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1 Introduction

The main reason for the study of random hetero-polymers in solutions, is a possible con-
nection of this problem with the protein folding problem [1, 2, 3].

Proteins are long ch.ain molecules of central importance for the biological functions which
are at the basis of life as we know it. The specific feature of proteins as polymers is they are
hetero-polymers: the monomers which build up the chain are chosen by nature in a set of
20 different amino-acids. A given protein is defined by the amino-acid sequence along the
chain (primary strucure) and is able to perform its biochemical function (i.e. to catalyze
as an enzyme some specific chemical reaction) only when the chain is folded in a particular
well defined three-dimensional conformation (tertiary structure), which is called the native
state.

It is well established experimentally [4] that many proteins fold spontaneously into the
native state, in an appropriate range of temperature and of the solution p.h., within time
of the order of tenth of seconds This implies that the information needed by a protein to
fold in the correct way is entirely encoded in the primary structure. The central physical
issues of protein folding are then the prediction of the native state in which a given sequence

will fold, which is usually identified with the free energy mininum, and the understanding
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of the dynamics of the folding process. Heterogeneity causes the energy landscape in the
conformation space to be a very rugged one, and the actual puzzling feature of protein
folding is the understanding of why the protein does not get trapped in metastable states.

Statistical studies on known protein sequences have revealed only very slight corre-
lations in the occurrence of the different amino-acids. This would seem to imply that
protein sequences are to a large extent random sequences; i.e. proteins are random hetero-
polymers. This is not the case, because a typical random sequence does indeed get trapped
in metastable states, and proteins are believed to be by nature selected special cases of
random hetero-polymers. Before dealing with these special cases, it is of great importance
to understand the typical behaviour of the various kinds of random hetero-polymer models
that have been introduced, as it may give important insight in which types of interactions
are indispensible for folding, and which types of interactions, on the other hand, are of
secondary importance.

Several models of (quenched) randomness have been considered. Here, we study the role
of the solvent (water) in the equilibrium properties of the collapsed phase, as it is commonly
believed that the hydrophobic effect [5] is the main driving force for the folding transition.
Most proteins in nature consist of a strongly hydrophobic core, surrounded by hydrophilic
(less hydrophobic) residues, which protect the hydrophobic core from unfavourable contacts
with solvent molecules. We restrict ourselves to the simple coarse grained model, that was
originally introduced by Obukhov [6], where the monomers of a single chain are randomly
hydrophilic or hydrophobic (RHH), and interact with the solvent molecules through an

effective two-body short range interaction. The statics of the continuum version of this



model has been studied by Garel et al. [7], both in the case of annealed and quenched
disorder, while the dynamics (with quenched disorder) has been studied by Thirumalai et

' al. [8]. The model has been studied also by Timoshenko et al. [9] and Moskalenko et al.
[10] with the Gaussian self-consistent method.

We have choosen to study a (2d square) lattice version of the RHH model, and the
method we used to assess the conformational entropy, is the transfer matrix (TM) method,
which is most fit to study the case of annealed disorder. Furthermore, using the approxima-
tion scheme introduced by Morita [11], we are able to give lower bounds for the quenched
free energy. It will turn out that the annealed case may exhibit a very rich phase diagram
and re-entrant compact-swollen transitions, and we come to different conclusion than Garel
et al. [7]. The case of the annealed average with fixed mean for the hydrophobic-hydrophilic
charges, gives the same results one can get in the continuum limit for the quenched average
using the method of reference [7] (see the lastchapter for details). We go one step for-
ward analyzing a better approximation to the quenched system which cures some problems

present in the previous approximations and in the standard approach presented in [7].




2 Model and techniques employed

2.1 Definition of the Model

The polymer chain is represented by a self-avoiding walk (SAW) on a lattice where each site
is either visited by the walk (i.e. is occupied by one monomer of the chain), or occupied by a
solvent molecule. The interactions in the model are two-body short-range interactions. The
only interactions we take into account, are those between solvent molecules and monomers
if they occupy nearest-neighbor sites. Hydrophilicities A; are attached to each monomer 3

of the walk such that the Hamiltonian is given by

N
H= —ZAM , (2.1)

1=0

where the sum runs over the N + 1 sites of the lattice occupied by the N-step walk, and
z; is the number of nearest-neighbor contacts of monomer 7 with solvent molecules, i.e. the
number of nearest-neighbor sites of site ¢ not occupied by the walk.

The hydrophilicities A; are supposed to be independent identically distributed random

variables with a Gaussian distribution with mean g and variance A:
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P()\z) = \/2—17;\56}(1) (“(_)\l';:\;\"qz:> ’ (22)

and the average over this (a priori) distribution is indicated by ((-)) . If A; > 0, the cor-
responding monomer is hydrophilic and attracts solvent molecules, whereas if A; < 0, the
monomer is hydrophobic and repels solvent molecules.

The canonical partition function for SAW of N steps with a fixed disorder configuration

{Ai} is then

N
NG Zexp (ﬂzm) | 23)

i=0
where the sum has to be taken over all N-step SAW starting from the origin.

If monomers can rearrange themselves along the chain and change their hydrophilicities,
e.g. with chemical reactions, these have to be considered as thermal annealed variables,
which approach equilibrium in the same time scale as the configurational degrees of freedom.
The physics of such hetero-polymers is given by the average of the partition function over

the disorder distribution (annealed average)

B2)2 N )
(Zv({Ah) = ZGXP (ﬂ/\ozzz 5 Zz,) : (2.4)

i=0 =0
Instead, if the monomer sequence of the chain is fixed, as it is the case for proteins,
the hydrophilicities are frozen while the polymer is approaching thermal equilibrium; the
average over the disorder distribution has then to be taken over the logarithm of the partition

sum (quenched average) [12], to yield the quenched free energy
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fy = -—% QalZn(ADI) (2.5)

which is a much harder task to accomplish.

2.2 Constrained Annealing

In order to avoid the difficult direct computation of the quenched average (2.5), we have
applied an idea first introduced by Morita [11]. This is the so-called Equilibrium Ensemble
Approach (EEA) (see e.g. [13] for a recent review and discussion). The EEA consists of a
systematic approximation procedure for the quenched free energy by annealed averages. It
can be shown [13] that each successive approximation gives a better or equally good lower
bound for the quenched free energy.

Fach approximation consists in performing an annealed average over a new Hamiltonian
H* = H + Hy, where H is the original Hamiltonian (2.1), and Hg is a fictitious disorder
potential, which contains a number of parameters. These parameters (Lagrange multipliers)
have to be tuned in such a way that some moments of the a posteriori (annealed) distribution
of the disorder are equal to the a priori (quenched) ones. In annealed averages, the a

posteriori distribution P*({A:},{#}) is defined as

i) exp(=BH"({As} {#3))
(%) '

The average over this distribution will be denoted by (-) = [d{\;} Ty, P*({A:}, {z}) -

Pr({A}, () = L

(2.6)

In principle, one has to fix all the moments of Pk ({\i}) = T, P*({Ai},{2}) to obtain

the quenched result, which is as difficult as the direct computation of (2.5). Nevertheless,
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one can hope to obtain a reasonable approximation of the quenched case by fixing a few
suitably chosen moments. Moreover, the method is variational, and fixing more and more
moments yi‘elds thighter lower bounds for the quenched free energy.

In this work, we have considered three different cases of annealing: without constraints
(ao), constraining the first moment of overall hydrophilicity (a;), constraining the first and
the second moment of overall hydrophilicity (a3). For all these cases, we obtain the same

formal expression for the effective homo-polymer partition function

ZH=S"exp |[NBo+ By 2+ P2 ) 2 , (2.7)
Wy i i

and any further complexity is hidden in the computation of 8y, §1 and B for the different
cases. The strategy we will follow, is to study the general homo-polymer model defined by
(2.7), in the (81, B2)-plane (the fp dependence being trivial). Then, we investigate to which
temperature dependent trajectories in the (£, 2)-plane, the three annealed averages give
rise.

In case (ag), the simple annealed average (2.4) has already been computed in the pre-

ceding section, and equation (2.7) is recovered with the definitions

Bo=1, B =B, By = $8°A%. (2.8)

In case (a1), we fix the a posteriori overall hydrophilicity }~; A;/N to its a priori value

/\0:

(2 A4) Ao - (2.9)
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We impose this constraint by defining a generalized partition function Zﬁ}({)\i},ﬁ) which

depends on the Lagrange multiplier h, and by finding the effective value A* for which (2.9)

holds:

a{N)Lh) = ZeXP {ﬂZ)\zz ﬁh(z,\—mo)].

We recover (2.7) with the following definitions

’82/\2}”7’2

bo="5—, Si=Pl-FNh, fBh=

2

In terms of A, condition (2.9) becomes

~

7. _ (iz) ()
h* = -——7\7——-— ,

and the free energy f,, is thus given by

for = —I%ln (20 -

ﬁ2 /\2

(2.10)

(2.11)

(2.12)

(2.13)

Note that the quenched free energy computed in the continuum model by Garel et al. [7],

is exactly the free energy f,, (2.13), if one performs the annealed average with constraint

(2.9) within the analytic calculation scheme of reference [7]. We will comment on this in

the final discussion of the last chapter.

In case (az), in addition to (2.9), we also put a constraint on the overall variance

Zildi — /\0)2/N3

DY
g‘&zvl‘\z‘zﬂzﬂé.

(2.14)



2.2. Constrained Annealing 9

In the same way as before, we introduce a second Lagrange multiplier §, and we define a

generalized partition function

Z2({N},h,3) = exp [,BZ,\ZZ Bh (Z,\ —N/\0> - = (ZV /\2+/\§)H :

Wy
(2.15)
After performing the average, we recover (2.7) with the following definitions
2)2 Ap— 2/\2& 232
fo=} (ﬁ (Do )+ 75 - ) N - SRR

Conditions (2.9) and (2.14) yield two coupled equations for A* and §* with solution:

B 4+ X8 = Aq(h*,5Y), (2.17)

V1448202 Ag(he, §°) — AY(h=,5%)) - 1
2572

, (2.18)

where Ay = (37;2) /N and Az = (3°;22) /N. In the next section, we will show that A,
and Aj are closely connected to effective 2-, respectively 3-body interactions between the

monomers. The free energy f,, is now given by

fu = ﬂivm(z he5)) - (2.19)

As mentioned before, it can be shown [13] that at any temperature f;, < fo, < fo, < ... <
fy. Hence, fixing more and more moments, we get a better approximation for the quenched

free energy.
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2.3 Phase Diagram

We now discuss the phase diagram of the model defined in (2.7), in the (81, 82)-plane, with

Bo constant

ZF=C) exp [ﬁl > zit B sz] . (2.20)
Wi i i

The quantities _; z; and ) ; z? are closely related to effective 2-body and 3-body interactions
between the monomers. We define Ny to be the number of nearest-neighbor 2-monomer
contacts not along the chain, while N3 is the number of nearest 3-monomer contacts not
along the chain. On a hypercubic lattice in JR?, we have a nearest 3-monomer contact when
two monomers are both nearest neighbors (not along the chain) to the third monomer.

Defining n; = 2(d—1) — z;, we have that

L Ny = (_2_1*3_2—_2_”_) _ (2.21)

In terms of N, and Ni, the reduced Hamiltonian can be rewritten

— BHE = 2(d—1)[B1 + 2(d—1)B2]N — [281 + 2(4d—5)B2) Na + 202 N3 . (2.22)

Since B3 > 0 for the models that we have considered, the 3-body term is either attractive
or absent.

For 3, = 0, we have a self-avoiding walk with only 2-body interactions, each of energy
2631/8. For these models, the existence of a critical value 8§ < 0 at which the chain

undergoes a second order 6-transition, is well known [14, 15, 16]. The transition takes
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e swollen

compact

B.

Figure 2.1: Qualitative phase diagram in the (f1,82) plane: the solid line is the tri-critical 6-line

which ends in the multi-critical point; the dashed line is the coexistence line.

place when the 2-body attractive interaction exactly balances the 2-body steric repulsion.
For 1 > p%, the chain is in the swollen phase, while for §; < f§f, the chain is in the
collapsed phase. The 6-point is a tri-critical point [17] corresponding to a #° field theory
with a Landau-Ginzburg functional; the necessary stabilizing 3-body term is provided by
the self-avoidance constraint.

When 3, > 0, the attractive 3-body term 23;N3 competes with the corresponding
steric repulsion. At the mean field level [18], with increasing (2, a tri-critical line departs
from the @-point at f; = 0. The tri-critical line ends at a multi-(tetra-)critical point
(BT, B%*), when the 3-body attractive interaction exactly balances the steric repulsion.
This corresponds to a ¢® Landau-Ginzburg theory. Increasing (B, further, the transition
line becomes a coexistence line between the swollen and the compact phase. This phase
diagram is qualitatively sketched in Figure 2.1.

At zero temperature, when the entropy is negligible with respect to the energy, we can

E—
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Figure 2.2: Mean number of monomer-solvent close contacts Az (81, 82) at varying f; for different
fixed values of B85, with strip width from 2 to 6. The compact-to-swollen transition is continuous for
B2 < A7 and first order for B, > B3, with the (very raw) estimate 57" ~ 0.75.

give rigorous results for the asymptotic behavior of the coexistence line. If a = B1/f, is

fixed and B2 — oo, we can rewrite the Hamiltonian

eff 2 a a 2
— BH™ = B Z(m +2) = NPy + b > (5 + zi) : (2.23)

Since 0 < z; <2(d—1), for a>—2(d—1), the ground state is at z; = 2(d—1) for any 1, and
the walk is swollen. On the other hand, for a < —2(d—1), the ground state is at z; = 0 for
any 4, and the walk is maximally compact. For a=-2(d—1) (i.e. f1 ~ —2(d—1)B2), the

energy of the two competing ground states is the same, and there is phase coexistence.
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The presence of a multi-critical point, if not rigorously proved, is numerically established,
as one can see from Figure 2.2, where the order parameter Ay(f1, 82) is plotted as a function

of (31 for different values of ;.

2.4 Transfer Matrix

We have addressed the numerical study of the lattice model defined by (2.7), by the transfer
matrix technique on a two-dimensional square lattice. With this method it is possible to
consider infinite polymers on a lattice of finite width (strip) [19, 20, 21]. The price to pay
is the uncertain extrapolation of the thermodynamic limit, causéd by the limited width of
the strip that we can achieve.

In a grand-canonical context, the generalized two point correlation function is defined

as

G(xara/@laﬂ?) = Z ZmN exp [ﬂl Zzi + ﬂ? sz] 3 (224)

N=1Wy ; ;

where z is the step fugacity and the second sum runs over the SAW of N steps which connect
the origin with an arbitrary point at distance r. We have neglected the dependence on
because it only affects a simple rescaling of fugacity. The two-point correlation function
decreases exponentially in r at long distances, if z is less than the critical fugacity z.(81, 82).

This defines the correlation length &(z, f1, 52):

G(z,r,B1,P2) ~ exp ( (2.25)

_____r_____>
é‘(x)ﬁluﬁ2) .

The correlation length £,(z, 81, B2) can be calculated exactly on a lattice strip of infinite

RS 1
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(2) (b)

] 1
] 1
© © & Q [0} P o]
] 1
1 1
[oF Q © > == =€)
o O O beEEEm————. " ® ® &
-2 r-1r r+l r-2r-1r r+l

Figure 2.3: Example of a transfer matrix element. Empty circles are solvent molecules and dashed
lines show the nearest-neighbor monomer-solvent contacts. Configuration i is defined at column r
and takes into account how the walk steps back to column r — 2 (solid line in (b)). Configuration
7 is defined at column 7 + 1 and takes into account how the walk steps back to column r — 1, and
thus, partially overlaps with configuration 7. The dotted line in (b) shows the non overlapping part
of configuration j. In this example the quantities needed for the computation of the matrix elements
(2.26) are ¢;; = 5 and 2% = (0,0,2,0,2,0) (the sites of column 7 — 1 are ordered from the top to the
bottom of the strip).

length and finite width n, with the TM method. The idea is to write recursion relations
between a strip of length r and a strip of length r+1. We consider a walk on the strip, which
goes from the left to the right, and we cut the strip at column r. The local configuration
at 7 is then given by the set of occupied sites of column r and how these are connected to
each other by the part of the walk at the left of r. Since the interaction 833, z2 gives rise
to effective 3-body interactions, it is necessary to define the local configurations at stage r
taking the lattice bonds occupied by the walk between the columns 7—2 and r into account.
We combine all the possible local configurations ¢ at column r, with all the possible local

configurations j at column r+1. They yield a non-zero TM element Tj; if it is possible to
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connect them, without producing disconnected pieces, and T}; is given by

T;; = z% exp | By Zn: 29 4+ By i(zg)z ; (2.26)
a=1 a=1
where t;; is the number of occupied bonds between columns r—1 and r, and Z is the
number of non occupied nearest-neighbor sites of the site at row a and column r—1, if this
is occupied by the walk (see Figure 2.3).

The number of possible configurations, and therefore the computational effort, can be
strongly reduced by considering periodic boundary conditions (the strip‘becomes a cylinder)
and then by exploiting all the symmetry properties of the strip. Furthermore, periodic
boundary conditions reduce the finite size effects. In this way, within reasonable time, we
are able to study strip widths up to n = 6, corresponding to 5387 configurations and 154149
non-zero matrix elements.

The correlation function can be expressed in terms of the trace of the r-th power of the

™ T:

G(z,r,fr,B2) ~ Tr T, (2.27)

and the correlation length (2.25) is related to the largest eigenvalue A7**(z, f1, f2) of T', for

a strip of width n:

1

" InAmax(z, By, By) (2.28)

&n(@, B, B2) =

The critical fugacity z? is determined by the value at which the correlation length diverges,

i.e.
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Ant(zg,P1,82) = 1. (2.29)

The computation of the free energy per monomer f = —In Zji,ff (BN) and of any other

quantity of physical interest (e.g. the mean number of monomer-solvent contacts Aj), is

now straightforward in terms of the critical fugacity:
1 dlnz,

f:—ﬁ—lnfnc, Ay =

The thermal exponent v, which characterizes the divergence of the correlation length at

Olnz
 Ag= LR
0B i 0B

(2.30)
the critical fugacity: £ ~ (z. — )7, is a good indicator of a collapse transition. A SAW
in two dimensions has the value v = 3/4 in the swollen phase [22], » = 1/2 in the collapsed
phase and v = 4/7 on the tri-critical line [23, 24].

In order to compute the thermal exponent, we first calculate the density pn(B1,82) of

monomers in the strip

_z(B1, B2) 06 (22, Br, B2) _

n oz

pn(B1,B2) = (2.31)

Then, we use a phenomenological renormalization (PR) group procedure [25, 26] to obtain
finite size estimates for the thermal exponent; the underlying hypothesis is the finite size

scaling behavior [27] of the correlation length for n>>1 and (z. — z) < 1:

£ (,81,62) = n g [0V (2. — 2), 81, 8] | (2.32)

where ¢ is a scaling function. Using the single strip critical fugacity estimate (2.29) leads

to
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— ( In(pn/pn-1) -
Vnn—-1 = <1——————*—-——n(n/(n — 1)) + 2) . (233)

Note that we compare the derivative of the correlation length at criticality for two consec-
utive strip widths, but criticality is determined in a different way for different widths.
This is not the most accurate way of applying the ideas of the PR. In fact, the critical

fugacity can be determined for two consecutive widths at once by

bn (22771, 1, B2) _ bna (02771, B B) (2.34)

n n—1

This estimate is better than (2.29) and the thermal exponent can easily be obtained

agﬂ- a:g,n—l rﬁ 2 ) n— I?,n-lv b] -1
. . In( ( - 1 ﬂz)/ En—1 5= B1 ,32)) ., . (2.35)
[ In(n/(n—1))

Nevertheless, we have used the rougher formulae (2.29) and (2.33), because solving (2.34)

numerically, is a much harder task, especially in proximity of coexistence.




3 Results

We will show that the trajectory that the system follows in the (B1,2)-plane, for the
different models with decreasing temperature, only depends on the fraction Ag/A = Aeg.
The position dn the trajectory at a given temperature, however, does depend on Ag and A
separately. Although the trajectories can not be calculated analytica‘lly; we give a general

qualitative picture, which will be confirmed by the numerical data.

3.1 Simple Annealing (a)
After elimination of the temperature in (2.8), the locus of the trajectory in the (31, B2)-plane
is given by the equation

2 2
oo, ) = f - 1 =, (3.1)

which describes a parabola. As the temperature is positive, the (#1 > 0)-branch of this
parabola has to be considered, for Aeg >0, while the (81 <0)-branch is relevant for A.g <0.
Hence, at sufficiently low temperature, the chain will be always swollen, no matter how

strongly hydrophobic Aeg is (i.e. Aef < 0). We note here that the opposite result, i.e. even

18
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highly hydrophilic chains are compact at sufficiently low temperature, has been found by
Garel et al. [7] in the corresponding continuum model, due to improper consideration of the
incompressibility condition. This condition is automatically accounted for in the definition
of our lattice model.

The typical behaviour for a strongly hydrophobic chain (Aeg < —1) is as follows. At high
temperatures, it will be swollen for entropic reasons. Then with decreasing temperature,
it will undergo a 2nd order @-transition from swollen to collapsed. Finally, at even lower
temperature, it will undergo a 1st order collapsed to swollen transition. We present a
numerical evidence of this remarkable re-entrant behaviour in Figure 3.1: the crossings of
the various m-estimates of the thermal exponent are typical of @-point [15] and are just
around the value vy ~ 0.57, and the jump of the order parameter A, = (ZZ z;/N) provides
strong evidence for the first order transition from the compact to the swollen phase; the
value of the compact phase being Ay ~ 0, and in the swollen phase Ay ~ 2. We have
thus shown that considering 3-body interaction does not change the universality class of
the #-transition, as long as one is referring to the tri-critical line. Although not surprising,
this result is not trivial in two dimensions. A more interesting theoretical question concerns
the value of the thermal exponent in d = 2 at the multi-critical point, but the TM approach
employed here, is uneffective because of the limited strip width we are able to study.

We note here that we have considered the overall hydrophilicity Ag to be constant. The
chemical reactions that give rise to annealed hydrophilicities, however, may be temperature
dependent and may cause Ag to vary with temperature [28']. Nevertheless, the re-entrant

behavior is a quite robust feature: even when Ag diverges exponentially to —oco (A§ < 0)
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Figure 3.1: Mean number of monomer-solvent close contacts Ay, and thermal exponent vy, n—1 at
varying temperature, with strip width n from 2 to 6, in the case of unconstrained annealing with
Mo = —1 and A = 0.7. Evidence is provided for a second order swollen-to-compact §-transition (see
the crossings of different n-estimates of the thermal exponent around the §-value vy =~ 0.57), and
for a first order compact-to-swollen transition (see the abrupt jump of the order parameter Az ).
The thermal exponent strongly fluctuates at the first order transition due to the phenomenological

renormalization method employed for its calculation.
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with a rate a>0

Ao (B) = Agexp (af) , (3.2)

re-entrant behavior is still observed for @ not too big.

3.2 Fixing the Mean (a;)

After elimination of the temperature in (2.11), the locus of the trajectory in the (B1, B2)-

plane is given by the equation

Ga: (81, B2) = Br — V/2B2Aeqr + 20202(61,62) =0, (3.3)

which has to be combined with condition (2.12) (fixing the mean)

eff
A2(5) = A2(/617ﬂ2) = %[_8111 Zgﬁ(lﬁl’ﬁz) = %f <Z Zz'> (51”32) . 7 (3-4)

First, we show that equation (3.3) defines a unique trajectory 8i(f2). It is easy to
see that 8g,, /081 > 0, Y01, f2. Hence, we can apply the implicit function theorem, but
only if B2 < B7*, when g,,(f1, B2) is a continuous function of its arguments. For 85 > G377,
9a;(B1,52) (in particular Aj), is discontinuous on the coexistence line 3§°(f;). Since the
discontinuity is developed in the thermodynamic limit, and since 0g,,/081 > 0 for any
finite IV, the only possibility at coexistence is gsy = go, (81 | 55°(52),82) > Gc = Go, (51 T
55°(52), B2) (the chain is collapsed for f1 < f§°(82) and swollen otherwise). If gy, and g,
have the same sign, (3.3) is still uniquely satisfied far away from coexistence. Instead, if

gsw >0 and ¢g. <0, (3.3) can only be satisfied on the coexistence line. In this case, a fraction
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f. of the chain is collapsed and the remaining fraction 1 — f. is swollen, so that physical

mean values are mixtures of the pure phase values:

A2<IB) = fC Azyc(/@) + (1_f0) AZ,sw(ﬂ) . (35)

Thus, equation (3.3) becomes a condition on f:

fc gc+(l—fc) gswzo- (36)

We now prove that at zero temperature (82 — oo) the only way to satisfy (3.3) for the
chain, is to be at the coexistence line with f, = %, i.e. half collapsed and half swollen,

independently of the value of Aeg, as far it is kept fixed. For 81/a ~ By — o0, (3.3) becomes

a+ 203(c0)=0. (3.7)

As we have seen at the end of section 2.3, for @ > —2 the chain is swollen, and Ag s,(c0) = 2,
but (3.7) implies @ = —4 which is a contradiction. Similarly for a <-2, the chain is compact
and Ay .(00) = 0, implying a = 0. Hence, the only remaining possibility is a = -2, i.e.

coexistence of the swollen and the compact phase:

Ag(00) = felae+ (1= fo)Azow » (3.8)
where f. is the collapsed fraction of the chain at coexistence. Plugging this in (3.7), yields
fe = %, such that Ag(co) =1,

The phase separation already occurs at finite temperature, since condition (3.3) implies

that Ag(B1,52) is a continuous function along the trajectory, and since the only way to
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reach the value Ay(c0) = 1 continuously, is to move along the coexistence line.

All this, in combination with the numerical data, gives the following qualitative scenario
of what happens lowering the temperature:

e There exists a particular value A, <0 such that for Aeg = A, the trajectory passes
through the multi-critical point, and then follows’ the coexistence line.

e For A.g > A,,, the trajectory hits the coexistence line coming from the swollen phase,
and this will happen further away from the multi-critical point the larger Aeg — Ay, is. Then,
it follows the coexistence line, and the collapsed fraction (f;) of the chain steadily increases
to become :1?- at zero temperature.

e For A\ < A, the trajectory hits the coexistence line coming from the compact phase.
This means that the chain first collapses with a 2nd order #-transition, before the trajectory
hits the coexistence line. Then, it follows the coexistence line, and the collapsed fraction
(f:) of the chain steadily decreases to become % at zero temperature.

This qualitative scenario is confirmed by the numerical evidence shown in Figures 3.2
and 3.3. They respectively show the numerical results for the trajectory in the (81, f2)-

plane, and the variation of the order parameter Ag(oo) with temperature.

3.3 Fixing the Mean and the Variance (ay)

Using (2.17) and (2.16), we obtain A8 = (81 + 2A282)/Aesr = x > 0, and the locus of the

trajectory in the (f1,82) plane is given by the following equation

2
g@(ﬁlvﬁ?) = éx— L

ﬁ2—§\/%+x2 (As—A2) =0, (3.9)
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Figure 3.2: Mean number of monomer-solvent close contacts Ay, at varying temperature, with
strip width n from 2 to 5, in the fixed mean case. The behavior of the order parameter is the same
(swollen at high temperature and then f-transition to the collapsed phase) as in the annealed case
(see Figure 2.3) until coexistence starts at § ~ 1.7 and Ay, starts increasing slowly; the asymptotic
(8 — o) value is Ay = 1. The behavior of the thermal exponent is the same as in the annealed case
until coexistence starts. At coexistence the thermal exponent should be the same as in the swollen
phase, as far as a finite fraction of the chain is swollen, but due to limited numerical precision we

get higly fluctuating values.
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Figure 3.3: Trajectories in the (3;,02) plane for different values of Aeg in the fixed mean case, with

strip width n = 5. The transition line has been located at the crossing of two consecutive n-estimates

of Ay (see Figure 2.2).
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where Ay(3) is defined as in (3.4), and

A3(B) = A3(B1, B2) = Ji,mnzgﬂ(fl’ﬁ?) <}:z >(ﬁl,ﬁ2 (3.10)

The qualitative behaviour of the trajectories in the phase plane is very similar to that of
the previous section. The collapsed fraction f, of the chain, however, does depend on g
at zero temperature. In order to show this, we repeat the same argument as before. For

B1/a = By — oo, condition (3.9) simplifies to

at2 <A2(oo) e/ Ag(o0) - Ag(oo)> =0, (3.11)

which is the analogous of equation (3.7). For a>—2 the chain is swollen and Ag s5(c0) =
2, Az s(00) = 4, but (3.11) implies @ = —4 which is a contradiction. For a < -2 the chain
is collapsed, and Ag o(00) = Az (00) = 0 leads to a = 0. Again, we conclude that the chain
is at coexistence at zero temperature, but in this case using (3.8) and the analogous formula

for Az(c0), we get the following condition for the collapsed fraction f of the chain:

| A
A S | AL .
1+ A%

In Figure 3.4 the numerical results are shown for the variation of the order parameter A,

(3.12)

with temperature. The analogous of Figure 3.3 with the trajectories in the (81, 82)-plane
turns out to be indistinguishable from Figure 3.3 itself, and is therefore not shown.

The behaviour of the chain seems qualitatively unchanged adding the constraint on the
variance with respect to the fixed mean case. It can easily be verified that for Ao = 0

equations (3.3) and (3.9), defining the trajectories in the (81, B2)-plane, are equal, and they
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Figure 3.4: As in Figure 3.2, in the fixed mean and variance case. The asymptotic (8 — o) value

is Ay =~ 0.18 (see equation (3.12)).
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are qualitatively very similar for Ag # 0. If we compare the free energies (2.13) and (2.19),
however, taking the proper values of (y into account, we find that the constraint on the
variance is crucial for the low temperature behaviour of the free energy. In the fixed mean
case (like in the simple annealed case), the free energy diverges linearly to —oo with G,
whereas fixing also the variance yields a finite free energy. The divergence can easily be
understood. A fraction (all, in the simple annealed case) of the monomers want to be as
hydrophilic as possible and to maximize their solvent contacts, in order to minimize the
energy, while the other fraction has to be very hydrophobic to keep the mean finite. For
entropical reasons the fractions are exactly —% This is illustrated in Figure 3.5, where the

free energies are compared for the various cases for the same values of Ao and A.

3.4 Towards the Quenched Average

So far, we have only fixed overall moments of the type }_; AL 1€ IN. In this way, we do
not impose the A; to be independent variables. Or equivalently, even if we fix all the overall
moments, the ); still have the complete freedom to rearrange themselves along the chain.
Hence, we can assume that fixing both mean and variance may be a good approximation
for a hetero-polymer, whose hydrophobicities are fixed, but are allowed to migrate. In a
protein, however, not only the hydrophilicities, but also the positions along the chain are
fixed. This corresponds to the quenched case.

In order to get a reasonable approximation by means of annealed averages, one should also
ensure the independence of the ;. A first try might be to impose e.g. (30; Aidit1) /N =

AZ, but after performing the average, one discovers immediately that this would involve a
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Figure 3.5: Free energies f;,, fa, and fi,, of the three considered annealed cases, at varying tem-
perature, with the same e, and strip width n = 5. While f,, and f,, diverge linearly to —oo as

f — o0, fa, is constant in the same limit.
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coupling between all the z;, which, obviously, can not be done by the TM method. Instead

as a first approach, one could start with

<<exp(—% (Aj~f\o)Mjk(Ak—Ao)+Z Ajﬂ(Zj—ﬁ)—log(P({Ai}))>> ,

5k
27 sl 7 —
My = [T Rk g g
0 27 (3+dcos(q))

After performing the average, this results in the following expression (up to constants)

2 R R R N =
exp(%— 33 =M =) 208 (o5~ 5 o [543 ]) ,
ik J

~

- . d
Mjkl =3 6',k+'2‘(6j,k—1 +6j,k+1) . (3.14)

We have introduced the Lagrange multipliers h, 3 and d, which combined fix <Zj /\j> =
N g, <ZJ /\?> = N(A\2 + A%, and <Z]~>k /\ijk/\k> = A2 2>k Mk, which ensures the
independence of a linear combination of the A;. We expect that fixing the latter, may
already qualitatively describe the quenched case very well. The only reason we did not do
the numerics of this case, is of a purely practical nature. In order to calculate (> ziziv1),
we have to consider configurations on 3 colums instead of on 2. This increases the size
of the transfer matrix so drastically that we would have to limit ourselves to very narrow
strip widths. Furthermore, we have an extra self consistency equation (i.e. for d) to solve
numerically. All this makes it unfeasible (in terms of CPU time) for us at the moment, to
perform this calculation for a reasonable strip width (i.e. > 4).

Nevertheless, one may anticipate that some of the typical behaviour found for annealed

averages, should not be present for the quenched case. The re-entrant behaviour at interme-
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diate temperatures is due to the competition between the configurational entropy and the
energy on the one hand, and the entropy of the A; distribution on the o;cher hand. In the
quenched case, the entropy of the A; distribution is absent, and hence re-entrant behaviour,
if present at all, can not have its origin there. The phase separation (in low dimensions) is
due to the possibility for the monomers to rearrange and to form a hydrophobic compact
core. Since this is not possible for the quenched polymer, we do not expect macroscopic
phase separation in that case. Instead, microscopic phase separation seems to play an
important role for quenched sequences [9, 10]. However, one might expect the quenched
polymer to behave as an effective homo-polymer, where the groundstate is either swollen

or compact, depending on the value Ag.




4 Discussion and conclusions

We have studied a simple lattice model for a random hydrophobic-hydrophilic chain in
a solvent, with a Gaussian distribution for the hydrophilicities. We have considered the
case of annealed disorder, without constraints, and with constraints on the first and second
moments of the overall hydrophobicity.

We now discuss our results and compare them with the ones obtained by Garel et al. [7]
in the corresponding continuum model. The main result of [7] is the fact that the annealed
and quenched cases are very similar. They find that, at sufficiently low temperature, the
polymer is always collapsed, even for hydrophilic chains Ag > 0. Depending on the average

degree of hydrophobicity, the transition to the collapsed phase is either first or second order.

o For the simple annealed case (ag), we have shown that for any hydrophobicity Ao > 0
the chain is always swollen, while for any Ag < 0, the chain is swollen at sufficiently low
temperature. Using transfer matrix techniques, we have found that, for sufficiently negative
Ao, a temperature interval (77,7%) exists, where the chain is collapsed. Coming from the
high temperature region the chain undergoes a standard 2nd order §-point transition at Tz

(in the same universality class as homo-polymers [24]). Lowering the temperature further,

32
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the chain undergoes a 1st order (re-entrant) transition at 7 towards the swollen phase.
Hence, in the annealed case, we come to the opposite conclusion for the low temperature
behavior as predicted by Garel et al. [7]. Nevertheless, if one takes the incompressibility
of the monomer-solvent system properly into account (i.e. putting an upper bound on the
monomer density), it is possible to recover the same qualitative picture in the continuum
model of [7], too.

Apparently similar behavior, i.e. cold denaturation, is observed for a number of globular
proteins, such as myoglobin [29]: upon cooling the compact protein structure unfolds with
a release of heat, thus implying a 1st order transition. We stress, however, that this is
probably nothing more than a resemblance, as proteins are quenched amino acid sequences,

while we have found re-entrant behavior for annealed sequences.

e In the annealed case with fixing the mean (a;), we have found that, for any Aes,
there is coexistence of the swollen and the collapsed phase (phase separation) at sufficiently
low temperature, and the chain is exactly half collapsed and half swollen at 7" = 0. For
Aeff < Am, a temperature interval (74,7%) exists where the chain is collapsed. At T3 the
chain undergoes a 2nd order §-transition from the swollen phase, while at 77 a fraction of
the chain swells, and lowering the temperature, the swollen fraction steadily increases to
the T' = 0 value % For Aeg > A, a temperature T3 exists above which the chain is swollen.
At Ty a fraction of the chain collapses, and lowering the temperature, the collapsed fraction
of the chain increases steadily to the 7' = 0 value %

As already noted in section 2.2, the expressions for the quenched case of [7] are exactly
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the same as the ones we obtain for the continuum model in the case (a1). Using a one-
parameter Gaussian trial wave function for the monomer density, Garel et al. [7] find a
collapsed phase for any Mg at low temperature. Inspired by the observation that they in
fact describe the case (a1), and by the phase separation observed in our lattice model, we
tried a one-parameter trial function with a hydrophobic compact core (fraction f.) and
hydrophilic swollen tails (phase separation). In the low temperature limit, we reéover the
result f. = %, and obtain a free energy that is considerably lower than the one obtained
using the trial function of [7].

Note that the free energy diverges linearly to —oo for T — 0, as in the annealed case (see
Figure 3.5). The same kind of divergence appears in the quenched free energy computed in

[7], but the quenched free energy should not diverge at zero temperature.

o In the annealed case with fixed mean and variance (ag), we have found very‘ similar
results as for the case (a1). The main differences are that the collapsed fraction of the chain
at T = 0 depends on Aeg (3.12), and that the free energy does not diverge at ' = 0. We
repeated these calculations for the continuum model, and again we find that at T =0 the
phase separation trial function yields a finite groundstate energy lower than the one ob-
tained with a Gaussian trial function, and the collapsed fraction of the chain (f.) is found

to be exactly (3.12).

We conclude that, on the one hand we have good evidence that lattice and continuum

models exhibit the same qualitative behavior, if constrained annealing is considered. On the
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other hand, a good equilibrium description in the case of quenched disorder for this model
seems to be lacking at present, and carrying on the constrained annealing approximation
procedure (e.g. by fixing correlations between different hydrophilicities, as explained in

section 3.4) may be one way to address the problem of quenched disorder.
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