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APPENDIX A
THE DISPLACEMENT IN THE SMALL-DEFORMATION REGIME

Since
1-p N 1-p
N [ Ate) T2 3 (1+e)
. . j=n-+1
To = Zvn(e)en where v, (€) := —3 ~ 2 ) ) (1)
n=1 > (l+e) "
j=1
we have
N N
2 zl(wen)l—t<(1+ei)1"’+2’ _Z+1(1+6n)1_p)
,5(1 —p)—= ~ i e ifi<y
(e (£ (en-)
n=1
ov; L g? (1+6n)1_"*((1+6i)1‘p+2 g: (1+en)1‘p>
be@y =5, =) 3P SO iti=)
: (e (X ()
I (14e)'7P+2 f) 1(1+en)1*P
~(1-p) CORI ifi >
p €n)l—P
whence
L(p—1)2=4 if i <j

{ve(0)},; = Lp—-1)EEA ifi=j .

Lp— 12201 ifi>

Since V is the skew-symmetric part of v¢(0), we have

Lip— 1) ifi<y

2N?2
{V}; =40 ifi=j (2)
—L(p- 1IN ifi>

which is a Toeplitz matrix, indeed
{V}(i+1)(j+1) = {V}ij Vi,je{l,...,N—1}

i.e., each descending diagonal from left to right is constant. Therefore, the matrix V turns out to be

“skew-centrosymmetric”, i.e., skew-symmetric about its center or, equivalently,

{V}ij = _{V}(N+l—i)(N+1—j) Vi,j=1,...,N .
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APPENDIX B
EULER-LAGRANGE EQUATIONS

The Euler-Lagrange equations associated with the isoperimetric optimization problem (20) in the main

text, i.e.,

T
max Ve, €] ::/ ¢-Vedt
eeS 0

T
82{6602(R,RN) €0)=€(T) A / (Ae-e—l—Bé.é)thc},
0

led to the system of second order linear ODEs
Vé =\ (Bé — Ae) (4)

where V is Toeplitz and skew-symmetric while A and B are supposed to be symmetric and positive definite.

In the following subsections we address problem for two particular cases.

B1. Solutions for A =0

For A = 0, equation becomes
Ve = ABe. (5)

The strategy is to decompose along the eigen-elements of
1 1
M:=B2VB 2

which is supposed to have N distinct eigenvalues for simplicity, in fact it would be sufficient to assume
that the eigenspaces associated with the maximum-modulus eigenvalues have dimension 1. In particular,
M is a skew-symmetric matrix and, as such, its eigenvalues are purely imaginary and, a part from 0, they
go by pairs since to every purely imaginary eigenvalue there corresponds its conjugate (with the same
multiplicity). This implies that 0 is an eigenvalue of M if and only if N is odd.

For the sake of clarity, let us assume that N is odd (if N is even the same argument can be applied by

neglecting the eigenvector associated with 0). Thus, consider
V;-‘L forj:l,...,L%J::N*
(complex and orthonormal) eigenvectors associated with the purely imaginary eigenvalue
== with p; >0
and vy, eigenvector associated with py = 0, so that

MV():O
Mvji :iwjv;i for j=1,...,N*.
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Therefore
N

1 _ _
B2e(t) = Y (vF (v + 45 (t)vy) + to(t)vo
j=1
and from we get
AF = Lip)T for j=1,...,N*
Mg =0
whence N i
+ _ Aa]. +i5tt + - *
¢j(t)—me A +"Y] fOI‘]—:L...,N
Yo(t) = aot + Yo

where aji, 7;[, g and 7y are complex constants; in particular, the constants ,in and 7y determine the
initial condition €(0) and hence, for simplicity, we can assume that vy = 0 and vj-i =0forj=1,...,N*.

Therefore, up to a constant, a solution to can be written as

N‘k
¢, 1 -, 1 1
€(t) :Z ();Z; ’/\JtIBB_2'uj+— iZj e_ZAJtIB%_Zvj> + aptB™ 2vg for t € [0,77] .

j=1

Moreover, since a solution to must be periodic, i.e., €(0) = €(T'), it turns out that

OLQZO
/\257;5 where k; € N for j=1,...,N* '

On the other hand,
T T T
V[e,é]:—/ Vé~edt:—/ )\IBé-edt:A/ Be - édt = \E [€, €]
0 0 0

where E'[€,€] = c is constrained by the optimization problem. Then maximizing the approximated

displacement leads to take A as big as possible i.e.,

= M where = max ;
2w par j=1,4..,N*'uj

and, in order to preserve the periodicity,

yielding to

4 2imt 2imt
a,e T 1 a,e T 1
_ Ym -5+ _ %M —5 o=
e(t) = 5B 2V}, i B 2vy,
T T

where v}, is the conjugate of v}, and, since €(¢) must be in RV, o}, is the conjugate of a;; and needs to

fulfill
o
IIQMII—\/QT (6)
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indeed
N

Ele.dl =T (llaf | +lla; 1) = 2Tllaj,l*

Jj=1

Therefore we can finally conclude that a solution to has the form

2imt 2imt
ae 1 ae” _1l
T T

where the bar denotes complex conjugation. Finally, this expression can be rewritten as

T it 1 c
et)=—RN|aie T e where e:=B"2v and |la||=4/5%- (7)
T 2T

Notice that for maximizing the displacement in the opposite direction we should consider

T
\ =AMl

where pps := max
2T Jj=1, *

1,...,.N

so that @ becomes

€(t) = z?ﬁ (aie_ 22'Tﬂ e) .
i
B2. Solutions for B =0

For B = 0, equation becomes
Vé=—NAe. (8)

The strategy is, as before, to decompose along the eigen-elements of
1 1
M:=A"2VA"2

which is supposed to have N distinct eigenvalues for simplicity, in fact it would be sufficient to assume
that the eigenspaces associated with the maximum-modulus eigenvalues have dimension 1. In particular,
M is a skew-symmetric matrix and, as such, its eigenvalues are purely imaginary and, a part from 0, they
go by pairs since to every purely imaginary eigenvalue there corresponds its conjugate (with the same
multiplicity). This implies that 0 is an eigenvalue of M if and only if N is odd.

For the sake of clarity, let us assume that N is odd (if N is even the same argument can be applied by

neglecting the eigenvector associated with 0). Thus, consider
+ : N|_.
\£ for j=1,...,[5] = N*
(complex and orthonormal) eigenvectors associated with the purely imaginary eigenvalue

== with p; >0
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and vy, eigenvector associated with pg := 0, so that

MVOZO
Mvji =iiujv;‘L for j=1,...,N*.

Therefore
N *

1 _ _
A2e(t) =Y (W (V] + 45 (0)v)) + to(t)vo
j=1
and from we get
LipgpT = —Mp7 for j=1,...,N*

Ao =0
whence
:i:iAt
() =ajers  for j=1,...,N*
wo(t) = O

where a;t are complex constants. Therefore a solution to can be written as

s Ay 1 SRy 1
€(t) = Z (ozje“i A 21)}' —aje MA 2vj_> for t € [0,77] .

i=1
Moreover, since a solution to must be periodic, i.e., €(0) = €(T), it turns out that

_ 27kjp;

A
T

where k; e N for j=1,...,N*.

On the other hand,
T T
Ve, €] = f/ Vé-edt = )\/ Ae - edt = \E [e, €]
0 0
where F [e,€] = c is constrained by the optimization problem. Then maximizing the approximated
displacement leads to take A as big as possible but, since in principle k; could tend to infinity, in order to

have a meaningful problem, we restrict our attention to shape changes with unitary time frequency (one

wave per period), that is k; = 1 and hence

A

_ 27T —
=7 where pps = j:lir,lé.},(N* AT -

In order to preserve the periodicity,

ay =0  for j#£M

yielding to
2imt

N 1y o 2imt 1
€t)=aye T B 2vy, —aye

T IB_§VZT4

where v}, is the conjugate of v}, and, since €(¢) must be in RY, o, is the conjugate of a;; and needs to

fulfill
o . /&
||O[M||_\/2T 9)
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indeed
N

Ele.dl =T (llaf | +lla; 1) = 2Tllaj,l*

Jj=1

We conclude that a solution to has the form

where the bar denotes complex conjugation. This expression can be rewritten as

it 1
€(t) = 2R (ae 7 e) where e: =B 2v and ||o||= ,/%. (10)

Notice that for maximizing the displacement in the opposite direction we should consider

27

A=
T

where pp = max  puns
j=1,..,N*

[RRRE)

so that the solution has the form

B3. Symmetry properties

Consider .
Ele, €] ::/ (Ae-e+Be-€) dt
0

where A = 0 and B is centrosymmetric (resp. A is centrosymmetric and B = 0).

As a well-known result about centrosymmetric and skew-centrosymmetric matrices (e.g., Collar, 1962),

KI'BK =B  (resp. KTAK = A)

and
KTVK = -V,
where ) )
0 - 1
00 1
K:=|: : . | eRNVXN,
o1 --- 00
i o --- 0 0_

From the previous subsections, a solution to has the form

. T . 2imt . 2imt c
e (t) = —;?R (aze T e) (resp. € (t) = 2R (ae T e)) where ||a|| = W/ﬁ'
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Notice that

2imt 2imt
n*(t) =Ke*(t) = ——R (aze T Ke> <resp. n*(t) == Ke*(t) = 2R <ae T Ke))
™

is a solution to "

min Ve, € := —/ €-Vedt (11)

ecS 0
Indeed

E[n*,n*] = Ele*,e*] = c

and

T T
Vin*,n*] = / Ke* - VKe* dt = —/ € -Ve*dt = —V]e*, €] = —max Ve, & = min (- Ve, &) .
0 0 eeS ecS

Since n*(t) is a solution to (11]), it must be of the form

T 2imt 2imt c
n*(t) = ;?R <,Bie_ T e) (resp. n*(t) = 2R (ﬂe_ T e)) where ||| = ’/ﬁ'

Therefore
2imt imt 2irt it
- (aie T Ke) =R (Bie T e) (resp. R (ae T Ke) =R (ﬁe T e)) vt € (0,77,
namely, for n = 1,..., N, the real parts of ie, and —ia(Ke), (resp. Be, and a(Ke),) coincide for any

2imt 2imt
simultaneous opposite rotation (i.e., multiplication by e~ T and e T Vt € [0,T]), whence

Ke = ¢"’&
for some suitable ¥ € [0, 27). In particular,
EN41—n = eiﬂén Vn=1,...,N

and hence

e moduli are symmetric about the center, i.e.,

lentionll = llenll VR =1,....N;

e phase differences between adjacent segments are symmetric about the center, i.e.,

€nt1€N4+1l-n = EN—n€n Vn=1...,N.
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APPENDIX C
DISSIPATION

C1. The first term of the dissipation rate: the power

By definition,
NL
dit.ed)i= [ ~3f(mlt) 4 s(X.0.0) §(X.0) (X, 1) dX
0

where, for X € [X,,—1 := (n — 1)L, X,, := nL] (i.e., n-th segment),
n—1
X(X, ) = Zo(t) + 3(X, 1) = @o(t) + [X — (n = DL é(t) + LY &(t),
i=1

f (Jfo(t) + S(Xv t)at) = (1 + €(Xa t))_pX(X7 t)
S(X,t)=1+€X,1).

Therefore,
NL
di(t, € €) :/ (1+e(X, ) 7P X2(X,t)dX
0
NL n—1 2 N
- / (1+e(X, )P [xo(t) +(X = (n—=1)L)éa(t) + LY éi(t)] dX =% "D,
0 i=1 n=1
where, for alln=1,..., N,

nL n—1 2
( i=1

n—1)L

nL
= (]_ -+ En)lip\/
(n—1)L

+6.2 (X — (n—1)L) } dx

2
+2

n—1
do+ L €&
=1

n—1 2 n—1 nL
=(+e) S |do+ LY & L+ aﬁo+LZé¢]én(X(nl)L)2
i—1 i—1 (n—1)L
nlL
pe? (X-(n-1)L)°
3 (n—1)L
L n—1 2 n—1
:§(1+en)1"’ 3|20+ LY &| +3L |20+ LY & én L%
=1 =1
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In view of ,

n—1 N n—1 n—1 N
To+ LD €= vnén+LY &= (Ltv)é+ Y viég  Yn=1,... N
=1 n=1 =1 =1 =n

whence
I [n—1 N 2 n—1 N
D, = §(1+6n) g (L +vj)é; +Zvjéj +3L Z(L—I—Uj)éj—i—z:?}jéj én + €, L7
_j=1 i=n j=1 j=n
L n—1 n—1 N
§(1+en) L3 (L + ;)% +2Z (L +vj) (L +v;) elej—i—Zv 2 v
J=1 i,j=1 j=n i,j=n
L 1<j 1<g
n—1 N n—1 N
+2) D (LA viviéies | +3L | Y (L+v))é+ Y vjéj | én +€,°L?
i=1 j=n j=1 j=n
I n—1 N n—1
5(1+en) P L2é2+3Z(L+vj)2ej Z € +3LZ L +vj) ejen+3LZvjejen
Jj=1 Jj=n 7j=1 Jj=n
n—1 N n—1
+2 Z 3(L+vj)(L+v)éié; +2 Z 3vv€:€5 + 2 Z Z 3(L + vs)vjéi€;
J=1 J=n =n i=1
ij<j ij<j 7=
I n—1
§ l—l—en Zan) e —l—e —&—QZb(n) 636n+220” (€)éié; +2 Z dij(€)éi€;
j=1 i,5=1 i,j=n+1
J#n i<j i<j
n—1 N
+2Z Z €Z‘j(€)éiéj
i=1 j=n+1
where
3(L+v;)? ifi <n-1
n n 3(L+v)(L+v,) ifj<n-1
a(e):={ 12 +3Lv, +302 ifj=n , b(e)= i)(5 +vn) ’
30; (& 4+ vp) ifj >n+1
3v? ifi >n+1
cij(e) = 3(L + Uz)(L + ’Uj) s dij(e) =3L + %) and eij(e) = 3(L + UZ‘)U]'
Then

Dy, =

L p
S+ e) 7 [ Da(e)d
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where, for n=1,..., N,
[ a§") C12 Cln—1 bﬁ”) €1 n+1
C12
Cn—2,n—1 .
Clpn—-1 - Cn—2n—1 ag?l bgln_)l €n—1,n+1
D(e):=| »™ ... NP QIO
€l,n4+1 " e €n—1,n+1 bgﬁzl afﬁgl dn+1,n+2
dn+1,n+2
L eLnN - €n—1,N b%‘) dpt1,N dn_1,n
Thus
N N g X
_ _ p
dy(t, e €)= ;Dn = ,;1 3 (1+e€n) [€-Dp(e)e] = €-D(e)é
where
L N
_ 1
D(e) _§;(1+6 )17PD, (€)
C2. Operator G
We recall that, by definition,
N
G:=D(0) +wly = 5 ;Dnm) +wly .
From
L2(N —n)+1
vn(0)=—§ ( N> forn=1,...,N,
and hence
2 3 e
3L (25 —1)2 if j <n
al(0) = { 3L [AN2 L ON(1— 2n) + dn(n— 1) +1] ifj=n .
3Lz (N - ) +1)° ifj > n
2 . oo
b (0) = Lo2j-1)2n—N-1) ifj <n
! BLEON -2+ 1)(N—2n+1) ifj>n
3L% ‘
¢i;(0) = m(?] —1)(2i—1),
3L2
dij(0) = — [2(N — @) + 1] [2(N — j) +1] ,
4N
312

10

€1,N

€n—1,N
by

dnJrl,N

dn-1,N

o)
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Since v v
L L3 2

we get

- for i < j,

{D(o)}ij:%]\; §(2N—2i+1)(2N—2j+1)+(2j—2N—1)(2i—N—1)

n=1
j-1 N
+ ) @D -2N-D+2i-1)@2-N-1)+ > (2i—1)(2—1)
n=i+1 n=j+1
3
=y @ - D20 -5) +1],
- for i =j,
_ 4 N
{D(0) Z (2N —2i + 1) <3N2+2N(12i)+4i(i1)+1>+ > (21‘1)2]
n=1 n=1+1
_ L 4N(3i —2) —3(2i —1)?
*ﬁ[ (3i —2) — 3(2i — )]’

- for i > j, by symmetry,

3
(DO)},, = DO}, = 13525~ DRV —1) +1].

Therefore,
Lo@i-1)2(N —j)+1) ifi <j

(G}, =4 L [an@i—2) -3 (2i - 1)2} vw ifi=j . (13)
L2 —1)(2(N —i) +1) ifi>j

Notice that G is symmetric both about the main diagonal (by construction) and about the secondary

diagonal indeed
- for i < j,
3

(@) = 22~ ) QN — ) +1) = @V 1= )~ D QN — (V+1-1) +1)

= {G}(N+1—j)(N+1fi)

11
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- for i =j,

L3

{G},; = N
L3

T 12N

[4N(3i ~2)-32i - 1% +w

[4N(3(N+1—z‘) ~92)—3(2(N +1—1) —1)2} +uw
= {G}(N+1—i)(N+17i)

- for i > j, by symmetry,

{G}ij = {G}ji = {G}(thlfi)(NJrlfj) = {G}(NJrlfj)(NJrlfi) :

Such a property is usually referred to as “bisymmetry” and it implies “centrosymmetry”, i.e.,, symmetry

about the center or, in other terms,
{G}ij = {G}(N+17i)(N+1fj) Vi,j=1,...,N.

C3. Optimal control problem for the periodic version

Consider the optimal control problem

T
max V[u, 4] ::/ u-Viudt
0

€cS;y
T (14)
Sy = {u eC? (R,RN) u(0)=u(T) A FEuu:= / u-Grudt = c}
0
where
Vi =g Viper, G o= J00,Gper, €= Jperus
and
1 -1
1 -1 1
e]]per e Z
-1 1

In view of and , some calculations lead to

b ifi=j—1or (i,5) = (N,1)

{Vi}, =3 -2+ ifi=j+1or (i,j) = (1,N) (15)
0 else
and
MBL+2% ifi=j—1or (i,j) = (N,1)
(G}, =4 NSL -2 ifi=j+1or (i,j)=(1,N) . (16)
—# else

12
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Hence, Euler-Lagrange equations associated with , are given by
Vi =G u (17)

where V7 and G}, are circulant and, for this reason, diagonalizable on a common orthonormal basis, which

is called Fourier basis. Indeed,
VZ = {Vi}l,l In + {Vz}LzE +oe Tt {VZ}LN EN~

G, = {GZ}M In + {GZ}1,2E tot {GZ}LN EN

where

whose eigenvectors are

1
|| eFu an
€= <corresponding to the eigenvalue p; = eZN(]_l)) forj=1,...,N.
i (—D(N-1)
Therefore
N
Gej = gje; where g, := <Z {GLhx u;?l) (18)
k=1
and
N
Vie; =vje; where v;:= (Z {(Vitix u;?l) . (19)
k=1
Writing

N
u(t) = u;t)e;
j=1
we can project equation along the eigenvectors, i.e.,
/\gj’i,lj (t) = Uj’[l,j (t) Vj .
Thus, up to a constant,

i
2AVTi ,Xg; . o
uj(t): v ey for j=1,...,N s.t. gj,v]7é0

ot else

13
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where o are complex constants; furthermore, periodicity yields

’\:273;@% for j=1,...,Ns.t. g;,v; #0

a; =0 else

where k; € N Vj.
On the other hand,

T T T
V[u,u]:—/ V;;u.udt:—/ AGgu-udtzA/ G- i dt = A [u, ]
0 0 0

where E [u, 4] = c¢ is constrained by the optimization problem. Then maximizing the approximated

displacement leads to take A as big as possible i.e.,

and, in order to preserve the periodicity,

. Vk Vj
a; =0 for ke{l,....N}: — = max |—
’ ¢ { } igy  j=L...N |ig;
9j,Yj
In particular, in view of and , we have
ad " 2o _ (=) [ 2Ty 2miy C(p=1) . (2x(i-1)
Uj:];{vu}l,kejv YA —e N ]ZNL Sm( N )
and
N .27 .
0= 3 (i e 00D
k=1

N-1
21, 27 2T,
={G} + G}y, [NV W (]_1)(N_1)] +{Gi}s ) N DD

k=3

—

2L+ + (£ - ) cos (ZG)] for j£1
0 for j=1

Notice that

R o ke RN I N
ey
g; gN—j+2

and hence, a (real) solution has the form (up to a constant)

=-——F——eT ey —5———¢ ey =
2mi/gnr 2T /gnr T/ 9M

aie T ey

27 o 27 27t
u(t) oT . aT 2=, T R ( )

14
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where @ € C\ {0} fulfills the constraint

c T )
lall =1/ 57 Since/ Gra-wdt = 2T||al|
2T o
and
1
) i (M-1)
(S3V3 ::N

i (M=1)(N-1)

In terms of strains,

— T 271'2 2T
o = Uy LUN _ WNL <Ozze T |:1 _ TN (M—l)])
R 2mi 27 27 .
€ = U LuJ71 = WNL\/T% aie T ' [1 - elN(Ml)} eZN(Ml)(Jl)) forj=2,...,N

whence the exact peristalsis

€1
2m(M—1)
e N e
T 27 1 om
t) = — R T h 5 - _ , P . 71N(Jv171) )
€(t) o (aze e) where e eiw("*l)e e1 NL[ e
w
| o (N-D¢, |

Finally, observe that the wavenumber (i.e., the frequency in space) of the peristalsis is k = M — 1 and it

is the result of

max ,Uk—H = max T . Ll) sm(%’{, ) =
k=1,..N—114gg+1 k=1,..N—1 [5 + 2+ ( — %) (27T )]

ie.,

N 16w—L3
k ~ 5_ arccos (5 3w+L3)

Notice that
e for w — 400, the wavenumber k tends to 1;

e for w = 0, the wavenumber k gets close to %

15
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APPENDIX D
PROOF OF REFLECTIONAL SYMMETRY

Consider the optimization problem

1 T
max Ug = = v(e) - edt
Jmax ()= / (€

where, forn=1,..., N,

1-p N, 1-p
I4+e) "+2 > (1+¢)

1=n—+1

€n(t) == asin (£t +n,) and v (t) i= -3

Jj=

Assume that has a unique solution and denote it by

e(m)(t) = {en(t) = asin (Ft+m)},_, y-

Consider
[0 0
0
€(t) == €(n)(?) where 7= -Kn+2r, K:=|:
0 1
10

Notice that forn =1,..., N,

&n(t) = asin (£t — (Kn),) = {-Ke(=t)},, = —ent1-n(—t)

and, consequently,
En(t) = énp1n(—t) .

Since both €(t) and €(t) are periodic functions of period T', we have

—1

>

(1+¢) 77

N

c RNXN

T TN N
,%/O V(é).édt:/o ;en S (4t <(1+€n)1_”+2 2. (Hgi)l_p>

j=1

N

T N
= [ S eniaaln

Jj=1

N
+2 ) (1EN+1_¢(t))1P> dt

1=n+1

16

1=n+1

(20)
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-1

)|

T N N
= / Yo envrion(®) | [ Do (A —enj(t) 7 ((1 —enp1n(t)' 7
0 n=1 =1
N
+2 ) (1 €N+1—i(t))1_p> dt
i=n+1
-1
T N N n—1
:/ a [[Doa=ept™ ((1—en)1‘1’+22(1—ei)1"’
0 n=1 =1 i=1
T
:—%/0 v*(e) - €dt
where .
I—e) P+2Y 1—e)'?
* L =1
V= ——
n 2 N
> (1—¢) "

Jj=1

Observe that the last integral can be rewritten as

T
/ V*(e)-édt:j{ w*
0 1)

where 9 is the closed curve described by €(t) and w* is the 1-form given by
N
w* = Z vy dey, .
n=1

The exterior derivative of is the following 2-form

N
. 9uf
dw* = 3 de; Ade; =
€.
ij=1 7 i,j=1
i#j i<j

In particular, since

_ [% (1- En)lp] B (1-p)(1—¢)7? {(1 — i) n—it1

5 (1- e

i—
n=1
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iv:A*()d-/\d» L Ar(e) = (24500
7j(€)de; A de; where (€)== de 0o )

N
=r 42 (1—6,1)1—?} j<i

j>i
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we get
N —2 N
[Z(lew”’] (L=p) [(1—e) " [(1=e) P 4+2 3 (1—e)'”
n=1 n=j+1

+ (1) ((1 —e)r 2y (- >>

Therefore, by Stokes’ theorem (see any differential geometry textbook, e.g., McInerney (2013)),
/ -€dt = % w* */dw */ZA de; A de;
0 oQ i<
and, since the domain 2 is invariant with respect to the reflection about the origin,
/ZA del/\dejf/ZA €)de; Nde; .
i<j 1<J
Similarly, the exterior derivative of

vy dég

Il
M-

is given by
dw = Z A;i(€)de; Ade; where Aii(e) := vy _ Ovi
- i,j=1 L] 1 ’ N o O€; 3€j '
i<j
Since

v {% (1+en) p]2(1p)(1+€j)p [(1+6i)1p+2 évj (1+en)1p] j<i

_ n=1 n=1i1+1
Oej N 172 i—1
[g(uen) } 1 p)(1+e)" [<1+ez—>1p+2 ;(Henw} j>i
we notice that
N -2 N
[Z(lew”] (L-p) Q)P |(M-e) P42 Y (1—e)?
n=1 n=j+1

Therefore,

[ sim o o= foumfom [ s
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whence we conclude
1 (T : 1 [T
T/o v(é)oédt:?/o v(e) - €dt.

In other terms, € is a solution to and, by uniqueness of the solution,
€n(t) = —6N+1_n(—t) .

Then
n=—-Kn+27

which leads to the “reflectional symmetry about the center”, namely,

M+l — Mn = NIN+1-n — NIN—n Vn.
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