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Block-Gottsche invariants from wall-crossing

S. A. Filippini and J. Stoppa

Dedicated to the memory of Kentaro Nagao

ABSTRACT

We show how some of the refined tropical counts of Block and Goéttsche emerge from
the wall-crossing formalism. This leads naturally to a definition of a class of putative g-
deformed Gromov-Witten invariants. We prove that this coincides with another natural
g-deformation, provided by a result of Reineke and Weist in the context of quiver
representations, when the latter is well defined.

1. Introduction

Recently Block and Gottsche [BG14] (see also the earlier accounts in [SG14] section 6 and [IM13]
section 1) introduced a refined tropical count for plane tropical curves, where the usual Mikhalkin
multiplicity is replaced by a function taking values in Laurent polynomials in one variable.
The original motivation for Block and Gottsche’s proposal is connected with a generalization of
Gottsche’s conjecture and a refinement of Severi degrees (see [G6t98] for the original conjecture,
and [SG14] for a discussion of its proof(s) and conjectural refinements). The tropical invariance of
such counts was proved by Itenberg and Mikhalkin [IM13]. This invariance is perhaps surprising
from a purely tropical point of view.

The first purpose of this paper is to point out a different perspective from which the definition
of the Block-Gottsche multiplicity and the invariance of some of the associated refined tropical
counts look completely natural. This point of view is provided by the wall-crossing formula for
refined Donaldson-Thomas invariants.

In section 2 we recall a method due to Gross, Pandharipande and Siebert [GPS10] (based
on the tropical vertex group V) that allows to express the wall-crossing of numerical Donaldson-
Thomas invariants' in terms of invariants enumerating rational tropical curves; the fundamental
example is given by formulae (2.2) and (2.4) below. At the end of section 2 we motivate the
need to go from numerical to refined wall-crossing formulae: this is natural from the Donaldson-
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!This method is very general and also works for factorizations in V which do not correspond to some wall-crossing.
We also point out for experts that we are referring here to a wall-crossing of the first kind in the sense of [KS08]
section 2.3 (in the language of mathematical physics, this corresponds to crossing the wall of marginal stability).
Although we will not discuss this in the present paper, the group V and its g-deformation introduced in section
3 below also play an important role in wall-crossing of the second kind ([KS08] section 2.4), corresponding to a
change of t-structure in a triangulated category, e.g. by tilting. See [Nagll] for a precise result in the context of
quiver mutations.
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Thomas point of view (the main reference being the work of Kontsevich and Soibelman [KS08]).
The details of the g-deformation are given in section 3. In section 4 we show that the definition
of the Block-Gottsche multiplicity, and the invariance of the related counts for rational tropical
curves, are essentially equivalent to an extension of the methods of [GPS10] sections 1 and 2 to
the refined wall-crossing formulae. This is summarized in Corollary 4.9. In section 5 (Proposition
5.1) we finally give the refinement of the basic GPS formula (2.4). For the sake of completeness
in the Appendix we sketch the proof of the invariance of ¢g-deformed tropical counts for rational
curves.

The other main theme of this paper is that the approach above leads naturally to a g¢-
deformation of a class of Gromov-Witten invariants. Indeed [GPS10] shows that computing
commutators in V is equivalent to the calculation of a class of genus zero Gromov-Witten invari-
ants N[(P1,P2)] of (blowups of) weighted projective planes, parametrized by a pair of partitions
(P1,P2) (see (2.3) and (2.6) below). By adapting this argument to the g-deformed case we
find a natural g-deformation of N[(P1,P2)] in terms of Block-Gottsche counts, namely Defi-
nition 5.2. On the other hand when the vector (|Pi],|P2|) is primitive N[(Py,P2)] is a BPS
invariant in the sense of [GPS10] section 6.3. In this special case a result of Reineke and Weist
[RW13] shows that N[(P1,P2)] equals the Euler characteristic of a moduli space of quiver rep-
resentations M(P1,P3). A different choice of g-deformation is then the symmetrized Poincaré
polynomial g2 dim M(P1,P2) p( M (P, P3))(¢). Our main result in this connection is Theorem 5.3
which shows that the two choices coincide. A key ingredient is the Manschot-Pioline-Sen formula
[MPS11]; indeed it follows from the proof of Theorem 5.3 that the MPS formula in this context
can be interpreted precisely as the equality of the two “quantizations”. We conclude section 5
with some further remarks on the g-deformed Gromov-Witten invariants, touching on explicit
formulae, integrality, and the connection with refined Severi degrees and motivic Donaldson-
Thomas invariants.
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2. Tropical vertex

The tropical vertex group V is a subgroup of the group of formal 1-parameter families of auto-
morphisms of the complex algebraic torus C* x C*, V C Autgyy Clz, 271, y, 5 1][[t]]. Fix integers
a,b and a function f(, ) € Clz, 2%, v,y Y[[t]] of the form

Fap =1+ ta"y’ g(zy’,t) (2.1)
for a formal power series g € C[2][[t]]. To this we attach an element 0(,p) 5, , € V defined by
—b a
e(a,b),f(ayb) (Jf) =z f(a,b)’ g(a,b),f(a,w (y) =Y f(a,b) ’

Then we can define V as the completion with respect to (t) C C|[[t]] of the subgroup of
Auteyy Clz, 27 v,y [[t] generated by all the transformations 9(a,b),f(a » (as (a,b) and fi,p)
vary). Elements of V are “formal symplectomorphisms”, i.e. they preserve the holomorphic sym-



plectic form df A %. The basic question about V is to compute a general commutator,
[e(alvbl)ﬂfl’0(a27b2),f2] = 9(;2,172),1020(&1,171)7f19(a2»b2)1f20(7111,b1),f1'

Despite its elementary flavour, it turns out that this problem plays a crucial role in a num-

ber of contexts in algebraic geometry, most importantly for us in wall-crossing formulae for

counting invariants in abelian and triangulated categories (see [KS08]). Suppose for definite-

ness that ap,bi,ag,bs are all nonnegative, and that (aq,b;) follows (ag,bs) in clockwise or-

der. Then there exists a unique, possibly infinite (but countable) collection of primitive vec-

tors (a,b) with positive entries, and attached functions f(, ) (of the form (2.1)) such that

-1 -1 . .
e(ag,bg),fge(alvbl)vfl0(“27b2)7f20(a1,b1),f1 = H(_C;b) e(a,b),f(a,b)' Here []~ denotes the operation of writ-

ing products of finite subcollections of group elements 6, ), Fram) from left to right so that the
slopes of (a,b) in R? are decreasing (i.e. in clockwise order), and then taking the direct limit over
all finite collections. Gross, Pandharipande and Siebert have shown that the problem of comput-
ing the functions f(4 ) carries a surprisingly rich intrinsic geometry, which involves the virtual
counts of rational curves in weighted projective planes with prescribed singularities and tangen-
cies. To formulate the simplest result of this type, we fix two integers ¢1,f2 and consider the
transformations 9(170)7(1 o) 9(071)7(1 Fiy)ta- Let us define functions f, ;) as above (in particular,
for (a,b) primitive) by
=
[01,0), (14421 00,1), (144 2] = H O(a,), fra - (2.2)
(a,b)

Since f(q,5) has the form (2.1) we may take its logarithm as a formal power series, which must

then be of the form log fu5) = Y =0 Clga,b) (tx)® (ty)P*. Let us write P for an ordered partition
and |P| for its size (the sum of all its parts). Theorem 0.1 of [GPS10] gives a formula for the
coefficients c,(ga’b) in terms of certain Gromov-Witten invariants N, ) [(Pa, Py)] € Q,
b
A=k 3T 3 NuwlPa, Py, (2.3)

|Po|=ka |Py|=kb

where the length of P, (respectively Py) is £1 (respectively £2). Here N4 ) [(Pa, Py)] is the virtual
count of rational curves contained in the weighted projective plane P(a,b, 1), which must have
prescribed singular points along the two toric divisors Dy, Do dual to the rays spanned by (—1,0)
and (0, —1) respectively, lying away from the torus fixed points, and with multiplicities specified
by the ordered partitions P, Py. To make this rigorous one blows up a number of fixed points
on D1, Dy and imposes a suitable degree condition. Moreover one has to make sense of Gromov-
Witten theory away from the torus fixed points. See [GPS10] Section 0.4 for a precise definition.
Additionally the curves must be tangent to order k (at an unspecified point) to the divisor Dgyt
dual to the ray spanned by (a,b).

The equality (2.3) actually arises from the enumeration of certain plane tropical curves.
Consider a weight vector w = (w1, ws), where each w; is a collection of integers w;; (for 1 <
i < 2and 1 < j < ;) such that 1 < wip < wig < --- < wy,. For 1 < j < [; choose a
general collection of parallel lines 91; in the direction (1,0), respectively d3; in the direction
(0,1) for 1 < j < lo. We attach the weight w;; to the line 9;;, and think of the lines 0;; as
“incoming” unbounded edges for connected, rational tropical curves T C R2. We prescribe that
such curves T have a single additional “outgoing” unbounded edge in the direction (|w|, |wa|).
Let us denote by S(w) the finite set of such tropical curves Y (for a general, fixed choice of
ends ;). Let (w1, |wa|) = (ka, kb) for some positive integer k and primitive (a,b). We denote
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by N(tmg( w) = #HS(w) the tropical count of curves T as above, i.e. the number of elements of
S(w) counted with the usual multiplicity p of tropical geometry (see [M05]). It is known that
#M'S(w) does not depend on the general choice of unbounded edges ;; (see [M05], [GMO07]). An
application of [GPS10] Theorem 2.8 gives

2
a R Wi ro
o=k 3 ¥ ZH\A;' Naty (%): @4

|Pa|=ka [Py|=kb W i=1

where the inner sum is over weight vectors w such that |w;| = P; and Rp,|w,, | Aut(w;)| are cer-
tain combinatorial coefficients. The connection to Gromov-Witten theory is established through
the identity

2
RPi|Wz' tro
Niap(Pa, Py)] = Z H m]\](aﬁ(w)a (2.5)

w =1
which follows from [GPS10] Theorems 3.4, 4.4 and Proposition 5.3. In fact, the invariants
N(a,p)[(Pa, Py)] are completely determined by factorizations in an extended tropical vertex group.
Introducing auxiliary variables sy, ..., s, t1,..., s, one considers the problem of computing the
commutator [Hflzl 0(1,0), 148,25 H§2:1 0(0,1),14t,y)> With the obvious extension of the notation intro-
duced above. Then as shown in Theorem 5.4 of [GPS10] one can refine (2.3) to show that the
the corresponding weight functions satisfy

logfab) —k Z Z Paapb)] Pathmkaykb (2.6)
|Po|=ka [Py|=kb

Now we make the basic observation that operators such as 01 = 01 gy (14450 and 02 = 0/ 1y (1142
admit natural g-deformations or “quantizations”, acting on the C|[t]]-algebra generated by quan-
tum variables £y = gy2. This is motivated by their special role in Donaldson-Thomas theory,
where they represent the action of a stable spherical object ([KS08] section 6.4). Roughly speak-
ing then g-deforming corresponds to passing from Euler characteristics of moduli spaces to their
Poincaré polynomials. More generally in mathematical physics these operators reflect the spetrum
of BPS states of theories belonging to a suitable class, and their g-deformation is connected with
refined indices counting such states (see e.g. [Piol2] for an introduction to this circle of ideas). In
the present simple example 61 (2) = 2, 6,(9) = §(1 + q%tﬁf)fl, 05(2) = &(1 + q%tﬁ)_éz, 02(4) = 9.
It is then natural to guess the existence of a g-deformation of the factorization (2.2) for [0y, 2],
as well as of a g-analogue of (2.4). From the form of (2.4) one may envisage the existence of g-
deformed tropical counts N'™ )( w), which should be defined as #"¢S(w) for some g-deformation
of the usual tropical multlpglclty We will see in section 4 that this is precisely what happens: p,
turns out to be the Block-Gottsche multiplicity. Another advantage of this point of view is that
(2.5) immediately suggests the form of some putative g-deformed Gromov-Witten invariants. We
will discuss this in section 5.

3. g-deformation

We will need a more general incarnation of the group V. Let R be a commutative C-algebra which
is either complete local or Artinian. Let I' be a fixed lattice with an antisymmetric, bilinear form
(—,—). Consider the infinite dimensional complex Lie algebra g generated by e,,a € I', with
bracket

[eaaeﬁ] = <O‘a5>ea+6' (3.1)



We also endow g with the associative, commutative product determined by

€alB = Catp- (3.2)
With the product (3.2) and the bracket (3.1) g becomes a Poisson algebra: the linear map [z, —]
satisfies the Leibniz rule (this is a straighforward check on the generators). We write g for the
completed tensor product of g with R, § = g®Q¢cR = lim_, g Q¢ R/m%, and extend the Poisson
structure to g by R-linearity. We denote by mpg[e,] the closure of the subalgebra generated by
mp and ey, and we write mpg[e,|e, for the subset of elements of the form e, with £ € mp[ey].
Let f, € g be an element of the form

fa el+ mR[ea]eaa (3.3)

Let us introduce a class of Poisson automorphisms 6, r, of the R-algebra g by prescribing

Oa,fules) = e f50). (3.4)

Notice that the inverse automorphism 9;% is given by 0 Fol- More generally for Q2 € Q we
denote by 92, 7., the automorphism 0, ro.

DEFINITION 3.1. The tropical vertex group Vr g is the completion with respect to mr C R of
the subgroup of Autgr(g) generated by all the transformations 0, s, (as « varies in I' and f,
among functions of the form (3.3)).

LEMMA 3.2. Suppose that T' is the lattice Z? endowed with its standard antisymmetric form
((p,q), ¥',4")) =pd —qp'. Then Vp gy = V.

Proof. We can identify C[z,27!,y,y7!] with g by the isomorphism ¢ defined by t(z) = €(1,0)5
t(y) = e(o,1)- Following the general notation introduced in (3.3), we let mc[[t]][ajayb] denote the
set of formal power series in ¢, divisible by ¢, whose coefficients are polynomials in z%°. Similarly
x“ybmcm] [2%9®] denotes the subset of me(] [%y®] given by formal power series whose coefficients
are divisible by xz%’. Taking ®CJ[[t]] on both sides, flap) €1+ xaybmc[[t]][x“yb] is mapped to
some fo € 1+ mgyylealea where a = (a,b), and by (3.4) we have 1™t 0, 5, 01 = 0(a.b).fa, This

O

proves the claim since 0, ), Faw)? 0a,r, are topological generators.

Elements of Vr g of the form 04 145e, With 0 € mpg play a special role, as they have a natural
interpretation in Donaldson-Thomas theory and in the mathematical physics of BPS states.
For example, in the latter context, it has been argued in [GMN10] that the quantum-corrected
Lagrangian of a class of supersymmetric gauge theories in four dimensions can be determined
exactly (in the low-energy limit) as a function of the spectrum of BPS particles through a suitable
Riemann-Hilbert factorization problem, whose jump factors are products of the group elements
0a,1+0c, (one for each BPS particle of charge «, appearing as many times as its multiplicity
or “index”). In particular as we will see the group elements 6, 14se, have a well-defined ¢-
deformation (which is also predicted by the physics of BPS states, in terms of “refined indices”
for BPS particles; see e.g. [DG10] for more on this perspective). Accordingly we can give a
definition of the subgroup of Vr r which is relevant to the wall-crossing of Donaldson-Thomas
invariants.

DEFINITION 3.3. The wall-crossing group @DR C Vr,g is the completion of the subgroup gener-
ated by automorphisms of the form ‘92,1+oea fora €T, 0 € mg and Q2 € Q.

An argument in [GPS10] Section 1 implies that we do not lose too much by restricting to groups
of the form Vr g, provided we work over a suitably large ring S. The argument bears on the case
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when R = C[[t1,...,t,]] and f, is of the form f, = 1 + t;eqg(eq,t;) for some i = 1,...,n and

g € C[z][[t;]]. First we work modulo ml;’;rl for some k: this will be the order of approximation.

Then over Ry, = R/(t"™, ..., t5*1) we have

k

log fo = Z Z waijwewozti‘C (35)

j=lw>1

for some coefficients a;j,, which vanish for all but finitely many w. We introduce variables w;;
fori=1,...,n,j=1,...,k, and pass to the base ring Ry = C[uw]/(ufj) There is an inclusion
i: Ry — ]5%. given by t; — Z§:1 u;j. In particular we have an inclusion of groups Vr g, < VF, B
We will often be sloppy and identify an element of Rj; with its image under 7. As u?j = 0, the
image of (3.5) under ¢ is

k
log fo = Z Z Zj!waz‘ijUilewm

J=l#J=jw=1 leJ

summing over J C {1,...,n}. Exponentiating both sides and using again u?j = 0 we find the
factorization

k
fa= H H H (1 +j!waijw1_[uilewa> .
J=l#J=j w>1 leJ

So for f, as above we have found a factorization in V. B

k
T H H H O f; 7., mOd tf“, figw =1+ jlwaje Huilewa. (3.6)

J=1#J=jw>1 leJ
Notice that we have

6 =0

a,figw wa,1+jlai50 [Tje y witewa”
Following [KS08|, we can take advantage of the Poisson structure on g to give a different
expression for the special transformations 0 14se,,,, Which leads easily to their g-deformation.

Fix 0 € mp, and define the dilogarithm Lis(ceq) by

k
) 0" eka
Liy(oeq) = g k:2k .

k>1

This is well defined by our assumptions on R. Then ad(Liz(cey)) = [Liz(oeq), —] is a derivation
of g, and again by our assumptions on R its exponential is a well defined Poisson automorphism
of g, acting by

exp(ad(Liz(cea)))(eg) = > % ad”(Lig(ceq))(ep).
h>=0

LEMMA 3.4. The automorphism 0,1 ce,,, equals exp(+ ad(Liz(—oema))).



Proof. We have

1. 1 ok
[E L12(_U€ma)7 6,3} = — Z k2 ekmom 6,3] E Z(_l)k k2 <kma, B>ekma+,3
k>1 k>1
ko'k kakekma
= 1T Bt — el B) S (~1 Tk
k>1 k>1

= eg(a, ) log(1 + oema).

Using the Leibniz rule and induction, we find

ad (- Liz(~0ema))(e5) = ea((0, 8) 10g(1 + 0ma))"

and the result follows. O

We now replace g with an associative, noncommutative algebra g, over the ring

1
Clg™2, ((¢" = 1) Hnz1l;
generated by symbols é,,a € I'. The classical product (3.2) is quantized to

eats =2 Déqyp. (3.7)
As standard in the quantization the Lie bracket is the natural one given by the commutator. In
other words we are now thinking of the é, as operators (as opposed to the classical bracket (3.1),

which corresponds to a Poisson bracket of the e, seen as functions). Namely, we set

[Caség] == (a2 = q 7" Meqyp. (38)
Since this is the commutator bracket of an associative algebra, g, is automatically Poisson.

Suppose that an element £ € g lies in the C-subalgebra generated by ¢ £3 and ea,oz eI
Then we say that & admits a quasi-classical limit?, which is obtained when we specialize q2 to 1.
As an example, notice that after rescaling the Lie bracket (3.8) admits the quasi-classical limit

(3.1):

lim ! [eas €8] = (@, B)éa+p-
q2—1 q— 1

Fixing a local complete or Artinian C-algebra R with maximal ideal mp as usual, we define
Uy = 0, ®cR. The fundamental case is gy[[t]] where ¢ is a central variable. Again, if £ € g, lies
in the closure of the R-subalgebra generated by ¢*2 and éq, o € T (e.g. when R = C[[t]], £ is a
formal power series in ¢t whose coefficients are Laurent polynomials in q% and the é,), it admits
a quasi-classical limit given by specializing q% to 1.

By Lemma 3.4 the action of 04140e, 0n g equals the adjoint action of exp(ad(Liz(—oey))).
So we need to find an element of g, which plays the role of the (exponential of the) dilogarithm.
This is the g-dilogarithm,

L (—q20¢n)"
E(oé,) = n%;] 1-—q¢)(1—¢%)---(1—q")

2This is the opposite of the quasi-classical limit considered in [KS08]. It gives the wrong sign for BPS states counts,
but it is the natural choice for the purposes of this paper.
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(where o € mp). This only involves commuting variables, and is well defined by our assumptions
on R. The g-dilogarithm is in fact a g-deformation of exp(ad(Liz(ceq))), as shown by the standard
rewriting

O'kéka

E(céy) =exp | — Z

1 1
i1 k((=q2)F — (—q2)7F)
The ¢-dilogarithm also admits a well known infinite product expansion,
-1

E(oéa) = [ (1 + q’f+%aéa) . (3.9)

k=0
For Q € Q we introduce automorphisms 6 [0éq] of g4 acting by
0%0éq)(e5) = AdE%(0é4)(é5) = B (0e0)esE Y (0é,).
We regard é[aéa] as the required quantization of 0, 14se,. Notice the change of notation from
the classical case. This is more practical especially since we will also need to consider the shifted

operators é[a(—q%)”éa] = AdE(J(—q%)"éa) for n € Z. We can now prove the analogue of
Lemma 3.4.

LEMMA 3.5. The adjoint action is given by

R <O‘7B>_1 0 — —Q
o~y eales) =5 T[] (140 Foe) T (140" oe)
k=0 k=(av,B)
(3.10)

It is straightforward to check that (3.10) admits the expected quasi-classical limit (3.4) as gz — 1.

Proof. Suppose to start with that n = 0 and set kK = (o, ). Then é,ég = ¢"égé,, and so if f(é,)
is a formal power series with coeflicients in C[qi%, ((¢" — 1)7 Y1), we have

Fea)és = aibinfp = e3> aiq"éin = égf(q"a).
i>0 i>0
Apply this to f(é,) = E®(0é,) to get
0%0éa](es) = EX(0ea)ées BN 0e,) = egEX (¢ 0en) B~ (0és).
Suppose for a moment that £ > 0 and use the product expansion (3.9) to get

. —Q . —Q
E%(¢"0ca) = [| (1 + q”%q“aéa) -1 (1 v q”%aéa)

120 12K
Kk—1
. Q
- 11 (1 +qz+%éa) E%(0¢,),
i=0
and (3.10) follows. For n # 0 we use similarly

s n 79 . n 79
B(¢"(~q2)"¢0) = [T (1+ (0" T ea) = [[(1+(-10"a "5 én)
=0 ik
-1

.

=

n+1

(1+ (0 en) B (g e

=0

~.



The result for k < 0 also follows since é[aéa] is an algebra automorphism. O
We can now introduce the g-deformed analogue of the group \73.

DEFINITION 3.6. Ur g is the completion of the subgroup of Aut g, generated by auto-

) C(¢*3)@cR
morphisms of the form §%[(—q2)"0é,)] (where a € T, 0 € mp, Q € Q, n € Z), with respect to
the mp-adic topology.

From now on we assume that I' is Z? with its standard antisymmetric bilinear form (as in Lemma
3.2). The factorization (2.2) has an analogue in the g-deformed case. Suppose that a; follows ag
in clockwise order.

LEMMA 3.7. Fix positive integers {1, {s. Then there exist unique €, (ka) € Q such that

(09 [0160,), 02 (0260, ] HHH@ V[(—q2) oM e, (3.11)

v k>1n€eZ
where [[ is a slope ordered product over primitive, positive vectors v = ylag + 22, we set

ok = alf% 0572 and, for each fixed k, €, (k~) vanishes for all but finitely many n.

Proof. Use the Baker-Campbell-Hausdorff formula and induction on v 4+ ~2 (see e.g. [Piol2]
section 2.1). O

n 1 A
Our main problem then becomes to find 07 = [Ti>1 HneZ D"k [(—g2)"0*ey,]. To com-
pare this with (2.4) write = €10, § = éo,1 (so Z§ = ¢yZ) and introduce a “Poincaré” Laurent

polynomial in g2, P(k7)(g) = 3,,e5(~1)"2u(ky)(—q2)". Then the action of

[TIL6CY" 0 (—g2) e

k>1n€eZ

can be written as & — Zf,§ — yg, where f, g are commutative power series given by

-1
m2 m
log f = g q_T'Yl'YQ (Jlj;)m’Yl (02@)77172 _ E E qr® é'ym’

m21 klm s=—kv2
kyl—1
logg—Zq 277 (o12)™7 ZquS e
m21 klm s=0
1 m
for coefficients ¢, = me (Cqn)® P(ky)(g*) € Q[qi%],

=3

4. Scattering diagrams

We adapt the results of [GPS10] sections 1 and 2 to the g-deformed setup. In this section we
take T to be Z? with its standard antisymmetric bilinear form (as in Lemma 3.2).

DEFINITION 4.1. A ray or line for Ur r is a pair (9,6,) where

e 0 C I ®R = R? is a subset which is either of the form af, + Rxoaq (a ray), or af, + Rag (a
line), with oy € R?, and ag € T positive;

o Oy e Ur g is a (possibly infinite) product of elements of the form 6% (— %) 0€kag)-
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If 0 is a ray we write 90 for its initial point, and set 90 = () if 0 is a line.

DEFINITION 4.2. A scattering diagram for Ur g is a collection of rays and lines (9, éa) such that
for every k > 1 we have 6, = Id mod m’j’% for all but finitely 0.

The singular set of a scattering diagram D is Sing(D) = Uyep 90 U Udimo,mop—0 01 N 02. Let
7:[0,1] — R2 be a smooth path. We say that 7 is admissible if  misses the singular set Sing(®D)
and is transversal to every 0 € ©. We will define a notion of path ordered product éﬂ-,@ along .
Let k > 1. Then 7 meets (transversely) only finitely many 9 with éa # Id mod m’f%. We denote this

ordered collection by 01,...,05, and define a partial ordered product ég% = égi 0---0 égz Here

g; = 1if {n’, ap} is a positive basis of R? (where « is the direction of 9;), and g; = —1 otherwise.
Notice that the only ambiguity in éfrkg)o happens when dimd; N 0;417 = 1. But then (%i and éai .

commute, so in fact éikf)o is well defined. We then let 9}79 = lim_, j, égrk;)o, a well defined element of

Ur,g. We say that a scattering diagram ® is saturated if ém@ = Id for all admissible, closed paths
m. Two scattering diagrams D, @’ are equivalent if éw,@ = émg/ whenever 7 is admissible for
both. A simple induction argument (adapted e.g. from the proof of [GPS10] Theorem 1.4) shows
that a scattering diagram © admits a saturation: a saturated scattering diagram S(®) which is
obtained by adding to ® a collection of rays. Moreover S(®) is unique up to equivalence.

Suppose that the «; are positive and that «q follows as in clockwise order. Then computing
the operators 9:, for [0 [0184,],0%[0264,]] is equivalent to determining S(®) for the scattering
diagram © = {(Ra, 0 [0164,]), (Rag, 02[09é4,])}. To see this choose 7 to be a closed loop with
m(0) = (=1, —1) and winding once around the origin in clockwise direction. In general computing
S(D) can be very hard. However there is a special case when saturation is straightforward.

2

)
1==9 +  the usual g-number.
—q" 2

For m € Z we set [m|, = 15
q2

LEMMA 4.3. Suppose mp contains elements o1, 09 with 01-2 =0, and let

A~ A~

D = {(Rau, 0[o1€4,]), (Raz, O[o2€0,]) }-

Suppose that the «; are positive and that o follows aig in clockwise order. Then S(®) is obtained
by adding the single ray

(R(ay + a2), 0[[{on1, 02)]q010280, +as))-

Proof. Since 0? = 0 we have

N[

q —q
Applying the Baker-Campbell-Hausdorff formula we find

o oé 026 1 0102€
00160, ]0[02€0,] :Adexp< T T2 —|—2[<a1,a2>]q1°‘1jf‘2>.
q2 — q 2 q2 — q 2 q2 — q 2
Composing on the left with é_l[agéQQ] gives Adexp < fléall + [(al,a2>]q‘mfé‘”+f’2>. Finally
q2 —q_f q§ —q_7
composing on the right with 8=1[o1é4,] leaves AdE([{a1, a2)]q01026u, a1 +wsas )- O

Let © = {(0;,0;)} be a scattering diagram which contains only lines. Fix (possibly trivial)
factorizations 6; = Hj 0;;, where each 6;; is a finite product of 09[(—q%)"aéka]. A perturbation
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of ® is a diagram of the form D = {(0; + Bij,éij)} for some (;; € R% Suppose now that D
contains only lines through the origin. Then the asymptotic diagram D/ of an arbitrary scattering
diagram ®’ is defined by replacing d = (af, + R;oao,éa) cD byd = (R>oa0,éa) € D, and
0 = (o +Ropap, by) € D with o' = (Ray, 6y) € D' If D is a scattering diagram which contains
only lines through the origin, and © some perturbation, then S(D) is equivalent to $(D)as (since

éﬂ S@)as = Id for a sufficiently large simple loop around the origin).
Let R = C[[t1, ..., t,]]. Fix positive, primitive c; € ' (not necessarily distinct) fori =1,..., n.
We will write e for the vector (a, ..., ). A standard scattering diagram is one of the form
D = {(Ray, [ [ ObiwtiCuwa,]).i=1,...,n}
w>1

where the coefficients b;, € C vanish for all but finitely many w. By the above discussion
computing [0%1[t184, ], 02[t2éa,]] can be regarded as a special case of the problem of saturating a
standard scattering diagram (after a perturbation). Passing to Ry we get a truncated diagram
D, and we can write

k
o5 J
H [biwtiwa;] = Adexp g g e
w>1 j=1w>1

for coefficients af;,, € (C[qi%, ((¢" — 1)71),>1] which vanish for all but finitely many w. Following

the notation of (3.6) there are standard factorizations over Ry given by

Adexp ZZa”wewaz ; HHAdexp <(#J lal(#J Zuzsewa)

j=lw>1 J w seJ

- HHQ #J '(Z (#J)w Zuzsewal (4.1)

sed

Use these to get a perturbation 5k = {(Raz—i—ﬁuw, [(#J)'a (#)w Y scg WisCwa;] }- We construct
an increasing sequence of diagrams ’DZ, starting from D0 P = CDk, which stabilize to S(”Dk) for

i > 1. We assume inductively that every element of D} is of the form (0, H[COUI(D)GQD]), where
e €C, I(0) C{l,...,n} x{1,...,k} and we set ur( H(” c1, Wij- We define a scattering pair

{01,002} C @Z to be a pair of lines or rays such that 01,00 ¢ @Z 1 91 N0y is a single point ap
and 1(01) N I1(d2) = 0. We let ”}3}:1 be the union of ’Dk with all the rays of the form

(O/O +Rxo (abl + 0432), é([<a01 > O‘02>]q601ca2u1(01)u1(02)éa01 +ao, ))> (4-2)

where {01,02} are as above, and we assume (without loss of generality) that the slope of 93
is smaller than the slope of do. For a suitably general initial perturbation ’5k, we can assume
that for all ¢ = 1,...,nk and scattering pairs {01,02} there is no further 0 € ”)5}: such that
01 N02N0 # 0, and I(01)NI(02) NI(d) = 0. We will always make this genericity assumption on
2‘5k in what follows.

LEMMA 4.4. The 52 stabilize to a scattering diagram 5? for ¢ > nk, and 3520 is equivalent to
S(Dr).

Proof. Ifbl,bg € i \’DZ ! for i > nk, then I(01)ﬂl(02) # 0, 80 ur(p,)Ur(2,) = 0, and Di = ’DZH
We set @OO = @’ for i > nk. If @"O e S(@k) we could find a simple loop 7 around a point

11
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ap € Sing(@i") for which éw 5o 7 1d. By construction this implies that there are two rays
~ ’ k ~
01,02 € ©7° for which the ray (4.2) does not belong to ©°, a contradiction. O

Let (9,6,) be an element of some 52 We associate to 0 an immersed graph Y, C R?, with
both bounded and unbounded edges, which is either trivalent or a single line. T is constructed
inductively; if 0 is a line then Ty = 0. Otherwise by construction ? arises uniquely from the
scattering of a pair {91,02} C ”ch_l, with 91 N2 = af. We let

To = (To, \ (g +Rxo,)) U (Yo, \ (o + Rxom,)) U (af + Rxo(aa, + ).

The induction makes sense since 5‘52 contains only lines. Suppose that T is not a line. Then by
construction it contains a finite number of unbounded edges, including the outgoing edge 0. The
other (incoming) unbounded edges are all contained in the lines 9;7,. By standard arguments
we can think of Ty as a rational tropical curve. More precisely there exists a unique equivalence
class of parametrized rational tropical curves h: Ta — R? where (Ta, w-]:a) is a simply connected
trivalent weighted graph (with both bounded and unbounded edges, endowed with its standard
topology), h is a proper map with h(fa) = T,, w?D(E) = w when F is an unbounded edge
mapping to a ray contained in 9;j,, and the unbounded direction of h(E) is —a;. We will not
be very careful in distinguishing h: 'Y’a — R? from its image. By construction, we have

LEMMA 4.5. There is a bijective correspondence between elements (D,éa) € 552 and rational
tropical curves Ty whose unbounded edges either coincide with  or are contained in 0;7,, (we
prescribe the multiplicity of such an unbounded edge to be w).

Let V be a vertex of Ta, and choose two incident edges F1, Fo. Let v1,v9 denote the primitive
vectors in the direction of h(E1), h(E2). The tropical multiplicity of h at V' is defined as p(h, V) =
wy (E1)wg, (E2)|det(vi,v2)|. This is well defined by the balancing condition ), wy (Ei)v; = 0
where F; are the incident edges at V and the v; primitive vectors in the direction of h(Ej;)
(t=1,...,3). Then one defines the tropical multiplicity of h as u(h) =[], p(h, V), the product
over all trivalent vertices. Abusing notation slightly we will often denote this by u(15).

DEFINITION 4.6. The Block-Gottsche multiplicity at V' is pg(h, V) = [p(h, V)],. Similarly one
sets fig(h) = HV pq(h, V).

Using this notion we can reconstruct 6y from Y, with its tropical structure.

LEMMA 4.7. Fix (D,éa) S @}C Let aouy = Y ; j,, W, summing over all i, J,w for which there
exists an unbounded incoming edge of Ty contained in 0;,,. Then

éa = é[/,l,q(Ta) H (#J)'az(#J)w H Uis éaout}'

i, J,w sed

Proof. Consider the statement: for two rays 01,09 € ’}52, j < i, with the slope of 01 smaller than
the slope of 92, incoming at V, and scattering in a ray ?’, one has u(Yy, V) = (ap,, a,). One
checks this for 7 = 0, and by induction it holds for all j < ¢ (the point being of course that
(—,—) is the same as det(—, —)). The statement about 6, and T, then follows by induction on i
and Lemma 4.3. O

Fix a weight vector w = (w1, ..., Wy,), where each w; is a collection of integers w;; (for 1 <i < n
and 1 < j <[;) such that 1 < wj; < wje < -+ < wjy,. For 1 < j < I; choose a general collection
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of parallel lines ¢;; in the direction ;. We attach the weight w;; to the line ¢;;, and think of
the lines ¢;; as incoming unbounded edges for connected, rational tropical curves T C R2. We
prescribe that such curves T have a single additional outgoing unbounded edge. Let us denote
by S(w, ¢;;) the finite set of such tropical curves Y (for a general, fixed choice of ends ¢;;).

DEFINITION 4.8. We denote by Ntmp( ) = #11S(w, ¢;5) the g-deformed tropical count of curves
T as above, i.e. the number of elements of S(w, ¢;;) counted with the Block-Géttsche multiplicity

Hq-

By the results of [IM13], NE °P(w) is independent of a general choice of ¢;; (see also the Appendix),
so in particular it makes sense to drop ¢;; from the notation.

COROLLARY 4.9. Let (3,0,) € S(D). Then

0y = Adexp (ZZ ]Aut W, k (Hazk”fw” z”> s, |Wz|041,> ,

QQ —q 2
where the first sum is over weight vectors w = (W1, ..., Wy,) for which ), |w;|co; € 0, the second
sum is over collections k = (ky,...,ky) of vectors k; with the same length as w;, such that

kij < ki(j+1) if wij = wj(j41), and Aut(w, k) is the product of all stabilizers Aut(w;, k;) in the
symmetric group.

Proof. 1t is enough to prove the statement modulo (tk+1 ..., k1) for all k. By the above dis-
cussion we know that 6, equals the product of operators 00/ for o' € @ parallel to 9. By
Lemma 4.5 each 9’ corresponds to a unique set {9;5,} C @2. The mdlces w occurring in
{0ijw} for i = 1,...,n then define the collection of weight vectors w. The indices {J} on
the other hand define a collection of subsets of {1,...,n} x {1,...,k}; their cardinalities deter-
mine the collection of vectors k. By Lemma 4.7 the product of all éa/ for fixed {0;7,} equals
Adexp (#“qS(w, {Dijw}) (H kijlai, jws; 115 UJ) (q% - q_%)_léZi |Wi|04i>' The key point is that
by the first statement in Theorem 1 of [IM13] #+¢S(w, {9;7w}) only depends on {9, } through
w and equals NV, tlmp( ). For the reader’s convenience a sketch of the proof is provided in the
Appendix. From here the argument proceeds as in [GPS10] Theorem 2.8. O

5. Some ¢-deformed Gromov-Witten invariants

We follow the notation of the previous section. Consider the scattering diagram over C|[[s, t]] given
by @ = {(Ray, 0 [sé4,]), (Rag, 8%2[téq,])} for £; € N. The saturation S(®’) can be recovered
from S(”}D) for © the diagram over C[[s1,...,s¢,,t1,...,ts]] given by

- {(Ralv [516a1]) ) (Rala é[sheoq])a (ROQ? é[tléOéQ])’ R (Ra?v é[tbétw])}'
Recall

) sl
f[si€a,) = Adexp | — Z GG )
=1 3((=q2)? = (=q2)79)

so in the notation of equation (4.1) we have

r (_l)j

9 by e o -
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while all other a;j;,, vanish. It follows that in the notation of Corollary 4.9, the coefficients a;,
are nonvanishing precisely when the sequences k;; and w;; coincide, in which case one has

(-1

wijlwijlg

i Wij

Qiw;ijwi; =
The same computation holds for [t;é,]. For the diagram ® the (¢1 + £3)-tuple of weight vectors
w required by Corollary 4.9 can be parametrized in a more convenient way. We first fix a pair
of ordered partitions (P, P3) of length ¢1, ¢5 respectively. The part Pj; determines the size of
a weight vector corresponding to (Ral,é[sieal]), and similarly for Py;. So we can enumerate
instead in terms of just a pair of weight vectors (wq,wsa), with w; = (w;1,...,w;,) such that
1 < wip < wig < -+ < wyy,, plus a pair of compatible set partitions (I1.e,12) of the index sets
{1,..., i}, {1,..., o}, that is set partitions I; 4 for which Zselij wis = P;j. Let us denote by
#{I; o, P;i|w;} the number of set partitions of w; which are compatible with P;, and introduce
the g-deformed ramification factors

_1)wij

R jwiq = =11 ()7#{11 o Pilwi}. (5.1)
5 Wi [wislq

Then we may apply Corollary 4.9 to see that the operators appearing in the saturation of © are

given by

2
~ RP |wl t P..P k(a o1 +azaz)
Ourartozo, = Adexp | D> > Y [ p | Aut(w ;?f)m)(vv) R s
|P1|=kay |P2|=kas W i=1 q2 —q- 2

(5.2)
By specialization we finally obtain the analogue of the basic GPS identity (2.4).

PROPOSITION 5.1. The operators in the slope ordered expansion for [0 [téy,],0[té,]] are ob-
tained by setting s; =t; =t in (5.2) fori,j=1,...,n

By comparing (5.2) with the formulae (2.3)-(2.6) it is natural to introduce a class of putative
g-deformed Gromov-Witten invariants.

DEFINITION 5.2. We define a g-deformation of the invariant N[(P1,P2)] by

P|w1 t
FIPy Pl = S [ e 5, o)

w =1

The existence of a g-deformation of N[(P1,P2)] is natural from the point of view of [GPS10]
section 6, which shows how these invariants may be regarded as Gromov-Witten invariants of a
log Calabi-Yau surface. For the same reason the invariants admit a conjectural BPS structure
described in ibid. sections 6.2 and 6.3. In the special case when (|P1], |P2|) is primitive one forms
the generating series
7) =Y _ N[(kPy,kPy)]r",
k>1

where kP; is the ordered partition with parts kP;;. Then the BPS invariants ng[(P1, P2)] are
defined through the equality

Z”k (P1,Py)] Z 7 <d(kd__1)1_ 1>Tdk' (5.3)

k>1 d>1
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As usual the BPS invariants ny[(P1,P2)] are expected to be integers (a special case of [GPS10]
Conjecture 6.2).

Example. Let (P;,P2) = (1,14 1). Then N[(1,1+ 1)] = 1, and a lengthy computation using
(2.5) shows that N[(2,2 +2)] = —%, N[(3,3 + 3)] = 4. Thus for the first few BPS invariants
we find n1[(1,1+ 1)] = 1, na[(1,1 4+ 1)] = N[(2,2 4+ 2)] + iN[(l, 14+1)] =0, n3[(1,1+1)] =
N[(3,3+3)] — %N[(l, 1+ 1)] = 0. In this particular example, using the quiver techniques devel-
oped in [RW13], one could show that indeed ng[(1,1+ 1)] = 0 for k > 1. Here is a sketch of the
proof: using the (very simple) representation theory of complete bipartite quivers with one source
and at most two sinks, one can check that in this case [RW13] Lemma 10.1 applies, and deduce

the equality N[(k,k + k)] = (_lk):_l for k > 1. Using the definition of ng[(1,1 + 1)] and assum-
ing inductively that n[(1, 1+1)] = 0y, we find ng[(1,14+1)] = N[(k, k+k)]+ S N[1,141] = 0.

For primitive (|P1|, [P2[), N[(P1,P2)] equals the BPS invariant n[(P1,P2)]. As a nontrivial
consequence there is a more straightforward candidate for N[(P1,P5)]. Consider the complete
bipartite quiver K(¢1,¢2) endowed with its natural notion of stability ([RSW12] section 4). The
pair (P, P2) induces a dimension vector for K(¢1,¢2), and we denote by M (P1, P3) the resulting
moduli space of stable representations. By a result of Reineke and Weist ([RW13] Corollary 9.1)
we have

N[(P1,P3)] = x(M(P1,P2)).
Accordingly a natural choice would be to define a g-deformed Gromov-Witten invariant as the
Poincaré polynomial P(M(P1,P2))(q) = >_, bj(M(P1, P5))q? (recall that in fact the odd Betti
numbers boj11 vanish). However it makes more sense to have a notion which is invariant under
the change of variable ¢ — ¢~'. Thus we set

N'[(P1,P2)] = P(M(P1,P2))(q) := g2 M MPLP2) p(A((Py, Py))(g).

In the notation of [MR14] P(M (P, P3))(q) = P([M(Pl, P2)}vir)(q), where for X an irreducible

smooth algebraic variety one sets [X]yiy = g~z dimX [X], a Laurent polynomial with coefficients

in the Grothendieck ring of varieties.
THEOREM 5.3. The two choices of quantization coincide: N'[(P1, P3)] = N[(P1,P3)].

Proof. We will reduce the statement to a representation-theoretic formula due to Manschot,
Pioline and Sen [MPS11]. A refinement of (P1,P2) is a pair of sets of integers (k',k?) =
({k}vl},{k?w}) such that for ¢ = 1,...,¢; and j = 1,...,0 we have Py; = ) wkwl, Py =
Y w wk?ﬂ’j. We denote refinements by (k',k2) - (P1,P2), and write m,, (k') = >k, - A fixed
refinement k% induces a Welght vector W(kl) = (wj1,...,wit;) of length t; = > my(k%), by
wi; =w for all j = > "7 L (kD) 4+ 1, oW my(kY). By a combinatorial argument contained
in the proof of [RSW12] Lemma 4.2 we may rearrange Definition 5.2 as

wj(

N no
N[@®LP) = Y HHH Ve (W) k).

(k1,k2)F(P1,P2) i=1j=1 w kl [w]q

From now we follow closely the treatment in [RSW12] section 4; in particular we will for-
mulate the MPS result using the infinite bipartite quiver A introduced there, with vertices
No = {iqwm) | (w,m) € N YU {j(pm) | (w,m) € N} and arrows N1 = {o, ..., st © G0 7y =
Jaw,mys Vw,w’,m,m" € N}. The quiver N’ comes with a notion of stability in terms of a slope
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function p (there is no possible confusion with the tropical multiplicity p since the latter will not
appear in this proof). Recall that (k!, k%) induces a thin (i.e. type one) dimension vector d(k!, k%)
for N, so we get a moduli space of stable abelian representations ./\/ld(k%z)(j\/’ ). Following the
argument leading to equation (1) of [RSW12], and after rearranging to pass from P to ]3, the
MPS formula for Poincaré polynomials in this setup can be expressed as

P g (w—1)
PMELPND = 2 H H H i PMager i) (V) (9)-
(k1 E2)-(P1,Py) i=1j=1 w kz .[w]qw,]

Indeed in the general case (for (|Pq], |P2|) not necessarlly primitive) one can rewrite the MPS
formula as

[R?%17P2)(K(£17 e?))]vir - Z H H H (wfl) [Rbs(kl kQ)(N)]Vir
- i L 20
[GL(PI’P2)]VH (k1,E2)H(P1,P2) i=1j=1 w /{:Z w [w]l;w’j [((C )lk [+1k |]vur

where we have denoted by R*'(—) the semistable loci, and by GL(P1,P2) the usual basechange
group corresponding to a dimension vector; this is explained in [MR14] section 8.1. The claim of
the Lemma then follows from the identity

P(Ma gy N))(g) = NP (w(B), wik?). (5.4)

(1,02

To prove this let @ C A denote the finite subquiver which is the support of (k', k?). Consider
the lattice I' = ZQgy endowed with the bilinear form (—, —) which is the antisymmetrization of
the Euler form of Qy. We will write Fj for the subsemigroup of dimension vectors of slope pu.

Let B = Cl[ti s ., tj,m - We work in the group Uy , and consider the product of operators

H O[t.y(w,m) éj(w,m)] H Q[ti(w/,,n/)éi(wly,m”]' (55)

Jw,m)€Q0 U/ ,m?) €L0

By [Reil0] Lemma 4.3, (5.5) can be expressed as an ordered product HL_GQ Ad ]Su where ]5# € g
is an element of the form ) dets pa(q)téq for some py(q) € Q(q). The JBM are characterized
in terms of the Harder-Narasimhan recursion given in [Reil0] Definition 4.1 and the Remark
following it. By the definition of the F,, using that (|P1], |P2|) is primitive and d(k', k?) is thin,
one shows that the first nontrivial term in P (d(k k2)) 18 Pagt k2) (@)t d(k" K )ed(kl 12y (as a term
of smaller degree would imply the existence of a subrepresentation of the d(k!, k2) dimensional
representation having the same slope). By the remark following [Reil0] Proposition 4.5 we have
in fact?

Pty (0) = (0% =47 ) 7 P(Mggua gy (V))(@):
On the other hand by an argument contained in the proof of [RSW12] Proposition 4.3 we can
find a change of variables which preserves slopes and reduces the calculation of the IBH for (5.5)
to the problem of saturating a scattering diagram for Ur g with I' = 72 (endowed with its
standard antisymmetric bilinear form). We can then combine the rest of the proof of [RSWIQ]
Pr0p081t10n 4.3 with Lemma 4.7 above to compute the first nontrivial term in P, Lu(k1L k2) 88 (q2 —

q 2) 1 N(t;‘ip”)( w(kb), w(k?)). Notice that there are no ramification factors precisely because

3To compare with the results of [Reil0] section 4 one must take into account the different convention for the

g-deformed product. Our functions IS,L, pa(q) are precisely those which arise when one replaces the product of
[Reil0] Definition 3.1 with our (3.7) (beware that in ibid. the notation (—, —) denotes the Euler form, not its
antisymmetrization).
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d(k', k?) is thin and coprime, and we are computing the first nontrivial term. Matching the two
answers gives (5.4). O

Example. Consider the case (P1,P3) = (1+ 1,1+ 1+ 1). We can compute the Poincaré poly-
nomial e.g. by applying [RW13] Theorem 9.2 (see also (5.6) below), finding P(M(P1,P2))(q) =
1 + 4q + ¢*. On the other hand the only compatible weight vector w is the trivial refine-
ment (wy,w2) = ((1,1),(1,1,1)), with [[>_, | Aut(w;)| = 2 - 3! and also (according to (5.1))
2, ﬁpi|wi = 12. Thus by Definition 5.2 we have N|[(P1,P3)] = ]\Af;;?f)%)(w) with ap =
(1,0), a2 = (0,1). For a suitable configuration of lines 9;; (1 <4 < 2,1 < j < 3), the set S(w,0;5)
of rational tropical curves with ends weighted by w and lying on 9;; contains a curve of multiplic-
ity [1]4[2]2 = ¢~ ' +2+¢, and two distinct curves of multiplicity [1]; = 1 (these curves are depicted

in [RSW12] section 6.3.1). The tropical count therefore equals ¢! +4+q = ¢ L P(M(P1, P2))(q).

Example. As an example which actually involves a nontrivial g-deformed ramification fac-
tor we consider (P1,P3) = (1 + 1,1 + 2). In this case the relevant weight vectors are w’ =

((1,1),(1,2)), with [T, | Aut(w))| = 2, [T2; Bp jw; = — g and w” = ((1,1), (1, 1,1)), with

T2, | Aut(w?)| = 23!, T2, }A%p”w;/ = 6. Setting a1 = (1,0), a2 = (0,1), we already computed

Artrop
(a1,02

multiplicity [4]4, as well as two curves of multiplicity [2],. According to Definition 5.2 we compute

N[(P1,Py)] = —ﬁ([éﬂq +2[2],) + 3(¢7* +4+¢) = 1. On the quiver side, one can in fact prove

that in this case M (P, P2) is just a point ([RW13] section 5).

)(w”) = ¢~ +4+¢. For a suitable configuration d;; the set S(w’,d;;) containts a curve of

Remark. Theorem 4.1 in [RSW12] shows that the MPS formula (going from nonabelian to
abelian representations) for x(M(P1,P2)) and primitive (|P1],|P2|) is dual to a standard de-
generation formula in Gromov-Witten theory (going from incidence conditions to tangency con-
ditions). The proof of Lemma 5.3 gives another interpretation of the MPS formula at the level
of Poincaré polynomials, as a compatibility condition between two natural ¢-deformations of the
invariant N|[(Pq, Ps)].

We close this section with some further remarks concerning the g-deformed Gromov-Witten
invariants N[(P1,P2)].

5.1 Explicit formula

For primitive (|Py[,[P2[), an explicit (and complicated) formula for the g-deformed Gromov-
Witten invariant N[(Pq, P3)] follows immediately from the result for quiver Poincaré polynomials
[RW13] Theorem 9.2 (taking into account the dimension formula of ibid. Theorem 5.1): we have

]/\\f[(Pl, Py)] =(q — 1)q*%(1*2i Pl =2, P31 PLkp2) Z(_l)s—lqzr-gs arbs =32 PYPIL =221 PokPiy,

ITITITIIC=aDIIIIa=a) |, (5.6)
r=1| &k j=1 I j=1

where the sum runs over all decompositions P; = PZ(.l) 4 Pgt) for i = 1,2 into ordered partitions

PET) = pj; + -+ pj, such that setting (a,,br) = (|P7[, |P3[) we have (a,b,) # (0,0) for all
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r=1,...,t and

bi+---+b b
_— >

ar+---+a a
for r < t. Notice that it is not even clear from this formula that N[(P1,Py)] is in fact a symmetric

Laurent polynomial.

5.2 Relation to refined Severi degrees

When the underlying toric surface is P2, some of the g-deformed invariants N|[(P1,P5)] have
already been studied from a different point of view in [SG14], where they are called refined
Severi degrees. Suppose that (a,b) = (1,1) and (P¢,P%) is the unique pair of partitions of type
one, P% = 1, such that (|P¢|,|P4|) = (d,d),

d times d times

PLPH =0+ + 1,1+ - +1).

Then the non-deformed invariant N[(P1,P2)] is effectively enumerating rational curves in P2
with geometric genus 0 and degree d, passing through d prescribed general points on the line
D, respectively d prescribed general points on Do, and which are maximally tangent to Dgy;.
Such a number is usually called a relative Severi degree. We follow closely [SG14] section 5 as a
reference for Severi degrees; in standard Severi degree notation one would write

N[(P1,P3)] = N¥%4(0,e4) for 6, = (d; 1),

as we now briefly recall. The invariant N%%(0,e4) is an instance of the general relative Severi
degrees N%9(a, ), counting curves in P? with degree d, geometric genus

d—1
= -0
-("2)
and tangency conditions along D°" encoded by the two ordered partitions c, 3, which moreover

pass through 2d+g—1+|3| additional prescribed points. For k& > 1, there are «y specified tangency
points of order k on D°", as well as 3, unspecified points of order k, with the constraint

Ziai-f-Zj,Bj =d.
J

7

The partition ey, is a singleton at place k. The invariants NV d"s(a, f) are uniquely determined by
the fundamental Caporaso-Harris recursion, [SG14] Recursion 70.

Let us now turn to g-deformations. In [SG14] section 5.1, the authors introduce a g-deformation
Wd’é(a, $3) of the general invariants N%%(qa, ) (for arbitrary genera), via a g-deformation of the

Caporaso-Harris recursion, namely [SG14] equation 17:

¥ = ¥ WV et as-a)+ XTI (5) (5) VT @ 6

k:Br>0 o B
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The second sum runs through all o/, 3, ¢’ satisfying
OZ,/L‘ < O"iaﬁ‘; = 5]7
Y+ 3=
( J

F=6—d+1+> (8- B,
J

and for partitions «, o/ one sets

The initial conditions for (5.7) are given by Nd’6(a, B) = 0 whenever

d+2
( , )-d—1+Zﬁj—5<0,
J

except for the single case
N"(e1,0) = 1.
As discussed at length in [SG14] section 1, the invariants Nd’a(a, B) conjecturally give the

most natural g-deformation of the classical (relative) Severi degrees; in particular it is conjectured
([SG14] Conjecture 75) that for fixed § and d > %l + 1 the refined Severi degrees Nd"s(o, dey) are
expressible in terms of the Hodge theory of the relative Hilbert schemes of points over the linear
system |Op2(d)|, providing a refinement of the analogous fundamental result in [KST11] which
links N d"s((), deq) to the topological Euler characteristic of the same Hilbert schemes.

In [SG14] section 6 the authors sketch the definition of Block-Géttsche tropical invariants

—d,5
Ntrop

of our Definition 4.6, and announce a proof by Block and Gé&ttsche that the invariants Nf;ﬁp(a, B)

(o, ) which enumerate tropical curves immersed in R? via the Block-Gottsche multiplicity

satisfy the g-Caporaso-Harris recursion (5.7), with the same initial conditions as the N%°(a, 3).

This result, together with a complete treatment of the invariants Nf;ip(a, B), has very recently
appeared in [BG14] (Theorem 1.1). Therefore one has in general

—d.6 —d.6

N (Oé,,B) :Ntrop(aaﬂ)'
It follows that

N[(P4, P9)] = N"P[(P¢,P2)] (by our Definition 5.2)

= Wf;i;(o, eq) (by the definition of [SG14] section 6)

= N™(0,e4) (by [BG14] Theorem 1.1).
Thus our ¢-deformed invariants for P2 given by N [(P¢,P9)] are refined Severi degrees of P? in
the sense of [SG14| section 5, and can be computed effectively via the g-Caporaso-Harris recur-
sion (5.7). From this point of view, we may regard the invariants N [(P1,P9)] as a generalisation
of the genus 0 refined Severi degrees, allowing more general incidence conditions and weighted
projective planes.

Example. We compute N[(l +1+41,1+1+1)] via the g-Caporaso-Harris recursion (5.7). By the
discussion above, this is the “g-number” of nodal cubics in P? which pass through 6 prescribed
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points and are maximally tangent to a line. We find

NI+1+1,1+1+1)]=N""(0, 63)
= [3],N” (63,0)
= 3], ( °0,e0) + N (0,2e1))
= [3]¢ ([2]¢[2]¢ +2) .

This is a deformation of the classical result N(1+1+1,1+1+1) = N?)’l((), e3) = 18 (see e.g.
[GPS10] section 6.4). The same result can be obtained tropically. For example, choosing 6 points
in R? given by

(—k,0) <k: ;) , <k: 2) (0, =), (1, —k) (2, —F)

for sufficiently large & > 0 the invariant N [(141+41,14+1+1)] enumerates precisely one rational
tropical curve of multiplicity [3]4[2]4[2]4, and two curves of multiplicity [3],, passing through the
prescribed points, and with a single outgoing infinite edge.

5.3 Nonprimitive classes.

Let (|Py],[P2|) be primitive. For k > 1, the ¢-deformed invariant N[(kPy, kP5)] is in general a
Laurent polynomial in Q[qi%]. It seems natural to ask if the BPS structure described in [GPS10]
sections 6.2 and 6.3 admits a g-deformation. We do not know at present how to deform the
multi-cover formula (5.3), but we can at least give some expectation concerning integrality.

As pointed out in [GPS10] section 6.3, the actual BPS invariants ng[(P1, P2)] (defined through
(5.3)) are integral if and only if the numbers n);[(P1,P2)], uniquely determined by the simpler
formula

(_1)d_1 /
N[(kPy,kPy)] = > Tnd[(Pl,P2)] (5.8)
d>1,dJk

are integral. In view of (5.1), the relation (5.8) has the natural g-deformation

(1!

Td]qﬁﬁz[(l)h P»)],

N[(kP1,kPy) = >

d>1,d|k

which uniquely determines Laurent polynomials 7/,[(P1,P2)] € Q[¢* 2] In analogy to [GPS10]
Conjecture 6.2 one may expect that integrality holds, namely 7/;[(P1, P2)] € Z[¢* ]

Example. To ¢-deform the BPS calculation ns[(1,1 + 1)] = 0, we first enumerate tropical
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embeddings by hand, computing the Block-Go6ttsche invariants

NTP((2),(2,2)) = [4];,

]
N'°P((2),(1,1,2)) = [212[4],,
N'P((2),(1,1,1,1)) = [2];,
N'P((1,1),(2,2)) = [2]2[4],,
NU°P((1,1), (1, 1,2)) = 2[2]2 + [2][4],,
N'°P((1,1),(1,1,1,1)) = 2[2], + [2]3.

Summing these up with the correct g-ramification factors according to Definition 5.2 yields

~ 1
N[(2,2+2)] = —2[2]
q
as expected; thus in this case we have
~, =~ 1 ~
no[(1,14+1)] = N[(2,2 + 2)] + 20 N[(1,1+1)]=0.
q

The lack of effective ways to compute N [(kP1, kP2)] prevents more interesting checks of inte-
grality for now.

5.4 Relation to motivic Donaldson-Thomas invariants.

We make a brief remark motivated by the very interesting work in progress of P. Bousseau and R.
Thomas [Boul4]. As we mentioned in section 2, the invariants N[(Py, P2)] are defined in [GPS10]
section 0.4 by enumerating rational curves on the surface p: S — P(|Py],|P2|,1) which is the
blowup of the weighted projective plane at the points where we impose incidence conditions. The
incidence conditions are recorded in the homology class

B=p"Br— > pijEi,
1,J
where k is the greatest common divisor of (|P1], |P2|), Sk is the unique class with intersection
numbers By, - D; = |P;|, B - Dout = k, and the E;; denote the exceptional divisors. In their work
in progress, Bousseau and Thomas relate the relative Gromov-Witten invariant N[(P1,P3)] on

S to certain Joyce-Song invariants virtually enumerating coherent sheaves on the total space of
the canonical bundle 7: Kg — S. More precisely, one has

N[(P1,Py)] = Qs [(P1, Po)]

where Qk[(P1,P2)] denotes the Joyce-Song Q-valued count (see [JS12]) virtually enumerating
rank 0 sheaves on Kg with vanishing holomorphic Euler characteristic and support class fS.
Therefore it seems natural to expect an equality

= f

N[(P1,Py)] = Qi [(P1, Py)]
with the corresponding motivic Donaldson-Thomas invariant ﬁ;?g[(P17P2)] in the sense of
[KS08]. As far as we know the construction of motivic Donaldson-Thomas invariants in this
generality is still partly conjectural.
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Appendix A.

]’\}trop
(01,02

We follow the direct approach of [GMO07] in the numerical case (although their methods are
more general and work for arbitrary genus). As we mentioned this is a very special case of the
approach in the proof of [M05] Theorem 1. According to the first part of the proof of Theorem 4.8
in [GMO07] we only need to check that N (t;?f’w) (w) remains constant when we cross a codimension

We sketch a proof of the invariance of the counts )(w) under a general choice of ends.

1 locus which corresponds to a rational curve C' with a single 4-valent vertex V (Figure 1). It

E,

E; w

FIGURE 1. A codimension 1 singularity - first case

~rtrop

is enough to show that N (al’o&)(w) remains constant when we move just one of the ends ? with
direction awg. Since our curves are rational, the edges E1, F2, W have pairwise disjoint sets of
ancestors - ends 0 from which they derive. We can assume that the way we degenerate to Figure
1 is by moving a single end 9 in the ancestors of W: the other two cases (when we displace
an ancestor of Ej, Fy) are completely analogous. Let us denote by uy,us and w the primitive
integral vectors pointing in the direction of Eq, Fs and W respectively, and set vy = w(FE1)uq,
vy = w(E)uz and w = w(W)u. Write 0F for the end ? + cay for sufficiently small € > 0. In
the following we denote by p the ordinary slope of vectors in R?; this should cause no confusion
with the tropical multiplicity. Assume at first that

(v +w) < p(vr).

Then there are precisely two curves with 0 replaced by 07: nearby Figure 1, they are the curves
in Figures 2, 3.

FIGURE 2. 0 — 0~ (first curve)
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f

FIGURE 3. 9 — 0~ (second curve)

Also there is precisely one curve with d replaced by 0: nearby Figure 1, it looks as in Figure 4.

FIGURE 4.0 — ot

Let us check that ]V(t;(ip%)(w) remains constant through the codimension 1 wall. We set mg =

HV/#V pq(V'), the product over all trivalent vertices of C. The contribution of the 9~ curves is

mg(g? — g %) (g2 ) — gmalad)(galnertu) _ gmgloeatul)
mq(g? —q72) (g - g (ga ) g ites))

b
while the T curve contributes

mq(q% _ q—%)—Q(q%@lﬂw _ q—%@lwz))(q%(vﬁ-vz,w) _ q—%<v1+v2,w>)'

Expanding this out we find a sum of four terms,

1 _1
mq(q2 —q 2

)72q%((vl,v2>+<v1,w)+(v2,w>)

ai )
as = _mq(q% — q—%)—2q%(<1}1,U2>—<U1,’U)>—<'U2,w>)’
as = _mq(q% — q—%)—Qq%(—<'U1,’1}2>+<'U1,u)>+<'l)2,’w>)7

ay = mq(q% — q—%)—2q—%(<’U1,U2>+<U1,’LU>+<’U2,U}>)'

On the other expanding the contribution of Figure 2 we find

mq(q% _ qié)fz(al _ q%(<vsz>*<vl,v2>*<vl7w>) _ q%((U1702)+<U1,w>*(v27w>) + ay),

and similarly for Figure 3

mq(q% —_ qfé)72(q%(<vl7'LU>+<’U1,U2>+<UJ,UQ>) + ao + as + q7%(<7)1,’w>+<’01,’UQ>+<'LU,’U2>)).

~

So we immediately check that the extra terms cancel out and N, trop

(1 OQ)(W) is preserved. The other
situation that we need to consider is when

p(v2 +w) = p(vr).

Suppose that the strict inequality holds. This corresponds to a modified picture for the 4-valent
vertex, as in Figure 5.
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E,

E;
w

FIGURE 5. A codimension 1 singularity - second case

In this case there is a single curve when we replace 0 by 97, as in Figure 6.

w

FIGURE 6.0 — 0~

And there are two curves with 0 replaced by 9%, as in Figures 7 and 8.

E, w

FIGURE 7. 0 — o (first curve)

E;

FIGURE 8. 0 — 0" (second curve)

The contribution of the 9~ curve is

9

1 1.9, Livow —(vg,w Liv1 vatw —L vy va4w
mala? — g H) 2 (qh) — gy (ghinar i) _ o)
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which we expand as the sum of four terms

all — mq(qE — q—%)—Qq%(<U27U}>+<’01,U2>+<’Ul7w>)

I

al2 = _mq(q2 — q—%)—QQ%((vz,w>—(v1,v2)—<v1,w>)’

a3 — _mq(q§ — q—§)—QQ%(—(vg,w)+<v1,v2>+(v1,w))’
ay = my(q? — q—§)—2q—%(<U2vw>+(vlﬂv2)+<v17w>)‘
The contribution of Figure 7 is
mala? — g~ 1) "2(gHo — gmHoad)(ghntme) _ - o)

— mq(q% — q_%)_Q(all — q%(<’l)1,1)2>—<’U17’U}>—<’U2,w>) — q%(—(v17vg)+<v1,w>+(v2,w>) —+ ail)7

and that of Figure 8

)72(q%<v1,w> - qf%<v1,w))(q%(v2,v1+w) - qfé(vg,v1+w))

[N

(q2
mg(q2 — ¢
_ mq(q§ . qf%)72(q%((v1,w>+<v2,w>+<v2,v1>) + a’2 + aé 4 q*%((v1,w)+<v2,v1>+(v2,w>))_

Again the extra terms cancel out and N (tzpaz)(w) is preserved.
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