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A RIEMANN-HILBERT APPROACH TO THE HEUN’S
EQUATION.

BORIS DUBROVIN AND ANDREI KAPAEV

ABSTRACT. We describe the close connection between the linear
system for the sixth Painlevé equation and the general Heun’s
equation, formulate the Riemann-Hilbert problem for the Heun
functions and show how the Riemann—Hilbert formalism can be
used to construct explicit polynomial solutions of the Heun’s equa-
tion.

1. INTRODUCTION

General Heun'’s equation (GHE) [10] is the 2nd order linear ODE
with four distinct Fuchsian singularities depending on 6 arbitrary com-
plex parameters. Without loss of generality, three of the singular points
can be placed at 0,1 and oo while the position a of the fourth singu-
larity remains not fixed. The canonical form of the general Heun’s
equation (GHE) reads

2 —
dy+(7+ i +L)@ a4, _q,

dz? z z—1 " z—aldz  z2(z—1)(z—a)
Y+E+e=a+pF+1, a#0,1, (1.1)

where the parameters «, (3, 7, K, € determine the characteristic expo-
nents at the singular points,

z=0: {0,1—~},

z=1: {0,1—k},

z=a: {0,1—¢},

z=00: {a,pB},
while the remaining accessory parameter ¢ depends on global mon-
odromy properties of solutions to (1.1).

The general Heun’s equation together with its confluent and trans-
formed (trigonometric and elliptic) counterparts like Mathieu, spher-
oidal wave, Leitner—-Meixner, Lamé and Coulomb spheroidal equations
finds numerous applications in quantum and high energy physics, gen-
eral relativity, astrophysics, molecular physics, crystalline materials, 3d
wave in atmosphere, Bethe ansatz systems etc., see [25, 11, 1, 23] for a
comprehensive but not exhaustive list of references.

Importance of the Heun’s equation (1.1) is due to the fact that any
Fuchsian second order linear ODE with 4 singular points can be reduced

to (1.1) by elementary transformations, while a trigonometric or elliptic
1
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change of the independent variable yield linear ODEs with periodic and
double periodic coefficients, see [27], [2], [21].

The GHE is the classical example of the Fuchsian ODE that does not
admit any continuous isomonodromy deformation. To overcome the
difficulty in the construction of the isomonodromy problem, R. Fuchs
[7] added to four conventional Fuchsian singularities one apparent sin-
gularity that is presented in the equation but is absent in the solution.
Position y of this apparent singularity is changed together with the
position of the Fuchsian singularity = according to the second order
nonlinear ODE known now as the sixth Painlevé equation Pyy. In [5],
it was observed that under certain assumptions the apparent singular-
ity disappears at the critical values and movable poles of y, and the
linear Fuchsian ODE turns into the general Heun’s equation.

In the present paper, instead of the scalar second order differential
equation with apparent fifth singular point we shall use its first order
2 x 2 matrix version with four Fuchsian singular points. We will give
a detailed proof that the general Heun’s equation appears at the poles
of Pyr, formulate the Riemann—Hilbert (RH) problem for the general
Heun’s equation and explore some implications of the RH problem
scheme to the Heun transcendents. In fact, we show how one can obtain
the Heun polynomials (i.e., polynomial solutions of (1.1)) within the
suggested Riemann—Hilbert formalism.

2. REDUCTION OF THE LINEAR DIFFERENTIAL SYSTEM FOR Py TO
THE GENERAL HEUN’S EQUATION (GHE)

2.1. Isomonodromy deformations of a Fuchsian linear ODE
with four singularities.

The modern theory of the isomonodromy deformation was developed
in the pioneering work of M. Jimbo, T. Miwa, and K. Ueno [16, 17],
although its origin goes back to the classical papers of R. Fuchs [7],
R. Garnier [12], and L. Schlesinger [22]. We shall briefly outline the
theory in the case of the 2 x 2 matrix Fuchsian ODE with four singular
points. The reader can find more details in the works [16, 17] (see also
Part 1 of the monograph [5]).

The generic first order 2 x 2 matrix Fuchsian ODE with four singular
points can be written in the form,

A
— = ANVT 2.1
with the coefficient matrix
LA A Ay
AN =T+ -+t ;Aj_—éag, §#0 (2.2)

where o3 = ( (1) _(1) ) In sequel we assume that

Tr A(M\) =0,
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and denote
ta;, j=1,2,3, 2a;¢LZ.
the eigenvalues of the matrix residues A;.
The deformation,
A(N) = A(A z),
with respect to the position of the singularity A = z is isomonodrtomy
iff W(\) = U(\, z) satisfies an auxiliary linear ODE with respect to this
variable,

ov A
I =BANY, B(\) = .

In [17], it is shown that the unique zero y = y(x) of the (liner in \)
entry Ajo(\) satisfies the classical sixth Painlevé equation Pyr,

Yoo = <+—+ ng+ﬁ+ﬁﬁx

(2.3)

+y(§2_(i)—(y1)_2x) {CKO + 50 + 70( )2 + do f;x wl } . (2.4)

where

1\? 1
Qo = 2 (6_ 5) ) 50 = _204%, Yo = 20(%, 50 =-2 (Oég — Z) .

Suitable parameterization of the coefficient matrix A(\) of the Fuch-
sian equation (2.2) and appearance of the sixth Painlevé equation Py
satisfied by this zero y(x) are explained in more detail in Appendix A.1.

2.2. Movable poles of Pvyj.

In [5], p. 86, it was observed that, at the critical values y = 0,1,
and movable poles y = oo, the linear matrix equation (2.2), (A.1)
becomes equivalent to the GHE. In this subsection, we describe the
way in which the Heun’s equation emerges at the movable poles of the
Painlevé functions with more details than in [5].

2.2.1. Laurent series solutions to Pyry.
Ifo # %, then equation Py admits a 2-parameter family of solutions
with the following leading terms [13] of the Laurent expansion
y(z) = ca(z—a) " +eo+ar—a)+ el —a)?+ O((x —a)’), (2.5)
where a € C\{0,1}, ¢y € C are arbitrary, while all other coefficients
are determined recursively by a, ¢y, 0 = +1 and the local monodromies
Oéj, ] = 17 27 37
1= a;((g—__;, oe€{l,—1},
1 2
co—3 co—%
a  a—1

+ 50— 3){1 - 1(6¢¢ - 4%+1%+a(6 —&m+a}
+ el =300 — 9 + 505 — 1) — s (el — D))

01:]_—

etc.
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If§ = %, then the movable poles of solutions to Pyy are double [13],

y(x) =c oz —a)?+c (v —a) "+ e+ Oz —a), (2.6)

where a € C\{0,1}, c_o € C\{0} are arbitrary, and all other coef-
ficients are determined recursively by a and c¢_5 and the local mon-
odromies «;, j = 1,2,3,

2a — 1
C_1] = —F——<C_9,
"Tala—1)7
C_2
COZ%((I—Fl)—i‘m(lQa(a—l)—i‘l

— 4aa’ + 4(a — 1)a3 — 4a(a — 1)(a3 — %1)),

etc.

2.3. The coefficient matrix A()\) at the movable poles of Py;.
In this subsection, our concern is the behavior of A(\) at the poles of
y(x). We shall use the parameterization of A(A) given in (A.1). As we
will see, the coefficient matrix is continuous at the simple poles with
positive o (that is, § # %, o = +1) and is singular at the poles of any
other kind. In the latter case, the linear ODE can be regularized by a
suitable Schlesinger transformation [17], and all three resulting regular

linear ODEs are equivalent to the GHE.

Theorem 2.1. At any pole of a solution to Pyy, the associated linear
ODFE (2.1) is equivalent (in some cases after a suitable reqularization)
to GHE (1.1). Moreover, the pole position becomes the position of
the fourth singularity in GHE while the free parameter of the Laurent
expansion of the Painlevé function determines the accessory parameter
in GHE.

Remark 2.1. The part of this statement concerning the relation of the
free parameter of the Laurent expansion of the Painlevé function and
the accessory parameter in GHE, in the case of § # %, has been al-
ready established in [18]. In [18] the authors are using a very different
approach based on the discovered in [18] remarkable connection of the
classical conformal blocks and the sixth Painlevé equation. The au-
thors of [18] also make use of the striking fact (first observed in [24])
that the Heun’s equation can be thought of as the quantization of the
classical Hamiltonian of Pyr .

In the following subsections, we give the detailed proof of Theorem
2.1 considering each case individually.
2.3.1. 6 #0,3, and 0 = +1 (regular case).

In this case, the coefficient matrix remains continuous. In more
details, using (2.5) along with (A.2), one finds

k= ko(x —a) + O((x — a)?), ko=const, = —a
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(seeeq. (A.1) in Appendix A for the definition of the functions k = k(z)
and £ = R(x)). This zero cancels the simple pole of y(x), so the (1,2)-
entry of the matrix A(A) remains bounded. Furthermore, the direct
computer-aided computation yields the continuity of all other entries
as well,

ag)\2+b3/\+03 Cq
AN =
V=000 3000’
b_A+c_
_ — (2
+)\()\—1)()\—a)0 +0(x—a), x—a (2.7
Here and below o, = (8 (1)), o_ = (1) 8 . The coefficients

as, bs,c3,cy, b, c_ are expressed in terms of the local monodromies
0, a1, (g, a3, the position of the pole a and the coefficient ¢q of the
Laurent series (2.5). Complete details can be found in Appendix A.2

2.32. 6 #£0,3,1, and 0 = —1 (generic singular case).
Now, the function x develops a pole as x — a,

k=rko(r —a) '+ O(1), ko=const, x—a,

and the matrix A()\) becomes singular. To overcome this difficulty, one
can apply first a suitable Schlesinger transformation [17]

AN) = ROVAMNRN) ™ + RA(N R,

that regularizes the equation (2.2) as x — a.

Assume first that § # 1. The needed Schlesinger transformation
shifts the formal monodromy at infinity 6 by —1, i.e. 6 — 6 — 1; it is
given explicitly by

1+z—2p—y(26+1) K
A+ 253—y1) 251 .
Ro(\) = 5 . 0£L 1 (298)
201
= 0

K

It is straightforward to check that the transformed matrix A remains
regular at the pole x = a, and the limiting coefficient matrix is as
follows,

A= (RyARg" + (Ro)aRo )| _. =
_a3A2+83A+630+ b+ ¢y - e U
A= —a) P T A=A —0a) T T AA=1D)(A—a)
(2.9)

where expressions for the constant parameters ag, bs, ¢s, by, ¢y, ¢ in
terms of the parameters a, ¢y and the local monodromies can be found
in Appendix A.3.
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2.3.3. § =1, 0 = —1 (the first special singular case).

Let us proceed to the case 6 = 1 and ¢ = —1. We choose the
Schlesinger transformation that changes the formal monodromy at in-
finity and at the origin by one half,

5:1r—>5—%:%, @1’-)041—%,

and is given by the gauge matrix Ry (),
1 (AN+qg —k Z 4+ aqx
Rl(/\)z—(_gg 1), g=-p—y+ yl . (2.10)

K

The transformed coefficient matrix A is regular at the pole z = a,
and its limiting value is as follows,

A= (RAR' + Ry,RY|,_ =

asA2 + s\ + 5 b+ ¢, b

I N TC A Y6 W § 5 W L 5 W Y W

(2.11)

where the explicit expressions for the constant coefficients are given in
Appendix A .4.

If § = 5 then the Laurent expansion with the double pole (2.6)
implies that the coefficient matrix A(\) is singular at * = a. The
chosen regularizing Schlesinger transformation shifts § +— § + 1,

2

— ~ R _ _1 —
Ry(\) = (g )\+g2)’ g2 s2p+2y—25+2+1).  (2.12)

o

The transformed matrix, A = RyAR; ' + Ry\R; ", is regular at the
pole x = a and, at this point, takes the value

. asA2 4 b3\ + ¢ ., b_A+
AN = _
N =000 000 "o 00 -0
. ) (2.13)
where the coefficients as, bs, ¢3, ¢4, b_, ¢_ are presented in Appendix A.5.

2.3.5. GHE from the linear ODEs at the poles of Pyr.

In this subsection, we show that all the linear matrix ODEs corre-
sponding to the poles of the sixth Painlevé function are equivalent to
the GHE.

Observe that the coefficient matrices of the form (2.7) corresponding
to § # 0, %, 1 and 0 = +1 as well as the regularized coefficient matrix
(2.13) corresponding to § = 3 coincide with each other modulo no-
tations. Similarly, mutatis mutandis, the matrix (2.9) for ¢ # 0, %, 1,
o = —1 is the oy-conjugate of the previous coefficient matrices. The co-
efficient matrix (2.11) for § = 1, 0 = —1, is an inessential modification
of (2.9). It is enough then to consider the cases (2.7) and (2.11).

Consider first the coefficient matrix (2.7).
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The first order matrix equation for the function W(\) is always equiv-
alent to the second order Fuchsian ODE for the entry Wy, () of the first
row of the matrix function W(\). However, extra (apparent) singular-
ities might appear in the process of excluding the entry Wy, (\). In
the case of (2.7), however, the rational function representing the 12 -
entry of matrix (2.7) does not have A in its numerator. Hence, when
the entry Wy, () is excluded from the system, no apparent singularities
appear. Therefore, in the case (2.7), the entry Wy, () of the first row
of the matrix function ¥(\) satisfies a linear 2nd order Fuchsian ODE
with 4 singular points without any apparent singularity and therefore
is equivalent to GHE. It is, in fact, straightforward to check that the
function

u(A) = A\ — )22 (A — 1)%90,,(\) (2.14)

satisfies the general Heun'’s equation in its canonical form (1.1),

1—-20; 1-—2as 1—2a3> PN+ v
" !/

I G S e e L N —a)(A—1)
p=(ag+as+az—20)(ag +as+az+9—2),
V:a1+a2—(a1+a2)z+a§—52

+ala; +as — (a1 +az)® +ai —0%) +b3(26 — 1). (2.15)

u =0,

Observe that the expression for the accessory parameter v in (2.15)
besides the pole position and the local monodromies, involves the co-
efficient b3 in the parameterization of the entry A;;. Thus, taking into
account formula for b3 in (A.4), we see that the accessory parameter v
is determined by the free coefficient ¢y ( or c_5 in the case (2.13 - see
(A.7))) in the Laurent expansion of the sixth Painlevé transcendent.
For the coefficient matrix (2.9), corresponding to to 0 # 1, 0 = —1
a similar statement is valid for the entries of the second row of W(\),

'U()\) = )\(11 ()\ — a)aQ()\ — 1)0(3\1!2*()\),
y 1—2a07 1-200 1-2a3)\ , AN+ U
v+ ( S PR )v Mh—a)(A—1)
,zl:(a1+a2+a3—5—1)(a1+a2+a3+6—1),
v=a1+as— (a1 +az)? +ai — (6 —1)°

t+alog + a3 — (g +a3)?+02 — (6 —1)%) +b5(26 — 1), (2.16)

v =0,

In the case (2.11) corresponding to § = 1, 0 = —1, the function

1

GA) = AN — @) (A — 1)% W, (\) (2.17)
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satisfies the following Heun’s equation,

S«

,/+<1—2041+1—2062 1—2045 /.VL)\—FD {):07

) e oo t)? AN —1)(h—a)
= (a1 + as + as — 2) (a1 + as + ag),
V="bs—La+1)+ar+a— (g +a2)’+ ]

+ala; +as — (a1 +az)* +a3). (2.18)
This completes the proof of Theorem 2.1.

3. RIEMANN—HILBERT PROBLEM APPROACH TO THE HEUN’S
EQUATION

Main result of this section is the formulation of the RH problem for
the general Heun’s functions in the generic case

2@1,20&2,20&3,25 ¢ 7. (31)

We shall start, following closely references [15, 5], with the standard
definition of the monodromy data for Fuchsian system (2.1 - 2.2) and
with the related Riemann—Hilbert problem for the sixth Painlevé equa-
tion.

3.1. Monodromy data.

Ey Ey

E

FiGure 3.1. The jump contour v for the RH problem 1.

Let Ay = 0 and A3 = 1. Then fix a point Ay = z € C\{0, 1, o0},
choose a base point Ay € C\{0,1, 2,00} and cut the complex plane
along the segments

[)\0, )\1] U [)\0, )\2] U [)\07 )\3] U [)\0, OO]

Encircle the points Ay = 0, Ay = & and A3 = 1 using non-intersecting
circles C;, j = 1,2, 3. Denote « the graph

Y= [/\0, /\1] U [)\0, )\2] U [)\07 >\3] U [)\0, OO] U U?Zlcj'

and orient it as in Figure 3.1. Denote also D;, j = 1,2,3 the interiors
of the circles C; and Dy the domain

Dy = (CW) \ <U?=1Dj)
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The domains D; are assigned to the principal branches of the Frobenius
(canonical) solutions to (2.1) at the Fuchsian singular points defined
by the conditions,

\I]]()\> :E(I‘FO(/\—)\j))(/\—Aj)ajaB, /\—>/\j, AE Dj,
j=1,2,3, detT; =1,
Vo = (T +ONNA8 XN =00, A€ Dy (3.2)

Here, the branches of (A — X\;)%, j = 1,2,3, and A~ are fixed by the
condition

arg(A — \j) = m, argA—m, as \— —oo.

Given a pair of the characteristic exponents (a;, —a;), the matrix of
eigenvectors T; € SL(2,C) is determined up to a right diagonal factor.
In contrast, the Frobenius solution W, () is normalized and therefore,
as soon as the pair (—0, ) is fixed, it is determined uniquely.

The matrices of the local monodromy are defined as the branch ma-
trices of the Frobenius solutions,

\Ilj(Aj + ()\ o )\j)GQﬂi) — \Dj ()\)627'(7;04]'0'3’ \1100(627”)\) — \IIOO(A)G_Qﬂi(SU3.
(3.3)
Introduce also the connection matrices between Frobenius solutions at
infinity and at the finite singularities,

T;(\) = Too(N)E;. (3.4)

Similar to W¥;(\), the connection matrices £; are determined modulo
arbitrary right diagonal factors. In contrast, the monodromy matrices
M;

M; = E;e*™ 7 1 (3.5)
are determined uniquely. The monodromy matrices are the branching
matrices of the solution W, (\) at the singular points \;, j = 1,2, 3;

namely, one has that
Voo Aj+ (A= 2))e*™) = U (MM, j=1,2,3. (3.6)
Together with the matrix,
M, = e 273 (3.7)
they generate the monodromy group of equation (2.1),
M =< My, My, M3, My >, Mj ESL<2,(C),
and are subject of one (cyclic) constraint,
M1M2M3 - Moo (38)
Given the local monodromies, each of the monodromy matrices M;
depends on 2 parameters. The total set of the 6 parameters determining
the monodromy matrices M;, j = 1,2, 3,00, is subject to a system of
3 scalar constraints. Thus the parameter set of the monodromy data

involves generically 3 parameters. One of these parameters corresponds
to the constant factor kg determining the auxiliary function s - see
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(A.1), (A.2). This is a reflection of the possible conjugation of A(\) by
a constant diagonal matrix - the action which does not affect the zero of
Aqa(N), i.e., the Py function y(x). Neglecting this auxiliary parameter,
the space of essential monodromy data, M, is invariant with respect
to an overall conjugation by a diagonal matrix and can be identified
with an agebraic variety - the monodromy surface, of dimension 2 (see
below equation (3.11)). At the same time, the full space of monodromy
data, can be represented as

M=MxC, dimM =2, (3.9)

In [15], M. Jimbo has proposed a parameterization of the 2-dimen-
sional monodromy surface M by the trace coordinates invariant with
respect to the overall diagonal conjugation. Namely, letting

aj =Tr M; = 2cos(2maj), j=1,2,3,00, o =79,
tij = Tr (M;M;) = 2cos(2moy;), 1,5 =1,2,3, (3.10)

one finds the relation between all these parameters for a 2-dimensinal
surface called the Fricke cubic,

tiatosts + 1y + thy + 15
— (@102 + a3000)t12 — (G203 + 1000 )tas — (301 + A2000 )31
+ a3 + a3+ a; +aZ, + a1a2a300, — 4 = 0. (3.11)

According to [14], apart from the singular points of the surface (3.11),
the monodromy matrices can be written explicitly in terms of the vari-
ables ¢;;. Exact formulae can be found in [15] and [14].

Each point of the surface M represents an isomonodromic family of
equations (2.1) which in turns generates a solution y(z) of the Painlevé
VI equation. Hence, the Py transcendents can be parameterized by
the points of M. In fact, at generic points of the Fricke cubic one can
use any pair of the parameters ¢;; or 0;; to parameterize the set of the
corresponding Painlevé functions. For instance, one can choose,

t.= t12 =Tr (MlMQ), S = t1,3 =Tr (MlMg), (312)

so that we have the parameterization of the Py functions by the pair
(t,5),

y =y(x;t, s). (3.13)
It also should be mentioned that some of the physically important
solutions, e.g. the so-called classical solutions to Pyy, correspond to
non-generic points of the monodromy data set and for their parame-
terization one can use the full monodromy space 9. We refer to [9] for
more detail on this issue.

3.2. Riemann—Hilbert problem for Psj.

The inverse monodromy problem, i.e., the problem of reconstruction
of the function ¥, and hence of the corresponding Painlevé function
y(x), from their monodromy data is formulated as a Riemann-Hilbert
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(RH) problem. The direct and inverse monodromy problems associated
with the equation Py were studied by several authors. We mention
here the pioneering paper [15], and subsequent papers [4, 3, 9].

We shall now formulate precisely the Riemann—Hilbert problem cor-
responding to the inverse monodromy problem for Fuchsian 2 x2 system
(2.1).

Riemann—-Hilbert problem 1. Given x, 0, «o; (20,2a; ¢ Z), j =
1,2, 3, the oriented graph ~ shown in Figure 3.1 (with A\ = 0, Ay = x,
and A3 = 1) and the jump matrices M;, E;, j = 1,2,3, all assigned
to the branches of v and satisfying the conditions (3.5 - 3.8), find a
piecewise holomorphic 2 X 2 matriz function V() with the following
properties:
(1) |T(MN2 — I|| < C|A\|~! where C is a constant and X\ — oo,
(2) TN =)~ 4% < Cj as X = \;, where C; are some con-
stants, 7 =1, 2, 3.
(3) TN < Co, where Cy is a constant and \ approaches any
nodal point of the graph =,
(4) across the piecewise oriented contour vy, the discontinuity con-
dition holds,

W) =T (NGO, Aen,
where W, (\) and V_(\) are the left and right limits of W(\)

as A transversally approaches the contour v, and G(X) is the
piecewise constant matriz defined on v, see Figure 3.1.

Proposition 3.1. If a solution to the RH problem 1 exists it is unique.

Proposition 3.2. Having the canonical solutions V;(\) of (2.1), the
equations

U(A\)=¥;(N\), AeD;, j=1,23 00, (3.14)
define the function which solves the RH problem 1 whose data are de-
termined by the corresponding monodromy data.

Proposition 3.3. Conversely, if for given x, 0, o, and matrices M,
E; the RH problem 1 is solvable then the function W(\) satisfies the
Fuchsian system (2.1) whose Frobenius solutions are determined by the
solution W(\) of the RH problem according to the equations (3.14) (read
backwards) and whose monodromy data coincide with the given RH
data.

The proofs of these propositions are standard, see, e.g., [5].

Assuming that the RH problem 1 is solvable, the Painlevé function
can be extracted from the asymptotics of its solution at infinity. Indeed,
introducing the matrices & = {ddjk }ij=1,2, k = 1,2, by straightfor-
ward computations we find the asymptotics of WU, ()),

Ydios+ 21C11T0a22¢C2) \ —00+
Ueo(N) = (T + 2001 + 5ty + O(55)) exhost sz (danfitdznsz) y oo
A — 00, (3.15)
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where the coefficient matrices v, and vy are off-diagonal. The expres-
sions of Yy, dy; in terms of the coefficients of A(\) (see (A.1)) can be
found in Appendix A.6.

Using (A.8), namely, the o -components (¢4 )4 and (9)4 of ¢; and
1y respectively, and the scalars di, dsy, das, we find

k= (26 = 1)(th)1,

_ (0 — 1)(¥2)+ 0+ 3
p_—é(x—l—l)—i-Z(s((s %)( ) +d15 %7
I | U N
S 8 (T P
= —doy + dyy — 20(d2 + doz) —

S
<w—§xmp.+2w—§> s+ 1) v

3.3. Riemann—Hilbert problem for the Heun’s function.

Main result of this section states that the RH problem for the Heun
function coincides with that for Py supplemented by the additional
condition of triangularity of the sub-leading term of the asymptotic
expansion of W(\) as A — oc.

Again, we consider the non-resonant case 2a71, 2as, 2a3, 28 ¢ Z.

3.3.1. Limiting equation (2.2) and the ¥ - function at the pole x = a
of y(z) as § # 3 and o = +1.

Consider the Laurent expansion (2.5) with ¢ = +1 and the corre-
sponding coefficient matrix (2.7). For z in a punctured neighborhood
of the pole x = a, there exists an isomonodromy family of W-functions.
Furthermore, the continuity of the coefficient matrix with respect to x
implies the continuity of the Frobenius solutions (3.2) at x = a as well.

On the other hand, the form of the coefficient matrix (2.7) with
az = —¢ implies the following asymptotics of the solution to the linear

ODE v, = AV,
W(N) = (I ks + O Ao o) 3 s o, (3.17)

where the main difference from the asymptotic parameters in (3.15),
(A.8) is the lower-triangular structure of the coefficient v,

b_
Y L
di = —bs+d(a+1),
cyt b_(a+142b3)+c_(26+1)
TP K A6+ 1)(0+ 1) o
dy = 3(=bs(a+1) =5+ (1 +a+a)). (3.18)
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We point out that the lower-triangular structure of ¥); implies the lower-
triangular structure of the O(A~1)-term in the expansion (3.17).

All other principal analytic properties of the limiting function W(\)
including the leading order asymptotics at the singular points and the
monodromy properties coincide with those of the function W(\) at the
regular points of the Painlevé transcendent located in a sufficiently
small neighborhood of the pole x = a.

Thus we have shown that the RH problem for the function W(\) at
the pole of the sixth Painlevé transcendent y(z) as § # 3 and o = +1,
and therefore the RH problem for a solution of the general Heun’s
equation (2.15), coincides with the RH problem 1 supplemented by the
condition of the lower triangularity of the coefficient 1), at infinity:

Riemann-Hilbert problem 2. Given x, 6, «; (20,2c; ¢ Z), j =
1,2, 3, the oriented graph ~ shown in Figure 3.1 (with \y =0, Ay = a,
and A3 = 1) and the jump matrices M;, E;, j = 1,2,3, all assigned
to the branches of v and satisfying the conditions (3.5 - 3.8), find a
piecewise holomorphic 2 X 2 matriz function V() with the following
properties:
(1) [[T(A)N7s — || < CIA|7Y, C = const, as A — oo,
(2) llm/\*mo )\(@()\))\603 - 1)12 = O,
(3) IT(A)(A = Aj)~ 78| < Cj, C; = const, as A\ — \;, where
>\1:0, )\QZCL, )\3:1,
(4) [[¥(N)]] < Co, Cy = const, as X approaches any nodal point of
the graph -,
(5) across the oriented contour vy, the discontinuity condition holds,

Ui(A) =T (NGA), Aer,

where W (X\) and V_(\) are the left and right continuous limits
of W(A) as A approaches the contoury, and G(\) is the piecewise
constant matriz defined on v, see Figure 3.1.

Let us show that, conversely, this RH problem leads to the structure
(2.7) of the coefficient matrix A(\). Let ¥(A) be a unique solution
of the RH problem 2. First, det U(\) = 1 since this determinant is
piecewise holomorphic, continuous across the graph 7, bounded at A;,
j =1,2,3, and at the nodes of the graph v and approaches the unit
as A — oco. Consider now the function A(\) = W, ¥~!. It is piecewise
holomorphic, continuous across <, has simple poles at A = A;, j =
1,2,3, and A\ = oo, is bounded at the nodes of v and therefore it is
rational.

The conditions (1) and (2) of the RH problem 2 imply the asymp-
totics

TA) = [+ YA +ON )N A= oo,
where ()12 = 0. Therefore
) 1

A(N) = 303~ F(% + [¢1,08]) + O(A7?), A — o0,
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1.e.
(A(M)2 = OA7?).

All these properties of A(A) imply its structure given in (2.7). Thus,
using (2.14), the first row of W()\) determines a fundamental system of

solutions to GHE (2.15).
We have proved the following

Proposition 3.4. Solution of the RH problem 2, if it exists, determines
a fundamental system of solutions to GHE (2.15) with the prescribed
monodromy properties.

The accessory parameter v in (2.15) is also determined via the RH
problem 2. Indeed, v can be extracted from the asymptotics of W(\) at
infinity. Namely, the parameter d;, i.e. the diagonal part of the term
O(A71) of the asymptotic expansion of WA°73, determines the coefficient
bs in the coefficient matrix (2.7) and hence the free coefficient ¢, in the
Laurent expansion (2.5) and the accessory parameter v,

b3:—d1+6(a+1),
b3ta—-1 —di+a(d+1)+6—1
Y S R 26 — 1 ’
v=—di(20 — 1) +a;+ay— (a1 +az)* + a3 — 6°
+ala; +as — (a1 +az)* +a3 — %) +0(25 — 1)(a+1). (3.19)

Remark 3.1. The condition (2) of the RH problem 2 can be in fact
thought of as an addition to cyclic relation (3.8) restriction on the mon-
odromy matrices {M;} which would also involve the point a. This re-
striction can be formulated in terms of the sixth Painlevé transcendent
in two different but equivalent ways. Firstly, introducing on the mon-
odromy surface M coordinates t and s (see (3.12)), let y(x) = y(x;t, s)
be the corresponding sixth Painlevé function (cf. (3.13)). Then the
point a must be one of the (¢ = +1) poles of y(z;t,s). Alternatively,
assuming the position a of the pole of y(x) to be a free parameter, one
can parameterize y(z) by the pair' (¢,a), y(z) = y(z;t,a). Then, the
second monodromy data s becomes the function of (¢,a) which can be
described implicitly as follows. Note that together with s, the coefhi-
cient ¢o in the Laurent expansion (2.5) and the accessory parameter v

I This parameterization of y(z) is more subtle than by the monodromy pair (¢, s).
Indeed, Py function might have infinitely many poles and therefore one might have
an infinite discrete set of the pairs (¢, a,) corresponding to the same Py function
y(x) = y(z;t,s). Hence, one has to be careful describing the global properties of
the parameterization, y(z) = y(x;t,a). Also, the function s(¢,a) implicitly defined
by equation (3.20) below might have infinitely many branches. This means that for
each pair (¢,a) there might be an infinite discrete set of the values of the second
monodromy coordinate, s, and hence an infinite discrete set of the P/ functions
y(x) with the same values of ¢t and a. The discussion of these important issues is,
however, beyond the scope of this work.



GENERALIZED JACOBI AND HEUN POLYNOMIALS 15

also become the functions of ¢t and a,
s=s(t,a), co=co(t,a), v=rv(ta).

At the same time, the RH problem 1 determines the solution W(\)
and hence all the objects related to it, specifically the coefficients of
its expansion (3.15) at A = oo, as the functions of the point on the
monodromy surface, that is as the functions of ¢ and s. In particular,
we have that dy = dy(z;t,s). Using now the second equation in (3.19),
the function s(¢,a) can be defined implicitly via the equation

~ —di(a;t,8)+a(d+1)+0-1
N 20 — 1 ’
Remark 3.2. Excluding the parameter d; from the second and third
equations in (3.19 ), we obtain the formula relating the accessory pa-

rameter v(t,a) and the free coefficient ¢o(¢, a) in the Laurent expansion
2.5),

co(t,a)

(3.20)

v(t,a) = (1 —20)%co(t,a) + 36*(1 + a)
+alag + a3 — (a1 +a3)* +a3) + oy +ag — (g +a)* +ai (3.21)

As it has already been mentioned before, this relation has been already
found in [18] using a heuristic technique based on the remarkable con-
nection (also discovered in [18]) between the classical conformal blocks
and the sixth Painlevé equation.

Remark 3.3. In this section we considered the regular case, i.e. 6 # 0, %
and 0 = +1 only. Our arguments, however, can be easily extended to
the generic singular case, i.e. 0 # 0,%,1 and ¢ = —1, and to the
special singular cases, i.e. 6 =1 and ¢ = —1 and § = % One only
needs, before producing the relevant analogs of the RH problem 2, to
make the preliminary Schlesinger transformations of the RH problem
1 with the gauge matrices R(A) discussed in details in Sections 2.3.2,

2.3.3 and 2.3.4.

Remark 3.4. In this paper we are dealing with the poles of y(z). Similar
results concerning the reduction of the RH problem 1 to a Riemann—
Hilbert problem for Heun’s equation can be obtained for two other
critical values of y(z), i.e. when a is either a zero of y(z) or y(a) = 1.

We believe that the Riemann-Hilbert technique we are developing
here can be used to study effectively the Heun’s functions. In particu-
lar, the relation (3.21) allows one to get nontrivial information about
the accessory parameter v(t,a). In particular, using the known con-
nection formulae for the pole distributions of the Py equation [8] (ob-
tained with the help of the isomonodromy RH problem 1; see also [9]
for complete list of the asymptotic connection formulae and the his-
tory of the question), one can obtain the asymptotic expansion of the
Laurent coefficient ¢y(t,a) for the either large values of a or for small
values of a or for the values of a close to 1. This in turn would yield
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the explicit formulae for the asymptotic behavior of the accessory pa-
rameter v(t,a) as a ~ 0o, a ~ 0 and a ~ 1. This question should be
addressed in details in the future work on this subject. In the rest of
this paper, we will demonstrate the usefulness of the RH problem 2 in
the study of another issue related to the Heun’s equations which is the
construction of its explicit solutions.

3.4. Example: reducible monodromy, generalized Jacobi and
Heun polynomials.

Consider the case of reducible monodromy when all the monodromy
matrices are upper triangular. Reducible monodromy for Py system
was studied, e.g. in [20] where it was shown that this class of Painlevé
functions contains classical and all rational solutions to Pyr.

In [5], the relevant function W(\) was constructed explicitly for 0 <
Rea; < %, j=1,2,3, and a1 + as + az + 6 = 0. Below, we use the
approach of [5] assuming that

ReOéj S [0, %), ar+as+az3+90 = —-n, né€eN. (3.22)

Let all the monodromy matrices M;, 7 = 1,2,3, be upper triangular
and thus each of them depends on one free parameter s;,

6727”'0@ S; )
Mj = 0 omia; | 5 5 7é 0, J= 17273' (323)

e
The cyclic relation My MyMs = M, implies that
a1 F+astas+d=—n€eEZL, 5724 gy U | 020 — () (3.24)

Thus the set of reducible monodromy data form a 2-dimensional linear
space.

Following [5], we first simplify the RH jump graph replacing v by
the broken line [Ar, Ao] U [A2, A3] U [A3, 00), see Figure 3.2.

A

2

M, M M,

>
>

F1GURE 3.2. Simplified jump contour for RH problem 1.

On the plane, make a cut along the broken line [A1, A\o] U [Ag, A3] U
[A3,00), define the function

FA) = (A=) (A= Ag)*2 (A — Ag)*. (3.25)

Although until we reach Proposition 3.7 it is not really important, we
remind that

AM =0, M=z and I =1.



GENERALIZED JACOBI AND HEUN POLYNOMIALS 17
Observe the following properties of f(\):

F) =271+ 0(NY), A= o,

FeQ) = f-(Ne72™ X e (A, M),

FrA) = fo(N)e?meare2l X e (Mg, Ag),

Fr) = F-(N)e*™, X € (Xs,00), (3.26)
Let us represent the solution W(\) as the product,

T(A) = B(A) f7(N). (3.27)

The function ®(\) thus has the following properties:

Riemann—Hilbert problem 3.
(1) @(N) = (I +ON1))A"® as A — oo,
(2) ([P SPNE PN < Cas A =X, j =1,2,3,
(3) @4 (A) = D_(N)Gr(N), A € (A1, X2) U (A2, A3), moreover

31f+(/\)f—(/\)7 A€ <>‘17 >‘2)7
=532 fL (N f- (), A€ (A2, As).
(3.28)

Gi(A) =I+g(N)oy, g(\) = {

Proposition 3.5. Solution to the RH problem 3 is given by polynomials
orthogonal with respect to the weight function g(A) on (A1, A2) U (A2, A3)
and by their Cauchy integrals..

Proof. First of all, by the conventional arguments, if a solution to this
problem exists, it is unique.

Next, upper triangularity of all jump matrices, see condition (3),
means that the first column of ®(\) is single-valued and continuous
across the broken line (A1, A\2) U (A2, Az). Condition (2) means that the
first column is bounded at A = A;, j = 1,2,3. Then condition (1)
yields that the entries of the the first column are some polynomials of
degree n and n — 1, respectively.

Denote the relevant monic polynomials of degree n and n — 1 by
mn(A) and m,_1 (), respectively. Consider an auxiliary matrix function

Y'(A) (cf. [6]),
Y() = ( Wn()‘> i fgﬂn (C g /(\iC )

Cn—1
Cn—1Tn— 1 ;m fgﬂn 1 g C A

where £ = (A1, A\2) U (A2, A3) and the constant ¢, is defined by
2m'

Cp—1 =
! fg nl dC

As it is easy to see, Y(\) satisfies the jump condition (3).

At the points A = );, j = 1,2, 3, the function Y () has the algebraic
branching, (A — A\;)?%, and therefore, taking into account assumption
(3.22), condition (2) is satisfied.
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Finally, consider the series expansion of the entries of the second
column of Y (\) as |)| is large enough,

77 09075 = QMZA 1 [raoctalordc,

m =mn or m =n — 1. Then condition (1) means that the polynomials
pn(A) and p,_1(\) are both orthogonal to all lower degree monomials
Nefork=0,1,...,n—1and k=0,1,...,n — 2, respectively,

/ewn(g)g’ﬂg(o dC=0, k=0,1,...,n—1,
/wnl«)c’fg(odc:o, F=01,.. . n—2

¢
The choice of ¢, 1 made above implies the normalization of Y (\) at
infinity,
Y(A) = (I 4+ O\ 1))As
that complies with the condition (1). Thus the explicitly constructed

function Y () solves the RH problem 3. Since its solution is unique,
proof of Proposition is completed. U

The weight function g(\) in (3.28) can be understood as a gener-
alization of the hypergeometric weight, thus we call the polynomials
pn(A) and p,_1(A) determined by the RH problem 3 the generalized
Jacobi polynomials.

Now, we are going to construct the generalized Jacobi polynomials
explicitly and relate them to the polynomial solutions of the Heun’s
equation, i.e., to the Heun polynomials.

To this end, we look for solution to the RH problem 3 in the form

B(A) = R(\) (é ¢(1A)) (3.29)

where R(A) is a matrix-valued polynomial. Using the jump properties
of ®(\), we find the jump properties of the scalar function ¢(\),

P+(A) = o—(A) = g(A), A€ (A1, A2) U (A2, A3). (3.30)

One of the solutions to this scalar jump problem is given explicitly,

o0 =5 [ QQ(OA ac. (3.31)

Observe the behavior of ¢(\) (3.31) at the singularities:

o(\) =00, X — oo,
d(N) = O((A—=X)*)+0(1), X=X, j=1,2,3 (3.32)
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Below, we use the coefficients ¢y, of the expansion of ¢()) (3.31) near
infinity,

L eQ N ek
¢(>\)—2—m./A1 T/\dC—;%A ,

closely related to the moments of the weight function g(\),

1 [

0= =g | 9(QCTG heN (3:3)

The left factor R(A) is a polynomial matrix of the Schlesinger trans-
formation at infinity [17] and for n > 0 it can be found explicitly. For
instance,

if n=0: R\ =R\)=1I m\)=1 71\ =0,

_ %2 _
if n=1: R()\):Rl()\):<)\ L (;bl), Wl()\):A—@.
o $1
(3.34)

In particular, relations (3.34) imply that the RH problem 3 for n = 0
is always solvable, cf. [5], while for n = 1, this problem is solvable if
¢1 # 0.

To formulate the result for any fixed n > 2, introduce the following
explicit form of the polynomial matrix R(\) = R,,()),

n n n—1 (n
Zkzo pl(ﬁ )>‘k k=0 QI(c ))‘k
R,()\) = ;o =1, (3.35)

YT COUND S EPU

and the column vectors of the coefficients of the polynomial entries of
R.(N),

pén) q(()n) r(()n) S((]n)

y  Qn = , I'p = y Sp =

pfj_)1 q7(1n—)1 T£Ln—)1 5;”—2

(3.36)
We also need the Hankel matrix H,, = {¢;4;—_1}: =1, of the moments
(3.33) along with its determinant A,

¢ P2 o On
N S

Pn =

H, = , Ay, =detH,, (3.37)
¢n ¢n+1 T ¢2n71

Finally define the sequence of coefficients f; for asymptotic expansion

of f(A) =[I;2125(A — Aj)% at infinity,

3
o - 1
f()\) — )\—5—nezk:1 feA k7 fk — _E Z()(J)\f7 A — Q. (338)
7j=1
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Then we have the following
Proposition 3.6. RH problem 3 is solvable if and only if /\,, # 0. Its

solution has the form (3.29) where the coefficients of the polynomial
entries of the matriz R(\) (3.35) are given by

¢n+1
:_Hﬁl : ) p1(1n)217
¢2n
Z(bm kpmy k:07"'7n_17
m=k+1
0
r, =H," : , rnn_) = Cp_
0 ! !
1

n—1
= > Gmarl), k=0,...,n—2 (339

m=k-+1

Proof. Requiring that the product (3.29) has the canonical asymp-

totics,
B3 ((1) ¢<1A)) = (Ang((;nw)l) /\"O+(/>9€>\1’)“))’

we find the following expansions in the second column of the product

-1

(12): qu )\k—l—Zqupm Al =

= m=0 [=1
n—1
= <(n) Z G kD' ) +Z>\ Z¢k+mpmv
k=0 m=k+1
n—1 oo
(22): Z AL TS gramt =
=0 m=0 [=1
n—2
= > (s Z G kr”>)+ZA kmer (3.40)
k=0 m=k+1

Thus expressions for qkn and skn in (3.41) in terms of pn? and 7
come from (3.40) at the non-negative degrees of A.

Evaluating the prescribed terms at all orders from A~ to A7, we
find equations for the vector coefficients r, and p,. Combining them
into the matrix form, it follows

%npn + (¢n+l> ¢n+27 R ¢2n)T = 07
Hor, = (0,...,0,1)7. (3.41)
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If A, # 0, the moment matrix H, is invertible, and the coefficient
vectors py, I, are computed by (3.39).

If A, = 0 then for the equations (3.41) on the vectors p, and r,,
there are two alternatives. The first one implies that R(\) does not
exist. The second alternative implies an infinite number of R(\) and
therefore contradicts the uniqueness of solution to the RH problem 3.

This completes the proof. 0

In the next proposition, we find the classical sixth Painlevé functions
determined by the explicitly solvable RH problem 3. For instance, in
the simplest cases,

; — 0 . (=1 A

if n=0: y=z+1 (5_%)¢1 5_%,
P1 P2

e _0—1[¢3 ¢ 5 ¢

if n=1: y=z+1 5= 1l6r o +5_%¢1 51 (3.42)
P2 @3

Proposition 3.7. If A,/ 1 # 0 then the RH problem 3 determines
the classical solution to Pyt corresponding to the W function with the
prescribed reducible monodromy data in terms of the moment functions

Ok, k=1,..., 0240, as follows,

fi o—1 A,
= 1 — _ .
Yy=x+ 5_% 5_%An+1¢2+2
¢n+1
o0—1 A, B
5 T (Po2 o o) Hy |
) n+1
¢2n
0
) NE
+5_;<¢n+1 ¢2n)7'ln O . (3.43)
2
1

Proof. According to (3.16), in order to find the Painlevé function y
we have to compute two first coefficients (1) and (¢2); along with
the coefficient d; of the asymptotic expansion of W(\) at A — oo, see
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(3.15). Using (3.40) and (3.41) again, we find

v = (o ) 100 -
> k=0 Afkpn@k Do A Y ¢k+n+mp£f? )

Z )‘knk 1+ZOO )‘kzm 0¢k+n+m7ﬂ£n)
X eszM fkffs)\ do3 —

1 $(1)4 + 35 (12)+ + O(55)
x (I+O(s))erthnios y=dos (3 44)

where

(¢1)+ = Z ¢n+m+1p£r?) =
m=0

¢n+l
Pn A,
— (Pn1 Pns2 - don) M :+2 + Pong1 = AH,
¢2n
()4 = Z Onsmroply) — Z Onsmiarly) Z ¢n+k+1pk =
= Qany2 + (<Z5n+2 Pnts - ¢2n+1) Pn

— Pon+1 (¢n+1 Pt - ¢2n) In
- (¢n+1 ¢n+2 ¢2n) r, - (¢n+1 ¢n+2 ¢2n) Pn

¢n+1
= Gony2 — (Pny2 Gnis - Gonpr) H' |
¢2n
0
- Anzl (gbn-‘rl ¢n+2 s gb?n) HT_LI O )
1
0
P = = (Gt oo o) Hit 0 (3.45)
1

Finally, elementary manipulations yield (3.43). O



GENERALIZED JACOBI AND HEUN POLYNOMIALS 23

Proposition 3.8. If A, # 0 and 2,1 = 0, then the RH problem 3
determines a polynomial solution of the Heun’s equation (the Heun poly-
nomial) of degree n.

Proof. The coefficient ()4 is computed in (3.45),

JAV
(¢1)+ = AH-

The RH problem 3 transforms to the Heun RH problem 2 if (¢); =0
- condition (2) of the RH problem 2. In virtue of (3.46) this happens
only if A, 41 =0. U

(3.46)

The equation

is an equation on the variable Ay = x. This equation determines those
a = z for which the Heun’s equation with the given «;,d satisfying
(3.22) admits polynomial solutions given by ®1;(\). Alternatively, one
can keep = = a free, then (3.47) would be equation on the parameters
s1 and s3 of the monodromy matrices (3.23). This in turn would yield
a restriction on the accessory parameter of the Heun’s equation which
would guarantee the existence of its polynomial solutions for given a.

Remark 3.5. Determinantal conditions on the accessory parameter yield-
ing existence of the polynomial solution of the Heun’s equation has
been known. It would be of course interesting to compare those with
the condition which comes from (3.47).

Remark 3.6. There is a vast literature devoted to exact solutions of
the Heun’s equation - see work [19] and references therein. We also
want to mention the work [26] where the indicated at the beginning of
this paper relation of the Heun’s equation and the Lamé equation has
been used to obtain the solvable Heun’s equations and their polynomial
solutions from Lamé polynomials corresponding to the finite-gap Lamé
potentials.
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APPENDIX A. PARAMETERIZATIONS OF THE COEFFICIENT MATRIX
FOR Py1 AND GHE

A.1. Parameterization of A(\) for Pvy;. Introducing sly(C) gener-

ators o3 = (§9), or = (34), o— = (99), and taking into account

the simplifying assumption that the rational coefficient matrix A(\) is



24 BORIS DUBROVIN AND ANDREI KAPAEV

diagonal at infinity, consider the parameterization similar to the one
used in [17],

_ A=y +p(A —y) +2 k(A —y)
AN =—0 109 oo
(A —9)
AN — DO —2)" (A1)

The residue matrices A; in (2.2) have the eigenvalues ta;, j =1,2,3
respectively.

As soon as § # 0, the parameters p, § and k& can be expressed in
terms of the parameters z, y, 2, k, 6 and the eigenvalues «;, j = 1,2, 3,

oz ai(lz—1) adz(zr—1)

20y 20(y —1) * 20(y —z)

22

- 20y(y — Dy — )’
g = (y—D(afz? — (6y* + py — 2)*)

x {aiz®(y — 1) — aj(x — 1)’y + (0 — p)°y — 46°y + 63py”

P2y 4 66%y° — dopy® — 36%yt — 20y + 2672 + 22}_1,
= _ e’ — 0y +py — 2)°
KYY

Considering vy, z and & as the differentiable functions of x, they satisfy
the system

d(In k) y—x
dx = (20— 1)x(x —1)

dy v —y+2z

de ~ z(z—1) "

dz 1

de =l Dyly Dy~ T

+2yly— Dy —z)(y+a—1) —faly — 1)*(y — 2)*
+oj(z — Dy — 2)? — aga(z — D)y (y — 1)°
+6(6 — 1)y’ (y—1)*(y —x)*}. (A2)

Finally, eliminating z, one arrives at the second order ODE for y

( 1)( m) 2 x 2331
+%{2 §—1 —2a1y—2+2 o

—2(a3 - HHeY (A3)

4/ (y—x)?

which is equivalent to the classical equation Pyr.
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A.2. Parameterization of A(\) at the pole of y(z) as § # 0,1,
and o = +1. The coefficients of the matrix A(\) (2.7) are expressed
explicitly in terms of the pole position a, free parameter ¢y of the
Laurent expansion at the pole and the local monodromies «;, j =
1,2, 3, as follows,

a3:—5, b3:CO(25—1)+1—CL,
1
c3==—=[(6—1—-co(26 —1))* —aai + (a — 1)aj — ala — 1)aj

20
+a(6® —2—2¢(26° + 6 — 1)) + a*(6 + 1)*],
ala—1
G = o éa— 1)’

b= 2‘5—_1>{a3(ag — (1467

Koda(a — 1
+a [3 — 203 — 3cg + @scy + 20 4 36 + 290 — 205¢00 — 26°
+ Ted? — 0% + 2¢08% + a2(1 + 6) — a2(1 + 5)}
a[a%(l—é%—co(%—l))—a§(2+5—|—co(25—1))—043(1—54—00(25—1))
+(1=04c(20 —1))[3+6 -6 +co(—3+40+ 452)}}

+ (14 co(26 — 1)) [—a2 + (=1 + o + 6 — 2¢0)?] }

21 i 2
= 4kpd%a(a — 1) {a (03 — (0 +1)%)

—2a°(a3 — (6+1)%) (=2 —af +of + a3 + 0° + 2¢o(1 — 0 — 267))
+2a(0f —(6—1+cp(1-20))%) (24 a] — a3 — a3 — 6° +2co(— 1+ +267))
+ (a2 = (6—1+co(1— 25))2)2}. (A.5)

A.3. Parameterization of A()\) at the pole of y(z) as § #£0,3,1

and 0 = —1. The constant parameters in (2.9) are determined by the
parameters of the Laurent expansion as follows,

d3:—5+1, Bgza—1+C0<2(5—1),

1 2 2 2

1){a [(6—2) —042}
+a[-ai+aj+aj+ (6 —1)" =2 —co(4(6 — 1)* — 26)]
—ai+ (60— (26 —1))°}, (
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b = a(@a—1)( . D5yt et 0=27)

+a*[ag — 2+ co(ay — 8) + (6 — 2)(af — a3) +d(a3 — 5)
+2¢00(11 — a3) 4 ¢90°(20 — 13) — 6°(6 — 5)]
— (co(26 — 1) — 1) (a3 — (co + 6 — 2¢o6)?)
—afch(1—26)*(26 —5) —6(3+af — a3+ —§°)
+ (26 —1)(3+ af — a3+ 66 —36%) + a3(3 — 6 — (26 — 1))] },

e = @ DG TP @ =) {a'(e3 = 0 -2

—2a*(a3 — (6 —2)*)[-1 =26+ 0° — a + a3 + o3 + co(—4 + 106 — 46%)]
+a’[of + a5 + (a3 — 1)* + 8co(1 — a3) + ¢f(24 — 203)
+46(1 — a3) + cpd(12 + 1603) + 55 (—120 + 8a3)

+ 6%(10 — 88cy + ¢f(198 — 8a3)) + 0° (=12 + 72¢o — 120c5)
+64(3—16¢o +24c¢]) — 207 (14 a3 + a3 — dcg — 65 + 10co6 + 367 — 4cd?)
+ 205(—5 + 203 + 26 — 2¢o(2 — 55 + 26%))]
+2a(a — (co+0—2c06)*) [L+26 — 6%+ af — af — a3 + co(4 — 106 4+ 467)]
4 (a2 — (co+ 0 — 2c05)2>2},

. ala—1)(20 — 1)

c_ = — .
Ro

A.4. Parameterization of A()\) at the pole of y(z) as § = 1 and

o0 = —1. The parameters in the coefficient matrix (2.11) are given by
Gy =—3=—0+3% by=co+2a—3%, &=alm—3),
i ko 2 2
b, = 1—

—a(2+ af - af — a3 — 2) — ad + (e — 1?),

¢y = ro(—0a3 + a5+ Z—ia%zal( “ 1),

P :_a(a—l).

Ro

A.5. Parameterization of A(\) at the pole of y(z) as § = 3.
The coefficients of A(\) (2.13) in terms of the monodromy exponents,
the pole position a # 0,1 and the arbitrary coefficient ¢_5 # 0 of the
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Laurent expansion (2.6) are as follows,

- 2 -1 2
ag__%:_(s_]-a b3:a+1_a(; )7
C-2
_ad'a—1)* d*a—1)*a+1)
G —
T 12a, 6¢_y
+ 5 (@®(1 —403) + a(=7 — 40f + 403 + 403) + 1 — 403),
~ KRoC—2
C e —
M a?(a—1)%’
- ad*la—1)°
N 12k0c*,
-1 4 4
— u(:a(a? —a+1)+4aai — 4(a — 1)o + 4a(a — 1)a3)
12Kpc2,
(a —1)%a?
12r0Cy (—2@3 +3a® +3a — 2 — 4a(a + 1)a?
+4(a® — 3a +2)a; + 4a(2a* — 3a+ 1)a3), (A.7)
o ad %% —-1D"  aPla—1)%a+1)
B 144/1005_2 36%00{2
a®(a —1)°
a T2K0C2 (—3(@2 —a+ 1) +4aof — 4(a — 1)aj + 4a(a — l)ozg)
4 -1 4 1
_ata—) ga +1) (—=a® + 7a— 1+ 4aci — 4(a — 1)aj + 4a(a — 1)a3)
36K0C% 5
a*(a —1)? 22, 4 212 9 9 4.9 4.9
—————((1—403)*+a* (1—403)*+2a(—1+4a3) (T+40; —4as —4a3)
144Kkpc_o

+2a*(7 + 403 — 403 — 4a3)(—1 + 4a3)
+a*(514160]+ 16056403+ 160346403 (— 1+a3) —8af (11+4a3+403))).
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A.6. Initial asymptotic coefficients of V. (\) as A — oo. The
asymptotic parameters in (3.15) are expressed as follows,

6 # +1,£1:

K K
Ry s Ly S
dy=—-p—062y—z—1),

2p+ 20+ 1)y —x—1

0-—7

LT § TP I S
B N2p—(26+1)§+$+1+46y0
46+ 1)(0 + 1) -
b = 5y H AW =T Dy —w =1 —0) = 2),
2 = 2(1725) —3(ply—e =D +o(ly -2 -1 —2) = z2). (AS8)

REFERENCES

[1] F. M. Arscott and A. Darai, Curvilinear coordinate systems in which the
Helmholtz equation separates, J. Inst. Math. Appl. 27 (1981) 33-70.

[2] H. Bateman and A. Erdélyi, Higher transcendental functions, Mc Graw-Hill,
NY, 1953.

[3] P. Boalch, From Klein to Painlevé via Fourier, Laplace and Jimbo, Proc. Lon-
don Math. Soc. 80 (2005) no. 1, 167-208.

[4] B. Dubrovin and M. Mazzocco, Monodromy of certain Painlevé-VI transcen-
dents and reflection groups, Invent. Math. 141 (2000) no. 1, 55-147.

[5] A.S. Fokas, A.R. Its, A.A. Kapaev and V.Yu. Novokshenov, Painlevé transcen-
dents: the Riemann—Hilbert approach, Math. Surveys and Monographs, 128,
Amer. Math. Soc., 2006.

[6] A.S. Fokas, A.R. Its and A.V. Kitaev, The isomonodromy approach to matrix
models of 2D quantum gravity, Commun. Math. Phys., 147 (1992) 395-430.

[7] R. Fuchs, Sur quelques équations différentielles linéaires du second ordre,
Comptes Rendus 141 (1905) 555-558;

Uber lineare homogene Differentialgleihungen zweiter Ordnung mit drei
im Endlichen gelegenen wesentlich singuldren Stellen, Math. Annalen, 63
(1907) 301-321.

[8] D. Guzzetti, Poles distribution of PVI transcendents close to a critical point
Physica D: Nonlinear Phenomena 241 (2012) no. 23-24, 2188-2203.

[9] D. Guzzetti, Tabulation of Painlevé 6 transcendents, Nonlinearity 25 (2012)
no. 12, 3235-3276.

[10] K. Heun, Zur Theorie der Riemann’schen Funktionen zweiter Ordnung mit
vier Verzweigungspunkten, Math. Ann. 33 (1889) 161-179.

[11] M. Hortagsu, Heun functions and their uses in physics, arXiv:1101.0471
[math-ph]. Proceedings of the 13th Regional Conference on Mathematical
Physics, Antalya, Turkey, October 27-31,-2010, Edited by Ugur Camci and
Ibrahim Semi, page 23-39. World Scientific.

[12] R. Garnier, Sur les équations différentielles du troiseme ordre dont l'intégrale
générale est uniforme et sur une classe d’équationnes nouvelles d’ordre
supérieur dont l'intégrale générale a ses points critiques fixes, Ann. Sci. Ecole
Norm. Super. 29 (1912) 1-126;



GENERALIZED JACOBI AND HEUN POLYNOMIALS 29

Etude de 'intégrale générale de I’équation VI de M. Painlevé, Ann. Sci.
Ecole Norm. Super. (3) 34 (1917) 239-353.

V.I. Gromak, I. Laine and S. Shimomura, Painlevé differential equations in the
complez plane, Walter de Gruyter, 2002.

K. Iwasaki, An area-preserving action of the modular group on cubic surfaces
and the Painlevé VI equation, Commun. Math. Phys. 242 (2003) 185-219.
M. Jimbo, Monodromy problem and the boundary condition for some Painlevé
equations, Publ. Res. Inst. Math. Sci. 18 (1982) no. 3, 1137-1161.

M. Jimbo, T. Miwa and K. Ueno, Monodromy preserving deformations of linear
ordinary differential equations with rational coefficients, Physica D 2 (1981)
306-352.

M. Jimbo and T. Miwa, Monodromy preserving deformations of linear ordinary
differential equations with rational coefficients. II, Physica D 2 (1981) 407-448.
A. Litvinov, S. Lukyanov, N. Nekrasov and A. Zamolodchikov, Classical Con-
formal Blocks and Painlevé VI, arXiv:1309.4700 [hep-th]. JHEP 2014 (7)
144.

R. S. Maier, The 192 solutions of the Heun’s equation, Math. Comp. 76 (2007)
811-843, arXiv:math/0408317 [math.CA]

M. Mazzocco, Rational solutions of the Painlevé-VI equation, J. Phys. A:
Math. Gen. 34 (2001), no. 11, 2281-2294.

Heun’s differential equations, A. Ronveaux, ed., Oxford Univ. Press, 1995,
Oxford-New York-Tokyo.

L. Schlesinger, Uber eine Klasse von Differentialsystemen belibiger Ordnung
mit festen kritischen punkten, J. Reine Angew. Math. 141 (1912) 96-145.

D. Schmidt and G. Wolf, A method of generating integral relations by the
simultaneous separability of generalized Schrodinger equations, STAM J. Math.
Anal/ 10 (1979) 823-838.

S. Y. Slavyanov. Painlevé equations as classical analogues of Heun’s equations.
J. Phys. A: Math. Gen. 29 (1996) 7329-7335.

S. Y. Slavyanov and W. Lay, Special Functions: A Unified Theory Based on
Singularities, Oxford; New York; Oxford University Press, 2000.

A. O. Smirnov, Finite-gap solutions of Fuchsian equations, Lett. Math. Phys.
76 (2006), 297-316

T. J. Stieltjes, Sur certains polyndémes que vérifient une équation différentielle
linéaire du second ordre et sur la teorie des fonctions de Lamé, Acta Math. 6
(1885) 321-326.

SISSA, ViA BONOMEA 265, 34136, TRIESTE, ITALY
FE-mail address: dubrovin@sissa.it

PHYSICS DEPARTMENT OF THE ST. PETERSBURG STATE UNIVERSITY, UNI-
VERSITETSKAYA NAB., 3, 199034, ST. PETERSBURG, RUSSIA
E-mail address: kapaevb5@mail . ru



