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Introduction

In out-of-equilibrium quantum physics the evolution of a system is generally described by a
time-dependent Hamiltonian. Exact solutions to such problems are very rare, given the difficulty
to solve the associated time-dependent partial differential equations. However, it is possible to
obtain useful insights on the dynamics by analyzing it in terms of simplified descriptions of the
single non-adiabatic processes that occur during the evolution.

A non-adiabatic process is a transition between quantum states governed by a time-dependent
Hamiltonian. Its prototypical example is called Landau-Zener (LZ) problem. The model was
introduced in 1932, when Zener published the exact solution to a one-dimensional semi-classical
problem for non-adiabatic transitions [1]. In the model, nuclear motion is treated classically, in
which case, it enters the electronic transition problem as an externally controlled parameter. As
Landau had formulated and solved the same model independently (although in the perturbative
limit and with an error of a factor of 27) [2], it came to be known as the Landau-Zener model.
Despite its limitations, it remains an important example of a non-adiabatic transition. Even in
systems for which accurate calculations are possible, application of the LZ model can provide use-
ful “first estimates” of non-adiabatic transition probabilities. Alternatively, for complex systems,
it may offer the only feasible way to obtain transition probabilities. Landau-Zener problems are
met in a large number of areas in physics including quantum optics, magnetic resonance, atomic
collisions, solid state physics, etc. In this thesis we discuss two quantum problems for which the

LZ process represents the basic paradigm of their evolutions.

First work: Simulated annealing vs quantum annealing

In the first problem we study the quantum annealing (QA) and simulated annealing (SA) of
a one-dimensional random ferromagnetic Ising model. QA is the quantum counterpart of SA,
where the time-dependent reduction of thermal fluctuations used to search for minimal energy

states of complex problems are replaced by quantum fluctuations. Essentially, any optimization

problem can be cast into a form of generalized Ising model [3] Hp = > Zil...z‘p Jiy..iy05, - 07

1...0p

in terms of N binary variables (Ising spins). In many cases, two-spin interactions are enough

(p = 2), but some Boolean Satisfiability (SAT) problems involve p = 3 or larger. Quantum
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fluctuations are often induced by a transverse field term Hp = —h, >, 6F by constructing a time-
dependent quantum Hamiltonian interpolating the two terms: H(s(t)) = [1 — s(t)] Hp + s(t)Hp
with s(0) = 0 and s(7) = 1, 7 being a sufficiently long annealing time. Usually, the Hamiltonian
as a function of s displays a quantum phase transition at s = s., separating the s = 0 (trivial)
quantum paramagnetic phase from a complex, often glassy, phase close to s = 1. If the system

is assumed to evolve unitarily, then one should solve the Schrodinger equation

ih oy (1)) = H(t) [ (1)) . (1)

The initial state is the simple ground state of Hp:

() = [T, + 1)1 /v2, (2)

i
which is maximally disordered (any spin configuration has the same amplitude). The goal is to
make the final state |1)(7)) as close as possible to the optimal (classical) state of the problem
Hamiltonian Hp. The bottleneck in the adiabatic evolution is usually due to a spectral gap A
above the instantaneous ground state which closes at s = s, either polynomially (for a 2nd-order
critical point) or exponentially (for a 1st-order point or in some disordered cases) in the number
of variables N. In this case, a short annealing time would give rise to excitations (defects) that
can be easily explained and quantified in terms of LZ processes.

The idea of QA is more than two decades old [4H7], but it has recently gained momentum from
the first commercially available quantum annealing programmable machines based on supercon-
ducting flux quantum bits [89]. Many problems remain open both on fundamental issues [10H13]
and on the working of the quantum annealing machine [14H16]. Among them, if and when QA
would provide a definite speedup over SA [17], and more generally, what is the potential of QA
as an optimization strategy for hard combinatorial problems [18-20].

In this thesis we present our results on QA and SA of a one-dimensional ferromagnetic Ising
model. The motivation for studying this problem is to determine whether the quantum evolution
is faster in reaching the ground state than its classical counterpart in both ordered and disordered
chains. Even though the problem is simple from the point of view of combinatorial optimization
— the two classical ground states are trivial ferromagnetic states with all spins aligned —, it
has a nontrivial annealing dynamics. Usually, the comparison is done by looking at classical
Monte Carlo SA against path-integral Monte Carlo QA [7,21}25], but that raises issues related
to the stochastic nature of Monte Carlo technique. For this specific problem, we propose a
direct comparison between QA and SA performing deterministic evolutions of both cases. The
fact that SA does not encounter any phase transition during the evolution, contrary to the
QA case, would lead to think that the excitations are reduced in the classical annealing, and
therefore one intuitively expects that SA would overtake QA in reaching the ground state. This

is in contradiction with the results of our simulations, which clearly demonstrate a quadratic



quantum speedup. Our machinery allows us to perform quantum annealing also in imaginary
time, where an exponential speedup is visible. This remarkable result suggests that “quantum
inspired” algorithms based on imaginary-time Schrodinger QA might be a valuable route in
quantum optimization.

This work has been published in Physical Review B: T. Zanca and G. E. Santoro, Quantum
annealing speedup over simulated annealing on random Ising chains, Phys. Rev. B 93, 224431
(2016).

Second work: Quantum lubricity

The second problem we address is a model of quantum nanofriction. Quantum effects in sliding
friction have not been discussed very thoroughly so far, except for some early work [26-28]. The
reason is that in general the motion of atoms and molecules can be considered classically and the
quantum effects that may arise at low temperatures are not deemed to be dramatic. Moreover,
the scarcity of well defined frictional realizations where quantum effects might dominate and, on
the theoretical side, the lack of easily implementable quantum dynamical simulation approaches
are additional reasons for which this topic has received very little attention. Recently, new
opportunities to explore the physics of sliding friction, including quantum aspects, are offered by
cold atoms [29] and ions [30] in optical lattices.

In this work we show, anticipating experiment, that a first, massive quantum effect will appear
already in the simplest sliding problem, which should also be realisable experimentally by a cold
atom or ion dragged by an optical tweezer. The problem is that of a single particle forced by a
spring k to move in a periodic potential:

. 52 k
Ho(t) = ;’W + Upsin? (gx) +5 @)’ 3)

The dissipation due to frictional force is provided by the interaction with a harmonic bath:

I;[int = Z |: ﬁ% + %mlwzg (:%1 - & 2X)2:| ) (4)

2m; m;w;

where each oscillator position Z; is coupled to the periodic position of the particle X =sin (%’Ti")
This problem is a quantum version of the renowned Prandtl-Tomlison model, where the dissipa-
tive dynamics is simulated by a classical Langevin equation:

Mi(t) = —yi(t) — (%V[l“(t),ﬂ + &z (), 1], (5)

with V[z(t), t] the total potential, v the dissipation factor and & the random force that simulates
the thermostat. Conversely from the classical case, where the dynamics is simulated by means of
stochastic processes, the quantum version is solved by a quantum master equation for the reduced

matrix. Being a perturbative method, accurate results are available only for small system-bath
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couplings. As we will show, the main quantum effect, amounting to a force-induced LZ tunnelling,
is striking because it shows up preferentially for strong optical potentials and high barriers, where
classical friction is large, but resonant tunnelling to a nearby excited state can cause it to drop — a
phenomenon which we may call quantum lubricity. Moreover, at very low dragging velocities, LZ

theory predicts a regime where friction vanishes non analytically ~ ¢=¢ /v

, Wwhere v* represents
a velocity-scale for adiabaticity /non-adiabaticity transition. Despite its conceptual simplicity,
this model provides theoretical results on quantum effects which have not been observed yet
experimentally, but should be well within experimental reach for cold atoms/ions in optical
lattices. Again, LZ process is the fundamental mechanism that describes the quantum evolution
of sliding friction and explains the huge difference between classical and quantum results.

A paper about this work is available on arXiv.org: T. Zanca, F. Pellegrini, G. E. Santoro and

E. Tosatti, Quantum lubricity, arxiv.org/abs/1708.03362 (2017).

Outline

This thesis is organized in the following way: in Chapter [I] we present the work on QA and
SA problems. We start describing the mapping of the classical model into an imaginary-time
quantum problem. We then derive the equations of motion for classical and quantum problems
using the same structure for the Hamiltonians. Finally we present the results of the simulations,
comparing the dynamics for SA and QA in real and imaginary time. Chapter [2|shows the second
work on quantum lubricity. The first section of the chapter introduces the quantum model and the
quantum master equation. In the second section we derive the classical Langevin equation from
the same Hamiltonian used for the quantum model. Finally we compare the results of simulations
for classical and quantum models, highlighting the difference between them originated by the
quantum effects. In Chapter [3| we present a summary and conclusions. Technical details are

contained in a number of final Appendices.



Chapter 1

Quantum annealing versus
simulated annealing on random
Ising chains

The first problem we studied is the dynamics of a one-dimensional ferromagnetic Ising model in
classical (SA) and quantum (QA) annealing. As anticipated in the Introduction, the importance
of this model is the possibility to obtain solutions of optimization problems by searching states of
minimal energy through the reduction of thermal — for SA — or quantum — for QA — fluctuations.

For SA, the system consists in a ferromagnetic Ising spin chain in equilibrium at a certain
high temperature. In this condition all the spins have random orientations. The aim is to drive
the system towards minimal energy configurations by slowly decreasing the temperature, ending
possibly in the ground state at the end of evolution when temperature vanishes.

The QA protocol is very similar to SA, with the only difference that temperature is replaced
by a transverse magnetic field. In the same way, a high value of the magnetic field forces the
spins to orient on the z-magnetic axis and therefore randomly on the quantized z-axis. Through
a slow reduction of the magnetic field the system follows an adiabatic evolution remaining in its
instantaneous ground state, that corresponds to the optimization problem solution at the end of
evolution.

The question is whether SA or QA is more efficient — in terms of annealing time 7 — in reaching
the ground state. In fact, if the annealing time is too short, a non-adiabatic evolution takes place
— as in the simple LZ problem — giving rise to excitations that spoils the final solution. This
excitations emerge physically through the presence of defects — antiparallel spin configurations —
that quantify the “distance” from the known ground state.

Results for real-time Schrodinger QA are known for the ordered [31132] and disordered [33}34]
Ising chain, already demonstrating the crucial role played by disorder, in absence of frustration:
the Kibble-Zurek [35,36] scaling 1/+/7 of the density of defects pqer generated by the annealing

5



6 Quantum annealing versus simulated annealing on random Ising chains

of the ordered Ising chain [12,37,38], turning into a pqer ~ In~2~7 for the real-time Schrodinger
QA with disorder [33]/34].

We addressed this problem and simulated the dynamics performing deterministic evolutions.
The possibility to map the SA master equation into an imaginary-time Schrédinger equation
allowed us to perform its evolution with the same strategy used for QA. In this way we could
compare on equal-footing the two cases, without dealing with complications related to stochastic
issues typical of Monte Carlo simulations.

For SA, we resort to studying a Glauber-type master equation with a “heat-bath” choice for
the transition matrix. After a Jordan-Wigner fermionization, the problem is then translated into
an imaginary-time Schrodinger equation with a quadratic — diagonalizable — Hamiltonian. The
real (QA-RT) and imaginary (QA-IT) time Schrodinger equations are easier to derive, applying
directly the Jordan-Wigner transformation.

At this point the three equations of motion have the same structure. Nevertheless, the classical
dynamics is different from the quantum counterpart, with the main difference that the former
does not encounter any phase transition during the evolution, differently from the quantum case.
Despite that, it turns out that the QA-RT and QA-IT dynamics have a faster scaling laws for
the density of defects, specifically a quadratic and exponentially speedup with respect to SA.

1.1 Model and methods for the classical problem

In this first section we describe the classical model and how to map the corresponding Glauber

master equation into a quantum problem in imaginary time.

1.1.1 Glauber dynamics

The problem we deal with is that of classical Ising spins, o; = £1, in 1d with nearest-neighbor

ferromagnetic random couplings J; > 0 (Fig. [1.1), with Hamiltonian

L
H = _ZJij0j+1 . (1].)
Jj=1

Its classical annealing dynamics can be described by a Glauber master equation (ME) [39] that

takes the form

OP(0,1) )
= P We, 0 = P, )Wos, (1.2)
J J
where 0 = (01,---,0r) denotes a configuration of all L spins, with a probability of P(o,t) at
time t, 0; = (o1, - ,— O, ,or) is a configuration with a single spin-flip at site j, and WW—TJ

is the transition matrix from o to 6jE| The rates W will depend on the temperature 7' , which

'In Glauber’s notation Ws,5, = wj(c;) and Ws, o = w;(—0;).
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Figure 1.1: Sketch of the ferromagnetic Ising chain. Dashed red links represent the defects.

is in turn decreased as a function of time, T'(¢), to perform a “thermal annealing”. The detailed
balance (DB) condition, which is a sufficient condition to reach equilibrium, restricts the possible

forms of W to the following:
Peq(a'j)Wa-j7o- = Peq(o‘)Wo',a'j 5 (13)

where Puq(c) = e #H(?) /7 is the Gibbs distribution at fixed 8 = 1/(kgT) and Z the canonical
partition function. However, many possible choices of W are compatible with DB, and we can
exploit that freedom. Let us denote by AE = H(6;) — H (o) the energy change upon flipping a
spin at site j. One of the most common choices is the Metropolis choice Wéﬂg) = o min[1,e AP,
a being an arbitrary rate constant (which can always be reabsorbed in our units of time).
Although very popular in numerical Monte Carlo work, this choice is not ideal for our purposes,
because it is not an analytical function of AFE: we will not consider it further. Another popular
choice (also in numerical work) is the so-called heat bath:
Py b) _ a e AH(T;) _ e PAE _ a e PAE/2
0:0; = o—BH(0) + o BH(G;) 14+ o BAE  oBAE/2 4 o—BAE/2 -

(1.4)

From the first form the validity of DB is immediately obvious (the denominator is symmetric),
while the last form is the most useful one. Another possible choice of W is what Glauber does

in its original paper: it is similar to the heat bath, with the omission of the denominator: EI

W9 = e PAE/2 (1.5)

1.1.2 Mapping into a quantum dynamics

Our target now is to map the classical Glauber ME into a quantum imaginary-time (IT) Schrodinger
problem. The general idea is that DB can be used to symmetrize the transition matrix W, thus
making it a legitimate “kinetic energy operator”. More precisely, with our previous notation, it
is easily to show that DB implies that:

Peq(0)

=W, 5,0 = K, (1.6)

KO'(?' :Wa5~
Y T\ Fea(T5)

To exploit this observation, it is useful to work in terms of a new function (o, t) defined by:

P(Ja t) = ch(U) 7/’(‘% t) . (17)

2Glauber writes it in a form which looks different but equivalent to ours, in view of Eq. (I.16)) below.
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At this point, the ME in Eq. (1.2]) can be rewritten as:

LIl =2 Koy bl3) Vool (1.8)

where

V(U) = Z Waﬁj . (19)

J
This looks like a Schrodinger problem in imaginary time (i0/9t — —9/0t) with a “kinetic energy”
matrix —K and a potential energy V. In principle the previous mapping holds in the present

form only if the temperature T" does not depend on time, i.e., we are not annealing the system.

Otherwise, we should add an extra term to the potential in the form
- Z Woa, +
J

Nevertheless, as argued in Ref. [40], the additional potential term proportional to B is likely not

%qq - zj:Ww’w - g(H(U) - <H>eq) : (1.10)

important in the limit of a very large many-body system: we will hence neglect it. Let us see
how these “operators” look for the two choices of W proposed above, W) and W(G), We start

with the Glauber case Wé(;)] = a e PAE/2 Then, we immediately get:
K(G—) — W(Q) oBAE/2 _ (1 11)
0,0 0,05 . .
Correspondingly, the potential energy is:

V@ (s Z WD =ad e 2hios (1.12)

where h; = (Jj_10j-1 + Jjoj41) /2.
Using Pauli matrices to represent the spins and a ket-notation for the state ¥ (o, t) = (| (t)),
the state ¢(7;,t) takes the form

P(a5,t) = (a;10(t)) = (o] 65 (1)) - (1.13)
Hence the IT Schrodinger problem for the Glauber dynamics can be written as:
0 ~
—5v) = H (1)), (1.14)
where the quantum Hamiltonian is:
H® = RO 17O = a3 67 4a e 20 (1.15)

J J
The exponential can be considerably simplified using the fact that powers of Pauli matrices are

linearly related to the Pauli matrices: recall that (6%)? = 1. Indeed, we can show that

o*20hi%7 = [cosh(B.J;) + 6767, sinh(8J;)] [cosh(B;—1) + 65,67 sinh(B;-1)] . (1.16)
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z

Unfortunately, the potential energy contains not only nearest-neighbor terms like 67

0541, but
also next-nearest-neighbor ones 65_,67,,. These terms do not have a simple Jordan-Wigner
form.

The heat-bath case is, in this respect, much more interesting: indeed, while the spin-flip term
is a bit more complicated, the dangerous 65_,07,; terms cancel out everywhere. First, observe

that

(hb) _ yp,(hb) BAE/2 _ o
Koz, =Woze oPAE/2 | o BAE/2 (1.17)
Using Eq. (1.16]) it is simple to show that the energy denominator is:
e2Bhi65 | o —26h;65 _ o [cosh(B.J;_1) cosh(B.J;) + sinh(B.J;_1) sinh(8.J;)65 167 ,] . (1.18)

Since 67_;67,; = £1, this allows us to write:

0,05 4

~Z jaly4 ~Z ~Z
~(hb) _ @ { 1— 0510541 1 +65 10711
J

K =1 -1®sz_ 5 1.19
cosh B(J; — Jj—1)  cosh B(J; + Jj_l)} i 95-1%+1 (1.19)

with

(0/2) _ « 1 1
T = = + 1.20
J 4 [coshﬂ(Jj —Jj—1)  coshB(J; + Jj_l)] ’ (1.20)

where the 4+ (—) sign applies to F;O) (1"52)). We can rewrite 1"§-0/2) as

O/ _ a{ cosh(8J;-1) cosh(8J;) (for 0) (1.21)

2D; | sinh(B8J;-1)sinh(BJ;)  (for 2)

where the denominators D; read:
Dj = cosh B(J; + J;_1) cosh B(J; — J;_1) = sinh®(BJ;_1) + cosh®(8.J;) . (1.22)

The potential term can be written as:

Shb) Ay sinh(8J;_1) cosh(8J;-1) ., ., sinh(8J;)cosh(B8J;) ., .
V( )(U) - —O[; |: : 2Dj . j—1 ;—’_ JZD] : Ujo—;JrliI +C
= —> 155, +C, (1.23)
J

where the unwanted next-neighbor-terms 65_,67,; disappeared. To make the notation shorter

we have defined here:

M) _ o sinh(8J, N P
[} = asinh(BJ;) cosh(B.J;) 2D, + D) (1.24)
while the constant C' is given by:
cosh®(BJ;_1) cosh®(BJ;) — sinh?(8J;_1) sinh*(3.J;)  «
C=a)_ 1o =L (1.25)

j J
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=1 @ <—> T 67 =1
=0 0 <—> i 67 =—1

Figure 1.2: Fermion-spin correspondence in Jordan-Wigner mapping.

In operator form, the quantum Hamiltonian corresponding to the heat-bath choice is therefore:

H®b) — _fe(hb) 4 {r(hb) _ZF§_0)&;¢ + ZF?)&JZ'*l 567 1 — Zr;l)&;ﬁjﬂ +C, (1.26)
] j J

J J

and this is the Hamiltonian governing the corresponding imaginary-time dynamics, i.e.,

= D10y = B (o) (1.27)

Notice the seemingly more complicated transverse-field term, in which terms of the form 6%_,6767%,,
appear: a Jordan-Wigner study of these terms shows that they are indeed simple to fermionize,
as opposed to the plain 67_,67, terms.

Let us consider the simplified case in which we have a uniform Ising chain with periodic

boundary conditions (PBC), i.e., J; = J. The Hamiltonian then reads:
~ r© . 7@ e s T s
H(hb):_TZJ\j+TZJ‘7710-70—‘7+1_TZUJUJ+1+C7 (128)
J J J

with C' = aL/2. The couplings are (with an explicit factor 2 in the denominator pulled out, for
later convenience):

cosh?(3.J) @ _ sinh?(3.J)

— il U m —
cosh(28J) N aCOsh(QﬁJ) ,  I'Y =atanh(28J) . (1.29)

r®=q

1.1.3 Jordan-Wigner mapping

The Glauber ME has been translated into a quantum problem, but the form of its Hamiltonian
requires additional manipulation in order to be diagonalized. This is accomplished by the Jordan-
Wigner transformation. Essentially, the Jordan-Wigner mapping allows us to map spin-1/2 Pauli
operators into hard-core bosons ?)j (in any dimension) and then hard-core bosons into spinless
fermions ¢é; (Fig. , but only in one-dimension. The latter part of the mapping is the most
useful one for solving problems, if the resulting Hamiltonian is quadratic in the fermions. This
is precisely what happens for H®?) | after a spin-rotation that exchanges 6% < 6.

As well known, a few spin operators transform in a simple way into local fermionic operators.

Here is a short summary:

0F = 20, -
005 = (b}b}H + Dby + H~C~) = (j i+ 64+ Ho )
oty = = (B0l —blbyyy + Hoe ) = — (el — ey + Hee) (1.30)
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Concerning our problem, we can show that, away from the borders of the chain:

5 6767, = (el 4 ¢5_1) (20 — 1)(1—20A,_ ) (1 — 2A,) (el +¢544) (1.31)

where the terms (1—27;_,)(1—-20;) originate from the Jordan-Wigner string due to (¢ J+1+c]+1)
Taking into account that (27; —1)(1 —27;) = —1, and that the factor (1 — 27, ;) contributes

a —1 sign when combined with ¢;_,; and a +1 sign with é;r-_l, we readily conclude that:

R ot .
10707 = —<CJ<7ICJ<+1 +¢ji16 1+ c 1cj+1 + CJ+1Cj71) . (1.32)

It is now important to take care of boundary conditions. It is customary to assume periodic
boundary conditions (PBC) for the spin operators, which in turns immediately implies the same
PBC conditions for the hard-core bosons, that is, e.g., (A)TLIA)L_H = BTLBl But when we rewrite a

term of this form using spinless fermions we get:

AL A L—1 o . L ~
bib, =™ Zi=mitrele = it e = —(—1)Nrele (1.33)
where the second equality follows because, to the left of éTL we certainly have n, = 1, and

therefore the factor —e!™™. = 1. Similarly, we can verify that:

AL A . L—1 . L ~
bl = e Zim el of = —e'm R hyel ol = —(—1)Nrel el (1.34)

This shows that boundary conditions are affected by the fermion parity (—1)N*, and PBC
become antiperiodic boundary condition (ABC) when N is even. No problem whatsoever is
present, instead, when the boundary conditions are open, OBC, because there is no link, in the
Hamiltonian, between operators at site L and operators at site L + 1 = 1.

Let us see what happens to our term 67,6767, for j = L. Using spin-PBC, 67, = o7,

we have:
oy 16i6f+1 = 06710107
= (bpy+ b)) 20y —1)(0] +by)
_ ”TZL/ 217771/ i, (AT N
= ( e )em (e +é)
_ zﬂ'Z/ /( ez‘n'nL 1CL 1_|_ez7rnL 1CL l)eiwﬁL(éJ{_i_él)
= —[-(= 1)NF](CE ey ele el el e, 1)- (1.35)
Similarly:
686768 = 676768 = —[—(—1)F] (CTLCQ +ébe, +elel + CQCL) . (1.36)

These rather contorted final expressions are meant to show that these terms possess an overall
factor —(—1)NF with respect to the corresponding bulk terms in Eq. (1.32), exactly as every
Hamiltonian term: in essence, the choice of boundary conditions can be made consistently for

all the Hamiltonian terms.
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The case of open boundary conditions (OBC) is recovered by setting Jo = J, = 0. By
considering that by = J165/2 and hy, = Ji_16%_,/2, it is simple to show, from Eq. and
related ones, that the anomalous flipping term does not enter the Hamiltonian. EI

Let us start studying the fermionised version of the ordered Ising model quantum-mapped

dynamics.

1.1.4 Diagonalization of Hamiltonian in the ordered case

In the ordered case, all J; = J, and it is useful to consider spin-PBC so that translational
invariance is not broken by the boundaries. When written in terms of JW-fermions, the quantum
heat-bath Hamiltonian in Eq. (1.28) is:

. ro & r® &, 4
= - (an -1)— - (C}Jrlcjfl + 0;710;“ + H-C-)
j=1 j=1
&
> (e + e, +He) +C (1.37)
=1

where the first line originates from kinetic energy term, while the second line from the potential
one. So, in the PBC case, if the number of fermions Ng is odd, then all couplings are the
same, and it is possible (and convenient) to retain PBC for the fermions as well, i.e., indeed
take ¢, ; = ¢ and é; = ¢, . If, on the contrary, N is even, then the boundary bonds have an
opposite sign with respect to the remaining ones: translational invariance can then be exploited
only if antiperiodic boundary conditions (ABC) are enforced on the fermions, taking ¢;  , = —¢;
and ¢, = —¢,. Since the Hamiltonian conserves the fermion parity, both the even and the odd
sector of the fermionic Hilbert space have to be considered when diagonalizing the model, i.e.,
H=He+H °, where He/° denote the even/odd subspace restrictions. However, the fact that
the Hamiltonian conserves the fermion parity also guarantees that if we start from a state with
Np-even (requiring ABC) we will always remain in that subsector in the subsequent dynamics,
which is quite useful.

In order to diagonalize the Hamiltonian we introduce the fermion operators in k-space, ¢,
and é,t, in terms of which:

e'?

~ _ +ikj A
c. = Ze c
J \/f - k

ék _ e—uﬁ Ze—ikjél
4 \/f - J

where we have included an overall phase e'? which is irrelevant for the canonical anti-commutation

relationships, but will turn out useful in eliminating an imaginary unit ¢ from the final k-space

3 An equivalent way of appreciating this fact comes from F(LQ) = sinh(8Jr—1)sinh(B8JL)/(2Dr) = 0, which
follows from sinh(0) = 0.
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} ° —»
-7 0 i k

Figure 1.3: k-points for Ng-even (cross) and Np-odd (circle) sectors with L = 6. The choice of k-points
automatically enforces periodic and anti-periodic boundary conditions. Notice the unpaired
points at k = 0 and k = 7 in the Np-odd sector.

Hamiltonian. If Ng is odd we should take PBC for the fermions, ¢, ,, = ¢; and ¢, = ¢, this
in turn implies for the k’s the usual choice k = %T”, with n = 7% +1,--, % (
for definiteness) (Fig. [1.3)):

assuming L even,

2 L L
Npodd < PBC — k:%" with n= -2 +1,-, 5. (1.38)
If Np is even, then we have to take ABC for the fermions, ¢, , = —¢é, and ¢, = —¢,, if we

want to exploit translational invariance. This in turn requires a different choice for the k’s:

k =+ withn=0,---, L 1

m(2n + 1)

Nrpeven <— ABC — k=4=+

L
ith n=0...--.=2
with n =0, '3

~1. (1.39)

In terms of ¢, and é,t, He/° becomes (with the appropriate choice of the k-vectors):

~ r( ) . .
aee = ——— Z (266, —1) = == Y [2eos2k el + (e 2 clel 4+ Hoc)]
k
re ilet
-5 [2 cosk ¢ ckc + (etfe 2%l 4+ Hoe)| +C, (1.40)

k
Notice the coupling of —k with k£ in the anomalous term, with the exceptions of £k = 0 and
k = 7 for the PBC-case, which do not have a separate —k partner. By grouping together terms
with k& and —k, the Hamiltonian is decoupled into a sum of independent terms acting in the

4-dimensional Hilbert spaces generated by k and —k:

ABC R R PBC R R R
= ZHk+C and H°® = ZHk+Hk:O+Hk:7r+C, (1.41)
k>0 k>0

where we have singled-out ﬁkzo and ITIk:Tr for the Np-odd (PBC) case:

Hy = ap(efe, —é el ) +bp( —ie 29elel | +ie®%e ,e,), (1.42)
~ T
Himo = = (PO 4T 4T ) of ¢+ = (1.43)
~ t 17(0)
Hi—r = <_F(O) +7@ _p@ )) e e+ — (1.44)

where we have defined the shorthand:

ap = 7(1“(0) +TW cosk 4+ T@ cos 2k) (1.45)
by = TWsink+ T sin2k . (1.46)
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Notice the transformation of the —k cosine-term, where we used ) |, ., cos k = 0, whose usefulness

will be appreciated in a moment. Notice also that
(2ete, — 1)+ (26! e, — 1) =2(cle, —e_el,) .

We see that a critical point occurs for T'— 0 and k — 7. In fact at zero temperature the
parameters entering the Hamiltonian assume the values T(® = 1/2, T(Y) = 1 and T'® = 1/2
(Eq. , yielding to vanishing a; and by coefficients.

We can still make use of the freedom we have in choosing the overall phase ¢ to eliminate the
1 appearing in H , and choosing the sign of the anomalous BCS-like terms. In particular, with
the choice ¢ = —7/4 we end up writing:

Hy = ag(efe, — ¢ et ) +o(elel, +¢é .6 . (1.47)

With the Nambu formalism, we define the fermionic two-component spinor
U, = ( G ) . Ul=(@e ) (1.48)

with commutation relations (a = 1,2 stands for the two components of \f/)

(U, Ul Y = 60O - (1.49)
We can then rewrite each H. L as:
=~ = =~ =~ k)2 A A a b ¢
Hy =V[H®T, =30 B, , = (] c_k)( by e ) ( r ) : (1.50)
o, —k

In short, we could write H*) = a;7% + b, 7%, with 7% standard Pauli matrices (in Nambu space).

By solving the 2 x 2 eigenvalue problem for H*) we find the eigenvalues

€pt = Tep with € = \/a% + b% (1.51)

with corresponding eigenvectors (uy+ vp+)?. For the positive energy eigenvector, we have:

(“’”);(“k):l (6’“+a’“> (1.52)
U+ Uk 26k(6k + ak) b ’

where we have introduced the shorthands uy = ug4 and vy = vgy, both real. Note, in passing,

that u_jp = ug, while v_p = —wy, since by is odd. The negative-energy eigenvector (u— vk,)T

( " ) - ( s ) - w ( o ) - (1.53)

The (real) unitary matrix U, having the two previous eigenvectors as columns:

U, = ( S > : (1.54)

Vk Uk

is:
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diagonalizes H®*):

Ul H® U, = diag(ex, —€x) = ( eé“ 06 ) . (1.55)
—€k
So, we define new fermion Nambu operators ®;, through
~ ~ & Al S
¢, =UT, = "% e ) = ) (1.56)
—VECy, + UKC_, Yok
where, in the second term, we have made use of the fact that u_p = ug and v_p = —vg. It is

straightforward to verify that 4, is indeed a fermionic operator, i.e.

{%7’%1} = {wé, + Ukéik,ukélt +ope_}
= wi{e, ey +oR{el ey =ud +oi=1, (1.57)

the last equality following from the normalisation condition for the eigenvectors. In terms of
@) = (% &ik)T and ‘I’L = ‘I’LU,C = (%1 ¥_;), we have:

~ ~ ~ ~ € 0 ~
Hy = \I/MULH“C’U,CUL\Pﬁ‘I’E(é“ —ek)q”“
= e (39— i) = e (A + 41— 1) - (1.58)

The total Hamiltonians in the ABC and PBC sectors then reads:

ABC ABC
H =Y ai4, - > a+C, (1.59)
k k>0
N PBC PBC
H =Y a4, - a+TO+C, (1.60)
k k>0

where we have transformed the first term using e€_j = €.

1.1.5 Ground state and lowest excited states of the Ising model

Having obtained a quadratic Hamiltonian in the new fermion operators 4, , the next step is to
identify the ground state and the excited states. The expression (1.58) allows to immediately
conclude that the ground state of the Hamiltonian must be the state |(), which annihilates the

4, for all k& — the so-called Bogoliubov vacuum:
Ve l0)y =0 Vk. (1.61)

In principle, one can define two such states, one in the Np-even (ABC) sector, and one in the
Np-odd (PBC). However, comparing Eqs. and it turns out that the actual global ground
state is the one in the Np-even sector, with an energy

ABC
EfPC=->"e+C. (1.62)
k>0
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The ground state can be obtained explicitly as:

|@>$BC x Hﬁ#ﬂk“» (1.63)
k>0

where |0) is the vacuum for the original fermions, ¢,/0) = 0. So

H Y_wVel0) = H (Uké_k - vkéL) (Ukék + vkéT_k) |0)

k>0 k>0

H Vg <u;c - vkélétk) [0y, (1.64)

k>0

and by normalizing the state, we arrive at a standard BCS expression:

ABC
0)4%€ = TT (= wecfel Iy = A o™ 2855 Mecietao) (1.65)
k>0

where A\ = vi/ug and the normalisation constant is

ABC

N=T1] [1+x]

k>0

5 (1.66)

The PBC-sector ground state must contain an odd number of particles. Since a BCS-paired
state is always fermion-even, the unpaired Hamiltonian terms H k=0 + H k= must have exactly
an odd number of fermions in the ground state.

Regarding the excited states, the situation is simple enough within the Ng-even (ABC) sector.
Here excited states are obtained by applying an even number of ’y;i to |0)apc, each 'Ay;; costing

an energy €g:

ABC ABC
Wiy =[] BN 10)45C with 7z =0,1 and Y n = even
k k
ABC
E{nk} = Z Ng€r + E(‘?BC . (1.67)
k

In the Np-odd (PBC) sector, the situation is a bit more tricky. One could apply an even
number of 7;2 to the ground state |@)ppc, or, alternatively, change by one the fermion occupation

of the unpaired states at £ = 0 and k = 7, and apply only an odd number of 7, ’s.
1.2 Simulated and quantum annealing for ordered case

1.2.1 Simulated annealing

We want now to study the imaginary time dynamics which “simulates” the correct classical

ME dynamics. For generality, assume that we anneal the system by driving the temperature as
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a function of time, T'(t). This in general requires further terms in the quantum Hamiltonian,
but in all cases the resulting quantum Hamiltonian is quadratic in the fermions. If the system
is ordered, we essentially have an Hamiltonian as the one studied in the previous subsection,
except that in general we can allow the Hamiltonian to depend on time, through its parameters

and T'(t). Let us write a general BCS state for the ordered system as:

[B(8)) = N (1) e~ 250 wO%Le o) (1.68)
where A\ (t) depends on time and N (¢) is an overall factor. One important aspect of the
imaginary-time dynamics is that the normalisation of a state is not conserved: therefore, even if
at t = 0 we take an initial state which is normalised, i.e., such that N'(0) = [, o[14+A3(0)]7/2,
the resulting dynamics will make in general N (t) not simply related to the A (¢). In principle, we
will be able to write an equation governing A (¢) but the actual value of N (¢) is not important:
what we have to do is to calculate averages with a correctly normalised state, i.e., effectively
using NV (t) = [,-0[1 + AZ(£)] /2.

The imaginary time Scrédinger equation we want to solve is:
0 ~
—5 Y@ = HB)[(@)) (1.69)

where H (t) is a quadratic fermion Hamiltonian which can be parameterized with the usual a(t)

and b (t). First of all, we notice that:

ABC

Dy = [~ Ml + T wiey (170

k>0

Regarding the right-hand side, all constant terms in H are trivial to account for: let us disregard

them for a while. Consider therefore the general ordered form we have previously used:

ABC
aH =Y [ak(t)@;ek —e et )y roetEtet, + ﬁzkék)} , (1.71)
E>0
where both ag(t) and b (¢) can in general depend on time through the dependence of T'(¢). The
k-th term of H, Hj,, will act on the k-th component of [¢)(£)), essentially e =+ (M€ x|0). ignoring

~ of ot
all other k’ # k components. When Hj, acts on e~ **()%E-x|0) we obtain:

~

Ao e 410) = [(=2hean + bk — Xbekel , + (o — bag)]e 4euj0) . (172)

Recalling that the other components with k' # k are present, but not acted upon, we can then

write:
ABC

H)w(t) =Y [(—mak by — A2bp)étel 4 (—ay — bm)} [h(t)) . (1.73)

k>0
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By equating term-by-term the left and right-hand side of the imaginary time Schrédinger equation

we finally obtain an equation of A; in the form:
).\k = —2)\payp + b — )\ibk . (1.74)

Concerning the rather unimportant equation for N (t), we have:

N d ABC
N — % logN = kz>:0(ak —+ bk)\k) — Constants s (175)

where we have reinserted all the possible constant terms appearing in the Hamiltonian. It is
interesting to notice that all the Hamiltonian constants enter the (irrelevant) equation for N (¢),
but they do not influence at all the important equation for A(t).

At this point one can study two types of problems: 1) the relaxation towards equilibrium after
a sudden quench of the temperature from Ty to T, or 2) a slow annealing of the temperature.
In the case of a sudden quench, the final H governing the dynamics is time-independent, and
appropriate to describe the classical dynamics at Ty, but the initial state |1)) is the ground state
of a different Hamiltonian, ﬁo, appropriate to describe the dynamics at Tj. In the second case,
we have a genuinely time-dependent H (t).

The first case is quite simple to analyze: the coefficients a; and by are time-independent, and
one readily shows that the non-linear equation )\k = —2\par + by — )\%bk has two fixed points at

the values of \; which satisfy —2X\gay + by, — Aibg = 0:

—ay £ +/ai + b3
by, )

Akt

Simple algebra shows that the fixed point A, 1 = A" = v /uf’ is attractive, and corresponds to

the ground state solution of H, while Ak,— is unstable and not relevant to our discussion.

1.2.2 Quantum annealing

We move now to the quantum annealing for ordered Ising chains. Here the temperature is

replaced by an external transverse magnetic field T'(¢) that allows for quantum fluctuations

(Fig. [L.4).

The Hamiltonian governing a quantum annealing process is the following:
Hq(t)=—-JY 6:63, —T(t)) o7 (1.76)
J J

The diagonalization of the Hamiltonian follows the same calculations as in the simulated an-
nealing case: we first perform a Jordan-Wigner transformation on the exchanged spins 6% < 67,

followed by a Fourier transform with the usual rules on the determination of k-points according
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Figure 1.4: Sketch of the transverse field ferromagnetic Ising model.

to periodic and anti-periodic boundary conditions. In this section we will assume an even number

of fermions, so we deal with ABC. The Hamiltonian is then rewritten as:

() = a(®) (e, — eyt ) 4o (el +e 8, (1.77)

where the coefficients a(t) and by are redefined as:

ag(t) = —2(I(t) + Jcos k) , (1.78)
b = 2Jsink , (1.79)
3 L-1
with k& = %, fﬂ-, ceey % From Egs. [1.78 and |1.79]it is easy to see that a quantum critical

point occurs at I'(t) = J in the limit ¥ — 7 (for infinite chain length L). This translates into
zero-energy cost for excitations leading to a non-adiabatic dynamics. For a finite system, the

minimum energy gap occurs at k = kpax = 7(L — 1)/L and I'(t) = —J cos(kmax):

A = \f 1 407 = 2] sin(kpax) - (1.80)

The dynamics of the system can be studied in both real and imaginary time. The imaginary-

time QA-IT dynamics is governed by the same non-linear differential equation as in the SA

(Eq. [1.74):
).\k = —2)\kak(t) + by — )\ibk , (1'81)

while for the real-time QA-RT evolution the differential equation takes the form:
—i).\k = —2)\kak(t) + bk - )\%bk . (182)

In our study we considered a linear decreasing of annealing time 7:

() = T (1 - t) . (1.83)

T

This particular choice allows us to make predictions on the annealing time 7 at which the QA-

RT dynamics has a transition between non-adiabatic and adiabatic evolutions. In fact, the
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Hamiltonian can be rewritten in terms of a Landau-Zener process, on which we can evaluate the
correspondent excitation probability.
As detailed in Appendix[A] the Landau-Zener model is a two-state quantum problem governed

by a time-dependent Hamiltonian and described by the following Schrodinger equation:

o (o) =1 2 () (15

where ¢; and ¢y are the probability amplitudes of the eigenstates at ¢ — oco. Starting in the
ground state at t — —oo, the probability to have a transition at the end of the evolution is given

by the Landau-Zener formula:
P (t — +00) = e lbI*/ha (1.85)

Let us study the quantum annealing in terms of Landau-Zener process. First we write the
Hamiltonian Hy(t) in matrix form as in Eq. [1.50)

=~ —2(I'(t) + J cos k) 2J sink ¢
Hi= (@ ) ( 2J sink 2(I'(t) + J cosk) > ( éfk ) ) (1.86)

At this point we can manipulate the matrix to make it in LZ standard form:

—2(T'(t) + J cos k) 2Jsink o Ee(t—1) 2Jsink (1.87)
2J sin k 2(0(t)+Jcosk) )~ \ 2Jsink 2e(t—¢) )7 ’

where we have defined the time £ = 7 + J7 cos k/Ty. The form of the matrix is now suitable for
applying Eq. for LZ excitation:

P]gx _ 6727r1127'sin2 k/To _ e*T/T;: , (188)

where the time-scale 7;° = I'g/2m.J? sin” k defines the annealing time at which excitation in k-state
can happen with a probability 1/e. Since we are interested in predicting the transition between
non-adiabatic and adiabatic dynamics, we need to consider the most probable excitation, hence
correspondent to minimal gap Ay . For sufficiently large L we can approximate sin(kmax) ~
7 /L, leading to a probability

g, = e /ol (1.89)
Therefore 7% = I'gL? /273 J? defines the annealing time of “adiabaticity breaking”.

The same consideration can not be done in SA since the critical point occurs at the end
of evolution — at zero temperature — and it is never crossed during annealing. Moreover, the
gap decreases exponentially fast approaching T — 0. Let us see how. The parameters of SA
Hamiltonian take the form

cosh?(3.J)

@ _ sinh?(3.J)
cosh(28J) ’

r® — el el
“ acosh(QBJ)

M = o tanh(243.J) , (1.90)
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In the limit 7" — 0 we obtain the asymptotic behaviours:

PO = 2 [L+2677 £ 0 (7)) (1.91)
I =a1-27%7 4+ 0 (e )], (1.92)
r® = % [1—2e72%7 4 O (e 4%)] . (1.93)

The coefficients a; and by close to the critical point behave as

2

ap ~ —2ae” P 4 % (1- 46_2ﬂj) +0 (e_GﬂJ) , (1.94)
2am e 487

by, ~ Te*w" +0 < 7 ) . (1.95)

From last equations we see that the gap decreases exponentially fast for ¢ — 0, making the

problem different from standard LZ.

1.3 Results for the ordered case

In this section we show the results obtained for ordered Ising chains. The evolutions have been

simulated solving the following equation through a Runge-Kutta 4th-order method:
f)'\k = -2\ ak(t) + bk(t) — )\i bi(t) , (1.96)

with £ = 1 for SA and QA-IT, while £ = —i for QA-RT.

The coefficients a; and by are the following:

_ cosh?(B(t)J) an o sth(ﬂ(t)J) cos
SA: ar(t) = <Cosh(25(t)<]) o h(iiiIZéi 5 g + sh(25(t)J) 2k> ’ (1.97)
sin ,
b(t) =« (tanh(?,@(t)J) sin k + cosh(2B(1)7) sin 2kj>
() =-2(T()+ Jcosk)
QA: {bk =2Jsink ' (1.98)

The evolutions start in the ground state at reasonably high temperature for SA and transverse

field for QA, and then they are decreased linearly to zero in an annealing time 7:

SA: T(t) = T) (1—i) . QA: T(t) =T, (1_ j) , (1.99)

with To = 10J//€B and Fo =10J.
The variables A\, = vy /uy, are initialized to the ground state condition (Eq.[1.52):

by (0)

At =0) = oy e )

(1.100)
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The interesting observable is the density of defects pger at the end of the annealing. This
measure is an indicator of the adiabaticity /non-adiabaticity level of the evolution, since it counts
the number of excitations and therefore the “distance” from the true ground state at the end of

the dynamics. The defect density operator is defined as:

Z

pdefsz %% (1.101)

Its average can be computed in terms of Ay coefficients with the following formula (see Ap-
pendix for derivation):

Z|/\k sin (k/2) — cos (k/2)|” (1.102)

pdef
k>0 1+ [Ae(t)]

Another important observable is the residual energy €5, defined as the extra energy with
respect to the ground state level. In the ordered case it does not give us additional information

since it is proportional to pges:

€res = JZ 63670 + JL = 2J paet - (1.103)

In figure we show the results of the final density of defects pget(t = 7) for the three
dynamics.

The behavior of pger for real-time QA follows the Kibble-Zurek power-law pGs " (1) ~ 1/y/T
associated to crossing the Ising critical point [311|32]. As predicted from LZ theory, finite-size
deviations are revealed by an exponential drop of pge(7), occurring for annealing times larger
than 77 ~ T'oL?/273J? due to a LZ probability of excitation across a small gap Ay, = 2.J sink ~
e—2m°J*7/ToL?

/L close to the critical wave-vector k. = 7, Pex = . We note that, for any finite

L, the exponential drop of p55 ""(7) eventually turns into a 1/72, due to finite-time corrections
to LZ [41,/42].

The QA-IT case is very different from QA-RT for L — oco. We find p35 "™ (1) ~ a/7? +
O(e_bT), with a &~ 0.784, where the first term is due to non-critical modes, while the exponentially
decreasing term (see Fig. is due to critical modes with k¥ = m — ¢ at small ¢: their LZ
dynamics, see Fig. shows that IT follows a standard LZ up to the critical point, but then
filters the ground state (GS) exponentially fast as the gap resurrects after the critical point.
That IT evolution gives different results from RT for L — oo is not obvious. From the study of
toy problems [43], it was conjectured that QA-IT might have the same asymptotic behavior as
QA-RT, as later shown more generally [44] from adiabatic perturbation theory estimates. That
is what happens in our Ising case too for finite L and 7 — oo, with a common 1/7% asymptotic.
Moreover, IT gives the same critical exponents as RT for QA ending at the critical point [45].
The deviation of QA-IT from QA-RT for Ising chains in the thermodynamic limit L — oo is due

to the non-perturbative LZ nature when the annealing proceeds beyond the critical point.
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Figure 1.5: Density of defects after the annealing, pdet(7), versus the annealing time 7 for the ordered
Ising chain. Results for simulated annealing (SA) and for quantum annealing (QA) in real
time (QA-RT) and in imaginary time (QA-IT).

The SA result, Fig. is marginally worse than QA-RT due to logarithmic corrections,
pEhe(T) ~ (InT)"//T, where we find v ~ 3/4. As discussed in the previous section, two aspects
make the SA dynamics different from the standard LZ dynamics behind QA-RT, and are at
the origin of the logarithmic corrections: first, the critical point occurs at T = 0 (for k = =)
and is never crossed during the annealing; second, the coefficients ax and b, which behave as
ar ~ —20e % 4+ g—zj (1 — 4e_25‘]) + O (6_66‘]) and by = QO‘T”e_QﬁJ + O (#) close to the

critical point, lead to an energy gap which decreases exponentially fast for T — 0.
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Figure 1.6: Log-linear plot of the deviation Apget = paet — a/72, with a ~ 0.784, for QA-IT, showing a
clear exponential approach to the leading 1/72
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Figure 1.7: Landau-Zener dynamics in real and imaginary time for modes close to the critical wave

vector, k = m— q, with small q. Notice the excitations happening at the critical point I'c = 1
(in units of coupling J) for ¢/7 =1—1/Tv = 0.9.
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1.4 Simulated and quantum annealing for disordered case

The general disordered case can be tackled along similar lines as we did for ordered case. The
heat-bath quantum Hamiltonian will be in the end quadratic in the JW-fermions. Apart from
constants, we can always rewrite it in the general Nambu form:

Hit)=9"-Ht) & = (¢ ¢ )( j;g()t) 7BA(f()t) ) < ¢ ) . (1.104)

ef
For a general quadratic fermionic Hamiltonian the 2L x 2L matrix H should be Hermitean,
and its L x L blocks A and B should be, respectively, Hermitean (A = A") and antisymmetric
(B = —BT). In the Ising case we are considering, where all couplings are real, H is a 2L x 2L real
symmetric matrix, A is real and symmetric (A = A* = AT), and B is real and anti-symmetric
(B =B* = —B7) hence we can write:

Alt B(t
so-( A0 29). (109

The structure of the two blocks A and B is given, in SA case (omitting any ¢-dependence), by:

0
Aj;=-1 B;, =0
(1) (1)
Fj Fj
Ajjri=Aj=——— Bjjt1=-Bjt1;=——5 | (1.106)
%2) %231
Ajjra=Aj0;=— ]2“ Bjj+2=-Bjj2; =— J2
while in the QA case:
Aag =T J D =0 J (1.107)
Ajjn=Ajpry =5 Bjjt1 =By =-3 '

In the PBC-spin case, we have additional matrix elements in both A and B connecting neighbors

across the boundary, with an overall extra factor —(—1)"* depending on the fermion parity:

(=1)"N* = +1 for the ABC-fermion case (¢, , = —¢, corresponding to even Np) and (—=1)"r =
—1 for the PBC-fermion case (¢, , = ¢;, corresponding to odd Nr). In SA:
r o
Api=A = (-1)Nr-L Bri=-Bi L= (—1)NF%
e e
Ap11=Arp 1= (_1)NF% B,_11=-By, = (_1)NF% ,  (1.108)
ng) ng)
Aps=Ayp = (—1)Nr 5 Bro=-Byp = (—1)NFT
and QA:
Ny JL N JL
Api=Ap=(-)""— Bri=-Bip=(-1)""—, (1.109)
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As detailed in Appendix [C] the most general BCS-paired state one can write will have the

Gaussian form:

LT, (et
(1)) = N(0) €2 10) = N (1) XD ZOC 0) = M1) exp (5 30 25,060, 10)
Jijz
(1.110)
where Z(t) will be our shorthand notation for the quadratic fermion form we exponentiate.
Clearly, since cJr cJr = —c}zc;r we can take the matrix Z to be antisymmetric (complex, in

general, but real for the problem we are considering, since imaginary-time dynamics does not
bring in any imaginary numbers): any symmetric part of Z would give 0 contribution. The

time-derivative of such a state will be simply:
8 R N
ar V) = {( D> Ziia ()2, L) + N} () - (1.111)
Jijz

Using Eq. (C.5)) we immediately derive that:

¢;e%|0)y =Y Zj;ele®|0) . (1.112)

which immediately implies that the normal terms of the Hamiltonian bring:

> ek Ay e®l0y =D (A Z);,5,el e(0) . (1.113)

J1jz J1jz2

With similar manipulations, we can deal with all terms of H , obtaining:

Hb)|(t) = {ch (A-Z+Z.A+B+Z-B.z)jlj2e}2 “TA-Te(B-Z)|[p) . (1.114)

Equating term-by-term left and right-hand side of the Scrédinger equation, and omitting the

time-dependence of all quantities, we finally get:
gZ:_z(A.Z+Z-A+B+Z.B-Z), (1.115)

with £ = 1 for SA and QA-IT, and £ = —i for QA-RT. Notice that the right-hand side is

manifestly antisymmetric. In principle we can write an equation for N'(¢) as well, although not
particularly useful here:

N

N dt

where “Constants” denotes all possible constant terms appearing in the Hamiltonian, omitted

log N =Tr A + Tr(B - Z) — Constants , (1.116)

from the Nambu quadratic form.
As already mentioned, all we really need to do is to properly normalize the state in calculating
the averages. All the information regarding the normalization is contained in the antisymmetric

matrix Z(t).
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1.5 Results for the disordered case

We now discuss the results for disordered Ising chains with open BC, and couplings J; chosen
from a flat distribution, J; € [0,1]. First we focus on the minimal gap distributions for SA and

QA. In the second subsection we present the results on SA, QA-RT and QA-IT dynamics.

1.5.1 Minimal gap distributions

The smallest instantaneous gap that occurs during the total evolution of the annealing is the
key element for the dynamics, since it directly affects the adiabaticity (or non-adiabaticity) of
the process. For QA, given a random realization of energy interactions J;, there is not a unique
critical value of the transverse field I' at which the minimal gap occurs. Indeed, the transverse
field random Ising model is known to possess an infinite randomness critical point whose average

is given by the known relation InT'. = (In J;) [46]. In our case:
1 1
<ln JZ> = / dJ; P(Jl) InJ; = / dJ; InJ; = -1 — I'.= 1/6 . (1.117)
0 0

In Figure we show the lowest instantaneous gaps for a particular realization of the chain,
with a minimal gap slightly shifted from T'..

At the critical point the distribution of the equilibrium gaps A becomes a universal function
[47] of g = —(InA)/VL, as we can see in Figure where g-distributions for different chain
length L collapse into a single curve.

The SA Hamiltonian H, sa shows different physics: the smallest typical equilibrium gaps are
seen at the end of the annealing, T' — 0, where they vanish Arrhenius-like, Ayyp(T) ~ e B/T
with B/J ~ 2 (Fig. and . We expect that B/J = 2 is a finite size effect, turning into
B/J = 4 in the thermodynamic limit, as suggested from the ordered case (Eqgs. and [1.95).

In fact, in ordered case, the leading term by ~ e=287 /L is replaced by —2ae~*4/ for L — +oo0.

1.5.2 Annealing results

Turning to dynamics, we calculate pgef(7) and €.05(7) by integrating numerically the equation
for Z:

§Z:—2(A-Z+Z-A+B+Z-B~Z) (1.118)

with £ = 1 for SA and QA-IT, while £ = —i for QA-RT. This is feasible for L up to O(1000).
Given the need for a good statistics, we will present data up to L = 128. The A and B matrices
take the values as in Egs. [[.106] and [I.107] with open BC. The annealing schedule is the same as
in the ordered case:
t t
SA: T(t) =Ty (1 — ) , QA: T(t) =Ty (1 — ) , (1.119)
T

T
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Figure 1.8: Lowest-lying instantaneous spectral gaps A,, as a function of I' for QA with L = 64. Notice
the minimal gap located close to I'c = 1/e.
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Figure 1.9: Distributions of g = —(In A)/v/L, A being the equilibrium gap at the critical point T'; = 1/e,
in the QA case for different chain lengths L.
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Figure 1.11: Arrhenius-like behavior of the typical minimum gap Ay, in the SA case vs. 1/T for
different chain lengths.
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with Tp = 5 J/kp and I'y = 5J. The system is initialized in its ground state, correspondent to
Z(t =0) = —(UT)~1. VT, For any given 7, we considered many disorder realizations, obtaining
distributions for pgef(7) and e.s(7). The observables can be computed in terms of Z matrix
through the following relations (see Appendix :

L—-1
1 1
Pact =5 = 3L =1 2 (Gj1; + Fjr+ec), (1.120)
L—-1
Eres = Z Jj [1 — (Gj-l-l,j + Fj7j+1 —|— C. C)] . (1121)
j=1

where matrices F and G are expressed in terms of Z (see Appendix @ for derivation):

F=(1+22""'Z, (1.122)
G=(01+2Z"H1'2Z". (1.123)

For SA these distributions are approximately log-normal (Fig. , as previously found for
QA-RT [34], with a width decreasing as 1/v/L, implying that the average [Pdet),, approaches the
typical value [paetl;,, = e pactlay for large L, and similarly for ;es.

QA-IT behaves differently: the distributions of both pget(7) and €res(7) show marked de-
viations from log-normal, see Fig. hence typical and average values are rather different.
Fig. shows [paet (T)]iyp/av (8) and [eres(T)] gy 0y (b) for the three annealings performed.

The SA results are nearly size-independent, with a clear logarithmic behaviour [48] for large

[pdedSA ~ 10g71(WSAT)7
[Gres]SA ~ 1Og72(rYSAT)7 (1.124)

with v, &~ 6.5. Notice that a residual energy of the form €5 ~ log7CSA (VsaT) With (g4 = 2
saturates the bound (s, < 2 for thermal annealing in glassy systems [49]. Concerning the QA-RT
case, results are well established from Ref. [34] where larger systems were tackled by the linear

BdG equations:

QA—RT

[Pdet] ~ log~*(y7),
[res] 2T~ 1og7<(77'), (1.125)

with v &~ 0.13, and ¢ ~ 3.4. Finally, we again find QA-IT very different from QA-RT, with
a faster, power-law, decrease of pger and €. The size-dependence of the data is revealing:
the “typical” data move upwards with increasing L, but, luckily, the “average” data show the

opposite tendency — they move towards lower values, with an increasing slope vs 7. It is fair to
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Figure 1.12: (a) Probability distribution for the logarithm of the density of defects © = —In pger and
(b) residual energy y = — In €es for a SA evolution with annealing time 7 = 50 for L = 32
and 64.
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conclude that our data support a power-law for both pger and €pes:

QA—IT —n

[pdef]typ/av ~ T "y
QA—IT —n

[Eres]typ/a\/ ~oT T

(1.126)
where we estimate p, ~ 1+ 2 and p ~ 1.5+ 2
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Yy = — In€peg

Figure 1.13: (a) Probability distribution of z = — In pger and (b) residual energy y = — In €cs for QA-IT
with 7 = 1258 for L = 32 and 64. Notice the deviation from log-normal distribution.
Increasing L the average and typical values tend to a common value.
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Figure 1.14: (a) Density of defects [paect(7)]typ and (b) residual energy [eqes(T)]typ versus 7 for SA, QA-
RT and QA-IT (for which average data are also shown). The lines are fits of the data.
Solid arrows are guides to the eye for the size dependence towards L — +oo.
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1.6 Conclusions

We have presented a non-trivial example of a quantum speedup of real-time Schrodinger QA over
master-equation SA on an equal-footing single-flip deterministic dynamics. Our second important
result is that a “fictitious” imaginary-time QA behaves very differently from the “physical” real-
time QA, providing a much faster annealing, with an asymptotic behavior compatible with 77+,
with p ~ 1+ 2, i.e., an exponential speedup. Hence, provocatively, “quantum inspired” is here
better than “quantum”, a point that deserves further studies. Results on the fully-connected
Ising ferromagnet confirm that this IT-speedup is not specific to the present 1d problem [50].
The specific problem we addressed — a random ferromagnetic Ising chain — is “easy” in many
respects: i) it does not possess frustration, the ingredient that makes optimization problems
generally hard [18], i) it can be reduced to a quadratic fermionic problem, and iii) is also a
case where SA does not encounter any phase transition for T — 0, while the QA dynamics
goes through a critical point at I'. > 0. This, as discussed in Ref. [19] for the spin-glass case,
might in principle give an unfair advantage to SA over QA: but, remarkably, it doesn’t, in the
present case. Our study provides a useful benchmark for many possible developments, like the
role of thermal effects, or the comparison with QA simulated by path-integral MC [51]. Our
QA-IT results suggest also to pursue the application of diffusion quantum MC to simulate the
imaginary-time Schréodinger QA, likely a very good “quantum-inspired” classical optimization

algorithm [52].






Chapter 2

Quantum lubricity

In this chapter we deal with a different out-of-equilibrium quantum problem. We present a
nanofriction model — a quantum version of the classical Prandtl-Tomlinson model — that aims to
describe quantum effects in the sliding problem. In the classical model, a particle is pulled by
a harmonic spring over a one-dimensional sinusoidal potential. The dissipation is introduced by
adding a viscous term, proportional to the particle velocity, and a random force, that provides
thermal equilibrium with the environment. The dynamics is then solved for a single stochas-
tic evolution through a Langevin equation, and then averaged over many realizations. In the
quantum version, the dissipation is provided by introducing an interaction with a bosonic bath,
composed of a large number of harmonic oscillators. Given the huge complexity in dealing with
a large number of degrees of freedom in quantum mechanics, the problem is tackled by solving a
quantum master equation on the reduced matrix, where the bath degrees of freedom are traced
out. A comparison between classical and quantum results shows a huge difference in the aver-
age dissipated energy per period, with a much higher amount of heat generated by the classical
evolution. This can be explained in terms of LZ theory, that predicts a resonant tunneling to
a nearby excited state, responsible for a significative drop of frictional force — a phenomenon
which we may call quantum lubricity. This phenomenon is responsible also for the discontinuous
particle transfer to the next well, happening in correspondence of avoided crossings of energy
levels. Moreover, the theory predicts an adiabatic regime of low velocities where the frictional

force drops to zero non-analytically in the particle velocity with a e=* /¥ behavior.

In Section We present the quantum model and the method for solving its dynamics.
In Section we derive the classical equations of motion from the Hamiltonian used for the
quantum case. In Section we present the results comparing classical and quantum dynamics

using the same physical parameters, and finally in Section we draw some conclusions.

37
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Figure 2.1: Pictorial sketch of the nanofriction model. A particle is pulled by a moving spring over a
sinusoidal potential.

2.1 Quantum model

Our model consists of a single quantum particle of mass M in the one-dimensional periodic
potential created, for instance, by an optical lattice, of strength Uy and lattice spacing a. The
particle is set in motion by the action of a harmonic spring k, representing for instance an optical

tweezer, which moves with constant velocity v (Fig. :

R H2 k
Hq(t) = 2% + Uy sin® (gx> +5 @@=t (2.1)

The forced motion gives the particle an energy that, in a frictional steady state, is removed by
dissipation in a thermostat. As pioneered by Feynman and Vernon [53], such a dissipation can

be introduced by means of a harmonic bath [54]

H2 . 2
. p: 1 . c 5
i
where each oscillator Z; couples, through an interaction coefficient ¢;, to the “periodic position”
of the particle X = sin (%’ri) The coefficients ¢; determine the coupling strength of the bath,
2
through the spectral function J(w) = h)_, 5

C.

5mo; 0(w — w;), which we choose of the standard

Caldeira-Leggett ohmic form J(w) = 2ah?we™*/“s where w, sets the high-energy cutoff.

2.1.1 Wannier functions basis

In order to simulate the problem we need, first of all, to restrict the space to few wells of
the lattice potential and set periodic boundary conditions. This is straightforward for periodic

function sin” (7 /a), while parabolic potential needs to be manipulated a bit:

k k L L’
i(A—Ut)z =4 5 |: mOd (ﬁi'—’l)t_Q,L) _2:| s (23)
with L the length of lattice. Our choice is to set the number of wells equal four (N = 4), taking
care to have reasonable high parabolic potential at the boundary with almost zero probability
for the particle to cross it. A sketch of the new total potential is represented in Figure [2.2]

The second step is to set a wavefunctions basis. This is done by considering the time-

independent part of the Hamiltonian constituted by the solely lattice potential, Hy = % +
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—2a —a 0 a 2a

Figure 2.2: Total periodic potential as sum of lattice and parabolic contributions.

Uy sin? (%i) The correspondent Schrodinger equation can be cast into a Mathieu equatio

after a rescaling of the position ¢ = Za:

n* d?

AN 2 (T _
~ 5 dew(x) + U sin (ax) Y(x) = Ey(x) (2.5)
\
d2
T@wm (€) + [am — 2qm cos (2¢) ¥m (¢)] = 0, (2.6)
with adimensional parameters
. 2Ma? Ma? _F Uy 2.7)
Im = " ope 22 " Ep 2Eg’ '
M 2
0m = “ U, Yo (2.8)

Tomnz T T 4ER

where we have introduced the recoil energy Er = 7w2h%/2Ma?.
Mathieu functions (Fig are solutions of Eq. and therefore they are eigenfunctions of
Hvt

Hy ™) () = By 9™ (2) (2.9)

where n is the energy band and [ spans from 1 to V. Notice that the functions are two-fold

degenerate, except for [ = 1 and [ = N. Mathieu functions are real functions and form an

I Mathieu equation takes the general form:

d?y(z)

U2 + [am — 2gm cos (2z)] y(z) =0 . (2.4)
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Figure 2.3: Mathieu functions for the first band. Notice that the two degenerate functions (I = 2 and
I = 3) differ just by a shift.

orthonormal basis:

L/2 .,
/ D& (@) v ™ (@) = S S - (2.10)

—L/2

They are related to Bloch functions z/;ff’") (z) = e*®uy ,, () by linear combinations:

l(gk:o, n)(x) _ 71)151[11:1,71) (z) (2.11)
_ _ 1

l()kfj:27r(l 1)/Na, n)(w) _ E (wl(lz],n)(w) + iwr(IllH,n)(x)) with [ # 1, N (2.12)

w[()k:ﬂ'/a,n)(x) _ 1/}$rllzN,n) (CL’) , (2.13)

with correspondent eigenenergies Ej, ,, shown in Figure for parameter Uy = 38.5 Eg. Notice
that Bloch functions correspondent to kK = 0 and k¥ = m/a are real. The (delocalized) Bloch
waves can be transformed into localized states called Wannier states (Fig. [2.5)):

BZ
Win(e) = <= S e (@) (2.14)
k
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Figure 2.4: Energy spectrum of the first six bands for the infinite lattice potential. Dots are the energies
for the reduced system L = 4. Uy = 38.5 Er is the height of lattice potential.

where BZ indicates sum over all the Brillouin zone. From this definition it follows that?]
Win(z+ma) =W;_mn(x) . (2.15)
Moreover, they form an orthonormal basis:

L/2
/L/2 dx W]’fn(:c) Wj/,n/(x) = 5j7j/ 5n,n’ . (216)

Our choice is to set Wannier states as wavefunctions basis for our problem, since they are

localized and therefore more physically intuitive than delocalized states.

The Hy matrix elements are readily computed:

N 1 o
(Wil By Wi ) = ~ Zew(lm k'5') <wt()k,n)

7o g\ Z L ika(j—j")
L HV ’wb > - N 6n,n’ ;Ek,n € I

(2.17)

2 From Bloch functions property wl(akm(z + ma) = ethma d)lgk’n)(x) we have:
. Bz
Wjn(z+ma) = Wii Z e tkaj z[)ék’”) (z + ma)
k

1 BZ _ ) X
= e MU @)
k

=W_mn(x).
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Figure 2.5: First four Wannier states for central well j = 0 of the lattice potential with the correspondent
onsite energy €.

From Eq. we see that [HV]jm;j/m’ is a block matrix. For N = 4 it takes the form:

€0 tio0 t20 Tt1p0
ti0 € tio t20
too tio € tipo
ti0 t20 tio €0

(H]jnijr e = 0t g ha , (2.18)
t1ip e ti1 f2
to1 t11 €1 11
tig teq tin €
with onsite energies:
1
€n = ]T[ ;Ek,n s (219)
and hopping terms:
1 k#m/a
trn = 57 | Br=om + (=1)" Br=r/an + 22% 2cos (kar) | (2.20)

with r = j — 5.
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Figure 2.6: The four lowest instantaneous eigenvalues of a particle that is adiabatically driven by the
harmonic trap from a periodic potential minimum to the nearest one. Note the avoided-
crossing gaps associated with tunnelling events encountered during the dynamics at times
t1, to and t3. At time t; a classical particle would be pushed to the next well after the
disappearance of the rising local minimum.

2.1.2 Dynamics

Having set the Wannier basis, we introduce the time-dependent harmonic potential (k/2) (& — vt)”.
The coherent part of dynamics is governed by

A2

7o) = P 2 (T2) + 5 5 _ on?
Hq(t) = o+ Up sin (ax) +3 (& —vt)”, (2.21)
whose matrix elements are given by:
X X L/2 ,
(Wil Ho [Wjr ) = (Wjnl Hy Wi ) +/ ) dz Wi, (x) (z — vt)” Wy (2) . (2.22)
—L/2

We can understand the basic mechanism leading to quantum frictional dissipation by con-
sidering the instantaneous eigenstates of fIQ (t), shown in Fig. for a reduced Hilbert space
with 4 states per well. Denote by T = a/v the time period in which the driving spring moves
by one lattice spacing: at ¢ = 0, when the harmonic potential is centered at x = 0, the lowest
eigenstate is essentially coincident with the lowest Wannier state in the x = 0 potential well, that
we call “0A”. As the harmonic spring moves forward, at t = ¢t; = T/2, the particle negotiates

the perfect double-well state between = 0 and = a (“0B”), where all pairs of left and right
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levels anticross. The LZ “diabatic” transition rate (population of the excited state after the
anticrossing) between levels E, (t) and E,/(t) is given by LZ formula [A.5}

xA2 y
LI n—n’

Py = € T = o~ (2.23)

where ., is the relative slope of the two eigenvalues involved, E,, and FE,/, A,,  their anti-
crossing gap, and v is the speed.

At the anticrossing at t; = T/2 between ground states at = 0 and = = a, due to the large
barrier the states are very localized and the gap, here Agy, is exceedingly small. For very small
velocity, nonetheless,

mAG
200, |Ey — Eol ’
the LZ transition rate Py_q , which as we shall see is proportional to the frictional dissi-

V<L Vg1 = (224)

pation, is negligible. In that low velocity case, a quantum particle is transmitted adiabatically
without friction. This is therefore a regime, which one might designate of quantum superlubricity,
where friction vanishes non analytically as in Eq. in the limit of zero speed — totally unlike
the classical case, where friction vanishes linearly with v (viscous friction). Quantum superlu-
bricity should be realized at sufficiently low temperature, to be thermally destroyed in favor of
viscous lubricity as soon as temperature T is large enough to upset the LZ physics behind the
mechanism. This, however, is not expected to occur until 7" becomes considerably larger than
the tunnelling gap Ag1, as a recent study on the dissipative LZ problem has confirmed [55].
Moving on to larger speeds v > vg_,1, the particle, unable to negotiate tunnelling adiabati-
cally, remains diabatically trapped with large probability Py_1 in the lowest 0A Wannier state
even for ¢t > T/2. Only at a later time, t = tgo), the rising level becomes resonant with the first
excited state 1B of the z = a well (Fig. . As this second gap Aio is now much larger, the
LZ diabatic rate drops and the particle transfers with large adiabatic probability from the A to
the B well for driving speeds vg_,1 < v < v1_,2. Once the first excited 1B state in the z = a
well is occupied, the bath exponentially sucks out the excess energy and thermalizes the particle
to lowest 0B level. That amounts to dissipation which is paid for by frictional work done by
the external force. The 0A — 1B quantum slip between neighboring wells preempts by far the

classical slip, which would take place when the rising classical minimum disappears, at

wUy ka2 \*  a 1 ka?
ts=—\1— | —— — ——— | >1a. 2.25
kva <2772U0> * om0 272Uy 2 (225)
2.1.3 Quantum master equation

To calculate the frictional dissipation rate, we describe the particle motion by means of a weak
coupling Born-Markov quantum master equation (QME), based on a time-evolving density ma-

trix (DM) pg(t) [55,56], whose equation of motion is (see Appendix [E]| for details on derivation)
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Figure 2.7: A pictorial sketch of the tunnelling event in which a particle in the ground level of the left
well (A) resonantly tunnels into the first excited level of the right well (B). This process
occurs in correspondence of the avoided crossing energy levels at t = t».

L pa(t) = = [Ax(0).500)] - ([X.8(0p0)] +He) | (2.26)

where

Hx (t) = Ho(t) + 2hawX? . (2.27)

The operator X = sin (27%/a) mediates the dissipation by connecting Wannier states with differ-
ent parity within the same well. In this way, the dissipative process takes place by de-excitation
of a Wannier state into the lower one in the same well. In Fig. 2.8 we show a graphical represen-
tation of X matrix elements, where we can appreciate the main contribution to dissipation given
by the de-excitations between consecutive Wannier energy levels. The counterterm 2haw,X? is
needed in order to compensate a renormalization of the potential which is caused by the bath
interaction. Nevertheless, its contribution is very small, since it is proportional to the coupling

constant « of the interaction. The operator S(t) is a bath-convoluted X given by

S(t) = % /Ot dr C(r) Ux(t,t — 1) X UL (t,t — 1), (2.28)
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Figure 2.8: Graphical representation of matrix (W; .| X |Wjs nr). The color intensity is proportional
to the absolute value of matrix elements. The operator X, “mediator” of the dissipation
process, connects Wannier states with different parity within the same well.

with C'(7) the bath correlator:

O(r) = 3 ere (@) (0)eq

=3 o () + 5 ((0))

2miwi
_ / dw T (w) [ f5(w) + e 7 [f5(w) +1]] (2.29)
0
and Ux (t,t — 7) the time evolution operator:
Ux(t,t—7)=T {e—% Jina ﬁx(”} . (2.30)

The operators b; and blT are annihilation and creation operators of the i-th harmonic oscillator
of the bath, while fz(w) = 1/(e®™ — 1) is the Bose-Einstein distribution function. Since the
time-scale of the bath decorrelation is much smaller than the time-scale of the dynamics of the
system, the contribution to the integral of S(t) is given by small values of 7 for which Hy (t)

remains approximately constant. We can then write:

ZjvX (ta t— 7—)|7'<<0L/v ~ e—%f{x(t)‘r . (231)
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At this point, S(t) takes the form:
/ dr C(7) e #Hx(W7 X oiHx (D)7 (2.32)

In order to evaluate the term e~ # Ax ()7 X e Ax ()7 e insert the identity expressed in the basis

of instantaneous eigenstates:

TR K X O = 37RO 0y (1) (s (1) X o (1)) (e (0)] €5 X 07

k,k’

= S e HEO-E Oy (0)] R e (0) (D) (o (O] . (2.33)

k,k’

with Hx (t) [ (t)) = Ex(t) |¢r(t)). Hence we can rewrite S(t) as:

50) ~ 3 (Wr()] X [ () [(0)) (6w (1) / dr C(r) ek (B @=BeOlr  (9.34)

kK’

We can further simplify the integral letting ¢ tend to infinity (Markov approxzimation), since C(1)

is assumed to rapidly decrease after a (small) time-scale 75:
t s 400 ]
/ dr C(7) e B (O=Ex®]lr _ / dr C(7) en P O=ExOlT = DB (1) — Ey(t)) . (2.35)
0 0

Finally, S (t) can be approximated, in the basis of the instantaneous eigenstates |1y (¢)) of the

system Hamiltonian Hy (t), as

= Sk (1) [n(8)) (U (1)] (2.36)

Py
with
Sk (t) & % (kO] X | (D) T [Ew (1) = Ex(1)] (2.37)
where
I(E') = /0 " C(r) e (E+i0T)r/n (2.38)

is the rate for a bath-induced transition at energy E, and Ej(t) is the instantaneous eigenvalue
associated to |1 (t)). Recent work on the dissipative LZ problem [55] has shown that this
approximation is perfectly safe, when the coupling to the bath is weak, in an extended regime
of driving velocities v. The QME is then solved in the basis of the Wannier orbitals of the
unperturbed particle in the periodic potential.

We focus now on the integral

D(wh) = %7(w) +io(w), (2.39)



48 Quantum lubricity

where we have separated the real and imaginary components. The real part takes a simple form:

_ ) 2rd(jw) fa(lw]) for w < 0
Y(w) = {27rj(w)(f3 (w)+1) forw>0, (2.40)

while the imaginary part involves a principal value integral:

e fBW)  fe(w)+1
o(w) :]€ dw' J(w') L — + — ) (2.41)
For an ohmic spectral function J(w) ~ we™“/“¢ the two quantities take simple forms in the
limit w — 0:
4
Y(w—0)= % ; (2.42)
o(w—0)=—2w, . (2.43)

2.2 Classical model

The same problem can be simulated with a classical approach — the well-known Prandtl-Tomlinson
model —, where the bath interaction contribution is introduced by a dissipative term proportional
to particle velocity, plus a thermostat that provides thermalization through random forces act-
ing on the particle. The equation of motion, known as Langevin equation, can be derived from
the Hamiltonian used in the quantum model. Let us proceed with its derivation. The classical

Hamiltonian is:

p? p? 1 9 Ci 2 9 44
H(t) = oM + V]z(t),t] + % S + 3 Miw; (xl — miwfx> , (2.44)
where
- 22 (T ko2
Viz(t),t] = Upsin (ax) + 5 (x —ovt)” (2.45)

X(z) = sin (2%> . (2.46)

The subscript i refers to the degrees of freedom of the bath. As in quantum model, the energy
exchange with the environment is provided by the interaction with an infinite set of harmonic

oscillators, classical in this case. From the Hamilton equations we obtain the equations of motion:

2

M+ V() 1) + YL X @)X (@) = e X (@)

m;

, (2.47)

m;E; + miwfxi =¢X(x)
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where X'(z) = a%X(ac). The dynamical equation for z(t) alone is found to read [54]:

t c? 0
Mi(t)JrX’[:z:(t)]/o dt’chos[wi(tft')]X'[x(t )& (¢ )Jr%V[:z:(t),t} =

c2 (0)
—X'[x(t)] Z miZuZ cos|w;t] X [x(0)] Z Ci [ x;  cos(w;t) + n];:wz sin(wit)l ,  (2.48)

where x(o) and p(o) are the initial positions and momenta. The first term in Eq. 1' is the total
force acting on the particle, the second term is a viscous term since it involves the velocity of the
particle, the third term is the deterministic force due to the potential and finally we interpret the

last two terms as the random force due to the bath interaction. We rename the last two terms

as &:

2 0)
) = —X'[x(t)) Z m;w? cos|w;t] X [z(0)] ch [ x; cos(w;t) + ﬁ sin(wit)] .

(2.49)
Let us now check if our interpretation is correct by evaluating the average (£(¢)) and correlation
(E()E()). This requires to take the averages of a:( ) and pgo) with respect to the shifted canonical

equilibrium distribution of the reservoir:

(0) 2
pr =2 Lexp 52( ) (5‘” CizX[x(O)]) . (2.50)

2my; m;wj

The shift ¢; X [z(0)]/m;w? is the new equilibrium position for the i-th bath oscillator after the

renormalization of the potential due to the coupling of the bath with the system. We have:

c2 (0)
&) = <—X’[g:(t)] Z p—. cos|w;t] X [x(0)] Zci [ x;  cos(w;t) + nilw sin(wit)] > ,
Z (2.51)
2 (0)
(E@®EE)) = <{—X/[a?(t)] Z - cosw;t] X [x(0)] + X'[z ch l z;’ cos(w;t) + % Sin(wit)] }
1 02 p(,o)
. {X’[x(t’)] Z miZu-Q cos[w;t] X [x(0)] + X'[z ch [ z; " cos(wit’) + mzw sin(wit')] }> :
Z (2.52)
The important quantities to compute are:
(2l = mi(:zX[x(O)] , (2.53)

> —0, (2.54)
<x§°>x§°)> = #22 (X [2(0)]]* + 655 (:LBT2) ; (2.55)
’)
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Using these relations we obtain:
() =0, (2.57)
(€O = X)X o) Y L cosun(t — )] (259

miw;

We see that Egs. (2.57) and (2.58) describe a multiplicative colored noisd®] Let us check the

limit of delta-correlated noise for the spectral function:
2

Z G d(w—wi) =co, (2.59)

mw?

with cg Constantﬂ Hence we obtain:

(€& = X X )Y DT cosf ¢ - 1)

m;w;

+oo 62
= X [a(0]X [2()] /O @y mkiz.T 5w — wr) cosleo(t — )]

+oo
= X[ (01X 2 ()] o knT /0 du cosfu(t — )]
= meo kT (X'[x(@®)])” 6(t—t) . (2.60)

If we instead set an exponential decay:

c2
> (- wi) =cge W/ (2.61)

m;w?

we obtain the case of ohmic bat}EI , and the force correlation reads:

+oo
(EOE) = X'[(0) X [2(t)] co kT / du e/ cosfuo(t — 1]

co kT we

= X’[w(t)]X’[x(t')]m : (2.62)

This time the 2-point correlation function takes the form of a Lorentzian, that still approximates
a delta~-function in case of very large cutoff frequency w. > 1/7g, with 7g referring to the time

scale of the system:

2

(EE)) = meo kpT (X'[z(t)])” o(t —1') . (2.63)
We now focus on the second term of Eq. (2.48):
X’[m(t)]/o dt’z ﬁcos[ui(t — X [z(t")]z(t) . (2.64)

3 A multiplicative noise is a space-dependent noise, while colored means that its correlation at different times
does not vanish.

4The dimensions of co are [M] [L?] [T~!] = [E] [T].

5This corresponds to a spectral function J(w) ~ we™«/%e,
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We interpreted this term as the viscous part of the Langevin equation. Let us choose an ohmic

spectral function :
t c2
des t)]/o dt’zW;Zcos[wi(t—t’)]X’[m(t’)]i(t’)
t 400
)] / dt’ / dw cg e/ coslw(t — ') X [z (t)]E(t)
/dt e X'[a(t))i() . (2.65)

14+ w2(t—1t)?
Making the assumption w. > 1/75 we obtain:

TCo

5 (X' () () - (2.66)

Finally the dynamical equation (Eq.[2.48) can be simplified into the standard form of Langevin

equation:
Mi(t) = —ya(t) - %V[m(t)vt] + Ela(t), 1], (2.67)
where we have defined:
=50 (X))’ (2.68)

The fluctuation-dissipation theorem is satisfied:

(&[a(t), 1)) = 2kpT[z(t)] - (2.69)

Let us now evaluate the damping factor v using the power spectrum chosen in the quantum

model:

2
T@) = Y or e w) = AW (2.70)

This corresponds to set the parameter ¢y = 4ha . Hence we have:

5 = 2mha (X'[e(t))? = (272# (cos F;Tx(t)DQ . (2.71)

Now we have all elements to simulate a classical dynamics with the same physical parameters

used in quantum model, useful to compare both evolutions results.

2.2.1 Numerical integration

Langevin equation is simulated by the Euler-Maruyama method as follows:

T =z M
(t+At) = a(t) + B2 A . | o)
p(t + At) = p(t) + Fla(t)] At — ’y[x(t)]pﬁAt AW z(t), 1]
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where F'[z(t)] is the force acting on the particle due to the potential:

OVx(t), 1]
Flz(t)| = ———F——F— 2.
fo(t)) = - 220 (273)
and AW{x(t),t] is a Wiener process drawn by:
__ (aw)?
e av[z(t) kg T At
P(AW) = : (2.74)

2/myz(t)|kpT At

The computation of physical observables requires to perform integrations over stochastic
variables (AW{[xz(t),t]). This introduces issues related to the arbitrariness in partitioning the
integration interval. In fact, for stochastic differentials, the integral value depends on the choice
of the intermediate points of the interval. There exists two important integration methods, called

It6 integration:

[ rmawe - dm 310 6+ 30 - W) (2.75)
and Stratonovich integration:
At
/f t)odW(t) = lnn Z It tit+ A1) (W(t; + At) — W(t;)] , (2.76)
where we use the notation “o” to denote Stratonovich integral.

In the evaluation of dissipated work (heat) we follow the derivation suggested by Seki-
moto [57]. The heat differential d@) is computed as a Stratonovich product, leading to the

first law of thermodynamics:

aQ = (—w[xu)]dd(t) (1), ]) o da

(0,

dt ox
gy gy VO,
%3 dt + dV — 76‘/[2?)’ o
= <p> yav - W[Zit)’t] dt
—dE —aw . (2.77)

W(t) = /O L V0.1 (2.78)
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The heat instead is evaluated in the following way:

m@::(—vuuﬂd§$)+fu{)odw
dQdt = —'y[x(t)]%dt odx +dW(t) odx
dQ = —~[x(1)] (1’75?)2 dt + 7% o dW (1) . (2.79)

We have now to take care in calculating the second term % odW (t). According to Stratonovich

integration, the discrete case it would be:

p(t) p(ti) + p(ti + At)
2\ - LAY — .
o dW (t) o (W (t; + At) — W (t;)]
t:) + p(t:) + F(t) At — y[x(t)]| 2L + AW (¢,
| plt) +p(t) £ P @R F AW
2m
In the latest expression, almost all terms average to zero because of uncorrelation, except Avgigi)z'
Hence we obtain:
p(t)]” [AW (1))
=— —=| dt 2.81
1Q = —+fa(o)] || ar+ BTOL (2.81)
t 2 t
p(t) 1 / 2
= dt | — t)] | —= dW (t
a- | <w<n[m]>+%no<wu>
¢ 17 )kpT
/¢ﬁ<v[@ﬂm>]+wuo13
0 m
toAl®] [ @)
:/ dt - +kpT |, (2.82)
0 m m
where we can appreciate the fact that at equilibrium, when <m2” ) = ]“BTT, the net transferred

heat vanishes.

2.3 Results

The quantum simulation has been performed through a quantum master equation (Eq. ,
while the Langevin equation (Eq. was used for the classical simulation.

The parameters used in our simulations assume a particle with the mass M of "1Yb, and
a lattice spacing a = 500 nm. The lattice potential is taken to be Uy = 38.5 Eg, in terms of
the recoil energy Er = n2h?/(2Ma?). The corrugation parameter n = (w;/wp)?, defined [62)
as the confinement ratio of the lattice intra-well vibrational frequency w; = 2v/Uy Er/h to the
harmonic trap (the optical tweezer pulling spring) vibrational frequency wy = av/2kEg/7h, is

set equal to n = 4, so that the overall potential energy has just two minima. This automatically
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Figure 2.9: Time-dependent population of instantaneous eigenstates. Lines of decreasing thickness are
used for higher eigenstates. Notice the cuts in time axis.

sets the value of the optical tweezer spring constant at k = 190 Er/a?. Finally, the assumption
of weakly coupled Ohmic environment, with « = 0.002 and w. = 12 Er/h, necessary for a
consistent perturbative theory, can be realized by a judicious choice of cooling strengths. The
values adopted for @ and w, correspond to a cooling rate . = 0.018 Er/h. In order to make the
bath effective during the dynamics, the condition on the optical tweezer velocity v < 7. a must
be satisfied, leading to a time-scale of the optical tweezer motion much larger than the period of
vibrations in the lattice well: v/a < w;.

Figure [2.9) shows the time-dependent population probability of the first three instantaneous
eigenstates, Py (t) = (Y (t)|polvr(t)), over one period of forced particle motion in the vg_; <
v & V1o regime. As qualitatively sketched, despite the slow motion the probability of the
0A — 0B adiabatic transition to the right well ground state at ¢; = T/2 is already very small,
and LZ dominates this first level crossing keeping diabatically the particle in the left A well.
At the second 1 — 2 crossing where the gap Ajs is much larger, P;_.5 is suppressed, and the
15 excited level of the right well (1B) becomes strongly populated. Following that, the bath
exponentially relaxes Py (t) down to the right well ground state.

The mechanism just described predicts an advancement of the average position of the parti-
cle, as well as a corresponding onset of dissipated power, very different from those of ordinary

Langevin frictional dynamics , which, with all parameters except A the same as in the quan-



2.3 Results 95

a
Classical
Quantum ———
3a/4 - V
=
.2
b=
3
QG") a/2 -
&0
&
g
=
<
a4 |-
_,.—-"'/
t1 to t3 ts
0 i | | | i |
0 T/4 T/2 3T/4 T
Time

Figure 2.10: Average position of the particle versus time, in the quantum and classical cases. Most
of the “slip” of the quantum particle goes through the excited-state resonant tunnelling,
taking place at t2 beyond the symmetric moment ¢; = T/2 between the two potential wells.
The dashed line shows the position of the classical “spinodal” moment ts, where the z =0
local potential minimum disappears and the particle is forced to slip.

tum case, describes the classical forced sliding of the same particle. Figure [2.10] compares the
average particle position versus time in the quantum and classical cases. The “quantum slips”
occur rather suddenly, reflecting the abruptness of level crossing events and connected barrier
passage. In particular, the main quantum slip occurs, for the parameters used in Fig. [2.10] pre-
cisely when the instantaneous Wannier ground level the left well is resonantly aligned with the
first excited Wannier level in the neighboring well.

Because it occurs at a lower spring loading, the resonant barrier permeation strongly reduces
the overall mechanical friction work exerted by the pulling spring. Figure shows the amount
of energy absorbed by the bath (friction) at the end of each period as a function of velocity.
In the classical case the dissipated work (more precisely what we called heat @) in Section
grows logarithmically with speed, due to thermally activated slip, as is well known for stick-slip

at finite temperature [58-61]
Wa =a+bIn*3(cv). (2.83)

with constants a = 42.5 Er, b = 6.11 Eg and ¢ = 5.92 - 10® h/ Ega providing the best fit in our
case.

The dissipated work in the quantum case (obtained by taking the difference between the work
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Figure 2.11: Frictional dissipated work for classical and quantum sliding vs driving velocity. Note the
large reduction of dissipation induced by the resonant quantum tunneling: quantum lu-
bricity.

made by the spring and the total energy) is by comparison smaller by a factor ~ 3. It is well
approximated through the Landau-Zener probabilities Eq. (2.23) of transition from the n'® to
the (n + 1)™ eigenstate:

Wy (v) = Pos1(v) [(1 = Pise(v)) (Br — Eo) +
Pioo(v) (1 — Pasyz(v)) (B2 — E1)] (2.84)

with Ag; = 5.19-1072 Eg, Ajp = 3.03- 107! Eg, Agz = 8.83- 107! Eg; ag; = 1.43 - 102 Eg/a,
aj = 1.38-10%2 Eg/a, agz = 1.46-102 Eg/a; vo_s1 = 2.96-107° Era/h, v1_s2 = 1.05-1073 Ega/h,
vo_s3 = 8.40-10% Era/h. Dissipation requires in fact, to start with, that the system does not LZ
tunnel, so that Py_,; > 0. The amount of power absorbed by the bath equals the probability to
populate the first and higher excited states times their energy difference with the ground state.
Eq. is approximate first of all because it does not include higher excited states. Moreover,
it is only valid when velocity is low enough that the cooling rate 7. > v/a, and the particle
loses all its kinetic energy before encountering the subsequent slip, which is not satisfied for the
larger velocities. It is clear that, unless temperature is too high, quantum tunnelling through
the barrier always preempts classical negotiation of the barrier, causing friction to be necessarily

smaller than classical friction. In this sense we can speak of quantum lubricity. Despite its
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conceptual simplicity, this form of quantum lubricity has not been addressed experimentally but

should be well within experimental reach for cold atoms/ions in optical lattices.

2.4 Conclusions

In summary, comparison of classical and quantum stick-slip friction for a particle sliding in a
periodic potential reveals major differences. A classical particle slides from a potential well to
the next by overcoming the full potential barrier. A quantum particle can permeate the barrier
by resonant tunnelling to an excited state, a process suddenly and narrowly available at a well
defined position of the harmonic trap, leading to discontinuous transfer to the next well, as shown
in Fig. This quantum slip preempts the classical slip, giving rise to quantum lubricity. The
potential energy accumulated by the particle during sticking, and frictionally dissipated at the
quantum slip, is just the amount sufficient to reach the resonant condition with the excited state
in the next well. Conversely, the classical potential energy increases necessary for classical slip
is close to the top of the barrier, with a correspondingly larger amount of dissipated energy
during and after the slip. In addition to this quantum lubricity effect, a regime of quantum
superlubricity is in principle expected at sufficiently low temperatures, where the friction growth
with velocity should begin non-analytically, with all derivatives vanishing. The natural extension

of these predictions to many-particle system will be of interest in the future.






Chapter 3

Conclusions and perspectives

In this thesis we presented two different out-of-equilibrium quantum problems whose dynam-
ics is based on Landau-Zener processes. The first problem, concerning a closed system, is the
annealing of an Ising chain for ordered and disordered realizations in both classical and quan-
tum versions. An equal-footing comparison of the dynamics, based on deterministic evolutions,
shows a quadratic speedup of the quantum dynamics over the classical one in both ordered and
disordered cases. The technique used to diagonalize the problem allows us to perform quantum
annealing also in imaginary-time, revealing an exponential speedup, that could inspire new opti-
mization algorithms. The important question regarding the crossover between adiabaticity and
non-adiabaticity regimes can be predicted by Landau-Zener theory, from the knowledge of the
minimal gap that separates the ground state from the first excited state. For simulated annealing
it is not possible to make the same considerations since the critical point occurs at the end of the
dynamics, with an exponentially fast decreasing of the gap with temperature. This makes the
classical dynamics close to the critical point different from the standard Landau-Zener process.

The second problem is an open system that models the quantum effects of nanofriction. It is
a quantum version of the classical Prandtl-Tomlinson, where the dissipation is introduced by the
interaction of the particle with a large number of harmonic oscillators forming a bosonic bath.
Landau-Zener theory can predict a drop in frictional force due to resonant tunneling between
adjacent wells, that we called quantum lubricity. Moreover, a regime of superlubricity is obtained
for very low velocities of the dragging spring, when the evolution is adiabatic and the frictional
force vanishes non-analytically in the velocity. The quantum nature of the sliding process affects
also the position, leading to a discontinuous transfer of the particle to the next well.

In both of the studied problems we provide useful benchmarks for possible future develop-
ments: in quantum annealing, the possibility to determine the role of thermal effects, or the
comparison with QA simulated by path-integral. Regarding the quantum nanofriction model,
we provide useful physical parameters for experiments that aim at chasing quantum effects in

sliding physics. One possible extension of the present study is to use Floquet techniques to di-
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rectly approach the periodic steady states attained after a transient. A second extension might
be to pursue effects due to the interaction in cold trapped ion systems with more than one

particle.



Appendix A

Landau-Zener problem

In this appendix we revise the Landau-Zener problem. Since LZ is the basic mechanism in the
dynamics of quantum annealing and quantum nanofriction, this discussion is useful to have a
clearer picture of the two problems we deal.

The model is presented in the first section, where we show the Hamiltonian and its analytical
solution. The second section presents a simple alternative derivation for the asymptotic solution.

Finally, in the third section, we discuss numerical solutions of the problem.

A.1 The model

The Landau-Zener problem [1}[2] is a coherently driven two-state quantum problem described by

the following Schrodinger equation:

wi () =18 2] (56) =
where ¢ (t) and co(t) are the probability amplitudes of the diabatic states |1p;) and |¢)5), defined
as the eigenstates at ¢ — oo, while a and b are constantsﬂ Approaching t = 0, the instantaneous
eigenstates, that we call adiabatic states, become a linear combination of |1p,) and |¢,). Fig.
shows the energy levels for both diabatic and adiabatic bases. The minimum energy gap between
the two adiabatic states at ¢t = 0 is A = 2b|.

The Schrodinger equation translates into a system of two coupled first order differential

equations:
ZhCl(t) = atcl(t) +b02(t) (A 2)
ihég(t) = b* c1(t) — at ca(t) '
IThe dimensions of a and b are: [a] = [Energy]/[Time], [b] = [Energy].
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|91)

f -1
0

Figure A.1: Adiabatic (solid line) and diabatic (dashed) energies.

Solving Eq. for ¢1(t) leads to the following second order differential equation:

B> ia a2

. b

Solutions of Eq. are given in terms of parabolic cylinder functions D, (z) [63]. Starting from
t — —oo in the ground state |1, ), correspondent to ¢; = 1, the probability of remaining in the

state [tp,) , called diabatic transition, at an arbitrary time ¢ is given by |1 (£)[*:

2a 5in
D1+ib|2/2ﬁa< %eg /4t>

Eq.[A7] takes a simpler expression for probability at ¢ — +o00, known as Landau-Zener formula:

2

|b|2 —7|b|? /4ha
Py (1) = 1= e

T (A.4)

Py (t = +o0) = e~ "IM/ha (A.5)

Since |1p;) coincides with the excited state at ¢ — +o00, this corresponds to the probability of
finding the system in the excited state at the end of the evolution. For Py ) ~ 0 the evolution

is called adiabatic.

A.2 Derivation of Landau-Zener formula

Now we derive the LZ formula in a simple and elegant way suggested by Curt Wittig [64], without
solving directly the usual second-order differential equation.
First rewrite the coefficient ¢ (t) separating the out-of-diagonal contribution, embedded in

g(t), from the pure rotating phase given by diagonal elements:

a(t) = gtye Flo e (A.6)
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Notice that g(¢) is constant during the evolution if we set b = 0. We are interested in finding the
probability of having the system in the excited state at the end of the evolution, that corresponds
to |e1(t = +00)|?. It is clear from Eq. that |g(t)|> = |e1(t)]*. We substitute ¢y (t) with g(t)
in Eq. [AZ3] and we get:

.. 2iat b
§(t) — 2 g(0) + - gt) = 0. (A7)
Zener manipulated Eq. into the form of the Weber equation [1], whose asymptotic solution
yields g = g(t — +oo) for an initial condition ¢ = 1. This procedure implies to deal with
parabolic cylinder functions involving tricky steps. Here instead we show that Eq. yields g
in just a few steps that involve contour integrations, obviating the need to solve the second-order
differential equation directly.
Let us consider first the limit ¢ — +oc0: the terms § and ¢ must vanish since the two energy
levels separate indefinitely and the interaction ceases, while g tends to a constant value g;. In
order to balance the equation, the second term must be finite, leading to ¢(¢) ~ 1/t. Hence the

second order derivative can be neglected:

- bf?
2iat g(t) = % g(t) . (A.8)
Integration of Eq. yields
b e
g(t) = glto) e >m "0 | (A.9)

where t( is an arbitrary beginning of ¢ but restricted to the large time regime. Differentiation of
Eq. shows the 1/t and 1/t behaviors of g and §:

i [ g(to) et m

9(t) = : Al
9(t) 2aht o (4.10)
. P [P g(t) e, o
. e lng Al
9(t) <Z 2h ) 2aht? © ’ ( )
The asymptotic behavior of §(t)/g(t) will be useful later to show that an integral vanishes:
g . b\ b
— = - — . A2
g(t) (l 2ah | 2aht? ( )
At t = 0 instead Eq. takes the simple form
o) _ P
L= A13
o0) R

Eqgs. will be used shortly to carry out the contour integration.
Dividing Eq. [AZ7] by g yields an equation that is well behaved with respect to g. In general,

g is complex, and its magnitude does not go to zero as a function of ¢ in the complex ¢-plane. It



64 Landau-Zener problem

only approaches zero as the result of one (or more) of the parameters of the model being assigned
an extreme value that is unrealistic within the context of the model, e.g., |b] — +o0.

Multiplying then Eq. by dt/t and taking the principal value integral from ¢t = —oo to
+00 we get:

gty  2ia [ g(t) | |b]® [ dt
W_?]{mdt@+ﬁ,w7_o' (A.14)

o0
][ dt
o 0
The first and second integrals are straightforward:

][:)o dtzgg = lngf y (A15)
][oo %:o, (A.16)

where we used the initial condition g(t — —o0) = 1, yielding

L IR (A17)

Ing; = —2* .
=50l T e

By closing a contour in the complex ¢-plane, the integral in Eq. [A-I7] can be expressed in terms
of the ¢ = 0 residue. It is assumed that §(t)/g(t) (Eq.[A.12)), which is well-behaved on the real
axis, is analytic in the complex plane, enabling the residue theorem to be applied. The fact
that §(t)/g(t) has no exponential dependence enables us to analytically continue this function
into the complex plane without dealing with exponential growth when ¢ becomes complex and

|t| = +o0. The integration contour I is chosen as follows (Fig. [A.2):
i) from —R to —¢ ;

it) semicircle of radius € above the real axis ;

iii) from e to R ;

iv) semicircle of radius R above the real axis .
Taking the limits ¢ — 0" and R — +oo, the contour integral is

%dtM:][mdtﬂ—k/ dt&jt/ ar 30 (A.18)
rotg(t) Jowo t9()  Jemor  19(t)  Jroge  tg(t)

Since the contour I' does not contain any singularity, its integral vanishes. Integral on the R
semicircle vanishes as well, since the integrand decays as 1/t3. Finally the integral on ¢ semicircle

is computed through the residue at t = 0;

it _ §t) o) _ il
/&_>0+ dttg(t) = —im Res (tg(t)’t_()) =7 (A.19)
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> o > ~ Re(t)

Figure A.2: Integration contour T'.

where we used Eq. to compute the residue. Eq. reduces to

R (O N

Substituting this result in Eq. we obtain the value of gy:

gf = eIV /2ha (A.21)
Finally we recover the Landau-Zener formula:

Pl (t = +00) = |gs|* = e~IbF/ha (A.22)

A.3 Numerical solutions

In this last section we show the possible difficulties in simulating a LZ process. Numerical
integration of Schrodinger Eq. is not a trivial problem, particularly when high accuracy is
required, since the detuning term (at) is linear in time and changes very slowly. The standard
way to compute the LZ probability is to start at a large negative time ¢; and propagate the
solution to positive times. However, due to finite time ¢;, spurious oscillations with amplitude
proportional to \/ha/(a2t2 + |b|*) [65,/66] appear and it is necessary to start at earlier time t;
in order to achieve a good accuracy, which is computationally very expensive. These deviations
from the exact solution are visible in Fig. |A.3|(a) for starting time t; = —10%/|b|. Anticipating
the starting time at t; = —40 h/ |b| the deviations reduce, as shown in Fig. b).

An alternative and much more efficient solution to this problem has been proposed by Vitanov
and Garraway [65,(66]: after a rescaling of physical quantities 7 = t\/a/h and w = [b| /v/ha, the
transition probability is derived from the equation for the population inversion u(7) = 2Py, )(7)—

1 (derived from the optical Bloch equations [67]):

" — '+ Ar (w2 + 7_2) u —40?u=0. (A.23)
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The integration starts at 7 = 0 and the solution is propagated towards the desired — positive or
negative — time. The initial conditions are found by identifying the terms in the Taylor expansion

of Py y(7) around 7 = 0.
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1 AAAAPAAA
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Figure A.3: Diabatic transition probability P,y for parameter choice a = \b|2 /h, computed by Runge-
Kutta method (red thick line) and compared with the analytical solution (blue thin line).
The dashed lines represent the asymptotic value of the transition probability (Eq.[AZ5). The
integration in (a) starts at t = —10 4/ |b|, while in (b) it starts at ¢ = —40 %/ |b|. Notice the
increased spurious oscillations at negative time and shifted asymptotic limit in (a).






Appendix B

Computation of observables

In this appendix we derive the expressions of the average density of defects pgof and average

residual energy €, in terms of the variables \.

B.1 Ordered case

The density of defects is defined as the number of adjacent spin pairs that are antiparallel per

unit of length:
] J+1
Pdet = — I E (B'l)

1
The term —5 Z 0707, coincides with the term multiplied by '™ in the heat-bath Hamiltonian

J
Eq.|1.28), hence we can immediately write:
(Eq : y
1 18
pas=5+7 2. [sink (efel, +¢_,8,) —cosk (e, — e pel, )] - (B.2)
>

The average defects density is, by definition:

ABC

(Pact) = W %+ ;J[smk(ckc o+ (e y8y)) —cosk ((efe) — (e et )] -
(B.3)
)

Let us start from the evaluation of (ckck> The operator ¢,¢, affects only the k-subspace,

hence we can write:

()12 e ()
1 ot
=1 BWE (0] (1 —N\ié_ kck> ¢LC (1 - )\kckc k) |0)
P
1+ |Agl2

((t)leke, v (1)
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where the time dependence is embedded in A\g. Similar calculations lead to the following relations:

n(Ole_ 4 {n0) = T
Ol o (0) = T30
Ol n(0) = Tor

Collecting the different terms we obtain:

9 ABC 1

1
9 T T4 [N\, |2
2L g T

_2 AXBE) [wsin (§) —cos (5)]
L L el

The residual energy is given by:

(Paef) = (|Ak|* cosk + Re (Ay) sink)

1 6367,
=2JL |- -y 20
;-2

= 2JL (Paes) -

B.2 Disordered case

(B.5)
(B.6)

(B.7)

In the general disordered case with open boundary conditions, the density of defects operator is:

L-1

R 1 N
Pdet = m (1 — O'JZ»U;+1) )
j=1

and the corresponding expectation value takes the form:
Pdef = <w(t)|ﬁdef‘w(t)>

L—-1
- ﬁ ; [1 - (<é;r'éj+1> (Gl e C)} ’

where c. c. stands for complex conjugate. Writing in terms of G and F we have:

L—-1
1
Pdef = m E [1-— (Gj+11j +Fj i1 +ec c.)]
J=1

1 1 L—-1
- §7m — (Gjs1, + Fjjp1+cc) .

<
Il

(B.10)

(B.11)

(B.12)
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Regarding the residual energy, we obtain:

L—1 L—1
Eres = — Z Jj (w(t)|&;a-jz+1|1/](t>> + Z J]
j=1 j=1
L—1 L—1
= — Z Jj (<é;é]+1> + <éj+1éj> + c. C.) + Z Jj
j=1 j=1
L1
=3 Jill=(Gjyrj+ Fijp+ec) . (B.13)
j=1

In case of closed boundary conditions (anti-periodic, since we are dealing with an even number

of fermions) the density of defects and residual energy are modified into:

L-1

- — ZGj+1’j +Fjju1 | =G —Fri+ce| (B.14)
j=1

1
2
L-1
Bres =Y _Jill = (Gjyr;+ Fjn+ec) | + I+ G+ Fri+ee) .  (B15)






Appendix C

The BCS-form of the ground
state.

The problem we would like to solve is how to write the Bogoliubov vacuum |()), in terms of the
é;r in the general non-homogeneous case, in a way that generalizes the simple BCS form we have

in k-space:

ABC

022 = T (uk + UkéLaT_Q 0) . (C.1)

k>0

For that purpose, let us make the Ansatz that |(), can be written as a Gaussian state of the

form:
1aT .z (&t
0, =N o [0) =N HCEDTEE 0) = exp (530 255606 ) ), (©2)
J1J2
where Z will be our shorthand notation for the quadratic fermion form we exponentiate. Clearly,
since c;r c;r = —cT c]L1 we can take the matrix Z to be antisymmetric (but complex, in general):

any symmetric part of Z would give 0 contribution. The conditions that Z has to satisfy should

be inferred from the fact that we pretend that, Vu, we must have 'Ayu\(l))v = 0, which read:

L
NI (U +Viel) 2 o) =0 v (C.3)

Jj=1

Since Z is made of pairs of ¢'s, it commutes with é}, hence, é;[-ez|0> = ezé§|0>. The first term,
containing éjez|0>, is more problematic. We would like to commute ¢; through e to bring it

towards the |0), where it annihilates. To do so, let us start calculating:

[éﬁ } =5 j’ZZJIJ2 Cj jQ ZZ]J’C i (04)

J1j2
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74 The BCS-form of the ground state.

where we have used the antisymmetry of Z. We see, therefore, that [éj, Z], being a combination

of é}, commutes with Z and with any function of Z. It takes then little algebra to show that:

[éj,ez} = [éj,Z} e? =e® {éj,Z] = ¢e® =e” (éj + [Q,Z]) . (C.5)

The conditions in Eq. (C.3)) therefore read:
N o Z U5 (e + e 20) + v =0 v (c6)

Noticing that éj\0> = 0, substituting Eq. (C.4), and omitting irrelevant prefactors we therefore

{Z Zi'3¢ a*ZVfuﬂ |0) =0 Vi, (C.7)

where we have exchanged the dummy indices j and j" in the first term. Next, we collect the two

have:

terms by writing:

3 [(UT ‘Z),, + (VT)W} doy=0 = zZ=—(UiH)r.vl. (C.8)
J
This is the condition that Z has to verify in order for the state |())., to be annihilated by all 4,,.

This is the so-called Thouless formula. Observe that such a form of Z is antisymmetric:

Z" = (v (U] = v U] = —ve (U (C.9)

ISimply expand the exponential in the usual way, realize that
n—1
[, 2" =nle;, 2] 2

because [éj, Z] commutes with all powers of Z, and reconstruct the exponential to get the result.



Appendix D

Derivation of the Green’s
functions

The physics of a system described by a BCS state is totally encoded in the antisymmetric matrix
Z. We now show how to calculate the observables of the system from Z. First we note that
any antisymmetric matrix can always be reduced to a standard “canonical block form” [68] by

applying a unitary matrix D as follows:

Z = DAD” (D.1)
0 M| 0 0
~X\ 0] 0 0
with A=| 0 0] 0 Ayp-- . (D.2)
0 0 |-Xx 0
LxL

The ), are in general complex, but it is always possible to reabsorb their phase-factor by a
“canonical transformation”, i.e., we can deliver the phase to the unitary matrix D. If L is even,
there are % blocks 2 x 2 with some A, while if L is odd, A has an extra row/column of zeroes. The
matrix D allows us to define combinations of the fermions c;[- which form natural “BCS-paired”
orbitals,

df = [D7],el = Z Djpé . (D.3)
J

Labelling the consecutive columns of D as 1, 1, 2, 2, ---, p, P, -++, with p up to L/2, one can
readily check that in terms of the d's the BCS state reads:

L/2 L/2
W) = N exp( ZApp,dpdp) =N exp (3 Apdidt) [0) = A TT (1+ Apdidh) 10)
p=1 p=1

(D.4)

7
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The requirement of a normalized state |¢)) defines the value of N:

L/2 L/2
1= (o) = IV O TT (1+ Ay, ) (14 Apdbdl) 10) = W2 TT (1+102) (D)
p=1 p=1
L2 1/
= W= [TT(1+mP)] (D.6)
p=1
The calculation of the observables of the system reduces to the evaluation of the following Green’s
functions:
[G(0)]y75 = Gyrs(t) = ($(B)]efe [v(t) (D.7)
[F(®)]j5 = Fyri(t) = (@(#)]¢;¢; (1) (D-8)

We can express ¢; and é; in terms of the new fermionic operators d; and d;:

¢t =>"Ds,di and &= Djpd, ,
leading to
Gjrj(t) E[D]jfpf [D*]p (¢ (8)Idyd,, 9 ()) (D.9)
Fyy(t) = %[D]jfp/ Dl ((6)ldyd [4(2) - (D.10)

The relevant expectation values take the form:

WO)ddy () = ([L+AAT) | [AAT), . (D.11)

- - o
WOy o) = ([1+AATT) ALy, (D.12)

The Green’s function rewritten in terms of D and A are
Gyi(t) = [D(1+AAT)—1AATDT] (D.13)

J'J
Fij(t) = [D(l + AAT)-lADT} N (D.14)
J'J

The last step is to rewrite G and F in terms of Z. In order to do this, note that if f(-) is any
operator function that can be Taylor expanded, then f(ZZ") = Df(AAT)D'. From this we can
finally express G and F in terms of Z:

G =D(1+AA")'D'DAATD! = (1 +ZZ")'ZZ", (D.15)
F=D(1+AA")'D'DAD? = (1 + 2ZZ")"'Z . (D.16)



Appendix E

Quantum master equation

Here we present a derivation of the quantum Master equation (QME), closely following the
treatment of Gaspard and Nagaoka [69], except for a generalization to the time-dependent case.

Imagine that our system, A, governed by a quantum Hamiltonian H 4(t) and with associated
Hilbert space H 4 is in contact with a thermal bath B, whose Hamiltonian is H B and the cor-
responding Hilbert space Hp. For later use, we denote by {|®;)} an orthonormal basis of Hp
— which we take to be the basis of the eigenstates of Hp with eigenvalues Ep —, while {|¢q)}
is an orthonormal basis set of H 4, which we need not to specify further. Notice that b typically
runs over the very large set of quantum numbers of the bath, while ¢ might run over a (small)
finite-dimensional Hilbert space. The Hamiltonian of the combined system plus bath is written
as:

H(t)=Ha(t)+ Hp+V , (E.1)

where V describes the interation between the system and the bath, which we can imagine to be

of the general form

V=2 A8,

A, and B, being suitable system and bath operators, which can be taken to be Hermitean, ['|and
A a coupling constant that will help in keeping track of the order of the perturbative expansion

in later developments. A few comments: we have considered a general situation in which H4 (t)

LIf they are not, simply define the four Hermitean combinations

A, = %(Aym;) and Ag:+%(AU—A3)
B, = (B Bl) wa By = (B - B))

and the interaction term will simply read:

(s
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depends on time, because we have in mind situations in which the system A is driven by some
external perturbation. Obviously, nowhere else we have described the Hamiltonian that produces
such external driving field. Next, we will always assume that the B, have vanishing diagonal

matriz element on every bath state |®;), i.e.,
(®y]B,|®,) =0 . (E.2)

This is certainly appropriate when the B, operators are “position operators” of the bath harmonic
oscillator, but might otherwise seem a loss of generality: in the end is not really so, but these
terms certainly are at the origin of shifts of the system energy levels; for instance, the well known
Lamb shift of atomic physics between 2p and 2s hydrogen levels is, in the end, due to such effects.
The interaction representation is defined in terms of the “non-interacting” Hamiltonian
Hoy(t) = Ha(t) + Hp. The corresponding evolution operator is
St
~ 17 ~ ~ ~
U (t,0) = Texp (_h/ dt’ Ho(t’)> = Upa(t,0) @ Upp(t,0),
0
since bath and system operators commute. A density matrix p(t) = >, pu[¥,.(¢))(V,.(¢)| of the

whole system obeys the full Liouville-van Neumann equation

9oty = = [0, 0] = £(t)0 1) (E.3)

where /j(t) denotes the so-called Liouvillian super-operator: super-operator means that it is an
operator that acts on operators, like p(t), rather then on states of the Hilbert space; in this case
by simply taking the commutator with the Hamiltonian: £(t) o O = x [I:I (1), OA} We observe
that when H does not depend on time, then £ also does not depend on time and we can write, at
least formally, a solution of the Liouville-van Neumann equation in the form: p(t) = efto p(0).
In the time-dependent case, we do not even write the equivalent form, although in principle
possible.
As it is often the case, it is useful to switch to the interaction representation for p(t) by

defining:

pr(t) = Ud(t,0)p(t)Un(t,0) ,
which obeys a Liouville-van Neumann equation of the form:

d 1

() = — |Vi(t),pr(1)] . (E.4)

where ‘A/[(t) = Ug VU, is the system-bath Hamiltonian in interaction representation:
Vi(t) = A>_Aur(t)Bur(t) .
Integrating Eq. (E.4) in the interval (¢, ¢+ At) we have:

t+At
pr(t+ At) = pr(t) + %/ dtq [Vl(tl),ﬁl(tl)] .



79

Iterating, we get:
1 [tHAt .
prt+At) = pr(t) + E/ dt [Vz(tl),ﬁz(t)}
t

+ # /t M /t "ty Ve, [r(e), o)) |- (B5)

So far, everything is exact. To proceed further we have to make approximations, motivated by

some assumptions regarding the bath and the initial conditions, which we now discuss.

E.0.1 Assumptions regarding the Bath

Consider the bath density matrix, obtained by partial trace over the system A4 Hilbert-space:
o = Trap. A crucial assumption is that the system perturbs very little the bath, which we
imagine to be very large, as a thermostat should be, so that the density matrix of the bath is

simply the one we would have in absence of Hy, ie.,
pp1(t) =Trapi(t) = pp = Zpb|‘1>b><‘1>b| )
b

where p, = e~ +/k8T /7 is the Boltzmann factor, while Ej and |®;) are eigenvalues and eigen-

states of H 5. We assume that the first-order effect of B is zero:
TrplpsBur(t) =0. (E.6)

This assumption is not crucial at all, and we might even relax it. But we notice that there is no
real loss of generality in doing so, as we have discussed before, because such terms amount to
rather innocuous shifts of the unperturbed energy levels.

Concerning the initial condition, it is reasonable to assume that the system and bath come

into contact at t = 0 so that the initial density matrix is factorized at ¢t = 0:
p(0) = pa(0) @ ps - (E.7)
The final ingredients we will need are the bath correlation functions:
Conr (1) = Tep (05 Bur (1) Burt ()] = Conr(t — 1) = Coui (7)., (ES)

where 7 = t — t/ and we have used time-translation invariance for the bath. The evaluation of

Cy.(T) requires in principle:
Cow(7) = Trp[ppBur(T)By1(0)] = > po(By)ew (B e ™, (E.9)
bb!

where (By)bb/ = <‘I/b|BV|(I>b/> and hwbb/ = (Eb — Eb/). Notice that C:V/(T) = Cl,fl,(—T) if the

bath operators are Hermitean, B, = B

T, as we have assumed. An explicit calculation can be
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carried out if some assumptions concerning the bath Hamiltonian Hp and the explicit form of
the operators B, are made: for instance, one often assumes that Hp is a collection of harmonic

oscillators,

=YY e (B;VB,W + ;) , (E.10)

vk

(perfectly legitimate to describe, for instance, the electromagnetic radiation field), and that B,
is essentially an appropriate linear combination of the “position operators” of the v-th Harmonic

bath by, + b} :
By =" A (b, + 8L, (E.11)
k

We will further assume that C,,(7) tends rapidly to 0 for 7 >> 75, where 75 is a character-
istic small time-scale of the fluctuations of the bath. Notice that, strictly speaking, the harmonic

bath case fails this test, as the correlation functions decay only as power laws for large 7.

E.0.2 A perturbative derivation of the quantum Master equation.

We now proceed with the perturbative derivation of the QME, following Ref. [69]. We first write
a perturbative expansion in A, by writing Eq. (E.5)) in the interval (0,¢) (i.e., taking ¢ = 0 and
At — t), but approximating pr(t2) — pr(0) in the second term:

pr(t) = pr(0) + l.lh/ot dt [VI(tl)vﬁI(O)]

+ %1)2/;&1/; dtg[f/[(tl), [V,(tQ),ﬁI(O)H+0(A3). (E.12)

Starting from Eq. (E.12) we take a partial trace over the bath B to get an equation for the
system A only:

par(t) = pa(0) — % /Ot dt, /: dts Trp [Vj(tl), [VI(tQ),ﬁI(O)] ] +00), (E.13)

where we have dropped the first-order term in view of Eq. (E.6). Taking the derivative with

respect to ¢t and explicitly evaluating the trace over the bath we get:

d

Gt = — [ s T [10), [V3(02).54(0)] ] + 00

= S { [ 0. 5us s 0)] + e} + 00 (E.14)

where we have defined the convoluted and integrated system operators:

t
S, (1) Z/O dty Coy (t — ) Auvy1(ta) . (E.15)



81

Now switch to the Schrodinger representation, recalling that i (t) = Uy(t,0)paz(t) Ag(t, 0). The
equation for p(t) will read:
d 1 [ - A

L oatt) = = [Aa0).9a0)] — 25 S {[Au, S 00)] + B 1000 (B16)

where we have introduced the unperturbed propagation of the density matrix p% (t) = Uy (t,0)5(0) g(t, 0),

and the Schrédinger representation of the operator S,,l 1(t):

t
80, (5) < Uo(t,0)8,,1 (0] (1,0) = 3 /0 dts Coron(t — 1) Dot t2) A, Ul (11 82) . (B1T)

The first term describes the unperturbed evolution of p4(t): without the A? term, it would be
solved by p%(t) = Uo(t,0)p4(0)Ul(t,0). Hence, up to terms of order O(A3) we can effectively

substitute p%(t) — pa(t) in the second term, obtaining the final form:

%ﬁA(t) _ % [a(t).a(0)] = 55 S { [Aun: S0 (0pa)] + e} 0% . (a8

Vi
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