SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI

SISSA Digital Library

Existence and uniqueness of the gradient flow of the Entropy in the space of probability measures

Original

Existence and uniqueness of the gradient flow of the Entropy in the space of probability measures /
Bianchini, Stefano; Dabrowski, Alexander. - In: RENDICONTI DELL'ISTITUTO DI MATEMATICA
DELL'UNIVERSITA DI TRIESTE. - ISSN 0049-4704. - 46:1(2014), pp. 43-70.

Availability:
This version is available at: 20.500.11767/15990 since:

Publisher:

Published
DOI:

Terms of use:

Testo definito dall’ateneo relativo alle clausole di concessione d’uso

Publisher copyright

note finali coverpage

(Article begins on next page)

21 May 2024



EXISTENCE AND UNIQUENESS OF THE GRADIENT FLOW
OF THE ENTROPY IN THE SPACE OF PROBABILITY
MEASURES

ABSTRACT. After a brief introduction on gradient flows in metric spaces and
on geodesically convex functionals, we give an account of the proof (following
the outline of [3, 4]) of the existence and uniqueness of the gradient flow of the
Entropy in the space of Borel probability measures over a compact geodesic
metric space with Ricci curvature bounded from below.

March 12, 2014
Entropy, gradient flows35K90, 60B05, 28A33

1. INTRODUCTION

This paper aims to give an account of some of the main ideas from recent de-
velopments on gradient flows in metric measure space (as the main reference see
[3]), examining the special case of the gradient flow of the Entropy functional in the
space of probability measures (following the ideas from [4]). The results presented
in this work are published in several papers (mainly [2, 4, 7]), our aim is to give to
the interested reader a single self-contained text with both the proofs of existence
and uniqueness of the gradient flow of the Entropy. We prove technical results when
needed, however, to avoid excessive difficulties, in Section 4 we restrict our analysis
to the case of a compact metric space.

We assume the reader has some familiarity with standard tools in measure the-
ory; we recall the fundamental ones in Section 2.

In Section 3 we introduce the main concepts of the theory of gradient flows in a
purely metric setting.

We begin with a generalization to metric spaces of a property of gradient flows in
the smooth setting, namely the Energy Dissipation Equality, which relies only on
the norm of the gradient of the functional and the norm of the derivative of the
curve which solves the gradient flow. To make sense of these two concepts in a
metric space we introduce the metric speed of a curve and the descending slope of
a functional.

We proceed defining K-convexity in geodesic metric spaces and state a useful for-
mula for computing the descending slope and an important weak form of the chain
rule for K-convex functionals.

Section 4 is dedicated to the proof of existence and uniqueness of the gradient
flow of the Entropy in the space of probability measures over a compact metric
space.

After defining the fundamental Wasserstein distance in the space of probability
measures we give the definition of the Entropy functional and outline two interest-
ing cases where a solution to a PDE is obtained as a solution of a gradient flow of
a functional: the Dirichlet Energy in L?(R") and the Entropy in the space of prob-
ability measures on the torus T". We then give the definition of geodesic measure
metric space with Ricci curvature bounded from below, a concept which will allow
us to apply the theory developed for K-convex functionals to the Entropy and we

This paper resumes the main part of the Graduate Thesis by the second author, obtained in
2013 from the University of Trieste.
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2 ON THE GRADIENT FLOW OF THE ENTROPY

prove some preliminary properties.

We proceed by proving the existence of a curve solving the gradient flow using a
discrete approximation scheme and showing its convergence to a curve which sat-
isfies the Energy Dissipation Equality.

The rest of the section deals with the uniqueness of the gradient flow of the En-
tropy. A deeper understanding of the nature of the curve solving the gradient
flow is achieved introducing the concept of push-forward via a plan and restricting
our analysis to plans with bounded deformation. After proving some preliminary
properties regarding the approximation of the Entropy and the convexity of the
squared descending slope of the Entropy, we conclude showing the uniqueness of
the gradient flow.

2. MEASURE THEORETIC PRELIMINARIES

From now on, if not otherwise stated, (X,0) will be a complete and separable
metric space with distance 9. We will indicate as P(X) the set of Borel probability
measures on X.

We start recalling two concepts we will often use: the push-forward of a measure
through a map and narrow convergence of measures.

Definition 2.1. Let X,Y be metric spaces, u € P(X), T : X — Y a Borel map.
We define the push-forward of p through T as

Top(E) = (T~ (E))
for every Borel subset £ C Y.

The push-forward of a measure satisfies the following property: for every Borel
function f: Y — R U {oo} it holds

/YfT*u:/XfoTu,

where the equality means that if one of the integrals exists so does the other one
and their value is the same.
We give a useful weak notion of convergence in P(X).

Definition 2.2. Given (uy), a sequence of measures in P(X), p, narrowly con-
verges to p € P(X), and we write p,, — p, if for every ¢ € Cy(X,R) it holds

/wun%/wu-
X X

Notice that if X is compact, weak* convergence and narrow convergence on P(X)
are the same, thanks to the Riesz-Markov-Kakutani Representation Theorem.
We pass to examine absolutely continuous measures.

Definition 2.3. Let A\, u be measures on a g-algebra A. X is absolutely continuous
with respect to u, and we write A < p, if VE € A such that pu(F) = 0 it also holds
AE)=0.

The following two classic theorems will be widely used in the last section of this
paper.

Theorem 2.4 (Radon-Nikodym). Let u, A be finite measures on X measurable
space, A < p. Then there exists a unique h € L'(u) such that

(1) A= hpu.
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To express (1) we will also write synthetically
ax
dp

The analogue of Radon-Nikodym Theorem in the space of probability measures

is the Disintegration Theorem.

h.

Theorem 2.5 (Disintegration Theorem). Let (X,0x), (Y,0y) be complete and sep-
arable metric spaces, let v € P(X xY) and 7 : X x Y — X the projection on the
first coordinate. Then there exists a wlvy-almost everywhere uniquely determined
family of probability measures {v;}rex C P(Y) such that

(1) the function x — ~,(B) is a Borel map for every Borel BCY,
(2) for every Borel function f: X xY — [0,00] it holds

@) [t ey = [ ( [ 1w mdy)) ()

We will also express property (2) by writing

7=/ e moy(d).
X

The theorem obviously holds mutatis mutandis for the projection 72 on Y.

For a proof of Theorem 2.5 and a broader view on the topic see [6, Chapter 45].
A simpler proof can be for vector valued measures can be found in [1, Theorem
2.28].

3. GRADIENT FLOWS IN METRIC SPACES

The following observation is the starting point to extend the notion of gradient
flows to metric spaces.

Remark 3.1. Let H be a Hilbert space, £ : H — RU{oo} a Frechét differentiable
functional. If u : [0,00) — R is a gradient flow of F, then

d . L. 1
%E(ut) = <VE(U¢),U¢> = —§<ut,ut> — §<VE(ut),VE(ut))

1. 1
= — il = S IV B

Integrating with respect to ¢ we obtain

1 /. 1/
E(us) — E(ug) = —5/ | ||? dt — 5/ IVE(u,)||? dt Vs> 0.
0 0
This last equality is called Energy Disstpation FEquality.

To make sense of this equality in metric spaces we introduce the corresponding
concepts of the norm of the derivative of a curve and the norm of the gradient of a
functional.

We will indicate as I := [0, 1] the closed unit interval.

Definition 3.2. A curveu : I — X is absolutely continuous if there exists g € L'(I)
such that for every t < s it holds

3) (g, 1s) < /tsg(r) dr.

For absolutely continuous curves we are able to define a corresponding concept
of derivative of a curve.



4 ON THE GRADIENT FLOW OF THE ENTROPY
Proposition 3.3. If u is an absolutely continuous curve, there exists a minimal g
which satisfies (3). More precisely this function is given for almost every t by

o(us,
|ty := lim M
s—t |3—t|

The function || is called metric derivative or metric speed of w.
Proof. Let (yn),, be dense in u(I) and define
hn(t) :==0(yn,ur) VneN.
Let g € L! be such that
[ (8) = o ()] < (g, us) < / g(r) dr ¥neN.
t

Therefore h,,(t) are absolutely continuous for every n, so by the Lebesgue Funda-
mental Theorem of Calculus there exists h!, € L' such that

hon(t) — hin(s) = /ts R (r) dr.

We have that |hl,(¢)] < g(t) a.e. and a fairly easy calculation shows that

0 .
limsupM < sup |hl ()] < hmme,
2P s ] A P
therefore we can take sup,, |/, (t)| as the metric derivative. O

We pass to define the concept which will substitute the gradient of a function in
the metric case.

We indicate by ()T, (-)~ the standard positive and negative parts, i.e. T =
max{x,0}, z~ = max{—=z,0}.

Definition 3.4. Let E: X — RU {oo}. The descending slope of E at x is

+
Ex)—-F
|D™E|(z) := limsup —( (2) (y)) .
With these definitions we are now ready to define gradient flows using the Energy
Dissipation Equality.
For a functional E : X — RU {co}, we will write D(E) := {z : E(z) < oo}.

Definition 3.5 (Gradient flow). Let E be a functional from X to R U {oco} and
let g € D(E). A locally absolutely continuous curve z : [0,00) — X is a gradient
flow of E starting from zq if = takes values in D(F) and it holds

E(xs) = E(xy) —f/ ERE dr—f/ |D™E|*(x,) dr, Vs>t

or equivalently

E(xs) = E(xo) — 1/ |4, dr — 1/ |D™E[*(x,) dr, Vs> 0.
2o 2 Jo
3.1. K-convexity. A class of functionals with useful properties is that of K-convex
functionals.
In R™ the standard definition is that the distributional derivative of a function
E : R" — R satisfies
D?E — KI,, >0,

where [, is the n x n-identity matrix. To give the definition in metric spaces we
will use geodesics.
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Definition 3.6. A metric space X is geodesic if Vag,z1 € X,3¢g : [0,1] — X such
that gog = 9,91 = =1 and

D(gt,gs) = ‘t*S|D(I’0,IE1), Vs,te [0,1]
Such a g is called constant speed geodesic between xg and x1.

It is natural to extend the definition of K-convexity by requiring the K-convexity
of the functional along geodesics. It is easy to verify that in R™ the two definitions
will be equivalent.

Definition 3.7. Let (X,?) be a geodesic space, £ : X — RU {o0}. FE is K-
geodesically convex, or simply K-convex if Vxg,x1 € Y,dg : I — X constant speed
between xg and z; and Vt € I it holds

K
E(ge) = (1 = t)B(zo) + tE(z1) — 5 t(1 - £)0* (o, a1).
Remark 3.8. Notice that if F is K-convex then for every K/ < K, E is K'-convex.

We prove a useful formula for computing the descending slope of K-convex func-
tionals.

Lemma 3.9. If F is K-convex then

_ E(x) - E(y) K )*
4 DExsup(er:r,y .
(4) | |(z) W\ ) 5 0(z.y)

Proof. 7 < 7. This inequality holds trivially.
7 >7. Fix y # x. Let g be a constant speed geodesic from = to y such that

E(z) — E(g:) t B PN
(@) = w0 (E(x) Bly) + 5 (1 =)0 ,y)>
_ E(x) - E(y)
T my) +5(1—t)0(m,y).
Therefore as t — 0,
_ +
|D™E|(z) > h?—lf)lip< (?(x j)(gt))
— +
> (i (F5 5 50 0w
B(x) - E(y) K -\
( @y 2 ’”)
We conclude by taking the supremum w.r.t. y. O

For K-convex functionals we have a useful weak form of chain rule.

Theorem 3.10. Let E : X — RU {oo} be a K-conver and lower semicontinuous
functional. Then for every absolutely continuous curve x : I — X such that E(xz;) <
oo for every t € I, it holds

(5) B - Bl < [ i |07 E|(z,) dr.

witht,s € I, t <s.

For the proof of this fact we refer to [2, Proposition 3.19].
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Proof. Step 0. We may assume that the right hand side of (5) is finite for ¢ = 0
and s = 1, otherwise the inequality holds trivially. If

/ ||| D™ E|(z,) dr < +00
t

we may reduce by linear scaling to the case t = 0 and s = 1. By the standard
arc-length reparametrization we may furthermore assume |z;| = 1 for almost every
t, so x; is 1-Lipschitz and the function ¢ — |D~ E|(x;) is in L([0, 1]).

Step 1. Notice that it is sufficient to prove absolute continuity of the function
t — E(x), since the thesis follows from the inequality

E - F E - F
lim sup (t1n) (1) < lim sup ( (@ein) (It))
h—0 h h—0 |h|
+
E - F
< limsup ( (@etn) (wt)) lim sup 70(%““%)
h—s0 O(Toqh,xt) h—s0 ||
and the fact that for a.c. f it holds

+

< D7 E[(x) |24

[
f6) = sy = [ G

Step 2. We define f,g:[0,1] = R as
ft) := E(zy),
_ = f6)”

From the fact that |@:| = 1 and the trivial inequality a™ < (a +b)™ + b~ valid for
any a,b € R we obtain

+
(1) < sup L =10

+ _
(Supf(t)f(s) + I;D(xt,xs)> + (I;D(xt,xs)) )

s#t a(.’l?t7.'175)

IN

Since {z }4e(0,1] is compact, there exists a D € RT such that 9(z¢, z5) < D; applying
then (4) we obtain

o(t) < D Bl(w) + 55D,

Therefore the thesis is proven if we show that, given a g € L*(R), it holds

1F(s) — F(8)] < / ") dr.

Step 3. Fix M,e > 0 and define f™ := min{f, M}, p. : R — R a smooth
mollifier with support in [—¢,¢] and fM, gM : [e,1 — ] — R such that

FRE) = (FY 5 po) (1),

My _ M (g +
2 (t) s YO =L
s#t |S t|

Since fM is smooth and g > ‘(fEM)’|,

|fM(s) = fM(1)] < /:ggM(r) dr.
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Therefore we have
+

210 = sup ( [ == =)t dr)

s#t

SU 71 1 —-T)— S—T + r T
<sp o [ (0 -n S5 r) et a
Y G R () M
e A e ek

< / g(t —7)p(r) dr = (g pe)(t),

0

thus the family {gé\/f}e is uniformly integrable in L!((0,1)). In fact, for A C
(e,1—¢),

/Agé”(t) dté/A(g*ps)(t) dt:/A/Olg(t—y)pe(y) dy dt

_/01 ip@) /Ayg(t) dt dy—/olp(z){/Aazg(t) dt] dz < w(|A),

where w(|A|) = supz(py—ga {5 9}-
Since

112 (y) = 2 @) < w(ly —2f) and  limw(z) =0,

the family {f2}_is equicontinuous in C([,1 — &]) for every 4 fixed. Hence by
Arzela-Ascoli Theorem, up to subsequences, the family { M }E uniformly converges
to a function fM on (0,1) as € — 0 for which it holds

|FM(s) — fM (1) < /:g(m dr.

By the fact that fM — fM in L', fM = fM on a A C [0,1] such that [0,1]\ A has
negligible Lebesgue measure.

Step 4. Now we prove that fM = fM everywhere. fM is lower semicontinuous
and fM is continuous, hence fM < fM in [0,1]. Suppose by contradiction that
there are o € (0,1), ¢,C € R such that fM(t)) < ¢ < C < fM(ty), so there
exists § > 0 such that fM(¢t) > C for t € [ty — 0,tg + 0]. Thus fM(t) > C for
te [to—&to—f—(ﬂﬁA, SO

1
C —
/ g(t) dt > / g(t) dt > / € dt = +oo,
0 [to—8,t0+8]NA [to—0,to+3)nA |t — ol

which is absurd since g € L'(R).
Conclusion. Thus we proved that if g € L1((0,1)),

() — £ () g/ g(r) dr, Yt < s,YM > 0.
t
Letting M — oo the thesis is proven. O

Notice that an application of Young’s inequality on the K-convexity inequality
gives

1 /¢ 1 /[°
6)  Blzy) — Ew) > _5/ @02 dr — 5/ D EP(x,) dr, Vt<s,
t t
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To obtain a gradient flow for a K-convex functional it is therefore enough to require
a minimum dissipation of F along the curve, in particular

1 /s I
E(z) > E(z) + 5/ |2, dr + 5/ |D™E[*(x,) dr, Vt<s.
t t

4. THE ENTROPY FUNCTIONAL IN THE SPACE OF PROBABILITY MEASURES AND
ITS GRADIENT FLOW

For simplicity, in all this section we will restric our analysis to a compact metric
space (X, d).

4.1. The Wasserstein distance. We can equip the space of probability measures
with a natural distance obtained by the minimization problem of Optimal Transport
theory.

Definition 4.1. Given p € P(X),v € P(Y), we define the set of admissible plans
from p to v as

Adm(p,v) := {7 EPX xY)ialy=pmy= V},

X

where 7%, 7Y is the projection on X,Y.

Definition 4.2. Given u,v € P(X), the Wasserstein distance between p and v is

W2(/1'7 l/) = \/ inf /02($7y) v(dac,dy)
yEAdm(p,v)
The space of probability measures P(X) endowed with the Wasserstein distance
inherits many of the properties of the underlying space X. We point out just two
of them:

e Given a sequence (fi,,),, in P(X), it holds

(7) W (i, ) =0 & pin = pe

Notice that as a consequence sequential narrow compactness and narrow
compactness coincide. (In the case of non compact metric spaces, one needs
an additional condition on the left hand side of the equivalence (7).)

e If X is geodesic then P(X) is also geodesic.

For the proofs and a generalization to non-compact spaces see [2, Theorems 2.7
and 2.10].

Before passing to the definition of Entropy, we prove a property of the metric
derivative which we will use later on.

Remark 4.3. If u, v, are absolutely continuous curves in (P(X), Wa), then Vk €
[0,1], 7 := (1 — k)us + kvt is absolutely continuous and in particular it holds

[? < (1= K)|ju]® + ko]

In fact, it is easy to prove the convexity of the squared Wasserstein distance w.r.t.
linear interpolation of measures, i.e.

W3 ((1 =)o + tpa, (1 — tyvg +tr) < (1 —)W3 (po, vo) + tW3 (11, 11)

for arbitrary po, p1,v0,v1 € P(X). Applying the definition of metric speed, the
estimate above follows immediately.
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4.2. Entropy: definition and properties.

Definition 4.4. The Entropy functional Ent,, : P(X) — [0, 00] relative to m €
P(X) is defined as

00 otherwise.

Ent,,,

Example 4.6 below suggest that the gradient flow of the Entropy functional in
measure metric spaces is the natural extension of the heat flow from the smooth
setting. As a consequence, it is possible to construct the analogue of the Laplace
operator, which is the starting point to construct several tools used in Analysis on
measure metric spaces.

A very interesting fact is that gradient flows of certain functionals in carefully
selected spaces generate solutions to well known PDEs (see the seminal papers [8],
[10]). In this context we show two interesting examples of solutions to a PDE
generated by a gradient flow.

Ezample 4.5. The gradient flow of the Dirichlet Energy functional D : L?(R") — R
defined as

D(f) = 519713

produces a solution of the heat equation in R™.
We sketch the proof assuming that the functions are smooth. Differentiating
D(f) along v we obtain

LIV )l — VAR
t—0 2 t

~ [(v1.v0)

which can be rewritten, using Green’s first identity, as — [ vA f. Therefore we con-
clude that

—VD(f) = Af.

Example 4.6. The heat equation is also obtained as a solution of the Entropy
gradient flow in (P2(X), Ws). We give an informal proof of this fact in the case
X = T" the n-torus. We refer to [3, Chapters 8-10] and to [10] for a more detailed
approach.

Let f : T™ — R be integrable and s.t. an f £ =1 where L is the Lebesgue mea-
sure on the torus T". Define p := fL£. The natural space of perturbations (tangent
vector fields) in the metric space (P(T™), W2) in the point p = fL are vector fields
v : T™ — T™ square integrable w.r.t. u, corresponding to the perturbations (see
Definition 2.31 of [2])

Ouf = —div,(vf).

Inserting these perturbations in Ent.(f) we obtain

%Emﬁ (I +tv).(fL)) = —/divw(vf)(logf +1) do

:—/divx(vf)logf dxz/(vf)-vwlogf dm:/wvl-f dz.

To find the norm of the gradient we have to maximize it with respect to v with the
restriction [ |v|?f dz < 1. With a fairly easy calculation we obtain

1
v=——V,logf where «= \//f|vx10gf|2 da.
(6%
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From

% Ente (1 + t0). (L)) = -

we conclude that the gradient flow is VEnt,(f) = =V, log f, and finally that
O f = —dive((Velog f)f) =div, (V. f) = Af.

In the following two propositions we prove convexity and lower semicontinuity
of the Entropy.

Proposition 4.7. The Entropy functional is strictly convex with respect to linear
interpolation of measures, i.e. given pg, p1 € D(Ent,,),

Enty, ((1 = t)po + tpr) < (1 —t) Entp, (p10) + t Entp, (1), VE € [0, 1],
and equality holds if and only if po = p1.
Proof. Let po = fom, p1 = fim, u(z) := zlog z. Since w is strictly convex, it holds

u((=t)fo+tf1) < (1 —=tu(fo) +tu(fr), Vte[0,1],
and equality holds if and only if f = g. Integrating we obtain the thesis. O

Proposition 4.8. The Entropy functional is lower semicontinuous with respect to
narrow convergence of measures.

Proof. Given ¢ € C(X) let G, : P(X) — R be such that

/WL /em

Notice that G, is continuous with respect to narrow convergence by definition.
Define now
F(p) = sup Gg(p).
$eC(X)

If 4 L m, by varying ¢ we can obtain arbitrary large values for [ ¢ p without
increasing [ e®~! m more than 1; therefore F(y) = occ.

If i < m, there exists a non-negative f € L*(m) s.t. p = fm. It is easily verified
that 1 + log f maximizes F, therefore by a standard approximation technique we
have

F<u>=/<1+logf>f—e1°gfm=/flogfm,
and

F(p) = Entp, (1)
But F' is the supremum of continuous functions, therefore it is l.s.c.. O

We now define the concept of boundedness from below of the Ricci curvature,
relying on the definition given by Sturm and Lott-Villani (see [11] and [9]).

Definition 4.9. Let (X, 0, m) be a compact geodesic metric space with m € P(X).
X has Ricci curvature bounded from below by K € R, and we will write (X,0,m)
is a CD(K,00) space, if Ent,, is K-convex in (P(X), W), i.e. for every pair of
points pg, 11 € D(Ent,, ), there exists ¢ : [0,1] — P(X) constant speed geodesic
between p and p;, such that

K
Enty, (1) < (1 —t) Enty, (p0) + t Entyy, (1) — Et(l — Wi (o, 1), YVt €[0,1].

The previous definition will allow us to apply the properties of K-convex func-
tionals to the Entropy.
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4.3. Existence of the gradient flow of the Entropy. The proof of the existence
of a gradient flow of the Entropy functional relies on a variational approach which
dates back to De Giorgi (see [5]). We will define a recursive scheme and prove that
it converges to a solution of the gradient flow of the Entropy. The recursive scheme
is obtained with the following functional.

Definition 4.10. For 7 > 0, and 1 € P(X) define J;p as the probability o € P(X)
which minimizes
W3 (o, 1)

2T

Since P(X) is compact w.r.t. narrow convergence, the existence and uniqueness
of the minimizer is obtained through lower semicontinuity and strict convexity of
the Entropy.

We prove an important estimate on the curve ¢ — Jyu, which is almost the EDE
we are looking for.

o — Ent,,(0) +

Lemma 4.11. Let pn € P(X). Then it holds
W3 ( Jtﬂa / W3 (Jrpt, p

(8) Entm (,U) = Entm(*]t.u“) 22

Proof. By the definition of J;u we have
W3 (Jeps ) W3 (s, 1)

2t 2s
W2 2
< Bt () + LI (Bt (1) + A )
2 5
W3 (Jspo i) W3 (s, )
o 2t 25 ’

and passing to the limit we obtain

. WQQ(Jt/LnU') W22(Js,unu)
B <E“t () + =5 = | Entm o) + =57
_ W22(Jt;u,ﬂ)
22
Since the left hand side is the derivative of
W2(J,
7 Ent,, (Jrp) + W,

by integration we obtain

‘d W3 (Jr s, 1) W3 (Jr i, 1)
— Ent,,(J, 27 Waldrns 1)
/Odr< ntm (Jrpt) + 2r > / oz

If we show that )
W35 (Japs,
lim 5 (Japt, 1)
z—0t 2x
we will thus have the thesis. In fact, since Ent,,(u) < oo, then by definition of J,.u
we have

:0,

W2(J,u,
0 < Entp, (Jr-p) + M < Enty, (1),
r

and the lower semicontinuity of the Entropy yields Ent,,(J.u) > Ent,, (1) as r —
0. O

We are ready to prove the first main result of this chapter, i.e. the existence of an
EDE gradient flow of the Entropy for metric measure spaces with Ricci curvature
bounded from below.
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Theorem 4.12 (Existence). If (X,0,m) has Ricci curvature bounded from below
by K then for every i € D(Ent,,) there exists a gradient flow of Ent,, starting

from p.

Proof. The proof will be given in several steps. Notice that in order to prove the
EDE, by (3.1) it is enough to show there exists an absolutely continuous curve
t — ¢ such that po = i and

I I
Ent,, (1) > Ent,, (us) + 5/ | (r) dr + 5/ |D™ Enty, |*(u,) dr, ¥t >0.
0 0
Step 1. The approximate solution is constructed by defining recursively
1o = [,
1 = T ().
Then define the curve ¢ — u"(t) as
p'(nT) = p,
W (t) = Ji—nr(py,), Yt e (n7,(n+1)7),
and let Wa )
. 2 ,uf”,u; 1
|AT|(¢) = TJr,
Step 2. We give an estimate on the descending slope of the Entropy. Given
v,0 € P(X), since Ji(o) is the minimizer, we have

Yt € [n7, (n+ 1)7).

2 2
Ent,,(J,0) + W3 (o, Jio) < Entp(v) + M_
2t 2t
Hence by triangle inequality
1
Ent,, (J;0) — Ent,, (v) < %(WZQ(U’ v) — Wi(o, Jto))

= i(Wg(a v)—Ws(o Jm)) (Wg(u o) + Wa(o Jta))
2t ) ) 9 )

< WQ(JtO', l/)

o (Walv,0) + Wa(o, Jio)).

If Jyo = v the inequality holds trivially. Otherwise, dividing by Ws(Jio,v) both
sides and passing to the limit

+
Ent,,(J;o) — Ent,,
|D~ Ent,, |(J:o) = limsup (Entyn(Ju07) — Bt ()

v—Jio WQ(Jth V)
< Jimsup Wa(v,0) + Wa(o, Jio) _ Wa(o, Jta).
v—Jio 2t t

Step 3. Using now the curve p”(t), the definition of its time derivative |i17| and
the previous inequality, we can thus rewrite (8) as
1 o 1 (n+1)7 B )
Ent (47) 2 Entn(7) + 5 @OITPO + 5 [ 1D Bt (7 (5)) ds,

T

where t € [n,n + 1)7. Adding these inequalities from 0 to T = N7 we obtain

(9)  Ent,,(f) 2Entm(u})+%/0 i (1) dt+%/0 |D™ Ent,, |*(p"(t)) dt.

Notice that the definition of || implies that we rescale time as t — ¢/2, i.e. we
take 27 to pass from p;, to ;.

The last part of the proof concerns the compactness of the family of curves
{t = p]}. in the space C'(X,P(X)) and the lower semicontinuity (with respect to
7 in 0) of the right hand side of (9). These results clearly will conclude the proof.
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Step 4. We address the convergence of the curve ¢t — p”(¢) as 7 — 0. First,
since the starting point is in the domain of the Entropy we have by (9) that

T
/ |7 2(t) dt < 2Ent,,(f1).

By Hoélder inequality, for all Borel A C [0, 7]

/A|/'f|(t)dt=/0 xalp"l(t) dt<\// xAdt\// || (t

< V/L(A)\/2Ent,,(f1),

which gives the uniform integrability of |47 (¢)|. Since

Walu”(9).7(0) < | () dr

the family of curves (17), is uniformly continuous.
Up to subsequences we can pass to the limit as 7, \, 0, obtaining by Arzela-Ascoli
Theorem that p™ converges uniformly to a curve ¢ — pu(t) such that p(0) = .
Since |7 (¢)] is uniformly integrabile, up to subsequences, also |i™ (t)| L!-weakly
converges to a function g. It follows easily from the definition of metric derivative
that |(t)] < g(t), therefore u(t) is locally absolutely continuous.

Step 5. We prove the lower semicontinuity of the right hand side of (9).
By Holder’s inequality we have

T T T
/ |12 (t) dt < / g(t)? dt < liminf/ | 2 (t) dt.
0 0 n 0

Notice that being the supremum of lower semicontinuous functions by formula (4),
|D~ Ent,, | is lower semicontinuous too. Then define for every k € N,v € P(X)

= inf_{ID” Enty, [2(0) + kWa(v,0) }.
)= inf {ID”Ent, [*0) + kWa(v,0)
Notice that supy ex(v) = |D~ Ent,, |?(v) for all v.
The infimum of Lipschitz functions bounded from below is a Lipschitz function;
therefore ey, is Lipschitz. By uniform convergence

T
hm/ ) dt = / er(p(t)) dt.
0
By Fatou Lemma

/ek(u(t)) dt < limninf/ |D™ Enty, |*(u™ (t)) dt,

for every k € N. By Monotone Convergence Theorem we finally have

/ D= Enty, 2(u(t)) dt = sup / ex(u(t)) dt < lim inf / D= Enty, [2(u™ (1)) dt.
k n
O

4.4. Entropy: uniqueness of its gradient flow. For the proof of the uniqueness
we will follow the argumentation of [4, Section 5].

We start by introducing two new concepts, the push-forward via a plan, and
plans with bounded deformation. We prove different interesting auxiliary proper-
ties which correlate these two new concepts with the Entropy functional and its
descending slope, and the key result in Proposition 4.22. We conclude the section
proving the uniqueness of the gradient flow of the Entropy.
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4.4.1. Plans with bounded deformation and push-forward via a plan. We extend the
notion of push-forward via a map as follows.

Definition 4.13 (Push-forward via a plan). Let u € P(X),y € P(X?) be such
that ;1 < mlvy. The measures v, € P(X?) and v,u € P(X) are defined as
dp

dx,dy) = dx,d
'Y,u( &, y) dﬂi’}/(x),‘/( xz, y)7

Yep(dy) == w2y, (dy).

Remark 4.14. Since p < mly, there exists f € L'(nly) such that u = frly. By
Disintegration Theorem, considering {7, },ycx the disintegration of  with respect
to its second marginal we obtain

(10) Yeti(dy) = (/ f(@) vy dm)) i (dy).
The plans which are particularly useful in our analysis belong to the following

category.

Deﬁnition 4.15. The plan v € P(X?) has bounded deformation if 3c € RT such
that 1 m<7r Ly w2y < em.

We will now show some preliminary properties. The following is a useful esti-
mate.

Proposition 4.16. Yu,v € P(X),Vy € P(X?) such that p,v < mwly,
Ent,, . (yep) < Ent, (p).

Proof. We assume u < v, otherwise Ent, (u) = oo and there is nothing to prove.
Then there exists f € L'(v) such that y = fr and since v < w1y by hypothesis,
30 € L'(710) such that v = Orly. Disintegrating v.v, v.u as in (10) we obtain

(11) Valt (/ f(@)0(z) v, dm)) T2y,
(12 = ([ o %,(dx)) 2

It is easily verified that v.pu < v.v. Therefore by Radon-Nikodym Theorem
there exists 7 € L!(v.p) such that v.u = 17v.v, and considering (11), (12), we have

J 10 vy (dx)
(13) n(y) = 70, (do) /ffe o (dz).
Defining
Fi=(0om)y,
its disintegration with respect to its second marginal ~,v is

5 6
Yo = T 77 Ty
Y f& Yy (dz) Y

0= [ £3(do).

Now let u(z) := zlog z. From the convexity of u(z) and Jensen’s inequality,

u(n(y)) < / u(f(z)) 5y (da).

so we can rewrite (13) as
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Integrating both sides with respect to v.v we get

Bt = [ ulatw) 2evta) < [ ([ atr(@) 3000 i)

and from Disintegration Theorem,

/(/ u(f(x)) %(daz)) Yo (dy) = /u(f(x)) v(dz) = Enty (1).

The following formula will be useful in the proof of the next proposition.

1
c

Lemma 4.17. If u,v,0 € P(X) and o is such that there exists ¢ > 0 :
then it holds

(14) Ent,, (1) :Entg(,u)—l—/xlog (ZZZ) u(dz).

v<o<cv,

Proof. From the hypothesis on ¢ we can deduce there exists % < g < ¢ such that
o = gv. If i is not absolutely continuous with respect to v we obtain co = co + C
and (14) holds.
Otherwise if p < v take p = fv; therefore
f

p==0
g

and

Entg(u)—l—/xlog (;lz) ,u:/Xflogfu:Ent,,(u).
O

The push-forward of a map via a plan with bounded deformation allows us to
remain in the domain of the Entropy, as it is proved in the next results.

Proposition 4.18. If u € D(Ent,,) and v € P(X?) has bounded deformation,
then vy, p € D(Ent,,).

Proof. Since ~ has bounded deformation there exist ¢,C > 0 such that ecm <
wly, w2y < Cm. Using identity (14) we obtain
driy
Entp, (v.p) = Enthw(’Y*M)Jr/ 10g< d ) Vx
X m
< Entrzy (vep) +1log(C).

From the fact that ~,(7}y) = 72(vx1,) = 72(7) and Proposition 4.16,

Entﬂ'z'y('}/*,u) = Ent'y*(‘/ri’y) (PY*:U) < Ent?ri'y(:u)'
Then using again identity (14)

dm
Entriy (1) = Bntm () + /X tos <d7ri7) 8

1
< Entp, (1) + p(X) log — = Ent,, (1) — logc.
c

In conclusion
Enty, (vap) < Entp, (1) —logc+1log C < 0.
O

The following proposition gives a quite unexpected property of convexity of the
Entropy.
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Proposition 4.19. If v € P(X?) has bounded deformation then the map
D(Ent,,) 3 p+— Enty, (1) — Enty, (yep)
is conver with respect to linear interpolation of measures.
Proof. Let po = fom, u1 = fim. Define for every ¢ € (0,1)
pe o= (1 —t)po + tpa,
fo=QQ=t)fo+tfr
We compute

(1 - t) Ent#t (MO) + tEnt#t (Ml)

o fo fo fi fi
‘“t)xﬁ@<ﬂ>M+tXﬁm<ﬂ>m

=#%ﬂAﬁMEmHAﬁMhm—AﬂMﬁm

= (1 —t) Enty,(po) + t Entyy, (1) — Entyy, ().

Since p; € D(Ent) (for ¢ = 1,2) and « has bounded deformation, from Proposition
4.18 also ~y.u; € D(Ent), so an identical argument with p; replaced by ~y.u; shows
that

(1 —t) Enty, i, (vxp00) + t Enty i, (yepi1)
= (1 — 1) Entm(’Y*MO) + tEntm(’Y*Nl) - Entm(’)’*//ft)-
By Proposition 4.16 we have Ent,_,, (v«p;) < Ent,,, (11;) for i = 1,2, therefore

(1 —t) Enty, (yaft0) + t Enty, (yaper) — Enty, (e pte)
< (1 —t)Enty, (o) + t Enty, (1) — Entyy, ().

Rearranging the terms we finally obtain

Entm(ﬂt) - Entm(%kﬂt)
< (1 —t) Enty, (o) + t Enty, (1) — (1 — ¢) Enty, (Yapto) — t Entyy, (yaper).
O

4.4.2. Approxzimability in Entropy and distance. The following is a technical result
which allows us to control the Entropy of a perturbation of a measure.
For v € P(X?), define the transportation cost

cwwzfﬁwwwwa@»

Lemma 4.20. If u,v € D(Ent,,), there exists a sequence (y"), of plans with
bounded deformation such that Entp, (v!) — Enty,(v) and C(y)}) — W3 (p,v) as
n — 0o.

Proof. Let f,g € L'(m) be non-negative such that u = fm,v = gm. Pick v €

Adm(p,v) s.t.
”y=  inf /02 !
/ 7 v’ €Adm(u,v) 7

Al = {(x,y) €X?: f(x)+g(y) < n},
A, = {(J;,y) €Al i v.(A) > %},

1
~"*(dz, dy) := ¢, ('VlAn (dz,dy) + E(Z’d, id).m(dz, dy)> ,

and Vn € N define
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with ¢, the normalization constant, i.e. ¢, = Disintegrating ~ we

obtain

(e, dy) = /X [ya(dy)] plde) = /X [y (d)] w(dy),
Yia, (de, dy) = /X o 1, (dy)] () = /X [y 1., (d2)] w(dy).

Therefore

% = ( /X (Ve 14, (dy)] u(dff)) %(Zd id).m(dz, dy)
= [ [, @)+ 2outa) mias),
and analogously for v,
7 /X [g(y)’yy An(dm)—l—iéy(dx)] m(dy).

Cn

Then the marginals of 4™ are

why = o (w410 + ) mlda),
2 = ((Aat) + 1 ) micy)

Since 0 < f,g <n and 0 < v5(4y), v(4n) < 1,
e e e~ (ncn + i) m,
n n

i.e. v" has bounded deformation for every n.
By Radon-Nikodym Theorem
dp f(z)
15 fn xT) = = 9
19) O i T A i@ + D)

so by definition of push-forward of a measure

d
Tl dy) = o™ = fa(e)y" (A, dy)

d
= /X Cn [fn(x)g(y)vyAn(dxH 5y(dx)] m(dy),

and thus

vip =7y, (dy) :/ch <g(y) /An fn(2) vy(d$)+f"7§y)> m(dy).

Defining

Enty (174) = /X el (9) 108 [calin(y)] m(dy).

We notice that since ¢, — 1, ¢, > 2/3 definitely, so

we can write

L1 1
nf(x)_an n? = 3’

Cn’Yx(An) +
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thus by definition (15), f,, < 3 definitely.
Therefore, defined

i) =3 (a0) + 1)

we have that 0 < h,, < ¢, (y) definitely. A calculation shows that ¢, (y)log g, (y) €
L'(m) definitely; thus by Dominated Convergence Theorem

lignEntm(fyfu) = /Xlirrln (cnhn(y) log (cnhn(y))) m(dy)

=/Xg(y) log g(y) m(dy) = Entyn (v),

since lim,, ¢, = 1 and lim,, h,,(y) = g(y).
We pass to show the convergence of the cost. We can rewrite the cost of v, as

cop = [ oaw) aptdndy) = [ o) fu v (de.dy

1 n .
= (/ 02cnfnx,4n v+ f/ % f, (id, id)*m) — lim chnanA"
X2 n Jxz

n X2
By hypothesis X is compact and we have that ¢, fn, x4, — 1, therefore there
exists k > 1 such that 02c,f,xa, < k definitely. In conclusion, by Dominated
Convergence

com~ [ o= Wi,
U

4.4.3. Convezity of the squared descending slope. If (X,0,m) has Ricci curvature
bounded from below by K, from (4) we know that

.
(Bt 1)~ Bt (0) + 5 W3 0.0))
|D~ Ent,, |(1) =  sup

veP(X), v#up WQ(M’ V)

We give yet another characterization of |D~ Ent,, |, which relies only on plans with
bounded deformation and which we will use in the proof of Proposition 4.22.

Lemma 4.21. If (X,0,m) has Ricci curvature bounded from below by K then

+
(Entm(,u) — Enty, (veps) + %C (%))
|D™ Enty, |(1) = sup

" (Cly))'"
where the supremum is taken among all v € Adm(u, v) with bounded deformation,
and if C(y,) = 0 the right hand side is taken 0 by definition.

Proof. We show both inequalities.
7 >7. We can assume C(v,) >0, v = v, and K < 0 (thanks to Remark 3.8).
The following inequality is easily proven: if a,b,c € R and 0 < b < ¢, then
(a-b)* _ (a0
S ve

)

Substituting
a :=Enty, (@) — Enty, (yep),

K
b == EWS(,U/,’)/*’U/),

K

Ci=— 50(7#)7
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proves the thesis.

7 <7 It comes directly from Lemma 4.20.
O

A key ingredient in proving the uniqueness of the flow of the Entropy is the
convexity of the squared descending slope of the Entropy, which we now show.

Proposition 4.22. If (X,d, m) has Ricci curvature bounded from below by K, then
the map

w € D(Ent,,) = | D™ Ent,, [*(11)

is conver with respect to linear interpolation of measures.

Proof. Recalling that the supremum of convex maps is still convex, and considering
Lemma 4.21, we are done if we prove that the map

_ +\ 2
<(Entm(u) — Enty, (yap) + KTC (W)) )

(16) ne C(’Yu)

is convex.
The map

;mD@mchm»a/ P (z,y) dy,
XxX

is linear. Hence, together with the fact that p — Ent,, (1) — Ent,, (y.p) is convex
(Proposition 4.19), also

o
pr Bty () — Entin (y) = —=C )

is convex. Taking its positive part we still have a convex function.
Now take

+
alp)i= (Btn0) = Bntor0p) = 55-C) )+ 80) = Ol
and define also ¢ : [0,00) X [0,00) = R U {oo} as

a2

S itb>0,
P(a,0) =4 o ifb=0,a>0,
0 ifa=b=0.

It is immediately shown that ¢ is convex and it is non-decreasing with respect to
a. Therefore we obtain

b (@1 = B)po + tn),b((1 = D)o + ) )
< o ((1 = alpo) + talun), (1 = )blso) + th(in) )
< (1= )9 (alko) . b(po) ) + 18 (a(pu).blar) ).
thus the convexity of (16). O

We finally have all the tools to prove the uniqueness of the gradient flow gener-
ated by the Entropy.

Theorem 4.23 (Uniqueness). Let (X,d,m) have Ricci curvature bounded from
below by K and let i € D(Ent,,); then there exists a unique gradient flow of Ent,,
in (P(X),Ws) starting from fi.
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Proof. Let u;, vy be gradient flows of Ent,, starting both from ji. Then

_ he Tt
U 9

is an absolutely continuous curve starting from fi. From the definition of gradient
flow,

Ent,, () = Ent,, /|u5\2 ds+ = /|D Ent,, |?(us) ds,

Ent,, (1) = Ent,, /\1/5|2 ds + = /|D Ent,, |?(vs) ds,

for every t > 0.

Adding up these two equalities, by the squared slope convexity (Proposition 4.22),
the squared metric speed convexity (Remark 4.3) and the strict convexity of the
relative Entropy (Proposition 4.7), we obtain

Enty, (i) > Ento /|778|2 ds+ X /\D Ent, [2(n) ds

for every t where p; # v;. But this contradicts (6); therefore it must be pu; = v, O
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