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AN EFFECTIVE MODEL FOR NEMATIC LIQUID CRYSTAL
COMPOSITES WITH FERROMAGNETIC INCLUSIONS*

M. C. CALDERER', A. DESIMONE!, D. GOLOVATY#%, AND A. PANCHENKOY

Abstract. Molecules of a nematic liquid crystal respond to an applied magnetic field by re-
orienting themselves in the direction of the field. Since the dielectric anisotropy of a nematic is
small, it takes relatively large fields to elicit a significant liquid crystal response. The interaction
may be enhanced in colloidal suspensions of ferromagnetic particles in a liquid crystalline matrix—
ferronematics—as proposed by Brochard and de Gennes in 1970. The ability of these particles to
align with the field and simultaneously cause reorientation of the nematic molecules greatly increases
the magnetic response of the mixture. Essentially the particles provide an easy axis of magnetization
that interacts with the liquid crystal via surface anchoring. We derive an expression for the effective
energy of ferronematic in the dilute limit, that is, when the number of particles tends to infinity
while their total volume fraction tends to zero. The total energy of the mixture is assumed to be
the sum of the bulk elastic liquid crystal contribution, the anchoring energy of the liquid crystal on
the surfaces of the particles, and the magnetic energy of interaction between the particles and the
applied magnetic field. The homogenized limiting ferronematic energy is obtained rigorously using a
variational approach. It generalizes formal expressions previously reported in the physical literature.
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1. Introduction. The study of magnetic particle suspensions in a liquid crys-
talline matrix was initiated with the theoretical article by Brochard and de Gennes
[1] (July, 1970) and the experimental work carried out by Rault, Cladis, and Burger!
[2] (June, 1970). The underlying mechanism behind a ferronematic system is a me-
chanical coupling between the nematic molecules and the magnetic particles, mostly
realized by the surface anchoring energy.

Molecules of nematic liquid crystals have positive magnetic susceptibility, so they
tend to align themselves in the direction of an applied magnetic field. However, since
this magnetic susceptibility is small-—of order 10~7—it takes large fields of about 10*
Oe to elicit a significant response. Brochard and de Gennes argued that the addition
of paramagnetic ions to the system is not an efficient way to increase the magnetic
susceptibility constant, since it would require a concentration of paramagnetic ions
above n = 1020 ions per cm®. The latter is the limiting value that cannot be exceeded
in order for the composite to remain a liquid crystal.
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The focus of subsequent research turned to suspensions of large ferromagnetic
particles in the nematic matrix. Brochard and de Gennes identified the two key prop-
erties of such systems: strength of mechanical coupling and stability of suspension.
The former guarantees that the magnetic field, acting on the liquid crystal through
the magnetic particles, influences the nematic texture more than it would have in the
absence of the particles. The latter property sets a limit on the size and concentration
of particles to prevent clustering. The numbers arrived at from theoretical consider-
ations set the particle length [ > 0.5 x 1072um and a ratio é ~ 10, where d denotes
the diameter of the particle. The theoretical prediction on particle volume fraction

was not to exceed the value of f = 1073.

In their experiments, Rault, Cladis, and Burger [2] chose monodomain particles
(grains) of 7Fea02 that were 0.354m long (1) by 0.04 pm in diameter (d). The satu-
ration magnetization was equal to 384 gauss with the easy axis being parallel to the
long axis of the grain. Grains of these dimensions satisfy the criterion for mechanical
coupling to the nematic liquid and also for mechanical rotation (as opposed to rotation
of magnetization inside the grain in a reversed field). Typical grain concentrations
were of the order of 2 x 10'! grains/cm?, which corresponds to f ~ 1.4 x 10~*—well
within the theoretical prediction by Brochard and de Gennes. For these physical
parameters, Rault, Cladis, and Burger state the following [2]: The ferronematic ap-
peared to be very stable in the nematic-isotropic phases showing very little tendency to
agglomerate. However, if a high field (1 kG) is applied to the sample in the isotropic
phase, upon returning it to the nematic phase, we have observed long chains of grains
about 50pm. Both works assert that distortions of the nematic pattern in magnetic
suspensions occur at very low fields: magnetizations range in the order of 0.1 to 1
gauss, instead of the values 10™* to 1072 for pure nematic liquid crystals, with a
typical coupling gain of order 103.

Central to an understanding of the nematic-magnetic coupling is the question
of how the grains align in the nematic. Brochard and de Gennes postulated strong
anchoring of nematic molecules on surfaces of the particles along the magnetic moment
assumed to coincide with the direction of the particle axis. Then the magnetic field
around each grain is anisotropic, even when the grain has a spherical shape. This
anisotropy, in turn, imposes a preferred orientation on the magnetic moment in the
nematic phase. This effect turns out to be small for small grains, with the magnetic
moment causing only a local disruption of the nematic alignment.

In their experimental work [3], Chen and Amer used particle coating that yields
homeotropic anchoring of the liquid crystal on the magnetic grain to synthesize stable
ferronematic systems. Although the length and aspect ratios of the particles, 0.5 pm
and 7 : 1, respectively, are compatible with those considered in the previous works,
the earlier theory assuming rigid parallel anchoring was found to be not applicable to
the homeotropic case. Generally, the influence of surface anchoring on the effective
properties of ferronematic composites stimulated intense experimental and theoretical
research activity spanning three decades. In [4], [5], [6], the authors showed that the
rigid anchoring approximation might be used only if the condition % >> 1 holds,
where Z represents the surface energy density and K denotes a typical Frank constant.
A calculation for MBBA data, with K =5 x 107734 "and 1072 < Z < 1072, and

cm??
d = 0.07um gives 1072 < Z¢ < 107!, showing a finite surface energy of the system.

Assuming soft liquid crystal surface anchoring, Burylov and Raikher [7] proposed
a macroscopic free energy density of the form
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1 1
F :§{K1(div n)? + Ky(curln - n)? + K3(n x curln)?} — §xa(n -H)?

(1.1) ~M,f(m-H) + (fKTbT) Inf + (%) (n-m)2.

Here K;, i = 1,2,3, are elastic constants, f represents the volume fraction of the
particles, x, is the anisotropic part of the diamagnetic susceptibility of nematic, and
the positive constants v and M, denote the particle volume and the saturation mag-
netization, respectively. In the last term, A = 1 — 3 cos? o characterizes the type of
anchoring, with a denoting the easy-angle orientation of the nematic on the particle
surface.

The macroscopic free energy (1.1) has been investigated in theoretical and exper-
imental works involving orientational transitions in ferronematic states [6], [8], [9]. In
particular, [9] presents a nonlinear modification of the Rapini-Papoular energy that
predicts a first order Fredericks transition. In [10] and [11], Kopcansky et al. use the
modified theory to determine threshold fields in ferronematic transitions under com-
bined electric and magnetic fields. In [12], the authors report on experimental studies
of structural transitions in ferronematics subject to electric and magnetic fields, with
the matrix consisting of 8CB and 6CHBT liquid crystals, respectively. While in both
cases the anchoring was determined to be soft, it was found that n L m in the first
case, and n|/m in the second. So, it was established then that both parallel and per-
pendicular anchoring may occur depending on the properties of the matrix (which, in
turn, reflects the properties of the particle coating). Zadorozhnii et al. [13] provide a
comprehensive analysis of the director—a unit vector in the direction of the preferred
molecular alignment—switching for small and large values of the applied field in a
nematic liquid crystal cell subject to homeotropic boundary conditions at the cell and
particle walls. They show that the threshold field depends on the anchoring strength
of the director on the particle surface.

Note that a closely related set of models [14], [15] exists for suspensions of ferro-
electric nanoparticles in a nematic liquid crystalline matrix. The mechanical coupling
between the particles and the nematic is still governed by the surface anchoring, but
the particles interact with an electric and not a magnetic field.

In this work, we rigorously derive an expression for the effective ferronematic
energy that reduces to the models described above under appropriate limits. We
consider a collection of spheroidal particles with fixed randomly distributed locations
in the matrix, and with magnetic moment pointing in the direction of an easy axis.
The particles are taken as rotations and translations of the same spheroidal particle,
located at the origin. We model the liquid crystalline matrix according to Erick-
sen’s theory of nematics with variable degree of orientation [16]. Using a standard
assumption of the mathematical literature on nematics that all elastic constants are
equal, the state of a liquid crystal is described within the Ericksen theory by a vector
u(x) pointing in the direction parallel to the “average” molecular orientation near
the point x. The magnitude of u(x)—called the degree of orientation—describes the
quality of the alignment. Here the nematic is in the isotropic state near x when
|u(x)| = 0, while all nematic molecules are aligned in the direction parallel to u(x)
when |u(x)| = 1.

Since the energy expression (1.1) of Burylov and Raikher is based on the Oseen—
Frank theory for the nematic director n = u/|u| and the Ericksen theory reduces to
that of Oseen—Frank when |u| = const, our model is more general than that of [7].
Under the assumption that the Frank elastic constants are equal (corresponding to
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K; = Ky = K3 =: K and the derivative terms in (1.1) reduced to 1/2 K|Vn|?), the
bulk liquid crystal energy has the form of the Ginzburg-Landau energy for u. The
potential term in this energy penalizes for deviations of |u| from some constant value
and replaces the hard length constraint of the Oseen—Frank theory.

We assume soft anchoring of the liquid crystal molecules on the surfaces of fer-
romagnetic particles as represented by the Rapini—Papoular energy term. This term
has the same form within both the Ericksen and the Oseen—Frank theories, with u
being replaced by n in the latter case. The surface energy contribution can be either
positive or negative depending on whether parallel or perpendicular alignment of ne-
matic molecules is preferred on particle surfaces. It turns out that the case when the
surface energy is negative is the most challenging to analyze.

Mathematically, we consider a family of energy functionals, F,, parametrized by a
quantity € > 0 that characterizes the geometry of the system—specifically, the size of
the particles and the interparticle distance. The system is assumed to be dilute; that
is, the volume fraction of the particles tends to 0 in the limit ¢ — 0. The parameter
scalings in the model that are responsible for relative contributions of the different
energy components are also formulated in terms of e. Here we consider the choice
of scalings that guarantees that the limiting contributions of the bulk and surface
energies, as well as the energy of interaction between the particles and the applied
magnetic field, are all of order O(1). We show that for the same parametric regime
the contribution from the energy of magnetic interaction between the particles is o(1)
in €. This is consistent with the experimental observations that characterize dilute
small particle systems in the absence of clustering.

We study the variational limit of the family of energies {F.} as € — 0. The limiting
functional {Fy} represents the effective, or homogenized, energy of the system. Here
the convergence is understood in the sense that the sequence of minimizers {u.} of
{F} converges to a minimizer u of {Fp} in an appropriate functional space. The
effective energy provides a benchmark for comparison with the formal expression for
the ferronematic energy functional [7] given in (1.1).

The homogenized magnetic and surface energy contributions in (3.8) generalize
those in (1.1) as the limit in this work is obtained under less restrictive assumptions
on the geometry of the particles. The interaction between the liquid crystal and
the particles is due to surface anchoring and is represented by the matrix A in (3.7)
that encodes the information on the shape and size of the particles, their locations,
and their orientation with respect to a fixed frame. Likewise, the effective magnetic
moment M in (3.7) that couples the particles to the external magnetic field depends
on the spatial and orientational distributions of the particles. For the high-aspect-
ratio needle-like particles, the terms coupling the nematic director and the magnetic
field to the particles reduce to their counterparts in (1.1).

2. Background. Given the domain 2 C R3, let P; C Q be an arbitrary col-
lection of subsets of € such that P, N P; = ) for every i # j where 4,5 = 1,...,n.
Suppose that the region Q\ U; P; is occupied by a nematic liquid crystal and that for
eachi =1,...,n the region P; corresponds to a hard ferromagnetic particle embedded
in the nematic matrix.

We will consider the liquid crystal configurations that can be described by the
Ericksen theory for nematics with variable degree of orientation; we will neglect
all flow effects and assume that all elastic constants are equal. Further, we will
use the phenomenological Rapini—Papoular term in order to approximate the liquid
crystal/ferromagnetic surface energy. Then the elastic energy of the liquid crystal is
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given by

Fib= / (K |Vul® + W([ul)) dV + q/ (u,v)*do,
Q\U, P; U;0P;

where K > 0 is the elastic constant, ¢ € R is the strength of the surface term, W is
the bulk free energy of the undistorted state, and v is the outward unit normal vector
to 8PZ

Suppose that ferromagnetic particles are sufficiently small so that for every i =
1,..., N an ith particle can be characterized by a magnetization vector m; pointing
in the direction of an easy axis of the particle. In order to derive the expression for
the magnetostatic contribution f™ to the free energy density of what is effectively a
diamagnetic matrix interspersed with the ferromagnetic particles, we follow [17]. We
have that

(2.1) (%;)T:—B7

where H and B are the magnetic field and the magnetic induction, respectively (cf.
equation (39.1) in [17]), and the derivative is taken holding the temperature 7" fixed.
Assuming that M denotes the magnetic moment, the induction is given by

(2.2) B =puMH+M),

where p¢ is the magnetic permeability of vacuum.
Suppose that the magnetic moment of the material can be written as

(2.3) M=m+ xyH,

and the material can exhibit both the spontaneous magnetization m (an independent
thermodynamic variable) and the magnetization induced by the field (we assume it
to be proportional to the field). The tensor x is the magnetic susceptibility; it is
generally small in diamagnetics, but it can be large in soft ferromagnetic bodies. In
what follows, we will set m = 0 in the liquid crystal, while we will set x = 0 in hard
ferromagnetics.

Substituting (2.2) and (2.3) into (2.1) and integrating with respect to the field,
we obtain

24 £ (a0, H) = (0, 0) — puo(am, 1) — LB

Here i = po(I+x) is the magnetic permeability tensor. Note that the energy f™(m, 0)
accounts for both the exchange and the anisotropy energies for a ferromagnetic body.
We will ignore this splitting since we consider single-domain particles.

The expression (2.4) can be adjusted further by excluding the energy of the ex-
ternal field that would otherwise be created by the same sources in vacuum.

Let the fields H and h solve the (different) sets of Maxwell’s equations under
the same boundary conditions at infinity in the presence and in the absence of the
material, respectively. Then h is the magnetic field in vacuum when there is no
magnetizing body (cf. equation (32.1) in [17]).

Since the free energy of the field h is

h2
f;{%:—/ Holbl”
Rs 2
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the adjusted free energy can be written as

- hl?
(2.5) Fmom fde—]-'m:/ (fm+“°| | )dV.
R3 R3 2
By rearranging terms, using Maxwell’s equations, and integrating, one can show [17]
that

(2.6) Fm = /R <fm+ %(H,B) - %(M,h)) v .

This equation can be simplified by taking (2.4) into account to obtain

(2.7) Fm = —% ((m, H) + (m, h) + y(H, h)) dV/,
R3
where we drop the tilde for convenience.

In a hard ferromagnetic material, the magnetic susceptibility x = 0. By denoting
the demagnetizing field by H; = H—h (2.7) reduces to

Fr=—E [ (m H;) + 2(m, b)) dV;
2 Jms
this is the sum of the magnetostatic and the Zeeman energies. Further, H; vanishes
as x — 0o, and it satisfies the same set of Maxwell’s equations as H.
If the material is diamagnetic, then m = 0 and x is small enough so that the
magnetic field is essentially unperturbed by the presence of magnetizing body. We
conclude that

Fr=-2 [ \(hh)av,
2 Jgrs
which is the standard form of the free energy for the diamagnetic bodies.
Now we establish the expressions for the magnetic free energy in various compo-
nents of the composite. Suppose for now that the external field h is constant.
Using the same notation as above, the energy of interaction between the magnetic
field and the (diamagnetic) liquid crystal (cf. [18], [19]) is given by

m —% Xie(H, h) dV .
Q\UiPi

The magnetic susceptibility tensor x;. can be approximated as

ojua u u 1 _
e = Xt (—@———I>+X1.
Sezp \[ul ~[ul 3

Here x, = x| — x. is the rescaled diamagnetic anisotropy, and

X = (XH +2XL) /3

is the average susceptibility. The scaling factor s.., is the value of the uniaxial order
parameter |u| when the measurements of the susceptibility were taken, and it reflects
the hysteresis behavior of the magnetic loading experiments. We point out that in a
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nematic x|, xL < 0 and 0 < x, < |x| [20]. The smallness of x,/x is the basis for
assuming that the effect of the liquid crystal on the magnetic field is weak [18].
By setting x = 0 in (2.7), the free energy of the hard ferromagnetic particles is

N
Fp = X;/P {(m, H) + (my, h)} dV .

By solving the Maxwell’s equations of magnetostatics, we find that the total field H
is given by

H = -Vo,
where the magnetic potential satisfies the equations
Ap=0 in UP;,
div (V) =0 in {UP,}".
The boundary conditions are

=0
P

[—u% + (mj, V)}

for every i =1,..., N and
Vo =h

at infinity. Here the magnetic permeability tensor u = . = o (I + xic) in the liquid
crystal and p = pol in the ferromagnetic particles.

The equilibrium configuration of the composite can be found by minimizing the
functional

Fi=Fil + Ft + Ff
with respect to u and m;.

3. Formulation of the problem. Suppose that the positions and orientations
of prolate spheroidal particles are fixed and distributed randomly in the matrix, the
spontaneous magnetic moments of the ferromagnetic particles are parallel to their
long axes, and x, = 0.

Consider the family of energy functionals F.

Folu]l = Vul?2 + W(ju))}dV + g. u,v)?do
. 0 /QWﬂ 2 W(Ju))} +g/mf( )

—/ {(m¢,H.) + 2(m., h.)} dV,
R3

where £ > 0 is a small parameter related to the geometry of the system. Here

m., =m, x¢&P;,
(3.2) { 0, x € O\ UPE,

and for simplicity, we set W (t) = (1 — t2)2. The magnetic field is given by
(3.3) he = |he| = const, H. = —Vo,
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with

Ay =0, r € R3,
(3.4)

102 + (g, v)] ‘a —0, zedP:.
We assume that for a prescribed U € C(Q, R3),
(3.5) u=U on 9.

Note that in (3.1) we ignore the energy F;7 of the weak interaction between the
nematic and the magnetic fields.

For each € > 0, we denote by u. a minimizer of (3.1). We study the limiting
energy and the behavior of minimizers of F. as € — 0.

We make the following assumptions:

1. The ferromagnetic particles consist of a family of N, prolate spheroids P; =
x5 +e*RiP, i =1,..., N, where x{ € R? denotes a particle center and P is
a reference spheroid with the long axis parallel to the z-coordinate axis, and
R is a rotation.

2. Given positive numbers 0 < d < D, the distance between adjacent particles
|x§ —x5| € [de, De] and the distance between each particle and the boundary
of Q, dist(x5,90) € [de, De] for all 0 < 4,7, < N.. We further assume that
the number of particles N, < Ne~3 for some N > 0 uniformly in . These
assumptions, in particular, rule out clustering of particles.

3. |mé| = m. = Vol(P$)meP1, h, = he®2, and g. = ge7, where m, h, and g are
given constants.

4. The parameters «, 1, B2, and -y satisfy

l<a<?2, 6a-+208;>9,

3.6
(36) B2+ p1=3—6a, v=3-2a.

5. There exist functions A € L (€; M3*3) and M € L> (€;R?) such that

20 =9 S a - xiy ([

M (x) = *mVol*(P) Y 8 (x — x§) Ri2

vQRUu dcr) RiT,
(3.7) P

converge to A and M, respectively, in the sense of distributions.

Note that the total volume of the particles satisfies Vol (UPf) = O (e3*73),
so that the homogenization problem for (3.1) corresponds to a dilute limit when
lim Vol (UPf) — 0 as ¢ — 0. The scalings on h, and g. ensure that the magnetic
interaction between the applied field and the particles, the Ginzburg—Landau energy,
and the surface energy are all O(1), while the magnetic interactions between the
particles are of order o(1) and, therefore, can be neglected.

Remark 1. 1In order for assumption 5 to hold, it is sufficient to postulate
weak-+ convergence of the Radon measures A and M® to Radon measures p4 and
um, respectively. Indeed, assumption 2 and the uniform boundedness in ¢ and € of
the rotation matrices R would then guarantee that p4 and pn are both absolutely
continuous and have the derivatives A € L (Q; M3X3) and M € L (Q;R3) with
respect to Lebesgue measure.
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Our principal goal is to prove the following theorem.

THEOREM 3.1. Suppose that assumptions 1-5 hold. Then the sequence of mini-
mizers {uc} ., of the functionals Fc[u| converges in the sense of (4.12) to a mini-
mizer of the functional

(3.8) Folu] = /Q [|Vu|2 + (1 - |u|2)2 + (Au,u) — 2(h, M) | aV,

where A and M are as defined in assumption 5.

The matrix A and the vector M that appear in the statement of Theorem 3.1
describe the homogenized liquid crystal/ferromagnetic particle interaction and the
effective magnetization density, respectively.

4. Main results. We prove Theorem 3.1 in several steps as outlined below.

4.1. Liquid crystal energy. First, we consider the energy (3.1) without the
magnetic terms, that is,

(4.1) £.Ju] = /Q\UPE (9l + W(lu)} dv + g /UW (w,1)? do.

For each small ¢ > 0, we let u. be a minimizer of (4.1) subject to the Dirichlet
boundary condition u. = U on 912.

We want to find the limiting functional of the family £, as € — 0. Although our
approach is developed for the prolate spheroidal particles, it can be easily extended to
particles of arbitrary convex shapes. The method is based on the procedure developed
in [21] for the case of spheres.

4.1.1. Compactness. We first observe that the restriction of U to the domain
Q. = Q\ UP? is an admissible function. Indeed,

55[U]=/ {|VU|2+W(|U|)}dV+gs/ (U, 1) do
O\UPE UoPE

g/Q{WUP+W(|U|)}dv+gg/U (U,v)do

P

<C (1+ g-N.|0P|e**) < C (1 +gN|oP|) < C,
where C' is a generic positive constant. Consequently,
(4.3) Efu] <& UL C.

That is, & [u.] is uniformly bounded in e.

The following lemma is needed for the proof of compactness of the sequence {u.}
of energy minimizers of (4.1).

LEMMA 4.1. Let P denote a prolate spheroid in R3 with minor and major azes
A and B, respectively. Let P O P represent the prolate spheroid homothetic to P with

A_ B
ares 5 = 5 > 2. Then

2
/ |u|2 do < w / |Vu|2 dv
oP A P\P

(4.4)
1\ 2442 )
A 747 e
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Proof. Suppose that the center of the spheroid P is at the origin and its long axis
is oriented along the z-axis. We introduce the coordinates

= psingcosl, y=psinpsind, z= A1 Bpcos .

Then the volume element is given by dV = A~ 'Bp?sin¢dpdfdg, and p = C
defines a prolate spheroid with axes C and BC/A with the surface area element
do = A~1C2%sin p\/B? sin” ¢ + A2 cos? ¢ df dp. We start with the relation

t
(4.5) u(4, ¢,0) =ult, ¢,0) —/ u,dp, wheret e [A,/Al].
A

Let A > 0 be fixed. Taking the square of (4.5) and applying Young’s inequality gives
t t
[0(4,0.0) = |uf*(1.6.0) = 20(t.0.0) - [ wydp+| [ wdp

t 2 1
< (1+)\)‘/ u,dp| + (1+X) uf*(t, ¢,0).
A

Further, by Hoélder’s inequality
t 2 t t
'/ u,dp S/ Iuplzpzdp/ p~2dp
A A A
< 1 /A lul?p?dp.
=71/, o

We multiply both sides of the inequality (4.6) by the determinant of the Jacobian,
integrate in P\ P, and use the fact that |u,|* < 3B2A~2|Vu|*:

B s 27 A
Z/o /O /A ul*(A, 6,8)p% sin 6 dp d6 db
A3 _ A3 ™ 2m A
g_l—;/\iA A / / / |up|2Alepzsin¢dpd9d¢
3 o Jo Ja
1 T 2 A
+<1+_)/ / / lu|> A~ Bp? sin ¢ dp df dop
A 0 0 A

o (
B2 (A% - 4°) , . ,
<(14AN)—— 7 Vul?dV + (14 = luf® dv.
A? P\P A Jp\p

At the same time

A/ /277/ [’ (4, ¢,0)p” sin ¢ dp b d

27
M/ / |u| , 0, 0)sin ¢ db do

3 27
A // A, 0,0) a51n¢\/B2sm ¢+ A2 cos? ¢ db do

2

(4.6)

(4.7)

S
= ul’ do .
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Combining (4.7) with (4.8) and using the fact that A > 24, we obtain

B?(1 1 A?
ul? do < M/ Va2 dv + (1 + —) 37/ al? dv
oP A P\P X) A3 — A3 Jpp
2 2
gw/ Vual dv + (1+1> 214 / wfdv. O
A PP A TA3 Jpp

Next, we use the previous lemma to estimate the surface energy contribution in
(4.1) in terms of the L?-norms of u and Vu.

LEMMA 4.2. Let e >0, A > 0 be as in Lemma 4.1. Then

lgel (u-v)?do < C(1+)) 6/ |Vul? dV
Q\UPs

UOPE

+ A7t / lu|? dVv
Q\UPs

for any admissible function u, where the constant C' is independent of €.

Proof. Let C denote a generic constant independent of . Setting A = £%a,
B =¢&%b, and A = de/2, we apply Lemma 4.1 to the surface integral term

/ (u-v)*do §/ lu|? do
oPs oPs

302(1+ A 1Y\ 19242
gsaﬁ/ |Vul? dV + 203 <1+ —) —fj/ > dv
“ e AJ T Jpee;

<C(1+2)

50‘/ |Vu|2dV+£20"3/\’1/ lu|® dV
P\PE P\PE

Then, since g. = ge® 2% and 1 < o < 2, we have

Ne
2e] / (u-v)?do = |g| / (u-v)? do
UoPs ; OP¢

Ne
(4.10) <ci+nY) a/ Va2 dV + A~ af? dv
i=1 | JPI\P; PEPE

a/ [Vul®dV + xl/ lu> dv
Q\UPs Q\UPs

We are now in the position to prove the following theorem.

THEOREM 4.3. If a sequence of admissible functions {u.} satisfies E: [u.] < M
for some constant M > 0 uniformly in €, then there exists a constant M > 0 such
that HuEHHl(Q\Uin) < M uniformly in €.

<C(1+2) .o

Proof. Suppose that {u. } satisfies & [u.] < M for some constant M > 0 uniformly
in . Using Lemma 4.2 with A = 1, the assumption on W (t), and Hélder’s inequality,
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we have

/ {19 + juf} av < M+2/ |2 dv + |g5|/ (- 1)? do
Q\U'Pf Q\qu u,iapf

— 0\ UPE| gce/ Vuf? dv
Q\UPE

+C lu>dv + M,
Q\UPs

< C’e/ |Vu|2 dV
Q\UP:
1
2

+C|? (/ |u|4dV> + My,
Q\UPE

where M; > 0 is a constant independent of €. Let £ be small enough so that Ce < %

Then
1
1 2
/ <—|Vu|2—|—|u|4) dV < My |1+ / lu|* dV
o\ups \2 Q\UPF

uniformly in e for some constant My > 0. Using the same arguments as in [21], we
conclude that there exists a constant M > 0 such that |[u.|| (@\ups) < M uniformly
in €. O

Note that the proof of Theorem 4.3 is trivial if g > 0 when the boundary term is
nonnegative.

Due to our assumptions on the distributions and the sizes of the spheroids Py,
the domains in the sequence Q2 \ UP{ are strongly connected [22]; that is, for every
function u € H' (2 \ UPE), there exists an extension 1 € H'(£2) such that

(4.11) [l 1) < Cllallg (oups) -

where C' > 0 is independent of . Note that a sufficient condition for (4.11) is the
existence of a “security layer” around each particle having thickness comparable with
the diameter of the particle as e — 0 [23]. It follows that there exists a sequence {u.}
of extended minimizers that is uniformly bounded in H(2) and, up to a subsequence,
converges to some ug weakly in H*(£2) and strongly in L2(Q2). Thus

(4.12) / lu. —up|*dV — 0
Q\UPs
as € — 0. Further, by the trace theorem,
(up — U)oa = 0.
In order to identify the limiting functional and to demonstrate that ug is its

minimizer, we now prove the following theorem.
THEOREM 4.4. Suppose that

(4.13) &[ul ::/Q [|Vu|2+(1—|u|2)2+(Au,u)] av
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for everyu € HY(Q). Given w € C>®(Q), there exists a sequence {w®} C H'(Q) such
that

(4.14) Ee [We] — E[w]

when € — 0. -
Proof. We begin by constructing a test function. Let w € C*°(£2), and set

(4.15) WEI=W+ZE:w+Z(uf—w)¢<L_xf|>,

EK}

where k € (1, «) and the function ¢ € C*°(R™") satisfies

1 ift<d,
¢(t)_{0 if t > 1.

For every i =1,..., N, the function u; is a solution of the following problem:
Auj — = (uf —w;) =0 in B (x5)\Ps,
(4.16) M g (W) v =0 on 9P¢

u; =w; when |x| =¢&",

where w; = w(x5).
To understand the behavior of a solution to (4.16), for a fixed ¢ € {1,..., N.}, we
rescale the lengths by the characteristic size of the particle, y = e~ %(x — x7), and set

£

s (y) == uf (x5 + £%y) — w;. Then

AbS — G5 =0 in Bex-a (0)\P;
(4.17) 90 4 ged o (4 + wi,v) v =0 on IP;,
=0 when |y| =e"7%,

where the spheroid P; = e~*P! is centered at the origin. Note that G is a critical
point of the functional

(4.18) Eiu] := / {|Vu|2 + |u|2} av + gag_"‘/ (u+wy,v)’do,
Br(0)\P; P

where u € H} (Bg(0)\P;) and R = "=, We can assume that G is a global minimizer
of E. over Hg (Br(0)\P;) once we prove the following lemma.
LEMMA 4.5. The ming: g, o)\p,) £t is attained, and the minimizer satisfies

(4.19) / Vi [2 dV < =520
Br(O)\P;

(4.20) / s> dv < 082
Br(0)\P;

(4.21) / [as|? do < Ce872
OP;

Proof. 1. Boundedness from above. Since u = 0 is in H} (Br(0)\P;),

4.22 min E'<E'[0] = 53*“/ w(x),v)’do < 1
(4.22) e by e < :[0]=g 87Di( (x7),v)
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when ¢ is sufficiently small.

2. Boundedness from below. When g > 0, the result is automatic as the functional
E; is nonnegative. Suppose that g < 0. Let € > 0 be small enough so that P; C
Bpr(0), and choose u € C§° (Br(0)) such that the support of u is contained in Br(0).
Following the same line of reasoning as in the proof of Lemma 4.1 and switching to
spherical coordinates with the z-axis along the long axis of the spheroid P;, we have

R

u(p((b)?ea(b) = - /(¢) uT(r797¢) d’f’,
P

where

ab
(b2sin®¢ + a2cos2e) 3

(4.23) p(¢) =

is the equation of the spheroid. By Hélder’s inequality

R 2 R R
(/ u,(r, 0, 9) dr) < / |u,(r, 0, ¢)|2r2 dr/ r=2dr
p(®) p(®) p(®)

1 R 2 5
< —= la,.(r,0,¢)|"r dr;
P

= p(0) St
then
o 1 (T >
(4.24) [a(p(6).0.0)]* <~ / a0 0.

For the prolate spheroid with the long axis in the direction of the z-axis, the element
of the surface area is given by

(4.25) do = (p* + p2)* psin o d dep.

Multiplying (4.24) by the Jacobian and integrating, we obtain

g 27
/0/0 la(p(6), 0, 6)1*(p* + p2) " * psin ¢ d do

T 27 R
S// / (1,0, 8| (2 + p2)*r2 sin g dr d6 dg
0 Jo p(o)
then

1/2
/ lu]® do < ¢Iél[%)7(r] (p* + pi) / / [Vu|® dV
(426) OP; ’ Br(0)\P;
<C |Vu|*dV ,
Br(0)\P:

where the constant C' > 0 depends only on P;.
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Using (4.26), we obtain the following estimate:
Eiu] = / [|Vu|2 + |u|2] av + g53*°‘/ (u+wy,v)° do
Br(0)\P: oP;

> / [|Vu|2 + |u|2} dV —2|g|e* [/ (u,v)? do
Br(O)\P; oP;
(4.27) +/ (wi,v)* do] =(1- CEB’O‘)/ (Vul?dv
oP; Br(0)\P:
+/ lu*dV — 2|g|£3*"‘/ (wi,v)* do
Br(0)\P; P

> 1 Vul? + [u?] av -1
2
Br(0)\P;

when ¢ is sufficiently small uniformly in u. It follows that
Eilu] > —1

for the same values of €. Since C§° (Br(0)\P;) is dense in H} (Br(0)\P;), the in-
equalities (4.26) and (4.27) hold for all u € H! (Br(0)\P;).

3. Ewistence of a minimizer. Suppose that {uy} C Hg (Br(0)\P;) is a minimizing
sequence for E¢. For a sufficiently small ¢, from (4.22) and (4.27) we can assume that

(4.28) / [|Vu|2 + |u|2} dv <2
Br(0)\P;

uniformly in k. Then, up to a subsequence, {ui} converges weakly in the space
H} (Br(0)\P;) to a @i that minimizes E! by the lower semicontinuity of (4.18) and
the trace theorem.

4. Properties of the minimizer. In this part of the proof, C' denotes various
constants that depend on P; and w; only. Multiplying (4.17) by G5 and integrating
by parts over Br(0)\P;, we have

/ IV + fas*] av
Br(0)\P:

(4.29)
— —gg3*0‘/ (G5 + wy,v) (G, v) do.
oP;

From (4.27) and Hoélder’s inequality it follows that

1/2
/ (ﬁf+wi,u)(ﬁf,u)da§/ (ﬁf,y)2da+c(/ (ﬁf,y)2d0>
OP; OP; OP;

(4.30) 1/2
<C / |Vac)? dV + / |Vac|* dv
Br(0)\P; Br(0)\P;
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when ¢ is small enough. Now, combining (4.29) and (4.30), we obtain that

/ |Vﬁ§|2dVgcs3—a/ a2 dv
Br(0)\P; Br(0)\P;
1/2
+ / \Vas | dv
Br(O)\P:

/ 6|2 dV < CeFo / e av
Br(0)\P; Br(0O)\P;

1/2
+ / vas|? dv
Br(0)\P;
From (4.31), we find that

/ IVas|>dV < 082
Br(0)\P;

(4.31)

)

(4.32)

and then, from (4.32),

/ [as|?dV < Ceb2
Br(0)\P;

uniformly in € < 1. Finally, (4.21) follows from (4.19) and (4.26). O
Recall that R = &"~*. Rewriting (4.19)—(4.21) in terms of x gives

(4.33) / Vus2dV < =5
Ber (x)\P§

(4.34) / lus — wi|*dV < CebFe,
Ber (x5)\P§

(4.35) / lus — w;|*do < Cel
aPs

when ¢ is sufficiently small. Furthermore,

ga/ (us, 1/)2 do = ge372“ {(uf — w;,v) + (wy, V)}2 do
oPs ops

(4.36) = ge* 2 [ /a o (we V)2 do +2 / (wi, V) (& — wy,v) do

op:
+ / (S —wy,v)’do| .
oPs

By Holder’s inequality, (4.35), and the fact that w € C*°(Q), we have

/ (Wi, v)(u§ — wy,v)do
oPs

1/2 1/2
(4.37) < </ (wi,v)* da) (/ (us — wy,v)? da)
ops ops
1/2 1/2
(/ <Wivv>2do) ( | —wmda) —0 ()
P P

IN
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Since the last integral in (4.36) is O (£°), we conclude that
(4.38) ga/ (us,v)?do = g£3*20‘/ (wi,v)* do+ O (e772) .
oPs oPs

We now return to estimating &. [w¢]. From (4.15) we have

Vw® = Vw + Vz°,

where
Vz® = Z{qﬁ(s lx - x5|) V (uf —w)
(4.39) ‘
! (e ) @ (uf — w)
er x = x5 ‘ '

Then, since the supports of ¢ (67" |x — x5|) and ¢ (5”‘ ‘x —Xj |) are mutually nonin-

tersecting for any i # j € 1,..., N, using the definition of ¢, we have
[ wafav <2 [ e e xil) IV (- w) Py
O\ PF i JO\PS
2 / ) 2 2
| T+ ¢ (e x — ()]s — w|?av
(4.40) 77 2 fope 17 )]

<Czi:/s~( )

1
19 (= w4 e - wl| v
xE)\P;

where C' depends on ¢ only. Since w € C°°(2), the following estimates hold:

Juf (x) — w(x)|” < 2Juf (x) — wi[* + 2lw(x) — wil®

(4.41) 9 )
< C [Jui(x) — wil* + Jx = xi] |

(4.42) IV (uf (x) — w(x))[* < 2|Vui(x)* + C

for every x € B.x (x5)\Pf, where C' > 0 is a constant that depends on w only.
Therefore, by (4.33) and (4.34) we obtain

/ IV (u = w)* v
Ber (x7)\PE

(4.43)
<2 IVus|* dV + C |Bor (x5)| = O(e™iM{6- o361
Ber (x§)\Pf
and
1
on / lus — w|*dV
7 Ben (x0)\P;
(4.44) :
< T/ |u; — Wi|2 dV + 3| =0 (Emin{6+a72ﬁ73n}) .
€ o (<) \P2

Here | B.x (x5)| is the volume of B.x (x§). It follows that

K3

(4.45) [ vy —o (snintsesiein) o),
Q\U{Pf
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since 1 < a <2, 1 <k < a, and there are O (¢7?) spheroidal particles. In addition,
by Holder’s inequality,

/ Vwe|*dV = / V25 + Vw|* dV

(4.46) :/ [Vw|*dV + o(1) :/ IVwl|*dV + O (53@“*1)) +o(1)
Q\U; P Q

:/ Vw[2dV + o(1)
Q

when ¢ is small. This result extends to w € H*(2) by a density argument.

Next, consider the asymptotic behavior of the nonlinear term. Extending contin-
uously w® to w® € H'(2) and using the uniform boundedness of w. in H!(Q2) (e.g.,
from (4.46) and Poincaré’s inequality), we conclude that there is a subsequence such
that w® — w weakly in H'(Q) and strongly in LP(2) where 1 < p < 6. Since the
Lebesgue measure of the set U;P$ converges to zero when ¢ — 0 and w € C>(Q), we
have that

(4.47) /Q\um.s (1 - |w5|2)2dV = /Q (1 - |w|2) v

ase — 0.
Finally, by (4.38), we determine that

32042 u l/ O'_g83 QOLZ W“ da+0(420¢)
oP; OPs

(4.48) e?” 2"‘2 - (wi,v)* do + o(1)

3
= ge (wi,v)* do + o(1),
Z oP;

since o < 2. Thus

. [wf]z/ [|VW|2+(1—|W|2)1 v
+gsgz/ (wi,v)* do + o(1)

when ¢ is small. It remains to determine the asymptotic limit of the boundary term
as € — 0. The sum in this term can be rewritten as

9632/8731 da—ga?’z/mjl ek, v )2 do
> [ / (0r,0)(e5.) do | s (o) . ()
> [ (e iv)tes. Biv o]y (x5) e )

- E jkaijk )

(4.49)
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where ey, k = 1,2, 3, is an orthonormal basis in R3, the rotation matrices RS are such
that P; = RSP for every i = 1,..., N, and the distributions

Sk —gaBZ(S X — X5 / (e, Riv)(ej, Riv)do

oP

for every j, k = 1,2,3. Further, wy, = (w (x§),ey), where k = 1,2,3 and we assume
summation over the repeated indices. Thus, from our assumptions on the geometry
of the domain

(4.51) —>/ [|VW| + |w|) +(Aw,w)} dv

for every w € C°(Q). o

THEOREM 4.6. Let a sequence of minimizers {uc} of E- be such that the sequence
{u.} of extensions of {u.} to Q2 converges weakly in H*(Q) to some u € H*(Q). Then

(4.52) liminf & [u.] > &[u],

e—0

where & is defined by (4.13).

Proof. Suppose that there is {us} € C*() such that us — u strongly in H'(Q2)
and the extensions to Q of minimizers u. of £ converge . — u weakly in H'(Q). We
construct u§ = us + z5 in the same way as in (4.15) so that their extensions a5 — us
converge weakly in H'(2) along with & [u§] — &£ [us] as € — 0. Let (5 = u. — a5,
and denote its restriction to 2\ U; P¢ by ¢5. Then (% — (s := u—us weakly in H* ()
and strongly in LP(§2) for p < 6 as € — 0.

We begin by observing that the expression for £.[u.] can be rewritten as

&l = & [u’) +/ |v<§|2dv+2/ (Ve vudb) dv
Q\U; Pt Q\U; Pt
+/ |<§|4dV—2/ \4;\ v — 4/ (¢, ) dv
QUi PE Q\U; P, Q\U; Ps
wsy w2 f (P v+ / ()" av
+4/ | (¢, uf) dV+4/ &) (¢, ud) av
Q\U, Pt Q\U;Pf
+2Z%/ (&) do+2ga/ (¢,0) (ud,v) do

so that the inequality

& [ua] > & [ug] + &5
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holds, where
D5 =2 / (V¢e,vul) dv
Q\U; P¢
s fefavea (@) av
+4/ [ |” (¢, u?) dV+4/ I (¢ ud) av
Q\U; P§ Q\U; Py
+2Zg€/ da—i—ZgE/ 2v) (ul,v) do.
i OP; Ps

We need to estimate each term on the right-hand side of (4.54). In the remainder of
the proof, C' > 0 denotes a constant independent of € and §.
(a) Beginning with the first term, we write

(4.54)

/ (Vu§, V) dV = (Vus, V() dV

+ / (Vz5, V(E) dV
Q\U; Ps
We have
(4.56) / (VU5,VC§)dV:/ (Vug,vég) dV—/ (Vug,vfg) dv .
Q\U[Pf Q U{Pf

The second integral in (4.56) can be estimated with the help of Minkowski’s and
Hoélder’s inequalities,
>1/2

1/2
/ (Vug,vég) dv < (/ |Vu5|2dV> </
U{Pf U[Pf U{Pf
1/2 1/2
< (/ |Vu5|2dV> (/ {|Vﬁ5|2+ |Vﬁs|2} dV)
Ui'Pf Q
1/2 1/2
<C</ |Vu5|2dV> <c</ |Vu5—Vu+Vu|2dV>
U,ﬂ?f U"Pe
r 1/2
<C (/ |Vu|® dV) ( Vs - Vul? dV)
UiPs
[ 1/2
<C (/ |Vu|2dV> (/ |Vus — Vu|? dV)
UiPs
— C’(/ |Vus — Vul? dV)

when & — 0 because u € H*(Q2) and |U;Pf| — 0. Here C' > 0 is independent of 4.
Consider now the first integral in (4.56). By the weak convergence of (5 to us —u

~ 12
V| av




AN EFFECTIVE MODEL FOR FERRONEMATIC COMPOSITES 257

and Holder’s inequality, we have that

/Q(Vug,vég) dV—>/Q(Vu5,V(u5—u))dV

1/2 1/2
< </ |Vu5|2> (/ |Vu — Vu5|2>
Q Q

< Cllu - us| g1 ()

when € — 0.
Now, for the second term in (4.55), we find using (4.45) and Holder’s inequality

1/2 1/2
/ (V25, VGG) dV < / V52 / VG2 o

when € — 0. R
(b) Consider the second term in (4.54). Since ¢? converges weakly to u — u; in
H(Q) and strongly in LP(2) for p < 6 when € — 0, we have that

/ ) av < /
Q\U{Pf Q

< lu—usl g1

66

2 2
dV—>/|u—u5| av
Q

ase — 0.
(c) Using Holder’s inequality, we find that

1/2 5 1/2
/ () dav| < (/ |ﬁ§\2dv> (/ dV)
Q\U; Ps Q Q
1/2 1/2
— </ lus|? dV) </ |lu— U5|2dV) < Ollu —us|| g1 ()
Q Q

when ¢ — 0.
(d) Estimating in the same way as in (c¢), we obtain

() (f

4 1/4
Lo @) av )
Q\U; PE
4

3/4 . 1/
o (/ |u5|4dv> </ u — | dV) < Cllu = usllasay
Q Q

by Sobolev embedding.
(e) Estimating in the same way as in (c), we obtain

4 3/4 1/
Lo ger @y i< ([ (el o) ([ atay)
O\, Ps Q Q
1/4 3/4
. (/ |u5|4dV> (/ |u—u5|4dV> < Cllu— 3o
Q Q

by Sobolev embedding.

56

55

4

66




258 CALDERER, DESIMONE, GOLOVATY, AND PANCHENKO

(f) We use (4.10) with A = 1 to obtain

EVQ
gszi/apf“‘“ 2 do

<C ls/ |V<§I2dv+/ G517 dv
Q\UP; Q\UP;

<C [a/ |V§§|2dV+/ (s
Q\UPs Q

— C/ lu—us>dV < Clju— us| g1 (o)
Q

by the strong convergence of 6§ and . in LP(Q2), 1 < p < 6, to us and u, respectively.
(g) Using Holder’s inequality, we get

/ (&) () do

< Z (/ 19:] () dv> i (/BP? 1921 (¢2,v)” dV)

As in (f), applying (4.10) with A = 1, we have that

1/2

limsup/ |g-| (u? ) dV<C/ lus|*dV ;
op:

e—0

then, with the help of (f), we obtain the estimate

ng/ (.v) (ud.v) do

1/2 1/2
Q Q

Now, from (a)—(g) and (4.54), the inequality

lim sup
e—0

(4.57) limsup [®.5] < Cflu — us|| g1 ()
e—0

holds when ¢ is small. Thus, using (4.54), we conclude that

> T
hm me [uc] hg(lJ hrsri}(r)lff) [u’] %13(13 ll?jélp |D.s]

and

liminf & [u.] > E[u],
e—0

because lim. o E-[u’] = £[us] and £ is continuous with respect to the strong conver-
gence of us tou in H*(Q). 0O

From (4.51) and (4.52) it follows that [u] < £[w] for every w € H*(Q); hence u
minimizes € over H!(Q).



AN EFFECTIVE MODEL FOR FERRONEMATIC COMPOSITES 259

4.2. Magnetic energy. Having established the asymptotics of the liquid crys-
talline component of the energy, we now turn our attention to magnetic interactions.
Consider (3.4) for the prolate spheroidal particle P with semiaxes a > b and the long
axis oriented in the direction of the z-axis. It is well known [17] that the solution to
this problem in the exterior of P is given by

drab®m

(tanh_l(t) —t)z

in cylindrical coordinates (p, 6, z), where t = £¢71/2(a? — b2)1/2 and ¢ is the largest
root of

2 2
_ 4 .
E+02—a%2 &
Further, m is the density of the magnetic moment, so that m = drab®my and 7 is
a unit vector in the direction of the z-axis. Assuming that o < (p2 + 22) 12 and

expanding in a/(p? + zz)l/Q, we find that

_ 32ma b%>m

(4.59) ¢ 240 (z(a/r)5) ,

where 7 = /p? + 22 = |x|. Note that the leading term in (4.59) is identical to that
for a sphere of the same volume as P and centered at the origin [24]. The leading
order term in the expansion of the magnetic filed H generated by the ferromagnetic
particle P is given by

H(x) = 327‘;# <%X — i) + 0 ((a/r)5) ;
then
(4.60) [H(x)| = O (m(a/r)%)

when a/r < 1.
Now consider the term corresponding to the magnetic interaction between the
particles P; and P; for some i,j =1,..., N.. We have

m5| |mS| Vol(P;)Vol(P5
o) /7,E(H§’m§)dv+/ps(Hf’m§)dV:O<| [ |m5| d§ ) (])>
_ O(€6a+26173) :
then

(462) / (ma; Ha) dV =0 (N52€6a+26173) =0 (66a+26179) 50
R3

when £ — 0 by our assumptions « and .
Finally, we consider the interaction between the external magnetic field and fer-
romagnetic particles. We have

[ by - ;/’is(mf,hs)dv

(4.63)
:/(h,Mf) dV—>/(h,M) av
Q Q
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by (3.6) and (3.7), where M is the effective magnetic moment density.

Combining the results for the liquid crystal and magnetic energies, we conclude
that the minimizers of the family of functionals F. converge to a minimizer of the
functional

(4.64) ]-'O[u]:/Q[|Vu|2+(1—|u|2)2+(Au,u)—2(h,M) dv,

concluding the proof of Theorem 3.1.

5. Example: Periodically distributed particles. Now suppose that the par-
ticles are distributed periodically in Q with their centers of mass positioned at the
vortices of a cubic lattice with the side e. If we assume that there is a continuous
function

R:Q—Orth" :={X e M*?: XX" =1, det X =1},
such that RS = R (x§) for every i = 1,..., N; and € > 0, then
(5.1) M(x) = m R(x)z,

and

X) = X 1% rvao T X
M) =g 1) ([ vovis ) 17 (x)
(5.2) = g RX) (M (20 2) + Az (I — 20 2) R (x)
= (M) © M(x)) + X (I = M(x) © M(x))).

where A\; and A, are the two distinct eigenvalues of |, op vV @vdo. The coupling terms
in (4.64) then take the form

g(A1 — A2)
m2

(M, u)® + %mﬁ —2(h,M).

(5.3) :

For a needle-like prolate spheroid with a high aspect ratio we have that \; < A2 and
the coefficient A := % in front of (M, u)2 has a sign opposite that of g. Hence
nematic molecules align perpendicular to M when A > 0 and parallel to M when
A < 0. Since the model in [7] assumes that |u| = 1, the middle term in (5.3) can be
neglected, and the remaining interaction terms in (5.3) coincide with those in (1.1)
up to a difference in notation.

6. Summary. We derive an expression for the effective energy of a dilute fer-
ronematic composite consisting of identical spheroidal magnetic particles distributed
in a nematic liquid crystalline matrix. The particles are assumed to be well separated
from each other, and the boundary of the domain and the distributions of their po-
sitions and orientations are subject to certain convergence properties in the limit of
decreasing particle size. We model the liquid crystal according to the Ericksen theory
of nematics with variable degree of orientation and impose soft anchoring conditions on
the surfaces of ferromagnetic particles as represented by the Rapini-Papoular energy
term. Further, we consider a parametric regime in which the relative contributions of
various components of the energy are of the same order of magnitude.

The homogenized energy derived in this work is more general than what can be
found in the literature as it is obtained within a more general theory under less restric-
tive assumptions on the geometry of the composite. The effective interaction between
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the liquid crystal and the particles is due to surface anchoring and is represented by
the matrix that encodes the information on the shape and size of the particles, their
locations, and their orientation with respect to a fixed frame. Likewise, the effective
magnetic moment that couples the particles to the external magnetic field depends on
the spatial and orientational distributions of the particles. For the high-aspect-ratio
needle-like particles, the coupling terms reduce to their counterparts derived in [7] on
the basis of the Oseen—Frank theory for the nematic director.

2]

3]

[5]
[6]

[7]

(8]
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