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Abstract

The thesis contains the work done during the doctorate programme at SISSA under the
supervision of P. Mnév and A. Tanzini. This resulted in the following publications:

e In [12], reproduced in Chapter 3, we discuss the A-model as a gauge fixing of the
Poisson Sigma Model with target a symplectic structure. We complete the discussion
in [15], where a gauge fixing defined by a compatible complex structure was intro-
duced, by showing how to recover the A-model hierarchy of observables in terms
of the AKSZ observables. Moreover, we discuss the off-shell supersymmetry of the
A-model as a residual BV symmetry of the gauge fixed PSM action.

e In [13], reproduced in Chapter 4, we discuss observables of an equivariant extension
of the A-model in the framework of the AKSZ construction. We introduce the A-
model observables, a class of observables that are homotopically equivalent to the
canonical AKSZ observables but are better behaved in the gauge fixing. We discuss
them for two different choices of gauge fixing: the first one is conjectured to compute
the correlators of the A-model with target the Marsden-Weinstein reduced space; in
the second one we recover the topological Yang-Mills action coupled with A-model
so that the A-model observables are closed under supersymmetry.

e In [33], reproduced in Chapter 5, we recover the non-perturbative partition function
of 2D Yang-Mills theory from the perturbative path-integral. To achieve this goal,
we study the perturbative path-integral quantization for 2D Yang-Mills theory on
surfaces with boundaries and corners in the Batalin-Vilkovisky formalism (or, more
precisely, in its adaptation to the setting with boundaries, compatible with gluing
and cutting — the BV-BFV formalism). We prove that cutting a surface (e.g. a closed
one) into simple enough pieces — building blocks — choosing a convenient gauge-fixing
on the pieces and assembling back the partition function on the surface, one recovers
the known non-perturbative answers for 2D Yang-Mills theory.
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Chapter 1. Introduction

CHAPTER

Introduction

Locality and functorial quantum field theories

A very important feature of physical theories is locality. Classically, in lagrangian field
theories, this is encoded in the requirement for the action to be a local functional of the
fields. At the quantum level, the locality of the theory is expected to imply cutting-gluing
compatibility for the partition function. If a manifold ¥ is obtained as the gluing of two
manifolds (with boundary) ¥ = 3 U, X5, then the partition function on 3 should be given
by the gluing of the partition functions on ¥; and ¥9: Zy = (Zx,, Zx,)~-

A mathematical formulation of this idea was first introduced by Atiyah and Segal
in the context of topological and conformal quantum field theories [3, 47] and led to
the functorial point of view on quantum field theory (QFT). In this approach, a QFT
is a monoidal functor from a category of cobordisms of fixed dimension (with additional
structure, depending on the particular field theory) called the spacetime category, to a given
monoidal target category, e.g. the category of vector spaces. In this case, a topological
QFT associates, to (d — 1) oriented closed manifolds 7, vector spaces

Z:y—Z(y) .

The vector space Z(v) is called the space of boundary states. This association should
satisfy certain properties, in particular it should agree with orientation reversing map

Z(v) =z )"

with 4 the orientation-reversed (d — 1)-manifold and Z(y)* the dual vector space, and
should preserve the monoidal structure:

Z(yuy)=Z(v) @ Z(') .

To d-manifolds with boundary, Z associates linear maps between vector spaces associated
to the boundaries. If ¥ is a cobordism X: v — 4/, then the linear map

Z(%): Z(7) — Z(Y)
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can be viewed as an element Z(X) € Z(v)* @ Z(y') = Z(9X%), where 0¥ = 5 L4/ is the
boundary of ¥. The vector Z(X) is called the state or the partition function on ¥. The

partition function of the composition of two cobordisms 2, o =z, ~" is obtained by
Z(5 Uy ) = (2(2), Z(5))y

where (—, —),/ is the dual pairing between Z(7') and Z(7') = Z(y')*.

In 1 dimension this setting can be used to describe ordinary quantum mechanics:
1-dimensional manifolds with boundaries are interpreted as time intervals, to the end-
points is associated the quantum Hilbert space and to the time interval is associated the
corresponding evolution operator; the gluing of two time intervals corresponds to the usual
composition rule for propagators.

A lagrangian field theory is described classically by a local action functional S$ on
the space of classical fields &"21 associated to a d-manifold 3, e.g. SCEI can be the space of
sections of a vector bundle over 3. A relevant question is how to construct a functorial
quantum field theory starting from a classical action functional. The BV-BFV formalism
aims to give an answer to this question and, as we will see in more detail, to extend this
idea to manifolds with higher-codimension boundaries, e.g. corners.

Gauge symmetries and BV formalism

A key feature of many relevant field theories is gauge symmetry. For example, all known
classical topological field theories have gauge symmetries. This kind of symmetry occurs
when there is some field degree of freedom which is not determined by the equations of
motion. The evolution of such gauge degrees of freedom is arbitrary and, thus, not physical.
As a consequence, physical observables cannot depend on such degrees of freedom or, in
other words, physical observables are invariant under gauge transformations. Of course,
non-physical degrees of freedom could be eliminated from the theory by assigning to them
an arbitrary, but fixed, value. Nevertheless, it is not often convenient to do so as this could
spoil some nice properties of the theory or lead to unnecessary complications. Therefore
it is typically preferred to use an excess of degrees of freedom in order to obtain a more
transparent theory.

The Batalin-Vilkovisky (BV) formalism gives a cohomological description of physical
observables for field theories defined on closed manifolds [7-9]. For simple enough gauge
symmetries the BV formalism reproduces, for a certain class of gauge-fixings, the BRST
quantization. Though, for more complicated symmetries (i.e. reducible or open gauge
symmetries) BRST fails and it is necessary to use the BV construction.

The BV formalism is based on an odd symplectic extension of the space of classical
fields. Near to the classical fields ¢ € S%', for each gauge-symmetry (and for each re-
ducibility stage in case of reducible symmetries) there is a ghost field  and for each field
there is an antifield ¢f and n'. This enriched space of fields, ghosts and antifields §y, is a
graded manifold and it is endowed with an odd symplectic structure w of degree |w| = —1.

2
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The gauge-symmetry of the classical theory is encoded in a differential Q@ acting on func-
tions over §y. This is an hamiltonian vector field tow = dS, where the BV action S is
an extension of the classical action S. The property Q2 = 0 of the differential, using its
hamiltonianity, can be translated in a condition for the BV action, called Classical Master
Equation (CME): {S,S8} = 0, where {—, —} are the Poisson brackets given by the sym-
plectic form w. The classical observables —i.e. gauge-invariant functionals of the classical
fields, evaluated on-shell — are recovered as the degree-zero component of the cohomology
of Q: HY(3x).

The path-integral quantization is defined by integrating the exponential of the BV
action over a lagrangian submanifold £ C §y, called gauge-fixing lagrangian:

Zs, = / erS® (D] .
LCTs

Since the space of fields is typically infinite-dimensional, the path-integral is not defined
measure-theoretically and has to be understood perturbatively as a formal power series
in h, with coefficients given by amplitudes of Feynman diagrams.

For the partition function Zy, to be independent on deformations of the gauge-fixing
lagrangian, the BV action has to be a solution of the Quantum Master Equation (QME)

AerS® = ,

where A is an odd second order differential operator called BV laplacian.! Even though
the partition function is invariant under deformations of the gauge-fixing, it may happen
that two lagrangians are not in the same homology class; this can give rise to inequivalent
gauge-firings.

The gauge-fixed action S, inherits an odd symmetry Q7, which we call residual sym-
metry, from the BV differential. This symmetry depends not only on the lagrangian £
but also on a local symplectomorphism of a neighbourhood of £ with the cotangent bun-
dle T*[—1]L, with the canonical symplectic structure; we call this structure a symplectic
tubular neighbourhood. In some examples — where BRST works — and for a certain choice
of local symplectomorphism, the residual symmetry coincides with the BRST symmetry.
The residual symmetry, in general, squares to zero only on-shell and defines an on-shell
cohomology which depends only on the homology class of L.

Poisson sigma model and A-model observables

BV formalism may lead to recognize apparently unrelated theories as different gauge-
fixings of the same field theory. An example of this relation can be found by comparing

! The BV laplacian is actually well-defined only when the space of fields is finite-dimensional, e.g. for
residual fields or zero-modes. In the infinite-dimensional setting, A needs to be regularized when acting
on local functionals.
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the Poisson sigma model (PSM) with Witten’s A-model, which are two relevant topological
quantum field theories.

The A-model is a sigma model of maps from a Riemann surface to a symplectic mani-
fold and can be constructed, when the target space is Kéhler, as a topological twist of the
supersymmetric sigma model. It has a supersymmetry Q which, extending the model by
introducing auxiliary fields, squares to zero off-shell. This supersymmetry is responsible
for the localization of the A-model on the space of holomorphic maps. A-model observables
compute Gromov-Witten invariants of the target symplectic manifold.

The AKSZ construction is a general procedure to lift certain geometrical data from a
source — a differential graded manifold with an invariant measure — and a target manifold
— a differential graded symplectic manifold with an hamiltonian differential — to produce
the BV data on the space of maps between them [2]. The BV formulation of the PSM
can be naturally found by the AKSZ construction applied to the space of maps between
the shifted tangent bundle of a 2-dimensional surface T[1]¥ and the shifted cotangent
bundle of a Poisson manifold T*[1]M (see e.g. [L1, 15]). When the target is a general
Poisson structure, possibly degenerate, the PSM on the disc reproduces — for a particular
gauge-fixing — the Kontsevich formula for deformation quantization of the target Poisson
structure as a correlator of boundary observables [18]. For a different gauge-fixing, defined
by using complex structures on source and target manifolds in the case of a Kéahler target,
the gauge-fixed action of PSM reproduces the A-model action after the integration of some
fields [15].

In [12] we show how the relevant structures of the A-model can be interpreted in
terms of natural constructions in its BV formulation as a complex gauge-fixing of the
PSM. In particular, the A-model supersymmetry Q squaring to zero off-shell is shown to
coincide with the residual symmetry Q7 for a particular choice — depending on additional
structure of the target manifold — of the symplectic tubular neighbourhood of the gauge-
fixing lagrangian.

As every AKSZ theory, the PSM comes with a hierarchy of BV observables given by
the lift to the space of fields of the cohomology for the differential of the target, which
for the PSM is the Poisson cohomology for multivector fields. We prove the equivalence
between the A-model observables and the AKSZ hierarchy of observables of the PSM by
showing their difference to be (Q — d)-exact. This gives a natural interpretation of the
independence of the Gromov-Witten invariants on the choice of the compatible complex
structure in terms of independence on the choice of the gauge fixing.

Having understood the A-model as a gauge-fixing of an AKSZ theory, in [13] we extend
this discussion to the case where the target Poisson manifold is an hamiltonian G-space.
In this equivariant version of the PSM, the AKSZ observables are associated to the equiv-
ariant cohomology of the target. The homotopy between A-model and AKSZ observables,
found in the non-equivariant case, can be extended to the equivariant PSM and leads
to the definition of a hierarchy of A-model observables also in the equivariant setting.

4
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Contrary to the AKSZ observables, the A-model observables are well behaved under the
gauge-fixings we consider and are naturally closed under the residual symmetry.

We construct two different gauge-fixings for the equivariant PSM. With the first one,
we obtain a gauge-fixed action which, if the symplectic reduction of the target manifold is
smooth, is conjectured to describe the A-model on the symplectic reduction. The second
gauge-fixing considered is constructed to recover the supersymmetric Yang-Mills action
and supersymmetry as the Lie algebra sector of the equivariant PSM gauge-fixed action
and residual symmetry.

BV-BFV quantization

The BV-BFV formalism, introduced in [22-24, 26], extends the BV quantization of gauge
theories to manifolds with boundary, in the spirit of Atiyah-Segal functorial approach to
quantum field theories. It combines (a deformation of) the BV formulation for the bulk
theory with a Batalin-Fradkin-Vilkovisky (BFV) theory on the boundary.

The BFV theory on the boundary, similarly to BV, gives a cohomological description of
the gauge symmetries of the boundary. Geometrically, the BF'V space of boundary fields is
an even symplectic graded manifold (Fo,ws) with an odd cohomological hamiltonian vector
field Qy = {Ss, —}, where the odd functional Sy is the boundary action.

A classical BV-BFV theory associates to (d — 1)-closed manifolds exact BFV mani-
folds §s, and to d-manifolds with boundary BV manifolds over BF'V manifolds, which are
(—1)-symplectic manifolds of bulk fields (§x,ws) with a differential Qy and a projection
m: 8§y — Tax from bulk to boundary fields such that Oy projects to Qgx. The main
structure relation is the modified Classical Master Equation (mCME)

LopWy, = dSs, + ﬂ*aaz ,

where Sy, is the bulk action and ayy; is a primitive of the boundary symplectic form wgs, =
dags. The AKSZ construction can be naturally extended to manifolds with boundary and
gives examples of the above BV-BFV structure.

The gluing of two manifolds with boundary ¥ = 3 U, ¥9 corresponds, for classical
BV-BFV theories, to the fiber product over the space of boundary fields corresponding to
the gluing interface: §x = ¥y, X5, §n,-

A classical BV-BFV theory can be seen as a functor from the category of d-dimensional
cobordisms to the BV-BFV category, with objects given by BF'V manifolds and morphisms
given by BV manifolds over BFV manifolds.

The quantization of a classical BV-BFV theory depends on the choice of a lagrangian
fibration of the space of boundary fields. Different choices give different realizations of
the space of quantum states, which is defined as the graded complex (’HZ;, Qy) where 7—[733
is the space of half-densities Dens%(BZ;) on the leaf space BZ; of the fibration, and the
coboundary operator 25 is the quantization of the boundary action Q5 = Sy (q, —iha%).
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The partition function is obtained perturbatively by the path-integral of the bulk
action over a lagrangian in the fibers of the projection 7: §Fx — Fox — Bg. This
perturbative path-integral is actually ill-defined in presence of zero-modes, since in this
case the kinetic operator can not be inverted to give the propagator. We have thus to split
a (finite-dimensional) space of residual fields Vs, — containing at least the zero-modes —
and path-integrate only on its complement.

The BV-BFYV partition function depends, thus, on the boundary fields and on the
residual fields: it is an half-density Zs, € Dens%(BZ;E) ® Dens%(Vg). For the partition
function to be independent on deformations of the gauge-fixing lagrangian, it has to be a
solution of the modified Quantum Master Equation (mQME)

(Qox + W?Ap)Z5x =0,

where Ay, is the BV laplacian on the space of residual fields.

The spaces of residual fields form a partially ordered set of different realizations. Pass-
ing from bigger to smaller realizations — by a BV pushforward of the partition function —
can be interpreted as a version of Wilson’s renormalization group flow, and preserves the

The gluing of partition functions is done by pairing the states in Hf , where 7 is the
gluing interface. The glued partition function is then in a realization with the space of
residual fields Vs, X Vx,. To obtain the partition function on ¥ = ¥; U, 3 in a realization
Vs, € Vs, X Vy,, the gluing formula is thus:

ZE :/ <Z217Z22>7{L’ )
LY

where £ is a lagrangian submanifold and we assumed Vg, x Vs, = Vg x Y.

To obtain a state in ’Hf from the partition function, Zs. has to be globalized. There
are different globalization procedures which can be applied to obtain a partition function
depending only on the boundary fields; the relation between these procedures is not yet
completely understood. In this work, we will obtain global answers by integrating out the
finite-dimensional space of residual fields by a BV-pushforward. This is a non-perturbative
integration and, depending on the lagrangian gauge-fixing chosen for the BV-pushforward,
there may be inequivalent answers for the globalized partition function.

2D Yang-Mills on manifolds with corners

In [33] we apply BV-BFV formalism to the study of perturbative Yang-Mills theory on
2-dimensional surfaces with boundary. In doing so, we actually have to construct an
extension of this theory to manifolds with corners. The general BV-BFV quantization for
manifolds with higher-codimension strata of the boundary is still a work in progress.

2 The triviality condition for the bundle Vs, X Vs, — Vs can actually be relaxed: it is sufficient for
this bundle to be a “Hedgehog fibration” [26] for the BV-pushforward to make sense.

6
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2D Yang-Mills is a gauge field theory described, in the first order formalism, by the
classical action functional:

1
S%M:/<B,dA+AAA>+2(B,B)u,
by

depending on a 1-form A valued in g — the Lie algebra of the gauge group G — a g*-valued
function B and a background area form p on the worldsheet . This is a perturbation
of the non-abelian BF theory obtained in the limit of zero area p — 0. The classical BV
formulation of 2D YM is obtained by promoting the fields A and B to non-homogeneous
Lie algebra valued differential forms, the superfields A € Q(X;g)[1] and B € Q(%;g")
composing the BV space of bulk fields §x. The boundary theory is fixed by the projection
T §Fn — Fox = Q0%; 9)[1] ® Q(9%; g*), given by the restrictions A and B of the bulk
fields to the boundary 0%.

The goal is to compute explicitly the complete (i.e. to all orders in h) perturbative
partition function of 2D YM on an arbitrary surface and to compare our perturbative
result to the non perturbative solution known in literature [40, 53]. To make this problem
approachable, we use the features of BV-BFV quantization.

The main tool comes from the cutting/gluing property of BV-BFV. The perturbative
effective action of 2D YM is given by infinitely many Feynman diagrams, which generally
are individually very hard to compute. Gluing properties of the propagators allows to
decompose this problem in smaller steps, suitably cutting a diagram into simple enough
components and then gluing back their contributions. This can be seen as a special gauge-
fixing, involving the data of cutting the surface on which the diagram originally lives.

Thus, it is sufficient to compute the partition function on a set of building blocks for the
surfaces to obtain, by a gluing procedure, the answer for any surface.

Another simplification comes from the symmetries of 2D YM, which allow to shift
the area form p by an exact form to concentrate the area near boundaries. Thus we can
compute all the building blocks in the zero-area limit, i.e. for non-abelian BF theory,
except for a single cylinder which, by gluing, assigns a finite area to other surfaces.

A gauge fixing for 2D YM can be induced by a weak Hodge decomposition of the space
of fields and defines a choice for the propagator of the gauge-fixed theory. An important
class of propagators, which we use extensively and gives a fundamental contribution to
the computability of the perturbative series, is given by the azial gauge. This is a singular
gauge for product manifolds obtained collapsing first one of the two factors and then the
other; axial gauge corresponds to certain singular metric on the product manifold such
that the ratio of the scales of the two factors tends to zero or to infinity.
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The BV-BFV partition function is defined modulo (Qas; + A%Ay, )-exact terms. We
exploit this fact to simplify the computations by finding a suitable representative for Zy,.
This is done by computing the partition function in a small model for the space of boundary
states, and then lifting the result to the full space of states.

For some surfaces, e.g. the cylinder in A-A polarization, it was also convenient to
compute only the global partition function, obtained by integrating out residual fields.
This simplifies the combinatorics of diagrams and reduces the number of relevant diagrams.

Using all the above methods, we compute the complete perturbative partition function
for the disk in B-polarization and the cylinders in A-A and B-B polarizations in the limit of
zero area, and the cylinder in A-B polarization for finite area. By gluing the above building
blocks, we obtain all the cylinders and disks with finite area. The missing building block,
needed to be able to glue together all the surfaces with boundary, is given by the pair of
pants; this last building block eludes the analysis we are able to do with the above tools
and requires the extension of the theory to manifolds with corners.

The space of fields which we assign to corners is defined by the restriction of the fields
associated to the edges and it carries an odd symplectic structure of degree +1. We now
decorate the boundary — both edges and corners — with polarizations, chosen independently
for each boundary component.

In this setting, there are a number of new operations involving corners. We can:

a) split an edge by inserting a corner in the same polarization;
b) merge two consecutive edges, if they are in the same polarization;

¢) switch the polarization of a corner separating two edges in opposite polarizations;

Moreover, in some particular gauges, we can collapse an edge into a corner carrying the
same polarization. Two domains can be glued along edges, provided that the corners
where they meet are in the same polarization.

With this operations, we have a set of building blocks for surfaces with corners. In
particular, the minimal set of building blocks necessary to recover all the surfaces with
boundary (but without corners), is given by a triangle with all the edges and corners in
the A polarization, and a “bean”— a disk with zero area and two corners — with edges in
B polarization and corners in « polarization. Indeed, we can obtain any surface from a
triangulation by associating beans to thickened edges and using them to glue together the
triangles:




Chapter 1. Introduction

In the presence of corners, the operator (25 gets corrected by corner contributions,
also depending on interactions between corners and adjacent edges. We construct 2y
explicitly, with corner contributions expressed in terms of generating functions of the
Bernoulli numbers. We prove that Q% = 0, so that the space of states for a stratified
boundary is a cochain complex, and we prove that the partition function for manifolds
with corners solves the mQME (Qsx, + h2Ay. ) Zs = 0.

Moreover, we show that the space of states for a stratified circle can be decomposed into
contributions of individual corners and edges. The space of states assigned to an edge is a
dg-bimodule over the space of states assigned to the corners corresponding to its endpoints.
In particular, the space of states for a corner in a-polarization is the supercommutative
dg-algebra A®g* with Chevally-Eilenberg differential. The space of states for a corner in
[B-polarization is S®g with zero differential; the requirement for the module product to be
a chain map, w.r.t. g on the edge, forces a non-commutative *p-product on S®g, written
in terms of the Baker-Campbell-Hausdorff formula. This structure is connected with the
Baez-Dolan-Lurie picture [4, 39] for extended topological QFT, in which codimension 2
strata are mapped to algebras, codimension 1 strata to bimodules and codimension 0
strata to bimodule morphisms.

To summarize, the main results are the following;:

i) extension of the BV-BFV formulation of 2D YM to manifolds with corners.

ii) expression of the complete perturbative partition function for manifolds with bound-
ary and corners in terms of explicitly computed building blocks and gluing rules.

iii) comparison of our perturbative result with the non-perturbative solution known in

literature.

1.1 Plan of the thesis

This thesis can be divided in two main parts. The first part, containing the results
published in [12, 13], is about the Poisson sigma model on closed surfaces in BV formalism
and is constituted by Chapters 2,3,4.

In Chapter 2 we will review the BV formalism for closed manifolds, emphasising the
main constructions we will use in the following, namely the residual symmetry of the
gauge-fixed action and the AKSZ construction of BV theories.

In Chapter 3 we compare the Poisson sigma model with the A-model, giving a BV
interpretation to the A-model action — as a complex gauge-fixing of the PSM — to the
supersymmetry — as the residual symmetry of the PSM for a particular choice of symplectic
tubular neighbourhood of the gauge-fixing lagrangian — and to the A-model observables,
homotopically equivalent to the AKSZ observables of the PSM.

In Chapter 4 we construct an equivariant extension of the A-model as a gauge-fixing
of an AKSZ theory. We introduce, in particular, a hierarchy of A-model observables
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1.1. Plan of the thesis

— which are well-behaved under the gauge-fixings we consider — and prove that they are
equivalent to the AKSZ observables. We then discuss different gauge-fixings of this theory,
establishing a connection with either the A-model on the symplectic reduction of the target
or with the topological Yang-Mills action coupled with the A-model on the target Poisson
manifold.

Chapter 5 constitutes the second part of this work and contains the results published
in [33] for 2D Yang-Mills in BV-BFV formalism on surfaces with boundary and corners.
In Section 5.2 we will review, for the reader’s convenience, the basics of the BV-BFV
formalism introduced in [22-24, 26] emphasizing the constructions that we will use for the
analysis in the rest of the thesis.

Sections 5.3,5.4 contain the main original results of this work. We will first, in Sec-
tion 5.3, compute the perturbative partition function for 2D Yang-Mills on disks and
cylinders. Then, in the first part of Section 5.4, we will discuss the extension of the
BV-BFYV formalism to manifolds with corners for 2D YM. This extension will be used in
the second part of Section 5.4 to compute the perturbative 2D YM partition function on
surfaces of arbitrary genus, which induces in {2-cohomology the known non-perturbative
answer [40, 53].

The reader who is well-acquainted with BV-BFV formalism and would like to take
the shortest route to the proof of the Main Theorem, might want to read the sections
in the following order. Sections 5.3.1, 5.3.3, 5.3.4 for the building blocks (I), (III), (IV),
which are then assembled into the Yang-Mills on a disk in Sections 5.3.5, 5.3.5. Then in
Section 5.4.1 the logic of extension to corners is explained and in Section 5.4.3 the “bean”
is computed. Finally, in Sections 5.4.6, 5.4.7 polygons (obtained from the disk) are glued
via beans into an arbitrary surface and thus the comparison theorem 5.4.16 is proven.

In Section 5.5 we will discuss how to compute, in this setting, Wilson loop observables
for both non-intersecting and intersecting loops, recovering in 2-cohomology the known
non-perturbative result.

10



Chapter 2. Background: BV formalism

CHAPTER

Background: BV formalism

In this chapter we give a brief introduction to the Batalin-Vilkovisky (BV) formulation of
gauge field theories in the graded geometry setting.

The BV formalism gives a cohomological description of the algebra of gauge-invariant
functions on the stationary surface of a classical action functional. This algebra can be find
in two steps: restricting to the stationary surface and quotienting by gauge transforma-
tions. The first step is implemented by taking an homological resolution for the functions
on the stationary surface; the second step by constructing a differential (modulo the reso-
lution differential) encoding the gauge symmetries, and passing to its cohomology on the
stationary surface. These two steps are combined by homological perturbation theory to
obtain the relevant algebra of observables as the cohomology of the BV differential [32].

We will not construct here the BV space of fields and action starting from a classical
gauge theory as sketched above; instead, we will describe the general geometrical structure
of BV theories. The classical gauge-invariant action can be then recovered by setting to
zero all the fields with non-zero ghost number in the BV action.

The BV space of fields is a (—1)-symplectic manifold with a cohomological operator Q
and the BV action § satisfying the classical master equation tow = dS. Moreover, there
is a second order operator A, the BV Laplacian, which squares to zero and generates the
Poisson brackets for the symplectic structure. In the quantum theory, the action has to
satisfy the quantum master equation Aer® = 0. This gives the gauge invariant properties
of the partition function, defined by fixing the gauge on a lagrangian submanifold. We will
show that the gauge-fixed action has a residual symmetry, depending on the geometrical
data of a symplectic tubular neighbourhood of the lagrangian, and that this symmetry
defines an on-shell cohomology characterising the gauge-fixed observables.

We will describe the BV formalism starting from its classical aspects, in Section 2.1,
and then passing to the quantum theory in Section 2.2. In Section 2.3 we will discuss
the residual symmetry of the gauge-fixed BV action. Finally, in Section 2.4 we describe
the AKSZ construction of BV theories on the space of maps between graded manifolds.
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2.1. Classical BV formalism

In Appendix A we collect the basic notions of graded geometry which we need in the
following.

For notational convenience, we will restrict to the case of bosonic classical theories only,
so that the parity of fields coincides with the ghost number modulo 2. The Z-grading given
by the ghost number, which will be denoted by ||, will thus give the (super)commutative
properties of the fields.

2.1 Classical BV formalism

In the BV formalism the space of classical fields ¢ is enriched to contain also families
of ghosts n (for each reducibility stage of each gauge symmetry of the classical action
functional) and antifields ¢* and n*. The fields come with a grading, called ghost number,
assigning positive degree to ghosts and negative degree to antifields. These fields can
be interpreted as coordinates of a graded manifold, or more precisely of a (classical) BV
manifold.

Definition 2.1.1. A classical BV manifold is a differential graded symplectic manifold
(§,w, Q) (see definition A.2.6), where the symplectic form has degree |w| = —1 and the
differential is an hamiltonian vector field @ = {S, } for a solution S € C°(F) of the Classical
Master Equation (CME) {S,S} =0, where { , } are the Poisson brackets induced by the
symplectic structure. From the algebraic point of view, functions over § are endowed, by
the symplectic form, with the structure of a Gerstenhaber algebra.

Remark 2.1.2. It can be proved [46] that any graded symplectic manifold (N, w) of
degree |w| = —1 is symplectomorphic to T*[—1]M for some graded manifold M. This
symplectomorphism is non canonical and so it is the identification of fields, corresponding
to coordinates on the base M, and antifields, corresponding to fiber coordinates. If we
introduce local Darboux coordinates (z, z%) the bracket reads

o-F 0G 0. F oG

O 0 oul, " af 00

(2.1)

where 0, and 0; denote the right and left derivative, respectively. The CME is expressed

in these local coordinates as:
0SS 0S

al‘(il &L‘“ -

(2.2)

Remark 2.1.3. Notice that for the differential, which is symplectic because of the com-
patibility condition with w, the condition to be hamiltonian is not a trivial one, since
Q| + |w| =0 (cf. A.2.16).

Remark 2.1.4. A meaningful operation is to set to zero all fields with degree of definite
sign, defining the submanifolds §>0, §<o0 and Fo = F>o0 N S<o in the space of fields F.
Algebraically, this corresponds to quotienting the algebra of functions C(§) by the ideals

12



Chapter 2. Background: BV formalism

generated by functions of degree respectively negative, positive or different from zero. The
classical action is recovered as the restriction S = S|z, of the master action to Fo.

Remark 2.1.5. The BV differential Q induces by restriction a differential ) on F<o.
This differential, in the BV construction, corresponds to the operator § which gives the
homological resolution of the algebra of functions on the stationary surface (see [32]).
Therefore in [30] Felder and Kazhdan define a BV wariety requiring, in addition of the
conditions in 2.1.1, also that the cohomology of () on F<o is concentrated in zero degree.

2.2 Quantum BV formalism

A key ingredient in quantum BV theories is the BV Laplacian, which is involved in the
quantum master equation.

Definition 2.2.1. A BV algebra is a Gerstenhaber algebra (A,-,{ , }) together with a
nilpotent linear operator
A:A— A, A% =0, (2.3)

which generates the Poisson brackets according to:

{£,9y = COPAG - g) + () AS) g = f - Ag. (2.4)
A is called the BV Laplacian.

On the symplectic manifold 7%*[—1]M, an invariant definition of the BV Laplacian can
be given relating it to the divergence of hamiltonian vector fields:

A, f = %(—1)|f|divwa : (2.5)

where v is a Berezinian form on M, p, is the induced Berezinian on 7*[—1]M and X; =
{f, }. In local Darboux coordinates the Laplacian can be expressed as:

O O

ALf= &
’Uf 81‘2 8xa

[+ %{f, Inpy} , (2.6)

where p, is the density associated to the Berezinian pu,. It can be explicitly verified, using
the property (A.46) of the divergence operator, that A, generates the antibracket and is
nilpotent, so that C(T*[—1]M) acquires the structure of a BV algebra [37].

The partition function is defined as the integral

_ orS
Z_/Lﬁ , (2.7)

where the gauge-fixing consists in the choice of the lagrangian submanifold £ C § and
VP E Dens2 (§) is a reference half-density such that A,/p = 0.

The role of the master equation is to ensure the path-integral to be independent on
the gauge chosen. This is established in the following theorem proved by Schwarz [46].
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2.2. Quantum BV formalism

Theorem 2.2.2. The integral of A -closed functions is invariant under deformations of
the lagrangian submanifold:

/ﬁ\/ﬁf—/y\/ﬁf it A,f=0, (2.8)

where £ and £’ are in the same homology class. Moreover the integral of A-exact functions
vanishes for any choice of lagrangian submanifold £:

/L\/ﬁAufzo. (2.9)

In BV theories we have /i1 := e%‘s1 /Iy, Where /i, is a reference half density, e.g. the
one induced by u, (see Appendix A.3).

Example 2.2.3. Let us consider the graded symplectic manifold (7*[—1]M,w) with
canonical symplectic form and the Berezinian p, induced by a volume form v € Q™ (M)
on M. On T*[—1]M take as lagrangian submanifold the conormal bundle Lo = N*[—1]C
of a submanifold C' C M, with induced Berezinian ,/fi, (see example A.3.2). We have:

/LC Vi f = /chv(f) ; (2.10)

where ¢, is the isomorphism between C*(T*[—1]M) and Q™ *(M) given by the volume
form v. Using the definition (2.6) of the BV Laplacian we see that:

/LC\/ITvAvf=/C¢v(Avf)=/Cd¢v(f). (2.11)

In this example, due to the above correspondence between BV Laplacian and de Rham
differential, the Schwarz theorems follow from the Stokes theorem: the integral of a d-
exact differential form is zero and the integral on two submanifold C,C’ C M is the same
if they are in the same homology class.

In this language, a quantum BV theory consists in a BV manifold, with the BV Lapla-
cian A, constructed as above, along with a choice of an homology class of lagrangian
submanifolds. Quantum observables are elements of the cohomology of the BV Laplacian
Ha,(M). In this way their expectation values

_Je Nve%so
RVt

does not depend on deformations of the lagrangian submanifold £ chosen to fix the gauge.

(O) (2.12)

Notice that it is possible to give a canonical choice for £. The canonical submanifold
$>0 defined setting to zero all fields with negative degree is lagrangian indeed. This is
because the symplectic form has degree |w| = —1 and so F>¢ is isotropic; moreover §
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is always symplectomorphic to T*[—1] M and therefore for each coordinate with negative
degree there is one with degree greater than or equal to zero so that §>¢ is also lagrangian.
Nevertheless also other choices of lagrangian submanifolds generate well defined, but pos-
sibly inequivalent, quantum theories. This is an important feature of the BV formalism.

Once a theory is selected by the choice of £, one has still the freedom of picking a nice
representative of the homology class of lagrangian submanifolds homologous to £. This
can be viewed as a method to regularize the theory.

2.3 Residual symmetry

In this section we review the general structure of the gauge-fixed residual symmetry in BV
theories [2, 46]. Indeed, for each choice of the gauge-fixing, the gauge-fixed action Sy has
an odd residual symmetry Q7 induced on £ by the CME. As we will see, this symmetry
depends on the choice of a local symplectomorphism between T*[—1]L, endowed with the
canonical symplectic form, and a neighbourhood of £ in (§,2).

The BV operator Q is, because of the classical master equation, a cohomological vector
field. On the contrary, the residual symmetry is not necessarily nilpotent, even if it
could happen that it squares to zero for some particular choice of the symplectomorphism
defining it. However Q7 is always on-shell nilpotent, that is, it squares to zero only modulo
equations of motion.

Classically, only on-shell quantities are relevant as the equations of motion always hold.
If one wants observables to be Qz—invariant, it is then enough to impose this condition
on-shell. For the same reason, Q7-invariant functions are physically equivalent if they
differ by an element of the image of Q7 modulo equations of motion. Whether or not the
residual symmetry is nilpotent, the algebra of classical observables is then to be identified
with the on-shell cohomology of the residual symmetry. Using homological perturbation
theory one can actually prove that, when the gauge is fixed, the on-shell cohomology of

7 is isomorphic to the cohomology of the BV operator Q. This is true for every choice
of Q7 (with fixed £). In fact, although different choices of the symplectomorphism provide
in general different residual symmetries, the on-shell cohomology of QF does not depend
on this choice: residual symmetries coming from different choices are always related by
a trivial gauge transformation, so that they are on-shell equivalent and define the same
algebra of classical observables.

Let us start proving the existence of a residual symmetry for the gauge-fixed action.
We begin reminding the definition of tubular neighbourhood and defining a particular
class of tubular neighbourhoods in symplectic graded manifolds.

Definition 2.3.1. Let M be a graded manifold with a submanifold L. A bundle U — L,
where U is an open neighbourhood of L in M, is called tubular neighbourhood of L if the
zero section s: L — U coincides with the inclusion ¢: L — U.
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2.3. Residual symmetry

Let now (M, Q) be a symplectic graded manifold of degree k. We call a tubular neigh-
bourhood U - £ of a lagrangian manifold £ C M a symplectic tubular neighbourhood
if there exists a symplectomorphism between T%[k]L, with the canonical symplectic form,
and U, with the symplectic form |y, which is a morphism of fiber bundles.

Remark 2.3.2. More concretely, we can think of this tubular neighbourhood as an atlas
of canonical coordinates {x, 2t} adapted to £ (i.e. £ = {z* = 0}) such that the transition
functions between (z,z%) and (y, y*) are (y = y(z), y* = (0z/0y)x?) so that the projection
m(x,2t) = 2 is well defined.

A tubular neighbourhood U — L provides a map V > VI from tangent vector fields
on M to tangent vector fields on L. This map is defined by

V=" oV|porn™ e X(L) , VeXx(M), (2.13)

where V| is the restriction of V on U and ¢: L < U is the inclusion map.

Thus, once we have chosen a tubular neighbourhood of the lagrangian submanifold on
which we fixed the gauge, we have a vector field on £ corresponding to the BV cohomolog-
ical vector field Q@ = {S, }. For this tangent vector to be a symmetry of the gauge-fixed
action, the tubular neighbourhood has to be compatible with the symplectic structure.

Proposition 2.3.3. Let U — £ be a symplectic tubular neighbourhood of a lagrangian
submanifold £ < M. Then the map (2.13) V — V[ projects the BV differential Q into
a symmetry of the gauge-fixed action:

Q7S =0. (2.14)

Proof. In the Darboux coordinates of Remark 2.3.2, we have 7* f(x, 2) = (f o) (z, z%) =
f(x) for any function f € C(L£). The coordinate expression for Q7 is thus:

re s OSOm N\ 0S| Of _ ;i 0f
oLf = (83:2’ Oa’ > B 8&0?  Oxt £ oat (2.15)
We now expand the BV action in the momenta z*:
. 1 4 ..
S(x, %) = Sp(x) — Qi (x)a! + 53[;}0” (z)zt +O@*?) (2.16)

where we defined

o (z) = (;i;g%) (x,0) . (2.17)

We see that the components of the residual symmetry are simply the linear term in the an-
tifield expansion of the gauge-fixed action. Plugging this expansion in the master equation
we get:

0rS 0¢S
axf dxt

Ja) = 050 B 0wt

1
0= 55,8} aah) = (
and so Q7 Sy = 0 as claimed. ]
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Remark 2.3.4. The BV construction results in a graded manifold of the form T*[—1]N.
Obviously in this case there is the canonical choice £ = N of lagrangian submanifold and
U = T*[-1]N for the symplectic tubular neighbourhood.

More generally, it can be shown that it is possible to find a symplectic tubular neigh-
bourhood for every choice of £. The odd version of Weinstein’s theorem on the existence
of a local symplectomorphism between a neighbourhood of a lagrangian submanifold and
T*[—1]L was proved in [46]. It must be pointed out that such a choice is non canonical
and non unique: each symplectomorphism of M into itself which keeps £ fixed defines a
new symplectic tubular neighbourhood.

The residual symmetry Q7 depends, through the projection 7, on the choice of the
symplectic tubular neighbourhood. This ambiguity corresponds to the freedom to combine
the residual symmetry with a trivial gauge transformation:
0rSr(x)

OxI

Indeed, let us see what happens if we change the symplectomorphism composing it with

Q7' (x) = QF'(x) + P with = ()G (2.8)

a canonical transformation that leaves £ fixed. Suppose to have a finite canonical trans-
formation (z,2%) — (x,x*) generated by the function F(x,z%) [7, 8, 50]. Then:

G- oF i OF

W T oat (2.19)
Since we want £ to remain the same, we have to impose that x* = 0 if z¥ = 0. The new
residual symmetry QIE defined by F is easily found to be:

op=-25| b (0 s w) 9 _
£ 6x;-t xt=p OX' 895;:- (9xi-F Oxl 8xf <t OX! (2.20)
_or O St ( 0,0, F ) 0 '
dzJ 830%8:6?- 2t 0"
We see that the tensor % defined in (2.18) is, in this example:
i OpOF
1] __ T
= ) 2.21
830%8:1:; r ( )
with the correct symmetry properties (remember that |F'| = —1). Notice that the variation

of the residual symmetry depends only on the quadratic terms of the generating function
with respect to the antifields.

We anticipated that the residual symmetry, unlike Q, doesn’t in general square to zero,
as specified in the following

Proposition 2.3.5. The gauge-fixed symmetry Q7 squares to zero on-shell:

1 .. 0Sc 0
- Iy T S 2T

where 0%/ is the quadratic term in the antifield expansion of the action (2.16).

(2.22)
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2.3. Residual symmetry

Proof. Using the expansion (2.16) of the action to compute the linear term in the antifields
z* of the master equation, we get:

O gmi | OrSct jins (2.23)
Ox;j

ox?

7

From the definition of 0% given in (2.17) we have:
o] = || + 17| s o = (~D)FT I (2.24)
The claim, then, follows using (2.23) to compute [QE, QE]:

1 T iy i_ar Z’L
§[Q£’Qﬁ] - Qad

arsﬁo_jz‘ _ i 8685 .

. - O
oxJ oxJ

Qi = -

This, in particular, allows to define the on-shell cohomology of Q7. In fact, due to the
CME, the residual symmetry preserves the space of critical points of S,. We call then
on-shell cohomology the cohomology of the restriction of the residual symmetry to the
critical points. Moreover, since a change of the tubular neighbourhood only modifies the
residual symmetry by a trivial transformation, we have that the on-shell cohomology does
not depend on the choice of tubular neighbourhood. We denote it as Hon(Q, £).

Proposition 2.3.6. The restriction of functions on the lagrangian submanifold gives a
map in cohomology:

r: H(Q,M) — Hon(Q, L) . (2.25)

Moreover, if the gauge fixed action has no gauge symmetries, this map is an isomorphism

Proof. The condition of being O-closed, once restricted to L, reads:

Qr(Nle +Vi(5) =0, (2.26)

oF| o

the proof of the fact that, when S, has no gauge symmetries, this map is an isomorphism
see e.g. [32], Thm. 18.5. O

where Vi =

€ X(L). Therefore F is QF-closed modulo equations of motion. For

We will be interested in the off-shell residual symmetry. The freedom of changing the
symplectic tubular neighbourhood can be used to look for a residual symmetry squaring
to zero on all £, not only on-shell. From (2.16), a tubular neighbourhood defines the
quadratic part of the BV action o = %xﬁa“bxi € C_o(T*[-1]L), where the grading is
the (opposite) fiber degree. By looking at (2.22), we see that the residual symmetry
Q7 squares to zero iff ds.(0) = 0, where s, = tqs,. When this happens, the off-shell
cohomology is also defined, namely the cohomology of the residual symmetry. It is clear
from (2.26) that the restriction of a BV observable to the gauge fixing lagrangian is not

in general closed under the residual symmetry.
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2.4 AKSZ construction

In the previous sections we outlined the geometrical structure of BV theories. The classical
approach to BV, starting from a gauge invariant action functional, requires first to con-
struct the appropriate space of fields and then to find a solution of the master equation
with some boundary conditions. This task can be very difficult to pursue for compli-
cated gauge theories. We will now illustrate a method, due to Alexandrov, Kontsevich,
Schwarz and Zaboronsky [2], to directly construct (possibly infinite dimensional) classical
BV theories. Instead of starting with a gauge invariant classical action, this is eventually
recovered from a solution of the classical master equation setting to zero all fields with
negative degree.

The AKSZ method is essentially a way to induce a differential graded symplectic
structure on the space of maps (cf. Appendix A.4) between two graded manifolds with
opportune geometrical structures. A review of this construction can be found in [19] [45].
The starting data are the following:

The Source: A dg manifold (A, D) with a non degenerate D-invariant volume form p
of degree |u| = —n — 1 for a positive integer n (cf. (A.41) (A.42)).
The Target: A dg symplectic manifold (M, w, Q) with |w| = n.

From lemma A.2.16 it follows that Q = {©, } for some function © € C"*1(M) which
solves the equation {©,0} =0.

As we are going to discuss, the differentials and the symplectic structure of these
two spaces induce a dg symplectic structure on Maps(N, M) such that the differential is
hamiltonian and so we will also have a solution of the CME on the space of maps.

Let us start with the dg structure. The groups of invertible maps Diff (A/) and Diff (M)
act naturally on Maps(N, M) by respectively left and right composition. At the infinites-
imal level this means that for each vector field on N or M there is a corresponding
derivation on Maps(AV, M). For any V € X(N) and W € X(M), we will indicate with V/
and W the corresponding vector fields induced on Maps(N, M) . Because left and right
group action commutes, then V and W always commute too. Moreover any cohomological
vector field on A or M induces a vector field that squares to zero. Therefore, any linear
combination

Q=aD +bQ (2.27)
is a differential on Maps(N, M).

The symplectic structure Q on Maps(N, M) is induced by the one of M. Consider the

product N x Maps(N, M). The evaluation map Ev: N x Maps(N, M) — M defined by

Ev: (p,¢) = ¢(p) (2.28)

allows to pull back differential forms. Moreover, the volume form g on N defines a fiber
integration g : QF(N x Maps(N, M)) — QF(Maps(N, M))[—n — 1] of differential forms:

(a0, . 0g) = /N 1) Ty (V-1 0L) | (2.29)
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2.4. AKSZ construction

where v} are the lifts of v; € X(Maps(N, M)) to X(N x Maps(N, M)) . Hence we are now
able to transport a differential form from M to Maps(N, M) :

Q°* (N x Maps(N, M))

u*i Ev” (2.30)
Q°* (Maps(N, M))[—n — 1] Q*(M)

B Ev*

In particular Q = pEv*w, since the volume form p is non degenerate, is a symplectic
form with degree —1:

Qp = /Nu;(sqb"wijw : (2.31)
We have now to check the compatibility of Q and 2. Let us start with é . Notice that
zé,u*IEv* = p«Ev*ig . Hence:
L = pBEviLlow =0. (2.32)
Moreover, we have the following
Proposition 2.4.1. The map u.Ev* is an homomorphism of Poisson algebras.

Proof. For an hamiltonian vector field X = {f, } on M we have:
1 EViw = pBviixw = dpEve f (2.33)
and so )?f = {pEv*f, }. Therefore, for f,g € C(M):
{ BV f, 1 Bv' g} = 13dpBvg = pBviixdg = pEv*{ f, g} . O

Thus, the differential @ is not only compatible with €2 but it is also an hamiltonian
vector field with hamiltonian S = p, Ev*©:

~

316 = /N WO(8), b€ Maps(N, M) . (2.34)

Also D is compatible with €. In fact the Lie derivative with respect to D of any
differential form coming from M does vanish: Lzu.Ev* = 0. To prove this, notice that
the evaluation map is invariant with respect to the diagonal (right) action of Diff (NV') on
N x Maps(N, M): Ev(¢~(z), f o ¢) = Ev(x, f). This implies that the lifts D" and D'
of D and D to N x Maps(N, M) coincides on forms pulled back through the evaluation
maps:

LpEv* = Lz, Ev* . (2.35)

Moreover, by the definition of fiber integration (2.29) we see that 15, = .15, . Using
the D-invariance of the volume form, p.Lp = 0, we obtain:

Lﬁ,u*EV* = M*Lﬁ,EV* = LpEv* =0 . (2.36)
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Chapter 2. Background: BV formalism

Like CVQ, also D is an hamiltonian vector field. This is because the symplectic form w has
positive degree and thus from lemma A.2.11 it is exact: w = d(1w/n) = dv, where € is
the Euler vector field corresponding to the grading in M . Therefore, using (2.36):

1592 = 15uEv* d = d(15uEv*D) . (2.37)

Hence D has hamiltonian § = — piEVY:

~

1, 1, .
S[¢] = —zﬁ/ p—d*(2ew) —/ p—¢'wij(#)D¢’ , ¢ € Maps(N, M) . (2.38)
N N 2n
Putting all this together we proved the followingz

Theorem 2.4.2. (Maps(N, M), Q, Q) is a classical BV manifold (definition 2.1.1). The
hamiltonian of Q is:

sm=£m+wm=/

| #(5,60(9)D8 +60(3) ) (2:39)

This construction also provides a class of classical observables induced by the coho-
mology of () on the target space M, the AKSZ observables p,JEv*f, for [f] € Hg(M).

Proposition 2.4.3. The map p.Ev* induces a map in cohomology:
psEv*: Ho(M) — Ho(Maps(N, M)) . (2.40)
Proof. Let f € Hg(M). Then, using proposition 2.4.1 and equation (2.36), we get:
QuEv'f = QuBV'f = pEv: Qf = 0. O

In particular p,Ev*: H g*l(/\/l) — HY(Maps(N, M)) , hence to cohomology classes of
degree n + 1 correspond classical observables:

uﬂWfZAﬂF@% (2.41)

Remark 2.4.4. If the source manifold of the AKSZ construction is the shifted tangent
space T'[1]% of a two-dimensional surface, then the symplectic structure of the target must
have degree 1. Moreover, if the target is non-negatively graded, it can be proved [46]
that it must have the form T*[1]M for some ordinary manifold M . Example A.2.18 thus
implies that M must be a Poisson manifold.
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CHAPTER

Poisson Sigma Model

Poisson Sigma Model (PSM) and A-model are relevant examples of two dimensional topo-
logical quantum field theories. The A-model is a sigma model of maps from a Riemann
surface to a symplectic manifold and computes the Gromov-Witten invariants of the target
manifold [52, 54]. The most general formulation of the A-model depends on the choice of a
compatible almost complex structure [52], but correlators are independent of it. When the
almost complex structure is integrable, in the Kahler case, such a model can be obtained
as a topological twist of the supersymmetric sigma model. The supersymmetry transfor-
mation is responsible for the localization of the model on the space holomorphic maps and
eventually for its non perturbative definition. In the twisted formulation, this operator
squares to zero only on-shell, but an equivalent formulation with an off-shell cohomological
supersymmetry can be obtained introducing auxiliary fields as in [52].

The PSM is a sigma model with target a general Poisson structure, possibly degenerate;
when considered on the disc it reproduces the Kontsevich formula for deformation quan-
tization of the target Poisson structure as a correlator of boundary observables (see [18]).
It is defined in terms of the AKSZ solution of the classical master equation in the Batalin-
Vilkovisky formalism [2, 45]. It must be gauge-fixed by choosing a lagrangian submanifold
of the space of fields. The general BV theory assures that a deformation of the lagrangian
does not affect the correlators; nevertheless, there can be different homology classes giving
rise to inequivalent physical theories. In [15] it was shown that when one considers the
PSM with target the inverse of the symplectic form of a Ké&hler manifold, the complex
structure can be used to define the gauge-fixing. The gauge-fixed action coincides then,
after a partial integration, with the action of the A-model.

We complete here this comparison by showing that the relevant features of the A-
model, observables and supersymmetry, have a natural BV interpretation in the complex
gauge-fixing of the PSM.

Let us discuss first observables. Every de Rham cohomology class of the target manifold
defines a hierarchy of observables of the A-model, whose mean values compute the Gromov-
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Witten invariants. In the AKSZ construction, there is a natural class of observables defined
starting from cohomology classes of the odd vector field encoding the geometry of the
target [45]. In the case of the PSM, this cohomology is the Lichnerowicz-Poisson (LP)
cohomology; in the non degenerate case, this is canonically isomorphic to the de Rham
cohomology. It is then natural to think that the observables of the PSM should reproduce
the hierarchy of observables of the A-model after gauge fixing. We show that this is true
but in a non trivial way.

Indeed, for every Poisson structure the contraction with the Poisson tensor defines a
map from forms to multivector fields, intertwining de Rham with LP differential. We prove
that for observables associated to multivector fields lying in the image of such a map, there
is an equivalent form, up to BV operator @ and de Rham differential d exact terms, that
in the non degenerate case and after gauge fixing reproduces the A-model hierarchy. We
call these observables A-model like observables. This fact gives an interpretation of the
well known independence of the Gromov-Witten invariants on the choice of the compatible
complex structure in terms of independence on the choice of the gauge fixing.

Next, we discuss the residual BV symmetry. This is an odd symmetry of the gauge
fixed action, that depends on the choice of a tubular neighbourhood of the gauge fixing
lagrangian. It is not true that a BV observable is closed under the residual symmetry when
restricted, yet it is closed modulo equations of motion. Moreover, the residual symmetry
squares to zero only on-shell. We prove that in the case of the complex gauge fixing of the
PSM with symplectic target, under some assumptions, there exists a choice of the tubular
neighbourhood such that the residual symmetry squares to zero off-shell and reproduces
Witten Q supersymmetry with the auxiliary field considered in [52]. In particular, the
A-model observables are closed under the residual symmetry.

In [55] it has been discussed an approach to the quantization of symplectic manifolds
based on the A-model defined on surfaces with boundary. This is a quantum field theoretic
approach to quantization that should be compared to the results of [18] and suggests a non
trivial relation between the A-model and the PSM with symplectic target on surfaces with
boundary that is worth investigating. This requires a comparison of boundary conditions
of the two models that we plan to address in a future work.

3.1 PSM and A-model and their observables

We review in this Section the definition and basic properties of PSM and A-model.

3.1.1 A-model

Let us introduce first the A-model following [52]. It is a sigma model of maps from
a Riemann surface X, with complex structure €, to a smooth 2n-dimensional Kahler
manifold M, with complex structure J. Let us introduce local coordinates {¢®} on ¥ and
{ut} on M. Indices are raised and lowered using the Kéhler metric.
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The field content of the theory is given by a bosonic map ¢ : 3 — M with charge 0; a
section x of ¢*(T'M) with charge 1 and fermionic statistic; a one-form p on ¥ with values
in ¢*(T'M), with charge —1 and fermionic statistics and a one-form H on ¥ with values
in ¢*(TM), with charge 0 and bosonic statistics. Finally, both p and H satisfy the self
duality property:

pt = EaﬁJ“VpB” ; HH = 50‘5J“1,H'B” . (3.1)

The action is given by

1 1
S.;= /2d20< — ZHO‘“HW + H®,0u" —ip®, Do X" — épo‘#,owx’)XURpg“”) . (3.2)

where Do x* := Oax* + by X’ 0au’ denotes the covariant derivative with respect to the
Levi Civita connection (with Christoffel symbols I'y;) induced by the Kahler metric and R
is the corresponding Riemann tensor. The action is invariant under the action of the
supersymmetry Q:

Quit =ix" ,
Qx"=0,
Qpau = Haﬂ - irﬁaxypao- )

1 o 'uwort! T : o
QH ¥ = — XX (RW“T 4 Rygurm JH 1T T)pa TR \VHO

(3.3)

It can be seen that the odd vector field Q squares to zero. The field H enters quadratically
into the action so that it can be integrated out. After this integration, the action is
invariant after an odd vector field that squares to zero only on-shell. Moreover, the
comparison with the PSM model is more natural including this auxiliary field, so that we
will keep it without integrating.

The observables of the A-model are defined by classes of de Rham cohomology of M.
For an element [w] € HY; (M) one can define

A((;JO) — Wul...ukxul L. Xﬂk ,

AS) _ ikwul...ukduulxu2 ceoxM (3'4)
k(k—1
A‘(UQ) _ _<2)wu1-..ukdum A dul2 M oy b

with associated A-model observables:

where v is a k-cycle on Y. They satisfy
QAD +idAI-D =0 | (3.6)
so that QAL(UI,)% = 0.
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3.1. PSM and A-model and their observables

3.1.2 Poisson sigma model

Let us introduce now the Poisson Sigma Model (PSM). Let (M, «) be a Poisson manifold
with Poisson tensor field o and let > be a two dimensional closed surface. The PSM in
the AKSZ formalism is a two dimensional topological sigma model whose field content is
the space of maps between graded manifolds §x = Map(T'[1]2, T*[1]M) . If we introduce
local coordinates z* on M and u® on 3, a point of Fy is given by the superfields

xH = ot +nfHe> + bjgeaeﬁ , .
3.

by = by + Muab® + x:aﬁeaeﬁ

where 0% denotes the degree 1 coordinate of T[1]X. If we change coordinates on M as
y* = y®(x), the superfields transform as:

Y =i by = b, 39
The space of fields §x is a degree —1 symplectic manifold with symplectic structure
given by
Q= / dudf 6x" A 6b,, , (3.9)
T

where dud@ is the canonical Berezinian on T[1]%. The action is given by

S = / dudf (b, dx" + %a’“’(x)buby) . (3.10)
anp

The BV vector field Q = {S, —} reads

oxt = dx" + o (x)b, ,

1 (3.11)
Qb, =db, + §8ua”p(x)bl,bp
where d is the de Rham differential on X.

We will be interested in the hierarchy of observables defined by Lichnerowicz-Poisson
cohomology. We recall that the LP differential on multivector fields of M is defined as
do(v) = [a, 0], for v € C°(T*[1]M) = V*(M); it squares to zero since « is Poisson and we
denote by Hyp(M, ) its cohomology. Let Ev: §x x T*[1]3 — T*[1]M be the evaluation
map, and let us denote O, = Ev*(v) for any v € C*°(T*[1]M). We compute

1
Q(0,) =dO, — §Oda(v) . (3.12)
Let us expand O, = ol + oY + 0f? in form degree and assume dq(v) = 0; let v a
k-cycle in ¥ and let O 1(,,3 = f Oék , then:
k
oo )y=0. (3.13)
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Thus we have a hierarchy of BV observables [05’2,9] € H*(Q,Jx) for each [v] € Hfp(M).

Let us discuss now a subclass of these observables. The map f,: Q*(M) — V*(M)
defined as

Bo: wup g daft A AT = w0 RO, N LA Oy, (3.14)

intertwines de Rham and LP differential #, o d = d, o f4 (see [51]) so that it descends
to §o: Hig (M) — H{p(M,a). If the Poisson structure is non degenerate, it is an iso-
morphism between differential forms and multivector fields and induces an isomorphism
between LP and de Rham cohomologies.

When the LP cohomology class is in the image of this map (which is always the case
when « is non degenerate), there is an alternative expression for the corresponding PSM
observable, that we are going to discuss next. A long but straightforward computation
shows that the PSM observable Oy, () = Ev*(fa(w)) for a closed w € Q°*(M) can be
written in the following form

fa(w) Ll
:k
M T4 (1) N
Oﬁa(w) _k' Aw + Qcﬁa(w) s (3 5)
'k
(2) 1 . (1)
Oﬁa(w) k' + Qcﬁ (w) dC (w) 5
where we have defined
A(E;O) = (_i)kwm...pk,b‘ul bR
.AL(}) = ik(—i)kfl Wy T2 - B
k(k—1
./45)2) = (2)(_i)kwu1..-ukdxu1 dzh2bhs ... pk
1
C(l)w = 70),“._%77*#1[)#2 C bR
- o (3.16)
)  _ T S
1 +u1 g2 :
P — b3 ... pHE
ETEEE T
1
+ 3A°~’u1...#k77“77+”1 pH2 ... pHE ,

2(k = 1)!

and b* = a"b,. As a consequence of (3 15), for each closed form w and k-cycle v the

observables Oéf)(w),vk nd Aw,yk = fwc A define the same Q-cohomology class.

3.2 Complex gauge fixing

We discuss in this section how the A-model is recovered from the PSM with Kéhler target.
Let us consider now the PSM with target the inverse of the Kéahler form. In [15] a gauge
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fixing has been introduced such that the gauge fixed PSM action, after a partial integration,
coincides with the action of the A-twist of the Supersymmetric sigma model.
Let us introduce complex coordinates z on ¥ and z' on M. Let us consider the
lagrangian submanifold L£.; C §x defined by
Xt ={zf nF n.i,b" +ce}=0.

2

The coordinates on L.y are collectively called X = {x%, n,7,7S",b; +c.c.}. Let us consider
the Christoffel symbols I‘fj of the Levi-Civita connection for the Kéhler metric o7 = ig
and introduce the coordinates that transform tensorially:

Pzi = Nz — Fi’jn;jbl :
In these coordinates the gauge fixed action reads
SﬁEJ = /dZdE (ipzj—é?gwj — 1p52<92:ﬁ + ln;ZDzbl — i’nijng—
b (3.17)
+ " Rizind '3 biby + gijpiipzj) :

By using the transformation rules (3.8), one can check that under an holomorphic change
of coordinates y!(x%) of M, the corresponding transformation of fields on L.; does not
depend on momenta X*. The atlas {X, X I} of adapted Darboux coordinates then fixes a
symplectic tubular neighbourhood of L. that determines the residual symmetry as

6 . 5 )
Qc,, =t + ( 9t rgmglb’f) L ( —igiDsb + r;ibkpgl> tee.,

)
ong’ Opzi

where b := Oéijbj. This residual BV transformation does not square to zero off-shell, as
one can check by a direct computation.

Let us consider a different tubular neighbourhood and look for conditions under which
the corresponding residual symmetry squares to zero also off-shell. We look for a new
Darboux atlas of the space of fields adapted to the lagrangian L. . If X and X* collectively
denote the new fields on L.; and their coordinate momenta respectively, then a canonical
transformation can be generated by a functional G[X, X]:

c_ 090G Ly 9G

This G must have degree —1 (because | X |+ |XT| = —1), must be real and local. Moreover,
we want that X1 (X,0) = 0 and we can also ask without loss of generality that the canonical
transformation is such that X (X,0) = X. These conditions imply that there are no terms
in GG depending only on fields and that the linear term in antifields has the form X X1, This
transformation will define a new tubular neighbourhood provided 8X /0X*(X,0) # 0. We
will also assume, for simplicity, that the canonical transformation does not depend on any
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additional structure on 3. The most general form of G compatible with all the above

conditions is:
GIX, X' = /dZdZ (XXT + iAijﬁéiﬁ:j - iAijﬁziﬁ;j + iTmﬂ“ﬁfﬁﬁ) ) (3.19)
by

where A, T are real tensors on M. In (3.19) Greek letter indices run over all coordinates,
holomorphic and antiholomorphic. We collect here the explicit transformations

M= gh Bf = at — 10N pzmi’ +10,AY paing?
- ia,uTl/ij b”n,?inz” )
b= b bk = bt — Tt (3-20)
Dzi = Pzi + iAJ_i pzz — 117 b“ng” ) 772—1 = Uji )
ﬁ;izn?—if\ijﬂ?j, Dzi = Pzi -

We see that the new atlas is adapted to L.;, and changes the tubular neighbourhood
provided A and T are non vanishing.
One then finally computes the new residual symmetry as:

. 7 M 7 r 1 J J 6
QF =0, + ( — g Db + 1N, R 050" + 04 T,5 (19" pzt — 85353)) 6pzi
zZ
—AZQ(@—xj —id9p. ) -+ c.c. .
7\ Oz 9Pz 5?7;_2

It is easy to check that (QgEJ)2 is zero on x and b. Requiring also the vanishing of

(QF.,)Pn" =(N39" A", = g) (957 D=b® + Rppasn *0°b") +

) _ _ _ 3.21
+ (VuAl,; + igleZjTulf) (igkrb“pgk — b“ﬁgmr) , ( )

fixes the following conditions:
Aijglefl =47, Tur = _igil_cARlvlLAif : (3.22)

It can be explicitly shown that these constraints on A and T are sufficient to have
also (Qg&])ngi =0.

The possibility of choosing a tubular neighbourhood, for which the residual symmetry
is cohomological, thus depends on the existence of an invertible orthogonal (1,1) tensor
A satisfying AJ + JA = 0. There are obstructions to the existence of this structure; for
instance a direct computation shows that it does not exist on S?. This choice is possible
in many cases, for instance when A is a complex structure that defines, together with
J, a hyperkahler structure with hyperkahler metric g. We remark that these data define
the space filling coisotropic brane discussed in [35] and appear in the quantization scheme
through the A-model described in [55]. It is not clear to us if the above condition on A is
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also necessary and so if there is really an obstruction to the existence of the cohomological
residual symmetry.

Finally let us compare the gauge fixed action and its residual symmetry with the action
of the A-model and its supersymmetry. Let us define

H. = —0za' — N (07 + o™pz) ,  HL=HL. (3.23)
In these new variables the gauge fixed action and residual BV symmetry read

Srey —/dzdz ( — iaij—H;Hz - iaiJ—Héazxj — iai]—HZ(?gxi + iaij—ﬁzxi(%xi
b
02 027 i DY 4 icn I Db — Ry i TIpTp (3.24)
1030z T 0% +1azgnz z +1041j77z z 777z 1 5

. o 5
+ ( — }W—m;lbklﬂ — F%lblH‘f) —— tc.c

G i ) i +lik
=b— (H— ' n*b ) .
QﬁsJ Szt + z+ kiTz (SH%

an!
which coincides, up to the topological term ic;;0,2'0:27 —ia;;0:2'0, 27, with the extension
of the A-model with the auxiliary field H given in (2.16) of [52] after the field identification
ot = ut,) b = ixM, nft = pl. With these field identifications, the restriction of the
observables A% defined in (3.16) on L. coincides with the A-model observables AP
in (3.4); in particular they are closed under the cohomological residual symmetry Qg&].

3.3 Final remarks

In this chapter we compared the Poisson Sigma Model with complex gauge fixing with the
A-model. We proved that the hierarchy of observables of PSM up to @ and d exact terms
coincides after complex gauge fixing with the A-model hierarchy. Moreover, we identified
the gauge fixed action of the PSM with the action of the A-model containing the non
dynamical field and we determined a symplectic tubular neighbourhood of the gauge-fixing
lagrangian such that the residual symmetry coincides with A-model supersymmetry. This
analysis shows that the two models are the same when considered on surfaces without
boundary; in particular this gives a BV explanation to the fact that Gromov-Witten
invariants are independent on the choice of complex structure, as in the BV setting this
corresponds to a choice of gauge fixing.

This analysis should be extended to the case with boundary. Both models provide
a framework for quantization of the symplectic structure on the target. On the PSM
side, the Kontsevich formula [36] for deformation quantization is reproduced in [18] as
a correlator of the model on the disk. On the A-model side, in [55] the quantization is
provided by the space of coisotropic branes. It will be natural to develop for this case the
BV-BFV construction introduced in [23].
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CHAPTER

Observables in the equivariant A-model

The AKSZ method [2] is a very elegant geometrical construction of solutions of the classical
master equation (CME) in the Batalin-Vilkovisky (BV) formalism. It gives solutions in
terms of geometrical data that are very compactly formulated in the language of graded
geometry. The AKSZ space of fields is the space of maps from the source graded manifold
T'[1]X where ¥ is a d-dimensional manifold to the target M, which is a degree (d—1) graded
symplectic manifold endowed with a degree one hamiltonian vector field @ = {©, —} such
that Q2 = 0. The solution of the CME, even for classical actions whose gauge invariance
is very intricated, can be obtained on the spot directly from these data, without using the
tools of homological perturbation theory: see for instance [45] for an introduction to the
subject and the discussion of the Courant Sigma Model.

In the BV setting the simplest version of gauge fixing is realized by expressing the
antifields as functions of the fields; once that the symplectic interpretation is taken into
account and the space of fields is seen as an odd symplectic manifold, the gauge fixing is
a choice of a lagrangian submanifold £ of the BV space of fields §. Even if the BV vector
field Q is not in general parallel to £, the gauge fixed action still has an odd symmetry Q7
obtained by projecting Q to £. We call this odd vector field of £ the residual BV symmetry.
This projection is not unique and depends on an additional geometrical datum, the choice
of a symplectic tubular neighbourhood of £, i.e. a (local) identification of § with T*[—1]L.
This choice can always be done, although in a non unique way; different choices coincide
on-shell, i.e. when restricted to the surface of solutions of equations of motion. In examples
this odd symmetry of the gauge fixed action is an interesting object and so it is worth
to take it into account in the full picture. For instance in the BV treatment of ordinary
gauge theories it is the BRST differential; in the A-model it is the supersymmetry [12].

A relevant aspect where one can appreciate the beauty of the AKSZ solution is the
construction of observables. Indeed, there is a chain map from the complex of the ho-
mological vector field @ of the target M to the complex of Q that defines the so called
AKSZ observables. Unfortunately, in general we cannot expect that after gauge fixing a
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BV observable is closed under the residual BV symmetry and AKSZ observables are not
special in this regard. So in certain cases, it can be useful to introduce an equivalent set
of observables that have a better behaviour for the gauge fixing.

This study began in [12] for the case of the A-model, seen as a complex gauge fixing
of the Poisson Sigma Model with non degenerate target. In this case, the target graded
manifold is just T'[1]M with M symplectic and @ the de Rham vector field of M; AKSZ
observables are then defined in terms of closed forms on M. In [12] it was shown that
one can define an equivalent class of observables, which we called A-model observables,
related by an explicit homotopy to the AKSZ ones, that are closed under the residual
BV symmetry fixed by the complex gauge fixing. The name is due to the fact that they
reproduce Witten’s hierarchy of observables for the A-model in [52].

In this chapter we extend the analysis to an equivariant version of the Poisson Sigma
Model. This is an AKSZ theory that was studied in [11, 48, 58]. The geometrical data
of the target encode a hamiltonian G space, i.e. a symplectic manifold M with an action
of a Lie group G with an equivariant momentum map u. The target homological vector
field encodes the Weil model for equivariant geometry so that the AKSZ observables are
associated to equivariant cohomology. In [11] this theory was considered as a model for
the PSM with target the symplectic reduction z~1(0)/G. We introduce the analogue of
A-model observables that depend on a minimal set of fields and introduce an explicit
homotopy with the AKSZ observables.

We consider two different gauge fixings which are compatible with the A-model ob-
servables. The first one is relevant when the symplectic reduction of the target space is
smooth; we conjecture that the theory computes the A-model correlator of the reduced
symplectic manifold in the spirit of [11]. In the second one, we recover for the Lie alge-
bra sector the supersymmetric Yang Mills action and the residual BV symmetry is the
supersymmetry generator.

4.1 A-model and PSM correspondence reconsidered

The correspondence between the AKSZ observables of the PSM and the observables of the
A-model established in [12] can be better understood starting from an homotopy between
maps of superspaces.

Let M be a symplectic manifold and let us denote with o = o, da#dz” the sym-
plectic form. The Poisson Sigma Model (PSM) with non degenerate target is the AKSZ
construction with target 7*[1]M and hamiltonian o**b,b,, where {z#,b,} are the degree
(0,1) coordinates of T*[1]M and o is the inverse of «,. The space of AKSZ field is
S = Maps(T[1]X, T*[1]M). The symplectic form identifies it with Maps(T[1]%, T'[1] M)
and finally with T'[1}(Maps(T[1]X, M)) = T[1]Myx. With this identification observables
are forms on My. Let the superfields (x,b) € §Fx be decomposed as

xt =gt 4t 4 bt bH:bu—l—m—i—xz.
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The de Rham differential § of My, acts as dx* = b* = a(x)**b,. It can also be interpreted
as the (infinitesimal) diffeomorphism obtained by composing the superfields with the (in-
finitesimal) diffeomorphism of the target T'[1]M defined by the de Rham differential. The
BV differential is then defined as

Q= §-df

where d’E is the vector field of §x. obtained by the action of the de Rham differential of 3 on
the superfields. More geometrically, d§; € Vect(Fyx) is the (infinitesimal) diffeomorphism
of §y obtained by composing maps with the (infinitesimal) diffeomorphism of the source
defined by the de Rham differential. Although df, must not be confused with ds; acting
on X, they coincide on functions of the (evaluated) superfields, i.e.

(dg — dx) f(x(u, 0),b(u,0)) = 0. (4.1)

It is explicitly given by the following formulas:

S =0, dsb=0,
dsnt =dgz dyn =dsb, (4.2)
dsbt =dsn™ dso™ =dgn .

We are going to define the A-model hierarchy of observables. Let us consider the
degree 0 evaluation map ev: My x T[1]X — M defined as:

ev(x;u,d) = z(u) . (4.3)

Since §y is a vector bundle over My, we can extend ev to a vector bundle morphism
év: §x x T[1]¥ — T[1]M over ev by asking that for each f € C°°(M) we have

&' df = (Q+dy)ev'f .

We then compute
evidat = (Q +dy)zt = b + dyzt .

For every w € 2*M we can associate a functional A,
A, = &'w = w(z, b+dyr) (4.4)

satisfying by construction (Q+dy)A, = Agw. If then dw = 0 we say that A, is the
A-model hierarchy of observables of the PSM associated to w.

The AKSZ hierarchy described in the previous section, after the identification given
between T'[1]M and T*[1]M given by «, is defined for each w € QM as

Oy = w(x(u,d),b(u,d)) =Ev'w (4.5)
where the evaluation map Ev: §x x T[1]X — T[1]M defined in (2.28) and given by
Ev(x,b,u,0) = (x(u, 0), b(u,0)) (46)
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is a vector bundle morphism over Ev: My, x T[1]¥ — M defined as
Ev(x;u,0) = x(u,0) . (4.7)

The two morphisms ev and Ev are homotopic with homotopy k: Mg xT[1]Xx[0,1] — M
given by
k(x;u,0;t) = x(u, t0) = x(u) + tn*(u) + 207 (u) . (4.8)

We extend it to the vector bundle morphism k: s x T[1]X x T[1]I — T[1]M over k by
imposing that for each f € C*°(M) we have

kdf = (Q+ds +dn)k*f
where d; is the de Rham differential of I = [0, 1]. We compute
Erdat = §XF + togtH 4+ 266 + (1 — t)dgat + t(1 — t)dgy™ + dt(n™ + 2tb™H) . (4.9)

We then define K(w) = f[o 1] E*(w) for each w € QM. By construction we have that

@*w\tzo =ev'w = A, and E*w|t:1 =Ev'w =0, and
O, — A, = K(dw) — (Q+dy) K (w) . (4.10)

It is now a direct computation to check that the homotopy K coincides with the one
defined in [12].

Let us finally discuss the gauge fixing. Let us introduce the complex structures € on 3
and J, compatible with «, on M. We denote the holomorphic coordinates as z and z* on ¥
and M. Let us choose the complex gauge fixing for the superfields x and b introduced
in [15] and discussed in [12] so that we recover the A-model action for that sector. The
gauge fixing lagrangian £ on the A-model sector is defined by

T =b" =, =nm=n"=n"=0. (4.11)

The gauge fixed action (3.17) reads

Sc., = / ( — ip,0:07 + ipz0,2" — ind'D,b; + infIDsb;
by (4.12)
+9"" Riin? 'n bibr + gijpapzj) ;
where pz; = 1z +Ffjn;j by. Variables appearing in (4.11) are the momenta of a symplectic
tubular neighbourhood that determines the BV residual symmetry, as explained in Sec-
tion 2.3. Contrary to AKSZ observables, the A-model observables do not depend on the
momenta so that their restriction to L.; is closed under the BV residual symmetry.
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4.2 Equivariant A-model from AKSZ

We discuss in this section a BV approach to the equivariant version of the A-model. The
geometrical setting consists of a Poisson manifold (M, «) with an action of a Lie group G
by Poisson diffeomorphisms. We require the existence of an equivariant momentum map
M — g, where g = Lie G. By momentum map we mean that the fundamental vector
fields of the GG action are hamiltonian vector field. We will be mainly interested in the non
degenerate case where this is the usual notion of hamiltonian G-action.

4.2.1 Definition of the model

The model that we are going to discuss was considered in [11, 48, 58]. The graded geometric
formulation of the equivariant formulation and its AKSZ theory that we are going to use
was discussed in [11]. We briefly recall it.

The equivariant differential can be described by a hamiltonian vector field ) on the
symplectic graded manifold 7*[1](M x T'[1]g[1]). If we take coordinates (z*,b,) on T*[1]M
and (c*, ¢*) of degree (1,2) with momenta (&, &,) of degree (0,—1) on T*[1]T'[1]g[1], we
can define the degree 2 hamiltonian

1 1 ~
§auybubu—§a¢a—ﬂa¢a + vkb,ct + §§a[c, | +&ale, 6], (4.13)
so that Q(-) = {O, -} reads:

Qz* = a"'b, + ¥

a

@:

1
Qb = iﬁuap"bpb(, + Opvebpc® — ¢ Oupta

Qc" = ¢" — %flgdcbcd ) (4.14)
Q¢ = —fr.c’¢°
Q& = vlby — gbfccb— §b§c¢>b )
Qo = a+ Ha + [Eec”
We recover the Kalkman model for Poisson equivariant cohomology as the differential

graded subalgebra W (M, 7, g) generated by {z,b,c,¢}. We consider here the case where
« is non degenerate and let b* = a*¥b,,. We then compute

Qxt = b + "l (4.15)
Qb = —¢"vl + b ol .
so that (W(M,m,g),Q) coincides with the Kalkman model for equivariant cohomology
(see [34]).
If we look at the target manifold 7%[1](M xT'[1]g[1]) again as a tangent bundle T'[1](M x
g[1] xg*[—1]) so that the de Rham differential is defined as dz* = b#, dc* = ¢* and dé, = &,

we immediately recognize that

Q=d+s, ds+sd=s*=d>=0. (4.16)
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Remark 4.2.1. The identification of the target manifold with T[1](M x g[1] x g*[—1]) can
be expressed by defining the tangent fiber degree as degx = degc = degf~ =0 and degb =
deg¢p = deg{ = 1. Moreover, degd = 1 and degs = 0. Following [11], the antighost
degree ag = —gh + deg, where gh is the natural degree of the target graded manifold,
gives the target manifold the structure of BF'V manifold, a model for the symplectic
reduction of T*[1]M with respect to the constraints p = 0 and v%b, = 0. We recall that
the BFV (Batalin-Fradkin-Vilkovisky) manifolds in general give an homological resolution
of constrained system and can be seen as a mathematical formulation of BRST in the
hamiltonian setting (see [6, 49]).

Remark 4.2.2. The map ¢ : W — W defined as ¢(x, b, c, ¢) = (93,3, c, 5) where
~ 1 ~
d=0-3led, P =b el (4.17)

intertwines Q| and the de Rham differential d. Since the Lie algebra part is acyclic,
the cohomology of (W, Q) then coincides with Hgr(M). Let us introduce the contraction
operator t, = 887 and Lie derivative L, on the Lie algebra variables; then we can write
the Kalkman differential as

Q’W =dum + Ca(Lva + La) - ¢a(5va - La) s

where djs denotes the de Rham differential on M, L,, and ¢,, are the usual Lie derivative
and contraction operators on forms, respectively. We then see that the subcomplex W’/ =
N, (kereq Nker(L, + Ly, )) C W of elements that are independent on ¢ and g-invariant
coincides with the Cartan model for equivariant cohomology.

Let us now consider the AKSZ sigma model with source (T7[1]%, dx;) and target 7*[1] (M x
T[1]g[1]) with differential Q. We can introduce the superfields:

x=z+nt+b", b=b+n+at,
c=c+A+&t E=¢+ AT+, (4.18)
S=¢+ip+{, E=C+yT ¢

The cohomological BV vector field is Q@ = é — df,, where Cj is the vector field obtained
by composing maps with the (infinitesimal) diffeomorphism of the target defined by Q.
Recalling that b#* = o*¥(x)b,, it acts on the fields x,b, ¢, A, ¢, as

Qzt = b + v, ,

QY = —0,vbb ¢ — vho® |

1
Qc* = ¢a - 5[67 C]a s

QA% =4 — ¢, A]* —dxc,
Q¢a = _[67 ¢]a )
Q¢a = _[Ca w]a - [Av ¢]a - dz(ba .

(4.19)
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We finally write the AKSZ action as

Ea [c? C]a

| =

1
S = / —a"(x)b,b, — B P — 14(x) P + vl (x)b,c” +
T[]z 2 (4.20)

+Z4[c, ®]% — bdsx! — Eudsc? — E,ds®® .
4.2.2 Equivariant A-model and AKSZ observables

We want to define here the analogue of A-model observables for the equivariant model.
Let us look for a map analogue to the partial evaluation map defined in (4.3). Since the
target space is the shifted tangent bundle T'[1]JM with M = M x g[1] x g*[—1] the space
Sy of AKSZ fields is T'[1]Map(T'[1]X, M); we then start with a map

evg: Map(T[1]X, M) x T[1]X — M

defined as
evo(x, ¢, B u,0) = (z(u), c(u) + A(u,6),0) . (4.21)

Since the target space differential (4.16) is not simply the de Rham differential, on forms
we do not take the pull-back of evg, as in the previous section, but we look for a vector
bundle morphism évg: Fx x T[1]E¥ — T[1JM over evy that intertwines the differential
Q + dy, with the target differential Q, i.e.

&5Qu = (Q + ds)Fiw .

From the discussion in Remark 4.2.1, we can conclude that évg is completely fixed by evq:
indeed the equivariant differential decomposes as Q = d + s with degs = 0 so that for
each f € C(M) we have

evodf = evp(Q — 5)f = (Q+ds)evyf —evpsf .
We then compute

evpb = évpde = evy(Qr — c™v,) = (Q + dy)x — (¢ + A%,

=b+dxgr — A%, ,
~ % ~ sk ~ sk 1 1
evpep = eévpde = évy (Qc + 5[6’ C]) =(Q+dy)(c+ A)+ 5[6 + A, c+ A] (4.22)

it = G530 = Qs — B la — 11a) = i

We then finally define for each w(z, ¢, €, b, ¢,€) € C(T[1](M x g[1] x g*[—1])) the following
functional

Ay i=évgw = w(x,c+ A,0,b+ dyz — A%q, ¢+ + F(A), —u) . (4.23)
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If Qw = 0 then by construction (Q + dy)A, = 0 and we say that A, is the A-model
observable associated to w. In particular we will associate to every equivariantly closed
form an observable.

Recall that the AKSZ observable associated to w is O, = Ev*(w), the pullback of w
along the evaluation map Ev: §x x T[1]X — T[1]M with

Ev(x,c, B, b, &, E;u,0) = (x(u,0), c(u,0),E(u, 0), b(u,0), ®(u,0), E(u,0)) .
The map Ev is a bundle map over Evy: Map(T'[1]X, M) x T[1]X — M defined as
Evo(x, ¢, Z;u,0) = (x(u, ), c(u,0),E(u,0)) .

We discuss now a homotopy between the A-model and AKSZ observables generalizing
the discussion that we had in the previous section. We start with the following homotopy
between evy and (the restriction of) Ev

k: Map(T[1]X, M) x T[1]X x [0,1] - M
defined as
k(x,c,Bu,0,t) = (z +tnT + 221, c+ A+ t2T 12(u,0)) . (4.24)
We then look for
Rk: §x x T[1]2 x T[1]][0,1] — T[1]JM
over k so that
(Q +ds + d])//ﬁ\i* = E*Q , (4.25)
where d; is the de Rham differential of I = [0, 1]. Again ¥ is completely determined by &
and moreover by construction
K'wli=0 = Aw, Kwli=1 =0, .
We then compute
Kot = K*dat = (Q +dy + dp)s™ 2! — k™ (c"0E)
= b + (1 —t)dgz” — (1 — ) A"H +t(1 — )0, vkn™ + (1 — t)dgnH+
+ dt (T 260 4 1250+ o

R = Rde = (Q+ ds + dp)ste + %[m*c, ] (4.26)
= ¢+ U+ (1 —2)F(A) + 3¢ +2t¢tde
R = R*E = (Q+ds + d)(t8) — B, k™ — K" p -
If we define K(-) = [, *(-), we get
Op — Ay = K(Qw) — (Q + ds)Kw . (4.27)

Of course, if we set to zero all the variables associated to the Lie algebra g, we recover
the homotopy between the AKSZ observables of the PSM and the A-model observables
described in (4.9).
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4.2.3 Cohomology of @)

An interesting consequence of (4.27) is the following characterization of the cohomology
of the target differential @ defined in (4.14). Indeed, after the restriction to zero form
observables, dy; does not appear in (4.27) and Q acts as é, the vector field obtained
composing the maps of §x with the infinitesimal diffeomorphism of the target defined
by @. In other terms it does not involve derivatives with respect to the source coordinates,
so that it is a pointwise relation that can be read as a relation defined on the target as
follows.

Let i: W(M,m,g) - A = (C(T*[1](M x g[1])),Q) be the injection of the Kalkman
model described in Subsection 4.2.1 and let p : A — W(M, 7, g) be the quotient map with
kernel generated by £+ p and E It is a direct check to verify that p is a chain map. Clearly
we have that poi =idy. Now it is clear that (4.27) for forms of degree 0 translates into

idg—iop=KgoQ —Q oKy (4.28)

where

Ko(w) = / (e, e, t6,b, 6,16 — (1— D+ dst ©)

for each w € A. We can then conclude that ¢ and p are inverse up to homotopy so that the
cohomology of () is isomorphic to the cohomology of the Kalkman complex (or equivalently
of the Weil complex, see [34]) that is de Rham cohomology Hgr(M) (see Remark 4.2.2).
It is maybe useful to stress that we are not restricting it to the subcomplex W' giving
equivariant cohomology. Finally, if ¢: W — W is the isomorphism defined in (4.17) and
© is the degree 2 hamiltonian in (4.13), then ¢(p(©)) = —a, so that we can say that —©
represents in A the class of the symplectic form in the de Rham cohomology of M.

4.3 Gauge fixing

We discuss here two different gauge fixings of the AKSZ theory discussed in the previous
section. The A-model sector is always gauge fixed with the complex gauge fixing defined
in (4.11).

In both cases the lagrangian gauge fixing £ is given together with an adapted sym-
plectic tubular neighbourhood, i.e. a symplectomorphism between the BV space of fields
s and T*[—1]L that fixes also a residual BV symmetry as explained in Section 2.3. The
A-model observables do not depend on the momenta so that after the restriction they are
invariant under the residual BV symmetry.

4.3.1 Gauge fixing for the symplectic reduction

We assume that v’ = 0, i.e. the real G action on M gives rise to an holomorphic action
of Gc. It can be checked that, once we assume the complex gauge fixing (4.11), the ghost ¢
disappears from the action.
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4.3. Gauge fixing

According to the discussion in Remark 4.2.1, the target manifold of the AKSZ construc-
tion is a BFV space, i.e. a model for the symplectic reduction of 7%#[1]M with respect to
the graded constraints u = 0 and v*b, = 0. If the G action is free on x = 0 then = 1(0)/G
is smooth and the reduced space is T*[1](x~1(0)/G). In this case the BV theory should
be regarded as equivalent to the Poisson Sigma Model with the reduced target. According
to the discussion in [11], the natural gauge fixing of the Lie algebra sector is defined by
putting the antighosts variables to zero; this means:

(1
[

=0. (4.29)

The residual gauge symmetry Q, given by this symplectic tubular neighbourhood is
directly read from (4.19) together with

Qrnzi = i nzby + Bipa? + 0idjpan” 9o+
+ 00l (nz;c™ + bjw2) + 9,00k 0T bre™
an;i = —9,2" + 8;&” kb + v, A“ + 8kU’ theo (4.30)
Qrét =& — F(A) ~ [e,¢7],
Q££+ = _d2¢ - [Avw] - [Ca £+] - [€+7 (b] :

Since the A-model observables defined in (4.23) are independent on the coordinates (4.11)
and (4.29), they are also invariant when restricted to the gauge fixing lagrangian under Q.
This is not true for the AKSZ observables.

After the introduction of an arbitrary affine connection I' and the definition of pz; =

Nzj Fﬂn“bk, we obtain the gauge-fixed action Sy = S, + 8¢, where S, ; is computed
n (4.12) and

Sy = [ (o + Dusan 2+ Ot + 00ysanF 0" + BT + iz AL+
p)
VRt AL + U+ v AL+ Vvt AL
(4.31)
This action is quadratic in the fields p, which can then be integrated out. Their
equations of motion are pz; = a;;0:27 — ;A% and the effective action obtained with
this integration is thus:
Se = /E (nz “D,bi + 07 Dsb; + o/kRkﬂnZ nTIbbr + 047 0ax’+

+ Vlvk lekA“ + VjvanﬂbkA“ (Ui b; + Ujb—) Ty (4.32)

+ ,U/a5+a + 8jﬂanz ng + azﬂanz sz + 0; ajﬂanz TIZ z¢a>

where 942° = 9,2" + v, A%. The dependence on the connection A is now at most quadratic
and the quadratic term is non degenerate if det(v,,vy) # 0. This is guaranteed if the G
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action is free on p~1(0), so that this action is well defined when the symplectic reduction
p~1(0)/G is smooth.

By construction the Lie algebra fields are Lagrange multipliers that constrain the
system to g (z +n7) = 0 and vy (z +17) (b +n); = 0. We know that in Kihler reduction
T(p=1(0))/G is realized as the sub-bundle J(gas)" N g1, € T(u 1(0)), where gps denotes
the bundle spanned by the g-vectors. The zero and one form component of pu(x +n*) =0
force then the field = to take values in p~1(0) and n* in T(2~1(0))/G. The two form
constraint 8i8]—uan%nz = 0 is instead just a consequence of the interplay between the
constraint on superfields and the complex gauge fixing and it has not a geometric origin.
One way to avoid it is to modify (4.29) to

c=0, E=c",

[

=0. (4.33)

This fixes the ghost ¢ and makes ¢* be the multiplier for ¢ = 0 so that the above undesired
constraint disappears. It must be clear that with this choice the A-model observables
depending on ¢ are not anymore invariant under the residual gauge fixing.

4.3.2 The gauge multiplet and topological Yang-Mills

We consider here a different gauge fixing of the Lie algebra sector that recovers the so
called topological Yang-Mills theory in two dimensions, considered by Witten in [56].
This connection was already established in [58]; here we use a slightly different gauge
fixing and emphasize the relation between the residual gauge symmetry and the gauge
multiplet of supersymmetry. The basic tool for introducing topological Yang-Mills theory
is the gauge multiplet of 2d supersymmetry. In our BV framework it must appear as a
residual BV symmetry of the gauge fixed action. We have first to recognize all the fields
needed to reconstruct the gauge multiplet. The gauge multiplet consists in the following
fields
6 v A H x n A
ghost# 2 1 0 0 -1 -1 -2 (4.34)

foom# 0 1 1 0 0 0 O

where the parity is the ghost modulo 2. It is easy to see that we already have almost all
these fields by doing the following matches

AKSZ o v A & & - -
gauge multiplet ¢ v A H x n A

(4.35)

The fields n and A do not appear in the PSM but can be introduced as a trivial pair. Let
us define the trivial pair A, p € Q°(2; g) of ghost number —2 and —1 respectively and with
momenta AT, p* € Q%(3; g*) of ghost degree 1 and 0. The BV action will be shifted to

S = S+/ At (4.36)
b))
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and correspondingly we have the following action of the BV symmetry for A and p:

QN =%,  Qpi=0. (4.37)
If we define ¢ := p + [¢, A\] we get the transformations:
QN = < - [Ca A] ) QC = [(b? )‘] - [C7 C] : (438)

The gauge multiplet is reconstructed with ¢ ~ 7.
We can now collect the action of Q on these fields

Q(b: _[C7¢] ) Ql/f = _[071” - [A,(Zﬂ _d2¢ 5
QA:w_[CvA]_dEcv sz—[§7c]—[§~»¢],

of=¢—[Ed], QN =C— [ ], (4.39)
¢ =[6.N] - [e.] Oc=6- el

We then see that
Q = 5BRST + 5susy ’

i.e. it encodes the superymmetry and the BRST transformation of the gauge multiplet.
The action of topological Yang-Mills is recovered by defining the lagrangian L£; with
the gauge-fixing fermion f defined as

£= [ 3Ex0+Daru). (1.40)

where D4 is the covariant derivative of A, * is the Hodge star for a metric on ¥ and (,)
is a non degenerate invariant bilinear form on g.

Sc, =S¢, +0f = O(f - /E@, Fa))
— [ (3659 ~ (6 Fa) — € Dav) + (Dac )+ (4.41)
(DX Dag) + (6 8,x0) + (9,1, 9))

The residual BV symmetry is then given by the same formulas as in (4.39). In partic-
ular, the A-model observables are just functions of (¢, ¢, A,1) and so are invariant. The
full gauge fixed action is then recovered as:

Se = / (n;iDzbi + 0} Dsby + o™ Rind b + 0iz0aa’ Oaa7+
P
+ Vi bp AL — Vyoh b AL + Oypuan i+
+ Oiptand 2 + OOt 6+ (4.42)

+ {646 — {6, Fa) = (€ D) + (DaG,)+
(DX, Dag) + {168, %6) + (19 X)) -
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Up to residual BV transformations this action depends only on equivariant cohomology
class of (o + p). By construction the BV action (4.20) is defined by the target data
through the AKSZ observable associated to the hamiltonian © in (4.13). As we proved,
this observable is connected to the corresponding A-model observable via the homotopy K.
Thus the BV action can be decomposed as: kinetic term + A-model observable + BV
exact term. The A-model observables are well-behaved under our gauge-fixing, however
BV exact terms become generically QF-exact terms only on-shell. However if we choose
QF-symmetry to close off-shell then the gauge fixed action can be written as A-model
observable associated to (a+pu) plus QF-exact terms, similar to the construction presented
in [1].

43
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CHAPTER

2D Yang-Mills on surfaces with corners in
BV-BFV formalism

5.1 Introduction

In this chapter we study the perturbative path-integral quantization of 2D Yang-Mills
theory, defined classically by the first-order action functional

1
b :/(B,dA+A/\A> +5n(B,B)., (5.1)
by

with fields A, a 1-form on the surface X with coefficients in a semi-simple Lie algebra
g = Lie(G), for G a compact simply-connected structure group, and B, a 0-form valued
in g*, and where pu is a fixed background 2-form (the “area form”) on ¥. Here (,) is the
pairing between g and g* and (,) is the inverse Killing form.! We study 2D Yang-Mills
theory in the Batalin-Vilkovisky formalism on oriented surfaces ¥ with boundaries and
corners allowed.? The quantization is constructed in such a way that it is compatible with
gluing and cutting of surfaces.

Our primary motivating goal is to construct explicit partition functions of 2D Yang-
Mills theory on arbitrary surfaces via the perturbative path-integral quantization, Z =
f e%SYM, and to compare them with the known non-perturbative answers [40, 53] formu-
lated in terms of the representation-theoretic data of the structure group G. There are
two immediate problems to deal with:

Gauge symmetry. To define the Feynman diagrams giving the perturbative expan-
sion of the path-integral, one needs to deal with the gauge symmetry of the action creating

! The case u = 0 of the action functional (5.1) defines the so-called non-abelian BF theory, which is a
topological field theory, i.e., is invariant under diffeomorphisms of surfaces.

2 We assume orientability for convenience of the formalism, but in fact one can define the theory on
non-orientable surfaces as well, twisting the field B by the orientation line bundle and defining p to be a
density on X, rather than a 2-form. The integral (5.1) is then also understood as an integral of a density.
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the degeneracy of stationary phase points in the path-integral. To do this, we employ
the Batalin-Vilkovisky (BV) formalism. In the BV formalism, the classical fields A, B are
promoted to non-homogeneous differential forms on the surface (whose homogeneous com-
ponents are the original classical fields, the Faddeev-Popov ghost for the gauge symmetry
and the anti-fields for those) and the gauge-fixing consists in the choice of a lagrangian
submanifold in the BV fields.

Computability of the perturbative answers. Generally, Feynman diagrams are
given by certain integrals over configuration spaces of points on the surface, with the
integrand given by a product of propagators which depend on the details of the gauge-
fixing, and typically these integrals are very hard to compute. The remedy for this comes
from two ideas:

i) Firstly, we employ the BV-BFV refinement of the Batalin-Vilkovisky formalism con-
structed in [23, 26] — a refinement adapted to gauge theories on manifolds with bound-
aries allowed, compatible with gluing and cutting (thus, it is a version of BV quanti-
zation compatible with Atiyah-Segal functorial picture of QFT). In this formalism, we
can recover the perturbative partition function on a surface from cutting the surface
into pieces — the appropriate “building blocks of surfaces”, calculating the perturba-
tive partition function on the pieces and then assembling back into the answer for the
whole surface via the gluing formula.

ii) Secondly, to compute the answers on our building blocks, we employ special gauge-
fixings which allow for explicit computation of Feynman diagrams on the building
block. E.g. we use the axial gauge for cylinders. This procedure is equivalent to
imposing a very special gauge-fixing, involving the data of cutting into the building
blocks, on the theory on the surface we started with.

For instance, the following Feynman graph for 2D Yang-Mills theory on a sphere

Figure 5.1: A two-loops Feynman diagram for 2D Yang-Mills on the sphere, computed by suitably
cutting the surface. The darker regions are the ones where the 2-form p is allowed to be nonzero.
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is given by a complicated integral in Lorenz gauge on the sphere (e.g. the one associ-
ated to the standard round metric), but in our approach it is explicitly computable,
once we split the sphere into four pieces (figure 5.1).

Remark 5.1.1. Axial gauge, which we often use, corresponds to a singular propagator
which can be obtained as a limit of metric propagators (given by smooth forms on the
configuration space of two points) corresponding to the degeneration of geometry of the
cylinder where the ratio of the circumference to the length tends either to zero or to
infinity (corresponding to two versions of the axial gauge). Thus, our computable answers
obtained in a convenient gauge arise as a limit (corresponding to a limiting point on a
certain curve in the space of metrics on the surface ) of perturbative answers computed
with smooth propagators.

5.1.1 Surfaces of non-negative Euler characteristic

Surfaces of non-negative Euler characteristic (possibly with boundary, but with no corners)
can be decomposed into the following building blocks:

(I) Cylinder with polarizations A, B fixed on the two boundary circles (i.e. with bound-
ary conditions prescribing the pullback of A to one boundary circle, and the pullback
of B to the other circle), with a nonzero area form p allowed.

(IT) Cylinder with polarization B fixed on both boundaries, with the background 2-form
w=0.

(III) Cylinder with polarization A fixed on both boundaries, with = 0.

(IV) Disk with polarization B on the boundary and with u = 0.

B B
v

This is the premise of the BV-BFV formalism as in [26], where the connected components

of the boundary are decorated with either A- or B-polarization (boundary condition), and
one is allowed to glue an A-boundary circle of one surface to a B-boundary circle of another
surface.

We manage to compute building blocks (I-I1T) explicitly using the axial gauge, whereas
the building block (IV) can be computed in any gauge due to the vanishing of almost all
Feynman diagrams by a degree counting argument. We use the fact that the partition
function can only depend on the total area of a surface to concentrate the area form p
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on building blocks (I).* Block (III) is the most complicated in this list. We only compute
it modulo BV-exact terms: the latter ultimately become irrelevant once we pass from
cochain-level answers to the reduced space of states and reduced partition functions (i.e.,
once we integrate out the bulk residual fields and pass to the cohomology of the boundary
BFV differential 2).4

The cohomology in degree 0 of the BFV differential 2 on (the BFV model for) the

BEV:A in the A-polarization yields the standard (reduced)

space of states on a circle ’H
space of states of 2D Yang- Mllls theory — the space of class functions on the group G,

’Hred L?*(G)¢ (see Section 5.2.4). The following is the central result in this chapter.

Theorem I. The BV-BFV partition function of 2D Yang-Mills theory for 3 any surface
with (possibly empty) boundary, with boundary circles decorated with A-polarization,
induces, after integrating out the bulk residual fields and passing to the cohomology of
the boundary BFV operator €2, the Migdal-Witten non-perturbative partition function of
2D Yang-Mills:

[/ | ZBV—BFV(E)] _ Z(dimR)X( ) lna -Ca(R) |R> (Hred) ] (5'2)
residual fields R

Zmnon—pert (Z)

Here on the left, [...] stands for passing to the class in zeroth Q-cohomology. On
the right side, non-perturbative partition function is given as the sum over irreducible
representations R of the structure group G, dim R is the dimension of the representation
and C2(R) is the value of the quadratic Casimir; |R) is the class function on G corre-
sponding to the character of the representation R, mapping g — trgrg; x(X) is the Euler
characteristic; n is the number of boundary circles in ¥; a = fz 1 is the total area of the
surface.

We first prove the comparison (5.2) for the case of ¥ a disk in Section 5.3.5, by
presenting the disk as a gluing of building blocks (I), (III) and (IV) above. We prove the
Theorem 1 for a general surface in Section 5.4.

The gluing property of the r.h.s. of (5.2) is

Z(21 Ugs Xz) = (Z(%1), Z(82))gyrep -

Here on the right side one has the pairing in the space of states for the circle over which
the surfaces are being glued. In the BV-BFV framework it corresponds to gluing two
A-boundary circles via an “infinitesimally short” B — B cylinder — our building block (II).

3 More precisely, changing the area form p by an exact 2-form dvy amounts in the BV language to a
canonical transformation of the action and the associated change of the partition function by a BV-exact
term. Therefore, working modulo BV exact terms, one can concentrate the area term in an arbitrarily
small region. We thank Alberto S. Cattaneo for this remark.

4 In particular, we exploit the gauge-invariance of the answer, known a priori from the quantum master
equation, to reduce to the case of constant connections on the boundary.
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5.1.2 General surfaces, surfaces with corners

To extend the result (5.2) to general surfaces we have to consider gluing and cutting with
corners. In this setting we continue to decorate the codimension 1 strata — circles and
intervals — with a choice of polarization, A or B, and we also decorate the codimension 2
corners with a choice of polarization, « or 5 (corresponding to fixing the value of either field
A or field B in the corner).? For gluing, we require that if several domains are meeting at
a corner, the respective corner polarizations are the same (unlike the situation with gluing
over codimension 1 strata — those should have the opposite polarization coming from the

two sides of the stratum):5

A
o
B A
B

B
o
L

In this setup, one can perform the following moves on codimension 1 strata:

(a) One can split an A-interval (or an A-circle) on the boundary of a surface into k > 2
A-intervals separated by a-corners. Then the partition function for a new surface
is obtained by evaluating the partition function for the old surface evaluated on the
concatenation of the fields A on the k intervals.

lsplit
ap "0k

Similarly, one can split a B-interval (or circle) into k& > 2 B-intervals separated by
[-corners.

5 We think of a corner carrying a polarization as the result of a collapse of an interval carrying same
polarization, see the discussion of the picture I and picture II for corners in section 5.4.

l collapse

Q|

6 Actually the BV-BFV formalism does not prescribe, in principle, a particular compatibility between
polarizations for the gluing. What we describe here is a choice that simplifies the computations.
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(b) One has the inverse of the move (a): one can merge k A-intervals separated by a-
corners into a single A-interval — this corresponds to evaluating the partition function
on the field A restricted to the smaller sub-intervals and to the points separating them.
One can do the same for the B/ polarizations.

(c) One can switch between the polarizations of the corner separating an A-interval and
a B-interval.

(d) One can integrate out (the field corresponding to) the S-corner separating two A-
intervals, merging them together. Likewise, one can integrate out an a-corner sepa-
rating two B-intervals.

The minimal set of building blocks, sufficient to construct all closed surfaces is the follow-
ing:

(i) A disk with boundary subdivided into k intervals, all in A-polarization, and all
corners taken in a-polarization, with a possibly nonzero 2-form pu.

«
«
splitting gluing
o — — 2
«
«

This building block is computed via the A-disk which is expressed in terms of the

building blocks (I,IIL,IV) above; then one applies the splitting move to the boundary.
(Recall that in our convention the shaded regions are those that are allowed to carry
a nonvanishing 2-form p.)

(ii) A “bean” — a disk with boundary subdivided into two B-intervals, with the two

corners in a-polarization.
Q

(07

This block is computed from considering an axial gauge on a square and collapsing
two opposite sides to two points.

Then one can e.g. triangulate any surface, assign the building block (i) with & = 3 to each
triangle and glue them using building blocks (ii), thickening the edges of the triangulation

into “beans”.
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This way one can construct the partition function for any surface with boundary and
corners, as long as corners are all in a-polarization (boundary intervals and circles can
be in any polarization). To produce all decorations of both boundary components and
corners, one needs the following additional building block:

(iii) Disk in A-polarization, with a single S-corner.

Then one can use the building block (iii), together with the moves on the boundary, to
create any combination of polarizations of arcs and corners on the boundary of a surface.”

Using the building blocks (i), (ii), we immediately obtain the proof of Theorem I for a
general surface ¥ (see Sections 5.4.6, 5.4.7).

Remark 5.1.2. Theorem I in fact applies also to non-orientable surfaces, assuming the
theory in the non-orientable case is defined as in footnote 2.

Remark 5.1.3. Here we are constructing a “pragmatic” extension of the BV-BFV frame-
work to codimension 2 corners in the case of 2D Yang-Mills theory, motivated by the
problem of computing explicit partition functions on surfaces (e.g., closed ones) of arbi-
trary genus. The general theory of quantization with corners in the BV-BFV formalism
is work in progress and will be expanded on in a separate publication.

5.1.3 Main results

e Construction, in terms of explicitly computed building blocks and the gluing rule, of
the partition function of 2D Yang-Mills in BV-BFV formalism on any oriented surface
with boundary and corners, with any combination of polarizations € {A, B} assigned
to the codimension 1 strata and polarizations € {«, 3} assigned to codimension 2
strata.

e Theorem I above, providing the comparison between the perturbative BV-BFV result
in the case of a surface with A-polarized boundary and the known non-perturbative
result.

7 One starts with a surface with the corners only in « polarization and creates the desired S-corners
surrounded by two A-arcs by gluing in the block (iii) — see Figure 5.12 in Section 5.4.1 and formula (5.107).
One creates the [-corners surrounded by two B-arcs by the splitting move and S-corners surrounded by
an A-arc and a B-arc by the switch move.

o1



5.2. Background: BV-BFV formalism

e In Section 5.4.2 we prove that:

— The BV-BFV partition function on a surface ¥ with corners satisfies the modi-
fied quantum master equation (R2A +Qps)Z = 0, with A the BV Laplacian on
bulk residual fields (in the minimal realization, they are modelled on de Rham
cohomology of the surface), and with Qpy the boundary BFV operator. We
construct the operator gy, explicitly. In particular, apart from the edge con-
tributions it contains quite nontrivial corner contributions, expressed in terms
of the generating function for Bernoulli numbers.

— We prove that ) squares to zero, and thus the space of states H for a stratified
boundary is a cochain complex.

— We show that the space of states for a stratified circle can be disassembled into
contributions of edges and corners, as the tensor product of certain differential
graded (dg) bimodules — spaces of states assigned to the intervals (depending on
the polarization of the interval and of its endponts) — over certain dg algebras
— the spaces of states for the corners. In particular, an a-corner gets assigned
the supercommutative dg algebra A®g* with Chevalley-Eilenberg differential.
A pB-corner gets assigned the algebra S°®g endowed with zero differential and a
non-commutative star-product, written in terms of Baker-Campbell-Hausdorff
formula.

This picture in particular establishes a link with Baez-Dolan-Lurie setup [4, 39]
of extended topological quantum field theory where (in one of the models) one
maps strata of the spacetime manifold of codimension 2, 1,0, respectively, to

algebras, bimodules and bimodule morphisms.®

5.2 Background: BV-BFV formalism

We will start this section reviewing the basic constructions of the BV-BFV formalism
and fixing the notation. We will then apply this construction to obtain the BV-BFV
formulation of the non-abelian BF theory and Yang-Mills theory reviewing some of the
known results. For a complete and detailed discussion of this topic we refer to [22-24, 26],
where this formalism was first introduced.

5.2.1 Classical BV-BFV

Definition 5.2.1. A BFV manifold is given by the triple (Fs, af, Qa), where: the space

of boundary fields Tp is an exact graded symplectic manifold with O-symplectic form w? =

8 A version of extension of Atiyah’s axioms accommodating the non-perturbative answers for 2D Yang-
Mills with corners was previously suggested in [43]. It can be obtained from our picture by fixing polar-
izations on all strata to A, @ and passing to the zeroth cohomology of the BFV differential (2.
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

da? and Q7 is a homological symplectic vector field of degree 1.7

In particular the condition Looda? = 0 for the vector field Q7, since |Q%] + [w?| # 0,
implies that it is also hamiltonian: zgawa = dS?. This defines the degree 1 hamiltonian S?,
which we will call the boundary BF'V action.

Definition 5.2.2. A BV-BFV manifold, over a BFV manifold (Fs, a?, @9), is a quintuple
(§,w,S, Q,m), where the space of bulk fields (§,w) is a (—1)-symplectic manifold, the bulk
action S is a function of the fields, the bulk BRST operator Q is a homological vector
field of degree 1 and 7: § — Fg is a surjective submersion, satisfying the following two
compatibility conditions:

i) the bulk homological vector field projects on the boundary homological vector field:

dr Q = Q7
ii) the modified Classical Master Equation (mCME) holds: 1w = dS + 7*a?®.

A classical BV-BFV theory is constructed for manifolds with boundaries of some fixed
dimension n. It consists of the association to each manifold with boundary ¥ of a BV-BFV
manifold §x, over the BFV manifold §gx; associated to the boundary 9. This association
has to be compatible with disjoint union and “gluing” in the following sense:

i) a disjoint union maps to the direct product: §Fx,us, = Fx, X Ty ;

ii) a gluing of two manifolds maps to the fiber product over the space of fields associated
to the gluing interface ~: 321%22 =35, Xg, 55, -

Remark 5.2.3. This can be interpreted as a covariant monoidal functor from the space-
time category, with (n — 1) closed manifolds as objects and n-manifolds with boundary as
morphisms with composition given by gluing,'’ to the BFV category, where objects are
BFV manifolds, morphisms are BV-BFV manifolds over (products of in- and out-) BFV
manifolds, and composition is given by fiber products. The monoidal structure on the
spacetime category is given by the disjoint union, while on the BFV category side it is
given by the direct product.

Remark 5.2.4. On closed manifolds this construction reduces to a classical BV theory,
which gives a homological resolution of the space of classical states for lagrangian gauge
field theories and is the classical starting point for the BV quantization of such theories [7,
32].

9 For simplicity we will consider, here and in the following, all the gradings to be Z gradings. The parity,
determining the commuting/anticommuting properties of coordinates, is given by the degree mod 2.

10 Depending on the specific theory, the spacetime category could have additional structures: for exam-
ples manifolds could be oriented, Riemannian, etc. Also, depending on the specific theory, there may be
subtleties to defining the spacetime category as an actual category. This discussion is beyond the scope of
(and is not relevant to) this thesis.
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5.2.2 Quantum BV-BFV

A quantum BV-BFYV theory associates to an (n — 1) manifold v a graded cochain com-
plex H., the space of states, with a coboundary operator €2, called the quantum BFV
charge. To n-manifolds with boundary ¥ the quantum theory assigns a (finite-dimensional)
(—1)-symplectic manifold (Vs,wyy,), the space of residual fields, and the partition func-
tion, which is an element Zy, € Haxy ®Densé (Vx) in the boundary space of states tensored
with the half-densities on the residual fields.'’ The partition function has to satisfy the
modified Quantum Master Equation (mQME):

(Qom + K2Avy) 25 = 0 | (5.3)

where Ay, is the canonical BV Laplacian on the half-densities of the residual fields. The
partition function is understood to be defined modulo (g5 + h2Ay,,)-exact terms. Also,
the quantum theory satisfies compatibility conditions with respect to the disjoint union
and the gluing of spacetime manifolds:

i) To disjoint unions, reflecting the quantum nature of the theory, the BV-BFV theory
associates the tensor product of the spaces of states, H~, 1y, = H-, ® H,, , the direct
product of residual fields Vs, 5, = Vs, X Vs, and the tensor product of partition
functions, Zy,uy, = 2y, ® Zy,.

ii) To the gluing of two manifolds the theory associates the partition function obtained
as the pairing, in the space of states of the gluing interface, of the partition functions
of the constituent manifolds: Zs, . 5, = (Z5,, Z5,)y .12

Quantum observables are defined to be cohomology classes of the coboundary operator
Zil(Qaz + B2Ay.)(Zs - ...), with expectation value computed by a BV pushforward
of a representative O times the partition function, i.e. integrating their product over a
lagrangian £ C V:

(O)s = /E 07y . (5.4)

The lagrangian submanifold £ has here the meaning of gauge-fizing for the integration
over residual fields and the closedness of OZs. with respect to Qgx; + EQAVE ensures that
the Qgx-cohomology class resulting from the integration does not depend on the particular
choice of gauge fixing thanks to the following theorem [26, 42].

Theorem 5.2.5. Let (Mj,ws) and (Ma, ws) be two graded manifolds with odd symplectic
forms w; and canonical Laplacians A; . Consider M = M1 x My with product symplectic

11 The space of residual fields is not uniquely determined, but comes in a poset of different realizations.
The partition function for a smaller realization can be reached with a BV-pushforward (see Subsection 5.2.3
for further discussion).

12 For oriented spacetime manifolds, this is the dual pairing between ‘H~ and H? : since the two bound-
aries that are glued together must have opposite orientations, the associated vector spaces are dual to each
other.

54
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form and canonical Laplacian A and let £, £’ C My be any two lagrangian submanifolds
which can be deformed into each other. For any half-density f € Dens? (M) we have:

) [fAf=A1f.f
i) [ f = [ f=201¢ forsome§€DenS%(./\/l1),ifAf:O.

In particular, when M is just a point, the r.h.s. of the two equations above vanishes.

5.2.3 Quantization

The quantization procedure is a way to get a quantum BV-BFV theory from the data of a
classical BV-BFV theory. The first object to construct is the space of states H, , which is
obtained from the space of boundary fields §, by choosing a lagrangian foliation, or more
generally a polarization P. We will assume in the following that the 1-form o, vanishes
along the fibers of P ; if this is not the case, we can use a gauge transformation:

Oy = Oy — dfw R Sy — Sy + 7T*f,y , (5.5)

which uses an arbitrary function f, of the boundary fields to shift a., and the bulk action in
such a way that the mCME is preserved (cf. def. 5.2.2). The space of states of the quantum
theory is defined as the space of complex-valued functions'® the leaf space 85 =g,/P (or
more generally the space of polarized sections of the trivial “prequantum” U(1)-bundle
over ).

Hy = Fun(c(B?;) . (5.6)

In other words, the space of quantum states is obtained as the geometric quantization of
the space of boundary fields [26].

The space of quantum states forms a cochain complex. The coboundary operator (1,
is constructed as the quantization of the boundary action &, . Suppose we have Darboux
coordinates (g,p) on §,, where ¢ are also coordinates of Bf . The operator €2, is the
standard-ordering quantization of the action:

0
Q, =S, (q, _lhaq) , (5.7)

where all the derivatives are positioned to the right. For the theories we will consider in
this chapter, with this definition €2, squares to zero; in general it could be needed to add
quantum corrections to (5.7) for {2, to actually be a coboundary operator.'4

Let us consider now the data associated to the bulk n-manifolds. The space of bulk
fields has a fibration over 5’52 defined by composing the projection to the boundary fields

13 Another possible model for states uses half-densities instead of functions. These two models are
isomorphic, with the isomorphism given by multiplication by a fixed reference half-density.

14 Tn general there might be cohomological obstructions to do that. Moreover, the partition function
might be not compatible with the so constructed 2, causing the mQME to fail.
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with the projection given by the polarlzatlon Ty — 3@2 — BP, 5y, - Suppose for simplicity
that this is a trivial bundle: §x = Baz X ), where Baz is some bulk extension of Baz
and ) is some (—1)-symplectic manifold. This assumption will hold in all the theories
considered in the following.

The space of residual fields can be taken to be any (finite-dimensional) symplectic
subspace V of the space of fields,'® separating it as J) = V x ), where )’ is the space of
fluctuations. The partition function is now defined as a BV pushforward of the exponen-
tiated bulk action:

Zs(P;V) = /£ ohSs (5.8)

where £ C ) is a lagrangian submanifold. If AySy, = 0, theorem 5.2.5 implies that the
partition function is a solution of the mQME (5.3).'6 Moreover, we have that Zs; does not
depend on (deformations of) the gauge-fixing lagrangian £ used in the BV pushforward,
up to (Q + h%2A)-exact terms.

The discussion, until now, assumes a finite-dimensional situation. This is usually not
the setting of quantum field theories; for infinite-dimensional spaces one needs a more
delicate analysis to prove the mQME and to prove that the dependence of the partition
on the gauge-fixing is BV-exact. A way to make sense of infinite-dimensional integrals is
through perturbation theory, as discussed in the following section.

Perturbative expansion

The space of fields §x is typically infinite-dimensional, for example it can contain the
de Rham complex of differential forms over ¥. As a consequence, the integral (5.8) defining
the partition function is (almost always) ill-defined as a measure-theoretic integral and
has to be understood as a perturbative series written in terms of the Feynman diagrams
coming from the interactions in the bulk action expanded around a point xg € 991 in the
FEuler-Lagrange moduli space — the space of solutions of classical equations of motion of Sy;
(modulo gauge symmetries).

In order for the perturbative expansion to be well-defined, the gauge-fized action —
the restriction of Sy to the gauge-fixing lagrangian £ — needs to have isolated critical
points. It is important to remark that this condition does not, in general, hold for every
lagrangian.

The existence of such a “good gauge-fixing” depends on the choice of residual fields. In
particular the quadratic part of the bulk action can have zero-modes Vg , i.e. bulk fields

15 In the framework of perturbation theory, the requirement that the integral (5.8) below is perturbatively
well-defined, imposes restrictions on the possible choices of V. E.g. V for perturbed BF theories has to be
modelled on a deformation retract of the de Rham complex of the bulk manifold.

16 In the theories considered in the following this condition is verified. However, this is not always the
case and there can be theories where the bulk action needs quantum corrections in order for the mQME
to hold. This is connected in particular to the presence of quantum anomalies in the theory.
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configurations that are annihilated by the kinetic operator.!” Zero-modes correspond to
the tangent directions to the Euler-Lagrange moduli space (cf. [26], appendix F) and
therefore their presence in the space of fluctuations indicates non-isolated critical points
of the action and obstructs the perturbative expansion. Thus, the space of residual fields
has to at least contain the space of zero-modes for a good gauge-fixing lagrangian to exist:
Vg C Vx.. When the residual fields coincide with zero modes we say that the perturbative
partition function is in its minimal realization.

Another consequence of the infinite dimensions of §y, is that also the Laplacian is ill-
defined. The equations containing it are thus only formal (or require a regularization).'®
In particular, theorem 5.2.5 is proved in a finite-dimensional setting. An important point
is thus that even if the action is formally annihilated by the Laplacian, the mQME is only
expected to hold and needs to be verified for each particular theory. For perturbed BF the-
ories, including 2D Yang-Mills, the mQME has been proved in the infinite-dimensional per-
turbative setting in [26] and relies on the Stokes’ theorem for integrals over compactified
configuration spaces of points.

Renormalization and globalization

A non-minimal realization of a theory is obtained when the zero-modes are a proper subset
of the space of residual fields. Of course there are different, inequivalent, non-minimal
realizations of any theory. Given a non-minimal realization, one can obtain a smaller one
by a BV pushforward. If V& = V& x ), with V2 C V¢, then:

Zs(P; V") = /ﬁ Zs,(P; V") (5.9)

for a lagrangian submanifold £ C ). The set of all possible realizations forms therefore a
partially ordered set, with the final object given by the minimal realization. Passing from
bigger to smaller realizations can be interpreted as following the renormalization group

flow.

Remark 5.2.6. According to the gluing prescription (cf. section 5.2.2), the residual fields
of the glued manifold are the direct product of the residual fields of the two manifolds
being glued. In particular this means that, generally, if we glue together two partition
functions in the minimal realization the result of the gluing will not be in the minimal
realization. Let ¥ = ¥ U, X9 it typically happens that V% - Vgl X V%Q . The minimal
realization for the glued manifold has then to be obtained via a BV pushforward:

Zs(W) = /E (Ze, (VY,), Zo, (VL)) . (5.10)

17 See section 5.2.4 for the definition of zero modes in 2D YM.
8 The BV Laplacian becomes non-singular within the framework of renormalization theory on the level

of residulal fields. See also [28] for the discussion of how the RG flow regularizes the BV Laplacian.
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Because of its perturbative definition, the partition function depends on the point xy €
M around which we are expanding and carries only local information on field configurations
infinitesimally close to xo (it is defined on a formal neighbourhood of xp). Nevertheless,
at least in the theories considered in this chapter, its minimal realization is the Taylor
expansion of a global half-density on the tangent bundle of the Euler-Lagrange moduli
space (cf. [26], appendix F). Thus, under some assumptions, it can be integrated on the
zero section of T9N. This corresponds to setting to zero all the zero-modes v € Vg and
integrating the partition function on the Euler-Lagrange moduli space

Z5(P) = /m Zs(PV2:x0)|,_, € Denst (8%, | (5.11)

obtaining a globalized partition function depending only on the boundary fields in BZ;Z .

Another way to obtain a partition function which does not depend on V% is to integrate
its minimal realization over all the zero-modes, again using a BV pushforward. Notice that
this cannot be done in a perturbative way — the propagator cannot be defined for zero
modes — but since Vg is a finite-dimensional space, the BV pushforward is well-defined as
an ordinary integral on a supermanifold:

Z5(P) = /cho Zs(P,V3) . (5.12)

This can be viewed as an alternative definition of a globalized partition function and
in fact, when both this integral and the one in (5.11) can be computed explicitly, they
coincide (cf. section 5.4.7).'9 However, the precise relation between the two globalization
procedures is to be understood better.

5.2.4 BV-BFYV formulation of 2D YM

We will review in this section the BV-BFV construction for 2D Yang-Mills and non-abelian
BF theories; for a deeper discussion and for some of the proofs we refer to [22, 26].

Let G be a Lie group with Lie algebra g and let A be a connection 1-form on a principal
G-bundle over a 2-dimensional surface ¥. In the first order formalism the classical YM
action can be written in the following form:

(A, B) = /E<B,FA) +;/E(B,B)u, (5.13)

where the auxiliary field B is a zero-form valued in g*, F4 is the curvature 2-form of A,
(+,+) is the dual pairing between g and g*, (-,-) is an invariant non-degenerate pairing
on g* and p is the volume 2-form associated to a metric on 3. We see that 2D YM can
be treated as a perturbation of 2D non-abelian BF theory, which can be obtained in the

19 One caveat is that one needs to take care to avoid possible overcounting when integrating over zero-
modes, cf. Remark 5.3.12 below.
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zero-area limit g — 0. In the following sections we will generally find it useful to consider
BF theory first, introducing the area term only afterwards.

On closed surfaces, the classical BV construction enhances the space of fields by adding
differential forms of every degree, usually called ghosts and antifields for positive or neg-
ative internal degree respectively. The BV space of fields over 3 is then

§e = Q5 9)[1] @ Q(%;67) 3 (AB) (5.14)

where A and B are the superfields associated to A = A(;) and B = B gy which are their
degree-zero components.?’ The BV space of fields is a symplectic graded space, with
(—1)-symplectic form given by:

s = / (0B, 5A) . (5.15)
)
The BV action on a closed manifold is
1 1
Sy _/<B,dA+ Lia A + /(B,B),u (5.16)
5 2 2 Js

and the corresponding hamiltonian vector field, the homological vector field Qs , is

Os = /<dA+ LA, 5‘;> /<dB+adA 5(;>+/E<B,;B),u, (5.17)

In the BV-BFV construction the bulk fields, symplectic structure, action and homo-
logical vector field are again the ones described above. Notice that now, when ¥ has a
non-empty boundary 9%, the homological vector field (5.17) is not the hamiltonian vector
field of the action (5.16). Indeed, it is not even symplectic:

105wy, = 0S8y + /62<B,5A> . (5.18)

The boundary fields gy are defined analogously to the bulk:
Fos = QO%: g)[1] & QOT: ") > (A,B) . (5.19)

We can thus define the projection 7: §x — Fox to be just the restriction (pullback) to 9%
of the bulk fields. This, taking into account the compatibility conditions of def. 5.2.2, fixes
the remaining boundary data. From (5.18) we get

S / (B,6A) ,  wps = Saps = — / (0B, 5A) | (5.20)
2> )
the boundary homological vector field is the projection of the bulk homological vector field
1) o
Qps; = dmr Oy, = /6E <<dA+ A, A, 5A> <dIBB +adB, 5B>) (5.21)

20 We will denote by A(n) the n-form component of a superfield A .

99



5.2. Background: BV-BFV formalism

and thus the boundary action is obtained as the hamiltonian of Qyy;:
1
S = / (B,dA + [A, A]) . (5.22)
ox 2

Notice that, for degree reasons, the area form p does not appear in the boundary data. The
boundary BFV manifold for 2D YM is thus exactly the same as in BF theory; actually,
the only difference between the two theories is the area term in the bulk action and,
consequently, the state (partition function) defined by the two quantum theories.

To quantize the theory, we need to choose a polarization of the space of boundary
fields. From (5.20) we see that there are two simple choices of polarization: the A-
polarization Py ,2! for which the leaf space is decribed by the A fields

B = Q(0%; 9)[1] (5.23)
and the B-polarization Pp , for which the leaf space is described by the B fields
BlE = Q0% ¢%) . (5.24)

We will, in the rest of this chapter, always use these two transversal polarizations, arbi-

trarily splitting the boundary of a manifold into the disjoint??

union of two components,
0% := 0pX LU0, Y, and choosing the product polarization which assigns the B-polarization

to the first and the A-polarization to the latter boundary component:
Bis = Q(0a%s0)[1] & Q0635 0) - (5.25)

The boundary one-form ayy; does not vanish on the fibers of this polarization (cf. (5.20))
but it can be adapted to this choice using a gauge transformation (5.5):

obs=ags+6 [ (B,A) :/ (B, 5A) —/ (6B, A) |

O On O (5.26)

55:52—/ (B,A) .
Bl

We can now quantize, with the above polarization, the boundary action to obtain the
coboundary operator QZ;E :

1 1) ) h? o 9
Qhs, = i dA® + = fLAPAC ) — / ihdBy—— — = fiBy = | -
(o) /QAEI < + 2fbc >5Aa + 0% 1 5:[8(1 92 fbc 5Bb &Bc
(5.27)
Here f;; are the structure constants of the Lie algebra g.

2! In the terminology of [26], this is “A-representation”, or “ﬁ—polariza‘cion” (as those are the vector
fields spanning the tangential lagrangian distribution on the phase space).

22 However, when we start considering corners in section 5.4, the disjointness assumption will fail along
codimension 2 strata.
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

To write the partition function we lift BZ;E to §n = ggz x Vs, by taking (discontinuous)
bulk extensions (A, B) of the boundary fields (cf. the discussion in [26], Section 3.4). We
can now split the bulk fields s, into residual fields (a, b) € Vs, and fluctuations (c, 8) € V%

A=A+a+a, B=B+b+g3. (5.28)

We can finally define the partition function as the (perturbative) path-integral:

Z5[A,B;a,b] = / D[a, ] ehSEhrataBibrs) (5.29)
LCYVE

Remark 5.2.7. To avoid the appearance of ill-defined derivatives of the discontinuous
fields (A, B) in the bulk action S% , we integrate by parts rewriting it as:

S§(&+a+a,1§l§+b+ﬁ):S§(a+a,b+ﬁ)+;/(b+67b+ﬂ)u
P

+/8A2<b+ﬂ,&>—/m<@,a+a> .

The boundary fields thus act as currents in the perturbative expansion of the partition

(5.30)

function.

We are now in the position of writing down the diagrammatic elements of the Feynman
diagrams expansion of the theory:?3

propagator B boundary source A boundary source
U B A (5.31)
BF interaction YM interaction b zero-modes a zero-modes

->—< I o} b o— >e®a

With these vertices we can compose a large set of non-trivial Feynman diagrams
(e.g. figure 5.2). The general strategy will be to cut the surface, and hence Feynman
diagrams, in such a way that there is a simple choice of propagators on each compo-
nent which allows us to compute the partition function for that surface. Then, using the
gluing properties of BV-BFV theories, we can glue back all the pieces to recover the par-
tition function on the original surface we started with. This procedure can be viewed as
a method to construct a complicated propagator on the starting surface which, though,
allows explicit computations.

237ero-modes are here understood as “loose” half-hedges.
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A O B

Figure 5.2: Two examples of the many possible Feynman diagrams for 2D YM on a surface with
boundary.

()-cohomology in A-polarization on a circle

In [26] it was proven that the partition function for 2D YM (and other perturbations of
abelian BF') solves the mQME. In the following sections, to simplify some computations,
we will exploit this fact by choosing a suitable representative for the cohomology class of
the partition function. In particular it will be useful to know the cohomology of €2, in
ghost degree zero, on the space of boundary fields in A polarization. From equation (5.27)
we see that 2 acts as a gauge transformation, thus €2-closed functionals of ghost degree
zero are just gauge-invariant functionals of the connection, which are isomorphic to class
functions on the simply connected Lie group G integrating the Lie algebra g. An alterna-
tive approach is to split 2 into the “abelian” part, i.e. the de Rham differential d, plus a
perturbation § containing the structure constants of the Lie algebra:

o

1) 1)
Q= [ dAY +/ < LA + frAlg)Af > .
o P05as T o BliboRo g T it otn g (5.32)

d 0

We can then compute the cohomology via the homological perturbation lemma [31]. The
cohomology of d is given by functions on the de Rham cohomology H3y (S'; g)[1]; choosing
the coordinate ¢ on the circle, these can be represented as functions of the “constant fields”
A and Ay)dt, where A € g[l] and A4y € g. Now if we compute the cohomology of
the induced differential

)

d= %fé‘cA’(’ 0K Aé?) + fi Al Al T A%, (5.33)
on H3x(S';9)[1], we get that in ghost degree zero it is given by G-invariant functions
on the Lie algebra g. Comparing with the previous answer, we see that the correct
)-cohomology corresponds to the subspace of G-invariant functions on g coming as the
pullback by the exponential map exp: g — G of class functions on G'. Such functions on g
are determined by their values on the fundamental domain By of the exponential map

(e.g. for G = SU(2), By is a ball in g centered at the origin).?* The discrepancy between

24 Generally, By is the connected component of the origin in g — ¢$~*(0) where the function ¢: g —

R, ¢(z) := det %, is the Jacobian of the exponential map. In other words, By is the set of
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

the correct cohomology of €2 and the cohomology of § is due to a convergence issue arising

25 The useful remark coming from this discussion is

in homological perturbation theory.
that, modulo Q-exact terms, the partition function and the physical observables can be
represented as a (G-invariant) function of constant fields valued in a neighbourhood of zero
in g. Moreover, in ghost degree zero, for {2-closed objects — depending only on A(;) — the
“reduced wavefunction” W(A)) can be lifted to an Q-closed function in the non-reduced

space of states by evaluating ¥ on the logarithm of the holonomy of Ay .

Hodge propagators and axial gauge

The kinetic term in the YM action (5.16) is of the kind [i(B, DA) , where D is a differential
on )5 . Since the propagator is the integral kernel of the inverse of D, we want to find
where the differential can actually be inverted.

Let (K,i,p) be a retraction of (Y5, D) on its cohomology (V*,0), i.e. a triple where
K: Yy — y;l is a chain homotopy, i: V5 < Vs, a chain inclusion and p: )5, — Vs a
chain projection satisfying:

K?=poK=Koi=0, iop=id, DK+ KD=id—1iop. (5.34)
Then the complex Vs, has a weak Hodge decomposition:

Yy =TIVs © KYst @ DY,

=% =g

(5.35)

where we have defined II := i o p. From eq. (5.34), the differential D is invertible as an
operator from the image of the chain homotopy K to D-exact cochains D: K y;“ —
Dyé_l and its inverse is precisely the chain homotopy itself: K = D~!.

The gauge can thus be fixed on the lagrangian £ = K5 ; the propagator n(z';x),

with this gauge-fixing, is defined as the integral kernel of the chain homotopy:
Kuw(z) = / n(z;2") Aw(a’) we Vs . (5.36)
Yoa!

When spacetime is a product manifold, ¥ = X1 x X5, there is a particular class of
propagators which can be induced on ¥ from lower-dimensional propagators on the two
factors [14]. Since the differential forms on a product manifold are the (closure) of the
sum of products of the differential forms on the two factors, we have Vy = Vs, ® Vs, . For
each pair of contractions (Kpy, i, ps) on the factors Vs, we have an induced weak Hodge

elements x € g such that all eigenvalues of ad, are contained in the interval (—2i, 27i) C iR.

25 This problem is a version of the Gribov ambiguity (Gribov copies) problem in 4d Yang-Mills theory
— the problem of gauge-fixing “section” intersecting the gauge orbits more than once. For that reason, we
will refer to By as the “Gribov region”.
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5.3. 2D YM for surfaces of non-negative Euler characteristic

decomposition on Vs :
=I[Yn~Vx KYs,
Iy = (s, @1Ys,) @ (ILYVs, ® KoVs,) & (K15, ® yzg)‘ (5.37)
O(ILYVs, ® D2Ys,) ® (D1Ys, @ Vs,) -

The zero modes are the product of the zero modes on the two factors and the induced

chain homotopy is K =11 @ Ko D K1 ® idy22 . The associated gauge is called azial gauge.
If we call 7w, the integral kernel of Il,, the azial gauge propagator is:

n(wy, wo; 2, 2h) = mi (215 2)) A ma(xe; b)) + i (w15 2)) A S(wg; ) (5.38)

5.3 2D YM for surfaces of non-negative Euler characteristic

In this section we will consider 2D YM on manifolds with codimension 1 boundaries. With
a good choice of propagators and exploiting the gluing properties of BV-BFV theories, we
will be able in this setting to explicitly compute all Feynman diagrams and sum the pertur-
bative series to find the complete partition function of this theory on disks and cylinders.
The globalized realization of the partition function on a disk in the A polarization will
coincide with the well-known non-perturbative solution of 2D YM [40, 53].26

We consider a set of generators, under gluing, for orientable surfaces of non-negative
Euler characteristic: the disk and the cylinder. At the level of the field theory constructed
on such surfaces, we have to also consider the data of the polarization associated to the
boundaries. The building blocks for 2D YM can be thus chosen to be the disk in the B
polarization, the cylinder in A — A polarization and the cylinder in the B — B polarization.
Moreover, using the invariance of the theory under area-preserving diffeomorphisms, we
can concentrate the support of the volume form p near the boundaries; this allows to use
as generators the above surfaces in the limit of zero area, i.e. for BF theory, at the cost
of introducing as fourth generator a YM cylinder in A — B polarization with finite volume
(figure 5.3).

5.3.1 A-B polarization on the cylinder

Let us start studying the BF theory on the cylinder, ¥ = S'x I 3 (7,t), I = [0,1]. We will
firstly choose B polarization on S x {0} = 9% and A polarization on S* x {1} = 9, 3.
The space of bulk fields, with this polarization, is Y = Q(X,053;9)[1] ® Q(X,04%;9) .
Since the relative cohomology H (X, ;%) is trivial with the above choice of boundaries, we
have no zero-modes. Thus the connected diagrams contributing to the effective action of
the theory are trees with one root on dg¥ and leafs on 943 or 1-loop diagrams with trees
rooted on a point of the loop and leafs on 0,3 (figure 5.4).

26 Although we can present, e.g., the sphere and the torus as assembled from building blocks considered
in this section, globalization integrals for them are perturbatively obstructed, see Section 5.3.5. We obtain
a non-singular globalized answer in these cases as a part of the general result of Section 5.4.
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

Figure 5.4: Connected diagrams for non-abelian BF on the cylinder in A-B polarization.

To compute these diagrams we can use the axial-gauge, with propagator (cf. B.2):
(t,7) —— (t',7) =nt, 7t 7)) = -6 —t)§(r — ) (d7’ —dr) . (5.39)

Looking at this propagator we immediately notice that it is a zero-form on the interval I .
Since each bulk vertex carries an integration over S! x I, the differential form associated
to a diagram has the right form components (that is, s.t. its integral over the configuration
space doesn’t vanish) only if it doesn’t contain any bulk vertex. Thus there is only one
non-vanishing diagram contributing to the effective action:

SER[B, A] = = /BAZ@*IB%,A) , (5.40)

where p: ¥ — X is a projection to the B-boundary.
The Yang-Mills action can be rewritten as a perturbation of BF:

1
Sym = Spr + 2/ w tr(B?) . (5.41)
%

The additional bivalent interaction vertex is proportional to the volume form p . For degree
counting reasons analogous to the one described above, the only additional non-vanishing
Feynman diagram is the one containing a single YM vertex:

S = ( H + (}:¢>-u> :/aAz@*B’AH;/ész*“ trB*,  (5.42)

where the last integral is the integral of a density, with p,u the pushforward of u, viewed

as a density on the cylinder, to the B-circle. Thus we proved the following:
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5.3. 2D YM for surfaces of non-negative Euler characteristic

Proposition 5.3.1 (YM on A-B cylinder). The partition function for a YM cylinder in
the A-B polarization is:

i 1
Z[A,B] = exp;i(/a 2<p*IB%,A> + 2/6[821)*;1 trIB%Q) . (5.43)
A

A YM A-B cylinder can be glued to other YM surfaces with boundary to modify their
volume. In particular in this way one can convert BF (u = 0) to YM.
5.3.2 B-B polarization on the cylinder

Another possible choice is to take the B polarization on both the boundary components
of the cylinder. This time the bulk fields are Y = Q(M;g)[1] © Q(M,0M;g), with zero-
modes V = H(M;g)[1] ® H(M,0M;g) ~ H(S';g)[1] ® H(S';g)[—1]. More explicitly, the
zero-modes can be described expanding with respect to a basis [x;] of H(S!) and its dual
X1

a=ax' € H(SYg)[1], b=by;Adte H(Sg)[-1]. (5.44)

We can again fix the gauge using the axial-gauge, obtaining the propagator (B.9):
1
n(t,mt, ') = (t' -0t - t))(S(T' —7)(d7r' —dr) + dt’(@(T - =7+ - 5) . (5.45)

Now the effective action contains trees with root on one of the boundaries and leafs in
the bulk or 1-loop diagrams with trees rooted on the loop and leafs in the bulk. Luckily,
a lot of these diagrams vanish as it is shown by the following

Lemma 5.3.2. For BF theory on a cylinder with B-B polarization in the axial gauge, all
the diagrams containing a bulk vertex with attached two a zero-modes vanish:

Proof. Consider any diagram of the kind depicted in formula (5.46). The associated dif-
ferential form on the configuration space of the diagram will be of the kind

To(t,7) nt, w5t 7') f5,a%(7") (1) .

Since a has no form component along d¢, using the axial-gauge propagator (5.45) we have
for the corresponding amplitude:

/Fc(t, ) £5, a%(7) a’ () n(t, st )
= f¢ a ajb/Fc(t, 7) /Sl X)X (7)) (@(T —m)—1+7 - %) =0.
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

In particular this means that contributions to the effective action only come from either
one single zero-mode attached to one of the two boundaries or from 1-loop diagrams with
n > 2 vertices, each attached to a single a zero-mode (figure 5.5). These diagrams can
be explicitly evaluated and the perturbative series can be summed to obtain the effective
action.

B B B
B i

Figure 5.5: Connected diagrams for non-abelian BF on the cylinder in B-B polarization.

Proposition 5.3.3. The partition function for BF theory on the cylinder in B-B polar-

ization is:
Z[B, B, a,b] = ex i/ (b, [a a]>+i/ B-Ba)+ 3 ~tr(ads,)" 20
Y ) < - p 2h [XSI 9 I h Sl bl n al n' pV
n=2
_ o fras Glaal g fan (B-Ba) goq (0 (2dai/2)
ad,, /2

(5.48)
Here py = (—ih)dime D3a Db is the reference half-density on the space of zero-modes.

Proof. We refer for the proof to Appendix C. O

Remark 5.3.4 (Reference half-densities on residual fields). Generally, we choose the
following reference half-density on the space of residual fields V:

2

pv = [[(&)* Dza Db (5.49)
k=0

Here D2a D2b is the standard half-density on V, inducing the standard Berezin-Lebesgue
densities da, db on the lagrangians b = 0 and a = 0, respectively. Also, di is the dimension
of the subspace of V corresponding to a-fields of de Rham degree k € {0, 1,2}; in particular,
for V the zero-modes, dj = dim Hk(E, 0p%; g) are the Betti numbers of relative de Rham
cohomology. Factors & are as follows:

1
= —ih =1 = — .
€o ih, & =1 & 57 (5.50)
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The logic behind this normalization is that for V = W[1] & W*[—-2] with W a complex
(concentrated in degrees 0,1, 2) and V' = W'[1]@W *[—2] with W’ a deformation retract of

W, we would like the BV pushforward of the half-density py e%@’d” on V (corresponding
to abstract abelian BF theory associated to W) to yield py en(Phda’) on . Thus, we
recover the normalization of reference half-densities from the automorphicity with respect

to BV pushforwards. Most general normalization satisfying this condition is:

¢

50 = _lhd)a gl = d)_lv 62 = % ) (551)

with ¢ # 0 an arbitrary constant. Our choice is to set ¢ = 1 which will ultimately lead
to the number-valued partition function of 2D Yang-Mills with standard normalization.
Choosing any other ¢ would induce a rescaling of partition functions by

Is ¢X(E)-dimg 4> s (5.52)

which reflects an inherent ambiguity of the normalization of path-integral measure. We
refer the reader to [25] for details on the normalization of half-densities compatible with
BV pushforwards.

5.3.3 A-A polarization on the cylinder

The last polarization choice we will consider consists in taking A polarization for both the
boundaries of the cylinder. With this polarization the bulk fields are Y = Q(M, 0M; g)[1]®
Q(M:;g). The zero-modes V = H(M,0M;g)[1] © H(M;g) ~ H(S';g) ® H(S';g) can be
expanded as:

a=ax'Adt, b=bly;. (5.53)

The axial-gauge propagator is now (B.9):
1
n(t, ; t, 7'/) = (@(t — t/) — t)6(7'/ — T)(dT/ —dr) — dt(@(T — 7'/) —r4+17 = 5) . (5.54)
The effective action contains trees with the root in the bulk and leafs on one of the

boundaries or 1-loop diagrams with trees rooted on the loop and leafs either on the bound-

ary or decorated with the zero mode a'. Also with this polarization an analogue of

lemma 5.3.2 holds:

Lemma 5.3.5. For BF theory on a cylinder with A-A polarization in the axial gauge, all
the diagrams containing a bulk vertex with attached two a zero-modes vanish:

S =0, (5.55)

Proof. The proof follows trivially from degree counting, since a zero-modes always have a
component along dt . d
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The diagrams contributing to the effective action can be restricted further by reducing
to the case of constant fields A, A. Indeed, the gauge-invariance of the partition function
(expressed by the mQME) implies that it is sufficient to evaluate it on constant 1-form
fields A = dt Ay, A= dté(l) , with A(l),é(l) € g two constants. Then the value of the
partition function for generic fields A, A is recovered (modulo a BV-exact term, cf. (5.56)
below) by evaluating the constant-field result on the logs of holonomies Ay =logU(A),
A(l) —log U(A) .27 Here U(---) stands for the holonomy of a connection 1-form around a
circle. In other words, using the language of homological perturbation theory, we have a
quasi-isomorphism between the two models for the space of states for an A-circle:

(i) The full BFV model H* = Func(Q°*(S', g)[1]) given by functions of a general differ-
ential form A on the circle, with differential Q defined by (5.32).

(ii) The constant-field model H™s* = Fung(H*(S', g)[1]) — functions of a constant
form A ) + dt Ajy), with differential § defined by (5.33).

We have two chain maps: first, the projection py: H* — HA"t — evaluation of a
wavefunction on constant forms or equivalently the pullback py = ¢* by the inclusion
of the cohomology by as constant forms H®(S',g) — Q°(S', g). Second, the inclusion
ig s HAOmt o A sending ¥ (\11: A r—)Q( A p,log U(A))) where p is the base
point on the circle used to define the holonomy. Denoting K4 the chain homotopy for
the retraction of chain complexes (H*, Q) ~ (H*t §) | we have the following (cf. the
discussion of the reduced partition function in [25], section 7.4):

iyopn Z = (id — KyQ — QKy)Z = Z + (Q + B2A)(---) (5.56)

where - -+ = —K3 Z . The left hand side in (5.56) is exactly the partition function evaluated
on constant 1-form fields having the same holonomy as the original non-constant ones.

Lemma 5.3.6. For BF theory on a cylinder with A-A polarization in the axial gauge, all
the diagrams containing a bulk vertex with attached two boundary fields vanish, assuming
that A and A are constant 1-forms.

. {AVA AyT o A
r,\,%\g<) _ L/*N\) o (5.57)

Proof. Using the assumption of constancy of boundary fields and the axial-gauge propa-
gator (5.54), when we have two boundary fields connected to the same bulk vertex we find
the amplitude:

To(,7) fo A AP n(¢,7;t,7) n(t,7;0,7') n(t,7;0,7")
(5.58)

1 - - 1
= —f5 A° Ab/Fc(t,%)n(t,?;t,T)/ dT'(@(T -7+ - 7) =0.
2 . 2

2T For simplicity of notations we are omitting the subscript of the 1-form A1) when it appears in the
holonomy U(A).
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Similar amplitudes are found also in the case one or both the boundary fields live on the
boundary at t = 1. O

Figure 5.6: Relevant loop diagrams for the globalized effective action of BF theory on a cylinder
with A-A polarization

Like in the case of non-abelian BF theory on closed surfaces, the computation of
the effective action greatly simplifies if we look at the globalized answer. In this case
we can define the globalized partition function by integrating the perturbative partition
function over a lagrangian submanifold of the space of residual fields. If S.x[A,B,a,b]
is the perturbative effective action on the space of boundary fields and zero-modes and
L C V is a lagrangian submanifold, the globalized partition function can be defined as:

Z = / onSenlAB.ab] (5.59)
L

A possible choice for the lagrangian is £ := {a = 0}, which in particular implies that all
diagrams containing a zero-modes will not contribute to the globalized effective action.
The effective action of BF theory is always linear in the b zero-modes. Moreover, for the
A-A polarization on the cylinder in the axial gauge, lemma 5.3.6 implies that there are no
tree diagrams with this £. Thus:
g / (2Wg;img ok Jo1 (b A—R)t}Sur(A,B,2=0,6=0) _ (%)dimgé(A’A)e%SeH(A,:&:A,a:O,b:O) .
(5.60)
The loop diagrams contributing to the globalized effective action are now only those where
each loop vertex is connected to a boundary field with a single propagator and the fields
on the two boundary components coincide (figure 5.6). The amplitude of such a diagram
with n boundary fields is:

1
——tr(ad} )/ dry - dry mgr (15 Ta)Nst (Trs Tr—1) -+ - Mgt (T2571) - (5.61)
n =) (S1)n
The integrals involved are exactly the same as the ones of the case of B-B polarization (C.1).

Thus we have:

Proposition 5.3.7. The globalized partition function for BF theory on the cylinder in
the A-A polarization is
- i\ dimg - - sinh (ady, 2)\ !
Z[A,A] = (i) 5(log U(A),log U(R)) - 5(A,, Ag) det( (adog s/ )>
h adlog U(A)/2

(5.62)
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where U(---) is the holonomy of the connection around a circle and A, 1&5 are the zero-
form components of boundary fields A, A evaluated at the base points p,p on the two
boundary circles.

sinh (ad,;/?)

ads 2 is the determinant of the Jacobian of the expo-

Remark 5.3.8. Since det(

nential map exp: g — G, we can rewrite (5.62) in terms of the delta function on the Lie
group:

dim g ~
Z[A,A] = (n) 5(Ap, Ag) - 5 (U(A), UR)) . (5.63)

5.3.4 B polarization on the disk

Let us consider now non-abelian BF theory on the disk D. Using the B polarization
on the boundary, the bulk fields are Y = Q(D;g)[1] ® (D, S';g). The zero-modes are
V = g[1] & g*[—2] with generators the constant zero-form [1-t,] and an area 2-form [p-t%],
where t, and t* are dual basis of g and g*.

The Feynman graphs appearing in the effective action are trees, with root either in a
boundary B-field or in a b zero-mode in the bulk, or 1-loop diagrams (figure 5.7).

) b 0

Figure 5.7: Connected diagrams for non-abelian BF on the disk in B polarization.

Proposition 5.3.9. In the effective action for BF theory on the disk in B-polarization, all
the diagrams containing at least one propagator are vanishing. In particular the partition

function reads:

Z[B, a,b] :exp;(—/Sl(E,a)—i—/D;(b, ) a]>> v (5.64)

with py = (—ih)dimse D3a Db the reference half-density on residual fields.

Proof. The result follows from degree counting. Let us consider first a tree diagram rooted
in the bulk. If n is the number of bulk vertices, then we have n — 1 propagators, n + 1
a zero-modes and one b zero-mode. Since propagators are 1-forms, a only has the zero-
form component and b is a 2-form, then the differential form associated to the diagram
is a (n + 1)-form. This has to be integrated on the configuration space of the diagram,
which is of dimension 2n . Thus the only possibly non-vanishing diagram is for n = 1. Its

contribution is: .

2/D<b, [a,a]) . (5.65)
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Consider now a tree diagram rooted on the boundary with n bulk vertices. We have n
propagators, n + 1 a zero-modes and one boundary field B. Thus the differential form
associated to the diagram is a n-form or a (n + 1)-form, depending on the form degree
of B, and has to be integrated again on a (2n + 1)-dimensional configuration space. In
this case we only have a contribution with n =0:

- / (B, a) . (5.66)
Sl

Last, for a 1-loop diagram with n > 1 vertices in the loop and ! vertices in the trees rooted
on the n loop vertices, we have n+ 1 propagators and n+1 a zero-modes. Thus we have to
integrate a differential form of degree n + [ on a 2(n + [)-dimensional configuration space
and, since n > 1, we have no non-vanishing contributions. O

5.3.5 Gluing

We computed the YM partition function on the A-B cylinder and the BF partition function
on the B-disk and the A-A cylinder. As we will show in this section, using the gluing
property of BV-BFV theories, this is sufficient to prove a gluing formula between A-
polarized boundaries and to find the YM state on any surface with non-negative Euler
characteristic.

BF disk in A polarization

The BF disk in A polarization can be obtained changing polarization to the disk in B
polarization by gluing to it an A-A BF cylinder (figure 5.8).

Figure 5.8: A disk as the gluing of a B disk with an A-A cylinder.

==N

For the A-A cylinder we only know the projection in {2 cohomology of the globalized
answer; since both globalization and projection to cohomology commute with gluing, we
are still able to compute the partition function for the disk. The glued partition function is:

Z[A] = /da dB dA e_%fsmﬁ’a_;&> 5(Ap71&17)

¢ (Sinh (adlog U(A)/2)
adiog r(a)/2

w/?) >  S(log U(4), 0) = (2 V) 1)

-1
) §(log U(A),log U(A))
(5.67)

inh (ad
— det (sm (a log U(A
a'dlogU /2
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Remark 5.3.10. To have consistency with gluing, we assume that the integration measure
over the boundary fields is normalized in such a way that

/ ABdA e Jsa BA) — 1 | (5.68)

As a matter of convenience, we moreover distribute the normalization between dA and dB
in such a way that

/ dB of Js1 BB — 5(R) . (5.69)

YM disk in A polarization

We can obtain the partition function for the YM disk in A polarization gluing to the BF
disk a YM cylinder in A-B polarization (figure 5.9).

Figure 5.9: YM A disk as the gluing of a BF A disk with a YM A-B cylinder.

As the partition function for the BF disk, also the YM partition function coincides
with the non-perturbative answer.

Proposition 5.3.11. The globalized partition function for 2D YM on the disk in A-

polarization is:

Zym[A] = Y (dim R) x(U(A)) e~ (0 (5.70)
R

where a = [ p is the area of the disk, xg the character and Cy(R) the quadratic Casimir

of the representation R .

Proof. Gluing a BF disk to a YM cylinder in A-B polarization we get:

ZymlA] = / dBdA e~ i Js1 BA=A) =5 [s1, 1 0B 57 (K) 1)

= (&&) S(U(A),T) = (I] e~ % H¥M |17 (4)) )
=3 "(dim R) xr(U(A)) e~ 5 C20) |
R
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Gluing circles in A polarization

Two boundaries in A polarization can be glued together using a BF cylinder in B-B
polarization. If Zy, [A;] is the globalized partition function on a surface 3;, i = 1,2, and
. is the gluing 31 Ug1 Y9 along a common boundary in A polarization, we get:

Zy = / B A& dB dA day et Jsr BE-a)—F [ (B (A=) + 3 (b [a) 2O

et (W) Zs, (] Zs, (B - py (5:72)

i

= py _e2ﬁ<b(2)7[a(0>7a(0>}>/ AU ZZI[U] Z22 [U] 7
G

which coincides with the gluing formula for YM known in literature [40, 53] up to a
zero-mode dependent factor. Here, instead of integrating out the zero-modes on the B-
B cylinder completely (which would yield an ill-defined integral), we performed a partial
integration (BV pushforward), retaining the zero-modes a(®), b(2). Here the index in brack-
ets stands for the form degree of a zero-mode and py = (—ih)4™9 D2a® D2b® is the
reference half-density on the remaining zero-modes.

Remark 5.3.12. In (5.72), the domain of integration over a; is the “Gribov region”
By C g (cf. subsection 5.2.4) — the preimage of an open dense subset of the group G under
the exponential map exp: g — G. On one hand, this is the domain corresponding to
values of a for which the sum of Feynman diagrams converges. On the other hand, this
corresponds to avoiding overcounting when performing the globalization via integrating
over zero-modes as opposed to integrating over the moduli space of solutions of Euler-
Lagrange equations.

Other surfaces of non-negative Euler characteristic

To obtain the YM cylinder in A-A polarization we can simply change polarization to the
YM A-B cylinder by gluing a BF cylinder (figure 5.10):

i\ dim ~ ~ i ®(X i B ~ e
Zoula A= (7)) / B A e Jst BE-0)= 5 [0 w50 U(R), U(A") 5(AL, As)

= <ih>dimg5(A;/,Ap) Z(dlm R) XR(U_l(A’) ) U(A)) e_mTECQ(R) '
R

(5.73)

Remark 5.3.13. The answer (5.73) does not coincide with the non-perturbative answer,
which will be recovered perturbatively in Section 5.4 using manifolds with corners. This
discrepancy is due to the presence of inequivalent gauge-fixings in the globalization process.

Let us now compute the YM partition function for a sphere S? obtained by the gluing
of two disks: one with area a and in the A polarization, the other with zero area and in
B polarization.
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Figure 5.10: YM A-A cylinder as the gluing of a BF A-A cylinder with a YM A-B cylinder.

DB

Using the globalized partition function (5.70) for the A-disk and the non-globalized
answer (5.64) for the B-disk we get:

b,[a,a])

Z\S(12\/1[37 b] = pV/dA dB ¢ 7 15t A7 3i oy ZulA]

= py e o ®Bal ZD ) =1 (5.74)

=py - ezih f<b’[ava]> Z(dlm R)2 e_iﬁTaC?(R) .
R

Here py = (—ih)dimse Dza Dzb is the reference half-density on zero-modes. We immedi-
ately notice that this non-globalized answer consists of the product of a function of the
zero-modes times the non-perturbative Migdal-Witten partition function for the sphere.
Moreover, the partition function (5.74) does not produce well-defined global answers by
integrating out the zero modes.

Similarly, trying to calculate the globalized partition function for the torus by gluing
a YM cylinder in A-A polarization (5.73) with a cylinder in B-B polarization (5.48), one
obtains an ill-defined answer.

Remark 5.3.14. We remark that the form of the perturbative answer here — as the
non-perturbative (number-valued) answer times the exponential of a cubic term in zero-
modes — is similar to the form of the perturbative result for Chern-Simons theory in BV
formalism on a rational homology 3-sphere [21]:

Zos = py - e3:(a@EOaO) | fen)

Here ((h) is the sum of contributions of connected 3-valent graphs without leaves.

Remark 5.3.15. The gluing construction of Section 5.4 (gluing along edges rather than
circles) produces a well-defined globalized answer for all surfaces — including the cylinder,
the sphere and the torus — coinciding with the non-perturbative answer in case of surfaces
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5.4. 2D Yang-Mills for general surfaces with boundaries and corners

with boundary in A-polarization (5.2). In particular, the gluing construction of Section 5.4
produces the answer for the sphere as in (5.74) but without the zero-mode factor. This
discrepancy is due to inequivalence of gauge-fixings used in the two approaches.

5.4 2D Yang-Mills for general surfaces with boundaries and
corners

To be able to compute the partition function of 2D YM for general surfaces we need to also
consider corners, i.e. codimension 2 strata — marked points on the boundary. In topology
surfaces can be described as collections of polygons modulo an equivalence relation which
identifies pairs of edges. The idea is to transport this description to the level of field
theory: if we can compute the partition function on polygons with arbitrary combinations
of polarizations associated to the edges, then we can recover the partition function on
surfaces with boundary by gluing pairs of edges with transversal polarizations.

In this section we will formulate a set of rules for corners dictated by the logic of the
path-integral and find a set of building blocks that generates under gluing 2D YM on all
manifolds with boundaries and corners. We will then discuss the mQME in presence of
corners and compute the partition function of the various building blocks. Finally, we
will use the results of this analysis to prove a gluing formula in presence of corners and
compute the 2D YM partition function on a generic surface with boundary, recovering the
well known non-perturbative solution.

5.4.1 Corners and building blocks for 2D YM

The partition function is an element of the space of boundary states, which are defined by
the data of a choice of polarization on the boundary; this choice reflects on the (fluctuations
of the) bulk fields by imposing boundary conditions. In the presence of corners dividing
two arcs with different polarizations, we have to consider mixed boundary conditions for
the bulk fields. More generally we can associate a polarization also to corners, inducing
boundary conditions for all adjacent bulk or boundary fields. In this case, corners can
be considered as collapsed arcs, with associated polarization the same as the corner they
represent, but carrying only some of the boundary fields, namely the ones pulled back
from the corner (i.e. constant zero-forms).

Notice that the presence of a corner with the same polarization as one of the adja-
cent edges has no effect on the partition function (but could require modifications of :
cf. section 5.4.2). For example taking a corner with the same polarization of both adjacent
edges simply means that we are formally splitting the boundary field into two concatenat-
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ing fields, but this doesn’t change the boundary conditions for the bulk fields:
A A
Z( «a ) ~ Z( >B > ;
B B
B
z< a>2Z< A); z< 5):2( B).
A B

Moreover, by “freeing” the bulk fields from the boundary conditions imposed by a corner,

(5.75)

i.e., upon integrating over all possible values of corner fields, the partition function of the
surface without that corner is recovered:

A B

/CDBZ( B>:Z< A); /’DozZ( a>:Z( IB%).
A B

(5.76)

The gluing of two arcs is analogous to the case without corners, with the only additional

requirement that the fields of the corners that will be identified by the gluing have to
coincide:

/@(A,B) e J(BA) Z< >A) Z(IB%( ) — Z< : > . (5.77)

All these statements will be tested with explicit computations in the following sections.

Remark 5.4.1. Let the surface ¥ be the result of gluing of surfaces »; and Yy along
an interval I, as above. Assume that the partition functions for ¥;, Yo are computed
perturbatively, using the propagators 71, 72. Then the gluing formula (5.77) above yields
the partition function for the glued surface ¥ computed using the “glued propagator”
1 = 1n1 * 72 on X, constructed as follows:

e For z,y € Xy, n(z,y) = m(x,y).

e For z,y € X9, n(x,y) = n2(x,y).

e For x € ¥g, y € ¥y, n(z,y) = 0.

o For x € ¥y, y € X, we have:

Al

2

/\’\y n(z,y) —/I m(z, 2)n2(2,y) - (5.78)
! >z

B
b

) 1
! I

This is precisely the gluing construction for propagators from [26], which turns out to
work also in the setting with corners.
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5.4. 2D Yang-Mills for general surfaces with boundaries and corners

Assuming this set of rules for the corners, we have the following set of building blocks
for 2D YM, as illustrated in figure 5.11. The disk in the A polarization was already
computed in section 5.3.5 and, using equation (5.75), it is equivalent to a polygon with an
arbitrary number of edges where all the edges and the corners are in A-polarization. To
change polarization of one of its edges, we can glue to it the BF disk with two corners in the
« polarization and two edges in B polarization. The last BF disk of figure 5.11, with only
one A-edge and one corner in the opposite polarization, can be then used in combination
with the other building blocks to change the polarization of one corner (figure 5.12). In
this way we can obtain a polygon with any number of edges and with any combination
of polarizations associated to edges and corners; thus we can also obtain the partition
function for any given surface with boundary (and corners).

(6]
A A
B B B
(0]

Figure 5.11: Building blocks for 2D YM with corners.

o
B A A
e} A 5 5
« «
o A —
A ‘“
a B o
a «
Figure 5.12: The polarization on a corner can be changed by gluing. In this picture it is illustrated

how to convert a corner in « polarization to a corner in 8 polarization using the building blocks
of figure 5.11.

5.4.2 Corners, spaces of states and the modified quantum master equa-
tion

We have two pictures for surfaces with boundary and corners.

I. (Non-polarized corners.) Boundary circles are split into intervals by vertices
(corners). Each interval carries a polarization A or B, corresponding to imposing the
boundary condition on the pullback to the interval of the bulk field A or B. Corners
do not carry a polarization.
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Chapter 5. 2D Yang-Mills on surfaces with corners in BV-BFV formalism

II. (Polarized corners.) In addition to the intervals carrying a polarization A or B,
each corner is also equipped with a polarization « or 8 corresponding to prescribing
the pullback of either A or B field to the corner.

Picture II is our main framework in this thesis. One can transition from picture I to
picture II by collapsing every other arc on a circle (assuming that initially the number
of arcs was even) into a vertex with the corresponding polarization, by the rule A — «,
B — 3. One obtains the partition function Ziy in the picture II by evaluating the partition
function Zj of picture I on constant O-form fields on the arcs that are being collapsed —
pullbacks of the corner fields to the arc. E.g., for a disk with the boundary split into 4 arcs
of alternating polarizations in picture I, collapsing the B-arcs into S-corners corresponds
to the following:

Zn(A1, 1, Ag, B2; zero-modes) = Z1(A1, By = p1, Ay, By = Bo; zero-modes) . (5.79)
— collapse
" By B1
Ag A Ay Ay
By B2

1 ~ollse g

~

Picture I: non-polarized corners. Modified quantum master equation

Consider a circle (thought of as a boundary component of a surface X) split by n points
D1, D2, - -+, Pam = po (“corners”) into intervals Iy, Io, ..., Iy, with Iy = [pr_1, prl.

I
p1 Po = p2m

Assume that we fix the A-polarization on the intervals I with k odd and the B-polarization
for k even. We understand that we can, by a tautological transformation, further subdivide
each A- or B-interval into several intervals carrying the same polarization. No polarization
data is assigned to the corners py (this is our “picture I” for corners).

The BFV space of states H, associated to the circle with such a stratification and
a choice of polarizations, is the space of complex-valued functions of the fields on the
intervals:

M= {functions (AL, BlL, ... ,IB%\IZm)} . (5.80)
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5.4. 2D Yang-Mills for general surfaces with boundaries and corners

The space of states is equipped with the BFV operator (which with an appropriate refine-
ment becomes a differential, see Remark 5.4.3 below)

Q=> 0+ > Q7+ > tF4 > oft (5.81)

k odd k even k odd k even

edge contributions corner contributions

Here the edge contributions from the intervals, depending on the polarization, are:

b = ih/l<dA+;[A,A],<;;> , (5.82)
0F = /Iih <d]B%,5%> + (ih)2<IB%,% L%(%D . (5.83)

The corner contributions from the vertices p; are the multiplication operators by the
product of the limiting values of the A-field and the B-field coming from the incident arcs,
with a sign depending on the order of the arcs relative to the orientation:

Qﬁﬁ - _<BP7AP> ) QEA - <EP7AP> : (5~84)

These corner contributions to the boundary BFV operator 2 and their necessity for the
modified quantum master equation were observed by Alberto S. Cattaneo [16].

The following is a refinement of Lemma 4.11 in [26] for a surface with boundary, with
non-polarized corners allowed, in the case of 2D Yang-Mills theory.

Proposition 5.4.2 (mQME in picture I). The BV-BFV partition function Z of 2D Yang-
Mills theory on a surface with boundary consisting of stratified circles decorated with a
choice of A,B polarizations on the codimension 1 strata (and no polarization data on
codimension 2 strata) satisfies the mQME

(RPA+Q)Z =0, (5.85)
where 2 is the sum of expressions (5.81) for the stratified boundary circles.

Sketch of proof. The proof follows the proof of Lemma 4.11 in [26] where we need to take
care of collapses of point near a corner. Let I' be a Feynman graph for the partition
function; its contribution to Z is fCr wr: the integral over the configuration space Cp
— where vertices of I' are restricted to the respective strata of 3 (bulk, boundary arcs
or corners) — of wr, the differential form on Cr, which is the product of propagators,
boundary fields and zero-modes, as prescribed by the combinatorics of I'.?® One considers
the Stokes’ theorem for configuration space integrals:

ih / dwpr =ik / wr . (5.86)
2 Jo =2

28 A tacit assumption in this proof is that the propagator is a smooth 1-form on the configuration space

of two points. E.g, the “metric propagator” arising from Hodge theory satisfies this property. Singular
propagators considered in this thesis arise as limits of such smooth propagators.
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On the left hand side, the terms with d acting on the propagators assemble into h”2AZ and
the terms with d acting on A, B fields assemble into g2 where Q¢ = ik faAz <dA, %> +
ih fé‘BE <dIB, %) Here 0,% and OgX are the parts of the boundary equipped with po-
larizations A and B, respectively. Thus, the Lh.s. of (5.86) is (h2A + Q)Z. The r.h.s.
contains several types of terms, corresponding to types of boundary strata of Cr:

i) Collapses of 2 points in the bulk — cancel out when summed over graphs, due to the
classical master equation satisfied by the BV action.

ii) Collapses of > 3 points in the bulk — vanish by the standard vanishing arguments for
hidden strata of the configuration spaces [36].

iii) Collapses of one or more points at a point on a boundary arc. These contributions
assemble into —€21 Z, where contributions to the differential operator 2; are given by
the collapsed subgraphs.

iv) Collapses of several points at a corner — they assemble into —Q9 7.

Thus, one obtains the modified quantum master equation (5.85) with Q = Qg + Q1 + Qo.
Analyzing the possible contributing collapses at an arc yields two graphs contributing
to Qli

i Sin /8 . <%[A, A], %> :
A
N (5.87)

Remark 5.4.3. It was found out in [26] that, in order to have the property Q> = 0
for the BFV operator, generally one should consider a certain refinement of the space of
states, allowing the states to depend on the so-called “composite fields” on the boundary,
which correspond in Feynman diagrams to boundary vertices of valency > 2.2 We are

29 In fact, the operator Q constructed above (5.81) with edge contributions (5.82,5.83) and corner
contributions (5.84) does not satisfy Q% = 0 on the nose, whenever corners are present. In the setting
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not considering composite fields in this thesis: below, in Section 5.4.2, we manage to
construct € for the setting of polarized corners, which squares to zero on the nose, without
having to introduce composite fields.

Picture II: polarized corners

Now consider a circle split by n points p1,...,p, = po (“corners”) into intervals I, ..., I,.
Assume that for each k we fix on the interval Ij the polarization P, € {A,B} —ie. we
prescribe either the the pullback of Ay field A or the pullback By of the field B on I (by
an abuse of notations, we denote the differential form Ay or By also by Py). Likewise, we
fix a polarization & € {«, 5} on the corners py.

Iy Po = Pn

(5.89)

The BFV space of states H, associated to the circle with such a stratification and
a choice of polarizations, is the space of complex-valued functions of the fields on the
intervals and the corners, subject to the natural corner value conditions:

H = {functions \P(Phghp%gn) s 7]P)na£n)

(5.90)
Pk|pk =& if polarizations P, and & agree }

IP)k|pk71 = &1 if polarizations Py and &1 agree

Here we say that the polarization of an interval “agrees” with the polarization of the
incident corner if this pair of polarizations is either (A, «) or (B, 3). The space of states
is a cochain complex with the differential

Pr &P
Q=Y p +3 Q FeET ks , (5.91)
k ~ k S
edge contribution from Iy, corner contribution from py

where the edge contributions are given by (5.82,5.83).

The corner contributions to €2 depend on the polarization £, at the corner and po-
larizations of the incident edges Py, Pr41 and are assembled from the contribution of the
corner itself and the contributions of the corner interacting with the incident edges:

PrépP §xlP
Qp " = nggk + Qz%c +Qp (5.92)

of [26] this is remedied by adding corrections to 2, depending on composite boundary fields. Then in
addition to the diagrams (5.88) at a corner one should consider other diagrams, involving boundary vertices
of valency > 2.
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Here the pure corner contributions are:

0

o1
) = 1h<§ [a, a]
The corner-edge contributions Qgg, Qgp vanish if the polarization £ at the corner matches
the polarization P of the incident edge. For mismatching corner-edge polarizations, we

have nontrivial contributions to €:

A B B A
—— — (BF (adih%)Ap> , —— — (B.F, (adih%)Ap> o
B « a B ‘
——% — (B,.Fy (adihﬁ>a> , e — — (B,F_ (adihﬁ>a> .
Here we have introduced the following functions:
o0
x B; . r x? 2t
F — — 1Yl =14 2
+Ho) =17 Z;( Ve R TIECR
= (5.95)
F(a) x iBjj 1+$ x2+x4+
_(z) = =— —x =-1l+-—-——=+—+--
1—e® = j! 2 12 720 ’
where B; are the Bernoulli numbers By = 1, By = —%, By, = é, Bs =0, By = —%,

In (5.94), functions F4 are evaluated on = = ad,, o , producing End(g)-valued derivations
L

(of infinite order) of the space of functions of 3. Further in this section we will also need
the following two functions, related to the generating functions for Bernoulli polynomials:

1— eft:p 1— e(lft)m

Gi(t,z) = T o7’ G_(t,z) = ot (5.96)

Note that, when acting on the partition function, the complicated operators Qﬁ"‘, Q;‘B
from (5.94) act simply as multiplication operators

QEQ ~ (Bp’a> y Qzﬁ ~ _<Bpa Oé> 5 (597)
since the derivative in the corner value of the field B acts by zero. Thus, we have:
Qﬁa = (Bp,a) + -+, QSJB = —(Bp,a) +-- , (5.98)

where we have added the terms - -- (irrelevant for the master equation) so as to have the
property Q2 = 0. To be precise, we impose the following mild restriction on the states.

Assumption 5.4.4 (Admissible states). We assume that the states do not depend ex-
plicitly on the limiting values of 1-form components of fields A, B at corners. Le., for p a
corner, the derivatives %, % act by zero on on admissible states.

oal) ol
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Then, by a direct computation, one verifies the following (we give the explicit proof in
Appendix D.1).

Proposition 5.4.5. For a stratified circle, with any choice of polarizations on the strata,
the operator ) as defined by (5.91,5.93,5.94) satisfies 22 = 0 on admissible states in the
sense of Assumption 5.4.4.

Let us introduce the following terminology. For a product of intervals (or circles) I x .J
with I parameterized by coordinate ¢t and J parameterized by 7, we call the axial gauge
propagator containing §(7 — 7’) parallel to I (and perpendicular to J), since the intervals
on which the d-term is supported are parallel to I. Note that in all the computations of
Section 5.3, the axial gauge was always chosen to be perpendicular to the boundary.

Consider a surface 3 with stratified boundary circles in picture II, as in (5.89), i.e.,
with arcs and corners carrying polarization data. We can view such a surface as a limit
at s — 0 of a family of surfaces X5, with corners of 3 expanded into arcs of corresponding
polarization (thus, surfaces X5 for s > 0 are in picture I). Let 15 be a family of propagators
(corresponding to a family of gauge-fixings) on the surfaces X, converging to a propagator
1 on Y. We make the following assumption.

Assumption 5.4.6 (Collapsible gauge condition). The contraction of the propagator 7
with a 1-form B on the B-interval I, C 9%, that is being collapsed into a S-corner p of
>, becomes supported at p in the limit s — 0.

This assumption can be realized by considering an s-dependent family of metric gauge-
fixings associated to equipping s with a metric gs in which the B-arc undergoing the
collapse is placed at the end of a long “tentacle”. Thus, at s — 0, the S-corner is placed
infinitely far from the rest of the surface.

s—0

Put another way, if both arcs adjacent to I are in A-polarization, the assumption requires
that ns asymptotically approaches the axial gauge propagator n(t, 7;t',7') = (0(t —t') —t)
O(r —7") (d7" —d7) —dt ©(7" — 7) (the axial propagator parallel to I) near the collapsing
interval Iy, as s — 0, with ¢ the coordinate along I; and 7 the coordinate along the
“tentacle”.

Proposition 5.4.7 (mQME in picture II). Under the assumption above, the partition
function Z for the surface ¥ with boundary and corners equipped with polarization data,
satisfies the modified quantum master equation

(FPA+Q)Z =0,
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where ) is given as the sum of expressions (5.91) over the boundary circles, with edge
contributions given by (5.82,5.83) and corner contributions defined by (5.92,5.93,5.94).

Here Z is understood as the limit s — 0 of the evaluation of partition function of
picture I on ¢ on the fields pulled back from edges and corners of 3 along the collapse
map > — Y. See Remark 5.4.8 below for an explicit example of the mQME with corners
in the picture II. Also, in Remark 5.4.14 we will have a non-example showing that the
mQME does indeed fail without the Assumption 5.4.6.

Sketch of proof. Proposition 5.4.7 arises as a corollary of Proposition 5.4.2, since Z is
understood as a limit s — 0, in the sense explained above, of partition functions Zj
on surfaces ¢ in picture I, which do satisfy the modified quantum master equation by
Proposition 5.4.2. Contribution 171(% [a, a] , 8%> to € in picture II at a B — o — B corner
arises as an s — 0 limit of the A-edge contribution (5.82) from the A-edge of ¥4 collapsing
to the corner.

Next, consider an A — 8 — A corner where, in addition to Assumption 5.4.6, we as-
sume for the moment that the 0-form component of the A field is continuous through
the corner. In this case, the corner contribution to € given by (5.92,5.94) simplifies to
QABA — ih<[Ap, A1, %> and it arises from the fact that Z; depends on the 1-form field B(M)
at the edge I collapsing into the (-corner p, and this dependence is important for the
mQME in picture I. Using the Assumption 5.4.6 and the continuity of A(®) through the

corner, the dependence of Z; on B(Y) for small s is: Z, ~ et J1. <B(1)’AP>, and one has:
0 0
0F 7, (1h/1 (149 BO), =57)) Z = ih([Ap, B, 55)7 -

Therefore, one can compensate for the loss of dependence on B(!Y) during the collapse by
inclusion of the term ih<[Ap, A, %> in Q.

Finally, consider the A — 8 — A corner without assuming the continuity of A through
the corner. To analyze the dependence of Z, on BU, we cut a rectangle R out of ¥ at
the collapsing edge:

As 1
zoom in A nte »a :I:IBB R
' . - R (5.99)
1 1 1

Thus, we present the surface X5 as R Uy, 3. Computing the partition function on the
rectangle in the axial gauge,*® setting A; = A, 40, A3 = A,_( — constant zero-forms, the

30 We are wusing the axial gauge propagator parallel to I, i.e. n(t,r;t', ") =
Ot—-t)—t)ds(r —7")(dr" —dr) —dt©(r' — 7) with t,7 the vertical and horizontal coordinate on the
rectangle. This choice is the one consistent with the Assumption 5.4.6.
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limiting values of A to the right and left of the corner p on ¥, and setting Ay = dt A —
a constant 1-form, we find the following:

e — ok i, A EO RHED 6 (tady) Ay oG (Lady) Apa) | (5.100)

with Gy as in (5.96). Here the integral is over ¢ € [0, 1], or equivalently over Iy with
reversed orientation. This implies

(0, + (8 Apso) = (B Ap-0)) Zr|,_ = —(B,F—(ads) Apso + For(ads) Ap-o) €774
(5.101)
The operator acting on Zz on the left hand side is the part of the €2 in picture I corre-
sponding to the collapsing interval I, and its two endpoints. Thus, combining with the
gluing formula for partition functions we have:

(QF + (B, Apro) — (B, Ap0)) /dA B Zp - e #(FA) Zs(B-) =
Zy,

= (B, F_,_(adm%) Apyo+F- (adma%) Ap—o) Zg(B,--+) . (5.102)

Thus, the action on Zx, of the part of €2 in picture I corresponding to the collapsing interval
(with its endpoints) is compensated by the action on the partition function in picture II of
the operator appearing on the right hand side — which is precisely our anticipated corner
contribution in picture IT, Q44 = QA8 1 QP4 see (5.94). O

Remark 5.4.8. Another argument for the contribution to €2 from a S-corner is as follows.
In Section 5.4.5 we will obtain the explicit partition function for an A-disk D with a single

B-corner
p—20
N
p A
/
p+0
in the form A
Zp = ofi (B:log U(A)) 7 (5.103)

with U(A) the holonomy of the 1-form field A along the boundary circle. From Baker-
Campbell-Hausdorff formula, one finds

Q" log U(A) = —ih (Fy(adiogr(a)) Ap—0 + F—(adiog () Ap+o) (5.104)
which implies
O Zp = (B, Fy(adioga)) Ap—o + F—(adiog(a)) Apto) - Zp - (5.105)
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From this one immediately sees that
Q4+ Q0+ Q2P Zp =0, (5.106)

with the corner contributions as prescribed by (5.94). Thus, the mQME works by a direct
computation. For a general surface 3 containing a S-corner, surrounded by A-edges, one
can cut out a disk around the corner and the mQME will follow from the one we just
checked for the disk and from the one for the remaining part of the surface (thus by
induction one can reduce to the case of surfaces without A —  — A-corners).

(5.107)

Yet another approach to the proof of Proposition 5.4.7, explaining the corner contri-
butions (5.94), is in the vein of the proof of Proposition 5.4.2, with  given by Feynman
subgraphs collapsing at the boundary/corners. Consider e.g. a collapse at a A — 3 — A
corner. The following subgraphs are contributing;:

\ zoom in
B

One computes these contributions to 2 using the propagator n = (0(t — ¢') — ¢)6(7 —
7')(d7T — d7’) — dt ©(7' — 7) in the rectangle that we see when zooming into the corner. In
the zoomed-in picture we are considering configurations of points modulo the horizontal
rescalings 7 — c-7. We fix a representative of the quotient by fixing the horizontal position
of one marked vertex. Edges leaving the collapsing subgraph are assigned the expression
dt - ih% (the factor dt comes from the propagator associated to the external edge). The
graphs in (5.108) are easily computed and yield, when summed over the number of external
edges, QA4 = AP L OFA with QA8 QP4 given by the formulae (5.94).

Space of states for the stratified circle as assembled from spaces of states for
edges and corners

One can regard the space of states 5.90 for the stratified circle as constructed from the
spaces of states for individual edges. One assigns to an interval (with chosen polarization P
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in the bulk and &, &’ on the endpoints) a space of states — a cochain complex — constructed
as the space of functions on the P-field at the edge and fields at the corners (understood as
independent fields if the corner and edge polarizations disagree; if the polarizations agree,
the corner field is the limiting value of the edge field):

& A ¢ / gl . g[l
P T Pew Hyte =Fun<c<{ ! }Xgmﬂ (Z,)[1] Xg[ll{ ! }) )
g* L

0P = 05 + 05 + 0 + Qb5+ 0,

out out

, , 1 !
ge—>—-B N #15B¢ = Func ol xge Q(1,9") Xg* o ’
o T ot g* g*

QF* = Of, + OFF + QF + 0 + Q5 -

(5.109)

Here top/bottom choice for the fiber product factors on the left/right corresponds to «
or (3 polarization on the left /right endpoint. Note that the polarizations of the endpoints
affect the BFV differential, which is given by the edge term defined by (5.82,5.83) plus the
two endpoint-edge terms defined by (5.94), plus two pure endpoint terms defined by (5.93).

One can also assign a space of states to a corner p in a- or S-polarization as follows:

ih 0
= Punco) =Conte 03 = Ajaa, LY,
Hy = Punc(g[l) = Co Ay’ 0 =5 (laal o 5,110
HP = Func(g*) =C® S°g , M =0.
Note that, as a cochain complex, H?A’a is quasi-isomorphic to H; — the Chevalley-

Eilenberg complex of the Lie algebra g. Geometrically, this corresponds to the collapse of
an A-interval with endpoints in a-polarization into a single a-point. Likewise, the cochain
complex ”H'? BB is quasi-isomorphic to ”Hg :

H?,A,a ~ HIO; , H?,Bﬁ ~ Hg . (5111)

One can regard Hy and ’Hg as differential graded algebras. The algebra structure
on H; is the standard supercommutative multiplication in the exterior algebra, while for
”Hg we need to deform the naive commutative product in the symmetric algebra into a
star-product *; — the deformation quantization of the Kirillov-Kostant-Souriaux Poisson
structure on g*, as we explain below.

One can regard the space of states for the interval as a bimodule over the spaces of
states associated to the end-points. The action of the end-point algebra ’Hg on the space
of states ’H?P’gl for the edge is via multiplication in the algebra, e.g. (o) ® ¥(a, P, &) —
Y(a)¥(a, P, &), v(B)RWY(B,P, &) — (B)*, ¥ (B, P,&). The reason we need to deform the
product in H? from the commutative one is that we want the edge to give a differential
graded bimodule over the corner spaces. In particular, the module structure map 7—[5 ®
”H? AL ’H? A€ should be a chain map with respect to the differential QgA + Q‘? + Qﬁ,g/.
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This requirement is incompatible with the commutative product on 7—[;5, and forces the
following associative non-commutative deformation sp : #? @ H? — HP.

Proposition 5.4.9. The associative product structure #; on H? is fixed uniquely by the
two properties:

i) The module structure map m : ’Hg ® H}B AL 7—[? ’A’g/, obtained by extending *j by
linearity in the second factor, is a chain map.

ii) #p is unital with ¢ () = 1 the unit.

The product % is explicitly described as follows:

o~ 7 (B:) *p e 7By = ¢~ #{B.BCH(y)) (5.112)

Here x,y € g are arbitrary parameters in the Lie algebra and BCH(z,y) = log(e®e¥) is
the Baker-Campbell-Hausdorff group law.

Proof. Let us check that the star-product (5.112) does indeed make the module structure
map a chain map. Note that, for ¢(8) = e_%w’x), the action of QIB,A on v can be written
as

o HBBCH@en) _ip L]y o EBeh)
=0

e=0 dele=
(5.113)
with € an odd, ghost degree —1 parameter and #; defined by (5.112). Here we have used
the identity BCH(z,y) = = + F4(ad,)y + O(y?). This implies that for any ¥ € ’H?’A’g we
have:

d
95A¢ = (B, F+(ady)A,) ¥ = ih&

T (5.114)

d
A .
BV =i

€

Therefore, for any @Z € 7—[? we have:

~ d

mo (id@ Q) (Y ® V) =ih
€

d
de

_Oibv *p (\I! *p e_%w’e‘%))

(5.115)

=ih (@Z*h ‘IJ) *7, e~ (Behn) — BA o m(&@ v) .

e=0

Here we used the associativity of the star-product (5.112). Note that the other pieces of
the differential, Q‘}& and Qg:, clearly commute with the module structure map m. Thus we
have proven that m, defined by (5.112) and extended by Fun(A, ¢’)-linearity in the second
factor, is indeed a chain map.

Moreover, assume that e is some unital associative product on H? with 1(38) = 1 the
unit. Then the argument above shows that the module structure map m defined using
e is a chain map if and only if ¢ e (12 *; 3) = (1 ® 2) %5 93 for any 123 € HB.
Choosing 19 = 1, we obtain 1 e ¥3 = 1 *j; 13. This proves uniqueness of the star-
product (5.112). O
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5.4. 2D Yang-Mills for general surfaces with boundaries and corners

Gluing two intervals over a point corresponds to taking the tensor product of the spaces
of states for the intervals over the algebra associated to the point:3!

é/ Py 3 Py 5” P P, £
.—_)[1_1.?—_)[2_. — H= 'Hi’ e ®’H§ Hi 28" (5.116)

The space of states (5.90) for the stratified circle can then be written, in terms of the
spaces of states for intervals and corners introduced above, as:

— &n,P1,61 &1,P2,82 En—1,Pn,én En
H= (MG @ HET @ 0 HE )@Hg,ﬁ@(m)owpn. (5.117)

1
Pn—1

Here the superscript op stands for the opposite algebra.

Remark 5.4.10. Denote 7 = Ufk:llk be the union of [ consecutive intervals on the
stratified circle (5.89) and J = Uj_;,,I; the union of the remaining intervals, and let
p = po, ¢ = p; be the points separating Z and 7. The globalized partition function Z for
the disk D filling the stratified circle is, by the mQME, an Q-closed element of the space
of states

/Hgl = HZ ®’Hq Hj ®HP®HZP Hp = Hom(’]-[q,’}-[p)—bimod(%fa Hj) . (5118)

Here on the right hand side we have the space of morphisms of dg bimodules over H, on
the left and H,, on the right; bar on Z stands for orientation reversal. Thus, the partition
function for a disk can be seen as a bimodule morphism between two bimodules associated
to the two arcs constituting the boundary.

Note that the picture for 2D Yang-Mills we just described, mapping points to algebras,
intervals to bimodules and disks to morphisms of bimodules, is in agreement with Baez-
Dolan-Lurie setting of extended topological quantum field theory [4, 39], with the correc-
tion that our spaces of states depend on the choice of polarization and partition functions
depend on the area of the surface (and pre-globalization partition functions additionally
depend on residual fields).

31 Note that, in dg setting, when taking the tensor product M; ®4 M, of a right A-module M; and
a left A-module M; over a dg algebra A, the total differential is the sum of the differentials on My, M
minus the differential on A.
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Towards quantization of codimension 2 corners in more general BV-BFV the-
ories

The algebra H?, %5, is isomorphic to Uy(g) — the enveloping algebra of g with the normalized
Lie bracket ih[—, —]. This algebra arises as Kontsevich’s deformation quantization [18, 36]
of the algebra of functions on g* equipped with the Kirillov-Kostant-Souriaux linear Pois-
son structure. This observation fits well into the following expected picture of quantization
of corners of codimension 2.

In a general gauge theory, a codimension 2 stratum < is classically associated a BFV
“corner phase space” [23] ®, equipped with a degree +1 symplectic form w, and a
BFV charge S, of degree +2. On the level of quantization, we impose a polarization
¢, ~ T*[1]B,. The BFV charge S, generates a P, (Poisson up-to-homotopy) algebra
structure on C°°(B,), coming from interpreting S, as a self-commuting polyvector II on
87.32 Then the quantum space of states H, is expected to be the A, algebra obtained
as Kontsevich’s deformation quantization of the P, algebra C'°°(B,). In particular, the
A structure maps arise from Feynman diagrams on a thickening of + to v x D, with
D a 2-disk, for a field theory coming from the AKSZ construction on the mapping space
Map(T[1]D, ®.). We plan to revisit this construction in more detail in a future work on
corners in BV-BFV formalism.

Note that, in the case of 2D Yang-Mills theory, the corner phase space is ®, = g[1]®g*,
with w, = (dB,da), S, = 3(B,[a,a]). Deformation quantization of C°°(g*) with Poisson
bivector II = %(6, [% A %]) yields the algebra #?. Taking the opposite polarization,
one gets the deformation quantization of C*(g[1]) = Ag* with 1-vector I = ([, o], %),
which is the dg algebra H¢.

In general, one expects all the structure maps on (and between) the spaces of states
associated to various strata to come from Feynman diagrams.

A related picture was obtained in [20] in the context of Poisson sigma model on a
disk with intervals on the boundary decorated with coisotropic submanifolds C; of the
Poisson target M. In this setting the quantization yields algebras assigned to intervals
(deformation quantization of the rings of functions on C;) and bimodules assigned to the
corners separating the intervals. In particular, the algebra H? arises in this context as a
quantization of the space-filling coisotropic in M = g*. This picture can be thought of as
Poincaré dual to our picture on the boundary of a disk.

Gluing regions along an interval and the Fourier transform property of BFV
differentials

Recall that the BFV differentials for an A-circle and a B-circle are related by Fourier
transform. This property in particular implies that mQME is compatible with gluing: if

32 Equivalently, the P, structure arises from S, via the derived bracket construction, {¢1,...,¥n}n =
(- (Sy, 1), -+ yn) with ¢1,...,¢0, € C°°(B,). The brackets (—,—) on the r.h.s. are the Poisson
brackets on functions on the phase space ®- defined by w-.
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¥ = ¥1Ug129 a union of surfaces over a circle and if partition functions Zy,,, Zy,, are known
to satisfy mQME, then the glued partition function Zy, = (ZEI,Z22>H31 automatically
satisfies mQME on the glued surface.

One has an analogous property in the setting with corners. Consider e.g. an A-
interval I parameterized by t € [0, 1] with endpoints in polarizations &, ¢’ and consider
a B-interval I parameterized by t € [0,1], with endpoints in &,&. Let r: I — I be an
orientation-reversing diffeomorphism ¢ — ¢ = 1 — ¢. Gluing along r corresponds to the
following pairing of states on I and I:

(o W ouERE

Yi®Ys / DADB v1(¢, A, &) - e 7 i34 (¢ B, )
(5.119)
One easily verifies the following:

(58 +QF + Q85 w1, ) = —(n, (07 + QF + QB ) o) (5.120)

Here we are making the Assumption 5.4.4 on states 11, 1¥2. In other words, the operators
fo + Q‘} + QOAIi and QfI;B + QI}B? + Q?gt are, up to sign, the Fourier transform of each other
(when acting on admissible states).

This immediately implies the following. Assume that 3 is a result of gluing of sur-
faces 31 and X9 via attaching an interval I C 9% to Ic 039 along the diffeomorphism

r. Then for ¥ € Hoy,, Y2 € Hoy, any two states on the boundary of ¥y, ¥o, we have
Qos (Y1, Vo)1 = (Qox, V1, Vo)1 + (¥1,Q5, Vo)1 , (5.121)

where (U1, Uo); € Hoy is understood as the “gluing” of states Wy, ¥y along I.

3 3
—_— —_—
(L)

b} ALT IYB P
>
—_— .
3 3

In particular, if the partition functions on ¥, ¥o are known to satisfy the mQME, the
glued partition function Zs, = (Zyx;,, Zs, )1 automatically satisfies the mQME on X.

Small model for states on an A-interval

In preparation for the calculations of section 5.4.5, we want to present a “small model”
for the space of states on an A-interval, corresponding to the passage to a constant 1-form
field A(M on the interval. This is an extension of the discussion of section 5.3.3 (and in
particular, formula (5.56)), and of section 5.2.4.
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Consider a single interval in A-polarization:

Ao A Ay
*—r—0
T (5.122)
We view its endpoints as corners in picture I (non-polarized), with Ag, A; the limiting
values of the 0-form field A at the endpoints pg, p1. Equivalently, we can treat the endpoint
in picture II, putting a-polarization on them, with corner fields ayg; identified with Ag 1.
The space of states for the interval (5.122) is a cochain complex

H = Func (Q*(1, 9)[1]) = {¥(A)} (5.123)

with differential

Q:ih(/<dA(0)+[A(0),A(l)], M‘S(l)>+/<; A©), AO)] M‘s@» L (5a240)

One has the following “small” quasi-isomorphic model for the space of states — the
cochain complex

gmall — Fung <C‘(I, g)m) - {Q(AO, A, Al)} . (5.125)

Here C*(I,g9) = g®g|—1] @ g is the complex of g-valued cellular cochains on the interval I
endowed with the standard CW complex structure, with two 0O-cells pg, p1 and a single
1-cell I. Variables A, A; € g[1] are the values of the cochain on the O-cells py and p;
(endpoints), respectively, and A € g is the value of the cochain on the 1-cell I itself. The
differential on H*™a! is given by:

Qemell = 1h(<% [Ag, Ag] , 820> + <% (A, A], £>+

_<F,(a01A)OAO+F+(5LC1A)OA1 , ;Q) .

(5.126)

The chain projection py : H — H™! is the following map:

T <\I!: {Ag, A, A} — xp(A(O) = G_(t,ady) o Ag + Gy (t,ady) 0 Ay, AW =dt- A)) :

(5.127)
Here we parameterize the interval by the coordinate ¢ € [0,1] and Gy are the generating
functions for Bernoulli polynomials (5.96).
The chain inclusion iz : H™a!! — H is given as follows:

iy W (xy: AHE( Ag=Ag, A=A, AzlogU(A))) (5.128)

Here the group element U(---) € G is the holonomy of the connection 1-form along the
interval I.
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Remark 5.4.11. The space of states H, (2 is the Chevalley-Eilenberg complex (or the dual
of the bar complex) of the differential graded Lie algebra of g-valued differential forms on
the interval, Q*(1,g),d, [~, —]. Likewise, #small Qsmall is the Chevalley-Eilenberg complex
for the Lo, algebra structure on g-valued cellular cochains on an interval, constructed
in [41, 42, see also [38, 57]]. This Lo, algebra arises as the homotopy transfer of the “big”
algebra Q°(1,g) onto the deformation retract C*(I,g) — cochains, realized as Whitney
forms on the interval. Chain map (5.127) corresponds to the Lo, morphism from C*(I, g) to
Q°(I, g) constructed explicitly in [41, 42, — Statement 14]; it is a non-abelian deformation of
the inclusion of cochains as Whitney forms. The map (5.128), constructed via holonomies,
corresponds to the L., morphism from forms to cochains - the non-abelian version of the
integration-over-cells map, cf. [5]. We give a proof of the chain map property of (5.128) in
Appendix D.2.

forms . H
bar construction

L inclusion
e PH
L projection

/

cell cochains 7¢small

One has similar small models for the space of states on the A-interval with endpoints
in any combination of polarizations £y,&;. E.g. for both endpoints in S-polarization,
we have the small model (5.125,5.126) and the maps (5.127,5.128), where we adjoin the
corner variables 8y, 81 on which the wavefunctions ¥, W are allowed to depend, and we
add corner-edge terms Q%4 QA% (5.94) to the respective differentials Q and Qsmall,

Finally, consider a surface ¥ with stratified boundary circles decorated with an arbi-
trary combination of polarizations of arcs and corners. By the discussion above, we have
a small quasi-isomorphic model H' for the space of states H corresponding to replacing
the states on some (or all) A-arcs with respective small models for A-arcs in the formula
(5.117), and we have chain maps py : H — H', iy : H' — H. They correspond to a quasi-
isomorphism of complexes and thus there exists a chain homotopy Ky : H — H between
the identity and the projection iy o py. Therefore, we can apply the argument (5.56) to
the partition function Z on X:

inopn Z =27+ (Q+RA)(---) . (5.129)

In particular, one can recover Z, modulo BV exact terms, by evaluating it on constant
1-forms dt¢ - A, on the boundary arcs, provided that their holonomy coincides with the
holonomy of the original A®) field along the respective intervals, i.e. A, =1logUr, (A).
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5.4.3 BF B-disk with two a corners

Let us consider now the case of a BF disk with the boundary split into two arcs v;: [0,1] —
St i=1,2, with 7;(0) = vg and 7;(1) = v1, both in B polarization. On both vertices of
the arcs we fix the value «; for the restriction of the bulk A fields. Expanding the vertices v;
into two edges in A polarization we can think of this disk as a square (Figure 5.13).

o o A=q« o
E
B B — B _fl___b_ B
Iy
~ a - a
@ A=«

Figure 5.13: B disk with the boundary split into two arcs separated by points in A-polarization.

The square can be viewed as the product of two intervals, with A or B polarization
on both endpoints respectively. The zero-modes now contain 1-form components for the
a and b fields: a = ajdr, b = b'dt. A possible choice for axial-gauge propagator is
(cf. appendix (B.1)):

n(t, 7 t't") = (O(r —7') — 7)dt' — (O(t' —t) —t)o(r' — 7)(d7’ —dr) . (5.130)

The contributing Feynman diagrams to the effective action are wheels with n a zero-
modes and trees, rooted either on the B(;) boundary field or on the b zero-mode and ending
on one A gy boundary field, with no bifurcations and the insertion of n leafs decorated with
a zero-modes (Figure 5.14).

A=«
« o
“n|
B | B
a a
A=a

Figure 5.14: Examples of the tree and 1-loop Feynman diagrams contributing to the effective
action for the BF disk in B polarization with two « corners.

Proposition 5.4.12. The partition function for the BF disk in B polarization with two
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Q corners is:

1

= exp / ,a+ Gi(7,ady, )+ G_(7,ad,, o)+
v
i -
h/ ,a+ Gi(r,ady, )+ G_(7,ad,, o)+ (5.131)
5
i _ sinh (ad,, /2
+ﬁ<bla Fi(ada, ) + F—(adal)a>> det(géal/a;)) pv

where py = D2a D2b is the reference half-density on zero-modes.

Proof. See Appendix C. O

5.4.4 BF B-disk with one « corner

Let us consider a disk in B-polarization with a single corner in a-polarization. We will
denote by « the value of the zero-form component of the A-fields on the corner. Notice
that the space of zero-modes is now empty, in contrast to the B-disk without corners or
with two a corners.

Figure 5.15: B disk with one a corner as the “collapse” of three edges in a square.

The corner can be expanded to an A-polarized edge with A = «, which can be then split
in three consecutive edges. We then get a square, which is the product of an A-A interval
times an A-B interval (Figure 5.15). We can thus choose the axial gauge propagator to
compute the effective action. If we denote with ¢ the coordinate on the A-A interval and
with 7 the coordinate on the A-B interval we have:

n(t, it ') = =01 — 7)3(t —t)(dt' — dt) . (5.132)

Since there are no zero-modes and the boundary A-field has only the zero-form com-
ponent « , from degree counting we get that the only non-vanishing diagrams contributing
to the partition function are the ones containing no interaction vertices:

Z[B,a] = e i JiBe) (5.133)
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Remark 5.4.13. If we compare this effective action with the one of the B-disk without
corners (5.64) we notice that the corner field o plays here the role of the a zero-mode (the
other term for action (5.64), containing only the zero-modes, is vanishing when restricted
to the globalizing lagrangian £ = {b = 0}). Thus, integrating over the fields on the corner
reproduces the globalized effective action for the B-disk without corners.

We can also compare (5.133) with the partition function of the B-disk with two corners
computed in (5.131). We recover the partition function for the disk with one corner
globalizing (5.131) over £ = {a = 0} and then integrating out one corner field a.

5.4.5 BF A-disk with one [-corner

In order to calculate the one remaining building block of the theory, the partition function
for an A-disk with a single S-corner, we do the following. We first consider a disk D
with boundary split into two intervals in A and B-polarization with the two corners not
decorated by polarization data (i.e. in the setting of the “picture I” for corners, cf. sub-
section 5.4.2).33

B A — B A (5.134)

The partition function is easily computed by expanding the corners into two intervals
(with arbitrary polarization) and putting the axial gauge on the square.®® This yields the
answer

Z(A,B) = et JoupTBA) (5.135)

where r is an orientation-reversing involution on the boundary of the disk, mapping the
A-arc diffeomorphically onto the B-arc, having the two corners as fixed points (in terms of
the square, r is the involution (¢,0) <+ (¢,1)). This partition function satisfies the mQME,

NZ =0, with Q = Q%A + an + (B, Ap) — (B, Ay), as per Proposition 5.4.2, and as one
can easily check explicitly.

Remark 5.4.14. One can consider collapsing the A- or B-arc on the boundary of the

33 In fact, we can decorate the two corners with an arbitrary choice of polarizations &,£’. The partition
function does not depend on this choice.
31 Here we use the axial gauge with the propagator n(t, 7;t',7') = 6(t' — t) (dt' — dt) ©(+' — 7).
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disk (5.134):

B A
collapy Yllapse
B et B A

e Collapsing the A-arc into an a-corner, we obtain a B-disk with a single a-corner
(in the picture II). Moreover, evaluating the partition function (5.135) on B = f,
we obtain the partition function Z(B, «) = e‘éf@D(Rm, which agrees with our re-

sult (5.133) from Section 5.4.4 and, indeed, satisfies the mQME with Q = Q% —

(IB|J_F8, o) +ih(3[a, o, 8%>. Here IB%‘J_rg is the jump of the field B when passing through

the a-corner in positive direction.

e Collapsing the B-arc of the disk (5.134) into a [S-corner, we obtain a A-disk with a
single 3-corner. However, evaluating the partition function (5.135) on B = 3 yields
en Jon(B4A) which does not satisfy the mQME! The reason for this is that the gauge-
fixing on the disk (5.134) which was used to compute the partition function (5.135),
which in turn came from the axial gauge on a square, is not “collapsible”, i.e. fails
Assumption 5.4.6, and therefore Proposition 5.4.7 does not apply and we obtained
a nonsensical answer after the collapse of the B-arc.

Using the construction of Section 5.4.2, we can consider the projection py to the “small
model” for the states on the A-arc followed by respective inclusion iy, cf. (5.127,5.128).
Thus we obtain a version of the partition function, factored through the small model for
A-states:

Z(A,B) =iyopy 2

. (5.136)

_ ot Joun (rB©),dtlog U(A) ) +(r*BM,G_ (t,adiog 1/(a)) Ap+Gr (t,0d10g 1 (4)) At ) -

Note that, by (5.129), Z = Z + Q(---) — a modification of the answer (5.135) by an -
exact term; this deformation can be interpreted as corresponding to a computation in a
different gauge.®® Also, observe that in (5.136), the field B™) only interacts with the corner
values of A(®, and thus the gauge corresponding to the answer (5.136) is “collapsible”,
i.e., satisfies the Assumption 5.4.6. Therefore, we can collapse the B-arc into a S-corner,
as in Section 5.4.2, by setting B = 8, B() = 0 in (5.136). Thus we finally arrive to the
following result.

35 We also remark that the answer (5.136) can be obtained directly, by starting with an A-disk with two
a-corners, and gluing it along one of the boundary arcs to the “bean” (5.131).
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Proposition 5.4.15. The partition function for an A-disk with a single -corner is:
Z(A, B) = en(PlosU®) (5.137)

Note that this answer has a rigidity property: it cannot be changed by a BV-exact
term €Q(---) for a degree reason — there no boundary/corner fields of negative degree
needed to construct a degree —1 primitive. The answer (5.137) does indeed satisfy the
mQME; i.e. is Q-closed, as we have verified explicitly in Remark 5.4.8 above.

5.4.6 Gluing arcs in A polarization

We want now to recover the YM gluing law of two arcs in A polarization. To compute this
gluing law we can use an intermediate BF disk with the boundary split in two arcs with B
polarization, separated by points in « polarization (figure 5.16). Thus, gluing together two
A-arcs with endpoints in a-polarization, via the “bean” (5.131), for the partition function
of the glued surface we obtain the following:

Zs = / dB dB dA dA da; ef J-(Ba—A+G-(Tads))ao+Gy (raday on)

i [ (BaeK4G (rada. JaotGo (r.ads )a sinh (ad,, /2 ~
.e i J5( +G—( 1)a0+G( ai) det<a((ial/a;) Zs, [A] Zs,[A]

inh (ad,, /2
= / da; det <s1n(aal/)> Zs, [A =a+ G_(r,ada,)ap + G (7, ada, oy |
a1€By a‘dal/2

VAN [1& =a+ G_(7,ada, )0 + G4 (7,ad,, 1] .
(5.138)
Here the integration domain for the zero-mode aj is the “Gribov region” By C g. Notice
that in this gluing formula the states on the A-arcs factor through the “small model” for
the space of states introduced in Section 5.4.2.
If we assume also that the all boundary strata of X1, 35 are in A-polarization and that
partition functions Zy,, Zy, are globalized, then the partition functions of ¥;, ¥o does
not depend on the ghost fields A(O)A(O)% and so the gluing formula reduces to

Zs — /G AU(A) Zs, [U(A)] Zs,[U(A)] (5.139)

which coincides with the gluing formula for YM known in literature [40, 53].

36 Independence on the ghosts can be seen by assembling the surface with A-boundary by gluing A-
polygons using beans as above. Partition functions for polygons do not depend on the ghosts and the
gluing formula (5.138) does not generate ghost dependence. A curious point is that the answer for A-
A cylinder in Section 5.3.3 did contain ghost dependence which seems to contradict what we are saying
here. In fact, there is no contradiction, rather there are inequivalent gauge-fixings: one can obtain an A-
A cylinder from an A-square, gluing two opposite sides using the bean (5.131). Choosing the gauge-fixing
for the globalization on the bean as in (5.138) — integrating over a; — we get the answer for the cylinder
without the ghost delta-function. If instead we use the opposite globalization on the bean — integrating
over b! — we obtain the answer of Section 5.3.3, involving the ghost delta-function.

99



5.5. Wilson loop observables
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Figure 5.16: Two A-polarized boundaries glued together using an intermediate B-B BF disk.

5.4.7 2D YM partition function on surfaces with boundaries

We can now compute the partition function on a general surface with boundaries. Indeed,
any surface with boundary can be obtained by gluing edges of some polygon (or a collection
of polygons — any triangulation or a cellular decomposition gives a presentation of the
surface of this kind). Thus using the gluing properties of BV-BFV theories we can compute
the YM partition function on a general surface with boundary starting from the partition
function on the disk with the boundary split in several arcs ~; :

) _iha
Zp2[Ay, ... A = Z(dlm R) XR(U'Yl (Ay)---U,, (An)) o2 ) (5.140)
R

Each time we glue together two arcs, using the property (5.139), we have an integral of
the kind:
_ xe(V)xr(W)
dim R ’
VW)
d ty — XR( .
a0 xe(vU et = M50

/ AU xr(VUWUT)
¢ (5.141)

This way we get the following result.

Theorem 5.4.16. The globalized YM partition function on a surface with genus g and
b boundaries in the A polarization is:

b

ZEg,b[Ala ce 7Ab} = Z(dlm R)Q_Qg_be_i%lcz(R) H XR(UIH (AZ>) : (5142)
R =1

5.5 Wilson loop observables

Let us consider now observables in 2D YM. These are operators on the Hilbert space Hr
associated to some boundary I' which, in A polarization, is the space of functions of the
holonomy Ur(A).

Let us consider for example the multiplication operator for the factor xz(Ur(A)) for
some representation . We can compute the matrix element of this operator between
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two states defined by the partition functions on two surfaces 31 and Y9 with the same
boundary I' = S'. Using the gluing rule (5.72) for boundaries in A polarization we get:

(Zs,Ixr(Ur(A))|Zs,) :/GdU Zs, (UNxr(U)Zs,(U)

= ) (dim Ry)' 7% (dim Rg)lQQQeW?CZ(RI)m;QCQ(R"’)/ dU xr, (UNxr(U)xr, (U)
G

R1,R2
: — . _ _iﬁa,l _M
= Z (dim R;)'7291(dim Ry)'™292¢™ 2 C2(R1)—=5 02(1'%2)]\,]1;211%2 7
Ri,Ry

(5.143)
where we used the expression (5.142) for the partition functions of the surfaces ¥;, with
genus g;, and where N ﬁl& are the fusion numbers defined by the decomposition of the
product of irreducible representations: R ® Ry = ®gr, N §7%2R1. This quite obviously
corresponds to the computation of the expectation value of a non self-intersecting Wilson
loop Wg(I") on the surface ¥ (Jp 3s .

More generally, we can consider operators going from some space of “inbound” states
to some “outbound” states: O: Hin — Hout - Such an operator can be represented by
a surface (possibly with corners) with the appropriate boundary components, i.e. such
that the boundary Hilbert space is H;, ® Hout, and a particular state corresponding
to O. The operator now acts on the inbound states by gluing. For example to the
(non self-intersecting) Wilson loop we computed above we can associate a cylinder in A-A
polarization and the state xr(U(A))6(U(A),U(A)).

1‘\/

N/

Figure 5.17: Two intersecting Wilson loops I" and I'V on the 2-sphere.

Consider now the case of two Wilson loops Wp(R)Wp(R') intersecting in 2 points:
I'NTY = vy Uvg. We can view them as 4 separate arcs v;,7,, ¢ = 1,2, joining the
two intersection points. These intersecting Wilson loops can be thought as a multi-
plication operator on the space of states of the 4 arcs — multiplication by the factor
Xi(Uy, (A1)Us, (Ag))XR/(U% (ADU,, (A%)). We can thus compute matrix elements be-
tween states defined by surfaces with opportune boundary components. Let us consider
for example four disks, each with the boundary circle separated into two arcs, glued into
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a sphere with two intersecting Wilson loops as in figure 5.17:

(Wr(R)Wr (R ))ge = > e~ 2 i aiCa(Ri )H(dlmR)/ AU, dU»dUsdUy x (U Us)
G
Rq,R9, 7
R3,Ry4

X (UsUs) X1y (UsUn) Xy (U Uz) Xy (US U X1, (UsU)
(5.144)
This integral can be evaluated using the Peter-Weyl theorem (part 3) which implies:

d 7;/ ]:/ T k/ = —_— . ’L] ,
/G U Ri(U)y Ba(U)j Ra (UM = 7 Eﬂ Cu(R1, Ro; R3)} Ch(Ry, Ros R3)Y
(5.145)

where C},(R1, Ra; R3) are Clebsch-Gordan coefficients.” We get:

_iny g dlmR o /
(Wr(R)Wp(R))g2 = > e 25, aiCo(Ry) AU 11 > Cu(R, Ry Ry){IC (R, Ry; Ro)Y

Rq1,Rq, K112
Rs Ry N

(R Ro; R3)!ECr, (R, Ros Ry)J oy (R, Ra Rs)it (R, Ra; Ry)nCouy (R, Ru; Ra)'Y

C

B3 aiCa(Ry) R Ry Rp \M1M2 [ R’ Ry Ry \M3H4
C (R RI’R4 Z e H (dim R;) Z {R' R3 Ra Jpgps LR Ry RoJpypo ?
i=1,...,4

Rq,Rg, H1sH2
R3,Ry H35H4

(5.146)

where { g, g; gi Z i/ﬁ are Wigner 6-j symbols.?®
We can generalize this to compute the value of any number of (possibly intersecting)
Wilson loops over any surface with boundary. Given a set of Wilson loops we can consider
separately the various Wilson lines connecting intersection points.*® Each line carries a
group variable and and contributes with the integral (5.145), where R; is the representation
of the Wilson loop containing that line and Ry, R3 are the representations carried by the
two regions adjacent to that line. The main observation is that this integral factorises

into the product of two Clebsch-Gordan coefficents, each depending only on indices living

37 If we have representations Ry, R we can decompose their product into the sum of irreducible rep-
resentations. Let {ei} and {e}} be two basis of the representation spaces of Ry and Ry respectively, and
let {eﬁa} be a basis of their tensor product such that the product representation is in the block-diagonal
form, where a denotes the irreps and p, labels the various copies of the representation R, appearing in
the product R1 ® R . The Clebsh-Gordan coefficients are defined as the basis changing coefficients:

ei@leZZCG 1,2;a) el .

38 6-j symbols are defined by:

{Rl Ry R3}‘““2 B CFI(R17R2;R3)? Cp (Ra, R3; Rs)!E C (R17R67R5)m C}, (R4, R2; Re)};
Ri Rs ReJ jspa (dim Rs)2 (dim Rs)? (dim Rs)2 (dim Re)2

39 If a loop has no intersections, then its contribution will be N 337 r, 38 in equation (5.143).
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on one of the two edges of the line.?? Thus when 4 lines meet at an intersection point,
the factors associated to that intersection combine to give a 6-j symbol, as in the previous

example:
/
M4R R1 R,ul
R Ry Ry)MH2 ,
Ry Ry ~ =GR,R;...). (5.147)
R' Rz R4/ sy
u3 R3 2
R R

Finally, the expectation value of a set of Wilson loops {I';} on a surface ¥ is given by the
following formula:

HWFZ R))s = ZHG_EGACZ(RA)(dIm Ry)? 72770 HXRA Us,)
Ry A
HZG (Ry; Ra; 1) HN Ri,; Ry) -

where the index A runs over connected components Xy of the surface obtained by cutting

(5.148)

> along the Wilson loops, by labels the boundaries of ¥ contained in ¥y, v labels the
intersections between loops, G, indicates the 6-j symbol at the vertex v evaluated on
the surrounding representations according to (5.147) and N(R;,; Ry) denotes the fusion
numbers for the non-intersecting Wilson loops labelled by I .

4% Fach oriented boundary, or Wilson loop, carries the character of the holonomy of A . If we split the
circle into various arcs, then it will carry the character of the products of the holonomies over different
arcs, multiplied according to the orientation of the loop. This defines inbound and outbound indices for
the holonomy over each oriented arc.
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APPENDIX

Elements of graded geometry

A.1 Graded manifolds

Definition A.1.1. A graded manifold M over the body M is a sheaf of Z-graded commu-
tative algebras C(M), over a smooth manifold M , locally isomorphic to the free graded
commutative algebra C>°(U)®S(V'), where U C M is an open subset and V' is a Z-graded
vector space with symmetric graded algebra S(V'). Such a local isomorphism is called an
affine coordinate chart over M and the sheaf C(M) is called the sheaf of polynomial func-
tions over M. The sheaf of polynomial function can be decomposed according to the
grading C(M) = @,z C*(M) , where C*(M) is locally isomorphic to C>(M) ®@ S*(V).

Graded manifolds form the category GrMflds, where morphisms are homomorphisms
of graded algebras: Mor(M,N) = Hom(C(N),C(M)). Smooth manifolds are graded
manifolds with zero degree, that is with C(M) = C°(M) = C*(M), and form a full
subcategory of GrMfids.

A real supermanifold can be defined in a similar way, simply substituting the Z-graded
vector space V in the definition A.1.1 with IIR™ .

Some intuition on the definition of graded manifolds can be acquired thinking about
generators of the algebra C*°(U) ® S(V) as local coordinates on M. Roughly speaking
this is similar to smooth manifolds: locally there are graded-coordinates which are patched
together with degree-preserving morphisms.

Let us see now some simple but relevant examples of graded manifolds.

Example A.1.2. Let TM - M be the tangent bundle to a smooth manifold M with
dimension dim(M) = m. Given local coordinates z* over an open subset U C M and
called 0" the fiber coordinates relative to the basis {0, = 0/0z"}, we can define local
coordinates (z*,0") of TM over 7~!(U). The graded manifold obtained assigning degree 1
to fiber coordinates is denoted by T'[1]M:

| =0; |04 =1. (A.1)
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The patching between different coordinate systems is defined by:

- P
ot

T () - " A2
i) 0= S0 (A2
A polynomial function f € C(T[1]M) takes locally the form:
1
fl@,0) = 3 o fun (@) 0 0 (A.3)

k=0,....m

By definition, fiber coordinates 6 are anticommuting and their transformation rules (A.2)
are identical with those of differentials dz# . The sheaf of polynomial functions over T'[1]M
is then naturally identified with differential forms over M :

C*(T[1M) = Q°*(M) . (A4)

Example A.1.3. In the same way as the previous example, the graded manifold T*[—1]M
is defined by giving degree —1 to fiber coordinates of the cotangent bundle T*M of
a smooth manifold. Polynomial functions on T*[—1]M are then identified with multi-
vector fields, i.e. sections of the exterior product of tangent bundles: C*(T*[-1]M) =
Sec(A=*TM).

In GrMfids tangent vector fields are defined like in smooth manifolds.

Definition A.1.4. A tangent vector field X € X(M) on a graded manifold M is a
derivation of the graded algebra C(M). Using affine local homogeneous coordinates z

for M , tangent vector fields can be written in the form:!

0

X=X . A5
5 (A.5)

The vector field X has degree | X| if its components have degree | X?| = |X| 4 |z%|.
Remark A.1.5. On vector fields are defined the brackets [ , |: X(M) x X(M) — X(M)
[(X,Y]=XoV — (-)XI¥y o x (A.6)

or, using homogeneous coordinates:
oYt o 0X* 0

X, Y] =X — o — (~)XIVIyb = = AT
X, Y] Oz Oxb (=1) Ozt Oz (A7)
Since | , | are Lie brackets with zero degree, vector fields are a sheaf of graded Lie algebras.

"When dealing with graded quantities, it is important to distinguish left and right derivatives. Unless
noted otherwise, we assume derivatives acts from the left.
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Definition A.1.6. Let M be a graded manifold. The Euler vector field is the derivation e
of the polynomial functions C(M) defined by:

ef =kf Vfeckm). (A.8)
If % are homogeneous local affine coordinates of M, then the Euler vector field has the
form:
e = |z x® 0 . (A.9)
ox?

In particular the body M is recovered as the set of fixed points of e.

Remark A.1.7. The Euler vector field gives the degree of a vector field X through the
Lie derivative L X = [e, X|. Indeed, in homogeneous coordinates z® we have:

»0X® 0 a@]xb]xbi_

L X = |2t - X =
=)= ozb Oza Ox¢ Oz (A.10)
0
= (| X% — |z%])X* = |X|X .
(x|~ e xe 2 = x|

Using the Euler vector field we can give an intuitive definition of vector bundle in
GrMfids.

Definition A.1.8. Let A and M be graded manifolds. A wvector bundle in GrMflds is a
surjective immersion A — M and a linear structure given by an additional Euler vector

field eyect Which assigns degree 1 to fiber coordinates and degree 0 to functions pulled back
from M.

We can now generalize the notation used in example A.1.2 to vector bundles. We
will call shifted vector bundle the graded manifold .A[n] corresponding to the Euler vector
field €4 + nevect - Hence, all fiber coordinates have degree shifted by n with respect to the
grading in A.

Example A.1.9. Let M be a graded manifold with homogeneous local coordinates .
The tangent bundle T'M is the graded manifold described by local coordinates (x®,0%)
with grading and gluing rules given by:

., 0ie

0 =latl s 0 =005 (A.11)

Clearly T M is a vector bundle on M with projection (z,6) — x and Euler vector field:

8), 0

Evect = 0 YT (A12)

— | a‘ (0(1 8 + a

AM=IINT gge T 9ae

The shifted tangent bundle T'[1]M is simply defined by the new Euler vector field ET[M =
erm + €vect Coordinates 6 in T'[1]M have degree |§%| = |z%| + 1, while the degree of x

and the gluing rules remain the same.
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A.2 Differentials and symplectic structure

Definition A.2.1. A differential Q) , or cohomological vector field, is an anticommuting
vector field with degree 1:

eQl=1; [Q,Q =0, (A.13)

where € is the Euler vector field. Graded manifolds endowed with a differential are called
differential graded manifolds and form the category dgMfids .

Example A.2.2. Let T[1]M be the shifted tangent bundle of an ordinary smooth mani-
fold M as in the example A.1.2. On this graded manifold it is defined the cohomological
vector field d: 5

d=o" S (A.14)
We already noticed that the algebra of polynomial functions on T'[1]M coincides with the
exterior algebra of the differential forms on M. The cohomological vector field d then

corresponds to the de Rham differential on Q(M).

This example motivates the following definition of differential forms on graded mani-
folds.

Definition A.2.3. Differential forms on a graded manifold M are the polynomial func-
tions on its shifted tangent bundle:

QM) = C(T[IM) . (A.15)

On T[1]JM there is the cohomological vector field

0

d=6°
Oz’

d: C*(T[IIM) — C*THT[IIM) , (A.16)
where (z%,60%) are homogeneous local affine coordinates like in example A.1.9. C(T'[1]M)

endowed with the differential d is the de Rham complex (2(M),d) of M.

Remark A.2.4. To each vector field X on a graded manifold M corresponds a vector
field +x on T'[1]JM defined by:

i = (—1)'X'X“£a . ax: C(TUM) — CYTM) . (A.17)

The interior product 1x has degree |1x| = |X|—1. Lie derivative on differential forms (M)
is then defined through the Cartan formula:

Lx = [ix,d] = wxd + (—=DXld oy . (A.18)
With a direct calculation, it can be shown that:
Lx|=|X|, [Lx,Ly]=Lixyy, [Lx,d]=0. (A.19)
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We remarked in A.1.7 that Lie derivative with respect to the Euler vector field returns
the degree of tangent vectors. Indeed, the grading on tangent and cotangent bundles is
given by the Euler vector field of M lifted canonically to T'M or T* M via Lie derivative.
Consider for example the tangent bundle TM . If € is the Euler vector field on M we
have:

Ledz® = dLex® = |x®|da® , (A.20)

i.e. the grading of T M is given by the Lie derivative L. .

Definition A.2.5. A p-form of degree k is a form w € Q(M) with €yt w = pw and
Lew=Fkuw.

With this definition, the structure of symplectic manifold can be extended to graded
manifolds in a natural way.

Definition A.2.6. A symplectic form of degree n in GrMfids is a two-form w € Q?(M)
i) homogeneous of degree n: Lew =nw;
ii) closed with respect to the de Rham differential: dw =0;

iii) non singular, i.e. such that the vector bundle morphism w: TM — T*[n|M is an
isomorphism.

The pair (M, w) is called symplectic graded manifold of degree n. If on (M,w) there is a
differential @) preserving the symplectic form, that is such that Low = 0, then (M, w, Q)
is a differential graded symplectic manifold.

Example A.2.7. Every ordinary symplectic manifold (M,w) can be viewed as a graded
symplectic manifold with ej; = 0 and so |w| = 0.

Example A.2.8. Consider the graded manifold R[1] with coordinate x and Euler vector
field e = xa%. The tangent bundle T'[1](R[1]) has coordinates (z,dz), with |dz| = 2
and L.dz = dz. The two-form w = dxzdz is then a symplectic form on R[1] of degree
Liw=2w.

Example A.2.9. Let M be an ordinary smooth manifold, i.e. with ep; =0, and T*[1]M
its shifted cotangent bundle with homogeneous coordinates (z#, p,) like in example A.1.2.
The Euler vector field € = €yect for T*[1]M is:

0

Consider now the vector bundle 7%[2](T*[1]M) . Local coordinates on T*[1]M define the
basis {dz*,dp,} for the fibers and the corresponding fiber coordinates (6,,v"). The
grading on T*[2](T*[1]M) is given by the Euler vector field € = L, + 2¢€yect, so that
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(z,p,0,1) have degree respectively 0, 1, 2 and 1. Coordinates transformation rules are
easily found to be:

ox” -, Op, , Ozt

~ U — ~ . N = . H — v = v.
X X (-’B) 9 pM 8:,%'“ pV bl /l/} aﬁu/l/] axl,l/} I
s O ,Opy,  Ox” o*wr 0x¥ 0z , A 99
O =g OV = an T anowr 0w o ¥ P 422
B 01‘”0 N 0%x° 0P "y
~ oz T dpeair oav 7V

Notice that, as it should be, all these transformations are degree-preserving. Moreover 6
undergoes an affine transformation, whence the word affine in the definition A.1.1 of
coordinates on a graded manifold. There is a canonical symplectic form given by:

w = dz"df, + dp,dyt ; lw|=2. (A.23)

Also, we can define the differential @ :

0

— =1; 2=0. :
Hapﬂa |Q| ) Q 0 (A24)

0
—uh2 1
Q=1o o+
As this differential is compatible with the symplectic structure, Low = 0, T*[2](T*[1]M)
is a differential graded symplectic manifold of degree 2.

Example A.2.10. In general T*[n]M is a symplectic graded manifold with canonical
symplectic form:
w = dz?db, ; lw| =n; (A.25)

where z% are homogeneous local affine coordinates of M and 6, are the fiber coordinates
relative to the basis dz®.

Lemma A.2.11. Let w be a symplectic form. If w has degree n £ 0, then it is exact.

Proof. By definition w is closed and of degree n. Then:

nw = Lw = d(zw) . (A.26)

If n # 0 we have: o
w=d-—. (A.27)

n
0

Definition A.2.12. Let (M,w) be a symplectic graded manifold of degree n. A tangent
vector field X over M is called:

i) Symplectic if the 1-form 2xw is closed, or equivalently if Lxw = 0;
ii) hamiltonian if the 1-form 1xw is exact, i.e. if 3 f € C(M) such that:

ixw = (—=1)"Hdf . (A.28)
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An hamiltonian vector field with hamiltonian function f is denoted by X7 .

Remark A.2.13. Like in ordinary symplectic geometry, symplectic vector fields generates
canonical transformations [7, 8, 50], which preserve the symplectic structure.

Definition A.2.14. Let (M, w) be a symplectic graded manifold of degree n. On C(M)
are defined the Poisson brackets { , }: C"(M) x C5(M) — C"T57"(M):

{fray = XTg= ()X liyrdg = () Hlyrixew;  frgeC(M) . (A29)

Remark A.2.15. Poisson brackets give to C(M) the structure of a graded Lie algebra.
Moreover, the map f — X7 is an homomorphisms of graded Lie algebras:

xUet = x/ x9] . (A.30)

Lemma A.2.16. Let (M,w) be a symplectic graded manifold of degree n and X a
symplectic vector field of degree k. If n + k # 0, then X is hamiltonian.

Proof. We have L X =k, L.w =n and d(zxw) = 0. Then

(n+ k)ixw = L (ixw) = d(2c2xw) (A.31)
and so X = X/ | with
_(qynl XY
= (e e (A32)
0

Remark A.2.17. Let (M,w, @) be a differential graded symplectic manifold, with |w| =
n. Suppose @ to be hamiltonian, i.e. @ = {S, } for some hamiltonian S € C(M).
Reminding that |Q| =1 and [{S, }| = |S| —n, it must be |S| = n + 1. Thus, we have:

0=1Q,Qlf ={{5, 5}, f} VfelCM). (A.33)

This implies {5, S} is a constant of degree |{S,S}| = n + 2. As a non zero constant has
to be of degree zero, S satisfies the classical master equation {S,S} = 0.

Example A.2.18. Let us consider T*[1]M with the canonical symplectic form w of de-
gree 1 and a solution S of the classical master equation {S,S}. Let {z,0} be local co-
ordinates of degree respectively 0 and 1. As the action is of degree 2, it must have the
form:

1
S = 504“”(3@)9“01, . (A.34)
Therefore the action corresponds to a bivector field on M . The master equation reads:
{5,8} =2a"0,0"70,,0,0, (A.35)
and so {5, S} = 0 implies that o*” is a Poisson bivector field on M .
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A.3 Integration on supermanifolds

Before to define the integration on supermanifolds, let us remind how to integrate over
odd variables. Let {0,} be a set of generators of a Grassmann algebra & (for concreteness
one could take & = S(R%™)). Then:

/dea =0; /d&a 05 = bup - (A.36)

Consider now the algebra of functions C(R™") with even generators z#. A function
f € C(R™") has the form f(z,0) = foy(@) +0afiy(@) + ... + 01 Onfin)(x). The

integral over R™I" is:

[ ot damd, 00 f,0) = [t da™ (o) (A.37)
R™In e

For the integral to be independent of the particular choice of coordinates on R™™ | the
measure has to transform according to the following rule [29]:

[dz!---dz™db, ---d6] = [dz!---dZ™db, - - - df;] Ber <g§) : (A.38)

where X = (z,0) — X = (i(x,@),é(x,@)) is a general change of coordinates and the
Berezinian is defined by:

aX_(ax/aszax/aé>Z<A B)
0X \ o6/oz |o9jos ) \c|Dp )’ (A.39)

X
Ber<a~> = det(A — BD7'C)det(D)™! .
0X

Notice that the Berezinian is defined only if D is invertible, but this is always true for a
change of coordinates. In the particular case in which the change of coordinates does not
mix odd and even generators (B = C' = 0) the Berezinian gives simply a determinant of
the Jacobian matrix for the even coordinates and the inverse of the Jacobian determinant
for the odd generators.

Integration on supermanifolds is defined from the above Berezin integration alike inte-
gration on smooth manifold is constructed from the integral over R™ [10]. Let us consider
a supermanifold M with dimension dim(M) = (m,n) over the base space M and take
an atlas {U,} of M . By definition, the algebra C(M) is locally C*°(U,) ® S(IIR™). Let
Y. = {z%,0,} be a set of generators of C*=(U,) ® S(IIR"). Moreover, for each U, choose
a local density pe(X,) such that:

i) Pa()za) = Ber(@Xa/&)za) Pa(Xa(Xa)) ;

ii) on the intersection U, N Up: pa(Xa) = Ber(0Xp/0X,) pp(Xp(Xa)) -
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The objects which can be integrated on a supermanifold are the Berezinian forms p
defined by:

M a

where {sq(z)} is a partition of the unity subordinated to the open cover {U,}. Notice
that thanks to the transformation rules of p, , this definition depends neither on the atlas
nor on the partition of unity chosen. Obviously, for every function f € C(M), pf is again
a Berezinian form and so the choice of a Berezinian form allows to integrate any function

asfMpf.

Definition A.3.1. A Berezinian form p is called non degenerate if the bilinear form

(f.9) = /M pfg, frgeCM), (A.41)

is non degenerate. Moreover, given a vector field v € X(M), the Berezinian form p is
v-tnvariant if

/ pv(f)=0 (A.42)
M
for every function f € C(M).

For every odd vector bundle £ — M, with M an ordinary smooth manifold, a
Berezinian form can be viewed as a section of the Berezinian bundle NE & AYPT*M :
indeed it associates to functions C(F) ~ I'(AE™*) top forms to be integrated on M [17]. A
non degenerate Berezinian is then obtained as a nowhere-vanishing section concentrated
in top degree on E: p € T(AYPE @ AYPT*M).

Example A.3.2. Consider the odd cotangent bundle II7*M .> The Berezinian bun-
dle is Ber(IIT*M) = (A™T*M)®? | where dim(M) = m. Hence, to every volume form
v € Q™(M) there is an associated Berezinian. As we already remarked, functions on
IIT*M can be identified with multivector fields, therefore a volume form on M defines
the isomorphism ¢, : C*(IIT*M) — Q" *(M), ¢o(f) = 1yv. The Berezinian form g,
associated to v is:

/ po [ = /M%(f) : (A.43)

7+ M M

Let now C' be a submanifold of M . A volume form on M also induces a Berezinian on the
odd conormal bundle TIN*C C IIT*M.3 Indeed the Berezinian bundle is Ber(IIN*C) =

2 We recall that the parity reversion functor IT exchanges even and odd fiber coordinates.
3 The normal bundle NC of C € M, dim(C) = k, is defined by the short exact sequence of bundles:

0—-TC —>TcM — NC — 0.

The conormal bundle N*C' is its dual, namely: N,C = {n € T, M| n(w) = 0 Vw € T,C}, p € C.
Moreover N*C'is a lagrangian submanifold of 7" M with the canonical symplectic structure.
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ANEN*CRART*C = AT M and a volume form v determines a section /i, € I'(Ber(ILN*C))
by restriction:

| vimi=[oud). (Aad)
C C

IIN*

where f is any function on IIT: M such that f lnn=c = f.

The constructions contained in the previous example can be generalized in the graded
setting [46]: to every Berezinian form v on a graded manifold M is canonically associated
a Berezinian on T™*[k].M; moreover every Berezinian p on T*[k]M , induces canonically an
half density /¢ which can be integrated on lagrangian submanifolds, where it induces a
Berezinian.

In the graded setting there is a definition of divergence analogous to the one in ordinary
differential geometry [37].

Lemma A.3.3. For every Berezinian form p there is a map div,: X(M) — C(M) such
that:

/,uX(f):—/ p(div, X)f VfelM). (A.45)
M M

Moreover, the divergence operator div,, satisfies:

div,(fX) = fdiv, X + (~)FXx(f) (A.46)

A.4 Mapping spaces between graded manifolds

We recall here some basic definitions and facts about mapping space of graded manifolds.
A more detailed discussion can be found, for example, in [27, 44]. In physics literature a
map between two graded manifolds is what is called a superfield. If M and N are two
supermanifolds with coordinates respectively (z,0) and (y,n) — where x and y are even
and 0 and 7n are odd variables — then superfields from M to A can be expressed by an
expansion in the odd variables:

(A.47)

Before showing how superfields looks in general, we are going to give the formal def-
inition of mapping space. For smooth manifolds the space of maps, that is the space of
smooth morphisms between two manifolds, satisfies the important property:

Mor(P x N, M) = Mor(P,Mor(N, M)) . (A.48)

The problem is that this property does not hold for morphisms in GrMflds and so it is
useful to change the definition of the mapping space between two graded manifolds. It
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can be shown that there exists a graded manifold Maps(X',)), canonically associated to
a pair (X,)), such that:

Mor(Z x X,)) = Mor(Z, Maps(X,))) (A.49)

for any graded manifold Z (here Mor is in GrMflds, see definition A.1.1). With this
definition of mapping space, one recovers the property (A.48) also for graded manifolds:
Maps(Z x X,Y) = Maps(Z, Maps(X, V)).

Let us take for example X and ) to be non negatively graded, with coordinates respec-
tively x = {z}; 2%} and y = {y’}, where the subscript indicates the degree. A morphism
between the graded manifolds Z x X and ) can be expanded according to the degree in
X as:

)

0,0(z0,2) + Y

110, 2) + Y1,0) (20, 2)ZY + Y1 1y (@0, )27 +

i i o, i i (A.50)
5,2(20, 2) + Y(2,1) 1 (X0, 2)T7 + Y(2.0) o (T0, 2)TV 2] + . 5

0.—1) (70, 2)7Y + (g 9y 0 (T0, 2)TY 2] + .

where the functions y(, ) (z0; 2) are of total degree |y, )| = b. The relation (A.49) tells
that the functions y(,4) (7o) are to be considered as coordinates of degree b of the graded
manifold Maps(X',)). The transformation rules for Y(ab) (z9) are induced by the ones on
X and Y.

Notice that y,.0(zo) corresponds to degree-preserving maps Mor(X', V), which are then
naturally included in Maps(&X',)) as the submanifold of degree zero, but there are also
the coordinates y(qp>0)(70) corresponding to maps with non-zero degree. Moreover we
remark that, in spite of the fact that we took both X and ) to be non-negatively graded,
Maps(X,)) has in general both positive and negative degrees.

Although in general Maps(X,))) is infinite-dimensional, this is not always the case as
shown in the following example.

Example A.4.1. Let M be any graded manifold and consider Maps(R[—1], M). If e is
the coordinate of R[—1] and 2/ are local coordinates of M with degree a, we have the
superfields:

xh(e) = a:’(tw) + x?a7a+1)e . (A.51)

Under a change of coordinate y(z) on M the superfields becomes:

Oy
(. 0)) 2(; e. (A.52)
oY (,0)) ¥ (b,b+1)

i (€) = Yia0)(@(0) +

We see then that z(, ,41) transform as fiber coordinates of the tangent bundle to M and
so we have the isomorphism Maps(R[—1], M) = T[1]M .

115






Appendix B. Propagators

APPENDIX

Propagators

We collect in this appendix the computations of the propagators used in Chapter 5.4.
We will firstly consider one-dimensional BF propagator on the circle and on the interval
with the various possible polarizations on the two end-points. Then we will use these to
compute the axial-gauge propagator on 2D surfaces, in particular on the cylinder S* x I
and on the square I x I.

B.1 Omne-dimensional propagators

Propagator on the circle

Let us consider non-abelian BF theory on the circle S'. We are looking for the propagator
when we expand the action with respect to the trivial connection. In this case the kinetic
term is [ (B,dA). The space of zero-modes is thus given by the de Rham cohomology:
V = Har(SY;9)[1] © Har(SY; g%) . If 7 € [0,1] is the coordinate of the circle, we have the
corresponding basis [1], [d7] for the cohomology of the circle and the following coordinate
expression for the zero modes:

a=ap+aydr, b=b"+bldr, (B.1)

where a(;) € g and b;) € g*. A Hodge decomposition for the de Rham complex of the
circle is given by the following induction data:

Mw(r) = /S1 (dr" — dr)w(r)
1

Kw(t) = /Sl (@(T - T/) —7r+7 - 5)&)(7'/) .
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The extension to the space of fields —Lie-algebra valued differential forms— is immediate

and the resulting propagator is:!

ns 1
byr —————a,7 =nq(r,b7,a) = (@(T - —74+7 - 5)52 . (B.3)

Propagators on the interval
Interval in A-B polarization

Let us consider now BF theory on the unit interval I = [0, 1] with B polarization at {0}
and A polarization at {1}. The space of bulk fields is now given by differential forms
with Dirichlet boundary conditions on one of the two endpoints. The cohomology of the
differential d on this space of differential forms is vanishing, thus the space of zero-modes
is empty V = 0. The chain homotopy K is now

1
Ke(t) = / (') (B.A)
t
and we have the corresponding propagator
1
t———— 1+t =p(t;t) = -0 —1). (B.5)

Notice that propagation can only occur if ¢ < ¢, i.e. moving away from the B endpoint
and toward the A endpoint of the interval.

Interval in A-A polarization

If we take the A polarization on both endpoints of the interval, the A fields will have
Dirichlet boundary conditions at the endpoints while the B fields will have free boundary
conditions: Y = Q(I,01I;g)[1]®Q(I; g*). The cohomology is concentrated in form-degree 1
for the A fields and in form-degree 0 for the B fields

V=H(l,0Lg)[l]® H(I;g") ~g[l]Dg", (B.6)

so that the form-degree expansion of the zero modes is a = a;dt, b = b?. The chain
retraction is given by the following data:

nt,t)y=0et-t)-t, n(t,t') = —dt . (B.7)

Interval in B-B polarization

The interval with B polarization on both endpoints has the role of A and B fields reversed

with respect to the previous case. The space of bulk fields is Y = Q(I; g)[1] & Q(I, 0I; g*)

and the zero-modes are: a = ap, b = b'dt. The propagator and the projection to
cohomology are:

n(t,t)=-0{ —t)+t, n(t,t') =dt’ . (B.8)

! The Lie-algebra part of the propagator in this thesis is always the identity §¢ and will be often omitted.

118



Appendix B. Propagators

B.2 Axial gauge propagators on the cylinder

Consider now a cylinder S* x I and let ¢ denote the coordinate of the interval, 7 the
coordinate along the circle, x; a basis for the cohomology of S' and X’ its dual basis.
Using the 1-dimensional propagators of appendix B.1, from the axial-gauge formula (5.38)
we get the following propagators on the cylinder.

n(r, t; 7t
zero-modes T,t (—>—) Tt
A—-B 0 -0 = t)d(r — 7')(dr" — dr)
g .
.2 a=adtA X
£ A—-A ‘ (@(t—t’)—t)é(T'—T)(dT’—dT)—dt(@(T—T’)—T—T’—%)
:ES b = b7' X?'
£ a=a; x'
B-B , (t’—@(t’—t))é(T'—T)(dT’—dT)—I—dt’(@(T—T’)—T—T’—%)
b=>b"dtAx;

(B.9)

Reversing the role of the circle and the interval in formula (5.38) we would obtain different
expressions for the propagator, called for the cylinder horizontal gauge, but we don’t need

this choice in this thesis.
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APPENDIX

Computations of some Feynman diagrams

We present here the proofs of Propositions 5.3.3, 5.4.12, consisting in the evaluation of
tree and loop diagrams in the axial gauge. These computations are variations of the ones
contained in [42], Lemma 3 and 4, obtained in the 1-dimensional setting.

Proof of Proposition 5.3.3. We have to evaluate the 1-loop diagrams of figure 5.5. The
amplitude for a diagram with n > 2 vertices is:

1
—tr(adj,) / dry - - d7n g1 (713 72) -+ 151 (Tn—15 Tn )51 (i T1)

— %tr(&dal)n tr(K(x1 Ae))" .

where we choose the basis o = 1, x1 = d7 for H*(S') and K is the chain homotopy with
integral kernel ngi (7;7') = O(r — 7') =7+ 7/ — 3. We will compute tr(K(x1Ae))" in the

monomial basis 1, 7,72, ... . Let us define the generating function:
o0
fm(z,T) = Zx" (K(xi Ae))'r™ . (C.2)
n=0

Applying 2K (x1 A e) on both sides we get
2K (x1fm)(x,7) = f(x,7) — 7™ (C.3)
and, differentiating w.r.t. 7, we obtain the differential equation:
o 1
& o = 0 fo ™ — x/ dr fon - (C.4)
87' 0
Solutions to the above equation are of the form

fm(z,7) = A(x)e" + B(z) + e“/ d7 mimle 7 | (C.5)
0
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where A(z) = A-(1 —e® fol dr m7™ 'e™*") and B(z) is to be determined from the
boundary conditions. Since K (x1fm)(z, O) K(x1fm)(z,1), from (C.3) we have:

fm(2,1) =1 = fin(2,0) = 2K (x1fm)(2,0)
— ! T T T ~m—1 e I __1
_x/o dr (A@)e" + B(x) +o /0 a7 m# V-3 (o)
= A(z)g(x) + C(z)

where g(x) =z fo d7 (F— 1)e*” and C(z) = = fol dr (1 — 3) Jg dF m7™ e . More-
over from (C.5) we have fm(z,0) = A(z) + B(x) and thus:

erT _ 1 1 ~ T -
fm(z,7) = . <1 - ex/ dr m%M1em> —1—6”/ d7 m#™ e ™ 4 f,,(x,0) .
0 0
(C.7)
We can now extract the trace of powers of M := K (x1/\e) from the series of the coefficients
of 7 in the expansion of f, :

Frm(x) =Y (7| M|
n=0 . (C.8)

= i (frm(z) — 1) Zm"tr/\/l".
m=1 n=1

The coefficients fy,m(x) can be read from (C.7):

e —1 m! K m! m—k —k
@) = G 2 ot T 2 + Jn(@,0),
k=0 k=0
o (C.9)
1 xk
= Sl =157 2
k=m+1
Thus we get:
o o0 oo k. o0
1 T 1 k—1
n n _ _ k
oAM= Y Y = PPy
n=1 m=1k=m+1 =2
x 1 < Bu, C.10
=1—-x— x_lz—g:z—zﬁx , ( )
n=2
n Bn
=  trM =—— forn>2,
n!
where B,, are the Bernoulli numbers. O

Proof of Proposition 5.4.12. We have to evaluate the diagrams of the kind depicted in
figure 5.14. The amplitude I,, for a tree rooted on a B boundary field and ending on « is:

I, = (—1)"“/ ( +1)<]B%(1)(To)7771(70771)'''77[(Tn—177n)771(ﬂ~“ 1)ady aydrg - - - d7y,
I>< n
(C.11)
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where n;(7,7") = ©(7 — 7/) — 7. The result of this integral can be expressed in terms of
the Bernoulli polynomials:

n+1( ) - Bn+1 n
/<]B% (1 D ad] a) . (C.12)
To prove (C.12), let us define the operator Kg(7) := [; n7(, 7")g(7")d7’ and the generating
function -
=> a"K"(t) . (C.13)
n=0

This function satisfies the differential equation:
0
Ef(a:n’) =zf(x;7)+1— /If(l‘;T/)dT/ =uzf(z;7)+ C(x) , (C.14)

where C'(x) does not depend on 7. Since only the term n = 0 contributes to f evaluated
on the endpoints 7 = 0,1, f satisfies f(x;0) = 0, f(x;1) = 1. Solving the differential
equation with this boundary conditions we get:

oo

- ZO Bn*?gi_l)?"“xn . (C.15)

1 _ e$7’ 1 T TT

flz;m) = :5(1_696—

1—e”®

ze
1 —ex)

Since K(1) = 0, we have K"(n;(7;1)) = —K"™(n7(7;0)). Thus, similar contributions
to C.12 come from trees ending on a (the main difference being in the term for n = 0) or
rooted on B or on b. By summing over n we get, for the tree part of the effective action:

1 ~
se = / Bey(r) — Beoy (7). G (r, ada, o + G (7, aday )7+
0

(C.16)
+(b", Fy(ada, ) + F_(ada, )@) .
The amplitude for a wheel diagram is:
ih n
—ntr(adal)/ dry - dry nr(m1572) -+ 01 (Ta—15 )01 (To; 1) - (C.17)

This integral is the same as the one appearing in [42] and can be computed with the
technique used to prove equation C.1. The result for the loop contribution to the effective
action is thus:

n Bn ) sinh(ad,, /2)
loop 1h2—tr ad — = —ih tr(log <a€131/12>) . (C.18)

n=2

O]
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APPENDIX

Two technical proofs

D.1 Proof of Proposition 5.4.5

Here we present a direct computational proof that 2 = 0 for a stratified circle, with any
choice of polarizations on the edges and corners.

First note that edge contributions Q%, QI}B and pure corner contributions (27, Qg all
square to zero. Also, edge contributions and pure corner contributions commute. In
particular, we have

02 = 37 () 4 [0 0l 4ol 0.1)
k

Denote BCH(z,y) = log(e®e¥) for =,y € g — the Baker-Campbell-Hausdorff group law.
We will need the following identities

BCH(z,y) = = + F(ad,)y + O(y?) , BCH(z,y) =y — F_(ad,)z + O(z*) (D.2)

which are the cases of the BCH formula when either first or second argument is infinites-
imal.

Let us study e.g. a 3-corner p surrounded by a B-edge I’ on the left and an A-edge I on
the right. We have'Qgﬂ A — QgA given by (5.94). Applying this operator to a wavefunction
of form ¢(8) = e 707 with z € g a parameter, yields

: d i €
QA = (8, F i (ads)Ap) ¢ = ih - e nPBOMEch) (D.3)

with e an odd parameter. Here we have used the first identity in (D.2). Note that similarly

+(BBCH(e Ap,z))

one can write Q;,ww = —ih%e_ , using the second identity in (D.2).
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This implies:

(Q24)%y = (ih)zi d —i(BBCH(BCH(.c1 Ap) e 4p))

deg diel
d d i
— (ih)2-2 % o~ H(BBCH(@BCH(e1 Apez hp)))
dey deg
— (ih Qi i e_%<ﬁ7BCH(x7(el+€2)Ap_%€152 [Ap,Ap))) (D 4)
deg deg .
d d i 1
= (ih 2 — e_ﬁ<'87BCH(mﬂ_§€152 [Ap,Ap]))
deg deg
iA 9 BA A OBA
= —5 ([, &) Mp}% ¥ = — [0, QP |

Note that the main trick of this computation is the use of associativity of the BCH
formula. Operators (QgA)2, [Q‘}“,QgA] are multiplication operators in the variable A,
thus the computation above, for ¢ independent of A, is sufficient to ascertain that
(QgA)Q + [95‘*, Q4] = 0 as operators. Further, note that [QgA, 0%] contains derivatives in
IBBI(,D and therefore vanishes on admissible states, in the sense of Assumption 5.4.4. This
proves that the contribution of a BBA corner to Q2 (cf. the right hand side of (D.1))
vanishes. The case ASB is an orientation reversal of the case we just studied; it is treated
analogously and also yields a zero contribution to the r.h.s. of (D.1).

Case of an ASA corner is treated similarly. Here Qﬁﬁ A= Qf}ﬁ + QgA. We have
(QIB)A)2 + Q5% Q%) = 0 as above, and similarly (Qﬁﬁf + 957,041 = 0. We also need to
understand the term [Qﬁﬁ , QgA], which is done similarly to (D.4):

d d i
A8y, — _im2 L 4 i(8BCH(e Ay 0.BCH(,e1 Apio))
b S (in) des dele "

: d d i € x),€
— _(in 2d7€2d7qe HBBCH(BCH(e2 Ap-n)er Arro))) — _BAORSY,

(D.5)

Hence, [QﬁB,QIéA] = 0 and the contribution of an ASA corner to the r.h.s. of (D.1)
vanishes.

In the case of an AaB corner, we have QﬁaB = Q7 + QZO,‘B. By a computation similar
to (D.4), one shows that ((Qg‘ﬁ)2 + [Qg’QgB])@b = 0 for ¢ = e~ 7 (Bpoa). Together with
(Qg‘)2 = 0, this shows that (QZ‘?O‘B)Q = 0. Furthermore, [Qﬁaﬁ, %] = 0and [QI‘,MB, I
on admissible states. Thus, the contribution an AaB to the r.h.s. of (D.1) also vanishes.
Orientation-reversed case BaA is similar.

Case of a BaB corner is similar to the above: we have Q%O‘B = QEQ +Qp + QS‘B. As
above, we have (QSE)Z + [Q2,95%] = 0 and similarly (an)Q +[Q2,98% = 0. One also
trivially has [QE“,Q%B] = 0. Thus, (QEO‘B)Q = 0. Also, the corner contribution to €2
commutes with the edge terms on admissible states. This proves that the contribution of
a BaB corner to the r.h.s. of (D.1) vanishes, too.
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Cases of AaA and BSB corners are trivial. This finishes the proof that all terms in
the sum (D.1) over the corners vanish, and thus Q2 = 0 for an arbitrarily stratified and
polarized circle.

D.2 A check of the chain map property of the inclusion of
the small model for A-states on an interval into the full
model

One can check directly that (5.128) is indeed a chain map. First, it is clearly an algebra

morphism (w.r.t. the standard supercommutative pointwise product on Fun(---)), so it

is enough to check the chain map property on a set of generators of H™!. Assume for
simplicity that g C Maty is a matrix Lie algebra and choose as generators

fop=trphy,  gpi=trpel, (D.6)
with p € Maty arbitrary parameter and & = 0,1. From (5.126) and (5.128), we imme-
diately obtain that iy o Q5™ = ) o 43, when applied to the generators fr,p- For g,

from (5.126,5.128) and from the rule for the deformation of holonomy under an infinitesi-
mal gauge transformation, we obtain:

(i3 0 Q™M) g, = (Qoiy)g, = —ilitrp (U(A) - Ay — Ay - U(A)) . (D.7)
Here we used the observation that Qsmallg, = —ifitr p(eXc; — cpe’) with shorthand nota-
tion cg = Ay, c1 = Ay, X = A. Indeed, we have
i small =~ __ 1 P q
ﬁQ gp = trp Z mX (F+(adX)Cl + F_ (adX)CO)X
. D.8)
(-1)'Bf, . (-1)'B,, (
—t It xitpe, xlte 2 T TIH xdAp . it
e §: p+q+1 < i “ i “ )

,4,3,{>0

where B} and B; are the Taylor coefficients of F;(z) and —F_(x), respectively. Note
that, for x,y scalars, we have

I p+
3 1 (=1 By g Py lta —
(p+q+1) U Y

xPyd (-1)'B},, |

P,4,5,120 p,q20 7,10
e’ —eY
= Fi(z—y)=¢"
r—y
(D.9)
., 1 VB apir
and, similarly, Zp,q,j,lZO RSy jmj x? TPy T4 = e¥. Thus:
i
—Qemally | — ¢y p(eX01 - coeX) (D.10)

h

as claimed.
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