1—t 1
e _q_ I—t)0—t)i=t) 0
! ti1trts ti1trts ti1trts
; 1 T—t)(T—1t2)(1—t 1
Ténr: _ ( 1)( 2)( 3) —WE]W1 +WT1W2
2 titrts titrts ti1trts

Therefore, the cohomological DT invariant is

| = eT(—TE) 4 eT(-Tg).
[Quotys (652,1)v

The part that could possibly depend on the framing parameters vy and v; is, in fact,
constant:

1 1

T -1 —1 T —1 —1

e w; w —WwW, w +e W, W —W; w =
( 1M ht 2 1) ( 2 gty 2)

—V1+Vy—§ V]—Vy)—5§
N 1 2 n 1 2 — 2

N V1 —V2 V2 —Vq
Let Ay and Ay be two T1-equivariant line bundles. After the substitutions w; —
Wi, and setting Vi = vi + ¢1(Ay), the final sum of Euler classes depending on v

becomes L
V2 —Vq

2 = -2

V1 —V)

56 ELLIPTIC DONALDSON—THOMAS INVARIANTS

5.6.1  Chiral elliptic genus

In [22] an elliptic generalisation of DT invariants is given. In physics the
invariants computed in loc. cit. are obtained as the superconformal index of a
D1-Dy brane system on a type IIB N = 1 supersymmetric background, where
r D7-branes wrap the product of a 3-fold by a torus, i.e. X3 x T2, while n D1-
branes wrap T2. The connection with enumerative geometry is then given
via BPS-bound states counting, as brane systems often provide interesting
constructions of relevant moduli spaces. In the case at hand, when X3 = A3,
the D1-Dy brane system considered has a BPS moduli space which can be
naturally identified with the moduli space parametrising quotients of length
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n of ﬁﬁ; . The superconformal index is usually identified in the physics
literature with the elliptic genus of such a moduli space. This however does
not coincide with the usual notion of (virtual) elliptic genus, as the coupling
to the Dy-branes breaks half of the chiral supersymmetry, thus leading to an
effective 2d N = (0,2) GLSM on T? for the D1-brane dynamics, whose Witten
index generalises the K-theoretic DT invariants of A3 and provide a sort of
chiral (or 1/2 BPS) version of the elliptic genus of the Quot scheme. In this
section we give a mathematical definition of the elliptic invariants computed
in [22], and show that our definition leads precisely to the computation of
the same quantities found in [22, §3].

Let X be a scheme carrying a perfect obstruction theory E — ILx of virtual
dimension vd = rk E.

Definition 5.26. If F is a rank r vector bundle on X we define

€1/2(F) = @ Syms. (FOFY) €14 p-KX)[p] (5.6.1)

n>l1

where the total symmetric algebra Sym; (F) = Zi>o pUS'F] € KO(X)[p] satisfies
Sym; (F) = 1/A%,(F). Note that €1, defines a homomorphism from the additive
group KO(X) to the multiplicative group 1+ p - K°(X)[p]. Set

1

—L 1
0 /2 (F;p) = (—p~ 12)™ T ch (&1 ,(F)) - td(F) X)[plp=12],  (56.2)
where td(—) is the Todd class, so that €Ly ,,(—;p) extends to a group homomor-
phism from K°(X) to the multiplicative group of units in A*(X)[p] [pi%z].
We can then define the virtual chiral elliptic genus as follows.

Definition 5.27. Let X be a proper scheme with a perfect obstruction theory and
V € KO(X). The virtual chiral elliptic genus is defined as

1

ELIY, (X, V;p) = (—p ST (X, €4 2 (THT) @ V) € Z[p]ip* ]

By the virtual Riemann—Roch theorem of [95] we can also compute the virtual chiral
elliptic genus as

EIL, (X, V;p) = J £001 (TS p) - ch(V).
[X}vir

Remark 5.12. One may give a more general definition by adding a “mass
deformation” and defining 82%(]2) for F € K°(X) as

YL (Fp) = Q) Sym? 1 (F) @ Sym? (Fv)€1+p~K°(X)[y,y’1H[Pﬂ,

n>l

so we recover the standard definition of virtual elliptic genus by taking
E(F) = &L (Fp) @ EY5(=F;p), cf. [95, §6]. <

Proposition 5.28. Let X be a proper scheme with a perfect obstruction theory and
let V € KO(X). Then the virtual chiral elliptic genus EINY'},(X, V;p) is deformation
invariant.
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Proof. The statement follows directly from Def. 5.27 and [95, Thm. 3.15]. =

Letnow V = Zu tH* be a T-module as in §5.4.1. The trace of its symmetric
algebra is given by

R B 1 B 1
tr (Symp(V)) =tr </\'p(\/)> = 11[ m

Let us now assume as in §5.4.1 that detV is a square in K%(pt) and u=0is
not a weight of V. We can then compute the trace of the symmetric product
in (5.6.1) as

. 1
r (®Symv" (V@Vv)> N I:I 11 (1 —pntw)(1—prt—w)’

n>l1 n>l1

Sym®,. (Ve VvV
tr ®n>1 Yy P ( ) :H ]_ H 1 —
AVY ; 1—1t e (T—pmtH) (1 —pnt—H)

kV tH/2

= (~ip'o(p) l] o(p )’

where ¢ (p) is the Euler function, i.e. ¢(p) = [ [, (1—p™), and 6(p;y) denotes
the Jacobi theta function

0(p;y) = —ip/*(y'2 —y~1/?) H J(T—yp™) (1 =y~ 'p™).

Combining everything together we are able to compute the trace

ns1SymS. (Ve VY) @ det(VY)1/2
A:(—‘pfil)rkvt <® >1°oyMy, ( ) (V)

ASVY

to get the identity

(p; tH)
:Hi n(p)
o 0ptH)
where n(p) is the Dedekind eta function
np) =p= [JO-p™.

For a virtual T-representation V = Y t* —3  t¥ € K§(pt) where p =0 is
not a weight of V, we compute

12 )kV Qn>1 Sym;n (Ve VvV)@det(VV)!/? -
(—p 2)" V' tr _
A*VY
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av ]y 0(p;tY)

= ()Y P

For the remainder of the section we set p = ¢27'%, witht € H = {t € C|J(1) > 0}
Denoting 0(tlz) = 0(e?™F; ¢2™?), 0 enjoys the modular behaviour

0(tlz + a4 br) = (—1)atbe 2mibz—inbirg )y (b e 7.

Analogously to the measure [-] for K-theoretic invariants, we define the
elliptic measure

— v 1. 8(pstH)

[L,0(p;tv)’
which satisfies 8[V] = (—1)*V@[V]. Notice that, if tkV = 0, the elliptic
measure refines both [-] and eT(-)

OVl = (i-n(p))

where the second limit was dicussed in §5.5.1.

Remark 5.13. The definition we gave for virtual chiral elliptic genus is remi-
niscent of what is commonly known in physics as the elliptic genus (or su-
perconformal index) of a 2d N = (0, 2) sigma model. Our definition actually
matches the one in [138] for N = (0,2) Landau-Ginzburg models. Indeed,
in this case we are given an n-dimensional (compact) Kdhler manifold X to-
gether with a holomorphic vector bundle E — X such that ¢ (E) —c1(Tx) =0
mod 2. If we then consider the K-theory class [V] = [Tx] — [E], the supercon-
formal index of [138] can be written as

IXEp) = (—ip )™V (X, €1 /2(V) @ det(VY)? )

and in terms of the Chern roots vi, w; of Tx and E, respectively, we also have
(cf. [98])

T0(tlaE) £ vim(p)
5P JXH n(p) Ee(%;{) )

i=1

5.6.2 Elliptic DT invariants

Definition 5.29. The generating series of elliptic DT invariants DTS(A3, q,t, w;p)
is defined as

. 1
DT(A3, q,t,w;p) = Y q™EIY,(Quotps (697, 1), X2, p) € Z(t, 2, w)[p, q]-

n=>0

Being that Quotps (07, n) is not projective, but nevertheless carries the action of
an algebraic torus T with proper T-fixed locus, we define the invariants by means
of virtual localisation, as we explained in §1.5.
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At each T-fixed point [S] € Quotps (%7, n)T, the localised contribution is

®nz1 Symy (T 0 T
LY
ATy

tr

from which we deduce that we can recover the K-theoretic invariants in the
limit p — 0. As for K-theoretic invariants, we have

DTY(A%, q, t,wip) = ) q" > 0[-Tg"]

nz0  [S]eQuot,z (09T,n)T
T
= Y™ [ ol-vy,
i i,j=1

where 7 runs over all r-coloured plane partitions.

Contrary to the case of K-theoretic and cohomological invariants, there
exists no conjectural closed formula for elliptic DT invariants yet, even for
the rank 1 case. Moreover, the generating series depends on the equivariant
parameters of the framing torus, as shown in the following example.

Example 5.30. Consider Q3 = Quotps(0®3,1), whose only T-fixed points are
S1 = jpt@ ﬁ@z - ﬁ®3,

S$:=06 I 0 C 09,
S3=0% @ I C 09,

with pt = (0,0,0) € A3 asin Example 5.25. We have

- 1 T—t)(T—1t2)(1—t 1
gﬁrzl_ +( 1)( 2)( 3)—WT1W2
titrts ti1trts ti1trts
1
-1 -1 —1
+w, W) —w; w +w; wy,
2 1 1 3t1t2t3 3 1
vir _ 1 T=-t)(0—-t)(0—t3) 4 1
S, — - _WZ Wi
titots titats titoats
—1 —1 —1
+w; Wy —w, w + w3 wy,
P Pt T2
- 1 T—t9)(1T—t2)(1—1 1
g;r: . +( 1)( 2)( 3)—W§1W]
titats titats titats
—1 —1 —1
+w; w3 —w, w +w, ws,
T 3 T tts 2 7

by which we may compute the corresponding elliptic invariant. Set w; = e*™i
and t; = e2™¢, 5o that

i 1 O(tlva —vi —s)6(Tlvs —vi — )
EIY, (QF, K2, t,w;p) = O
172(Qi: e t0ip) <>< 8(thvi —v2)0(tivy —v3)

0(thvi —v2—s)0(Tvs —va—s)  O(tlvi —v3 —s)0(Tlvy —v3 —5))
O(thva —v1)0(Tlva —v3) B(tlvs —v1)0(Thvz —V2)
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where s = s1 + s, + s3, with the overall factor

O(tls1 +52)0(Tls1 +53)0(T|s2 +s3)
0(tls1)0(Tls2)0(Tls3)

O =

Moreover, by evaluating residues in vi —v; = 0 one can realise that E1 ‘{i/rz(Q?, Kli/rz, t,w;p)
has no poles in v;. Indeed

Resvlf‘)Z:o El ‘{l/rz Q1' Vlr’p
B

O(thva —v3) O(thva —v3)

and the same occurs for any other pole involving the vi’s. However, this does not
imply the independence of the elliptic invariants from v, as we now suggest.

Set Vi = vi + ai +biT, with ay, by € Z, for i = 1,2,3. Applying the quasi-
periodicity of theta functions, we get

o

0(tlvy —v2)0(tlvy —v3)0(tlvy —v3)

‘]71/1'2 Q]’ V1r/‘t W p)

(B(tvz — V71 —s)B(tlvz — V1 —s)0(T[vy —V3)

—0(tvy —V2 —s)0(tvz — V2 —5)0(t[vy —V3)

+0(tvy —V3 —5)0(tvy — V3 —s)0(tlvy —V2))
_ % ,

O(thvi —v2)0(Tlvi —v3)0(TIv2 —Vv3)

(ezms(bﬁbrzb])e(

Tvy —vi —8)0(Tlvz —vi —s)0(Thva —Vv3)

—e?s (0103720208 (tlyy — vy —5)0(Tlvs —v2 —5)0(Thvi —V3)

e2mis (0102-203)p xfy; — 3 — )8(thvy —v3 —5)B(Thv1 —v2))

Notice that for general values of s we have
vi 1/2 — vi 1/2
BT (QF, 5y, 6, wip) # EI (QF, 5047 1, wip):

However, if we specialise s & %Z, we see that in the previous example the chiral
elliptic genus becomes constant and periodic with respect to v on the lattice Z + 372
and is holomorphic in v, from which we conclude that it is constant on v under this
specialisation. Therefore, by choosing w; = e2™3 to be third roots of unity, one can
show

‘1,1/142(Q1, v1r’t w;p)

_ (=1)ym+13, ifk=3m, meZ
o, ifk ¢ 3Z.

ik
t:€27n 3

5.6.3 Limits of elliptic DT invariants

Even if a closed formula for the higher rank generating series of elliptic
DT invariants is not available, we can still study its behaviour by looking at
some particular limits of the variables p, ti, wj.
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It is easy to see that, under the Calabi—Yau restriction t = 1, the generating
series of elliptic DT invariants does not carry any more refined information
than the cohomological one; in particular, we have no more dependence on
the framing parameters w; and the elliptic parameter p. We generalise this
phenomenon in the following setting. Denote by Ty C T; the subtorus
where tz = e™*/T, k € Z. Define by

DTS (A%, q,t,w;p) = DT (A3, q,t,w;p) .
the restriction of the generating series to the subtorus Ty C T;, which is
well-defined as no powers of the Calabi-Yau weight appear in the vertex
terms (5.3.5) by Lemma 5.4.

Proposition 5.31. If k = rm € 1Z, then
DT (A3, q,t, wip) = M((—1)" M+ q)".
In particular, the dependence on ti, w; and p drops.

Proof. LetS € Quotps(0®7,n)T. Denote Tg’ir =Tge —W’F] asin Eq. (5.1.16),
where T¢'¢ is the tangent space of NCQuot;* at S. Denote by Tg'{ the sub-
representation of T&'¢ corresponding to t', with | € Z. As there are no pow-
ers of the Calabi-Yau weight in TY' we have an identity Tg‘f = Tg‘,ilf1 1,

Set
W=T8e— 3 T
nez
We have that
T&-Tot ' =wW—-Wt!

and, in particular, neither W nor Wt contain constant terms and powers
of the Calabi-Yau weight. Using the quasi-periodicity of the theta function
0(tl|z), we have

i OWE] w O[W] %
_Tviry — (—1)mr — (—T1)" (m+1)
Ol=Ts" o[W] (=1 o[W] (=1
We conclude by noticing that
rkW =rkTd =m mod 2. ]

Motivated by Example 5.30 and Prop. 5.31, we propose the following con-
jecture.

Conjecture 5.32. The series DT?&(A% q,t,w;p) does not depend on the elliptic
parameter p.

Remark 5.14. Notice that the independence from the elliptic parameter p im-
plies that we can reduce our invariants to the K-theoretic ones by setting
p=0,ie.

DTSK (A%, g, t,w;p) = DT} (A%, q,1)|y, ,

which in particular do not depend on the framing parameters. <

151
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Assuming Conjecture 5.32, we derive a closed expression for DT${£(A3, q,t,w;p),
which was conjectured in [22, Eq. (3.20)], motivated by string-theoretic phe-
nomena.

Theorem 5.33. Assume Conjecture 5.32 holds and let k € Z. Then there is an
identity
T ged (k1)
DTS (A%, q,t,w;p) = M (=1 (—1)7q)een )7

Proof. Assuming Conjecture 5.32, by Remark 5.14 we just have to prove the
result for K-theoretic invariants. By Thm. 5.17,

P o [ S 1O Sl ey
=ty -t —t3™)

1—¢m 1
T—t™ (1t Fg (-t 7qn)

1(1—-1
K 3 T _
DT (A, (=1)"q,t) =exp E —

n>1

Assume now that {2 = em%, with k € Z; we have clearly that 7 = (—1)kn.
Moreover, we have

1—¢™ _ r, ifne gchT,k)
T—tm 0, ifn¢g —F

In particular, if n € WZ, we have

(T—t7™,™M O =M™ -, ™ ™)

=1
O—t;M0—-t;M0 -1

Setting n = mm, with m € Z, we have

—1
(T—gq™0-q™)

1
K 3 (_1\7 — L .
DT (A, (=1)"q,t) =exp E ged(r, k)

m>1

where to ease notation we have set q = ((—1)kq)gcd(rffk). We conclude by
using the description of the MacMahon function as a plethystic exponential

T d(r,k)
DTX(AZ, (—1)"q,t) =M ((—Uk’”qgcd“'k))gc " n

Remark 5.15. A key technical point in the proof of the conjecture proposed
in [22, Eq. (3.20)] was the assumption of the independence of DT${£(A3) on
p, as in Conjecture 5.32. We strongly believe it should be possible to prove
this assumption by exploiting modular properties of the generating series
of elliptic DT invariants. One could proceed by considering the integral
representation for the generating series, given in [22, Eq. (3.1)]. The analysis
of the K-thoretic case, which we carried out in the proof of Thm. 5.33, shows
that no dependence whatsoever is present in the limit t'/2 = e™%/7. As
elliptic DT invariants take the form of meromorphic Jacobi forms, given by
quotients of theta functions, poles in the equivariant parameters are only
given by shifts along the lattice Z + TZ of the poles found in K-theoretic



DT invariants. Then DT?&(A%, as a function of each of the equivariant
parameters vi, i = 1,...,7, and sj, j = 1,2,3, is holomorphic on the torus
C/Z +tZ, so it also carries no dependence on them. This observation may
be not very surprising, if one considers the striking resemblance of the chiral
virtual elliptic genus to the usual level -N elliptic genus of almost complex
manifolds, which is known to be often rigid. In our case, each g-term in
the elliptic generating series restricted to Ty would be now invariant under

modular transformations on T, hence a constant in p = et <

5.6.4 Relation to string theory

The definition for the elliptic version of Donaldson-Thomas invariants is
motivated by an argument due to Witten [219], which goes as follows: let
M be a 2k-dimensional spin manifold, and take M = Co(S',M) to be the
free loop space on M. Then .#M always carries a natural S'-action, given by
the rotation of loops, so that fixed points under this action of S! will only be
constant maps S' 5 M, and (ZM)® "~ M < #M. One can then study the
Dirac operator on .ZM by formally computing its index using fixed point
formulae. In particular, if D: T'(S;.) — I'(S—) is the Dirac operator on M then

Ind(D) = dimker D — dim coker D,

and whenever M admits the action of a compact Lie group G one can define
the G-equivariant index of D as the virtual character

IndG(D)(g) = trerD g — treoker D g, ge G/

which only depends on the conjugacy class of g in G. In the case of Dirac
operators on loop spaces over spin manifolds, a formal computation yields

a4

Indgi (D)(q) = g~ #A(M)-ch | (X) Sym§. Tm | NIMJ,
n>1

where q denotes a topological generator of S'. The A-genus is the char-
acteristic class which computes the index of the Dirac complex on a spin
manifold. In general, if E is any rank r complex vector bundle on M, one
can define A(E) in terms of the Chern roots x; of E as

A ! xi/Z
AlR) = H sinh x; /2’

i=1

and A(M) = A(TM), which is completely analogous to the K-theoretic in-
variants we have been studying so far. The previous formula can also be
classically interpreted as the index of a twisted Dirac operator over the
spin structure of M. It is worth noticing that the DT partition functions
coming from physics are indeed interpreted as being computing indices
of twisted Dirac operators, where the twist by a vector bundle V. — M
makes sense only if wy(Tp) = w2(V) so as to extend D to an operator
D:T(S+ ®V) = I'(S_ ® V). In this same spirit one might also justify the
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definition of the half-BPS elliptic genus in terms of computations of Euler
characteristics of loop spaces over (compact) almost complex manifolds. Let
then X be a d-dimensional almost complex manifold, with holomorphic tan-
gent bundle Tx, and whose corresponding free loop space will be denoted
by ZX. As it was the case also in the previous situation, .Z’X is naturally
equipped with an S' action, whose fixed point will be (ZX)S" =X — ZX.
By formally applying the virtual localisation formula to the computation of
the Euler characteristic of Z’X one gets

Xs1(£X) = g7 td(X) - ch | Q) Sym?. (Tx & Qx) | NIX],
n>1

which can also be seen as the index of a twisted Spin®-Dirac operator 3 4 0.
Moreover, if ¢1(Tx) =0 mod 2, X is also spin, and it is possible to compute
the index of the Dirac operator on £ X as before.



6 EIGHT-DIMENSIONAL ADHM
CONSTRUCTION

The aim of this chapter is to study the moduli space of solutions of an
eight dimensional analog of the celebrated self-duality equation F = %F for
the gauge theory curvature in four dimensions [21]. The equation in eight
dimensions reads

FAT =x%F (6.0.1)

where F = dA + A /A A is the curvature of the gauge bundle, T is an invariant
closed four-form and x is the Hodge star operator with respect to a given
Riemannian structure on the eight dimensional manifold. Eq. (6.0.1) was
introduced in [75] in 1982. The very existence of the invariant four-form
T restricts the holonomy group of the eight dimensional manifold X to be
contained in Spin(7) [136].

We provide the eight dimensional analog of the ADHM [9] construction
for (6.0.1) with U(N) gauge group for X = C* and its discrete Calabi-Yau
quotients. As we will discuss, differently from the real four dimensional
case, genuine solutions to the above equation exist only on eight dimensional
spaces whose local model is a non-commutative deformation of C*. The
latter is obtained by deforming one of the moment maps a la Nekrasov-
Schwarz [178].

This further breaks the holonomy group Spin(7) — Spin(6) ~ SU(4), im-
plying that X is a Calabi-Yau fourfold. The corresponding gauge theory can
be engineered as the low energy limit of a D(—1)/D7 system in a stabilising
non trivial B-field background [225], aligned along the invariant 2-form as-
sociated to the deformed moment map. The more general configuration that
we will study includes also a set of D7s which act as a source of matter field-
/observables, as in [173; 177]. By resorting to our higher dimensional ADHM
construction, we provide explicit solutions of Eq. (6.0.1) in the abelian case.
Let us notice that C* admits a (C*)3 toric action compatible with its (trivial)
Calabi-Yau structure, which naturally lifts to the moduli space of solutions
to (6.0.1). We describe the invariant solutions supported at the fixed points
of this toric action, by making crucial use of the non-commutative deforma-
tion, and find that these are classified by solid partitions. These are a four
dimensional analog of Young diagrams built with hypercubes accumulating
on the corner of R%. This provides a lift to four complex dimensions of the
statistical crystal melting model based on plane partitions, see [129] for the
U(1) case and [74; 96] for U(N). All this construction has a natural extension
on discrete quotients of C*, the fixed points being described in this case by
coloured solid partitions.*

As it is well known, the ADHM construction for four-dimensional instan-
tons is at the root of an isomorphism with the moduli space of framed tor-
sion free coherent sheaves on P? [86]. We provide here an analog isomor-

Let us remark that on (partial) resolutions of C* orbifolds one can also construct abelian
instantons whose gauge flux is along the non-trivial two cycles H; (X, Z).
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phism between the moduli space of solution of (6.0.1) on non-commutative
C* and the moduli space of framed torsion free coherent sheaves on P4, ex-
tending it also to the orbifold case by adapting the Kronheimer-Nakajima
construction [147]. In this context the fixed points are described by ideal
sheaves on C* and its quotients.

Building on Eq. (6.0.1), one can construct [13] a (semi)Topological Field
Theory?, which is indeed a topological twist of the eight dimensional gauge
theory describing the D(—1)/D7 system at low energy [1; 33]. This provides
the setting for BPS-bound states counting whose mathematical counterpart
is given by Donaldson-Thomas theory on four-folds [88]. Let us remark
that major progresses have been recently obtained on the compactification
of the moduli space of solutions of (6.0.1) and a rigorous definition of the
associated enumerative invariants [49; 58-61; 183]. A natural extension is
to consider the theory on S' x X computing the Witten index of D0/D8/D8
bound states whose mathematical counterpart is the lift to K-theory. On toric
manifolds one can study the equivariant extension of the sTQFT so provid-
ing a geometrically motivated statistical weight for counting solid partitions
which describe the fixed points of the gauge theory moduli space [177]. Chi-
ral ring observables can be introduced via descent equations as in the four
dimensional case [13]. Their explicit evaluation on C* via equivariant locali-
sation recently appeared in [58; 177].

Let us remark that M-theory on local four-folds provides a geometric
engineering description of supersymmetric gauge theories in three dimen-
sions [128], analogously to the much better known case of local three-folds
[125] which instead describes five dimensional supersymmetric gauge theo-
ries. Moreover, interesting classes of (0,2) supersymmetric models in two-
dimensions arise from D1-branes probing toric Calabi-Yau four-fold singu-
larities [99]. It is thus interesting to study the eight dimensional BPS count-
ing problem on some examples of local CY four-fold geometries. To this end,
in this chapter we also provide the generalisation of the eight-dimensional
ADHM:-like quiver to orbifolds C*/G, where G is a discrete subgroup of
SU(4). The fixed points in this case are classified by coloured solid par-
titions whose statistical weight depends on the representation of G. This
boils down to count G-coloured hypercubes configurations whose colouring
rules are dictated by the specific action of G on C*. This provides an eight
dimensional analog of instanton counting on four-dimensional ALE spaces
[19; 20; 40—42; 53; 55; 100]. As an example, we explicitly address the associ-
ated K-theoretic counting problem on C? x C?/Z,.

There are a number of interesting problems to be addressed. Supersym-
metric gauged linear sigma models in two dimensions modelled on the
ADHM-like quivers presented in this chapter can be studied via localisa-
tion technique. In the sphere case this could possibly shed light on the
associated quantum cohomology and its relation with quantum integrable
hydrodynamics analogously to the four dimensional ADHM quiver studied
in [43—45]. The torus case would allow to compute the elliptic genus of the
eight dimensional ADHM moduli space and as such to provide an elliptic
lift of Donaldson-Thomas invariants on four-folds analogous to the one stud-

The “semi” refers to the dependence on the four-form T, which calibrates the volume of the
four-cycles in the eight dimensional manifold.
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ied in [22] on three-folds. Finally defects operators can be investigated by
a generalisation of the ADHM-like quivers, as for example the orbifold ver-
sion of [134] and the eight dimensional generalisation of nested instantons
we studied in chapter 3.

6.1 TOPOLOGICAL GAUGE THEORY IN EIGHT DIMENSIONS

Let X be a real Riemannian eight dimensional differentiable manifold with
a torsion free Spin(7) structure [136]. This is determined by a real covariantly
constant spinor
T=pIr"™ My, e A*(X)

where I' = ', dx* and {T.}u—1,....8 the SO(8) 'matrices. We assume 1 to
be of positive chirality and normalised as P, = 1.

On X the vector spaces of p-forms AP (X) split in irreducible representa-
tions of the holonomy group. In particular one has A% (X) = /\%(X) <) /\%1 (X).
This split corresponds to the projections on w € A%(X) given by TAw =
—3%w and T/ w = xw respectively.

The Spin-bundles on X are isomorphic to S*(X) ~ A'(X) and S—(X) ~
A°(X) @ /\%(X). A supersymmetric gauge theory can be formulated on a
Spin(7) manifold via a topological twist which uses these isomorphisms [1;
13; 33]. The corresponding twisted supersymmetry transformations of the
gauge theory can be made equivariant with respect to an isometry V and
read

QA=VY, QV¥=uwF—iD®, QO =V
Qx7 =B7, QB;=Lyx;+il®,x7], Qn=0
Q® = 1yDn +1i[®,n], (6.1.1)

where V is any isometry of the Spin(7) structure, that is xLyy = Ly* and
LyT =0, where Ly = tvyyd + duy is the Lie derivative. In (6.1.1), Ly = vvD +
Duy is the covariant Lie derivative. Notice that in (6.1.1), ¥ € ST(X) ~ A1(X)
and in the second line (n,x7) and (®,B7) € S~ (X) ~ A%(X) & /\%(X).

The supersymmetric action after the topological twist can be written as a
topological term plus a Q-exact one as

S= JXT/\Tr(F/\F) +Qv,
where
V= JX Tr 100 AF+HYASQY)! + g7 Ax(Q) T +nAxQn)]
where g is the Yang-Mills coupling constant which in the topological theory

is a gauge fixing parameter. In the path-integral, in the d-gauge g = 0, the B>
field appears as the Lagrange multiplier for the Spin(7)-instanton equation

F, =0,
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which is nothing but a rewriting of eq (6.0.1). In the following Section we
will provide an ADHM-like description of the solutions to the above equa-
tion and their moduli space. This will turn out to have positive (virtual) di-
mension, inducing a U(1)g-anomaly due to the presence of chiral fermionic
zero-modes. In order to have a non-vanishing result one has thus to insert
non-trivial observables in analogy with the well known case of Donaldson
theory in four real dimensions [219]. The observables are given by non-
trivial cohomology classes of the twisted supersymmetry (6.1.1), and can be
obtained from an equivariant version of the usual descent equations, see [30]
for the four-dimensional case. Indeed, the supersymmetry transformations
(6.1.1) can be rewritten as the equivariant Bianchi identity for the curvature
F =F+ V¥ + O of the universal bundle as [12]

DF = (—Q+D +iwy) (F+Y+d) =0,

and expanding in the de Rham form degree. Picking an ad-invariant poly-
nomial P on the Lie algebra of the gauge group, we have

QP(F) = (d+1iw) P(F),

so that one can build the equivariant observables as intersection of the above
with elements of the equivariant cohomology of the manifold, QO € HY, (X)
as

0(Q,P) = JXQ/\fP(SF).

In the path integral formulation of the gauge theory, we will actually con-
sider the generating function of the equivariant observables through the de-
terminant bundle

Oget () EJ' QANdet(m1+ ),
X

where m is a generating parameter of the observables. In the calculations of
the following Sections, we will consider the K-theoretic uplift of the above,
or in other terms the index of the equivariant theory on X x S'.

6.2 ADHM CONSTRUCTION IN EIGHT DIMENSIONS

In this section we describe an eight dimensional generalisation of the clas-
sical ADHM construction in four dimensions and show that it describes the
moduli space of solutions to (6.0.1). For the sake of completeness we recall in
Appendix 6.A the four-dimensional ADHM construction and highlight few
aspects of the latter which the reader could find useful to follow the eight
dimensional generalisation.

Let us start by fixing the spinorial notation to write equation(6.0.1) and
the ADHM representation of its solutions. The Cliff(8) gamma matrices can
be chosen as 16 x 16 real matrices of the form

0 x¢
Ho_
TH = ( sho ), (6.2.1)
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where 0 = £0 = 13,3 and X' = —Xt for i = 1,...,7. The latter are
real antisymmetric matrices (they are in fact v/—1 times purely imaginary
Cliff(7) gamma-matrices). Let S+ denote eight-dimensional real irreducible
Majorana-Weyl spinor representations of Spin(8) of positive and negative
chirality respectively. Since the representations S are real, the matrices of

Spin(8) generators
gyl o
< 0 5 liy] > (6.2.2)

are real and antisymmetric and so are the 8 x 8 blocks Z*Y = %Z[“i"] and
v = I5gvl Formulated differently, we have (cf. (6.A.16)) an isomor-
phism of three Spin(8) representations spaces, each represented by real and
antisymmetric 8 x 8 matrices:

PRy = J[*, Y] =

N —
N —

A%S, =A*S. = A’R® =adjgq g)- (6.2.3)

The triality of Spin(8) permutes S, S_ and IR®, which is the defining repre-
sentation of SO(8). Notice that each of the two sets of 28 matrices (Z*V) 4P —
or (Z*Y) P — form a basis in the space of real antisymmetric matrices3. Due
to this fact, the following Fierz identities hold:

(Zuv)cxﬁ(zuv)yé = (ZHV)“B(ZHV)Vé = _8(6cx55(,’>y _6[3560q/)- (624)

The coefficient in the Lh.s. of Eq. (6.2.4) can be obtained by contracting 3
and vy indices and using the relations of the Clifford algebra to get I'*VI'*Y =
—56- T16x16-

6.2.1 Eight-dimensional equations

There is no way to formulate a first order equation for F,, in 8d in an
SO(8)-invariant manner. Another way to formulate this is to say that there
is no SO(8)-invariant four-index tensor T*¥*?, which can be used to write

1
AFy = 2T“VMFM. (6.2.5)

with A being some eigenvalue. However, if we make a choice of a con-
stant spinor on R® we can build from it a tensor THY*? invariant under
Spin(7) C Spin(8). This is the largest possible symmetry subgroup which
can be preserved by equations of the form (6.2.5) in eight space-time dimen-
sions. For this construction let us fix Y € S such that I, = 1 and
write

THYAP — T THYAPY, (6.2.6)

where |
THYAP — Ir[“rvrxrp] (6.2.7)

A third basis of matrices corresponding to the representation A2R3 is given by (5&6% —
555Y).
pOx
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The tensor THYAP then satisfies the 8d self-duality equation4

TwvAp euV?\pocﬁY5T06f3Y5, (6.2.8)

since
eMYAPABYdPafyd _ puvApp? (6.2.9)

For definiteness we take> ¢ = 6§. The choice of the spinor 1\ allows us
to split S into the one-dimensional subspace proportional to 1, and the
seven-dimensional orthogonal complement which we call S.. Ina group-
theoretical language this corresponds to the splitting of the representation
S into 1 @ 7 under the subgroup Spin(7) C Spin(8).

The irreducible two-form representation A2R® = 28 of Spin(8) splits into
a sum of two irreps 7 @ 21 of Spin(7). These two irreps correspond to two
different eigenvalues A = 1 and A = —3 respectively in the first order field
equations (6.2.5). In this way the splitting allows us to write two different
Spin(7)-invariant conditions® on the field strength F,. The conditions cor-
respond to the vanishing of the component of F, lying in one of the two
irreps of Spin(7), or equivalently to the eigenspaces corresponding to two
different eigenvalues in Eq. (6.2.5). The choice A = 1 gives Eq. (6.0.1).

As discussed in [75] (6.0.1) reads then in spinorial form as

(Z*)ap B Fuv = (Z*Y) aoFuy =0, (6.2.10)

which imposes 7N? equations, so that — together with N2 gauge fixing condi-
tions for the gauge group U(N) — eliminate all functional degrees of freedom
from A (x) and therefore a finite dimensional moduli space .#y N of solu-
tions remains. Similarly to the 4d case, one can view .# N as an octonionic
quotient of the space of connections A by the gauge group G. Indeed we can
introduce seven natural symplectic forms wg\\,) = (Z*Y)a0 on R® and use
them to write seven symplectic structures on A:

QA[51Au(x),52Au(y)]=J TAWM AS1A(X) AS2A(X), (6.2.11)
R

where T denotes the four-form with components T*Y*°. Then the 7N? con-
ditions (6.2.10) correspond to the vanishing of the seven moment maps

A b (x)] = J TA WM Atrd(x)F, (6.2.12)
IRS

and we have the ”“octonionic” quotient

A = ANIINIS. (6:2.13)

We could have started with a negative chirality spinor {_ corresponding to anti-self-dual
THYAP. The resulting construction is isomorphic due to the triality of SO(8).

In our conventions the spinor indices run from 0 to 7 similarly to the indices of the R®
vectors.

These two conditions may be viewed as analogues of the self-duality and anti-self-duality
conditions in 4d. However, the latter are more similar to choosing the opposite chirality
spinor {_ instead of \ .
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6.2.2 Derrick’s theorem and noncommutativity

Any solution of the first order equations (6.2.5) is automatically a solution
of the 8d Yang-Mills equations. Indeed,

1 1
PuFuv = 3 TuvaeDufae = 5 TuvaeDiuFap) =0 (6.2.14)

where we have used the Bianchi identity for F, and the fact that Ty, is
totally antisymmetric. We are looking for localized solutions, i.e. for those
sufficiently rapidly decaying at infinity in order to have finite action. Then,
the solutions of (6.2.5), if any exist, should be true extrema of the Yang-Mills
action. The well-known Derrick’s theorem states that in dimensions greater
than four no such localized solution are possible. The idea of the proof is
to provide for any non-singular field configuration a continuous family of
configurations with lower action, so that no true minimum can exist. The
family of configurations is obtained by scaling the initial configuration into
smaller and smaller volume. A simple power counting then shows that the
action on the scaled down configuration is lower.

Thus, classically, the moduli space .#\ n of solutions is empty. However,
there is a natural way to deform the problem to get a non-empty space of
solutions by introducing noncommutativity. The commutation relations for
the coordinates are similar to those of the 4d case (cf. (6.A.32)):

XM, xY] = ig(w MY, (6.2.15)

where ( is a real parameter and w,y is a non-degenerate constant 2-form
on R3. In this case Derrick’s theorem doesn’t apply, since the coordinates
cannot be rescaled without affecting their commutation relations (6.2.15). To
put it another way, the non-commutativity introduces an additional funda-
mental scale 1/ into the problem, which puts a limit on how much one
can scale down localized field configurations. So, even when no classical
non-singular solutions to field equations exist, additional solutions to the
non-commutative version of the problem having typical size v/C may ap-
pear. This is exactly the situation we have with Eq. (6.2.5), where there is a
finite-dimensional moduli space of solutions after the non-commutative de-
formation. This will be our definition of .Zj n. In the next section we will
describe this moduli space using an analogue of the ADHM construction.

6.2.3 8d ADHM construction

The ADHM equations for the 8d instantons were written in [173; 174].
They correspond to bound states of k Do and N D8 branes in a suitable B-
field background. As in sec. 6.A.5, the B-field introduces non-commutativity
into the 8d gauge theory. Also, as we have explained in sec. 6.2.2 it allows
for the very existence of solutions to the first order equations (6.2.5), corre-
sponding to stable low-energy bound states of D-branes.

To introduce the non-commutativity we pick one of the seven complex

structures on R®, or correspondingly one of the symplectic forms wﬁé\,) to
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represent the Kihler form. For definiteness we choose ww and denote the
projection of the two-form B on ww by C.

The choice of the complex structure breaks down the Spin(7) symmetry
of the seven first order equations (6.2.10) further to Spin(6) = SU(4). Equiv-
alently we can say that by choosing a complex structure we introduce one
more fixed chiral spinor x§ = 8§ into our theory (which corresponds to the
index 1 in wm). The seven equations (6.2.10), transforming as a Spin(7)
spinor, split into an SU(4) singlet (corresponding to the component in the
direction of X ) and further six equations lying in the representation

6=Rg = QXY a0, (6.2.16)

of complex two-forms obeying oz, z; = €222,z %z, 2, -

Unlike in the 4d case the B-field not only adds a constant to the value of
one of the seven moment maps u?, but introduces new degrees of freedom
corresponding to the rectangular matrix I, which only appears in one of the
moment map equations.

Somewhat similarly to the 4d case we introduce a (8k + N) x 8k matrix
A(x), which can be written as?

[ (Bu—xulixk) @ ZH
Alx) = ( ;@ (:)L+ixf+) > p (6.2.17)

where B, are eight Hermitian k x k matrices, I are defined in Eq. (6.2.1),
I"is an N x k matrix.
We will be looking for solutions of

Af(x)U(x) =0, (6.2.18)

with A satisfying certain moment map conditions. However, differently from
the 4d case, these conditions do not imply that ATA =15,8® f;;k 8 Indeed,
to solve Eq.(6.2.10), it is enough to impose

ATAY, =, @ F ). (6.2.20)
In our convention for 1 and x+ Eq. (6.2.20) has explicit components

(ATA a0 =0, A=1,...,7, (6.2.21)

Notice that the combination 1 +ix4 transforms in the complex one-dimensional Weyl
spinor representation of the Spin(2) = U(1) part of Spin(6) x Spin(2) C Spin(8).
Indeed, since (Z"V)p is a complete basis of real antisymmetric 8 x 8 matrices,

AT)AR) =TT @ (Py +ix )] —ix])+
1 . 1 .
+ E(mu,svumwuxk) DMWY 4 (B — X Tiexk) B — X Tiex) @ Tgxs = Tgxs @ Frpye

implies (recall that w(u]\,] =(Z")01)

By, B+ +iéwg\,] ® Tk + icuLQIIT =0, (6.2.19)

which gives 28 matrix equations, instead of just seven.
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or more explicitly

(M) By, B+ M =M, A=1,...,7. (6.2.22)

6.2.4 Formulation in complex coordinates

By explicitely using the complex structure, we can rewrite Eq.(6.2.22) in
the form given in [173]. The 8d ADHM data contains four complex k x k
matrices By and a complex k x N matrix I and the equations read

4
> Ba,Bil+ 11T =l (6.2.23)

a=1

1
[Ba, Bol — Eeabcd[Bil BL] = 0. (6.2.24)

The matrix AT defined in Eq. (6.2.17) can be written quite explicitly in
complex coordinates. Indeed, the main ingredient of AT is the matrix x, " :
S_ — S, which acts from one Majorana-Weyl representation of Spin(8) to
another. Under the SU(4) subgroup the spinor representations S+ split into
sums of even and odd parts of the exterior algebra:

Sy =1®6@1=AC'eA’C* e ATCY, (6.2.25)
S =40i=A'C"'oA3C* (6.2.26)

The matrix x,,Z* then acts on the exterior powers as an operator
1240,, T Zadza, (6.2.27)

where 1, 5, is the substitution of the vector field z,0.,. In this way we get:

b; b, by by |0 0 0 0
bl bl 0 0 |0 0 by —b3
bl 0 bl 0 |0 —bs 0 by
bl 0 0 —bll0o b3y —by O

, (6.2.28
0 bl —bl 0 |bs 0 0 —b (6.2.28)

0 —bl 0 —bl|b; 0 by 0
0 0 by —bl|b, —by 0 0
o 0 o 0 |[bl bl Bl bl

O O O O O O

where we have abbreviated b, = By —z4. Notice that unlike in the four-
dimensional case both representations S are real, i.e. they admit outer au-
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tomorphisms which square to one. Explicitly these automorphisms are given
by the matrices

T4 =

0 14><4 )
, T = . (6.2.2
( Tuwa | 0 (6.2.29)

— O O O O O O C
o= O ©C O©C O OO
o = O O O OO
OO © = O O OO

OO © © = O OO
OO © O©C O —= OO
OO O O©C O o —= O
S| O O O O O O —

The matrix A commutes with the automorphisms in the sense that

T ATt = A (6.2.30)

6.2.5 Matrix formulation

After choosing the non-commutative deformation (6.2.15), the original in-
stanton equations (6.2.10) become:

1

F EeadeFéa, (6.2.31)

ab —
4
Z Faa =0. (6.2.32)
a=1

Let us rewrite these equations in terms of the matrix variables analogously
to the noncommutative 4d case recalled in sec. 6.A.6. Plugging the Z, vari-
ables in the instanton equations (6.2.31), (6.2.32) we get:

1
Za, Zv) = 5eavcalzt, Z§), (6.2.33)
4
Z (25, z4) = 2¢. (6.2.34)
a=1

Again the nontrivial rh.s. in Eq. (6.2.34) arises because of the noncommuta-
tivity of z, and z!. The vacuum solution of Egs. (6.2.33), (6.2.34) is given by

% =29, (6.2.35)

and corresponds to vanishing gauge potential A,. Let us now discuss the
simplest non trivial solutions.

6.2.6 U(1) one-instanton

Nontrivial solutions to Egs. (6.2.33), (6.2.34) correspond to nontrivial ide-
als in the ring of polynomials in four variables. Let us consider the simplest
solution corresponding to a single abelian instanton sitting at the origin of
C*. In this case

Zo = Symzafunn (NS gy (6.2.36)
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where N =Y ? . ala, and
2 :
framN) = (11— ,
(N < N(N+1)(N+2)(N+3))

(6.2.37)

and Syj;1y)) is the partial isometry of the Hilbert space 7 = Clz1,22, 23, 24],
satisfying

n (6.2.38)
St Sunm =1-10,0,0,0)(0,0,0,00 = P3e\(10,0,0,0)}-

Notice that N in the denominator of f[j[;;;;(N) is never zero, because the
state 10,0, 0,0) is projected out by the partial isometry .

6.2.7 U(1) multi-instanton

By taking the square of equations (6.2.33) we deduce that the operators Z
commute with each other:

Z4,Zp] =0. (6.2.39)

As we have noticed above the multi-instanton solutions correspond to ideals
in the ring H = Clz1, 22, 2z3,z4]. Having such an ideal J, we define a partial
isometry Sj, which satisfies

Sy8i =1,  Slisy;=py, (6.2.40)
where Py is the projection operator on the ideal J. The matrix AT contains the
information about the resolution of the ideal corresponding to the solution of
the ADHM equations. Consider for example the 1-instanton solution (6.2.36).
It corresponds to the ideal Jjj[1}}; of polynomials without constant terms. The
resolution of this ideal is written as the following exact sequence:

0—-0 E) 0694 i% 0@6 g 0694 ﬂ O B> j[[“m — 0, (6-2-41)

where O = Clz1, 22, 23, z4], p is the projection and the linear operators p; are

wi=00z1 z2 z3 z4 ), (6.2.42)
V%) Z3 Za 0 0 0
. —Z1 0 0 Z3 —Z4 0
H2 = 0 —Z1 0 —Z2 0 Z4 ’ (6-2.43)
0 0 —2Z7 0 Z2 —Z3
0 0 Z4 Z3
0 —z4 O zZ) Z1
B 0 zz3 —2z 0 . z2
=1, 0 0 oz |’ ha=1| (6.2.44)
z3 0 —Z1 0 Z4

165



166

| EIGHT-DIMENSIONAL ADHM CONSTRUCTION

Notice that these operators are very similar to those featuring in AT in
Eq. (6.2.28). This similarity seems to be a generic property of any ADHM-
like construction.

We are interested in the solutions which are fixed points of the U(1 )3 C
SU(4) action on C*. Those are enumerated by solid partitions and corre-
spond to monomial ideals in the ring Clz1,z2,23,2z4]. We denote the ideal
corresponding to a solid partition o by J;. The fixed point multi-instanton
solutions can be obtained with an ansatz similar to Eq. (6.2.36), but now the
function f(r) does not need to be symmetric in Ny = aLaa (no summation
over a), so that

Zo = Ugzaf' (N7, N2, N3, Ny UL (6.2.45)

We thus have to determine four functions fEfJ (N1, N3, N3, Ny) of four vari-
ables. Egs. (6.2.39), (6.2.34) imply the following recurrence relations?® for f,

fa(Np + 1)fo(N) = o (Na + 1)fa(N), (6.2.46)
4
D> {(fa(N)?(Na+1) = (fa(Na —1)*Ng} =4. (6.2.47)

a=1

Egs. (6.2.46) are “flatness” conditions for fq and can be solved explicitly.
Indeed, one can see that

_ h(N)
fa(N) = h(Ne+1) (6.2.48)

solves Egs. (6.2.46) for any function h(N). There remains a single recurrence
relation (6.2.47) for h(r), which reads

! N 2 Na_] 2
Z{}M(NGH)_WNG}_LL (6249
a=1 a

An example of instanton solution with second Chern class equal to k(k +
1)(k+2)(k+ 3)/24 is given by

Za = Sizof™ (N)SL, (6.2.50)

where Sy now avoids all the states corresponding to monomials of degree at
most k and

£ (N) — (1 k(k+1)(k+2)(k +3) >z (6250

- N(N+1)(N+2)(N+3)

Notice that all four functions f4(N) are in this case equal to each other. The
solutions (6.2.51) correspond to “pentachoron” solid partitions (decreasing
sequences of tetrahedral plane partitions), e.g. [[[1]]] for k = 1 or [[[2, 1], [1]], [[1]]]
for k = 2.

9 We denote by fq(Nyp + 1) the function fq(N) with Ny, — Ny + 1.
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6.3.1  Orbifolding the quiver

As we showed in section 6.2, eight-dimensional instanton dynamics is
encoded in the representation theory of the quiver depicted in Fig.6.3.1, with
relations

[Ba, Bvl =0, 1<a<bg4 (6.3.1)

and a stability condition.”® The moduli space of its stable representations

Figure 6.3.1: Local model for the Quot scheme of points.

M N is isomorphic to the quot scheme of points Quot4 (& SN ) or, equiv-
alently, to the moduli space of framed torsion free sheaves on P4, as we
briefly show in appendix 6.B.1. This isomorphism follows from an applica-
tion of Beilinson’s theorem or, equivalently, from an infinitesimal argument
due to [64].

The next natural step is then to study eight-dimensional instanton dynam-
ics on orbifolds of C*. Then we let G be a finite subgroup G C SU(4), and
study instantons on C*/G. From the open string theory perspective this
amounts to consider twisted representations of the Chan-Paton factors un-
der the discrete group G, which manifest in the low energy quiver dynamics
of fractional and regular branes [91]. The mathematical counterpart of the
quiver ADHM-like description for orbifold instantons on C* can be obtained
as an application of Beilinson’s theorem which is outlined in appendix 6.B.2.

The useful thing to point out here is that the monad description for the
moduli space ///,SN of orbifold instantons, which can be obtained by means
of homological algebra, is then given in terms of a sequence of maps be-
tween vector spaces. These maps can be easily understood as an equivariant
decomposition (in terms of the G-action) of the maps and vector spaces aris-
ing in the quiver description of .# n. If we introduce the action of G on the
coordinates z, in C* by r«z«, we have a decomposition of the fundamental
representation Q = p;, © - -- @ pr,, where p,, denotes the irreducible repre-
sentation of G with weight r. This decomposition also defines a colouring
N®* — G by

(n1,n2,n3,M4) = pE™ @ pE™ @ pE™ @ pE™.

Strictly speaking we showed that the moduli space of SU(4) instantons can be identified with
a space of matrices cut by equations (6.3.1) plus an additional real constraint, modulo gauge
symmetry. Though it have not rigorously been proved as of this writing, it is believed that
the last real condition can be traded for a stability condition, so that the moduli space of
instantons may be identified with stable representations of a quiver with relations.
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Correspondingly we also have decompositions of the vector spaces
w=@PW,epY, V=PV,
T T

where all of the W, V; are finite dimensional vector spaces carrying a trivial
G-action. The corresponding decomposition of the dimensions k = dim¢ V,
N = dim¢ W is then induced as

k=) k=) dimecV,, N=) Ny=) dimcW,.

Here k, = dim¢ V; represents the fractional instanton charge in the py rep-
resentation of G, which, from an equivariant localisation point of view, will
specify the number of boxes of r-th type in a G-coloured solid partition. On
the other hand, the gauge sheaf at infinity transforms in a given represen-
tation p of G, and the N, dimensions determine the multiplicities of the
decomposition of p in irreducible representations. If the theory is abelian,
ie. N =1, only one of the N, is not zero, and equal to one, while in the
case of a non-abelian theory one is given with a plethora of different pos-
sibilities. We will restrict our attention to the abelian case for the moment.
The decomposition of V then induces a decomposition of the linear maps
By € Homg(V,Q ® V) as

B = (D(B], B}, BY, BY),
.
so that B : V. — Vi, . This decomposition immediately gives us the
orbifold generalisation of the 8d ADHM equations as

B "*Bl, =By B}, (6.3.2)

In general, even for abelian theories, one should consider different cases
(corresponding in the abelian case to which one of the W, vector spaces has
non-vanishing dimension). These different choices correspond to instanton
configurations with different asymptotics at infinity. One can however argue
along the lines of [74] that moduli spaces corresponding to different asymp-
totics are isomorphic, so that when computing partition functions we will
just consider the distinguished boundary condition N = (1,0,...,0).

As in the lower dimensional cases (see [74; 147; 164]) all the information
about the moduli space of orbifold instantons can be encoded in the datum
of a quiver generalising the McKay quiver, which is determined by the repre-
sentation theory data of the G-action. This quiver will moreover encode the
decomposition of the usual ADHM data according to the G-action and it will
have the orbifold ADHM equations as relations. One then starts considering
all the irreducible representations G of G C SU(4). To each representation in
(AS, including the trivial one, we associate a node in the quiver, while a node
T is connected to a node s by a number of arrows a,s which is determined
by the decomposition

Q®pr = @arspw ars = dim¢ Homg (ps, Q ® pr).
s
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To the resulting quiver Q we also associate the framed quiver Qf, its path
algebra CQf, and the bounded quiver (Qf,R) determined by an ideal (R) of
relations in CQ'. Its representations form the category Rep(Q',R), which
is equivalent to the A-mod category of left A-modules for the factor path
algebra A = CQf/(R). Moreover, to each vertex v of Q one can associate a
simple module D,,, defined to be the representation V, = C and V,, =0, for
v # w. Projective resolutions of the simple modules D, can be constructed
by means of the submodule P, of A generated by paths beginning on vertex
v

- — @, P — - — D, dyPw — Py — Dy — 0,

where
db , = dime Ext} (Dy, Dyy).

In the lower dimensional case a special role is played by representations
Rep(Q, R) of the bounded quiver with dimensions k, = 1 and dim¢ W =1,
as it turns out they correspond to smooth crepant resolutions of toric singu-
larities. In some cases also the path algebra A is a different desingularisation
by itself, known as the noncommutative crepant resolution of the toric sin-
gularity, which contains the coordinate ring of the singularity as its center.
In four complex dimensions, however, a crepant resolution of the orbifold
singularity is not even granted to exist, though in some simple classes of
examples this is known to be the case [194; 195]. Take as an example the
case of C*/Z4 with the diagonal action (z1,2z2,23,24) — (Cz1,Cz2, (23, (z4),
where { = e2™/4 = {. As Q=p1@p1@p1®p1,ra=1foreacha=1,...,4
and the relevant associated quiver Q is then

and the maps B{, : D — Dy, mod 4 are of the form

BchDo—>D],
Bl :D; = Dy,
B2 :D, — D3,

B3 : D3 — Do.

The relevant relations for the unframed quiver are obtained by decomposing
accordingly the ADHM equations, thus obtaining

B)BY =BiBY,  B3BY=BiB3,  B;BY=BiBj,  B3B)=B,BS,
BJBS =BlBY, BJBY=BlB}, B3B]=B4B), B3B] =B?Bl,
BZB] =B4B), B3B)=BZB!, BZB!=B3B), B3B! =B3Bj,
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B3Bf =B7Bj,  B3Bf=B3jB3,  B3Bf=BjBj,  B3B;=B3Bj
BB =B3BZ, B3B3 =B3B3, BYB}=BIB3, BIB; =BI{B3,

BIBT =B{B3, BYB3 =BIB3, BYB3=BYB;, BYB3=BIB3.

The center Z(A) of the path algebra A associated to the bounded quiver is
generated as a ring by elements

xapys =BiBEBIBE,  a<P<y<e.

As the G-action is chosen to be diagonal one can identify the generators
Xxpys With the invariant elements in Clz1, 22,23, z4] by xapys ~ zazpzyZs,
so that

SpecZ(A) = C*/Z4

and the factor path algebra A is a resolution of the orbifold singularity
C*/Z4.

6.3.2 Orbifold partition function

The K-theoretic instanton partition function in eight dimensions has been
studied in [173] by means of supersymmetric localisation in terms of the
quantum mechanics of a Do-D8 system. In the abelian case the moduli space
of BPS vacua is identified with the Hilbert scheme of points of C*. In the
general case of a proper Calabi-Yau fourfold X, the Hilbert scheme of points
X" is known to carry an obstruction theory, though not perfect. The math-
ematical definition of the DT-like invariants corresponding to the instanton
partition function is made difficult precisely by the latter fact. It is known
that they depend on the choice of an orientation of the virtual tangent space
and that they need insertions in order to be defined properly. Indeed, if
2 C XM x X denotes the universal object, then the virtual tangent space to
X" can be written as

Ty = RHomyz . (Iz,Iz)o[1] = Rrtxm , o RHom(Iz, Iz )o[1],

and this obstruction theory is not perfect. However, the machinery put for-
ward by the work of Borisov-Joyce, [49], and more recently by Oh-Thomas
[183], one can still construct a virtual fundamental class [X [“]]‘éi{ ) depend-
ing on the choice of a square root of the isomorphism Q : L ® L — &, where

L = det RHomﬂX[n] (Iz,12). As, however, we are interested in the case of

a quasi-projective variety, namely (C*)™, the previous observations don’t
provide direct access to definitions of relevant invariants. Equivariant locali-
sation (with respect to the action of T = {(t1,12,t3,t4) € (C)4 : ttotaty =
1}  (C*)%), however, does provide an easy way out. For a thorough descrip-
tion of this procedure, see [58], while, for the existence of globally defined
orientations on CY four-folds, see [34]. For us, let it suffice to say that,
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given any T-equivariant line bundle L on X, one can define the following
K-theoretic invariant, with a slight abuse of notation

® 1 [n] —1
K _ [n] Hvir /\ (L Y )
ZX“"”"‘(X O G ALy )

- 1/2
ch (, /KIS >

ch (/\' \/NVif|5v> |
ch (A*(LM oy~)) < : ﬁx)

- td (/T s ),

ch (det'/2(Lin o y-1)) X2

where LM = R7tym (R L ® 07%) and the choice of the square root of the
virtual tangent space at a fixed point S induces those of Obyn [s = h' (T"ir ),
K‘Q{n] ls = det(T;?[fIJ I\S/) and NVirjg = (T"1r |Is )™V, Before moving on, let us also
notice that the choice that square roots is not unique, so that the invariants
at hand are defined only up to a sign. Precisely this definition of Z§(L,y)
is what the partition function of the Do-D8 system computes, with a given
prescription for the orientation choice.

All these considerations translate into the physical treatment of the prob-
lem, where the supersymmetric measure corresponding to the bulk contri-
bution to the Witten index manifest ghost number anomaly, reminiscent of
the positive virtual dimension of the underlying moduli space. Then, in the
absence of the () deformation, the Witten index is vanishing unless observ-
ables matching the ghost number anomaly are inserted. This can be neatly
done by adding auxiliary hypermultiplets representing the matter deforma-
tion necessary in order to cure the anomaly. A similar story goes for the
non-abelian case, which generalises the moduli space to the Quot scheme
of points of C*, and was studied in [174]. In general the partition function

takes the form
2=y 2Rt
Kk

fix
= X etEse((fobgnls )

Se(XmhT

where ZR ,Sk is computed by the JK integration

] 1
ZR4 = J Zy, > Pdku = = > JKRes,_.xid*u
]K ) Wy €mtsing
and the instanton measure Xy is defined by

Xko(l—[sm wi — ) [T2 -y, sin(y —u]—ea—eb ﬁﬁ sin(u; —mg)
smul—a‘x)

e a 1 sin(u; — uj — €q) Sln(uj — U — i=1 a=1

It is then known that poles contributing to the JK integration are only those
corresponding to N-tuples of solid partitions @ = (my,...,7Nn), such that
[T = ||+ -+ |in| = k. It turns out it is more convenient to work with
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exponential variables t, = e?l€a x; = e?Wi v, = e?1% and py = e?'™«, in
. D8 _ P .
which case we have Z{§ = 2 iml=k Mz(70), w1th

_ dx;
M, (Tt) = Resx—x,, Xk | | X.l
- 1

1

and

k N
(x-—x-)]_[ (% —xitatyp) Lo — Xi
= [ el adetel F T o
lyé] 1_[(1 1( Xlt i=1 a=1 V _XI

up to a normalisation constant. It also turns out that a more geometric
interpretation for the index computation is available. Indeed, in the rank
one case, if Q denotes the character of a solid partition and vV = 2ttt —
> ,t¥ € KX (pt) is the character of the square root of the virtual tangent
space to the BPS moduli space at a fixed point, one has

VV =Q-P1:3QQ,

where P13 = (1 —t7)(1 —t2)(1 —t3) and the involution acts on the genera-
tors of KI (pt) as t; =t . Then

with
h(nt) = |l +#{(a,d): (a,a,a,d) € mand a < d},

N = VvV —yQ, while the action of the brackets operator [—] on V =
S th—=2  tY e K(pt) is defined as

Hu[t”] B Hu(tu/z —tH/2)
Hv[tv] - Hv(tv/z_t—v/2)~

The same procedure might be followed in order to compute partition func-
tions for orbifold instantons. In this case, however, the bosonic field content
is the one associated to the morphisms of the quiver specifying the natural
crepant resolution of the orbifold singularity, provided it exists. Let us no-
tice here that as G C SU(4) is contained in the localising torus T the locus on
which the computation localises can be identified with the G-invariant part
of the T-fixed one. Moreover, as the geometrical interpretation is that of an
equivariant count of G-equivariant zero-dimensional schemes, in order to
perform computation one can proceed by simply extracting the G-invariant

=G —
part VV of VV.

In the case of an orbifold theory the JK residue form gets easily gener-
alised. Let us consider for the sake of simplicity the case of C2/Z, x C2.
The bosonic field content is now encoded in the relevant quiver describing
the resolution of the orbifold. Let then Q¢ and Qi be the node set and the
edge set of the quiver. We have

rb k 7orb
3 Z 9w

V] =
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with g% = [Tacq, 9k and

1-1 —
et = J 2 S %= Y JKRes,, ( xdx,
]K u*embmg

where we denote by X the collection of coordinates associated to the gauge
nodes in Qf, i.e. X = (xgo),.. .,x,(j;),. ..) and

The orbifold instanton measure x%rb can be easily read off the edge set Q1 of
the quiver, and we have:

orb a)—(a)
x H f/af ad] Ly
aGQo

where Zf af Zigj), Zg}) encode the bosonic field content of the theory in the
fundamental /antifundamental, adjoint and bifundamental representation of
the a-th node respectively. In particular we have

ka Ng  (a) (a)
(a) Ho Xq
Zijar = H H (@) _(a)’
i=la=1 Yo —X
@ 1“—[ 4 —x )Y = x{Vtit)
W T T )
Ka 1 1
Z(a] _ lk—a[ ff (Xia) X](a+ )t1t3)(xfa) —Xj(a )t2t3)
bif 1 —1 ’
' i=1j=1 (XE“) §a+ )t1)(X£a) —Xj(a )tz)

with the node indices being understood to be a (mod n).

Remark 6.1. The JK integral formula for the 4-fold orbifold partition function
immediately reduces to the integral formula for orbifold counting on 3-folds
after the specialisation p ~+ t4, as is to be expected. <

6.3.3 An example: C2/Z; x C?

As an example let us consider a local P! realised as Totp: (ﬁ (—2)p 0O @2).
This can be understood as the canonical crepant resolution of the orbifold
singularity C*/Z, = C2/Z, x C%, with the Z;-action defined as

—1
7
(z1,22,23,24) = (21,0 22,23, 24).

The ADHM data associated to the orbifolded C? directions can be decom-
posed according to the Z;-action in irreducible Z, representations as we
described in section 6.3.1. The relevant quiver is depicted in Fig. 6.3.2.
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1,-1,00) .
quiver

Figure 6.3.2: Orbifolded C*/Z)

For the sake of simplicity we will restrict to the case N = 1, which en-
forces N = (1,0) by the construction in [147] and the observations in 6.3.1.
Supersymmetric localisation can be exploited in order to compute partition
functions. As Z; is a subgroup of the localising torus T = (C*)3, the rele-
vant fixed points will simply be identified to be the Z;-invariant locus of the
T—fixed one. In particular, as the T and the Z,-actions commute and as the
T-fixed locus of the theory on C* is into bijective correspondence with solid
partitions, if we take the framing to be in the trivial representation of Z; their
Zy—-analogue will be identified with solid partitions 71z, decorated by a Z ;-
colouring, which must be compatible with the action of Z; on C*. By identi-
tying solid partitions themselves with Z, representations, this colouring is in
fact induced by the colouring (n1,1n,,13,14) — pE™ @ pE™2 @ pe™ @ pE ™
we described in section 6.3.1. One way we can construct these Z—coloured
solid partitions goes as follows: let |n] = k and fix an ordinary partition
= (11, u2,..., 1), lul <k, coloured according to the Z,—action, then asso-
ciate to each one of the boxes of the Young diagram of p another partition A,
so that ) .., IAs| = n, and the partitions A; must satisfy a nesting relation

seEpn
in either direction of . Graphically we have
?\1,1 7\1,2 7\1,”]
)\1,1 7\1,2 .
p € fixed locus - - . ,
At Doy

with Aj; D Ayj41 and Ay D Aigq5, for (i,j) € w. The colouring of the
resulting solid partition is then induced by a colouring of the Young diagram
1, where each A acquires the same colour as the underlying box s € u. The
main difference from the standard instanton counting consists then in the
fact that only Z;-invariant boxes in 7z, are now going to contribute to the
computation of the partition functions.

Example 6.1. Consider the case N = 1, k = 2 of the cohomological limit of the
K-theoretic partition function we discussed in the previous sections. This coho-
mological limit can be interpreted geometrically as follows (cf. §5.5.1): the Chern
character provides a natural transformation from the T-equivariant K-theory to the
T-equivariant Chow group with rational coefficient by t; — e, with s; = ¢ (t).
This natural map can be extended to complex coefficients as t° — e®St, b € C, and
it gives a simple linearisation of the K-theoretic brackets [~] = (—)/2 — (—)~1/?
operator ch[tPH] = ber(t*) + O(b?2). This linearisation property can be employed
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to define a map Z%% > Z%SE’CO}‘, which can in turn be identified with the ratio-
nal limit of the trigonometric partition function, from a physical standpoint. The
rational partition function is also given an integral representation in terms of JK
residues, which also depends on all possible decompositions of (k,N) in (k, N).

Coming back to the particular case of (k, N) = (2,1), one can see that the only
possible solid partitions with two boxes are

1M
=017 M = “]], n3 =121}, =171  (6.3.3)

The same solid partitions may also be visualised in the following way:

Py Y

where the number on the (,j,k) box of each plane partition denotes the height of
a pile of boxes stacked on (i,]j, ) along the e4 direction. The corresponding fixed
points labelled with the colouring corresponding to the orbifold action will then be

il
M|

m =010 ysl ;3 = |2, my =|[1%]l.  (6.3.5)

The partition function (equivariant under Ty = (C*)“ls1 tsy+s3-+s4—0) for the non
orbifolded theory then reads

ZP8(e:q) = q% (m?(e1+€2)%(e1 + €3)%(e2 + €3)?
12164 > 2e2elel
273 (6.3.6)

+5

m(er +e2)(e1 +e3)(e2 +e€3)
€1€2€3€4 !

while the contribution from the regular instanton sector to the orbifold partition
function will be

ZDSom

e ™(e;q0,q1) =Z( 50,

o) (€d0, 1)+ Z050 1, (€5 d0, q1)

_ qomeu ((63— )(612—63)
 2e3eq23(€12 + 2€3) €3
Jr(6123. +m)(2e12 + 63))
€123
qoqimer? <(2€z+€3)(€13—€2)
2eze1z3(€2 —e€q) €2
_ (2e1 te3)(eas — €1)>
€1
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with €3 = c}r(ti), €ij = €i + €j and similarly €123 = €1 + €2 + €3. The previous
formula can be either obtained through an integral formula and iterated residues, or
by generalising the geometric correspondence of [174] to the orbifold case

2Bt = (e[ (V5) g

Im|=2

where \/V is a square root of the virtual tangent space Tg’éﬂ)m | twisted by the
observable insertion as in §6.3.2 and |rt|; denotes the number of boxes in T, seen as
Z.y-modules, transforming in the pi-th representation of Z.,.

6.A REVIEW OF THE 4d ADHM CONSTRUCTION

6.A.1  Self-dual connections in 4d

In this appendix we recall some basic facts about the standard ADHM
construction [9] of the solutions to the self-duality equation on R*:

1
Fu-v = Eeuv)\pF)\p, (6A1)

where F.y = 0, Ay —0yA, +[A, Ay] is the curvature of a U(N) connection.
The instanton number is defined as

1

k=162

Jd“x €uvap tr(FuvFap) (6.A.2)

We denote the moduli space of self-dual U(N) connections of instanton num-
ber k by .#y n. The (virtual) dimension of the moduli space of instantons is
by definition the number of independent deformations

1
(5588 — Ee“ﬁ‘”)DHSAv =0, (6.A.3)

minus the number of gauge degrees of freedom:
A, ~Duo, (6.A.4)

where D\, is the covariant derivative in the background A,,. This difference
can be understood as the index of the Atiyah-Singer complex € (this requires
certain vanishing theorem for the cohomologies in degrees 0 and 2):

0 = QO(R*, su(N)) 26 Q'(R*, su(N)) ' 4P* 02 (R*, su(N)) = 0, (6.A.5)

which by the index theorem is given by

dim ./ n = ind € = 4Nk. (6.A.6)
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6.A.2 ADHM data and equations

In the ADHM construction we consider a complex (2k + N) x N matrix U
satisfying the equation
AT(x)U(x) =0, (6.A.7)

where A(x) is a (2k + N) x 2k complex matrix
BE —z5 —Byi+z

Ax)=| Bl —z; By—z0 |, (6.A.8)
If ]

and z1 = x2 +1ix7, z2 = x4 + ix3. The auxiliary matrix A(x) is required to
satisfy the moment map equation

ATIA(X) = T2x2 @ il (), (6.A.9)

where f(x) is a k x k invertible matrix. Eq. (6.A.9) leads to the well-known
conditions on By 2, [ and J:

uc =[B1,Bal+1J=0,  ur=[By,BlI+[By, Bl —11T+]T]=0. (6.A.10)
One has to normalize U so that
ufu = 1nun. (6.A.11)

In other words, the matrix U defines a basis of N orthonormal vectors inside
C?**N_ The columns of the matrix A(x) form a set of k linearly independent
vectors inside C2**N (the linear independence is guaranteed by Eq. (6.A.9)).
Eq. (6.A.7) means that the basis defined by U is orthogonal to the set of 2k
vectors inside C2**tN defined by A(x). Together the columns of U and A
form a complete basis in C2k+N and therefore:

TN x 2ken) — UOUT(x) = Ax) (Tax2 @ fixk (x)AT(x).  (6.A.12)

The self-dual connection A, (x), corresponding to the matrix U(x) is given

by
Aulx) = UTaHU(x). (6.A.13)

It is easy to show that the connection (6.A.13) is indeed self-dual:

Fuv = 0, UM, U(x) — 3, U3, U(x) + [UTd, U(x), UTd, U(x)]
= (3, UH (1 —uuh (o, uh

; ; (6.A.14)
= UT(0, A(x))(T2x2 ® frxk (%)) (0, AT(x))U
= UT(O—p.v ® frexx(x))U,
where
Ouy = 0,0y — 040y = inﬁvcra, (6.A.15)

and o, = (1,i0), 6 = O'L = (1,—1G), nyiy is the 't Hooft symbol. The matri-

ces (v )« B when seen as matrices with indices pv are known to be self-dual.
In fact they give an intertwining operator between the three-dimensional rep-
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resentation /\i]R4 of SO(4) and the adjoint representation of SU(2),, which
is part of Spin(4) = SU(2); x SU(2)_, so that
ALR* = adjgy (), - (6.A.16)

The moduli space .#,n of solutions to the ADHM equations is the space
of matrices (B, B,,1,]) obeying uc = 0 and ur = 0 quotiented by the ac-
tion of U(k) group (indeed, constant U(k) transformations don’t change the
connection (6.A.13)). The resulting dimension of the moduli space is

. ) 2 o2 w2
dimpg AN —&]i/-}—&k//—i-ZNk—i-w &]ﬁ/ \HE{/ \k/ = 4Nk,
B, B, I ] Ke K2 /U(k)
(6.A.17)
is equal to the dimension of the tangent (6.A.6), as it should.

6.A.3 Spinor formalism

Let us see how the ADHM equations can be formulated using spinors. Let
Y*, u=0,...,4 be four-dimensional gamma-matrices generating the algebra
Cliff(4). Then we have

YHYYYryP = et YAPys, (6.A.18)

where vs5 is the chirality operator. Let P+ be a positive (resp. negative)
chirality spinor of Spin(4)

Y5+ = £, (6.A.19)

normalized so that q)jtq)i = 1. We can then trivially write that

YLy Y Yy Ph g = eVl (6.A.20)

Notice that this identity is independent of the concrete value of ;.. We can
thus write the self-duality condition for F,. as

1
Fuv = 30"y Yo Fap. (6.A.21)
Alternatively, one can notice that
1 o 0 n&, ioc? 0
wy Dy Ha V] — nv — Hv AL
v =gy ( 0 c'nw) < 0 ﬁﬁvioa>’ (6-A.22)

where 6.,y = 0]
be written as

10+, so that the projection on the self-dual part of F,y can

YMYPP_TFap =0, or  GapFap = 0. (6.A.23)

Eq. (6.A.23) contains three independent equations on the components of
Au(x). The forth equation is provided by the gauge fixing condition, e.g.
0uAy =0, so that the total number of components is equal to the total num-
ber of (first order) equations. After imposing the equations no functional de-
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grees of freedom in A (x) remain, and the moduli space of solutions .Zy N
is finite-dimensional.

6.A.4 Hyperkahler reduction and complex structure(s)

We have considered self-duality equations in R* without any reference
to a specific choice of the complex structure. However, we can incorporate
complex structure in our construction. R* is a hypekéahler manifold with
three basis complex structures I, ] and K'* satisfying the usual quaternionic
relations. Correspondingly, there are three Kahler forms w!, w/ and wk.

These forms can be used to give the structure of the hyperkédhler manifold
to the space A of U(N) connections on R*. Indeed, the metric on the space
of connections is induced from the flat metric on R*

ds?[81A (%), 82A,(y)] = JW tro1A L (x)82A,(x), (6.A.24)
and we can write the symplectic forms on A as follows

QU IAL(X), 82AL(Y)] = J WAENArd1A(x) N 62A(x), (6.A.25)
R4

where a =1, ], K. All three w® are actually self-dual two-forms. One can then

verify that the action of § on A is Hamiltonian for all three symplectic forms

0%, and the corresponding three moment maps are

WOl (x)] = JW w® Atr(p()F(x)), (6.A.26)

where F = dA + [A,A] is the field strength. Requiring moment maps to
vanish we get precisely the self-duality equations:

W AF=0. (6.A.27)

Indeed, Eq. (6.A.27) mean that the anti-self-dual part F vanishes. The space
of self-dual connections can be thought of as the hyperkahler reduction of A
by the group G of all gauge transformations. If we introduce Ay as the space
of connections with instanton number k then we can write

AN = Ax/// G (6.A.28)

Let us choose a complex structure I, such that z; and z; defined as in
Eq. (6.A.8) are the holomorphic coordinates. Only a subgroup U(2) C SO(4)
of rotations preserves this choice. The choice of the complex structure I
singles out one of the Kdhler forms wl!, which can be written as

w! = wg = dz' Adz! + dz? A dz?. (6.A.29)

There is in fact a $% worth of complex structures. Indeed, al + bJ + cK is a complex structure
as long as a?+b24+c2=1.
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The other two forms w/) and w* can be recast into the holomorphic symplec-
tic form (and its conjugate)

w! +iwk = we = dz' Adz? (6.A.30)

The subgroup of SO(4), which preserves both the complex structure I and
wc is SU(2) C U(2) (the remaining U(1) C U(2) rotates the phase of wc).
The field strength F,, breaks into the following irreducible representations
of SU(2) (we also list the number of components):

Fglzoz] = Fuv(w61 Y, dim =1,

2 R .
F _ F,EZ?ZZ) = Fuv(wc ! Y, dim =1,
Rt = Fuy (g e dim = 1
w = Fpv (W ’ =1,

1,1 1,1 1,1 — 5 .
(F(() ))Ziij = F(Ziij) - %F(Zkil) (w]R] )ZkZL (wR)ZiZjI dlm == 3

(6.A.31)
The first three one-dimensional pieces turn out to be self-dual (they are pro-
jections on w®), while the three-dimensional representation is anti-self-dual.
Having these identifications it is easy to see that the moment map equa-
tion (6.A.9) is just the requirement that the ATA lies in the self-dual part 1 of
the tensor product of SU(2) representations 2 ® 2 =3® 1.

6.A.5 Non-commutative deformation.

The instanton moduli space .#y N contains singularities, which correspond
to instantons of zero size. A clever way to regularize the moduli space is to
consider instantons on the non-commutative spacetime R* with coordinates
satisfying:

[x*,xY] =1i0"Y, (6.A.32)

where O is a constant 2-form. We further assume that 6"V is anti-self-dual,
then with an SO(4) rotation it can be aligned with one of the three basis
Kéhler structures, e.g.

¢
0 = ik, (6.A.33)

where ( is a real non-commutativity parameter which we take to be positive.

As shown in [178], the ADHM construction for the non-commutative case
requires only a minor update. The expression (6.A.8) for A(x) is still valid
and the conditions (6.A.9) still holds. However, since the coordinates no
longer commute, one of the moment maps is modified:

ur = [BY, By] + [BY, Bo) + 11T — 1] = Clicre. (6.A.34)

Notice that after the non-commutative deformation, the instanton solutions
also appear in the U(1) gauge theory.

In string theory language, the self-dual connections we are studying cor-
respond to bound states of Do and D4 branes (or, more generally Dp and
D(p +4) branes). Non-commutativity arises if we turn on the nonzero B-
field background along the D4 brane.
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6.A.6 Matrix form of the non-commutative self-duality equations.

In the noncommutative setting it will be convenient for us to recast the
self-duality equations in matrix form. To this end we introduce the operator
analogues of covariant derivatives

XH =x" +10MYA,, (6.A.35)
The commutator of covariant derivatives gives the field strength:
[XH,XY] = i0"Y + 0" 0YPF,, (6.A.36)

where the second term in the r.h.s. is due to Eq. (6.A.32).
The self-duality equations can be rewritten as an equation for the opera-
tors X* :
XM, XY] — ™Y = 2(-:PWM,(D@,XP] —107°). (6.A.37)

Let us choose a Kahler structure on R* proportional to the B-field. In the
complex structure compatible with B the noncommutativity reads

(za, Zv] = _géab’ (za,zb] = [Zq,Zb] = 0. (6.A.38)

We introduce complex covariant derivatives Z, corresponding to complex
coordinates z,. Egs. (6.A.37) are then written as one real and one complex
equation for Z, operators:

(21,221 =0, (zi,Z}1 =0, (6.A.39)
(z1,z1+128, 2,0 = ¢. (6.A.40)

The commutation relations (6.A.38) are of course nothing but a pair of stan-
dard Heisenberg algebras of creation and annihilation operators, so that

Zq = \/Eaz, Za = \/Eaa, (6.A.41)

laq,al] =8ap,  [aq, ap) = [al,al] =0. (6.A.42)

The operators aq, al, act on the Hilbert space }, which is spanned by the

eigenstates [n, m) of the number operators:

and

Ng = aLaa, Nin,m) =nn, m), Nzn,m) =mn,m). (6.A.43)

H can be identified with the ring of polynomials in al, (or in z4) acting on
the vacuum |0, 0).
The simplest solution to Egs. (6.A.39) is the vacuum solution

La=2a, (6.A.44)

which corresponds to zero A, and vanishing instanton charge.
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Another example of a solution is the non-commutative U(1) instanton sit-
ting at the origin of C:

_\/’ N(N+3) T_\/’\/NJFZ T\/ st
- (N+1)(N+2) N+2

(6-A-45)
where N = a;r ar + ag a and SFH acts on H by relabelling the (infinite num-

ber of) basis vectors, so that the state |0, 0) does not belong to its image. An
example of such a transformation is

7 O/
St m,m) = mm) - m# (6.A.46)
mn+1,m) m=0.

The solution (6.A.45) is non-singular (all of its matrix elements are well-
defined) and invariant under U(2) rotations of the space-time C? (the op-
erator Syj) is invariant only up to a unitary transformation, which can be
viewed as a gauge transformation). We give some more examples of instan-
ton solutions invariant under U(1)? ¢ U(2) in 6.A.8.

6.A.7 U(1) instantons and ideals.

Let us recall the correspondence between U(1) noncommutative instan-
tons and ideals in the ring of polynomials C[z1, z2]. The matrix U for gauge
group U(1) is a (2k 4 1)-dimensional column vector, which we write as

P (z)
U(z) = | b2(z2) |, (6.A.47)
&(z)

where 1 (z) are two k-dimensional column vectors of polynomials and
&(z) is a polynomial. Eq. (6.A.7) for U is then equivalent to two equations

I£(2) = (22 — B2)$1(2) + (21 — By )2 (2), (6.A.48)
0= (Bl —z1)W1(2) + (22 — B2 (2). (6.A.49)

Eq. (6.A.48) implies (see e.g.[103] for details) that &(z) belongs to an ideal
J C Clzy,2z2] of polynomials which vanish when one subsitutes in them
matrices By, instead of the variables z ;. Indeed, acting with Eq. (6.A.48)
on the states [n, m) € H we get

&(z)n, M)l = (z2 — B2)1(z)m, m) + (z1 — B1)a(z)n, m). (6.A.50)
After the substitution z7 , — B1,2 we get
&(By,B2)n, m)I =0. (6.A.51)

Acting with B¥B} on Eq. (6.A.51) and using the commutativity of By and B
we see that £(B7,B)[n, m) is zero on the whole C¥, so it is a zero matrix
and thus &(By,B;) = 0 as a matrix equation. This determines the ideal
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completely. Vice versa, each element &(z) of J by definition can be written as
a linear combination from Eq. (6.A.48), but not uniquely: one can shift

P1(z) = b1(z) + (z1 — B1)x(2), (6.A.52)
P2(z) = P2(z) + (z2 — B2)x(z), (6.A.53)

for any column-vector x(z). To fix a unique decomposition we have to gauge
tix the symmetry (6.A.52), (6.A.53), which is done by requiring Eq. (6.A.49)
(note that z4 act as the derivatives in z).

For the single U(1) instanton solution described in the previous section
we have B; =B, =0, =+/Cand

Z
U(z) = Z1 Az). (6.A.54)
= (2121 +2227)
VT

For any A(z) the vector (6.A.54) solves (6.A.7). However to satisfy the nor-
malization condition (6.A.11), we have to put the following normalization
factor instead of A(z):

1
N = st. (6.A.55)
V(z1z21 +2222)(z121 + 2222 + ()

The solution (6.A.45) is obtained from the normalized U(z) as

Zo=U'z U,  ZI =ufz.U. (6.A.56)

6.A.8 4d fixed point instantons

We give here some examples of noncommutative instanton solutions on
R* which are equivariant under the U(1 )2 subgroup of SO(4). The ideals in
Clz1, z;] corresponding to these solutions are monomial ideals enumerated
by Young diagrams.

All the solutions have the form

C _
Zq= \/gsth(Nth) Tafhy (N1, N,)ST, (6.A.57)

where Sy is the partial isometry associated with the monomial ideal labelled

by the Young diagram Y, Ny = aLaa and

gy(N1,N3z)
hy(Nq,N2) = . 6.A.58
v(N1,N32) \/QY(N1 TN, T (6.A.58)

Let us display the functions gy(N7,N;) for some elementary Young dia-
grams

g =N, (6.A.59)
g2 = N* =Ny + Ny, (6.A.60)
gna = N2+ N7 =Ny, (6.A.61)
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931 = N(N? =3(N; —N2) +2, (6.A.62)
911,11 = N(N? +3(N1 —N3) +2, (6.A.63)
gz, = (N=T)N(N+1), (6.A.64)
9321 = (N=2)(N=T)N*(N+1)(N +2). (6.A.65)

where N = Nj 4+ Nj,. The first solution (6.A.59) is the one-instanton solu-
tion discussed in sec. 6.A.6. One can check that for any function gy given
above the matrix equations (6.A.39), (6.A.40) are indeed satisfied. In fact
Eq. (6.A.39) is satisfied automatically by the ansatz (6.A.57), and it is only
necessary to check a single recurrence relation for the function h(Nj, N3):

2 2 e
Z{}m(Nﬁ”—WNa}:L (6.A.66)
a=1 a

which turns out to be true. Of the solutions given above only (6.A.59) and
(6.A.65) are invariant under the full SU(2) rotation symmetry. There exists an
infinite family of such fully symmetric solutions corresponding to triangular
Young diagrams with

K(k+1) >5 B ((N—k)(N+k+1)>l
NiNTTy) = .

Nck—1,...,11 (N1, N2) = <1 O ON(N+1 N(N+1)

(6.A.67)

Notice that gy(i,j) vanishes if the box (i, j) lies on the border of the Young

diagram Y. This guarantees that the action of Z, and Zl, from Eq. (6.A.57)
is well-defined.

6.8 8D INSTANTONS AND SHEAF COHOMOLOGY

6.8.1  Moduli spaces of 8d instantons via Beilinson’s Theorem

Here we will briefly study moduli spaces of framed torsion-free sheaves
on IP* and their relation to spaces of SU(4) instantons (and their generalisa-
tions) on C*. Let us first notice that, in general, if & is a torsion-free sheaf of
rank r on P* with ch(&) = (N, 0,0,0,—k), framed along a divisor D, includ-
ing & into its double dual we get the exact sequence (for the proof of this
result, see [64])

oﬁg%ﬁﬁgﬁgﬁo,
and 2 has finite support in A* = P4/D. Consider then the moduli space
& € Coh(P*), & torsion — free, rk(&) = N,
& — O — 2 st / iso, (6.B.1)

2 of finite support in A* =P*/D
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parametrising torsion—free sheaves on P fitting in a given short exact se-
quence. Of course the previous moduli space is identified with the quot
scheme of points in A*, as the Grothendieck moduli functor

Quotps (0N, k) : Sch? — Sets

contains an open subfunctor Quotp4 (0PN, k) — Quotps (0PN, k) parametris-
ing precisely the quotients above. What one might want to do is then to
study a model for deformations of the moduli space of sheaves

& € Coh(P*), & torsion — free, rk(&) = N,
MNP = < er(8) = ca(&) =c3(6) =0, cal&) =Kk, &l = O /iSO,
H3 (P4, £(—3)) =0, H2(IP*, &(—0)) = 0, V¢

where pl ,i=1,...,4, are hyperplanes at infinity in P* defined by z; =0in
homogeneous coordinates. The aim is to generalize the monad construction
for the usual SU(N) instantons to the case of C*. Let then & € Coh(IP%) a
sheaf on IP* as in the definition and consider IP* x IP* with the projections
on the two factors

P* x P*

P4 P4

One then has the Koszul resolution of 0, A being the diagonal A = P* —
P4 x P*:
O—>/\45—>/\3é’\—>/\257

& ﬁ E— ﬁl)4><]{)4 7 ﬁA 0,

where & = Ops(1) X2V, and 2 = Tpa(—1). The previous sequence tells us
that [0a] = [\® (Ops(—1) K 2Y)] in the derived category. We then define

—i

e = A (Gr-nm2Y),

by means of which we will define the Beilinson spectral sequence in this
case. As & € Coh(IP*), we have the trivial identity p1. (pﬁég ® ﬁA) =&, and
if we replace 05 by its Koszul resolution we get the double complex for the
hyperdirect image, which can be expressed in terms of the Fourier-Mukai
transform

R*p1« (P38 ®C®).

There are then two different spectral sequences that can be taken for the
Fourier-Mukai transform. One of them gives back the trivial identity we
started with, while the other one has Ej—term given by

EVT =RIp; . (p36®CP),
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and as C? = 7 X.7J, the Ej—term can be written as
BV = 7P @ HI(PY, & @ Z7).
This spectral sequence converges to

Fap _ &(=10), ifq+p=0
o 0, otherwise

for each ¢ > 0. We can actually make the first term in the sequence explicit:
EPY = Opa(p) @ HT (P*, &(—0) @ QP (—p)),

and we can visualise the Eq-page of the spectral sequence as

0 ET4'4 ET3’4 E;Z"‘ Ef 4 E(1>,4 0
0 ET4,3 ET3,3 E;2'3 E]” 3 E$'3 0
0 E?4’2 ET3'2 E?z,z ET] 2 g2 o L. (6.B.2)
0 Ef‘” ET3,1 E?z,1 ET] 1 E$'1 0

Though the spectral sequence is naturally a doubly graded object, fixing
certain conditions on the sheaf cohomology groups makes its Ej-page to
collapse to an ordinary exact sequence. Indeed it is easy, albeit tedious,
to show by means of homological algebra that the appropriate conditions
are exactly those in the definition of .#n x(IP*). By doing so, the spectral
sequence displayed in (6.B.2) converges to E )" = &(—2), all the other terms
being identically vanishing. Moreover the E}"9 term of the Beilinson spectral
sequence is reduced to the following (6.B.3)

0 —— A®Ops(—4) —— B® Ops(—3) —— C® Ops(—2) 7

(6.B.3)
L D® Ops(—1) —— EQ Ops ——— 0,
where
A =H'(P*, &(-3)), B =H'(P* &(-2)®Q34(3)),
C= H1 (][)4160(_2) ® Q]%ﬂl (2))/ - H] (IP41 éa(_z) ® Q]}M(] ))/
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We then see that (6.B.3) is a perfect extended monad in the sense of [120,
Definition 3.1/3.2], and it provides a model for the deformation of the Quot
scheme of points on A%. Analogously one can lift the set theoretic isomor-
phism between moduli spaces of framed sheaves and quot schemes of points
to a scheme theoretic isomorphism by virtue of a version in families of Beilin-
son’s theorem. Indeed, let S be a scheme over C. Given any coherent sheaf
& on P™ x S there exists a spectral sequence EP"Y whose E}"9 term is

E?’q = ﬁﬂam(p) X quz,* (éa ®-O-7f><3/5(_p)> ’

where p; is the projection of P™ x S on the second factor. The spectral
sequence EP9 converges to

Fap _ &, ifq+p=0
o 0, otherwise.

This approach was studied in much greater generality in [120], and more
details about the proof can be found also in [121; 122]. Moreover, the
scheme-theoretic isomorphism between moduli spaces of framed torsion-
free sheaves on P™ and quot schemes of points on A™ was recently proved
by means of an infinitesimal argument in [64].

Remark 6.2. The choice of conditions constraining the sheaves & € Cohpas
are different from the instanton sheaf conditions found in [130] as the latter
would exclude certain sheaf configurations, such as ideal sheaves of points,
which are instead known to be interesting to the problem at hand. <

6.8.2 Orbifold instantons and ADHM data decomposition

It is interesting to notice here that in general it is not known whether a
Gorenstein orbifold in dimension 4 admits a crepant resolution, and many
singularities are terminal. Nonetheless some classification results, though a
bit scattered, are available. It is known, for example, that orbifolds of the
form C"/G admit crepant resolutions in the case of finite abelian subgroups
G C SL(r, C) for which C"/G is a complete intersection, [77; 78], while some
arithmetic condition have been derived in the case of some series of cyclic
quotient singularities [79; 80]. Moreover, contrary to the lower dimensional
cases, here the Hilbert-Chow morphism

Hilb¢(C") —— C"/G

does not necessarily provide a crepant resolution, as there are even cases in
which Hilb® (C") is singular despite C"/G being known to have projective
crepant resolutions. Here Hilb® (C") denotes the G-Hilbert scheme of zero-
dimensional G-invariant subschemes Z C C" of length |G| such that HO(07)
is the regular representation of G. It turns out, however, that in some cases
which will be of interest to us a canonical crepant (projective) resolution of
the orbifold singularity is indeed provided by the G-Hilbert scheme, and
toric geometry techniques are well suited to check whether this is the case
or not, [194; 195]. Let’s assume for the moment that X = Hilb® (C*) is a
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crepant resolution of C*/G: this will enable us to justify the ADHM data
decomposition which we will use in the following in order to study the
orbifold instantons in eight dimensions. Take then the universal object Z C
X x C* with the projections 7; on the i-th factor.

Z

|

X x C*

PN

X c*
We can then introducte the tautological bundle .7 on X by pushing forward
T = use 0 2,

Under the G-action, .7 transforms under the regular representation, and it is
easy to show that its fibers are of the form Cl[z1, 22, z3,z4] /1 = HO(0y), where
I is a G-invariant ideal corresponding to the zero-dimensional subscheme
Y C C* of length |G|. Multiplication by the coordinates along the fibers of
7 induces a G-invariant homomorphism B € Q ® End(.7) (where Q de-
notes the regular representation of G), which is representable by a quadru-
ple of endomorphisms (B1,...,B4), suchthat BAB =)  _[Bq,Bp] =0 €
Homg (7, \* Q® 7). As we noticed in section 6.3.1 the regular representa-
tion Q may be decomposed in irreducible representations of G. This induces
a decomposition of the tautological bundle as

7 =P %0

The monad construction for the ADHM representation of orbifold instantons
then follows from a generalisation of [74; 147; 164]. One starts from the
resolution of the diagonal in X x X, which is

o— (§®A4QV)G — (?@/\i@V)G 7

L <§®A23V>G — (§®3V>G . 76 j

[» O 0,

where 7 = 7 K .7V, We then compactify X to X by compactifying C*/G to
P4 /G and resolving the singularity at the origin. We can do this by defining
X = XU Py, where Z,, =1P3/G. This is useful as we can then glue objects
on X and G-invariant objects on Z, so as to get globally defined objects on
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X. By defining T() = T2 )R TV, a globally defined resolution of
the diagonal sheaf in X x X is

0 — (ﬁ(—4)®/\4 Q\/)G — (ﬁ—a@/\f’ QV>G T

L (Fraep?2Y)” — (Frneev) j

L 76 On 0.

The construction then follows the same strategy adopted in the previous
section. In particular, if & is a coherent sheaf on X, one can take its Fourier-
Mukai transform, where now C*® is the resolution of the diagonal 0 in X.
Then, associated to the sheaf &(—{) = & ® Ox(—1P) there is a spectral
sequence EP"9, whose E}"9-term is given by

—p G
BP9 = (5(1)) RHIX, E(—0) x TV @ /\QV)> :

The tensor product decomposition of the tautological bundle .7 as 7 =
@D 7 ® pr makes it possible to reduce the homological algebra coming from
the orbifold spectral sequence to the easier IP? case. Indeed, cohomology
groups relevant to the computations all take the form H9(X, &(—() ® %),
which can in turn be interpreted as the equivariant decomposition of the
ADHM datum.
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