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Abstract. In this work we study the entanglement entropy of a uniform quantum Ising chain
in transverse field undergoing a periodic driving of period τ . By means of Floquet theory we
show that, for any subchain, the entanglement entropy tends asymptotically to a value τ -
periodic in time. We provide a semi-analytical formula for the leading term of this asymptotic
regime: It is constant in time and obeys a volume law. The entropy in the asymptotic regime
is always smaller than the thermal one: because of integrability the system locally relaxes to
a Generalized Gibbs Ensemble (GGE) density matrix. The leading term of the asymptotic
entanglement entropy is completely determined by this GGE density matrix. Remarkably,
the asymptotic entropy shows marked features in correspondence to some non-equilibrium
quantum phase transitions undergone by a Floquet state analog of the ground state.

1. Introduction

Understanding entanglement in quantum many-body systems is a powerful way to unveil their
properties (see the reviews [1, 2]). Among all possible ways to quantify non-local correlations
in a many-particle system a key role is played by the entanglement entropy [3]. For a system
characterized by a (pure state) density matrix ρ = |ψ〉 〈ψ| the entanglement entropy is defined
– given a partition into two subsystems A and B, and a corresponding reduced density matrix
ρA = TrB ρ – as the von Neumann entropy of ρA, SA = −TrA ρA log ρA.

The scaling of SA with the size of the subsystem A carries distinct information on the state
of the system [2, 4, 5, 6, 7, 8, 9, 10, 11, 12]. The ground state of a short-range Hamiltonian obeys
an area law (scaling like the measure of the border of subsystem A), with important corrections
arising when the system approaches a critical point. Excited states, on the other side – in a
similar fashion as thermal states – follow typically a volume law, where the scaling is with the
measure of subsystem A (a notable exception are many-body localized states [13, 14]).

Understanding the behaviour of entanglement entropy is also important in the description of
the non-equilibrium dynamics of closed quantum many-body systems [15]. Numerous examples
support this statement. Entanglement entropy was analysed in the adiabatic dynamics of a
many-body system passing through a critical point [16, 17, 18]. On the opposite case of a rapid
change of the coupling parameters – a quantum quench – Calabrese and Cardy [19] were the
first to study the time-dependence of the entropy in a conformal field theory, specializing then
to the case of a one-dimensional integrable spin chain. They found that the entropy increases
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linearly before saturating to an asymptotic value (that scales with the volume of the subsystem)
(see also Ref. [20]). In the presence of disorder, for a many-body localized state, the entropy
increases logarithmically [21, 22, 23, 24, 25] – a behaviour intimately connected to the dephasing
mechanism characteristic of this phase. For a disordered ergodic system – on the opposite –
the disorder-averaged entanglement entropy increases linearly in time before saturation, and the
asymptotic disorder-distribution of the entanglement entropy coincides with the thermal one [25].
In addition to the interest in its own, the study of the entanglement is also of utmost importance
in connection with the possibility to numerically study correlated systems by means of classical
simulations, as e.g. the density matrix renormalization group [26, 5]. Indeed the power of
numerical simulations is limited by the amount of entanglement present in the quantum state.

We will analyse the entanglement entropy in another class of non-equilibrium dynamics in
which the quantum system is subject to a periodic driving. In recent years there has been an
uprising interest for periodically driven closed quantum systems, with special emphasis on the
existence of an asymptotic time-periodic steady state and the conditions under which it shows
thermal properties [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48].
The asymptotic state of open driven quantum systems has also been studied in Refs. [49, 50, 51,
52, 53, 54, 55, 56].

From now on, we will focus our attention on closed driven quantum systems. By means of
Floquet theory [57, 58, 59], formal similarities between this case and that of a quantum quench
have been discovered; at the same time, many results first obtained in the case of a quantum
quench have been generalized to the periodic driving case. One example is the relaxation to the
Floquet diagonal ensemble of periodically driven systems [39, 40, 41, 42, 43, 60].

The behaviour of the entanglement entropy has been analysed as well in periodically driven
systems. The relation between the way entanglement entropy grows in time and the system
being many-body localized or ergodic is the same in periodically driven systems and quantum
quenches [32]. Transitions between regimes with anomalous scaling exponents in the finite-time
entanglement entropy of an integrable fermionic system was discussed in Ref. [61]. In Ref. [62] the
authors study the entanglement entropy of a free electron chain undergoing a periodic quench,
discussing relations to equilibrium lattice models. They find the entanglement entropy saturating
to an asymptotic value proportional to the volume of the subsystem, displaying in general slow
oscillations in time. In Ref. [63] the authors describe the periodic driving of the Heisenberg
model. They see that the entanglement entropy saturates after a transient to an asymptotic
value obeying a volume law. Remarkably, this asymptotic value is the same as the T = ∞-
completely mixed density matrix: the periodic driving makes this system thermalize (due to
the absence of energy conservation a periodic driving can induce only T = ∞-thermalization –
see [38, 43, 33, 46, 41])).

In this paper we consider the entanglement properties of an integrable quantum spin chain.
We focus on the entanglement entropy Sl(t) of a subchain of length l for a quantum Ising chain
in transverse field undergoing a time-periodic driving of period τ [39, 40]. The entanglement
entropy increases linearly in time, until in the long-time limit an asymptotic τ -periodic value

S
(∞)
l (t) is reached ‡. The asymptotic value, at leading order, is linear in l: in the asymptotic

regime the entropy follows a volume law, as occurs in the driven integrable system of [62]. We go
beyond the results of Ref. [62] because – whatever is the form of the periodic drive – we are able
to show this convergence analytically by means of Floquet theory: we express the asymptotic
value in terms of the Floquet states of the driven system. Moreover, we are able to provide a
semi-analytical formula for the coefficient of the leading-order-in-l term: we find that it is not
only τ -periodic but even time-independent.

‡ Similar phenomenology can be also seen in Fig.1 of Ref. [61]. Here the authors focus on phenomena at finite
time and do not make any comment on relaxation to an asymptotic condition.
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The system is integrable and locally relaxes to a non-thermal asymptotic condition [39]
described by a special form of Generalized Gibbs Ensemble (GGE) density matrix [60, 42] which
we term Floquet GGE (for more results on the GGE in sudden quenches, see [64, 65, 66, 67, 68,
69, 70, 15]; Refs. [71, 72] discuss in detail GGE for sudden quenches in the quantum Ising chain).
We find that the leading-order-in-l term in the asymptotic entanglement entropy is completely
determined by the Floquet GGE. Therefore, by means of the entanglement entropy, we see that
relaxation to the GGE occurs at arbitrarily large length scales.

In agreement with the absence of thermalization, the asymptotic entropy is always well
below the completely mixed T =∞ density matrix value l log 2 and depends on the parameters
of the driving: we can see marked peaks in the asymptotic entropy in correspondence to some
non-equilibrium quantum phase transition of a Floquet-state-analog of the ground state [73].

The behaviour we observe is peculiar to driven integrable systems. In the driven non-
integrable case, on the contrary, there are two possibilities. If the dynamics is ergodic, then
the entanglement entropy increases linearly in time until the completely mixed state value is
eventually reached [63]; in the many-body localized case, instead, the entanglement entropy
shows a logarithmic increase [32].

The paper is organized as follows. In Section 2 we introduce the dynamics of the uniform
quantum Ising chain in a time-periodic transverse field. We discuss the application of Floquet
theory to this problem and introduce the form of the Floquet GGE density matrix describing
the asymptotic periodic condition of local observables. Section 3 is the heart of this paper: we
evaluate the entanglement entropy in the periodically driven case showing that the entanglement
entropy for any subchain relaxes to an asymptotically periodic value. We show also that the
leading term of the asymptotic value obeys a volume law; we find a semi-analytical formula for
this term and we see that it is completely determined by the Floquet GGE. In Section 4 we show
some numerical results corroborating our analysis and in Section 5 we draw our conclusions.
Most technical details and analytical derivations can be found in the appendices.

While this manuscript was about to be submitted for publication, we became aware of
similar results obtained by T. Apollaro, G. M. Palma and J. Marino [74].

2. Periodically driven quantum Ising chain

In this section we discuss the dynamics of a uniform quantum Ising chain in transverse field; we
provide more details in Appendix A and Appendix B. The Hamiltonian of the system is

Ĥ(t) = −1

2

L∑
j=1

(
Jσ̂zj σ̂

z
j+1 + h(t)σ̂xj

)
. (1)

Here, the σ̂x,zj are spins (Pauli matrices) at site j of a chain of length L with boundary conditions
which can be periodic (PBC) σ̂x,zL+1 = σ̂x,z1 or open (OBC) σ̂x,zL+1 = 0, and J is a longitudinal
coupling (J = 1 in the following). The transverse field is taken uniform and time-periodic,
h(t) = h(t+ τ). This Hamiltonian can be transformed, through a Jordan-Wigner transformation
(see Eq. (A.1) and Refs. [75, 76]), into a quadratic-fermion form. At equilibrium and for a
homogeneous transverse field, h(t) = h0, the model has two gapped phases, a ferromagnetic
(|h0| < 1), and a paramagnetic (|h0| > 1) one, separated by a quantum phase transition at
hc = 1. Assume now that the transverse field oscillates periodically, for t ≥ 0, around the
uniform value h0, with some amplitude A. If we assume PBC for the spins, we can quite simplify
the analysis: going to k-space (we discuss more general cases in Appendix A) Ĥ(t) becomes a
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sum of two-level systems:

Ĥ(t) =

ABC∑
k

(
ĉ†k ĉ−k

)
Hk(t)

 ĉk

ĉ†−k

 with Hk(t) ≡
(
εk(t) −i∆k

i∆k −εk(t)

)
(2)

where εk(t) = h(t)−cos k, ∆k = sin k, and the sum over k is restricted to positive k’s of the form
k = (2n+ 1)π/L with n = 0, . . . , L/2− 1, and L even, corresponding to anti-periodic boundary
conditions (ABC) for the fermions [75], as appropriate to the subsector with an even number of
fermions, where the initial ground state |ψGS〉 for a chain of finite length L § and the ensuing
time-evolved state |ψ(t)〉 live [77] . We will briefly refer to such a set of k, in the following,
as k ∈ ABC. The Hamiltonian can be block-diagonalized in each k sector with instantaneous
eigenvalues ±Ek(t) = ±

√
ε2k(t) + ∆2

k. We assume that at time t = 0 the coherent evolution

starts with the system in the ground state of the Hamiltonian Ĥ(t = 0). This ground state

has a BCS-like form |ψGS〉 =
∏ABC
k>0

∣∣ψ0
k

〉
=
∏ABC
k>0

(
v0
k + u0

k ĉ
†
k ĉ
†
−k

)
|0〉, with v0

k = cos(θk/2) and

u0
k = i sin(θk/2) expressed in terms of an angle θk defined by tan θk = (sin k)/(1− cos k).

The evolution of the system can be naturally described through a Floquet analysis [39, 40].
Details on how to compute Floquet modes and quasi-energies in this case are given in [39, 40]
and the related supplementary material. In Appendix A we show how to extend this picture to
the case of OBC or inhomogeneous couplings; in this section we focus on the case of PBC for the
spins because it is more transparent and instructive. The state of the system at all times can be
written in a BCS form

|ψ(t)〉 =

ABC∏
k>0

|ψk(t)〉 =

ABC∏
k>0

(
vk(t) + uk(t)ĉ†k ĉ

†
−k

)
|0〉 , (3)

where the functions uk(t) and vk(t) obey the Bogoliubov-De Gennes equations

i~
d

dt

(
uk(t)
vk(t)

)
= Hk(t)

(
uk(t)
vk(t)

)
, (4)

with initial values vk(0) = v0
k and uk(0) = u0

k.
The previous analysis applies to a general h(t). For a time-periodic h(t), we can find a basis

of states which are τ -periodic “up to a phase” in each k-subspace. These are the Floquet states∣∣ψ±k (t)
〉

= e∓iµkt
∣∣φ±k (t)

〉
, where

∣∣φ±k (t)
〉

are τ−periodic, and are called Floquet modes, while the
±µk are real and are called quasi-energies. The two quasi-energies have opposite signs because
Hk(t) has vanishing trace [39, 40]. The state of the system at any time t can then be expanded
as

|ψk(t)〉 = r+
k e−iµkt

∣∣φ+
k (t)

〉
+ r−k eiµkt

∣∣φ−k (t)
〉
, (5)

§ The ground state of the system always lies in the subsector with an even number of fermions [77]. When
h0 < 1, this state is almost degenerate (although lower in energy) with the ground state in the sector with odd
number of fermions (since the fermion number parity is conserved, the two sectors are always decoupled during
the dynamics). In the thermodynamic limit the two ground states are degenerate: the two symmetry-breaking

ones, the ones with
〈
σ̂zj

〉
= 0, are superpositions of these states. Nevertheless, we always focus on quantities

which – after the Jordan-Wigner and Fourier transforms – can be written as sums over the values of k given by the
considered boundary conditions. For these observables, the thermodynamic limit is always perfectly defined: it is
immaterial if we consider the ground state in the even sector, or the ground state in the odd sector. For instance,
we have checked that taking PBC for the fermions in Fig. 1 would give rise to results indistinguishable from the
ones for ABC, and both are very near to the same thermodynamic limit. Moreover, in this work, whenever we
perform the space-Fourier transform and have a sum over k, we perform it as an integral by means of a cubic
interpolation. Therefore, k is always in the continuum and – in some sense – we always take our quantities in
their well-defined thermodynamic limit.
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where r±k =
〈
φ±k (0) |ψk(0)〉 are the overlap factors between the initial state |ψk(0)〉 and the

Floquet modes
∣∣φ±k (t)

〉
.

In [39] we find that local observables b̂ in this system relax to an asymptotic τ -periodic
condition. In [60], we show that the asymptotic τ -periodic condition is described by a τ -
periodic GGE density matrix ρ̂FGGE(t), which we define Floquet Generalized Gibbs Ensemble
(see also [42]). We find

〈ψ(t)| b̂ |ψ(t)〉 t→∞−→ Tr
(
b̂ ρ̂FGGE(t)

)
where ρ̂FGGE(t) =

ABC∏
k>0

1

1 + λ2
k

e−λk n̂P,k(t) , (6)

where λk ≡ log
(
|r−k |2/|r

+
k |2
)

(see Eq. (5) for the definition of r±k ) and n̂P,k(t) are fermionic
quasi-particle-number-operators τ -periodic in time. There are L different n̂P,k(t) operators (as
many as the degrees of freedom), which are in involution ({n̂P,k(t), n̂P,k′(t)} = 0 ∀ k, k′). The
expectation value of the operators n̂P,k(t) is conserved in time. In order to see that, we show

the precise definition of these operators. They are defined as n̂P,k(t) ≡ γ̂†P,k(t)γ̂P,k(t), where the

quasi-particle operators γ̂P,k(t) are a linear combination of ĉk and ĉ†−k(
γ̂P,k(t)

γ̂†P,−k(t)

)
=

(
uP,k(t) vP,k(t)
−v∗P,k(t) u∗P,k(t)

)(
ĉk
ĉ†−k

)
. (7)

The τ−periodic objects uP,k(t) and vP,k(t) are defined in Eq. (C.1) (they are the components

of the periodic Floquet mode
∣∣φ+
k (t)

〉
in the basis {ĉ†k ĉ

†
−k |0〉 , |0〉} – see Eq. (5)). With these

definitions, it is not difficult to show that

〈ψ(t)| n̂P,k(t) |ψ(t)〉 = 〈ψk(t)| n̂P,k(t) |ψk(t)〉 =
∣∣r+
k

∣∣2 , (8)

where r+
k is a constant defined in Eq. (5). As we can see, the Floquet Generalized Gibbs

Ensemble Eq. (6) depends on the initial conditions (encoded in r±k ) and is never thermal: the
system is integrable and there are too many conserved quantities (the 〈ψ(t)| n̂P,k(t) |ψ(t)〉) to
allow thermalization.

We would like to emphasize that the picture above is strictly analogous to the well known
situation of the relaxation to the GGE of an integrable system with N degrees of freedom
after a quantum quench [64, 65, 66, 67, 68, 69, 70, 15, 71, 72]. In this case the system
has N (local or quasi-particle-number-like) operators Îµ, which are in involution and have an
expectation value constant in time [15]. The system locally relaxes to a GGE density matrix
ρ̂GGE which is expressed in terms of the operators Îµ and has a structure very similar to Eq. (6)

(ρ̂GGE = 1
N e−

∑L
µ=1 λµÎµ , where λµ are some constants fixed by the initial state).

In the next section we are going to see how the Floquet theory allows us to show that
the stroboscopic entanglement entropy of any subchain attains an asymptotic τ -periodic regime.
We find a semi-analytical expression for its leading-order value, which depends only on the
information contained in the Floquet Generalized Gibbs Ensemble.

3. Dynamics of the entanglement entropy in the periodically driven Ising chain

The entanglement entropy can be obtained from the solutions uk(t) and vk(t) of the Bogoliubov-
de Gennes equations (4). In Appendix B we show how to use these solutions to compute a special
2l× 2l time-dependent Toeplitz matrix (Eq. (B.15)). In terms of its 2l eigenvalues ±νm(t), m =

1, . . . l, we can construct the entanglement entropy of the subchain as Sl(t) = −
∑l
m=1H(νm(t)),



Entanglement entropy in a periodically driven Ising chain 6

where we have defined the function H(x) = − 1+x
2 log

(
1+x

2

)
− 1−x

2 log
(

1−x
2

)
. This holds true for

a generic time-dependent h(t).
In the case of a periodic driving, h(t+ τ) = h(t), we can say something more. By applying

the Floquet theory and the Riemann-Lebesgue lemma, we are able to show that the entanglement
entropy tends towards an asymptotic value which is τ -periodic. We find that this asymptotically
periodic entanglement entropy can be obtained from the eigenvalues a special 2l × 2l τ -periodic
Toeplitz matrix (Eq. (C.5)) which can be evaluated starting from the solutions of the Bogoliubov-
de Gennes equations expanded in the Floquet basis (see Eqs. (5) and (C.1)) Eq. (4). Defining

the eigenvalues of such a Toeplitz matrix as ±ν(∞)
m (t), m = 1, . . . l, the asymptotic entanglement

entropy turns out to be given by

S
(∞)
l (t) = −

l∑
m=1

H
(
ν(∞)
m (t)

)
. (9)

All the details of the derivations of this expression are reported in Appendix C. The discovery
of this relaxation phenomenon is one of the main results of the paper.

An important, we believe, observation is that S
(∞)
l (t) obeys a volume law. With an

argument analogous to the one used in Ref. [19], we show in Appendix D that

S
(∞)
l (t) = s(∞) l +O(log l) with s(∞) ≡ − 1

π

∫ π

0

dk
[
|r−k |

2 log |r−k |
2 + |r+

k |
2 log |r+

k |
2
]
, (10)

where r±k have been defined in Eq. (5). Hence, remarkably, the leading term in the asymptotic
τ -periodic entanglement entropy is time-independent and proportional to l (with at most
logarithmic corrections): this is reminiscent of the result valid in the case of a quantum quench,
found in Ref. [19]. The coefficient s(∞) is 1/L times the von Neumann entropy of the Floquet
Generalized Gibbs ensemble density matrix ρ̂FGGE(t) (Eq. (6)). So, the entanglement entropy
shows that the system relaxes to the Floquet GGE ensemble at any arbitrarily long spatial scale
l. We can see that r±k depend strongly on what is the chosen initial state, and so does s(∞); in
particular, we never see thermalization, as we are going to show in the next section where we
substantiate our analytical formulae with numerical results.

4. Numerical results

Numerically solving the Bogoliubov-de Gennes equations (4) by means of a 4th-order Runge-
Kutta algorithm (see for instance [78]), we can explicitly see the relaxation of the entanglement
entropy and the validity of the asymptotic value expansion Eq. (10). In all this section we choose
a driving of the form

h(t) = h0 +A sin (ω0t) , (11)

where we assume for simplicity A > 0, h0 > 0 and ω0 > 0. In the presentation of the results we
will restrict to stroboscopic times of the form tn = nτ with τ = 2π/ω0. On one side, this choice
simplifies the numerical calculations. On the other side, the asymptotically periodic condition

for S
(∞)
l (t) appears as an approach to an asymptotic constant value S

(∞)
l (0), which can be seen

more easily.
We show some examples of stroboscopic relaxation in Fig. 1. In all the cases we have

considered, we see that the (stroboscopic) entanglement entropy reaches, after a transient, its

asymptotic value S
(∞)
l (0). We can see that the transient lasts for a time linearly scaling with l.

It is not difficult to qualitatively understand this fact. In each point of the system the periodic
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Figure 1. Examples of convergence of the stroboscopic entanglement entropy Sl(nτ) (solid

lines) to the asymptotic value S
(∞)
l (0) (dashed lines). In the top panels we take periodic

boundary conditions, in the bottom ones open boundary conditions. We cannot follow the
convergence for longer times because of finite size revivals (see Appendix C.1). Numerical
parameters: h0 = 2.3, L = 800, A = 1.0; on the left panels it is ω0 = 4.0, on the right ones
ω0 = 0.35. Details on the numerical methods used for the calculations of these figures are
given in Appendix C.1.

drive generates quasi-particle excitations which propagate at finite velocity, bringing with them
correlations: a longer subchain takes proportionally more time to get fully entangled with the rest
of the system. This picture strictly resembles the case of quantum quench of [19]. It explains why
the leading term in the asymptotic entanglement entropy follows a volume law: quasi-particles
are generated in every point of the subchain so, after a while, the whole subchain is correlated
with the rest of the system. In the top panels of Fig. 1 we show the situation in the case of
PBC on the spins (ABC on the fermions), in the bottom ones we consider the case of OBC.
In the second case the convergence to the asymptotic value is slower (more or less) by a factor
2: we are considering a subchain with a loose end, and excitations can propagate only towards
one direction. Moreover, taking OBC, the oscillations around the asymptotic value seem to be
smaller than in the PBC case.

In the left panel of Fig. 2, we show the dependence on l of the asymptotic entanglement

entropy S
(∞)
l (0), compared with the semi-analytical result of the leading term l s(∞) (Eq. 10): we

see a quite good agreement. In the right panel of the same figure we plot the rescaled difference
S

(∞)
l (0)

l − s(∞), which clearly tends to 0 for l→∞. Therefore, for l→∞ we have that l s(∞) is
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Figure 2. (Left panel) S
(∞)
l (0) (solid line) and l s∞ vs the A-subchain length l (dashed line)

for some choices of the driving parameters. (Right panel)
S

(∞)
l

(0)

l
− s∞ vs l for some choices

of the driving parameters. We see that this difference tends to 0 for l→∞: in this limit l s∞

is a very good approximation for S
(∞)
l (0). Numerical parameters: L = 5000, A = 1.0.

a very good approximation for S
(∞)
l (0).

Fig. 3 shows the dependence of s(∞) on ω0. We see some marked peaks: they appear in
correspondence with a series of Floquet resonances [79, 44]. These resonances are discussed in
Ref. [79], where it is shown that their positions do not depend on the specific form of the periodic
drive h(t) but only on its time-averaged value h0. To better understand these resonances,
we have to consider the unperturbed spectrum which is made by the two bands (see Fig. 4):
±Ek (h0) = ±

√
(h0 − cos k)2 + ∆2

k. In the vanishing amplitude limit (A → 0), if a k mode
obeys the relation nω0 = 2Ek (h0), it shows a n-photon resonance. Moving to the case of a
non-vanishing driving amplitude, in general, these resonances develop into avoided crossings
in the quasi-energy spectrum (see [80, 73] and the Supplemental Material of [39]). The exact
degeneracies persist only if they occur at k = 0 or k = π. The k = 0 resonances occur when
2 |h0 − hc| = pω0, the k = π ones if 2 |h0 + hc| = qω0 (p, q ∈ Z is the order of the resonance –
see Fig. 4) [79]. We see in Fig. 3 very large peaks for the k = 0 resonances, and much smaller
features at the k = π resonances. ‖ As discussed in Ref. [73], these resonances correspond to
second-order quantum phase transitions of a special Floquet state (the so-called “Floquet ground
state”) whose behaviour is analogous to that of the ground state of a physical system. Although
we are considering the entanglement entropy of a state very different from the Floquet ground
state, we remarkably see in the behaviour of s(∞) some traces of the quantum phase transitions
of this special state.

We would like to stress that in all the cases we have considered, s(∞) is always well below
the thermal T = ∞ value log(2) (being the system periodically driven, due to the absence of
energy conservation, it can only thermalize at T = ∞ [38, 43, 33, 46, 41]). The system cannot
thermalize because it is integrable and locally relaxes to the Floquet Generalized Gibbs ensemble
Eq. (6).

As we go to small frequencies, s(∞) decreases. This is expected in the adiabatic limit,

‖ As a matter of fact, the transitions between different behaviours of the entanglement entropy at finite time
observed in Ref. [61] occur at resonance points strictly analogous to ours. The authors consider a one-dimensional
periodically driven fermionic system of the form Eq. (2): they see transitions in the scaling of the finite-time
entanglement entropy at those frequencies where one more extremum in the Floquet spectrum µk appears. Such
extrema appear right at our resonance points (see SM of [39].
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where the driving excites a vanishingly small number of excitations: there is indeed nothing
which can propagate quantum correlations. The adiabatic limit occurs when the characteristic
frequency scale of the perturbation is much smaller than the minimum energy gap encountered
during the dynamics [81]. Thanks to the factorization of the Hamiltonian (see Eq. (2)), only
the single-particle gaps (those for each 2 × 2 k−subspace) are important: the adiabatic limit
hence corresponds to ω0 � 2|h0 − hc|. From a numerical point of view, it would be quite time-
consuming to consider very small frequencies in Fig. 3. When the frequency is very small, the
Floquet spectrum undergoes multiple foldings in the first Floquet-Brillouin zone [−ω0/2, ω0/2]:
as k changes the quasi-energies µ±k undergo many avoided crossings. At each crossing, the
quantities |r±k |2 undergo quite sudden changes (see the SM of [39]): hence the integrand in
Eq. (10) is a strongly oscillating function of k. For very low frequencies, we need indeed very

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.1  1  10

s(∞
)

ω0

Figure 3. The coefficient s(∞) of the linear term in l of the asymptotic entropy vs ω0. We
see clear peaks at the frequencies where the k = 0 mode is resonant (ω0 = 2|h0−hc|/p with p
integer, green vertical lines). Instead, at the frequencies where the mode at k = π is resonant
(ω0 = 2|h0+hc|/q with q integer, black vertical lines) there are much less pronounced features.
The coefficient is always smaller than its T =∞ thermal value log 2: the system is integrable
and never thermalizes whatever the driving parameters. (Numerical parameters: A = 1.0,
h0 = 2.3, L = 5000.)

-|h0-hc|

|h0-hc|

 0  0.2  0.4  0.6  0.8  1

-(h0+hc)

h0+hc

(+
/-

)E
k(

h 0
)

k/π

2|h0-hc|= p ω0 2(h0+hc)= q ω0

Figure 4. Schematic explanation of the multi-photon resonances marking the non-equilibrium
quantum phase transitions (see main text).
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fine meshes in k (hence, very long chains) to obtain a good estimate of the integral.

5. Conclusion and perspectives

We have discussed the behaviour of the entanglement entropy in a time-periodically-driven
quantum Ising chain in transverse field. We have observed that the entanglement entropy relaxes
asymptotically to a time-periodic value with the same period of the driving. The asymptotic
entropy is attained after a transient in time whose duration scales linearly with the size of the
subsystem; we are able to express the asymptotic regime in terms of the Floquet states of the
driven system.

The asymptotic entropy, at leading order, follows a volume law in the size of the chain:
we have found a semi-analytical formula for the coefficient of the leading order term. Quite
remarkably, this coefficient is not periodic but time-independent; its dependence on ω0 is
reminiscent of quantum phase transitions of the Floquet ground state.

Although following a volume law, the asymptotic entropy stays always well below the thermal
value: the system is integrable and locally relaxes to a Floquet GGE ensemble. Noteworthy,
the leading term in the asymptotic entropy is proportional to the von Neumann entropy of the
Floquet GGE density matrix. So the Floquet GGE gives the asymptotic properties of the system
at any arbitrarily long spatial scale l.

It is interesting to consider what happens to the picture we have described in the presence
of disorder. In principle, arbitrary inhomogenous couplings can be tackled by the approach
presented in Appendix A. But disorder should lead to localization of the states, and hence
correlations should not be able to propagate efficiently [40, 82, 83]. We defer to future publications
the analysis of this case and the study of different time-driving protocols. It would also be
interesting to know if an analysis for generic driven one-dimensional systems based on conformal
field theory is possible, in the spirit of what Ref. [19] does for quenched one-dimensional systems.
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Appendix A. - Bogoliubov-de Gennes dynamics

In this Appendix we briefly describe the quantum dynamics of Ising/XY chains [84, 40]. Here we
do not assume translational invariance, therefore Fourier transform to momentum space cannot
be employed. We closely follow the discussion of Ref. [40]. Generically, if ĉj denote the L
fermionic operators originating from the Jordan-Wigner transformation of spin operators [75]

σ̂xj = 1− 2ĉ†j ĉj

σ̂zj = τj

(
ĉ†j + ĉj

)
σ̂yj = iτj

(
ĉ†j − ĉj

)
, with τ̂j ≡

∏
l<j

σ̂xl , (A.1)
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we can write the Hamiltonian in Eq. (1) as a quadratic fermionic form

Ĥ(t) = Ψ̂† ·H(t) · Ψ̂ =
(
ĉ† ĉ

)( A(t) B(t)
−B(t) −A(t)

)(
ĉ

ĉ†

)
. (A.2)

Here Ψ̂ are 2L-components (Nambu) fermionic operators defined as Ψ̂j = ĉj (for 1 ≤ j ≤ L)

and Ψ̂L+j = ĉ†j , and H is a 2L × 2L Hermitian matrix having the explicit form shown on the
right-hand side, with A an L×L real symmetric matrix, B an L×L real anti-symmetric matrix.
Such a form of H implies a particle-hole symmetry: if (uα,vα)T is an instantaneous eigenvector
of H with eigenvalue εα ≥ 0, then (v∗α,u

∗
α)T is an eigenvector with eigenvalue −εα ≤ 0.

Let us now focus on a given time, t = 0, or alternatively suppose that the Hamiltonian is
time-independent. Then, we can apply a unitary Bogoliubov transformation

Ψ̂ =

(
ĉ

ĉ†

)
= U0 ·

(
γ̂

γ̂†

)
=

(
U0 V∗0
V0 U∗0

)
·

(
γ̂

γ̂†

)
, (A.3)

where U0 and V0 are L×L matrices collecting all the eigenvectors of H, by column, turning the
Hamiltonian in Eq. (A.2) in the diagonal form

Ĥ =

L∑
α=1

εα
(
γ̂†αγ̂α − γ̂αγ̂†α

)
, (A.4)

where the γ̂α are new quasiparticle Fermionic operators. The ground state |GS〉 has energy
EGS = −

∑
α εα and is the vacuum of the γ̂α for all values of α: γ̂α |GS〉 = 0.

To discuss the quantum dynamics when Ĥ(t) depends on time, one starts by writing the

Heisenberg equations of motion for the Ψ̂, which turn out to be linear, due to the quadratic
nature of Ĥ(t). A simple calculation shows that:

i~
d

dt
Ψ̂H(t) = 2H(t) · Ψ̂H(t) , (A.5)

the factor 2 on the right-hand side originating from the off-diagonal contributions due to
{Ψj ,ΨL+j} = 1. These Heisenberg equations should be solved with the initial condition that, at
time t = 0, is

Ψ̂H(t = 0) = Ψ̂ = U0 ·

(
γ̂

γ̂†

)
. (A.6)

A solution is evidently given by

Ψ̂H(t) = U(t) ·

(
γ̂

γ̂†

)
=

(
U(t) V∗(t)
V(t) U∗(t)

)
·

(
γ̂

γ̂†

)
(A.7)

with the same γ̂ used to diagonalize the initial t = 0 problem, as long as the time-dependent
coefficients of the unitary 2L× 2L matrix U(t) satisfy the ordinary linear Bogoliubov-de Gennes
time-dependent equations:

i~
d

dt
U(t) = 2H(t) · U(t) (A.8)

with initial conditions U(t = 0) = U0. It is easy to verify that the time-dependent Bogoliubov-de
Gennes form implies that the operators γ̂α(t) in the Schrödinger picture are time-dependent and
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annihilate the time-dependent state |ψ(t)〉. Notice that U(t) looks like the unitary evolution
operator of a 2L-dimensional problem with Hamiltonian 2H(t). This implies that one can use
a Floquet analysis to get U(t) whenever H(t) is time-periodic. This trick provides us with
single-particle Floquet modes and quasi-energies in terms of which we can evaluate, through the

Heisenberg picture prescription, any two-point correlator
〈
ĉi ĉj

〉
,
〈
ĉ†i ĉj

〉
. Because the state is

Gaussian, from those objects one can reconstruct the expectation of any operator and also the
entanglement entropy of any subchain as we show in Appendix B. To that purpose, it is very
useful to rewrite Eq. (A.7) in the Schrödinger representation: we obtain(

ĉ

ĉ†

)
=

(
U(t) V∗(t)
V(t) U∗(t)

)
·

(
γ̂ (t)

γ̂†(t)

)
. (A.9)

Here we have defined γ̂ (t) as an L-components fermionic operators defined as γ̂µ(t) =

Û(t)γ̂µÛ
†(t) for µ = 1, . . . , L; Û(t) is the time-evolution operator in the full Hilbert space such

that Û(0) = 1̂ and i~∂tÛ(t) = Ĥ(t)Û(t). With these definitions, it is easy to see that

γ̂µ(t) |ψ(t)〉 = 0 ∀µ, ∀t . (A.10)

Appendix B. - Evaluation of the entanglement entropy

In this section we show explicitly the computation of the entanglement entropy in the driven
quantum Ising chain which leads to the results of Sec. 3. We express the entropy in terms of the
solution of the dynamical Bogoliubov-de Gennes equations (Appendix A). We generalize to the
case of driven systems the methods for the evaluation of the entanglement entropy in the static
chain introduced in Ref. [5].

Appendix B.1. - Correlation matrix of the Majorana operators

In this subsection we introduce Majorana fermions starting from the Bogoliubov fermions
of Appendix A and then we express their correlation matrix in terms of the solution of the
dynamical Bogoliubov-de Gennes equations. We are going to see in Subsection Appendix B.2
that this correlation matrix is an essential ingredient to evaluate the entanglement entropy of
any sub-chain. We are going to see first the generic case and then the translationally-invariant
one. In the latter case, the correlation matrix assumes a Block-diagonal form in k-space, which
allows to fasten the numerical calculations.

Generic, non translationally invariant case. We consider a generic form of external driving: we
can apply the results of Appendix A. In particular, by inverting the unitary matrix U(t) obeying
Eq. (A.8), we can rewrite Eq. (A.9) in the form(

γ̂µ(t)
γ̂†µ(t)

)
=

L∑
j=1

[
U∗jµ(t) V ∗jµ(t)
Vjµ(t) Ujµ(t)

](
ĉj
ĉ†j

)
. (B.1)

To obtain the entanglement entropy, we have to introduce two sets of Majorana operators (see
Refs. [5, 85, 86])(

č2l−1

č2l

)
=

[
1 1
−i i

](
ĉl
ĉ†l

)
for l = 1, . . . , L and(

γ̌2µ−1(t)

γ̌2µ(t)

)
=

[
1 1
−i i

](
γ̂µ(t)
γ̂†µ(t)

)
for µ = 1, . . . , L . (B.2)
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It is easy to see from the definitions that these objects obey the Majorana algebra:
{
γ̌α, γ̌β

}
=

δαβ and γ̌α = γ̌†α ∀α, β. Applying those transformations to Eq. (B.1) we can immediately find(
γ̌2µ−1

γ̌2µ

)
=

L∑
j=1

[
<eUjµ + <eVjµ =mUjµ −=mVjµ

− (=mUjµ + =mVjµ) <eUjµ −<eVjµ

](
č2j−1

č2j

)
. (B.3)

We can recast this formula as

γ̌σ(t) =

L∑
n=1

Wσn(t) čn . (B.4)

Thanks to the unitarity of the L × L matrix U†(t) =

(
U†(t) V†(t)
VT (t) UT (t)

)
, we can see that the

2L × 2L matrix W(t) ([W(t)]σn = Wσn(t)) is an orthogonal matrix W−1(t) = WT (t) . At this

point we can evaluate the correlation matrix of the operators čl . To do that, we notice that —
thanks to Eq. (A.10) — we have the following averages〈

γ̂µ(t)
〉
t

= 0〈
γ̂µ(t)γ̂ν(t)

〉
t

= 0〈
γ̂µ(t)γ̂†ν(t)

〉
t

= δµν , (B.5)

where the bracket indicates the average over the state |ψ(t)〉. Using Eq. (B.2) it is easy to verify
that ¶ the correlation matrix is 〈

γ̌σ(t)γ̌η(t)
〉
t

= δση + iΓ γ
Lση (B.6)

where we have defined the 2L× 2L matrix

Γ γ
L =

L⊕
µ=1

[
0 1
−1 0

]
.

The correlation matrix of the original Majorana operators čn can be obtained from this one by
means of the transformation Eq. (B.4); the orthogonality of the transformation matrix W and
Eq. (B.6) give 〈

čmčn
〉
t

= δmn + iΓC
Lmn(t) ; (B.7)

where we have defined the 2L× 2L matrix

ΓC
L (t) ≡WT (t) Γ γ

L W(t) . (B.8)

Both the matrices ΓC
L (t) and Γ γ

L are skew-symmetric. The coefficients Ujµ and Vjµ from which
these matrices are obtained can be numerically evaluated by solving the Bogoliubov-de Gennes
equations Eq. (A.8).

¶ The explicit calculation, performed using the anticommutation properties of the Majorana operators, is

1 =
〈
γ̂µγ̂
†
µ

〉
t

=
1

4

〈
(γ̌2µ−1 + iγ̌2µ)(γ̌2µ−1 − iγ̌2µ)

〉
t

=
1

4

(
2− i

〈[
γ̌2µ−1, γ̌2µ

]〉
t

)
=

1

2

[
1− i

〈
γ̌2µ−1γ̌2µ

〉
t

]
.

In this way we show that
〈
γ̌2µ−1γ̌2µ

〉
t

= −
〈
γ̌2µγ̌2µ−1

〉
t

= i. Because of the anticommutation rules, we have

also
〈

(γ̌2µ−1)2
〉
t

=
〈

(γ̌2µ)2
〉
t

= 1. To show that all the other correlators of those Majorana operators vanish, we

take ν 6= µ and the conclusion follows substituting Eq. (B.2) in the relations
〈
γ̂µγ̂ν

〉
t

=
〈
γ̂µγ̂
†
ν

〉
t

=
〈
γ̂ν γ̂
†
ν

〉
t

= 0.



Entanglement entropy in a periodically driven Ising chain 14

Translationally invariant case. When the system is translationally invariant, it is possible to
relate the coefficients Ujµ, Vjµ of the matrix W(t) to the coefficients uk and vk, rapidly found by
moving to k-space and integrating there the L decoupled 2 × 2 Bogoliubov-de Gennes systems
of equations Eq. (4). Here the Fermionic Hamiltonian is block-diagonal (see Eq. (2)). Also the

Bogoliubov operators Eq. (A.10) have definite momentum and are related to the ĉk by means of
a unitary transformation constructed by means of the uk(t) and vk(t) of Eq. (3)(

γ̂k(t)

γ̂†−k(t)

)
=

(
u∗k(t) v∗k(t)
−vk(t) uk(t)

)
·

(
ĉk
ĉ†−k

)
. (B.9)

Introducing the Majorana operators as in Eq. (B.2), we find that the γ̌2k−1 and the č2k−1 are
related by means of the orthogonal transformation

γ̌2k−1(t)

γ̌2k(t)

γ̌−2k−1(t)

γ̌−2k(t)

 = Mk


č2k−1

č2k
č−2k−1

č−2k

 ,Mk ≡


<euk(t) =muk(t) <e vk(t) −=m vk(t)
−=muk(t) <euk(t) −=m vk(t) −<e vk(t)
−<e vk(t) =m vk(t) <euk(t) =muk(t)
=m vk(t) <e vk(t) −=muk(t) <euk(t)

 .

(B.10)
Using the polar representation uk(t) = |uk(t)|eiθk(t), vk(t) = |vk(t)|eiϕk(t), we can write the
matrix Mk(t) in the form

Mk(t) =

(
Uk Vk

−Vk Uk

)
with Vk = |vk(t)|σze−iϕk(t)σy = VT

k and Uk = |uk(t)|eiθk(t)σy .

Because of the orthogonality of the matrix Mk(t), we have the relations

UT
kUk + VT

k Vk = 1

UkUk + VkVk = 0 . (B.11)

Thanks to Eq. (A.10), we see that the correlation of the γ̌2k−1 has the k-factorized form

12L+iΓγL ≡
⊕
k>0

〈
γ̌2k−1

γ̌2k

γ̌−2k−1

γ̌−2k

⊗ ( γ̌2k−1 γ̌2k γ̌−2k−1 γ̌−2k

)〉
= 12L −

⊕
k>0

(
σy 0
0 σy

)
.

From this we can find the correlation matrix of the ĉk operators, defined analogously, which is
still factorized in k: it has the form

12L + iΓCkL (t) = 12L −
⊕
k>0

MT
k (t)

(
σy 0
0 σy

)
Mk(t) (B.12)

= 12L −
⊕
k>0

(
UT
k σ

yUk + Vkσ
yVk UT

k σ
yVk −Vkσ

yUk

Vkσ
yUk −UT

k σ
yVk UT

k σ
yUk + Vkσ

yVk

)
.

It is not difficult to see that

UT
k σ

yUk + Vkσ
yVk =

(
1− 2|vk(t)|2

)
σy ,

UT
k σ

yVk −Vkσ
yUk = 2i|uk(t)||vk(t)|σxei[θk(t)−ϕk(t)]σy

= 2i [<e(uk(t)v∗k(t))σx −=m(uk(t)v∗k(t))σz] . (B.13)



Entanglement entropy in a periodically driven Ising chain 15

From this we can find the correlation matrix 12L + ΓCL (t) of the operators č2j−1. Because we
have

ĉj =
1√
L

∑
k

e−ikj ĉk ,

we can write(
č2j−1

č2j

)
=

1√
L

∑
k

(
cos(kj) sin(kj)
− sin(kj) cos(kj)

)
·

(
č2k−1

č2k

)
=

1√
L

∑
k

ei(kj)σ
y

(
č2k−1

č2k

)
.

From this relation, defining the matrix

Qk,j =
(

ei(kj)σ
y

e−i(kj)σ
y )

,

we find that the correlation matrix is a 2L × 2L matrix composed by 2 × 2 blocks. The block
positioned in the row j and the column l has the form

12 δjl + iΓCL jl(t) =

〈(
č2j−1

č2j

)
⊗
(
č2l−1 č2l

)〉
= 12 δjl −

⊕
k>0

Qk,jMT
k (t)

(
σy 0
0 σy

)
Mk(t)QTk,l

= 12 δjl −
1

L

∑
k>0

(
ei(kj)σ

y

e−i(kj)σ
y )

×
( (

1− 2|vk(t)|2
)
σy 2i|uk(t)||vk(t)|σxei[θk(t)−ϕk(t)]σy

−2i|uk(t)||vk(t)|σxei[θk(t)−ϕk(t)]σy
(
1− 2|vk(t)|2

)
σy

)(
e−i(kl)σ

y

ei(kl)σ
y

)
= 12δjl −

2

L

∑
k>0

[
[|uk(t)|2 − |vk(t)|2]σy cos(k(j − l))

− 2i(<e(uk(t)v∗k(t))σz + =m(uk(t)v∗k(t))σx) sin(k(j − l))
]
.

(B.14)

Let us go into the thermodynamic limit, where the discrete summation becomes an integral. Let
us also consider – for reasons that will be clear soon – the 2l×2l submatrix ΓCl which corresponds
to some specific subsystem. This submatrix has the block Toeplitz form

ΓCl (t) =


Π0(t) Π−1(t) · · · Π1−l(t)

Π1(t) Π0(t)
...

...
. . .

...
Πl−1(t) · · · · · · Π0(t)

 , Πl(t) =

(
−2iRl(t) Ql(t)− 2iIl(t)

− (Q−l(t)− 2iI−l(t)) 2iRl(t)

)
,

(B.15)
where we have defined

Rl(t) =
1

2π

∫ π

−π
e−iklRk(t) dk, Rk(t) ≡ <e (uk(t)v∗k(t)) (B.16)

Il(t) =
1

2π

∫ π

−π
e−iklIk(t) dk, Ik(t) ≡ =m (uk(t)v∗k(t)) (B.17)

Ql(t) =
1

2π

∫ π

−π
e−iklQk(t) dk, Qk(t) ≡ |uk(t)|2 − |vk(t)|2 . (B.18)
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The uk(t) and vk(t) are solutions of Eq. (4) +. The Hamiltonian matrix in Eq. (4) obeys the
symmetry relation H−k(t) = σzHk(t)σz: this implies that uk(t) = u−k(t) and vk(t) = −v−k(t).
From this it follows that R−l = −Rl, I−l = −Il, Q−l = Ql: this implies that the matrix ΓCl (t)
is antisymmetric, as it should be. It is easy to see that the matrix iΓCl (t) is Hermitian: it has 2l
eigenvalues of the form ±νm(t), m = 1, . . . l. In the next subsection we are going to show how
to use these eigenvalues to evaluate the entanglement entropy of the considered subchain.

Appendix B.2. - Entanglement entropy

From the correlation matrix (Eq. (B.8) or Eq. (B.15)), the entanglement entropy of any subchain
can be evaluated by means of the standard method introduced in Ref. [5]. For reader convenience,
we report this discussion in the present subsection. We select a subchain made by l adjacent
spins. The entanglement entropy associated to this partition is evaluated as the Von Neumann
entropy of the reduced density matrix ρ̂l for the l adjacent spins

Sl(t) = −Tr [ρ̂l(t) log ρ̂l(t)] .

We can expand the density matrix ρl of the block as

ρ̂l(t) = 2−l
∑

µ1, ..., µl=0,x,y,z

ρµ1···µl(t) σ̂
µ1

1 · · · σ̂
µl
l , (B.19)

(we define σ̂0 = 12) where the time-dependent coefficients ρµ1···µl(t) are given by

ρµ1···µl(t) = 〈σ̂µ1

1 · · · σ̂
µl
l 〉t . (B.20)

The Hamiltonian is invariant under Fermionic parity transformation L∏
j=1

σ̂xj

 Ĥ(t)

 L∏
j=1

σ̂xj

 = Ĥ(t) ∀t . (B.21)

As they show in [5], this implies that ρµ1···µl(t) = 0 whenever the number of indices j for which
µ = y and µ = z is odd.

Applying the Jordan-Wigner transformation, therefore, the string operators τj (see
Eq. (A.1)) appear always in pairs: their tails (which are infinitely long in the thermodynamic
limit) annihilate each other. Hence, we can express the expectation in Eq. (B.20) as an algebraic
sum of many-point Fermionic correlators, each containing a finite number of creation/annihilation
operators. Because the state of the system is Gaussian, we can apply Wick theorem and express
the many-point correlators as sums of products of the two-point Majorana correlators forming
the subsystem correlation matrix 12l + iΓCl (t) (see Eq. (B.15)).

As we are going to describe in detail, we can block-diagonalize this matrix and show that
the considered subsystem is equivalent to l uncorrelated fermionic modes d̂j(t) occupied with
probabilities pj(t) < 1. The density matrix of the subsytem is the tensor product of the density
matrices of the fermionic modes: each one can be seen as a two-level quantum system where the
state |0〉 is occupied with probability 1−pj(t) and the state d̂†j(t) |0〉 is occupied with probability

+ We note in passing that the vector Bk(t) ≡

 2Rk(t)
2Ik(t)
Qk(t)

 is the Bloch-sphere representative of the state

|ψk(t)〉 =

(
uk(t)
vk(t)

)
. Moreover, it is not difficult to verify that – taking for uk and vk the values which these

objects assume in the ground state – Eq. (B.15) reduces to the well-known formula given in Ref. [5]
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pj(t). The entanglement entropy is indeed the sum of the von Neumann entropies of the factorized
fermionic modes: Sl(t) = −

∑
j = 1l [pj(t) log pj(t) + (1− pj(t)) log(1− pj(t))].

Being more precise, we can express the matrix ΓCl (t) in a block-diagonal form matrix

ΓD
l (t) = V(t) ΓC

l (t)VT (t) (B.22)

where V(t) is a 2l × 2l orthogonal matrix (V−1(t) = VT (t)) and ΓD
l (t) is written in terms of its

eigenvalues

ΓD
l (t) =

l⊕
j=1

[
0 νj(t)

−νj(t) 0

]
(B.23)

(from the technical point of view, we find the eigenvalues νj(t) by numerically diagonalizing the

Hermitian matrix iΓD
2l (t)). We can now define the Majorana modes

ďp(t) =

2L∑
m=1

Vpm(t)čm .

From Eq. (B.22), we can see that the mode ď2j−1 is only correlated to the mode ď2j : a most
convenient fact that we are going to exploit. At this point we can define the L spinless fermionic
operators

d̂j(t) =
1

2

[
ď2j−1(t) + iď2j(t)

]
{
d̂n(t), d̂m(t)

}
= 0,

{
d̂n(t), d̂†m(t)

}
= δnm . (B.24)

By construction, they fulfill〈
d̂n(t)d̂m(t)

〉
= 0

〈
d̂†n(t)d̂m(t)

〉
= δnm

1 + νm(t)

2
.

This means that the L fermionic modes are uncorrelated: they are in a product state

ρl(t) = ρ1(t)⊗ . . .⊗ ρl(t) .

This tensor product structure does not correspond in general to a factorization into local Hilbert
spaces of the l spins, but is instead a rather non-local structure. The density matrix ρj has
eigenvalues

pj(t) =
1 + νj(t)

2
and 1− pj(t) =

1− νj(t)
2

(B.25)

and entropy
S(ρj) = H (νj(t)) ,

where we define the function

H(x) ≡ −1 + x

2
log

(
1 + x

2

)
− 1− x

2
log

(
1− x

2

)
. (B.26)

Being the objects in Eq. B.25 the eigenvalues of a density matrix, they are real and are in
the interval [0, 1]; this implies that νj ∈ [−1, 1]. The spectrum of ρl results now from the l-fold
product of the spectra of the density matrices ρj , and the entropy of ρl is the sum of the entropies
of the l uncorrelated modes,

Sl(t) =

l∑
j=1

H (νj(t)) . (B.27)

The evaluation of the correlation matrix and the entanglement entropy can be easily implemented
numerically.
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Appendix C. - Relaxation of the entanglement entropy to an asymptotic periodic
regime.

Here we specialize the considerations of the section above to the case of periodic driving with
period τ = 2π/ω0. Expanding the Floquet states

∣∣ψ±k (t)
〉

in the basis {ĉ†k ĉ
†
−k |0〉 , |0〉} (see Sec. 2)

we can find the Floquet solutions of the Bogoliubov-de Gennes equations Eq. (4)

ψ+
F, k(t) ≡

(
uP, k(t)
vP, k(t)

)
e−iµkt, and ψ−F, k(t) ≡

(
−v∗P, k(t)

u∗P, k(t)

)
eiµkt , (C.1)

where uP, k(t) and vP, k(t) are τ−periodic objects. Expanding Eq. (5) in the basis{
ĉ†k ĉ
†
−k |0〉 , |0〉

}
, we can write a generic solution of the Bogoliubov-de Gennes equations as(

uk(t)
vk(t)

)
= r+

k

(
uP, k(t)
vP, k(t)

)
e−iµkt + r−k

(
−v∗P, k(t)

u∗P, k(t)

)
eiµkt . (C.2)

Substituting in Eq. (B.16), we find

Rl(t) =
1

2π

∫ π

−π
e−ikl

(
R

(∞)
k (t) +R

(fluc)
k (t)

)
dk Il(t) =

1

2π

∫ π

−π
e−ikl

(
I

(∞)
k (t) + I

(fluc)
k (t)

)
dk ,

Ql(t) =
1

2π

∫ π

−π
e−ikl

(
Q

(∞)
k (t) +Q

(fluc)
k (t)

)
dk , (C.3)

with

R
(∞)
k (t) ≡

(
1− 2|r−k |

2
)
<e
(
uP, k(t)v∗P, k(t)

)
, R

(fluc)
k (t) ≡ <e

((
u2
P, k(t)− v2

P, k(t)
)
r+
k r
−
k

∗
e−2iµkt

)
I

(∞)
k (t) ≡

(
1− 2|r−k |

2
)
=m

(
uP, k(t)v∗P, k(t)

)
, I

(fluc)
k (t) ≡ =m

((
u2
P, k(t)− v2

P, k(t)
)
r+
k r
−
k

∗
e−2iµkt

)
Q

(∞)
k (t) ≡ (2|r+

k |
2 − 1)

(
|uP, k(t)|2 − |vP, k(t)|2

)
, Q

(fluc)
k (t) ≡ −4<e

(
r−k r

+
k

∗
u∗P, k(t)v∗P, k(t)e−2iµkt

)
.

(C.4)

When t is large, the terms with superscript (fluc) are wildly oscillating in k because of the factor
e−2iµkt: integrating them over k we obtain a vanishingly small contribution. Only the terms with
superscript (∞) survive: they are objects periodic with period τ . Therefore, asymptotically, the
correlation matrix becomes the τ -periodic object

ΓC∞ l(t) =


Π

(∞)
0 (t) Π

(∞)
−1 (t) · · · Π

(∞)
1−l (t)

Π
(∞)
1 (t) Π

(∞)
0 (t)

...
...

. . .
...

Π
(∞)
l−1 (t) · · · · · · Π

(∞)
0 (t)

 , (C.5)

Π
(∞)
l (t) =

(
−2iR

(∞)
l (t) Q

(∞)
l (t)− 2iI

(∞)
l (t)

−Q (∞)
−l (t)− 2iI

(∞)
−l (t) 2iR

(∞)
l (t)

)
, (C.6)

R
(∞)
l (t) =

1

2π

∫ π

−π
e−iklR

(∞)
k (t) dk , I

(∞)
l (t) =

1

2π

∫ π

−π
e−iklI

(∞)
k (t) dk ,

Q
(∞)
l (t) =

1

2π

∫ π

−π
e−iklQ

(∞)
k (t) dk . (C.7)
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We see indeed that the correlation matrix relaxes asymptotically to a periodic value, and the

same does the entanglement entropy. If the eigenvalues of the matrix iΓC∞ l(t) are ±ν(∞)
m (t),

m = 1, . . . , l (they are real and ∈ [−1, 1] as we show in Appendix B.2), the entropy asymptotically
becomes

S
(∞)
l (t) =

l∑
m=1

H
(
ν(∞)
m (t)

)
, (C.8)

with H(x) defined in Eq. (B.26).

Appendix C.1. - Numerical implementations

In the finite-time calculations of Fig. 1 we always implement the general form of the correlation
matrix Eq. (B.8). Although the form given by Eqs. (B.15) and (C.3) may seem more appropriate
for the PBC translationally invariant case, it is highly inconvenient. This is due to the integrands
Rk(t), Ik(t) and Qk(t), rapidly becoming too fast oscillating functions of k because of the e−iµkt

factors. To evaluate the correlation matrix Eq. (B.8), we have indeed to numerically solve the
generic form of the Bogoliubov-de Gennes equations Eq. (A.8): with our resources this is possible
in a reasonable time for L up to ∼ 800. This is the reason why we cannot follow the convergence
of the entanglement entropy in Fig. 1 for very long times: after a time scaling linearly with L,
finite size effects appear. The physical motivation of the finite size effects lies in the propagation
of quasi-particles at finite velocity, as detailed in [40].

On the opposite – considering the the asymptotic entropy S
(∞)
l (0) (Eq. (C.8)) – R

(∞)
k (0),

I
(∞)
k (0) and Q

(∞)
k (0) (see Eq. (C.4)) are smooth functions of k whose integral be easily evaluated

even with moderate values of L ∗ (and then not too tight meshes in k – there is some caveat
for small frequencies which we discuss in Sec. 4). Indeed, Eq. (C.5) is very suitable for the
numerical evaluation of the asymptotic entropy. The resulting asymptotic entropy is appropriate
both for the OBC case and the PBC one: the reason is the argument based on the propagation
of quasi-particles that we explain in Sec. 4.

For large enough l, the asymptotic entanglement entropy scales linearly in l (see Eq. (10))
as we are going to show.

Appendix D. - Semi-analytical approximation of S
(∞)
l (t), for large l

In this appendix, we are going to explicitly demonstrate Eq. (10).
We perform an analysis very similar to the one introduced by Calabrese and Cardy in

Ref. [19] ]. We define

Π
(∞)
k (t) =

(
−2iR

(∞)
k (t) Q

(∞)
k (t)− 2iI

(∞)
k (t)

−Q (∞)
k (t)− 2iI

(∞)
k (t) 2iR

(∞)
k (t)

)
,

Γ̃C∞ l(t, λ) = iλ12l − ΓC∞ l(t) and

e2(x, y) = − y + x

2
log

(
y + x

2

)
− y − x

2
log

(
y − x

2

)
. (D.1)

∗ We perform the integrals in k by means of a cubic interpolation [78] and the use of the quadpack integration
routines [87].
] It is not difficult to see that our Eq. (10) reduces to Eq. (3.19) of Ref. [19] if we consider a quantum quench as
a degenerate periodic driving of arbitrary period.
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Being ±νm †† the eigenvalues of iΓC∞ l(t), we see that the eigenvalues of the matrix Γ̃C∞ l(t, λ) are
iλ± iνj . Its determinant is therefore

D l t(λ) ≡ det Γ̃C∞ l(t, λ) = (−1)l
l∏

j=1

(
λ2 − ν2

j

)
.

Applying the Cauchy theorem to Eq. (C.8), we find that we can write the asymptotic

entanglement entropy S
(∞)
l (t) as [19, 8, 9]

S
(∞)
l (t) =

1

4πi

∮
c

(
1

λ− νj
+

1

λ+ νj

)
e2(1+ε, λ)dλ =

1

4πi

∮
dλ e2(1+ε, λ)

d

dλ
logD l t(λ) (D.2)

(the second equality can be verified by direct substitution). The contour encircles the interval
[−1, 1] where there are the poles of d

dλ logD l t(λ); it tends to this interval as ε → 0. The ε in
the first argument of e2 is necessary to make the branch cuts of e2 to be outside the integration
contour: inside the contour the function is analytical and this justifies the application of the
Cauchy theorem.

Refs. [19, 88] show that, when l � 1, being Γ̃C∞ l(t, λ) a Toeplitz matrix, the approximate
formula

log det Γ̃C∞ l(t, λ) =
l

2π

∫ π

−π
log det

(
i12λ−Π

(∞)
k (t)

)
dk +O(log l) (D.3)

is valid. Notice that t, in the previous formula, does not scale with l: since Γ̃C∞ l(t, λ) is a τ -
periodic quantity we can restrict t to the interval [0, τ ]. The situation is very similar to Ref. [19]
where the authors apply the same formula when they consider an asymptotic static condition
after a quantum quench. Using the definitions we find

det
(
iλ12 −Π

(∞)
k (t)

)
= −λ2 + 4(R

(∞)
k (t))2 + 4(I

(∞)
k (t))2 + (Q

(∞)
k (t))2 = −λ2 +A2

k , (D.4)

where we have defined Ak ≡ (1 − 2|r−k |2) which is remarkably time-independent. We see that

4(R
(∞)
k (t))2 + 4(I

(∞)
k (t))2 + (Q

(∞)
k (t))2 = A2

k < 1 because this is the norm of the Bloch-vector
representative of the Floquet GGE density matrix (Eq. (6)) which can also be written as

ρFGGEk (t) ≡

(
Q

(∞)
k (t)/2 R

(∞)
k (t) + iI

(∞)
k (t)

R
(∞)
k (t)− iI (∞)

k (t) −Q (∞)
k (t)/2

)
.

We find indeed (omitting the logarithmic corrections)

d

dλ
logD l(λ) =

l

2π

∫ π

−π
dk

d

dλ
log
(
−λ2 +A2

k

)
=

l

2π

∫ π

−π
dk

2λ

λ2 −A2
k

. (D.5)

Substituting in Eq. (D.2) and using the value of Ak, we find

Sl =
l

2π

∫ π

−π
dk

1

4πi

∮
dλ e2(1 + ε, λ)

2λ

λ2 −A2
k

. (D.6)

Being A2
k < 1, both the poles fall inside the integration contour and we can explicitly perform

the integral in dλ Eq. (D.6). After this straightforward integration, we send ε → 0 and find

†† In this section we omit the superscript “(∞)” and we do not make explicit the dependence on t in the ±νm in
order to have a simpler notation.
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Eq. (10)

S
(∞)
l (t) = l s(∞) +O(log l) with

s(∞) ≡ 1

2π

∫ π

−π
dkH (Ak) = − 1

π

∫ π

0

dk
[
|r−k |

2 log |r−k |
2 + |r+

k |
2 log |r+

k |
2
]
,

where H(x) is defined in Eq. (B.26) and we have used the symmetry |r−k |2 = |r−−k|2 which is
implied by the Hamiltonian matrix in Eq. (2) obeying the relation H−k(t) = σzHk(t)σz [79].

We stress that we cannot apply the foregoing argument for t finite: in that case we have
Ak = 1 for all k. All the poles in Eq. (D.6) coincide and this analysis is not suitable. That is so
because in this case A2

k = 4(Rk(t))2 + 4(Ik(t))2 + (Qk(t))2 = 1 is the norm of the Bloch vector

of the pure state

(
uk(t)
vk(t)

)
.
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