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Abstract. Dwarf satellite galaxies are ideal laboratories for identifying particle Dark Matter signals.

When setting limits on particle Dark Matter properties from null searches, it becomes however crucial

the level at which the Dark Matter density profile within these systems is constrained by observations.

In the limit in which the spherical Jeans equation is assumed to be valid for a given tracer stellar

population, we study the solution of this equation having the Dark Matter mass profile as an output

rather than as a trial parametric input. Within our new formulation, we address to what level dwarf

spheroidal galaxies feature a reliable mass estimator. We assess then possible extrapolation of the

density profiles in the inner regions and – keeping explicit the dependence on the orbital anisotropy

profile of the tracer population – we derive general trends on the line-of-sight integral of the density

profile squared, a quantity commonly dubbed J-factor and crucial to estimate fluxes from prompt

Dark Matter pair annihilations.

Taking Ursa Minor as a study case among Milky Way satellites, we perform Bayesian infer-

ence using the available kinematical data for this galaxy. Contrary to all previous studies, we avoid

marginalization over quantities poorly constrained by observations or by theoretical arguments. We

find minimal J-factors to be about 2 to 4 times smaller than commonly quoted estimates, approxi-

mately relaxing by the same amount the limit on Dark Matter pair annihilation cross section from

gamma-ray surveys of Ursa Minor. At the same time, if one goes back to a fixed trial parametric

form for the density, e.g. using a NFW or Burkert profile, we show that the minimal J can hardly be

reduced by more than a factor of 1.5.
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1 Introduction

The dwarf spheroidal satellites (dSphs) of the Milky Way are a prime target for Dark Matter (DM)

indirect detection searches [1, 2]. First of all, they are relatively close to us and have fairly large DM

densities [3–5], and hence are expected to be among the brightest DM-induced emission. From the

point of view of background contaminants, they seem to be ideal objects as well: Intrinsic emission

from standard astrophysical sources can generally be neglected (they host old low-luminosity stellar

populations and tiny – most often below detection sensitivities – amounts of gas [6]); at the same

time, most dwarfs are located at intermediate or high galactic latitudes where Galactic foregrounds

are suppressed. Multi-wavelength campaigns have therefore been promoted to search for DM signals,

with some of the most impressive results obtained with γ-ray telescopes: e.g., the Fermi collaboration

has recently published updated limits on weakly interacting massive particles (WIMPs), excluding pair

annihilating cross sections at the level of WIMP thermal relic cross sections for DM masses lighter

than about 100 GeV [7, 8]. Limits from these searches can be meaningfully translated into Particle

Physics constraints (see e.g. [9–11]). Moreover, the compelling DM content of dwarf spheroidals has

also triggered general interest from the community in order to assess the nature of the DM particle

(see for example the pioneer work in [12] and the more recent [13, 14] and [15, 16]).

A few of the proposed signals (including the γ-ray flux from WIMP pair annihilations just

mentioned or, e.g., the X-ray signal from sterile neutrino decays [17]) are connected to prompt emission

from DM particles [18]. In these cases the flux predictions can be conveniently factorized into a

term depending on the DM particle physics embedding (specifying, e.g., for a WIMP: the mass, the
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annihilation cross section and the emission yields), and a term depending on the distribution of DM

in the dwarf. For DM pair annihilation signals, the latter – usually dubbed J-factor – is defined as an

angular and line-of-sight (l.o.s.) integral of the square of the DM density profile:

J ≡
∫

∆Ω
dΩ

∫
l.o.s.

d` ρ2(~x) . (1.1)

The tight constraints on particle DM properties claimed from dwarf surveys reflect the assumption

that fairly small observational and theoretical uncertainties affect these astrophysical factors: e.g. in

the analysis of [7] mentioned above, limits are derived exploiting the full ensemble of known dwarfs

and introducing a likelihood in which the J-factor dependence for each dwarf i follows a log-normal

distribution of given central value log10(Ji) and width σi. For most of the so-called classical dwarfs

– namely the only 8 dwarfs known before the first discoveries of ultra-faint ones as a byproduct in

large scale structure surveys [19] – the assumed values of σi are of the order of 0.2 [7, 20, 21]. This

translates into an uncertainty on J of about a factor of 1.5. At a superficial level, looking at Eq. (1.1)

and assuming as known the distance of the object as well as – most crucially – the shape of the DM

density profile, one would deduce that the normalization of the density profile can be inferred from

observations with an uncertainty at the 20-25% level.

Indeed, once a specific approach has been adopted in determining such normalization, it is in

general true that, in case of the classical dwarfs, the quality of kinematical data is adequate to provide

fairly small statistical errors [22]. On the other hand, it is a much more delicate issue to address

intrinsic systematic errors of the theoretical models and their impact on parameter determinations,

including the normalization and more critically the J-factor itself. Analyses in the literature give con-

tradictory results: e.g. [23] presents a comprehensive discussion of the impact of different theoretical

assumptions on interpreting kinematical data within the framework of the Jeans equation (a moment

projection of the collision-less Boltzmann equation) in the spherical symmetric limit; they conclude

that systematic biases and uncertainties on the J-factor for classical dwarfs are up to a factor of 3 to

4, including a rather mild impact of a factor of 2.5 from the effect of the dwarf being a triaxial system

rather than a spherical one. On the other hand, the authors in [24] (see also Ref. [25]) show that the

impact of axisymmetric models for non-spherical DM structures can be much more dramatic on the

mass at a reference radius, and hence the normalization of the profile, yielding uncertainties of factors

as large as 10 even for the classical dwarfs (Ref. [24] does not discuss the impact on the J-factors, but,

roughly speaking, the scaling should go as the square of the normalization of the profile).

In this work, while still assuming as theoretical playground the Jeans equation for a spherically

symmetric system, we aim to discuss the impact of the method that has been adopted in its solution

by the vast majority of recent analyses. This goes into two steps: The first is to introduce parametric

forms for the quantities appearing in the equation, namely the DM mass profile and the number density

and velocity anisotropy profiles of the stellar populations used as dynamical tracers; The second is

to sample the relative parameter space via Monte Carlo techniques in order to perform Bayesian

inference, despite some loose theoretical and observational guidance. In particular, it is well known

that the stellar anisotropy profile introduces patterns of degeneracies in the result and is unfortunately

scarcely constrained by observations. Several recent studies seem to indicate a minor impact on the

J-factor estimates [22, 26–32], however they mostly refer to blind analyses involving a marginalization

over a parameter space and integration measure which, not being driven by observations or by theory,

are essentially an arbitrary choice.
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We propose here instead to examine the problem under a different perspective, exploiting an

approach in which the Jeans equation is so-to-speak “inverted”, rewriting the DM mass profile in

a form in which its dependence on the stellar anisotropy profile becomes explicit. This method was

originally outlined in two parallel analyses, see [33, 34]. In this work we re-derive the inversion formula

in a new compact form, suitable for numerical analyses, and use it for the first time to discuss J-factor

estimates. After showing some general trends, we examine, as study case, Ursa Minor, the closest

among the classical dwarfs and hence one of those entering critically in the limits concerning the DM

particle properties. Results for the J-factor are given without the need to marginalize over unknown

parameters.

2 Mass models from the spherical Jeans equation

Mass models for dwarf satellites of the Milky Way are most commonly derived exploiting a stellar

population as a dynamical tracer of the underlying gravitational potential well (and hence of the

dominant mass component, namely the DM mass profile). Supposing that the tracers belong to a

non-rotating pressure-supported population in dynamical equilibrium, one can assume that the stellar

density function obeys a time-independent collision-less Boltzmann equation, to be solved projecting

out velocity moments. Going to the limit in which the stellar and DM components are spherically

symmetric, the second moment projection reduces to a single Jeans equation [35, 36], usually recast

in the form:
dp

dr
+

2β(r)

r
p(r) = −ν(r)

GNM(r)

r2
, with p(r) ≡ ν(r)σ2

r (r) . (2.1)

This equation shows that the radial dynamical pressure p(r), the product of the tracer number density

profile ν(r) and the radial component of the velocity dispersion tensor σ2
r (r), can be expressed in

function of ν(r) itself, as well as of the total mass profile M(r) and the orbital velocity dispersion

anisotropy β(r). The latter involves also the other two diagonal components of the velocity dispersion

tensor σ2
θ and σ2

φ, being defined as:

β(r) ≡ 1−
σ2
θ(r) + σ2

ϕ(r)

2σ2
r (r)

. (2.2)

β(r) parametrizes the deviation of the velocity ellipsoid from a sphere of radius squared σ2
r = σ2

θ = σ2
ϕ

[36, 37]. By definition, β(r) can cover the range (−∞, 1], where the lower (upper) extreme corresponds

to tracers moving on purely circular (radial) orbits. The formal solution of Eq. (2.1) is:

p(r) = GN

∫ ∞
r

dr′
ν(r′)M(r′)

r′2
exp

[
2

∫ r′

r
dr′′

β(r′′)

r′′

]
. (2.3)

The difficulty in fully exploiting this approach is that, despite the assumption of dynamical equilibrium

and spherical symmetry at the bases of Eq. (2.1), the problem still involves three unknown functions:

M(r), ν(r) and β(r), to be inferred from only two quantities connected to observations: The first is

the stellar surface density:

I(R) =

∫ ∞
R

dr
2r√

r2 −R2
ν(r) , (2.4)

(here and everywhere in the following “R” refers to the l.o.s. projected radius, while “r” is the radius

in the spherical coordinate system centered on the dwarf) which, assuming constant stellar luminosity
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over the whole system, is proportional to the surface brightness as mapped in photometric surveys

(see, e.g., [38]). The second quantity one can derive from observations is the l.o.s. velocity dispersion

σlos(R), which traces the only velocity component accessible to spectroscopic measurements [4, 5].

The l.o.s. velocity dispersion profile can be expressed in terms of the radial dynamical pressure [39]:

σ2
los(R) =

1

I(R)

∫ ∞
R

dr
2r√

r2 −R2

[
1− β(r)

R2

r2

]
p(r) . (2.5)

The mapping of the three unknowns into two observables is usually done by introducing para-

metric forms for the three unknowns: The template for ν(r) is typically related to a I(R) supported

in stellar photometric studies, such as the Plummer [40], the King [41] and the Sersic [42] profiles.

M(r) usually stems from DM density profile ρ(r) motivated by:

- numerical N-body simulations of hierarchical clustering in cold DM cosmologies [43], such as,

e.g., the Navarro-Frenk-White (NFW) profile [44] (with a 1/r singularity towards the center of

the system and a scale radius rn to set the transition into the 1/r3 scaling at large radii);

- phenomenological studies [45, 46] on the distribution of DM in galaxies, such as, e.g., the Burkert

profile [47] (in this case the characteristic scale rb sets the size of the inner constant density core,

before the transition again into the 1/r3 regime at large radii).

Finally for what regards the stellar anisotropy profile β(r), templates assumed in the literature (see

e.g. [48–50]) reflect more simplicity arguments rather than profound physical motivations, ranging

from some constant value to functions connecting two asymptotic values at large and small radii,

eventually with some parameter setting the sharpness of the transition.

Attempts to break the degeneracy in Eq. (2.1) between M(r) and β(r) using higher velocity

moments [3, 51–55] or the determination of multiple tracer populations [56–58], together with the

progress of N-body simulations [59–61], may represent a promising future opportunity to fully overcome

current study limitations due to the l.o.s. measurements available for these systems [62]. Given the

large parameter space at hand, one needs an efficient scanning technique and careful addressing of

error propagation: For ν(r) (or directly for I(R)) a frequentist fit of data is usually implemented, in

case of the classical dwarfs most often referring to the data compilation in [38]. On the other hand,

all recent analyses explore the parameter space connected to M(r) and β(r) introducing a likelihood

addressing the matching of the theoretical model for σlos(R) with data, and employ a Markov Chain

Monte Carlo (MCMC) sampling in the context of Bayesian inference. After a choice of priors and

integration measures – which in case of the anisotropy function, as for the choice of the functional

form, seem essentially arbitrary – one derives posteriors for the parameters defining M(r) or ρ(r), as

well as for derived quantities such as the J-factor introduced in Eq. (1.1) above. While this procedure

gives for the classical dwarfs posteriors on J with small error bars, it is not transparent what is the

impact of having selected given parametric forms, priors and integration measures, especially in the

case of β(r) for which a robust physical guidance is still missing. This is one of the issues we wish to

investigate in this paper, exploring an alternative approach in which M(r) is a derived quantity and

the dependance of the result on the assumed form for β(r) is kept explicit.

3 General trends from an inversion formula

The method we build on here has been already outlined in two parallel analyses, see [33, 34]. The

starting point relies on the observation that the two available observables, namely Eqs. (2.4) and (2.5)
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above, correspond to the Abel transform f of a function f̂ :

f(x) = A[f̂(y)] =

∫ ∞
x

dy√
y − x f̂(y) ⇔ f̂(y) = A−1[f(x)] = − 1

π

∫ ∞
y

dx√
x− y

df

dx
. (3.1)

In fact, looking back at Eq. (2.4) the surface density I(R2) is the Abel transform of the number density

profile ν(r) (everywhere in the following we will use Î(r2) to indicate the number density profile instead

of ν(r)). In a similar fashion, introducing the projected dynamical pressure, P (R) ≡ σ2
los(R) I(R), this

expression can be manipulated (see Appendix A for a detailed derivation) inverting it into a formula

for the radial dynamical pressure:

p(r) = [aβ(r)− 1]

∫ ∞
r

dr′Hβ(r, r′)
dP̂

dr′
(3.2)

where P̂ (r2) is the inverse Abel transform of P (R2) and we defined:

aβ(r) ≡ − β(r)

1− β(r)
, and Hβ(r, r′) ≡ exp

(∫ r′

r
dr′′

aβ(r′′)

r′′

)
. (3.3)

Inserting this result into the Jeans equation [36], Eq. (2.1), one can find the mass profile:

M(r) =
r2

GN Î(r)

{
−dP̂
dr

[1− aβ(r)]− aβ(r) bβ(r)

r

∫ ∞
r

dr′Hβ(r, r′)
dP̂

dr′

}
, (3.4)

with

bβ(r) ≡ 3− aβ(r) +
d log aβ
d log r

. (3.5)

An expression equivalent to Eq. (3.4) can be extracted from Ref. [34], while Ref. [33] gives explicit

formulas for several simple anisotropy models; it is however the first time such a compact form in

terms of observables is given, showing that the mass profile depends on the anisotropy profile only

through the function aβ(r) as defined above. The expression in Eq.f(3.5) shows that, at given aβ(r),

the mass profile can be properly reconstructed if the projected dynamical pressure can be efficiently

constrained from data. From the expression just derived one can read out the behaviour of the mass

function in some special limits that will be useful in the discussion below. First of all, in case of

isotropic stellar orbits, namely β(r)→ 0 for any r (and hence aβ(r)→ 0):

Mβ=0(r) = − r2

GN Î(r)

dP̂

dr
. (3.6)

For circular orbits instead, i.e. β(r)→ −∞ for any r (and hence aβ(r)→ 1, bβ(r)→ 2):

Mβ→−∞(r) = − 2

GN Î(r)

∫ ∞
r

dr′r′
dP̂

dr′
. (3.7)

Eq. (3.4) is derived under the hypothesis β 6= 1. To take the exact radial orbit limit it is simpler to

notice that the radial pressure for β = 1 (i.e. aβ → −∞) takes the form:

pβ=1(r) = −rdP̂
dr

, (3.8)

and replacing this into the Jeans equation, Eq. (2.1), one finds:

Mβ=1(r) =
1

GN Î(r)

d

dr

(
r3dP̂

dr

)
. (3.9)
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3.1 A mass estimator for dwarf galaxies?

As first noticed in MCMC analyses, regardless of what is assumed for the stellar velocity anisotropy

β(r), all models fitting the l.o.s. velocity dispersion profile tend to have approximately the same

mass at a scale corresponding to about the surface brightness half-light radius [63–70]. In Ref. [34]

a rationale for the existence of such a mass estimator is provided through an analytic manipulation

of the solution of the Jeans equation. Briefly recapping their argument, it is useful to consider the

difference between the mass profile M(r) for a generic anisotropy profile and Mβ=0(r); after some

algebra one finds:

M(r)−Mβ=0(r) = −β(r) r σ2
r

GN

(
d log Î

d log r
+
d log σ2

r

d log r
+
d log β

d log r
+ 3

)
. (3.10)

Among the terms within brackets on the r.h.s., towards the outskirts of the dwarf, the logarithmic

derivative of the stellar number density Î(r) rapidly varies from close to zero to a negative number.

In the same region, the l.o.s. velocity dispersion is generally close to being flat and also σ2
r is arguably

not too rapidly varying. If one now assumes that also β(r) does not have a sharp change in that

region, the difference in Eq. (3.10) is approximately zero at the radius r∗ defined as:

−d log Î

d log r

∣∣∣∣∣
r=r∗

= 3 . (3.11)

Since this condition does not depend on β, M almost matches Mβ=0 at r∗ regardless of the stellar

anisotropy:

M(r∗) 'Mβ=0(r∗) '
3

GN
〈σ2
los〉 r∗ ≡M∗ , (3.12)

where in the second step the symbol 〈 〉 stands for a weighted average on the stellar number density,

and 〈σ2
los〉 has been factorized out in computing P̂ (r) and implementing it in Eq. (3.6).

We can check here this result with the formulas derived at the beginning of this Section. We

start from a simple model where σ2
los(R) is assumed to be just a constant σ2

los, and the stellar profile is

described by a Plummer model [40], a case in which the Abel transform can be performed analytically:

I(R2) =
I0

πR2
1/2

1

(1 +R2/R2
1/2)

2
⇔ Î(r2) =

3I0

4πR3
1/2

1

(1 + r2/R2
1/2)

5
2

. (3.13)

Under these two working hypotheses, the mass profile in the isotropic case has also a simple analytical

form:

Mβ=0(r) =
r σ2

los

GN

5 r2/R2
1/2

1 + r2/R2
1/2

, (3.14)

while Eq. (3.11) gives r∗ =
√

3/2R1/2. Assuming also a constant anisotropy profile, β(r) = βc, in

the left panel of Fig. 1 we show the relative difference in mass |∆M(r)|/Mβ=0(r) ≡ |Mβ=βc(r) −
Mβ=0(r)|/Mβ=0(r) versus the quantity 2aβc , useful to have circular and radial stellar anisotropies

equally spaced in the segment [0, 2] (i.e. 0 corresponds to radial, 1 to isotropic and 2 to circular

orbits). The solid orange line corresponds to r = r∗ and shows that in the specific simple model under

consideration the goodness of r∗ and M∗ as mass estimator is within a level of about 8% going to

circular orbits, while it degrades to 10% and larger towards radial orbits (in the purely radial limit
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Figure 1: Left panel: Difference in mass profiles, ∆M(r) ≡ Mβ=βc(r) −Mβ=0(r), relative to the

isotropic case, Mβ=0(r), for the model with constant σlos, Plummer stellar profile and constant orbital

anisotropy, as a function of 2aβc . The orange, light blue and dark blue curves correspond, respectively,

to a radius equal to r∗ =
√

3/2R1/2, 5% lower, 10% larger. Right panel: Isolevels for fixed relative

mass difference in the plane 2aβc versus r/r∗ within the same set of assumptions. The vertical orange

line indicates r∗ as expected mass estimator.

derived in Eq. (3.9) the discrepancy reaches the value of 75%). Also shown in the plot is the relative

mass difference at r = 0.95 r∗ and r = 1.1 r∗ for which there is a better match, respectively, in the

radial and circular regimes, as well as a larger discrepancy in the opposite regimes. In the right panel

of Fig. 1 we show the isolevels for fixed relative mass difference in the plane 2aβc versus r/r∗; one can

see that – still in the same model introduced above – the mass difference is minimized along a curve

that is slightly tilted with respect to the estimator proposed in Eq. (3.12), r = r∗. On the other hand

moving away from r∗ the match rapidly diminishes in one of the two regimes; for example, taking

r = R1/2 ' 0.82 r∗ as estimator radius is in our example a significantly worse choice, with relative

mass differences at the level of 15% for purely circular orbits and raising up to the level of 150% in

the radial regime. The 3D half-light radius proposed in [34], namely r1/2 ' 1.3R1/2 ' 1.06 r∗ for the

Plummer case, is a better choice.

The failure of M∗ as an exact estimator stems from the fact that even assuming that σlos is

constant, for β 6= 0 there is still a non-negligible radial dependence in σr (for β = 0 one trivially gets

σr(r) = σlos). This is shown in Fig. 2 where we plot the logarithmic derivative of the radial dynamical

pressure versus r/r∗. This quantity is related to σr(r) via:

d log p

d log r
=
d log σ2

r

d log r
+
d log Î

d log r
, (3.15)

and hence, for β = 0 and constant σlos, it coincides with the logarithmic derivative of the stellar

number density Î. In Fig. 2 −d log Î/d log r is plotted with a dashed line; by definition it crosses the

value of 3 at r∗. The blue band on the left panel shows the span in the logarithmic derivative for p(r)
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Figure 2: Left panel: Logarithmic derivative of the dynamical pressure for a simple model with con-

stant orbital anisotropy and Plummer stellar profile versus r/r∗. The blue band is relative to the case

of constant l.o.s. velocity dispersion and βc varied in (−∞, 1], while the green one is obtained assuming

a linear form in R/R1/2 with slope ± 6% and β = 0. Right panel: Same quantity assuming constant

σlos and β = 0, but for the stellar profiles introduced in Eq. (3.13), Eq. (3.16)-(3.17). The bands

reflect typical uncertainty on the characteristic scale parameter of the stellar template.

when varying βc in the whole range of (−∞, 1] (respectively, upper and lower boundary of the band).

The intersection of the band with the horizontal line at the value of 3 gives the shift on r needed to

get ∆M = 0; the one with the vertical line at r = r∗ gives instead the magnitude of the departure

of M∗ from being an exact mass estimator. Although the assumptions in the model we considered

may appear rather drastic, the trends displayed are actually general. First, the hypothesis of constant

σlos is not critical. Taking into account that available kinematical informations (see, for example, the

binned data in [67]) suggest l.o.s. velocity dispersions to be nearly flat in the region around r∗, we can

parametrize σlos(R) via the linear expression c0 + c1R/R1/2 and vary the slope c1/c0 in a generous

range encompassing trends usually reported in literature, as e.g. those in [67] (note however that the

error associated to an overall normalization, while propagating onM?, does not enter in relative mass

differences). As can be seen in the left panel of Fig. 2 the impact of this uncertainty is marginal with

respect to the one due to the orbital anisotropy. The same conclusion holds when considering also the

second ingredient at hand, the modeling of the stellar distribution. As alternatives to the Plummer

model, we introduce the two following exponential templates:

I(R2) =
I0

2πR2
e

exp

(
− R

Re

)
⇔ Î(r2) =

I0

2π2R2
e

K0

(
r

Re

)
, (3.16)

for which r∗ ' 2.54Re ' 1.51R1/2, and:

I(R2) =
I0

4πr2
e

R

re
K1

(
R

re

)
⇔ Î(r2) =

I0

8πr3
e

exp

(
− r

re

)
, (3.17)

for which r∗ = 3 re ' 1.48R1/2 (Kn(x) is the modified Bessel function of the second kind). The

functions above qualitatively reproduce typical realizations of a multi-parameter template like the
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Figure 3: Isolevel for M = 0 in the plane βc - r/r∗ assuming a Plummer stellar template: The red

dashed line corresponds to the case of constant σlos and delimits the region above the curve where

M > 0 from the one where the mass becomes negative. Exploiting a quadratic expression in R for

σlos(R), we plot also a dark red (light red dashed) line that corresponds to a convex (concave) tilt in

the extrapolation of the constant σlos value towards inner radii, using as a reference c2/c0 = 0.5 and

c1/c0 = −0.8, (c2/c0 = −1.4 and c1/c0 = 2.3).

Sersic profile, while differing substantially in the inner region from the Plummer model (the King

model is instead qualitatively equivalent to the Plummer). Back to the working hypothesis of constant

σlos and β = 0, we plot in the right panel of Fig. 2 the logarithmic derivative of p(r) as a function of

r/r∗ for the three stellar profiles. The uncertainty bands displayed are obtained by the generation of a

set of surface brightness mock data with binning and associated errors matching typical photometric

maps of the 8 classical dSphs as in [38]. Although within a given stellar profile the impact on M∗
from our estimated uncertainty on r∗ is negligible as shown in Fig. 2, a higher impact derives from

the mis-reconstruction of the stellar profile within a wrongly assumed parametric form, see the shift

in r∗ with respect to the observable radius R1/2 between the Plummer model and the two exponential

profiles.

To summarize this part of the discussion, we find that the uncertainty on the dwarf mass estimator

is dominated by the kinematical determination of the normalization on σlos as long as models with

radial-like tracer orbits are not included in the analysis. While general criteria hinting for unphysical

phase-space densities in connection to radial-like tracer orbits are present in literature (see e.g. [71,

72]), a rigorous theorem for the exclusion of these scenarios holds only at the center of the system [73].

3.2 Extrapolating to inner radii: densities profiles

While in the standard approach to solve the Jeans equation, Eq. (2.1), physical mass profiles are

automatically obtained imposing a “physical” parametric ansatz, there is no a priori guarantee that

the procedure proposed here gives physical outputs. A first basic check is on the positivity of the

solution of Eq. (3.4) at any radius. E.g. in the simplified model introduced above one finds a non-
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trivial constraint on the allowed range of orbital anisotropies. This is shown in Fig. 3 in the plane

2aβc - r/r∗, where isolevels forM = 0 are displaced in the limit of constant orbital anisotropy, marking

the minimum radius at which a solution of Eq. (3.4) is positive. In particular, the red dashed line

corresponds to the case of constant σlos and Plummer surface brightness. One can see that, within

this setup, positive mass solutions can be extrapolated down to r = 0 only when βc ≤ 0. On the

other hand, the extrapolation to r → 0 critically depends on what is assumed for the extrapolation

of σlos(R) for R → 0. To sketch this effect we introduce as sample parametrization for the l.o.s.

velocity dispersion the form: σlos(R) = c0 + c1(R/R1/2) + c2(R/R1/2)
2 iff R/R1/2 ≤ 1/2, constant iff

R/R1/2 > 1/2. Fig. 3 shows that an inner concave tilt of σlos(R) forces to restrain to progressively

more negative values of βc (with aβ approaching 1), while a concave one allows for radially anisotropic

stellar velocity profiles.

In general, the positivity of the mass is not the only condition we would like to supplement the

Jeans inversion with: e.g. the mass profile should not decrease going to larger radii (i.e., up to the

cutoff of the profile). In the following, we will be actually more restrictive and define as a physical

outcome of our inversion the model satisfying the following requirements:

M(r) > 0 , ρ(r) =
1

4πr2

dM
dr

> 0 ,
dρ

dr
≤ 0 ∀ r > 0 . (3.18)

Assuming that the density of the DM profile ρ(r) provides the dominant component to the dSph

potential well, the third condition ensures the potential well to be monotonic and hence provides a

necessary condition of stability for the model.

Checking a posteriori these conditions, ρ(r) is simply obtained taking the derivative of the mass

function, Eq. (3.4):

4πGN r
2 ρ(r) = − [1− aβ]

d

dr

(
r2

Î

dP̂

dr

)
+ aβ

[
d log aβ
d log r

+ bβ

](
r

Î

dP̂

dr

)

− aβ bβ
[

1− aβ −
d log Î

d log r
+
d log aβbβ
d log r

] (
1

Î

∫ ∞
r

dr′Hβ(r, r′)
dP̂

dr′

)
(3.19)

Among the three terms on the r.h.s., only the first contributes in the limit of isotropic motion of the

tracers (β → 0 or equivalently aβ → 0); assuming also that the l.o.s. velocity dispersion is constant,

one simply finds:

ρβ=0(r) =
σ2
los

4πGN r2

d

dr

(
−rd log Î

d log r

)
. (3.20)

For such profile to have a core (namely: d log ρβ=0/d log r → 0 for r → 0), the logarithmic slope of

the stellar density profile needs to scale as r2 towards the center of the system. E.g., considering a

multi-parameter stellar template like the Zhao profile [74]:

Î(r) =
Î0(

r
rs

)γ [
1 +

(
r
rs

)α] δ−γα , (3.21)

where γ and δ represent the inner and outer slope of the profile, and rs and α the scale radius and

the smoothness of the transition between the inner and outer scaling, the logarithmic slope is:

d log Î

d log r
= −γ − (δ − γ)

(
r
rs

)α
1 +

(
r
rs

)α , (3.22)
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Figure 4: Left panel: Density profile of the system in the model with constant σlos and isotropic tracer

orbits, for the choices of stellar template: a Plummer model, an exponential profile for the stellar

density and for the surface brightness. The error bands reflect the uncertainty on the stellar model

assumed as in Fig. 2. Each profile is normalized to ρ∗ = ρ(r∗) in the Plummer case. Right panel:

Density profile assuming the Plummer surface brightness and β = 0, parametrizing σlos(R) with a

linear expression in R (green band) and angular coefficient varied as in Fig. 2. In the same plot, the

effect on ρ(r) due to a departure from a constant σlos for radii R ≤ R1/2/2, slightly tilting its constant

profile according to a convex (concave) quadratic ansatz in R, i.e. using c2/c0 = 0.1 and c1/c0 = −0.3

(c2/c0 = −0.1 and c1/c0 = 0.3).

and a cored profile is obtained only in case γ = 0 and α = 2. For any γ > 0 the scaling of the DM

profiles jumps to 1/r2, as in the isothermal sphere model.

Looking back at Eq. (3.13), one sees that the Plummer model belongs exactly to the class of

the Zhao profiles providing a core in ρβ=0(r) if σlos is constant. This is also shown in the left panel

of Fig. 4, where we plot the result for the inversion within the assumptions of constant σlos and

β = 0. In the same plot we show also the resulting case of the two exponential stellar templates

introduced in Eq.(3.16)-(3.17). Note that an exponential surface brightness implies a logarithmically

divergent stellar number density and hence a scaling of the inner density of (r log r)−2, while the

(cored) exponential stellar density gives a 1/r inner density scaling, standing in between the cored

case and singular isothermal sphere. Indeed, the Plummer model is the simplest stellar template

we can consider which provides a core in the density profile. Since cored profiles are of particular

importance when estimating minimal values for the l.o.s. integral of squared densities (the J-factor

defined in the Introduction), it is the case we will concentrate on in the following.

Before discussing the case of β 6= 0, it is interesting to assess how the density profile is affected

by a mild departure from the approximation of constant σlos. The green band in the right panel of

Fig. 4 shows the very mild impact on ρ(r) when we implement the linear scaling of the l.o.s. velocity

dispersion already introduced in Fig. 2. For the quadratic scalings already implemented in Fig. 4 –

even using much milder concave and convex tilts for σlos(R) – one sees instead a rather drastic change
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in ρ(r), with a sharp enhancement of the inner density for a convex perturbation and an unphysical

solution induced by the concave tilt. Associating the trends seen in the left and right panels of the

figure, one can deduce that a cored profile, standing also at the border with unphysical solutions,

is obtained in the inversion procedure only via a fine adjustment between the trend imposed by the

choice of stellar number density profile and that from the R→ 0 scaling of σlos(R).

We are now in the position to address the implications on ρ(r) of a non-vanishing orbital

anisotropy, considering first of all the case in which it does not depend on the radial coordinate,

i.e. β(r) = βc. Looking back at Eq. (3.19), also the second and the third term on the r.h.s. give a

contribution to ρ(r); the second term however has the same r → 0 scaling as the first, hence does

not alter the discussion just presented for ρβ=0(r). The third term instead introduces a non-trivial

dependence on aβc of the inner radial slope. Assuming aβc 6= 1, the scaling can be read out from the

corresponding logarithmic derivative diminished by 2 (taking into account the r2 factorized on the

l.h.s. of Eq. (3.19)):

d

d log r

[
log

(
1

Î

∫ ∞
r

dr′Hβ(r, r′)
dP̂

dr′

)]
− 2 = −2− aβc −

d log Î

d log r
− raβc dP̂dr∫∞

r dr′r′aβc dP̂dr′
. (3.23)

In general the term −2− aβc is the most relevant, driving ρ(r) to a scaling that is even more singular

than the singular isothermal sphere in case of circularly anisotropic profiles; the term in the logarithmic

derivative of Î can at most mitigate the singularity in case Î itself is singular. The last term on the

r.h.s. of Eq. (3.23) is in general less relevant; for constant σlos and a Plummer Î, in the limit r → 0

it is equal to 0 if aβc ≥ −2, and to aβc + 2 for aβc < −2. In this last case, one would apparently get a

cored profile; note however that ρ(r) is obtained by summing this contribution to the first two terms

in Eq. (3.19), and, in the same limit, these drive ρ(r) to an unphysical result, with the negative mass

solution already discussed above. Analogously to what is shown in Fig. 4, a proper readjustment of

the inner radial scaling of σlos(R) would be needed, requiring however a even more severe tuning to

get physical solutions with a core [75], since σlos(R) impacts also on the scaling in Eq. (3.23).

A further subtle point regards the limit of aβc → 1. When βc approaches extreme negative

values, the logarithmic derivative of Î appears as an extra multiplicative factor in the third term on

the r.h.s. of Eq. (3.19) and hence its radial scaling (the logarithmic derivative of the logarithmic

derivative of Î) should be added to Eq. (3.23). Referring again to the Zhao profile in Eq. (3.22), this

contribution is 0 if γ 6= 0, it is equal to +α if γ = 0. Back to the Plummer model and constant σlos
one would then find a scaling of the density profile that goes like r−2−aβc+α → 1/r, as opposed to

r−2+aβc valid for 0 < aβc < 1. In the left panel of Fig. 5 we show the slope of the density at the fixed

value r = 0.05 r∗ as a function of all the set of aβc that provide a physical solution (see Eq. (3.18)) in

our Jeans inversion approach. The resulting blue band in the plot highlights qualitatively the trend

analyzed so far: Exploring even smaller ratios of r/r∗, one would retrieve the linear −2− aβc scaling

with sudden transition of d log ρ/d log r to 0 at aβc = 0 and to −1 at aβc = 1. Once we leave the center

of the dSph to move towards its outskirts, such a behaviour related to the allowed physical solutions

gets relaxed: e.g. at r = r∗/2, within the uncertainty of the Plummer profile, physical densities are

allowed up to βc = 1/2, scaling with a power law index between −1.5 and 0, as represented by the

blue band in the right panel of Fig. 5. Also shown in the same figure is the value of the profile at the

two chosen radii normalized to ρ∗ = ρβ=0(r∗). In the central region of the system there is a smooth,

but sharp, variation of the density varying aβc , spanning roughly two orders of magnitude. On the
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Figure 5: Left panel: Logarithmic slope (blue colour) and density profile normalized at ρ∗ = ρβ=0(r∗)

(yellow colour) for a physical model implemented with Plummer stellar density and constant σlos as

a function of the allowed values of aβc and at the fixed ratio r/r∗ of 5%. The bands are related to

the error on the characteristic scale radius of the Plummer profile. Right panel: Same kind of plot

produced at the fixed ratio r/r∗ of 50%. Note that the values of aβc for which the model is physical

span in this case the larger range βc ∈ (−∞, 1/2 ].

other hand, at large radii the variation in ρ(r) is within 50%.

The subtle limit aβc → 1 could have been inferred also looking at the behaviour of the mass profile

in the case of purely circular stellar motion. In fact, for the model implementing a constant σlos and

Plummer surface brightness Eq. (3.7) goes as:

Mβ→−∞(r) =
2R1/2 σ

2
los

3GN

[
2

(
1 +

r2

R2
1/2

)5/2

− r3

R3
1/2

(
5 + 2

r2

R2
1/2

)]
(3.24)

and in the limit of r going to 0 becomes

lim
r→0
Mβ→−∞(r) =

4R1/2 σ
2
los

3GN
. (3.25)

We observe that the case of constant orbital anisotropy going to −∞ is the only case when the

condition ofM(0) = 0 is not met in this model, mimicking the scenario of a black hole at the center of

the dwarf supporting the velocity dispersion. With the logarithmic slope of ρ(r) approaching −3, the

mass profile gets larger and larger contribution close to r = 0. The logarithmic divergence is avoided

via the appearance of the black hole-like feature and hence a discontinuity in the density profile:

ρ(r)β→−∞ =
5σ2

los

6π R2
1/2GN

(
R1/2

r

)2

(
1 +

r2

R2
1/2

)3/2

− 3
r

R1/2

− 2
r3

R3
1/2

 (3.26)

holding a logarithmic slope equal to −1 at the center, as anticipated.
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We summarize the results of this section, briefly recapping what we have achieved so far with

our method. First, we have highlighted the existence of possible unphysical solutions encoded in

the general master formula, Eq. (3.4), derived by inverting Eq. (2.1). Physical solution within this

approach require the following two conditions:

i) M(r) > 0 ∀ r > 0

ii) M(r′) >M(r) ∀ r′ ≥ r

Then, we have made a step forward deriving Eq. (3.19) to study the density of non-rotating pressure-

supported systems like dSphs. In order to deal with a physical density, we have supplemented the

latter with the following third condition:

iii) ρ(r′) ≤ ρ(r) ∀ r′ ≥ r

We have primarily focussed our attention on the trends of the inner density profile of the system for

several tracer density templates and l.o.s. velocity dispersion profiles, see Fig. 4, under the assumption

of an isotropic tracer motion. Eventually, we have analyzed in details the benchmark scenario of σlos
and stellar Plummer model, varying the orbital anisotropy βc, as reported in Fig. 5.

3.3 J-factor scalings

The simple form of ρ(r) derived in the circular anisotropy limit may be taken as a good starting point

to discuss J-factor trends in the inversion approach considered here. Indeed, integrating the square

of the profile in Eq. (3.26) following the definition in Eq. (1.1), we can get an analytic form for the J .

In Appendix B we provide an expression for the J-factor, see Eq. (B.10), which is valid in the limit of

distance D of the dwarf much larger with respect to the typical transverse size of these galaxies (note

that the optimal angular aperture ψ ∼ 0.5◦ is usually considered in literature, see e.g. [20, 23, 26]).

In the case at hand it gives:

Jβ→−∞ =
1

πD2

σ4
los

R1/2G2
N

5

63

[
68 + 140Z + 245Z3 + 168Z5 + 40Z7 − (68 + 40Z2) (1 + Z2)5/2

]
−−−−→
Z→∞

340

63π

R3
1/2

D2

(
σ2
los

R2
1/2GN

)2

, (3.27)

where the quantity in the last brackets is an energy density and the dimensionless ratio Z = R/R1/2

is introduced to take into account a possible finite size R of the spherical halo density ρ(r).

Plugging in Eq. (3.27) typical values for dSphs, namely σlos ∼ 10 km s−1, R1/2 ∼ 0.3 kpc and

D ∼ 100 kpc, one gets a J-factor of about 1018 GeV2 cm−5. Notice that this is not a totally realistic

case since the black hole mass one would infer from Eq. (3.25) would be ∼ 107 M�, possibly consistent

with kinematical observables, but likely too high to be found at the center of these galaxies [76, 77] .

Even in case of perfect isotropic motion of the stellar tracers an analytic expression for the density

profile, Eq. (3.20), and the J-factor can be provided. For the latter we have:

Jβ=0 =
25

4πD2

σ4
los

R1/2G2
N

[
Z
(
−3 + Z2

) (
5 + 3Z2

)
12 (1 + Z2)3 +

5

4
arctanZ

]
−−−−→
Z→∞

125

32

R3
1/2

D2

(
σ2
los

R2
1/2GN

)2

,

(3.28)
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Figure 6: Integrand of the J-factor in radial coordinates according to Eq. (B.9) for different real-

izations of constant orbital anisotropies in a model with constant σlos and with a Plummer stellar

template. We assumed a distance D = 102 kpc and an angular aperture ψmax ' 0.5◦, normalizing

J̃(r) at the reference value J̃∗ = J̃β=0(r∗).

that is a factor of 2 larger than the β → −∞ case. The picture for constant orbital anisotropies

related to physical solutions (still taking σlos constant and Plummer profile) is shown in Fig. 6: we

plot a function J̃(r) appearing as a linear measure in the J-factor computation (the area under each

curve represents the J-factor, up to the normalization factor J̃β=0(r?)), see Eq. (B.9).

Then, the general trend for the J-factor at constant σlos can be drawn: Starting from the minimum

J-value corresponding to the case of β = 0, the J-factor increases going to smaller values of βc, with

an inner cusp appearing and at the same time a reduction of the contribution at larger radii, up to the

exact circular limit, when the central cusp is suddenly reduced in correspondence to the discontinuity

of ρ(r) .

As anticipated, the picture above is expected to provide a rather conservative estimate of the J-

factor: leaving a cored stellar template in favor of a more general Zhao profile, Eq. (3.21), with γ > 0,

or an exponential template, like the Sersic one, would enhance the inner density profile and hence the

J-value; moreover, an inner convex tilt in the profile of the l.o.s. velocity dispersion would go in the

same direction. A concave perturbation to a flat σlos would offer a way out to lower the J-value, but

would apply only to the cases of circular-like stellar orbits, where the density is relatively cuspy, to not

generate unphysical outputs like the one previously encountered in Fig. 4. Therefore, discarding the

“extreme” solution of the Jeans inversion at β → −∞, the lowest J-factor emerging from a physical

model in Fig. 6 corresponds to the case of perfectly isotropic stellar motion, Eq. (3.28). Within the

same framework, this conclusion can be modified once we follow a more conservative approach in

extrapolating the inner density of ρ(r). Indeed, one may question whether the basic assumptions

involved in the derivation of Eq. (2.1) itself, most importantly the spherical symmetry of the system,

should be trusted down to exceedingly small radii, imposing by construction a choice of coordinates

which are singular in the origin and also extrapolating σlos in a region which is simply not accessible

– 15 –



with data. An alternative is to introduce a saturation scale rc so that ρ(r ≤ rc) = ρ(rc); in Fig. 6 one

sees that a relatively small inner cutoff, i.e. rc/r∗ ' 0.1, has an important impact on the inner density

profiles with −∞ < βc < 0 and hence on the corresponding J-factors. Focussing on the area below

each curve of Fig. 6 one can easily visualize that in the case of βc ' 0, the J-factor is almost insensitive

to an inner cutoff, while for a negative orbital anisotropy, a very small rc can significantly enhance the

J-value with respect to what can be obtained with a more conservative cut on the inner density. In

the exact circular orbit limit the J-factor is again quite insensitive to the choice of rc. Note that with

the implementation of rc 6= 0, the density ρ(r) related to very negative orbital anisotropies is now

smoothly tracking the – previously discontinuous – case of circular orbits. Therefore, the flattening of

the density due to the a non-vanishing inner cut allows for lower J-factors than the one obtained at

β = 0. At the same time, one should not forget that lower orbital anisotropies in this context would

imply growing black-hole-like features up to the questionable point that an important contribution to

the total mass of the system comes from the center.

Eventually, note that – in contrast to the approach followed in this work – a physical black hole at

the center of the dSph may be instead modeled so to strengthen the DM annihilation signal from the

galaxy. This possibility has been explored in, e.g., [78, 79].

Focussing on the minimum J-value one can obtain, we can now address the impact of a radial

dependence in the orbital anisotropy function. In what follows we will assume the orbital anisotropy

profile to be well described by the rather general form provided in [50]:

β(r) =
β0 + β∞

(
r
rβ

)ηβ
1 +

(
r
rβ

)ηβ , (3.29)

offering an interpolation between the tracer behaviour at the center of the system, set by β0, and

the one towards the outer part, set by β∞, with characteristic scale and sharpness between the two

regimes respectively determined by rβ and ηβ.

Note that, on general grounds, for solution to be physical satisfying the conditions in Eq. (3.18), a

sharp radial dependence in β(r) (such that its derivatives would even impact on the scalings discussed

looking at Eq. (3.23)) can be implemented only together equally sharp variations of σlos(R) in R; we

will provide an explicit example in the next Section, enlightening also the level of tuning involved.

Here we will consider instead smoother behaviour for β(r), assuming then, without loss of generality,

a constant σlos and referring to the trends illustrated in Fig. 4 for its extensions.

We have seen in Section 3.1 that a notion of a mass estimator for the system is to some extent

available thorough the mass enclosed in r∗. We can exploit this information to find the density profile

that minimizes the J-factor. This can be done introducing a simple broken power-law ansatz for ρ(r):

ρ(r) = ρ0

(r1

r

)α1

θH (r1 − r) +
n∑
i=2

i−1∏
j=2

(
rj−1

rj

)αj (ri−1

r

)αi
θH (ri − r) θH(r − ri−1)

 (3.30)

with αi being the logarithmic derivative of the profile within the radial interval [ri−1, ri], θH(r) the

Heaviside step function, and the normalization ρ0 is derived from the condition M(r∗) =M∗. For a

given M∗ (as following from the approximate relation in Eq. (3.12)), J-factor can be minimized as a

function of the αi and ri. In Fig. 7 we show the outcome of this procedure in the sample case of 4

power laws indices; we imposed as constraints −31 ≤ αi ≤ 0 and r2 ≤ r? < r3: Not too surprisingly

1Here we are also assuming the mass profile to grow at least logarithmically with the radius, as e.g. for a NFW profile.
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Figure 7: Left Panel: Reference density profile obtained by minimizing the J-factor at given M∗.
In the same panel, three solutions of Eq. (3.19) matching the reference ρ(r) in the simple model

of constant σlos and with Plummer stellar profile and with orbital anisotropy profile β(r) given in

Eq. (3.29), defined by the set rβ/r∗ = 3, ηβ = 3, β0 = 0 and β∞ = −4, 0, 1, light orange, dashed

blue and dark red line respectively. All the profiles are normalized to ρ∗ = ρβ=0(r∗). Right Panel:

Corresponding J̃(r) function, Eq. (B.9), whose integral yields the J-factor, for the same set of density

profiles. We assumed a distance D = 102 kpc and an angular aperture ψmax ' 0.5◦, normalizing J̃(r)

at the reference value J̃∗ = J̃β=0(r∗).

the result is that the profile minimizing the J-factor at given M∗, drawn with a black dashed line, is

cored for r . r∗ and it drops to 0 as fast as possible for larger r; we checked explicitly that such result

is independent of number of power laws assumed to model ρ(r).

This result provides an independent check about our findings at constant orbital anisotropy: as long

as the volume integral of the density profile at r∗ encloses the whole mass in r∗, i.e. no black-hole-like

feature is present, the physical configuration that has the minimum J-factor happens to be at β = 0,

namely when ρ(r) features an inner core.

In Fig. 7 we report with a dashed blue curve the density profile obtained from the Jeans inversion

procedure with β = 0, constant σlos, Plummer stellar profile and same M∗ of the reference density.

The good agreement with the latter in the innermost part of the profile does not leave so much room

for improvements. Indeed, exploiting the orbital anisotropy form of Eq. (3.29), a good match to the

black dashed line requires β0 = 0 to generate an inner core. Moreover, one needs rβ & /r∗ to have

such a core as extended as in the reference case. Consequently, one ends up to require ηβ & 1 (but

not too large in order to not invalidate conditions in Eq. (3.18)) to get an appreciable departure from

isotropy with β∞ 6= 0. We display this set of results in the left and right panel of Fig. 7:

• In the left panel we show two different configurations of the density profile with β(r) 6= 0 in the

outskirts of the dSph, through a mildly circular-like or a purely radial value assigned to β∞.

Both profiles do not provide a dramatic improvement in matching the reference density.

• In the right panel we see that the J-value corresponding to the case of β∞ < 0 has slightly
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increased, while the radial case gives slightly lower values of J (an effect anyhow at the per mille

level). Note however that in the limit of β∞ = 1 the density is almost turning to an unphysical

profile, since an unphysical ripple is starting to appear.

We can then conclude this Section stating that in the search for density profiles that minimize the

J-factor – within a given mass M∗ at the radius r∗, as constrained by kinematical data – a radial

dependence in the unknown orbital anisotropy profile does not significantly alter the picture previously

outlined assuming constant βc.

4 The study case of Ursa Minor

4.1 A few generalities on the dwarf

Ursa Minor is most often referred to as the target for which both signal and background are most

reliably estimated, providing a very competitive limit on annihilating DM models. As discussed in the

first analysis on Milky Way satellites by the Fermi collaboration [20] (assuming NFW DM profiles and

a fixed angular acceptance of solid angle ∆Ω = 2.4×10−4 sr), and in agreement with previous analyses

[1], Draco and Ursa Minor are the prime targets among the classical dSphs. Ref. [80], assuming instead

a Burkert profile and performing an optimization of the angular acceptance, discussed uncertainties

in the gamma-ray background determination, concluding that Ursa Minor is the favorite target from

this point of view, followed by Sextans which however provides less stringent constraints, while large

uncertainties lie in Draco and Sculptor. All this motivated us to consider Ursa Minor as a suitable

sample object for the purpose of our study. We briefly summarize here the main characteristics of this

satellite, specifying some of the choices for the data set considered in the phenomenological analysis

that follows.

The wide field photometry study in [81] finds that Ursa Minor hosts a predominantly old stellar

population, with virtually all the stars formed before 10 Gyr ago, and 90% of them formed before 13

Gyr ago, making it the only dSph Milky Way satellite hosting a pure old stellar population. Using the

magnitude of the horizontal branch stars and comparing with Hipparcos data on globular clusters the

authors determined the distance of Ursa Minor from the Sun to be D = 76 ± 4 kpc, in agreement with

the determination from [82], but larger than the mid 1980’s value of 66± 3 kpc quoted in [83, 84]. As

pointed out in [85], the difference is mainly due to the absolute magnitude calibration of the horizontal

branch; standing in between are the values of 70± 9 kpc [86] and 69± 4 kpc [87]. Here we choose to

adopt the mean value D = 66 kpc from the old determination of [83, 84], since most often the same

has been done in the most recent literature discussing J-factor uncertainties, see, e.g., [32]. Note that,

while we will be mostly concerned about relative shifts on J-factor determinations connected to the

solution of the Jeans equation, switching from 66 kpc to 76 kpc would imply an overall decrease in

values quoted below of about 25%.

Regarding the stellar surface brightness, the one of Ursa Minor shows the largest ellipticity among

all classical dwarfs (excluding Sagittarius that is suffering heavy tidal disruption), with mean value

of ε ≡ 1 − b/a (where b/a is the minor over major axis ratio) estimated in [38] to be 0.56 ± 0.05.

Nevertheless, most analyses treat Ursa Minor as a spherically symmetric system, with stellar surface

brightness to be fitted with a template, most often via the Plummer, the King or the Sersic model. We

will follow [67, 68] which suggest to adopt the Plummer model, also in view of the discussion on stellar

number density profiles in the previous Section. While the value of the normalization parameter I0 in
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Figure 8: Binned l.o.s. velocity dispersion data for Ursa Minor dwarf galaxy from [67]. Best-fit curves

are also shown according to four benchmark cases: a parametric fit with a NFW or Burkert density

profile together with the assumption of constant orbital anisotropy, and a σlos -driven fit assuming

σlos(R) to be a constant or a linear function in R.

Eq. (3.13) does not need to be specified in the Jeans analysis as well as in its inversion, as projected

half-light radius we assume R1/2 = 0.30±0.02 kpc, estimate originally obtained in [38] from a geometric

average of the corresponding half-brightness radii along the semi-major and semi-minor axis of the

projected stellar profile.

In what follows, the computation of the l.o.s. integral of ρ2(r) of Ursa Minor will always refers to

pointing to the center of the system with the optimal angular aperture ψmax = arctan(2R1/2/D) '
0.5◦, as most often adopted in literature (see e.g. [7, 32]). J-factors will be computed according to

Eq. (B.8), integrating up to an estimated outer radius R = 1 kpc (changing this to an arbitrarily

larger value, as a negligible numerical impact, generally at the per mille level).

4.2 Jeans inversion with Ursa Minor data

The starting point of our phenomenological analysis on Ursa Minor is a χ2 fit of the binned l.o.s.

velocity dispersion data from [67]. We consider two possibilities for the fit: i) The standard approach

in which σlos(R) is computed solving the Jeans equation, see Eq. (2.3)-(2.5), for given parametric

forms of the DM density ρ(r) and of the orbital anisotropy β(r) (in the following we will refer to this

procedure as parametric fit); ii) A direct fit of the data within a given functional form for σlos(R) (in

the following: σlos -driven fit).

The result of the fit according to four different benchmark cases is shown in Fig. 8. The two

parametric fits correspond to a cuspy and a cored ρ(r), namely a NFW and Burkert halo density

together with the assumption of constant orbital anisotropy. The other two cases considered are of

the two simplest of the σlos -driven kind, namely constant σlos(R) and a linear regression in R. The

best-fit parameters and the corresponding χ2
red ≡ χ2/n.d.f. are given in Table 1; as it can be seen all

the four benchmarks provide fairly good fits and comparable χ2
red.
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Table 1: Best-fit values for the parameters involved in the fit of Ursa Minor data from [67] for the

four reference cases under scrutiny. We minimize a χ2 estimator under the assumption of Gaussian

distributed data, using MINUIT package [88] and estimating the confidence level (C.L.) intervals for

the fitted parameters with the MINOS algorithm.

Benchmark Parameters Mean value 68% C.L. χ2
red

NFW

rn [kpc]

ρn [GeV]

βc

0.61

2.59

-0.83

[0.14 , 2.94]

[0.30 , 35.68]

[−3.02 , −0.19]

1.41

Burkert

rb [kpc]

ρb [GeV]

βc

0.28

12.77

-0.36

[0.12 , 0.54]

[5.59 , 55.13]

[−1.63 , 0.10]

1.44

σlos = c0 c0 [km s−1] 8.38 [8.03 , 8.73] 1.32

σlos = c0 + c1
R
R

c0 [km s−1]

c1 [km s−1]

7.94

1.99

[7.32 , 8.56]

[−0.29 , 4.27]
1.35
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Figure 9: Mass and the density profiles reconstructed via the Jeans inversion (JI) algorithm taking as

input the parametric fit of σlos(R), in case of the NFW (left panel) and Burkert (right panel) best-fits

(see Table 1). Percentage differences for the reconstructed density profiles are shown in the insets.

Fits of the l.o.s. velocity dispersion data are taken as an input for the procedure of inversion of

the Jeans equation, to reconstruct – at given β(r) – the DM mass and density profiles, and hence study

how the minimal J-factor of Ursa Minor, i.e. the 2σ lower-limit of the posterior distribution of J ,

depends on the assumed β(r). The different choices of σlos(R) have been considered to check whether

the parametric fit from an a priori physical model and/or the σlos -driven fit (agnostic, but non-

necessarily corresponding to a physical model) may be introducing a bias in the analysis. Incidentally,

the parametric fits also allow for a cross-check on the accuracy of our numerical implementation of the

inversion procedure. In Fig. 9 we show profiles reconstructed via Eq. (3.4) compared against the initial
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NFW and Burkert parametric forms. The latter are given as an input to derive the parametric fits for

σlos(R), which are displayed in Fig. 8. To perform this exercise we used the best-fit values specified in

Table 1. The displayed reconstruction of the mass profile for both cuspy and cored cases comes with

a level of accuracy better than the per mille in the whole range of the binned dispersion data of Ursa

Minor, i.e. 40 − 750 pc; relative differences above few percent arise only at inner radii much smaller

than 10 pc. A similar level of accuracy is found for the reconstruction of the inner density profile, for

which we also show the relative percentage difference in the insets below the two plots. The density

profile of parametric fits can be conveniently evaluated via an iterative difference quotient algorithm

[89] applied to the mass profile.

4.3 Inversion and MCMC with constant anisotropies

When investigating the impact of orbital anisotropy on density profiles and J-factors the emphasis

will be on discussing minimum values consistent with kinematical observables. In fact, since the DM

velocity-averaged pair annihilation cross section 〈σ v〉 accessible to gamma-ray observations scales with

the measured flux F as

〈σ v〉 ∼ F/J , (4.1)

the lowest J-value allowed by Ursa Minor data can be directly linked to how much the upper-bound

on 〈σ v〉, reported e.g. in [21] for this galaxy, can be relaxed. As shown in Section 3, the minimum

J-value turns out to be weakly affected by a radial dependence of the anisotropy profile as long as

σlos(R) is mildly varying in R as well. Thus we can restrict our phenomenological analysis to the

simple case of β(r) = βc without loss of generality in the conclusions.

Starting with the four benchmark cases for σlos(R) shown in Fig. 8, in the left panel of Fig. 10

we show results for log10 J as a function of the value assumed for βc and in the range corresponding

to models satisfying the set of conditions for a physical model, see Eq. (3.18): for the parametric fits

only values of βc lower or equal than the one assumed for computing σlos(R) are allowed; for the σlos -

driven fits, the Jeans inversion procedure gives physical models up to βc = 0. Note that the exclusion

for all the four benchmarks of constant radial-like anisotropy profiles, matches with the requirement

of β(r → 0) ≤ 0 to obtain a positive stellar phase-space density at the center of the system [73].

The behavior of log10 J as a function of βc is qualitatively the same for all the four scenarios: For a

given stellar surface density and σlos(R) when starting from βc close to 0 and going to progressively

larger circular anisotropy the density profiles becomes progressively more concentrated and hence the

J-factor grows, up to the level one starts to see the turnaround in logarithmic slope already seen

the left panel of Fig. 5 when getting close to the pure circular orbit limit. The decrease in J-factor

at this turning point becomes even more pronounced since we are taking here the conservative view

of not extrapolating the profile obtained from the inversion procedure all the way to r → 0. We

rather introduce a inner density cutoff ρ(r < rc) = ρ(rc), with rc = 10 pc as sample value avoiding

an extrapolation to radii smaller than the order of magnitude of the radius in the innermost bin

of σlos data. The two benchmark σlos(R) obtained from parametric fits are both characterized by

a concave inner tilt; this makes the density profile shallower than those for the σlos -driven cases at

small negative values of βc and hence we find lower J-factors. On the other hand the same concave tilt

partially washes out the cancellation we discussed for purely circular orbits, as well as makes the effect

of the internal cutoff less severe, and hence drives a less pronounced decrease of the J-factor at very

large negative βc. In the left panel of Fig. 10 we show also the 1σ band for the Ursa Minor J-factor

– 21 –



NFW

Burkert
σlos = c0

σlos = c0 + c1 R

1 10 100 1000
18.0

18.5

19.0

19.5

1-βc

L
og
10
(
J
[G
eV

2
cm

-
5
]
)

Fermi-LAT

σlos = c0 + c1/2 R + c1 R + c3/2 R R

σlos = c0 + c1 R

1 10 100
18.0

18.5

19.0

19.5

20.0

20.5

1-βc

L
og
10
(
J
[G
eV

2
cm

-
5
]
)

Figure 10: Left panel: J-factor as a function of constant orbital anisotropy βc for the four benchmark

cases at hand. An inner cut of 10 pc is applied to all the physical densities as described in text. In

the plot also the representative 1σ band for the J-factor of Ursa Minor assumed by Fermi-LAT in

the latest analysis regarding limits on pair annihilations of DM particles. Right panel: 68% and 95%

probability region associated to the J-factor as a function of βc from the MCMC we performed – in

the context of the Jeans inversion approach proposed – with the BAT library [93]. We considered two

different parameterizations of σlos(R), as reported in the legend.

adopted in the Fermi-LAT analysis of Ref. [7] (scaled to the same dwarf distance D adopted here): the

minimum J-values for the parametric fit cases are obtained for the same βc implemented to generate

the σlos(R) profiles and are within 2σ with respect to Fermi quoted values (we take the Fermi band

as visual guide only and do not intend to make any statistical statement at this point). For the case

of σlos -driven fits, i.e. when assuming a constant σlos(R) or a linear regression, the minimum J turns

out to correspond to the circular orbit limit; in particular to the sample benchmark with constant

σlos(R) the minimum J is roughly 4σ away from the nominal value in [7] for Ursa Minor, driving – as

naive estimate – a relaxation of the extrapolated limit on 〈σ v〉 of a factor of few. On the other hand

these correspond to rather extreme configurations, with, as explained in the previous Section, extreme

cusps which would be developing in the very inner region of the system (even below the cutoff radius

we are considering), finally shrinking to a 1/r profile and a central black hole. The black hole mass

for βc . −100 would be of the order of 106 M� or larger, and while it could be physically motivated

that to have a flat density around them, see, e.g., scenarios in Ref. [90], such masses are at the edge

of observational limit for this system [91, 92].

In order to provide a more robust statistical assessment of these findings, we also present here

the results of a Bayesian fit of Ursa Minor σlos binned data, computing the J-factor through the

inversion formula for a finite grid of constant orbital anisotropies. We have exploited for the purpose

two different parameterizations of σlos(R), namely the same linear expression in R already introduced,

and the following polynomial form (recall that R is the outer radius and we picked as reference value

1 kpc):

σlos(R) = c0 + c1/2

√
R

R + c1
R

R + c3/2
R

R

√
R

R . (4.2)
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Figure 11: Posterior probability density function of log10(J) for a constant orbital anisotropy βc =

0,−1,−107 obtained through our inversion of the spherical Jeans equation. The darker colored area

in each distribution corresponds to the 68% probability region, the shader one accounts for the 95%.

This form has been chosen since it can nicely interpolate among the four benchmarks in Fig. 8 within

a broader set of behaviours, including, eventually convex tilts at small R.

To perform our MCMC analysis we use the Bayesian Analysis Toolkit library [93], assigning generous

flat priors to the coefficients defining σlos(R), namely c0 ∈ [−50, 50], c1 ∈ [−500, 500], and c1/2, 3/2 ∈
[−250, 250], and performing a total of 108 iterations distributed in 20 chains. In each iteration of the

MCMC we invert the Jeans equation for all the set of βc considered, computing the density profiles

via Eq. (3.19) and the J-factor when the physical conditions in Eq. (3.18) are met. As a result of

this involved procedure, we obtain in the end the posterior probability density function of log10 J for

each of the selected constant anisotropies, i.e. without any marginalization procedure over unknown

parameters unrelated to observable quantities.

In the right panel of Fig. 10, we plot the 68% and 95% probability region of log10 J for orbital

anisotropies in the range −100 . βc ≤ 0, finding again for the linear parametrization of σlos(R) that

the minimum value of J happens in the circular orbit limit, with precise value sensitive to the choice

Table 2: 68% and 95% minimum J for the two different parameterizations of σlos(R) used in our

MCMC and related to our Jeans inversion approach. In the last column we report the relaxing factor

one can naively derive for the constraints of DM particle properties comparing our J-value at 95%

probability with the 2σ Fermi-LAT minimum value for Ursa minor in [7], namely min JFermi
@ 2σ = 3.5×

1018 GeV 2 cm−5 after the proper rescaling to the distance of the dSph used in this work.

σlos(R) minJ@68% [GeV2 cm−5] min J@95% [GeV2 cm−5] min J@95%/min JFermi
@ 2σ

c0 + c1R/R 1.29× 1018 9.12× 1017 3.85

Eq. (4.2) 2.34× 1018 1.86× 1018 1.88
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of inner cutoff radius at 10 pc. While the more general parametrization in Eq. (4.2) encodes the

linear behaviour as well, the latter becomes now only a special realization of it, and consequently

populate the tail of the distribution in log10 J when one probes lower ad lower stellar anisotropies.

This trend of the posteriors of log10 J is summerized in Fig. 11, where we show three illustrative cases,

highlighting with the color code their 68% and 95% probability area (defined from the local mode of

the distribution). Eventually, we can conclude that the lowest J-value is again found in correspondence

to the isotropic stellar motion when considering the case of Eq. (4.2), while it is provided by the limit

of circular-like orbits in case a linear form for σlos(R) is implemented (together with the caveats of

the related black hole feature discussed above). For what concerns the bounds on the cross section of

a DM annihilating pair, in Table 2 we report the naive maximum relaxation one can apply to these

limits for the study case of Ursa Minor: We remark that at 2σ one can naively relax the Ursa Minor

upper-bound on 〈σ v〉 by a factor roughly ranging from 2 to 4.

4.4 J-factors and β(r) from NFW and Burkert profiles

While the general impact on J for spatially dependent orbital anisotropies has been qualitatively

discussed in Section 3, we try to address here a slightly different, though related issue: within a

physically motivated ansatz for the DM density profile of the system, what is the orbital anisotropy

profile compatible with the velocity dispersion data that, at the same time, provides the smallest

J-factor possible for the galaxy?

Assuming a rather general form for the profile of β(r), we can answer to this question quantitatively

taking again Ursa Minor as our study case. Taking as reference parametric forms the NFW or Burkert

profiles, these are completely determined by only two parameters, namely a characteristic scale radius

rs and a normalization ρ0. As discussed in Section 3.1, in case of nearly flat projected l.o.s. velocity

dispersion profile in the outskirts of galaxy – a condition fulfilled by Ursa Minor, see Fig. 8 – the mass

M∗ enclosed within the radius r∗ (close to the half-light radius of the stellar profile and defined as

the radius at which its logarithmic slope is equal to -3, see Eq. (3.11)) is nearly independent of the

assumed orbital anisotropy profile. To a good approximation, we can then trade the normalization of

the DM profile ρ0 by M∗:

M∗ = 4π

∫ r∗

0
dr̃ r̃2 ρ(r̃; ρ0, rs) ⇒ ρ0 = ρ0(M∗, rs) . (4.3)

This expression then sets the normalization of ρ to be a function of rs andM∗, with in turn the latter

being set in terms of the normalization of σlos. At fixed M∗, the J-factor for the profile becomes

only a function of rs and selecting the minimum J fixes this parameter as well, fully determining the

density profile. Eventually, assuming a definite form for the stellar anisotropy, one is able to read the

profile from a fit of the dispersion data.

In Fig. 12 we show the logarithm of J as a function of the scale radius rs for both the NFW

and Burkert cases fixing M∗ = 1.82 · 107M�, as follows from applying Eq. (3.12) to the Ursa Minor

σlos binned data. Analogously to the results in Section 3, for both the NFW and Burkert profiles,

the minimum of J corresponds to an intermediate value for the scale radius rs such that the density

profile flattens as much as possible in the inner part, and falls off rapidly in the outskirts. Comparing

the two cases, the lowest J-value corresponds once again to the most cored of the two density profiles.

The radius rs that minimizes J at fixed M∗ is reported in Table 3. Having selected within this

approach one NFW and one Burkert profile, we search for a compatible orbital anisotropy profile
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Figure 12: Left panel: J-factor for the NFW and Burkert profiles as a function of the scale radius

rs, after fixing the density normalization assuming M∗ = 1.82 · 107M�. The dashed horizontal lines

highlight the minimum J-value compatible with such constraint. Right panel: The fit of the l.o.s.

velocity dispersion data of Ursa Minor considered in this work using NFW and Burkert profiles that

minimize the J-factor according to the constraint M∗ = 1.82 · 107M�.

Table 3: Nominal best-fit values of the orbital anisotropy parameters fitted using NFW and Burkert

profiles that minimize the J-factor according to the constraint M∗ = 1.82 × 107M�.

ρ(r) rs [kpc] log10(J [GeV 2cm−5]) β0 β∞ rβ [kpc] ηβ χ2
red

NFW 1.16 18.55 -8.0 0 0.15 & 103 0.98

Burkert 0.25 18.41 -5.0 0 0.15 & 103 1.17

through Eq. (2.3)-(2.5), using Ursa Minor velocity dispersions data and the 4 parameter function in

Eq. (3.29) for β(r). The corresponding best-fit σlos(R) are plotted in the right panel of Fig. 12 and are

generated in both cases by a β(r) making, in correspondence to the deep in σlos(R), a violent transition

between a mild circular orbit regime to a purely isotropic tracer motion. The nominal best-fit values

of the anisotropy parameters are collected in Table 3, together with the χ2
red of the fit related only to

the stellar anisotropy degrees of freedom.

Since the value of log10(J [GeV2 cm−5]) for Ursa Minor reported by the Fermi collaboration in

[21] is respectively 18.92±0.19 and 18.82±0.20 for an assumed NFW and Burkert density (considering

a distance D of 66 kpc), according to our findings in Table 3, the minimum possible J compatible

with a mass estimator of 1.82 × 107M� and a NFW or Burkert profile is essentially within the 2σ

range of the corresponding Fermi-LAT quoted value. An uncertainty toM∗ can be naively associated

from a simple constant fit of the dispersion data, namely σM∗/M∗ = 2σσlos /σlos. Then, at 2σ we

find that the minimum mass estimator is M∗ = 1.52 × 107M� and the corresponding J-factor in

Table 3 shits to the value of 2.49 × 1018 GeV2 cm−5 for the NFW profile, 1.8 × 1018 GeV2 cm−5 for

the Burkert case. It follows that relaxation of the DM particle physics limits results only in a factor

of 1.39 or 1.46, respectively for the cuspy or cored cases. Hence we conclude that, when assuming a
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definite functional form for the DM density profile, the Fermi-LAT bounds result to be quite robust

even against the extreme case of a dramatic radial dependence in the tracer orbital anisotropy.

5 Conclusions

We have considered the spherical Jeans equation for a non-rotating pressure-supported tracer popu-

lation, and reexamined a method to solve it in which the Dark Matter mass profile – accounting for

the underlying potential well – appears as an output rather than a trial parametric input as required

in the standard approach. We obtained a very compact form for such explicit expression for the mass

profile, showing that it depends just on the derivative of the inverse Abel transform of the radial

dynamical pressure, and on the tracer orbital anisotropy profile β(r), to be rewritten in terms of the

function aβ(r) ≡ −β(r)/(1 − β(r)). We have exploited this new formulation to discuss, on general

grounds, to what level dwarf spheroidal galaxies feature a reliable mass estimator – the total mass

enclosed within the radius at which the logarithmic derivative of tracer number density profile is equal

to -3 (in the outskirts of the dwarf, at about 1.3 to 1.5 times the half-light radius of the projected

surface brightness) – regardless of the assumptions on the (unknown) orbital anisotropy profile. We

have then turned to discuss the Dark Matter mass and density profiles in the inner region of the

system, enlightening connections with assumptions on the inner scaling of the tracer number density

profile and the shape of the tracer line-of-sight projected velocity dispersion. Having kept explicit

the dependence on β(r), we have illustrated the induced scalings on the density profile and hence on

the angular and line-of-sight integral of the density squared, the quantity usually dubbed J-factor

and entering the predictions of prompt Dark Matter pair annihilation signals, including the prompt

gamma-ray signals the Fermi-LAT instrument has searched for and put constraints on.

We applied the method to one sample case, the Ursa Minor Milky Way satellite. After discussing

general trends on a few benchmarks, we have performed a Bayesian fit via an appropriate parametriza-

tion of the tracer line-of-sight projected velocity dispersion without involving a marginalization over

unknown quantities. We compared J-factor at given assumed orbital anisotropy with values quoted

in the literature; in particular, the emphasis has been to extract information about minimal J-factor

compatible with Ursa Minor kinematical data. In this respect we conclude: In a blind analysis, as-

suming no prior knowledge of the Dark Matter density profile, minimal J-factor can be a factor of 2

to 4 smaller than commonly quoted estimates, relaxing by the same amount the limit on Dark Matter

pair annihilation cross section deduced from gamma-ray surveys of Ursa Minor. At the same time if

one goes back to a fixed trial parametric form for the density profile, such as the NFW or Burkert

profiles, the shift in minimal J is just a factor of about 1.4 to 1.5.

The method illustrated here is applicable to any dwarf with adequate kinematical data, in par-

ticular to any of the so-called classical dwarfs. We expect it to be particularly valuable for those cases

in which two distinct populations of dynamical tracers have been singled out, as well as plan to extend

it to include higher velocity moments.
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A Jeans inversion in spherical systems: the details

In this appendix we review the “inversion” of the Jeans equation for spherical systems. We start

following the procedure outlined in [34], and we end with a general expression for the inverted mass

profile M that holds for any generic l.o.s. velocity dispersion and surface brightness profile. Our

derivation is valid for a generic orbital velocity anisotropy, requiring only β(r) 6= 1 ∀ r. Inversion

formulas for specific anisotropy models can be also found in [33].

A good starting point to derive the inversion formula is the definition of the projected dynamical

pressure, P (R) ≡ σ2
los(R) I(R), see Eq. (2.5), split into two integrals with integrand modified by adding

and subtracting the term p(r)β(r)/
√
r2 −R2:

P (R) =

∫ ∞
R2

dr2

√
r2 −R2

p(r) [1− β(r)] +

∫ ∞
R2

dr2

√
r2 −R2

(
r2 −R2

) p(r)β(r)

r2
; (A.1)

the second contribution on the r.h.s. can be rewritten as:∫ ∞
R2

dr2
√
r2 −R2

d

dr2

[
−
∫ ∞
r2

dr̃2 p(r̃)β(r̃)

r̃2

]
, (A.2)

and integrated by parts obtaining:

1

2

∫ ∞
R2

dr2

√
r2 −R2

∫ ∞
r2

dr̃2 p(r̃)β(r̃)

r̃2
, (A.3)

with the boundary term at r2 →∞ in the integration by parts vanishing under the assumption that

p(r)β(r) drops to 0 faster than 1/r, i.e. the same assumption which had already to be valid for

Eq. (2.5). Then, the projected dynamical pressure reads:

P (R) =

∫ ∞
R2

dr2

√
r2 −R2

{
p(r) [1− β(r)] +

1

2

∫ ∞
r2

dr̃2 p(r̃)β(r̃)

r̃2

}
; (A.4)

making it explicit that the quantity in the curly brackets is the inverse Abel transform of P (R).

Indeed, assuming that P (R) vanishes at large R faster than 1/R, one is formally allowed to invert this

expression to find:

p(r) [1− β(r)] +
1

2

∫ ∞
r2

dr̃2 p(r̃)β(r̃)

r̃2
= − 1

π

∫ ∞
r2

dR2

√
R2 − r2

dP

dR2
, (A.5)

and performing another integration by parts,

p(r) [1− β(r)] +
1

2

∫ ∞
r2

dr̃2 p(r̃)β(r̃)

r̃2
=

2

π

∫ ∞
r2

dR2
√
R2 − r2

d2P

(dR2)2
. (A.6)
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We can now differentiate the equation above in the log measure dr/r to get:

[1− β(r)] r
dp

dr
−
[
β(r) + r

dβ

dr

]
p(r) = −2r2

π

∫ ∞
r2

dR2

√
R2 − r2

d2P

(dR2)2
, (A.7)

i.e. a first order differential equation for p(r) analogous to Eq. (2.1), where the substantial difference

lies on the presence of the second derivative of P (R) in place of the first derivative of the gravitational

potential. The formal solution for a physical radial pressure vanishing at infinity is:

p(r) =

∫ ∞
r

dr̃
2r̃

π [1− β(r̃)]
exp

{
−
∫ r̃

r
dr′

β(r′) + r′ dβdr′

r′ [1− β(r′)]

} ∫ ∞
r̃2

dR2

√
R2 − r̃2

d2P

(dR2)2
(A.8)

and, exchanging the order of integration, it can be rewritten as:

p(r) =
1

π [1− β(r)]

∫ ∞
r2

dR2 d2P

(dR2)2

∫ R2

r2

dr̃2

√
R2 − r̃2

Hβ(r, r̃) , (A.9)

where Hβ(r, r̃) was defined in Eq. (3.3). Finally, plugging this result in Eq. (2.1) we get:

M(r) =
r2

GNν(r)

{
2 r

π [1− β(r)]

∫ ∞
r2

dR2

√
R2 − r2

d2P

(dR2)2
−
[
β(r)
r + dβ

dr

1− β(r)
+ 2

β(r)

r

]
p(r)

}
. (A.10)

Taking into account that: i) ν(r) is the inverse Abel transform Î(r2) of the surface brightness I(R2);

ii) the Abel integral transform satisfies the property that, if f(x) = A[f̂(y)], then df/dx = A[df̂/dy];

iii) it is convenient to introduce aβ(r) using the definition given in Eq. (3.3); it is then easy to rewrite

the above inversion formula for the mass in the compact form given in Eq. (3.4).

In case the computation of the inverse Abel transform and its derivative becomes numerically chal-

lenging, alternatively the mass profile can be calculated as a single integral of the second derivative

in R2 of the projected dynamical pressure over a kernel depending on r. In this form Eq. (A.10) just

reads:

M(r) =
r

GN π ν(r) [1− β(r)]

∫ ∞
r2

dR2 d2 P

(dR2)2
W̃β(r,R) , (A.11)

with the kernel being:

W̃β(r,R) =
2r2

√
R2 − r2

− β(r)

1− β(r)

(
3 +

d log β

d log r
− 2β(r)

)∫ R2

r2

dr̃2

√
R2 − r̃2

Hβ(r, r̃) . (A.12)

Eq. (A.11) is the form which has been used to compute mass profiles corresponding to projected

line-of-sight velocity dispersions derived from a trial parametric form of the DM density profiles, the

“parametric fit” cases we introduced at the beginning of Section 4.2. To reach the exquisite precision

level displayed in Fig. 9, rather than computing σlos(R) alone, it was actually useful to implement

the analytic expression for d2P/(dR2)2 one finds taking the definition Eq. (2.5), supplemented by
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Eq. (2.3), and performing a few manipulations:

d2 P

(dR2)2
=

GN
2

∫ ∞
R

dr√
r2 −R2

{(
1− R2

r2

)
1

R

(
∂K1

∂R
+
∂K2

∂R

)
− K1(r,R) +K2(r,R)− 2K3(r,R)

r2

− 2
√
r2 −R2

∫ r

R

dr̃√
r̃2 −R2

[(
1− R2

r̃2

)
1

r̃ R

(
∂K4

∂R
− ∂K5

∂R

)
− K4(r̃, R)−K5(r̃, R)

r̃3

]
exp

[
2

∫ r

r̃
ds
βi(s)

s

]}[Mi(r)ν(r)

r2

]
; (A.13)

whereMi(r) and βi(r) label, respectively, the mass and orbital anisotropy profiles taken as trial initial

step, while the five integral kernels just introduced are the following dimensionless functions:

K1(r,R) =

[
1 + βi(r)

(
2− 3

R2

r2

)](
d logMi

d log r
+
d log ν

d log r
− 3

)
,

K2(r,R) = βi(r)

[
6
R2

r2
+
d log βi
d log r

(
2− 3

R2

r2

)]
,

K3(r,R) = βi(r) + β̄i(r)

(
8− 9

R2

r2

)
,

K4(r,R) = 2 [1 + βi(r)]

[
βi(r) + β̄i(r)

(
2− 3

R2

r2

)]
,

K5(r,R) = βi(r)
d log βi
d log r

+ β̄i(r)

[
d log β̄i
d log r

(
2− 3

R2

r2

)
+ 6

R2

r2

]
, (A.14)

with the auxiliary function β̄i(r) given by:

β̄i(r) = βi(r)

[
1 + βi(r)−

1

2

d log βi
d log r

]
. (A.15)

B Computing J-factors: the easy-peasy pieces

The angular + line-of-sight integral of a spherically symmetric source takes a simple form when the

observer looks at the center of the source. In such a case, introducing a change of coordinates that fully

exploits the symmetry of the problem, the J-factor computation reduces to a single radial integration

over the DM density squared times an appropriate radial window function. We briefly resume here

the steps to perform this convenient mapping.

Consider an observer O pointing towards the center of the astrophysical system under study, located

at the distance D, with an angular acceptance ∆Ω. In the coordinate system centered on O – see

Fig. 13 – Eq. (1.1) can be written as:

J = 2π

∫ cosψmax

0
d cosψ

∫ `+(ψ,R)

`−(ψ,R)
d` ρ2 [r(ψ, `)] , (B.1)

where ψmax is obtained from ∆Ω = 2π
(
1 − cosψmax

)
and R is the radial boundary for the spherical

system. In Eq. (B.1) the explicit expression for r(ψ, `) is given by the geometrical relation:

r2 = `2 +D2 − 2 `D cosψ , (B.2)
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and the extremes of integration `+ and `− are the solutions of the equation above:

`±(ψ, r) = D cosψ ±
√
r2 −D2 sin2 ψ . (B.3)

The values of ψmax, R and D correspond to the set of data needed to determine the J-factor. Note

that one can also trade line-of-sight angles for line-of-sight projected radii, replacing ψmax with Rmax

as given by tanψmax = Rmax/
√
D2 −R2

max. In light of the axial symmetry along the line of sight of

O, it is sufficient to perform a two-dimensional mapping in order to move to the coordinate system

centered on the halo density. Following Fig. 13, the new set of coordinates (R, r) we want to introduce

is related to the starting pair (`, ψ) by:

d
(

cosψ
)

= dR
∂

∂R

√
1− R2

D2
and ± d` = dr

∂

∂r

(√
D2 −R2 ±

√
r2 −R2

)
. (B.4)

Thus, we can easily rewrite Eq. (B.1) in the new coordinate system as:

J =
4π

D2

∫ Rmax

0

dRR√
1− R2

D2

∫ R
R

dr√
1− R2

r2

ρ2(r) , (B.5)

and exchanging the order of integration we get:

J =
4π

D2

∫ Rmax

0
drρ2(r)

∫ r

0

dRR√(
1− R2

D2

)(
1− R2

r2

) +

∫ R
Rmax

drρ2(r)

∫ Rmax

0

dRR√(
1− R2

D2

)(
1− R2

r2

)
 ,

(B.6)

where now the R integral can be performed analytically in both terms. Introducing the dimensionless

radial function:

W(r; s, t) ≡ 1

D2

∫ t2

s2

dR2

2

√(
1− R2

D2

)(
1− R2

r2

) =
r

D log

(√
D2 − t2 −

√
r2 − t2√

D2 − s2 −
√
r2 − s2

)
, (B.7)

we obtain then that the J-factor can be evaluated by a single integral formula:

J = 4π

∫ R
0

dr J̃(r) , (B.8)

R

O

R r
ψ

D

�+
�−

Figure 13: L.o.s. integration (light blue segment) in (R, r) coordinates (in red) of an observer O with

angular aperture ψ, placed at a distance D from a spherical system of finite size R.

– 30 –



where the integrand J̃ is a function of the radial coordinate r and carries the dimension of ρ2(r):

J̃(r) = ρ2(r) [W(r; 0, r) θH(Rmax − r) +W(r; 0, Rmax) θH(r −Rmax) ] , (B.9)

with θH(r) being the Heaviside step function.

In case of r ≤ Rmax and Rmax � D, the function W(r; 0, r) is very well approximated by r2/D2, while

for greater radii W(r; 0, Rmax) rapidly decreases towards the limit 1−
√

1−R2
max/D2.

Thus, choosing an angular aperture ψmax so that Rmax/D � 1, since usually ρ(r) rapidly approaches

0 with increasing radius, Eq. (B.8) can be numerically approximated as:

J ' 4π

D2

∫ R
0

dr r2 ρ2(r) . (B.10)

In Section 4 we presented all the results for the computation of the J-factor making use of the full

expression in Eq. (B.8)-(B.9). However, the approximation above performs better than the per mille

level already for D ∼ O(102) kpc, ψmax . 1◦. Note that if we would have studied the case of decaying

DM particles (see e.g. [94]) rather than DM pair annihilation, the analogous of Eq. (B.10) would have

allowed us to focus directly on the mass profile, Eq. (3.4), without the need to compute the density

profile and to argue the validity of its extrapolation to inner radii.
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