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Part 1

Introduction



The present thesis is devoted to the study of physical phenomena emerging from
strong correlations in strongly interacting quantum many-body systems with several
components. Hubbard models are widely used as minimal models which take into
account the interactions between particles and they have been studied in relation to
phenomena such as Mott localization, unconventional superconductivity, quantum
magnetism and many others. All of these striking phenomena share their origin from

the strong correlations among fermions induced by their mutual interactions.

Furthermore, condensed matter models are usually realized only in an approximate
fashion in actual solid-state systems, making the situation all the more puzzling and

hard to be treated analytically or numerically.

Therefore, a great effort has been performed to simulate Hubbard models in a system
of atoms cooled down to ultra low temperatures and trapped in optical lattices. The
most peculiar feature of cold atoms experiments consists in the possibility of tuning
relevant physical parameters of the systems, as the density or the interactions among
atoms, using laser and/or magnetic fields. This paved the way to the observation
of fundamental quantum states of matter as the weakly interacting Bose-Einstein
condensate, the superfluid to Mott insulator transition, the superfluid BEC-BCS
crossover, the Mott transition in systems of composite fermions and so on. Hence, it is
considered of great interest establishing connections between the quantum simulations

cold atomic toolbox and systems realized in solid-state physics.

This idea perfectly fits within the central aim of the thesis. Indeed, simulations of
SU(N)-symmetric Hubbard models achieved experimentally with a cold atomic gas
of ytterbium atoms (}**Yb) represents the main inspiration of the entire work. The
higher spin degeneracy is brought by the nature of the atomic collisions that will be
discussed extensively in the progress of this introductory part. Another experimental
success that embodies an additional source of inspiration consists in the realization of

artificial gauge fields exploiting light-matter interactions in cold atomic systems.

In this work, the interest of studying such symmetric models has not to be found in the
possibility of carrying out a large-N expansion, leading to a semiclassical description
of the model. Conversely, N > 2 is rather considered to be a finite integer number,
in order to establish a correspondence with solid-state physics, where the interplay
among the internal degrees of freedom of electrons (spin, orbital) are believed to play

a crucial role in many physical phenomena of interest.

In the progress of this introduction, a prelude about multi-orbital systems is given in



order to provide such a correspondence. Afterwards, the last achievements within cold
atomic experiments in optical lattices are reviewed. In particular, it will be shown
how the realization of the above mentioned SU(N)-symmetric Hubbard models is
experimentally achieved using alkaline-earth or alkaline-earth like atoms. Furthermore,
the actual experimental scheme for the realization of artificial gauge fields is also
explained in detail. Finally, a brief plan of the second part, containing the main results

of this work is presented.



CHAPTER 1

PRELUDE: MULTIORBITAL PHYSICS
IN SOLID STATE

In the last few years, the field of strongly correlated electron systems and exotic
superconductors has shifted the focus on multicomponent systems, in which more than
one orbital contributes to the low-energy electronic structure and/or more bands cross
the Fermi energy or lie very close to it [27]. This may lead to a variety of phenomena
which can not be described merely as a superposition of individual components, but
show distinctive phenomena which have just been started to be characterized and
understood. Among these systems can be actually counted a variety of transition-
metal oxides, like, e.g. rhutenates, iridates, vanadates and nickelates with the notable
exemption of the copper-based high-temperature superconductors, where a single
band crosses the Fermi level. A special role in this context is played by iron-based
superconductors and related compounds, where a distinctive multiband structure is
believed to be crucial for the superconducting pairing [19]. Finally, a multiorbital
electronic structure is crucial to give rise to strongly correlated electron-phonon driven

superconductivity in alkali-metal doped fullerides [14].

The motivation of the present thesis is the beginning of a cross-fertilization between
this evolving field and the world on ”quantum simulations” with cold atoms in optical

lattices. As explained in detail in the next section, also the field of cold-atoms is now



developing in the direction of multicomponent systems, which are here exemplified by
Ytterbium (*®YDb) atoms, which have two electrons in their outer shell and feature
a large nuclear spin as well as the possibility to populate also an excited electronic

configuration besides the ground state.

When a solid-state system has a multiorbital character, the interactions become
immediately richer. Even in the simplest tight-binding approximation where we
also assume that the Coulomb interaction is screened and it becomes effectively
local, it happens that the more familiar Hubbard repulsion which controls the charge
fluctuations on each atom is supplemented by a Hund’s exchange interaction, whose
main effect is essentially to make energetically favorable that two electrons on the
same atom occupy different orbitals with the same spin. This leads to another energy
scale, typically significantly smaller than the Hubbard repulsion, which however can
strongly influence the physics. Another crucial parameter is a local hybridization
between orbitals (essentially a local "hopping”) which also introduces a new energy

scale by splitting the degenerate levels.

A second direct consequence of the multiorbital nature of the electronic structure is
the possibility that some parameters differentiate the various orbitals. For example
one can have an orbital-dependent hopping or Coulomb interaction (if the rotational
invariant is broken), or a crystal-field splitting, which favors an uneven occupation of
the orbitals. All these effect promote different observables in the different orbitals,
a different which can be strongly enhanced by an increase of the overall Coulomb
interaction. A notable example is the so-called orbital-selective Mott transition, in
which by increasing the Coulomb interaction, one or more of the orbitals become Mott
localized for a weaker coupling than the others, leading to a window of parameter in

which part of the system is localized, while another part is still metallic.

The identification of the conditions for orbital-selective Mott transitions in diferent
simple models [23, 22, 41] has triggered also studies of actual materials which identified
an orbital-selective degree of correlation as a key organizing principle to understand
the properties of iron-based superconductors [21]. The latter compounds have been
indeed the ground where most of the current understanding of the peculiar properties
of multiorbital systems has been forged, including the role of the Hund’d coupling
[34] and the realization of a potentially new kind of correlated material which goes

under the name of a Hund’s metal and features anomalous responses [68, 33].

In this work we explore how some of this physics can be realized with multicomponent



cold-atom system. As mentioned before, ultracold gases of '™Yb are the ideal
playground to establish this connection. Indeed these systems allow to realize an
immense number of opportunities including an orbital degree of freedom, an internal
spin degree of freedom which can take up to six values (which may also been seen as a
discrete synthetic dimension), and which can feature artificial gauge fields mimicking

spin-orbit coupling as well as a tunable exchange term.

This thesis focuses mainly on some specific quantum systems which can be realized
with '™Yb atoms and in particular on the possibility of "flavor selective” physics
that generalizes somehow the orbital-selective physics discussed in solid state. The
minimal system has been addressed is indeed a three-component gas where only three
spin flavors are selected. It is discussed the possibility of selective localization of
the different flavors when artificial gauge fields are included. For this reason the
simple case of real fields is considered, which mimic an hybridization in solid state,
rather than the complex fields describing an artificial spin-orbit coupling. In this
regard a particular attention has been paid to the possible instabilities towards orbital-
selective phase transition and charge instabilities. The competition with magnetism
and the possibility of finite-temperature divergence of the response functions is also

addressed.

This work indeed only starts to scratch the surface of an incredibly rich world of
quantum simulations, leaving an incredible number of interesting physical situations

for future works.



CHAPTER 2

QUANTUM SIMULATIONS WITH
ULTRACOLD 73YB ATOMS

Quantum gases of atoms cooled down to ultracold temperatures provide a powerful
tool to manage quantum information and build quantum simulators of ideal condensed-
matter models which are only approximately realized in actual solid state systems.
The power of ultracold atom systems relies mainly in the ability to control and tune the
most relevant physical parameters, from the strength and the nature of the interactions
to the geometry and the statistics of the constituents. Therefore, the cold atoms
setup seems to embody the original idea of Feynman [25] for constructing physical
quantum emulators of systems or situations whose properties are hardly accessible to
numerical simulations. In many-body systems with strong inter-particle interactions
such a situation is rather the rule than the exception and one of the main directions
in the field of cold atoms is indeed the quantum simulations of strongly correlated

many-body systems|[8].

In particular, optical lattices allow for the quantum simulations of popular lattice
models, such as the Hubbard model (see below) and many others [24][32][31]. The
realization of an optical lattice exploits the fact that atoms subject to a laser field
experience an effective potential whose absolute value is proportional to the intensity

of the laser beam. This is due to the interaction of the induced dipole moment



of the atoms with laser light. If the frequency of the laser is below the atomic
resonance frequency, the atoms are attracted toward regions of high intensity'. Hence,
a periodic potential can be synthesized using standing waves with the appropriate
geometry tuned with an appropriate frequency. The case of a three dimensional optical
lattice is depicted in Fig.(2.1), where the periodic potential is given by V(z,y, z) =
Vo [cos?(k x) + cos?(ky) 4 cos®(k z)], where k = 2T, with A being the wavelength of the
laser. However, two and one-dimensional lattices as well as more involved geometries

can be easily realized .

Laser beam

4

Optical lattice

Ultracold gas

_

Figure 2.1: Schematic representation of an optical lattice in three dimension [24]. The
lattice is created by three mutually perpendicular laser standing waves. Interference
terms between two perpendicular beams can be avoided by choosing suitable polariza-
tions and frequency offsets for the standing waves. The atoms experience a periodic
attractive potential whose minima correspond to the intensity peaks of the standing
waves. The lattice spacing is given by A/2, where ) is the wavelength of the laser.

Furthermore, atom-light interaction can be exploited to simulate the effect of a gauge
field (the most notable example being the electromagnetic field) onto an electron.
Since the atoms are neutral, one has to resort to Artificial Gauge Fields (AGF)
[20]]29][64][17][50] which have been engineered in order to mimic static electric and

LA derivation of the effective potential experienced by an atom subject to a laser field is provided
in Appendix(C.1)
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Figure 2.2: (On the left) Molecular potentials as functions of the atomic separation
for two ground state °Li atoms with electrons in singlet and triplet states [18]. (On
the right) Sketch of potential energy curves for two different scattering channels. E,..,
refers to the bound state energy in the closed channel closed to Ey, that indicates the
threshold energy of the open channel [59].

magnetic fields, as well as Spin-Orbit Coupling (SOC)[63][37], whose intensities can

be tuned with lasers in a controlled manner.

As mentioned above, one of the fundamental features of cold atoms experiments
consists in the possibility to tune the interactions between atoms. For dilute gases
the interactions between atoms occur via two-body scattering processes governed by
interatomic potentials, while three-body scattering is usually neglected because of
the low density. Even when the interactions between atoms are strong, they occur
only when two atoms are very close to each other, i.e. the range of the interactions
is much lower than typical interatomic distances. Therefore, a great simplification
in treating cold atomic systems is given by replacing the full inter-atomic potential
with an effective one which depends only on the scattering length a, which can be
computed using scattering theory [61][59] starting from the full interatomic potential.
The effective potential can then be written as U(r) = (4wh*a/m) d(r), where m is the
mass of the atoms. Atomic collisions may occur within different channels that are
determined by the internal degrees of freedom of the atoms, as for instance the spin.
Different channels correspond to different interatomic potential curves. To understand
this, consider the specific case of alkali atoms that have one electron outside a closed
shell. When the two valence electrons relative to the two colliding atoms are in a
singlet state they can occupy the same orbital leading to covalent bonding. Conversely,

when the electronic spin configuration is symmetric, the spatial wave-function must be
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anti-symmetric with respect particle exchange, and therefore the reduction in energy
due to two electrons sharing the same orbital is absent. This is illustrated on the
left side of Fig.(2.2) that shows the interaction potentials for two °Li atoms in their
ground state when the two valence electrons are in the singlet and triplet spin states.
Both the potentials are repulsive for short distances and at greater separations they
are attractive. Nevertheless the minimum relative to the singlet state is much lower
than the triplet state. Each potential tends toward a constant when evaluated at large

distances that is often called threshold energy.

In real systems different channels are coupled with each other. This coupling is usually
weak, nevertheless becomes relevant if a bound state of one channel is very close to
the threshold energy of the other as depicted on the right side of Fig.(2.2). When
such a situation occurs, the scattering length relative to the open channel, i.e. the
channel with lower threshold energy, is dramatically affected and in particular has the

following behavior

C
E — Eres7

where C' is a constant, E' is the energy of the particles in the open channel and E,.; is

a (2.1)

the bound state energy relative to the closed channel, i.e. the channel with higher
threshold energy?. Therefore the scattering length diverges at the resonance and

changes its sign when E crosses E,.;.

This can be achieved by tuning the relative distance between the threshold energies
of the two channels, which in certain cases can accomplished using a magnetic field.
Such a phenomenon is called Feshbach resonance [18][59][39][54][36] and it is of course
of great interest, because it allows to tune the effective interactions among atoms

using an external parameter that can be easily controlled.

The use of Feshbach resonances combined with optical lattices allows to simulate

tight-binding models with tunable interactions between atoms which hop on the same

2Tt is worth to notice, that at low energies, i.e. when F is close to the threshold energy of the
open channel, there cannot be direct transitions from the open channel to the closed one. In fact, in
a scattering process at low energies, two particles that interact in the open channel must be at rest
at infinite distance. This cannot occur if there is a direct transition to the closed channel, because
the particles would be trapped in a finite region forever. Nevertheless second order virtual processes
are allowed, and two particles colliding in the open channel can scatter in an intermediate state in
the closed channel and after decay back to the open channel.

12



lattice site, realizing the celebrated Hubbard model [40][66]

H=—t Z CJ{;{UCR/J + UZTALRTTAlR¢ — ,U,ZTAle, (22)
(RR/),0 R Ro

where cg, is the destruction operator of a fermion with spin o on the site (minimum
of the optical latttice) R, ngr, = CRUCRU is the number operator, ¢ is the tunneling
amplitude between two neighboring minima and U is the tunable Hubbard on-site
repulsion which depends on the scattering amplitude. The model (2.2) assumes that
the fermions have spin 1/2 and they exist in a single band. This simple version of the
model is very popular in solid state both because it is arguably the simplest model
which shows the physics of strong correlations and the Mott-Hubbard transition, which
we describe in some details in the next chapter, and because the two-dimensional
version of this model is believed to be the basis of the theoretical understanding
of high-temperature superconductivity in copper oxides. This work, motivated and
inspired by multiorbital materials, focuses on multicomponent Hubbard models and

their realization with ultracold atoms.

In the progress of this chapter it will be given a brief overview of the main theoret-
ical and experimental facts concerning the simulation of multi-orbital and SU(N)-
symmetric Hubbard Models which can also feature artificial gauge fields. In particular
it will be discusses the case of atoms with two electrons in the outer shell, sharing
the external electronic configuration with alkaline-earth atoms. The most popular
example in the field is the quantum degenerate gas of Ytterbium (13Yb) atoms, which
has a nuclear spin I = 5/2 which is essentially decoupled from the electronic degrees
of freedom. As a consequence the scattering length does not depend on the nuclear
spin indices, so that the interaction have a full SU(N) symmetry, where N = 21 + 1
is the number of possible ”flavors” for the fermions, and reaches the value of 6 for
Ytterbium [31]. The experimental evidences relative to the exchange interactions
between two different atomic species and the possibility of tuning such an interaction
through Feshbach resonance will be also summarized [15][62][54][36]. Finally the
actual experimental scheme adopted for simulating AGF will be presented [17][50]

and the many body hamiltonian will be derived from the atomic one.
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2.1 Simulation of two-band and SU(N)-symmetric
Hubbard models with Ytterbium atoms

Atoms with two electrons in their outer shell, thereby sharing the configuration
of alkaline earths have two main features that make them suitable for many-body

simulations:

The first one is the presence of a long lived metastable state 3Py coupled to the ground
state 1S via a forbidden dipole transition. The second is based on the almost perfect
decoupling of the nuclear spin I from the electronic angular momentum J in these two
states, because they both have J = 0. This implies that scattering lengths involving
any of these states are independent of the nuclear spin, aside from the restrictions
imposed by fermionic antisymmetry. Therefore, the interaction of the system are
SU(N)-symmetric with N =21 + 1, where [ is the nuclear spin.

The second crucial property stems from the long lifetime of the metastable state 3P,
which gives to the possibility to prepare an interacting system with two different
species (corresponding to the two different electronic configurations) of atoms in an
optical lattice, which is the quantum simulator of a model with two orbitals per site

and two bands.

The two orbital are labeled as « = e, g, where |e) = [2F) (|g) = |'So)) corresponding
to one atom in the excited (ground) state. Hence, the collisions among atoms can
occur within four different channels that are labeled respectively ee, gg, eg™, eg™.
This last correspond to collisions between two atoms that are in triplet orbital states
(lee), lgg), |leg™)) or in the two particle anti-symmetric orbital state |eg~). These are
the only possible configurations, since the interactions are local and therefore the
spatial wave function is always symmetric (s-wave). These considerations together
with the facts that different channels are weakly coupled and the scattering length

does not depend on the spin indices lead to the following hamiltonian for the two

14



species of alkaline-earth atoms trapped in an optical potential:

H = Z/dxqﬁ (—%VQ—FVQ(X)) U, (x)

4 han [ dx (. = py )+ 22T [ g (x9p, (x)

+ Y Zgaa/dxpam ) Peam (%)

a m<m/

N geg+ Z / dx Wi (X)W, ()] (x)V,,,(x), (2.3)

where W] (x) is the Fermi field that creates one atom in x with orbital and spin

quantum numbers « and m satisfying the anticommutation relations:

{0 (%), Vg (v) }
{\Ilam (X)7 \I}ﬂm’ <Y) }

6(X - y) 5mm’ 604,3 )

{90, ()} =0 (2.4)

Pa(X) = D pam(X), With pam(x) = UI (x)¥,,.(x) being the density operator
relative to the fermionic species labeled by the m and « indices, V,(x) is the optical
periodic potential felt by atoms in the a-th orbital, hwy is the energy difference
between the ground and excited states of the atom. The spin quantum number
m = —1I, ... I denotes one of the 21 4+ 1 Zeeman level of the nucleus. The values g,q,
geg+ are the strength of the interactions relative to the four different collision channels
that are related to the scattering lengths through the relation gx = (47h?/m)ax,
where X = ee, gg, eg’, eg~. For a more detailed derivation of the interacting terms

appearing in the hamiltonian in eq.(2.3) see Appendix(A).

The Fermi field ¥, (x) can be represented in both Bloch and Wannier basis:

S S Unal®) charm  (Bloch)
Z Z Z WRAG(X) CRaAm (Wannier), (2.5)
R X m

<
Q
2
\a¥
I

<
e
S
x
I

where c}twm is the creation operator of a fermion on the lattice site R, with «,
m and A being the orbital, spin and lattice band indices respectively. This op-
erator is related to cLam via Fourier transformation on the lattice, i.e. cLa A =
% SR B *karm. {Yraa(x)} and {wra(x)} are respectively the set of the Bloch

and Wannier functions, that are related to each other through the following relation
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WRA(X) = % Dk € F R hrqa(x). In many cold atoms experiments, it is assumed that
only the lowest lattice band is populated, hence the subscript A will be dropped from
now on. Representing the Fermi fields in the Wannier basis, the second quantization

expression of the alkaline-earth atoms hamiltonian in eq.(2.3) reads:

[:[ - Z Z taRR’ C;{amcR’am + Z U;a NRa (nRa - 1) +V Z NReNRy
@ R

RR’ am

+ ‘/690 Z C;gmckem’CRgm/cRem (26)
R

where t{g = f dx wg,, (x) [— h;:: + Vi (x)} WRra(x) is the hopping integral, U,, =

Joa | dX Wi, (X) represent the onsite interactions relative to two electrons in the
same orbital. Vi, = (Ueg+ — Uey-)/2 and V' = (Ug+ + U,y-)/2 correspond to the
exchange and direct orbital interactions strengths that are given by the relations
Uegt = geg+ | dxw?(x)w}(x). ¢k is the creation operator relative to a fermion

on a lattice site R with orbital and spin quantum numbers a and m respectively,

_ |
NRa = Y, MRam: Where NRam = CRamCRam-

The hamiltonian in eq.(2.6) is symmetric under SU(N) unitary transformation of the
fields, that act on the spin indices, that is a direct consequence of the fact that the

scattering lengths relative to the four different channels do not depend on the spin

m
m/

that are defined by the commutation relations S}, SP] = 0,,4S% — 0,nS;", and that

can be represented using the second quantization operators as SJ, = > g cLam,cRam.

indices. Formally, the hamiltonian commutes with the Lie algebra generators

The alkaline earth atoms hamiltonian has an additional symmetry that derives from
the elasticity of the electronic collisions. To understand this one can define the SU(2)
pseudo-spin algebra as TW = > g > b (0")ap CRpm» Where o#="%% are the
Pauli matrices and verify that [H,T?] = 0.

2.2 Experimental evidences

An important consequence of the SU(N) symmetry is the conservation of S =
Y Rm MRm, i.e. the density relative to the the m-th spin index. Therefore atoms
with large nuclear momentum as ®Yb (I = 5/2) or ¥Sr (I = 9/2) can be used to
reproduce the dynamics of atoms with lower total momentum, choosing an initial

state with (S™) = 0 for some spin indices m. This paves the way for the possibility

16



of simulating SU(N) symmetric models with N < 27 + 1 using the same atoms [55]
[70].

Another distinctive feature of the hamiltonian in eq.(2.6) is the presence of the exchange
interaction proportional to V,,. This term is also present in multiorbital models in
solid state, where the exchange interactions are responsible of the first two Hund’s
rules. As we discussed in the first paragraph of this chapter, the Hund’s coupling has
been recently identified as the source of a variety of remarkable phenomea, ranging
from an Orbital Selective Mott Transition [41][67][23][22], where a Mott transition
occurs for electrons in certain orbitals and coherent excitations survive only for other
orbitals to anomalous metallic states. Furthermore, when this coupling is taken to
be negative, as it is effectively realized in superconducting alkali-doped fullerides, it

gives rise to unconventional superconductivity as shown for the case of the multi-band

Hubbard model [13][14].

Hence, a great effort has been performed experimentally and theoretically, in order to
confirm the SU(N)-symmetry of alkaline earth atoms collisions, to detect the exchange
interaction and to engineer a Feshbach resonance in the eg~ channel allowing for the
possibility of tuning the interaction strength V., [15][62][69][54][36].

In this introductory section it will be given a brief review of the main goals achieved

in the experiments reported in Refs.[15][54] taken as illustrative cases.

In particular in the experiment reported in Ref.[15] the exchange interaction has been
probed through a direct observation of inter-orbital spin oscillations. More in detail,
the experiment has been performed on quantum degenerate Fermi gases of 1™Yb in
a balanced mixture of two different states out of the I = 5/2 nuclear spin manifold
|m) = |[+5/2) = |1) and |m) = |—5/2) = |}) trapped in a deep 3D optical lattice. The
longlived |e) state was populated by exciting the 'Sy —3 Py clock transition. Given
the large lattice depth, tunneling of atoms between different lattice sites is negligible.
This amounts to set t* = 0 for every « in the hamiltonian in eq.(2.6), that within this
limit becomes a summation of local atomic hamiltonians. Assuming homogeneity in
the center of the trap and the experimental condition reported, the subspace of interest
is that one with n = 1 for each spin and orbital state. Therefore, the hamiltonian
within this subspace can be expressed as a 2 x 2 matrix whose eigenvectors are the

singlet and triplet states:

1

leg™) = —=(lgtel) Flglet), (2.7)

S

2
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with eigenvalues V' + V,,. Therefore if an initial state is prepared in the state
|(t =0)) = |g T el), at time ¢ the probability of finding a ground state atom in the
lg 1) state would is given by

Plla (0 = 5 |1+ cos (520 | (23)

Such an initial state could be obtained exploiting the action of a magnetic field that
couples the states |eg®). This is possible because of the orbital dependence of the
Landé factor, amounting in a different splitting between 1 and | in different orbitals

[9] as shown schematically in Fig.(2.3). Hence, in presence of a magnetic field B, the
e 1)

1
5e:
\J

Figure 2.3: Schematic representation of the different splitting between 1 and | states
in different orbital due to a non zero differential Landé factor 6 = d, — d,.

leg™) states are coupled and the hamiltonian in the {|eg™),|eg™)} basis reads:

V4V, AuB
p=( "7 H . (2.9)
A”B V- Vvex

Ap B = dunAmB is called differential Zeeman shift , where py is the nuclear
magneton, B is the magnetic field intensity, 6 = d. — J, is the differential Landé
factor and Am is the difference between the two quantum numbers m4, m;. The
eigenvalues of the matrix are V 4+ /V2 + A? and the eigenvectors labeled as |egL>,
|egH > are given by superpositions of the |eg™) states. These states correspond to
lgteld), lgde?) when Ap B > V. Therefore, the initial state [iy) = |g T e ]) can
be obtained, letting the system relax in its ground state using an intense magnetic

field. Hence, after quenching the magnetic field to zero, if V., # 0 the system evolves
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displaying the spin oscillations in Fig.(2.4).
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Figure 2.4: (On the top) Data relative to the spectral function of the atomic gas
obtained via laser spectroscopy, showing the population of the state ‘egL > (On the
bottom) Spin oscillations of the |g) atoms as a function of time after quenching the
magnetic field to zero.

Ref.[54] shows the experimental evidences of a Feshbach resonance occurring in the
scattering of two YD atoms in different nuclear and electronic states. First of all,
it is worth to notice that '"3Yb as well as the alkaline earth atoms cannot display a
magnetic Feshbach resonance, in its ground state since J = 0 and there is no splitting
of the Zeeman levels. Nevertheless, a resonance may occur within the eg™ channel,

exploiting the above mentioned property of alkaline atoms of having a non zero
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differential Landé factor. The scheme for obtaining such a orbital Feshbach resonance
was provided in Ref.[69]. Consider two '™Yb atoms in two different electronic (orbital)
states |e) and |g) ,and different nuclear spin states [1) and |]). When the atoms
are separated, interactions between them are negligible and the relevant two-body
eigenstates are |0) = |g T e ) and |¢) = |g | € 1) which are named open and closed
collisional channels, respectively as shown in Fig.(2.5). The energy separation between
the two channels is given by the differential Zeeman shift AyB. As the interatomic
distance decreases, the appropriate basis for the description of the scattering is given
by the orbital symmetric and antisymmetric states |eg®), which are associated with
two distinct molecular potentials, giving rise to two very different scattering lengths,
aeg+ and ae,-, respectively. The relative distance between the threshold energy relative
to these two different channel can be controlled using the magnetic field, allowing for

the Feshbach resonance mechanism described in the previous sections.

Experimentally a cloud of ™¥Yb atoms was confined in a cigar-shape optical trap. The
atomic gas was intially prepared in a balanced spin mixture of ground states atoms in
nuclear spin states my, m, whose difference is Am = my —m,. The population of the
excited metastable state was achieved through the clock transition 1Sy — 3P,. The
excitation was performed at high magnetic field intensity, in the way to clearly resolve
the Zeeman structure and excite only one spin state. In this way it was possible to
selectively access the open or the closed channel. Just before the trap was released,
the magnetic field was suddenly change to the desired value for probing the resonance.
Fig.(2.5) shows the evolution of the atomic cloud and the aspect ratio of the Fermi
gas after the trap was released as a function of the time of flight. The aspect ratio
is defined as the ratio R, /R, of the expanded atomic cloud size along y to the size
along x. In the case of a non-interacting Fermi gas, the expansion is ballistic and the
cloud tends to assume a spherical shape as a function of time. Therefore, the aspect
ratio of non-interacting Fermi gas would tend asymptotically to the unity. Instead,
atoms interacting in the eg™ channel displayed an inversion of the aspect ratio, that
is an hallmark of hydrodynamic expansion of a Fermi gas, which occurs in regime
of strong interactions. Fig.(2.6) shows the experimental data reporting the aspect
ratio measured at a large value of the time of flight (7 = 28 ms) as a function of the
rescaled magnetic field. The different marks refer to different combination of nuclear
spin states, showing that the Feshbach resonance does not depend on the particular
spin combination, another confirm of the SU(N) symmetric feature relative to the

interactions among alkaline earth atoms.
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2.3 An experimental scheme for simulating AGF

in cold atoms systems.

Exploiting light-matter interaction within the cold atoms context allows also for the
possibility of simulating artificial gauge fields (AGF). In this introduction will be
described a particular scheme, already realized in cold atoms experiment, for simulating

a three component fermionic gas pierced by a uniform magnetic field.

The realization of a synthetic uniform magnetic field can be obtained exploiting the
combination of a static uniform ”real” magnetic field along the z-axis B = Bye,
together with an electromagnetic field composed of two laser beams E(t) = E,, (t) +
E, (t). A practical scheme often used in experiments on AGF is that one of two
lasers, Raman beams, counter propagating along the z-axis of equal intensities and

crossed linear polarization, i.e. E, = Ee*r?e, E, = Ee *r%e,_ . This setup leads

W

to an effective Zeeman magnetic field:
Q =de, + Qr[sin(2krr)e, — cos(2krr)e,], (2.10)

that couples with the total angular momentum F = J +1, with J and I the total elec-
tronic and nuclear angular momentum respectively. Hence, the atom-light hamiltonian

reads:
Hy=Q-F=¢F + (131 ei%ne 4 e—”’fﬂ) /2, (2.11)

where F are the angular momentum ladder operators acting as
Ey|f,m) = N(f,m) | f,m + 1) where N(f,m) = /f(f +1) — m(m + 1), |f,m) are

the simultaneous eigenkets of F2 and £, with eigenvalues k2 f (f + 1) and Am respec-

tively. Therefore, the Raman beams couple the different hyperfine levels providing a
nearest neighbor hopping with open boundary condition (OBC) along the synthetic
direction given by the spin degree of freedom. The derivation of the effective Zeeman
field and all the details present in eqs.(2.10,2.11) that have been omitted are presented
in Appendix(C). Note that there is no need for the two Raman beams to be counter
propagating for obtaining the result in eq.(2.10). In the case of two Raman beams
forming an angle 6 with the z-axis as depicted in Fig.(2.7), the wave vector would

2 cos(

change into kg = v 9), where \g is the wavelength of the Raman beams.

As can be grasped from the Appendix(C), the derivation of the effective Zeeman field

is thought for alkali atoms as for example 8"Rb, nevertheless the f = 1 three level
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Figure 2.7: On the left, schematic representation of the experimental setup for
simulating AGF in a one dimensional optical lattice as proposed in ref.[17]. On the
right, physical level diagram for three-level total angular momentum f = 1, where
R2f(f + 1) are the eigenvalues of 2.

systems in Fig.(2.7) can be realized also by coupling three spin states of fermionic
13YDb [50]. In addition, periodic boundary condition (PBC) in the synthetic direction
can be created by coupling the m = £f states [17].

In an optical lattice, the atoms feel a periodic potential V(r + R) = V(r), the

many-body hamiltonian can be written as:

A A 2 2 A
H=>" / dx U (x) {— th S + V() Oy + My (%) | U (%), (2.12)

My = [N(f,m) 8 yr—1€¥7% + h.c.] Qg /2 where kg = (kg, 0,0), and U (x) is the
Fermi field. The second quantization expression of the kinetic term together with the
periodic potential, expressed using the Wannier basis reads Y gr/ > ., tRR’ ckmcR,m,

with trry = [ dx wi (%) [—% + V(X)] wr(X), is the hopping integral, and it is real

in the case of inversion symmetry of the band.

It is useful to use the Bloch representation for the term of the hamiltonian proportional

23



to QRI

Z 2. {/dxwkl X) Mo (X) 11, (X )} Oy Ciegmy + 11.C

kiks mima

- % 52 % Wt ([ i, 09 explir X030 ) i + e

kiks m

= ZZN f,m Ckmck+<pm 1 +he, (2.13)

where ¢ = 2ki. This form of the hamiltonian can be justified by manipulating the

integral in the positions:

[ xS exp iR~k k)] [ xRN (x) s (x)
R v

where v refers to the Wigner Seitz cell of the lattice, u(x) is the component of the
Bloch function that is periodic in the lattice, i.e. 1y (x) = e®*uy(x). The term in

eq.(2.13) can be expressed in the real space basis as following:
ZQ (f,m)exp(i - R) ch, crm_1 + hoc., (2.15)

where Q(f,m) = QrN(f,m)/2. In the cases where only nearest neighbor hopping
between lattice sites is considered, the final form of the many-body hamiltonian on

the lattice reads:

H=—t Z ZcRmcR, +ZQ f,m)exp(ig - R) k. cpm 1 +hc., (2.16)

(RR/) m

The hamiltonian in eq.(2.16) besides the usual hopping term in real space, it contains
also an hopping along the axis of the internal degrees of freedom, that is called
synthetic dimension. Furthermore, a fermion that hops in the synthetic dimension

acquires a phase, that depends on the lattice site.

In conclusion, exploiting light-matter interaction paves the way to the simulation of
AGF on lattice models. In particular, using the scheme with two Raman beams shown
in Fig.(2.7), it is possible to simulate a static magnetic field that couples the hyperfine

levels of the atom, with a finite magnetic flux given by ¢.

24



2.4 Final remarks and brief plan of the thesis

The aim of this introduction was to resume briefly the wide range of possible configu-
rations that can be achieved exploiting alkaline-earth and alkaline-earth like atoms
and their interactions with light. Furthermore, a particular attention was paid to the
parameters that can be controlled in the lab, mentioning some of the most recent goals
achieved experimentally. In particular, it was shown that a wide class of Hubbard
models can be simulated by the current state of the art of the cold-atomic experimental

toolbox.

In the progress of the thesis, the most generic case, that was introduced for completeness
will be not addressed. More specifically, the electronic (orbital) degree of freedom will
be neglected. Nevertheless, the enlarged spin degeneration brought to the tunable
number of fermionic species, together with the possibility of synthesizing gauge fields

will be taken into account.

In the next chapter, it will be introduced in a more formal way the Hubbard model in
its simplest configuration of two fermionic species in a single band, for introducing the
issue related to the Mott transition: a metal to insulator transition brought by the
strong interactions among fermions. For this purpose the concepts of Fermi Liquid
and Mott Insulator will be given in order to achieve a full comprehension of the
paramagnetic competing phases of the Hubbard-model. A systematic method for
studying such a model is represented by the Dynamical Mean Field Theory (DMET)
that also will be introduced in the next chapter, and its application to the single-band

Hubbard model will be reviewed.

In Chapt.(4), a generalization of the Mott transition in systems with an N-fold spin
degeneration will be given. In the first part, it will be addressed the case of half-filling,
that displays a Mott transition only when N = 2M. This is related to a fully symmetric
spin-1/2 system with M degenerate orbitals. The case of odd values of N away from
particle-hole symmetry also will be considered. In particular, the SU(3)-symmetric

Hubbard model will be studied as a representative of this situation.

The main topic of Chapt.(5) focuses on the study of the multi-component Hubbard
model in presence of artificial gauge fields. After an introductory discussion about
a wide class of models that can be studied using DMFT, the specific case of ¢ =0
is addressed. In particular, it is considered the case of an artificial gauge field

that acts as an hopping within the spin degree of freedom. This introduces the
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concept of a synthetic dimension relative to the internal degrees of freedom of atoms.
Furthermore, an analogy with multi-orbital systems that display different onsite
energies for different orbitals is discussed. More specifically, a three component
fermionic system is considered, in the case of a nearest neighbors hopping along the

synthetic dimension with both open and periodic boundary conditions.

The last chapter of the thesis is devoted to the quantum magnetism arising from Hub-
bard models. In the first part, the two component Hubbard model is treated solving the
DMFT equations generalized in oder to take into account long range antiferromagnetic
solutions. The system is studied away from the half-filled configuration and at finite
temperature. The second part focuses on the generalization of antiferromagnetism in
the case of a three component systems in a tripartite lattice. After a brief introduction
about the motivations for studying such a configuration, a mean-field analysis of the
SU(3)-symmetric Hubbard model in the triangular lattice is provided. The possibility

of treating such a system using DMFT is also discussed.

In the conclusions chapter the main results relative to the thesis will be briefly

summarized and highlighted.
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CHAPTER 3

THE HUBBARD MODEL AND
DYNAMICAL MEAN FIELD THEORY

3.1 Introduction

One of the earliest triumphs of the band theory of solids has been to put on firm
theoretical ground the distinction between metals and insulators. When electrons
experience a periodic potential (due to the ions in a solid), their single-particle
eigenvalues turn from the parabolic distortion of free electrons in vacuum into a series
of energy bands €y, separated by energy gaps. If the mutual interaction between
the particles is neglected, the many-body state can be simply built by progressively
populating the energy levels, each with two electrons with opposite spin. If the number
of electrons is such that a band is completely filled and the next one is empty, a gap
for single-particle excitations opens and the system is an insulator, while in the case
of a partially filled band, electrons can be excited with arbitrarily low energy and the

system is a metal.

As a consequence, in a metal the single-particle density of states

o(6) = 1 D 8le — ) (3.1)
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at the Fermi energy is finite, while in an insulator the Fermi energy lies in the middle
of the gap so that the density of states at that energy vanishes. One of the implications
is that a necessary, but not sufficient, condition to have an insulator is that the number

of electrons per atom is even.

All these simple results are however based on a single-particle picture, which is
challenged when the interactions between the electrons are not negligible or they can
not be described in terms of an effective single-particle potential. As matter of fact,
already in the early decades of quantum mechanics, a series of experimental evidences
has shown a clear and qualitative breakdown of this prediction. Indeed a number of
oxides with a partially filled band have been experimentally found insulating. Consider
for simplicity on the case where the valence band is half-filled, with one electron
per orbital, in most cases, at low temperature, the insulating behavior is indeed
accompanied by magnetic ordering with an antiferromagnetic pattern of the spins,

whose direction alternates in every spatial direction.

This kind of ordering, which obviously spontaneously breaks the spin rotational
symmetry, leads indeed to a doubling of the unit cell and doubles the number of
bands in the reduces Brillouin zone. Therefore one of the two sub-bands becomes
completely filled, while the other remains empty, leading to an effective band insulator.
A similar picture can be also obtained within a static mean-field treatment of the

interactions.

Yet, the magnetic symmetry breaking is not the end of the story in strongly correlated
materials such as, V,O3 [46]. Indeed when the temperature is increased, the antiferro-
magnetic insulator turns into another insulating state which restores the magnetic
symmetry and does not show signs of any alternative ordering. This insulating state
defies any description in terms of a band picture, which means that the single-particle
approximation breaks down calling for a fully non-perturbative treatment of the
Coulomb interaction. Mott was indeed the first to blame electron-electron interactions
for the breakdown of the band description and for the existence of interaction-driven
insulators, which are therefore called ” Mott insulators”, while the transition between
a metal and a Mott insulator as a function of any control parameter is called a ”Mott

transition”.

The simplest theoretical framework to study and understand Mott insulators and
Mott transition is the same Hubbard model we described in the previous chapter and

that can be realized with ultracold atoms in optical lattices. Of course this model is
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only a rough approximation of an actual material, but it is widely believed to contain
the important physics to describe a Mott transition and the wealth of phenomena

which stem from Mott physics.

The Hamiltonian is shown again here to make the manuscript more readable

H=—t Y  choep,+UD fmihr, — )  fin,, (3.2)

(RR/),0 R Ro
where cg, is the destruction operator of a fermion with spin o on the site R, ng, =
C}{UCR(7 is the number operator, t is the hopping amplitude, U the Hubbard on site
repulsion and g is the chemical potential. The parameters ¢ and U can be expressed

in terms of the electronic orbitals as following:

t = / dx wr(x) [—hQV—Q + V(x)} wry (X)

2m

U o= / dxdy U(x — y) wh (x)wh (y), (3.3)

where V(x + R) = V(x) is the periodic potential that define the lattice, R, R’ are
two nearest neighbor sites of the lattice, U(x — y) is the interaction term, and wg(x)
are the Wannier orbitals [3]. As mentioned above, the derivation of the model implies
a number of approximations, from the neglect of multiorbital effects and related
interactions to the absence of the lattice degrees of freedom and their coupling with

the fermions and disorder effects.

In the case of a half-filled lattice (one fermion per lattice site), the model indeed
describes rather naturally a metal in the non-interacting limit, where band theory
holds, while in the opposite limit of vanishing hopping ¢ (atomic limit) the energy
is obviously minimized by placing one fermion per site. These fermions are indeed

completely localized and describe the prototype of a Mott insulating state.

Despite the huge simplifications and the formal simplicity, the Hubbard model proved
extremely resistent to theoretical investigations and exact solutions are known only in
one dimension thanks to the Bethe ansatz [45], and in the limit of infinite dimension
thanks to the Dynamical Mean-Field Theory [28], as it will be discussed in some more
detials at the end of this chapter.

The reason why the Hubbard model is so hard to solve lies in the direct competition

between two terms which tend to have opposite effects, and they are diagonal in two
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conflicting representations. The hopping term, which gives rise to a kinetic energy for
the lattice fermions, promotes delocalized metallic states and it can be diagonalizaed
in momentum space, while the local interacting term tends to “freeze” the motion of
the electrons and it is diagonal in real space. As it will be discussed in the following,
this leads to a metallic solution in weak-coupling and to an insulating solution for
strong coupling (and a half-filled shell). It is natural to expect a metal-insulator
transition separting the two limiting cases, but it is not equally simple to obtain a
reliable theoretical description of it. In the following the present discussion is expanded,

highlighting some of the main properties of metallic and insulating solutions.

When the local interaction strength is nonzero and U < t the system is expected to
stay in a metallic phase and its low energy properties are well captured by the Fermi
Liquid (FL) theory [60][7], that applies to systems whose spectrum of elementary
excitations is similar to that one of a free Fermi gas. More precisely, within FL theory
it is assumed a one to one correspondence between the states of a free Fermi gas
and those of the interacting system. In other words, by switching on the interaction
adiabatically, an eigenstate of the interacting system is obtained starting from an
eigenstate of the non interacting system. This assumption does not hold in general,
and in particular fails when bound states appear when the interaction is turned
on. For example, a superconductor is not related in a direct way to the free Fermi
gas, but rather to a coherent superposition of a large number of states of the non
interacting system [7]. Nevertheless, FL theory succeeds to explain strong correlated
metals, where the interactions ar responsible for mass enhancement as in the case
of V203[38]. One of the basics of FL theory is the concept of quasi-particle. The
equilibrium distribution of the non-interacting system is given by the Fermi-Dirac
distribution function, therefore the number of particles of the ground-state are fixed
by the chemical potential, in a grand-canonical picture. An elementary excitation of
the system consists of adding one particle (hole) with momentum p outside (inside) of
the Fermi surface. If interactions are adiabatically turned on, it is possible to obtain
an elementary excitation of the interacting system of momentum p, since momentum
is conserved during collisions. Once the interaction is completely turned on, the
added particle moves in an effective medium that is given by the surrounding particle
distortion brought about the interactions. The particle is said to be dressed with a
self-energy cloud, and the dressed particle is called quasiparticle. On the other hand,
since quasi-particles undergo real collisions which leads to damping, any definition of

elementary excitation is somewhat imprecise. Fortunately, close enough to the Fermi
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Surface (FS), the life time of the quasi-particles becomes sufficiently long, and in pure
system and at T = 0 it goes as the inverse square of the energy separation from the
F'S [60]. Therefore, FL theory states that close enough to the FS, it is possible to
define coherent elementary excitations in a similar way that naturally happens in the

non-interacting case.

A microscopic justification of FL can be obtained starting from the Hubbard model

and studying the Green’s function that is defined as:

Gir—7,R-R)=-T, <CRU(T)CL,U(T')> , (3.4)

H

where translational and spin symmetry is assumed, and cg, (1) = e™cg, e is the

imaginary time evolution of the destruction operator.

In the non-interacting case, the model in eq.(2.2) reduces to a tight binding hamiltonian,
that can be diagonalized by a Fourier transformation of the fields. Hence, at U = 0, the
particles excitations are well described in momentum space by the energy dispersion
€x and by the Fermi-Dirac distribution function. In this case the Fourier transform of

the Green’s function is defined by

1
W, K) = ——F, 3.5
G ) = (35)
where & = e — p, 1w, = %(271 + 1) are the fermionic Matsubara frequencies with
f =1/T. In general, the Green’s function in eq.(3.5), can be evaluated for a generic

complex frequency, i.e. G(z,k) = (z — &), it has a pole in Z = & and:
ImG(w +i0") = Fro(w — &). (3.6)

From equations (3.6,3.1), it is clear how the DOS is related to the imaginary part of

the non-interacting Green’s function.

In the interacting case reads, the interacting Green’s function can be obtained using

the Dyson equation:
1

2 — & — X(2,k)’

G(z,k) = (3.7)

where 3(z,k) is the self energy of the interacting quasi-particles [11][52]. At weak
coupling, perturbation theory assures that Appendix():

Im¥(w +i0%, k) x w?  when w ~ 0. (3.8)
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Therefore, in the weak coupling regime and for low energies, the green’s function can

be approximated as following:

1
w — & — ReX(w +i01, k)’

G(w + 0%, k) ~ (3.9)

The denominator of eq.(3.9) has a simple pole in z = &, i.e. the self-energy is an

analytic function in the complex plane, the residue of G(z, k) can be calculated:

) ) . (3.10)
2=k

To be consistent with the previous approximation on the imaginary part of the self

Zy = lim (2 — &) G(z,k) = (1 _ ORex
Z—>§~k 0z

energy in eq.(3.8), the pole of the Green’s function must be close to the FS, i.e.
&k ~ 0.

Therefore close the the Fermi-surface, the Green’s function can be approximated by
the first term of its power expansion around the simple pole in z = &, namely
Zx

G(z,k) ~ A when z ~ 0. (3.11)
— &k

This result obtained using many-body physics considerations, confirms what FL theory
states, that for weak coupling, the system is expected to have coherent excitations
close enough to the Fermi-surface. In general, as long as the condition in eq.(3.9) is
fulfilled close to the FS, the Green’s function can always be written as

Gz k) = —2% + Gine(2,K) (3.12)

z— &k

where the second term on the RHS, is a reminder that takes into account the incoherent
single-particle excitations, away from the Fermi surface. When this description is
valid, the system is said to be in a FL state, where coherent excitations are defined

close to the Fermi Surface.

If 3(z,k) does not depend on k, Zy = Z gives the ratio between the free-electrons

and the interacting electron masses, i.e.:
Z =m/m". (3.13)

This result leads to the more physical interpretation of the FL, where the motion of a
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quasi-particle with an energy very close to the F'S can be approximated as the motion

of a free electron but with an effective mass given by eq.(3.13).

Another feature of the FL state is that the Luttinger theorem holds [48]. In the case
of a k-independent self-energy the theorem reads [28]:

n= Z /_D de g(€) 0(—e + p — ReX(i0™)). (3.14)

In other words the density of the interacting system is the same of a non-interacting

system whose chemical potential is i = u — ReX(i07).

Another important properties is that the imaginary part the of Green’s function
calculated at fi is independent on the interactions and matches its non-interacting

value, called the pinning value:
1 o N
——ImG(i0™) = g(f1). (3.15)
T

This last property of the FL is easy to show, once it is assumed that Im¥(w+i0") oc w?,
in fact, in the case of a k-independent self-energy :
D
mG(i0") = lim [ deg(e) L
n—=0+ J_p —e+ p— X(i0F) 4+ in
7r§(—e+;i:2(i0+))

- D ) n
= — /_D de g(e) [nlg(% (e + i1 — S(i0M)2 + 12
A (3.16)

On the other hand, when U/t > 1, the system is better described in real space, rather
than in momentum space. At ¢t = 0, the single band Hubbard model of N degenerate

species of fermions o« = 1, ..., N becomes a sum of disconnected single site models:

H= UZZnRanRa/ — ,LLZTLRQ == ZhR, (317)
R Ra R

a<f
where hg = ) 5 MRaMRa’ — [IMRa-

Since the full hamiltonian can be written as the sum of many local hamiltonians, the
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Figure 3.1: The average density calculated in the atomic limit as a function of the
chemical potential at § = 10, for different spin degeneracies N = 2, 3, 4.

partition function of the system is given by the product of the local partition functions.
Therefore, it is enough to analyze the local partition function at a generic site. The

local hamiltonian can be written in terms of the total density n =) n, :
U U
h=—n?— (u + —) . (3.18)

Consequently the partition function reads:

Z =) p(n)e ", (3.19)

N
where n are the eigenvalues of 1, p(n) = takes into account of the degeneracy
n

of the sector at fixed density. The total density average value is given by the following
relation: | oz

(n) = _B_Zé)_,u (3.20)
In Fig.(3.1) it is shown the behavior of (n) as a function of yu, for different values
of 8. It is clear that the system is in a insulating state at integer filling, since its
compressibility vanishes in proximity of the density plateaus. In fact, the density

remains fixed until the chemical potential fills the energy gap of the spectral function.

In order to grasp the deep difference between this insulating state and the FL-state

mentioned above, it is worth to study the Green’s function in the limit of strong
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interactions. The Fourier transform of the Green’s function, at 7' = 0, can be expressed

via Lehmann representation:

p h

[(n] f [0)]" [(n] o |0)]?
Goliwy) = , , 3.21
(i ICZ; ion t Bo— B iyt By — B (3:21)

where {|0)} is the many-body ground state manifold and K its cardinality, Ey — E,
is the energy difference between the ground state and the n-th excited state. The
subscripts p and h label respectively the particle and hole contributions to the single
particle propagator, connecting the ground state, that belong to the subspace with a

total number of fermions M to the subspaces with total number of fermions M +1.

Therefore, in the case of N = 2, with y = %, that correspond to (n) = 1 the green’s

function reads

1 1 1 1
Goliwy,) = = + = . 3.22
(iton) 2 (i(mﬁ—% iwn—%> iwn—%% (322)

It is worth to notice that the self-energy of the system X (iw,,) o< 1/iw,, it is non-analytic
at the origin of the complex plane and diverges. Furthermore the spectral function

that is given by the formula:
1 .
Alw) = —%ImG(w +1i0%), (3.23)

has the form of two delta functions centered respectively in +U /2, with no spectral
weight at the Fermi energy. When U > t, but U is not infinite, the hopping term
broadens the two Dirac deltas yielding the so called Hubbard bands, that correspond
to incoherent high energy excitations and the system is said to be in a Mott Insulator
(MI) state.

In summary, in this introduction the main differences between the FL and MI states
were pointed out. More specifically, it has been stated that the MI state cannot be
obtained using perturbation theory since its self-energy it is not an analytic function
at half filling.

In the next section will be presented the Dynamical Mean-Field Theory (DMFT), a
powerful non-perturbative method that therefore provides a tool to study the evolution

between the two limiting cases as a function of the ration U/t.
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3.2 Dynamical Mean-Field Theory

DMFT is emerging in the few last decades as one of the reference method to treat
strongly correlated systems. The main idea behind this method is to extend the mean-
field concept, in which every position in the lattice is equivalent for the description
of the physics, to a quantum domain. From a more formal point of view, DMFT is
based on the construction of a local effective theory starting from a lattice model. The
equivalence between the lattice model and the effective local theory is then enforce
requiring that a dynamical observable, the single-particle Green’s function computed
in the local theory coincides with the local component of the lattice Green’s function
in the DMFT approximation. This is clearly a generalization of the static mean-field,
where a static observable (e.g., the magnetization in a Ising model) is replaced by a

dynamical (frequency dependent observable).

More specifically, in the case of the Hubbard model the effective theory is defined by
the effective action (which it is written in imaginary time, but the same equations can

be derived for real-time observables):
Seff = Z // dr dt' ¥e (1) G HT — 7/) b () + U/dT ny(T)n (1), (3.24)

where 1),, 1, are grassman variables, 7 is the imaginary time. G~! is the so-called
dynamical Weiss field which includes the effect of the rest of the lattice on the site that
has been selected to build the local theory. The crucial approximation with respect
to an exact treatment is that all the higher-order propagators have been neglected
and the rest of the lattice acts like an effective bath which has to be determined self

consistently as will be discussed later.

It is worth to notice that despite the approach neglects by construction any spatial
fluctuation, nevertheless, since G~! depends on time, the quantum dynamical fluctu-
ations are fully taken into account without further approximations. Within DMFT
the self-energy of the effective local theory, which is constructed as a site-independent

quantity, plays the role of the lattice self-energy, namely:
Yk, iw,) = X(iwy,), (3.25)

where w, = (2n 4 1)7/f are the fermionic Matsubara frequencies.

Therefore, the main assumption made in DMFT consists in assuming a local form
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of the self-energy that is a function of the frequencies only. Although this is a very
strong assumption, nevertheless it is exact (in any space dimensions) both in the
non-interacting and in the opposite atomic limit, and it allows for a faithful and rich
description for both the Fermi liquid and Mott insulator phases with no bias in favor
of one or the other. Furthermore, it gives the possibility of establish whether the
system is in a Fermi liquid or in a Mott insulating state by studying the analytical
properties of the self-energy and two study many relevant dynamical observables, as

opposed to many other theoretical approaches.

3.2.1 Effective action and DMFT equations

In this section will be reviewed the basic derivation of DMFT using the cavity method.
The partition function of the Hubbard model can be expressed in the path integral

formulation as following:
Z = /HDIERUD ¢Ra exp (_S [@Zﬂvﬂ) ) (326)
Ro

where the Hubbard model action reads:

S[00] = [dr S dra(r) 0 - 1) frw ~ thw] Vi (1)

RR/c

+ U / dr Y ngi(r)nr (1), (3.27)

where YRy, ¥R, are grassmannian variables, tgr/ is hopping matrix, that is non zero

only if R and R’ are nearest neighbors. The effective action in eq.(3.24) is defined as

exp (—Seff['(z}m wa]) = % / H D"LRUD@Z)RJ exXp <_S[@E> %ﬂ) ’ (328)
R+#0,0

Zefy
where all the fermions are integrated out except for ¢, = 1yr—g,. It is worth to
notice that the knowledge of Scsf allows for the calculations of all the local correlation
functions relative to the original Hubbard model. This observation is valid for any
number of dimensions. In order to proceed with the evaluation of the formal expression

of S.sf, it is useful to split the full lattice action into three part: S = So + S© + AS,
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where S0 is the lattice action in presence of the ”cavity” in R = 0, and
So = [ dr Y dulr)(0, = w)un(r) + Un(r) ma(o)

88 =~ [dr Y ton [ina(r) talr) 4 Ga(P)ima(D)]- - (320)

Here, ng = tor ¥ can be consider as the source coupled to the field 1r,, and it can

be defined the following functional:

W[&a ¥, 1,m = In [<eXp (/ dr ZﬁRU(T) YRo(T) + &RU(T) URU(T)> > ] )
Ro S(0)

(3.30)
where the average value over the cavity action S° of a generic operator O is defined
as (O) g0 = % / HR¢0,J DyroDYrs [exp (_S(O)) O}-

The functional in eq.(3.30) is the generating functional of the connected Green’s
function of system in presence of the cavity, that can be computed via its functional

derivatives as:

6" W [17, 1]
671(evr)...07 () on(at)...om(ag,) | ’

7=0,n=0

GOy, ...,anlal, ...;al) =

(3.31)

where «; = (1, R;) is a composite index including imaginary time and position [52].

Therefore the effective action in eq.(3.28) can be expressed in the following way:
Sefy = So + W + const. (3.32)

Hence, Scfy may be expanded in powers of the sources nr, using the relation in
eq.(3.30)

Serr=So+ Y Y iar).qjan) n(ad)..n(a,) GOar, .. anlal, .. ). (3.33)

n ai..al

where the notation of 3, — [dr ) g was adopted for the summation over the
compact indices and the irrelevant constant factor was dropped. Now it can be
exploited the limit of large coordination number. In fact, in this limit dimension
the hopping terms must be rescaled to tgry — d R-RI/2 tRr/» Where d is the
dimensionality of the system and ||.|| is the Manhattan norm between two lattice sites.

The n-th order of the expansion scales as d" 2 [28], so that only n = 2 survives in the
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limit d — oo. Within this great simplification the effective action in infinite dimension

reads as in eq.(3.24), where the Weiss field G~ is given by the Fourier transform of

G (iwn) = iwn + 1 — Y tor tor Gieg (iwn)- (3.34)

RR/

This last expression is very important because it relates the Weiss field to the Green’s
function of the Hubbard model with one site removed. In order to obtain a closed
set of equations one still needs to relate the Weiss field to the original lattice Green’s
function. In this case the limit of infinite dimension is very useful again, nevertheless
this relation remains still complicated for a generic lattice. In the particular case
of the Bethe lattice that corresponds to a Cayley tree with an infinite coordination
number, the relation is easily obtained. In fact in this case, the summation in eq.(3.34)
is restricted to R = R/, since neighbors of 0 are totally disconnected once the cavity
has been introduced. Furthermore, one can exploit translational invariance symmetry
that imposes G(O%{ = Grr = Goo = G, where G(iw,) corresponds to the Green’s
function of the effectlve local hamiltonian, nameley: G(iw,,) fo dr e“r"G(1), with
G(r —7) == (Y(r) (7’ >Seff . The summation in eq.(3.34) becomes

1
—_——
G(iwy) ZtOR_tQ (1wy) (d Z)—t2 iwn), (3.35)
R

where n.n. indicates the summation over the sites R that are nearest neighbors of
the cavity, t is the rescaled hopping. Therefore, the DMFT equations in the case of

infinite dimension and for a Bethe lattice read

G iwn) = iwy, + p— t2Gliwy)

G(r=7) = —(Ualme(r))s . - (3.36)
It is worth to notice that since G is the local Green’s function of the Hubbard model
it can be calculated using the local effective action defined in eq.(3.28).

For a generic lattice with an energy dispersion €, whose non-interacting density of

states is g(¢€), the DMFT equations can be expressed in the following way:

oy 1 _ g(€)
Gliwn) = ; ion + pt— e — Siwn) /d6 ion + 1 — € — S(iy)

Sliw,) = G iwy) — G (iwy), (3.37)
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where X(iw,) is the self-energy of the effective action. This equations couples the local
Green’s function of the lattice model obtained through a summation over k to the
Weiss field of the effective action. These equations are exact in the limit of infinite
dimension. In the case of finite dimensionality, the DMFT can be solved in the same
way, nevertheless their solutions constitute an approximation of the real model. In
general, when d is finite the self-energy depends on k, while in d = oo it does not.
Therefore, the main approximation brought by a DMFT scheme is to assume that
Y (iwn, k) ~ X(iw,), that is good for high dimensionality and it becomes less reliable at
low dimensions. Nevertheless, it is worth to notice that when such an assumption has
been done, one has full access to all non-local quantities that can be calculated through
the self-energy. The most straightforward example of that is represented by the Green’s

function evaluated in k space, i.e. G(iwy,, k) = (iw, + p — ex — B(iw,)) "

3.2.2 Solving the effective local theory

Once the DMFT equations have been set up, one still needs a method to solve the
interacting effective action in eq.(3.24), in order to compute the Green’s function (or
equivalently the self-energy) starting from a generic form of the Weiss field. Then
one has to obtain a Weiss field such that the corresponding Green’s function of the
effective local theory satisfies the self-consistency condition 3.37. This is customarily
realized by iterative solution of the effective theory: starting from a guess for the
Weiss field, the new Green’s function is computed from the AIM and then used to
produce a new Weiss field. The process is repeated until the old and the new Weiss

fields coincide within a given accuracy.

For this reason, and also to obtain a better physical insight, it is very useful to represent
the effective action in eq.(3.24) in a Hamiltonian form. The Anderson Impurity Model
(AIM) introduces by P.W. Anderson [2] to study localized magnetic states in metal,
constitutes a natural choice for this purpose. In particular, this model describes a
bath of non-interacting fermions coupled via hybridization terms to a local interacting

impurity. The hamiltonian of the AIM reads:

Hapg =Y €todjydyy + Y Viedl,c, +hoc+ Unpny — > g, (3.38)
lo Lo o

where ¢! is the creation operator of a fermion on the impurity, n, = clc,, dgo is the

creation operator of a fermion of the the non-interacting bath. The parameters €/,, Vi,
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represent the energy levels of the bath and the hybridization amplitudes respectively
and they are often called Anderson parameters. One can easily show by integrating
out the bath degrees of freedom that this model indeed represents the effective action

in eq.(3.24), and that in this representation the Weiss field assumes the following form:

G (iwy) = iwy, + g — Z Weol” (3.39)

an - EZU

that corresponds to the inverse of the Green’s function of the AIM at U = 0 (which
has nothing to do with the non-interacting local component of the lattice Green’s

funtion). Hence the Anderson parameters determines the effective local theory.

Several methods have been proposed and used to study the AIM in the context
of DMFT, which go under the collective name of ”impurity solvers”. Among the
most powerful numerical methods, are mentioned the Continuous-Time Quantum
Monte Carlo, the Numerical Renormalization Group and the Exact Diagonalization.
Approximate analyical tools like different kinds of perturbation theory, slave-bosons

and similar methods have been employed to reach a better analytical insight.

Here it will be presented in some detail the exact diagonalization algorithm that has
been implemented by the author of this thesis. In order to use any exact diagonalization
method the size of the Hilbert space must be finite and sufficiently small to be handled.
For this purpose it is necessary to truncate the infinite series in eq.(3.39) to a finite
number N, that physically translates into an AIM with a finite number of discrete
energy levels in the bath. The cycle is initialized with a first choice of the Anderson
parameters. After, the system is diagonalized and the spectral properties, i.e. the
Green’s function and the self-energy are calculated using the Lanczos technique. The
self-consistence equation is used to compute the new Weiss field G,} . At this point

it is necessary to infer from G- ! the new set of Anderson parameters through the

new

minimization of the following function:

1/p
X ({Vio } {Eéa} (Zf iWn )| Gnew (1wn) — Gs (iwn; {V&r}a{eéa}ﬂp) , (3.40)

iwn,

where
\2

n_eé

G, (iwn; {(Vio}, {€to}) = i + 11 — Z = (3.41)

and f(iw,) is a positive weight. The function y represents a norm between two
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functions of the Matsubara frequencies and it is not univocally defined, therefore
the expression in eq.(3.40) constitutes just a possible choice. Once the new set of
Anderson parameters is obtained a new iteration of the DMFT cycle starts and the

loop closes when the convergence of the Weiss field is achieved.

3.3 Mott Transition at half filling.

The spectral weight at the fermi energy A(w = 0) establishes whether the system is an
insulator or not. Nevertheless, this quantity can assume only two values: A(0) = ¢(0),
where g(e) is the DOS, in the FL, as stated in eq.(3.16), and A(0) = 0 in the

insulator.

Therefore, it does not give any quantitative information about the correlations of
the metal close to the MIT. Hence, other important quantities to study are the
quasi-particle residue, the self-energy of the system as well as the whole spectral
function A(w), that contains also the high energy incoherent contributions introduced
in eq.(3.12).

The DMFT equations in eq.(3.37) admit both metallic and insulating solutions. The
latter exist when U > U,.;, while the metallic solution exists when U < U.. Numerical
and analytical evidences [28] show that U, < U, hence when U,y < U < Uy
the metallic and insulating solutions coexist, and a first order phase transition is
expected at U = U,, when the free energies relative to the two different solutions cross.
Nevertheless, it is easy to show analytically that, at 7" = 0, U. = U, and in this

specific case the MIT is a second order phase transition [51].

In Fig.(3.2) the spectral density A(w) is shown for several values of U. This result has
obtained using IPT method for solving the AIM [28][71]. For small U, the spectral
function is similar to the non-interacting density of states, while for larger values of U,
a narrow quasiparticle peak is formed at the Fermi level of width ZD and weight Z.
At U/D = 3, the spectral weight at high energy (Hubbard Bands) is well separated
from the quasi-particle peak that shrinks at fixed height. At U/D = 4 there is no
spectral weight at the F'S and the system is a MIL.

Fig.(3.3) shows the quasi-particle weight as a function of the interaction strength
and the imaginary part of the Green’s function evaluated on the imaginary axis for

different values of U, obtained using ED calculations with Ny = 6. The imaginary part
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Figure 3.2: Sectral density at T' = 0, for several values of U, obtained by the iterated
perturbation theory approximation. The first four curves (from top to bottom,
U/D =1,2,2.5,3) correspond to an increasingly correlated metal, while the bottom
one (U/D = 4) is an insulator.

of the Green’s function tends to the pinning value as long as the system is in a FL
state, i.e. InG(i07) = —2/D in the case of a semicircular DOS g(e) = 2+/D? — €2
On the other hand, when the system is in an insulating state ImG(iw,,) x w,, as in
the atomic limit. It is worth to notice also, the differences between the correlated
metal close to the MIT and the weak correlated metal. At weak coupling the Green’s
function is monotonic, it reaches the pinning value at w, = 0% and it has a power
law behavior at high frequencies. In the coexistence region, the Green’s function
shares the same asymptotic behavior for low and high frequencies as in the weak
coupling case, nevertheless a local maximum at w, = wp. and a local minimum
at W, = Wpin appear, with Wpee < Wmin and Wee (U — Um) = 07, In this case,
when wWipee < wn < Whin, the Green’s function decreases as in the insulating cases.
Therefore, also when evaluated on the imaginary axis, the Green’s function of the

correlated metal it is very similar to the Green’s function of the Mott insulator, in a

non-trivial range of intermediate frequencies.
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Figure 3.3: The quasiparticle weight as a function of the interaction strength U. The thick red line
is relative to the DMFT solutions obtained starting from a FL initial state and by increasing the
value of U. Instead, the blue dots are relative to the DMFT solutions obtained from a MI initial
state and by decreasing the value of U.
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Figure 3.4: On the left side, the imaginary part of the Green’s function evaluated on
the imaginary axis for several values of the interaction strength. On the right side, the
imaginary part of the self energy evaluated on the imaginary axis for several values of
the interaction strength.
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CHAPTER 4

SU(N)-SYMMETRIC HUBBARD
MODELS.

4.1 Introduction

This chapter is dedicated to the study of the Mott transition in SU(N)-symmetric
Hubbard Models, that can be simulated using "®Yb atoms in optical lattices. In

particular, the Hubbard hamiltonian for a multi-component fermionic systems reads:

H=—t Z CJ{;{mCRxm + UZ Z NrRmMRm' — Manm/, (41)

RR'm R m<m/ Rm
where cg,, is the destruction operator of the m-th fermionic component on the lattice

site R, and the m runs over the integer values 1,2, .., N.

First, it is considered the case of a half-filled configuration, which indeed can give
a Mott transition only at N = 2M, where the SU(N) model corresponds to a fully
symmetric spin-1/2 system with M degenerate orbitals. For odd N a half-filled
system has a non integer number of fermions per site and therefore cannot undergo
full Mott localization. It is easy to realize that for symmetric bands the half-filling
condition is obtained by imposing particle-hole symmetry, that in a bipartite lattice

rads cg,, — (—1)Rc£m. The latter condition implying a specific value of the chemical
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potential, that only under this condition can be written analytically as:

U(N-1)
For this reason the chemical potential is often calculated respect to its particle-hole
(N-1)

symmetric value, i.e. p/ = p—+ 2 5

SU(2M) models have been already studied in refs.[26][53]. More specifically, it has
been demonstrated analytically, that U.; oc v/2M, and Uy o< 2M [26], that corresponds
to a broadening of the coexistence region. Fig.(4.1) shows the quasi-particle weight
calculated for the SU(4)-Hubbard model for different values of the interaction strength,
using the ED method with Ng = 6. The value of U, ~ 5D is in a very good agreement
with both references [26][53]. Fig.(4.2) shows the imaginary part of the self-energy
and the imaginary part of the Green’s function calculated both on the Matsubara
frequencies for several values of U. It is evident that in the insulating phase the
self-energy diverges as 1/iw,, and the Green’s function goes linearly to zero when
wy, — 07, similarly to the already discussed SU(2)-symmetric case. Conversely, in the
metallic phase the Im¥(iw,) goes to zero linearly and ImG(iw,,) tends to its pinning
value when w,, — 0. Therefore, in the case of the SU(2M )-Hubbard models the

quasi-particle weight Z goes smoothly to zero at the critical point.

Now it will be discussed a more generic case, where the Mott transition does not occur

in a particle-hole symmetric situation. This is the case of any integer filling different
from N/2.

The difference between these two cases is due by the fact that in general, the real part
of the self-energy does not diverge at w = 0 close to the transition, when the system
is doped and it tends linearly to its static value. This can be shown using the self
consistence relation, that for a semicircular DOS of half bandwidth D reads:

2

G w+i0") =w+p— %G(w—l—iO*). (4.3)

In a Mott insulating state the spectral function has a gap, therefore ImG(w+i07) =0
when w ~ 0. Using the Dyson’s equation G~ — ¥ = G~1, the real part of the self

energy of a Mott insulator at low frequencies can be expressed as following:

2
ReX(w+i0") =w+pu — % ReG(w +i0") — ReG™(w +i0™) (4.4)
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Figure 4.1: The quasiparticle weight as a function of the interaction strength U. The thick red
line is relative to the DMFT solutions obtained starting from a FL initial state and by increasing
the value of U. Instead, the blue dashed line is relative to the DMFT solutions obtained from a MI
initial state and by decreasing the value of U.
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Figure 4.2: On the left side, the imaginary part of the Green’s function evaluated on
the imaginary axis for several values of the interaction strength. On the right side, the

imaginary part of the self energy evaluated on the imaginary axis for several values of
the interaction strength.
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The real part of the Green’s function can be obtained using the Kramers-Kronig

relations, and expanding it at the first order in w:

+
ReG(w +i07) = —7?/ duImGV—HO)
~ —77/ w/ dVA(V)
o v
= Pt pw. (4.5)

When A(w) is an even function, as in the case of the SU(2M )-Hubbard models at
half-filling, p; = 0 and Re ¥(w + i0%) ~ 1/w when w ~ 0. Instead, in a more generic

case p; # 0 and the self-energy can be expanded in Taylor series :
ReY(w +1407) = X(i0%) + (1 — 1/a)w + O(w?), (4.6)

where 1/a = py/p? — p1D*/4 .

Nevertheless, this result does not imply that the self-energy does not have poles
for w # 0, how can be seen easily from the atomic limit. In fact, at 7' = 0, when

U < < 2U, the self-energy reads:

1 U
(w4 i07) X ———— — ixd — ). 47
(w41 )O(w—i—,u—% i <w+u 2) (4.7)

therefore it has a pole at w = % —p,and 1 —1/a o (u — %)72.

Also at finite U in the insulating phase, the self-energy has in general a pole at w # 0,

however its location is not fixed as in the atomic limit.

It is worth to note that, despite the quasi-particle weight and « are calculated in the

same way, i.e. both can be written as <1 — 81;52

-1
> , these two quantities have
w=0

two different meanings. In fact, Z measures the quasi-particle fraction and it vanishes
within the insulating phase, for its definition. Conversely, o # 0 in the insulator
and this implies that the real part of self-energy tends linearly to zero when w ~ 0.
Therefore, o can be interpreted as a measure of the damping of the self-energy at low
energies, since the latter increases its slope when « decreases and eventually diverges

when o = 0.

The same considerations hold, in the case of even N, where the insulator density is

a integer number different from N/2. In fact, for a generic N there are N — 1 non
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Figure 4.3: On the right side, HF-QMC estimates of particle density n(u) at T = D /40 for various
on-site interactions U. Plateaus at integer filling indicate localized Mott phases. On the left side,
pair occupancy at T'= D/40 vs chemical potential.

trivial insulating states with density n =1,2,.., N — 1.

In the next section the case of SU(3)-Hubbard model will be addressed. A brief review
of the literature [30] will be given, and the first original numerical results of this thesis

will be shown.

4.2 Mott Transition of the SU(3) model.

An early study of the SU(3)-Hubbard model has been carried out by Gorelik and
Bliimer [30], where the authors solve the DMFT equations using Hirsch-Fye QMC
algorithm as impurity solver at finite temperature. Their main results are reported in
Fig.(4.3). The left side shows the filling n =) (n,) as a function of the chemical
potential p for a range of on-site interactions U. Initially, for U = 0, n varies smoothly
and rapidly with p from an empty band (n = 0) at /D < —1 to a full band (n = 3)
at p/D > 1. With increasing U, the slope generally decreases, but the curves remain
smooth until, for U/D > 3, plateaus develop at integer fillings n = 1, n = 2, which
signal the onset of localized Mott phase and correspond to gaps in the spectral function.

No Mott phase is found at half filling, as expected.

The right side of Fig.(4.3), shows another fundamental property of Mott phases, that
is the suppression of double occupancies, that in the case of the SU(N)-Hubbard

model is straightforwardly generalized as D = ) N Nos). The latter depends

a<a’ <
strongly on o and U: the dependence on p is mostly monotonic, except for the vicinity

of plateaus n = 1 for U/D > 3. The impact of U is best understood at fixed density
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3

D is suppressed with increasing U at all n. This suppression is strongly enhanced at
n=1for U/D > 3.

n, see inset of Fig.(4.3): starting from the noninteracting limit U = 0, where D = 2n,

If the work of Gorelik shows the evidences of the MIT away from half-filling in the
SU(3)-Hubbard model, it lacks of a systematic study of the coexistence of the metallic
and insulating phases. Furthermore, they do not show any phase diagram in the plane
(U, ) at T = 0, that would be unaccessible by exploiting the QMC technique, while it
is suitable for the ED method. In the next section, this study is carried out and the
T = 0 phase diagram of the DMFT paramagnetic solutions is shown.

4.2.1 Phase diagram in the (U, u) plane.

Fig.(4.4) summarizes the phase diagram in the (U, u) plane of the SU(3)-Hubbard
model at T' = 0 obtained using the ED method with Ny = 6. The case of particle
doping, i.e. p > 0, has been addressed. Nevertheless, the phase diagram for the case
of holes doping, i.e. u < 0, can be easily obtained from the one under consideration,

if one performs a particle-hole transformation, i.e. 4y — —pandn —3 —n .

The phase diagram can be divided into three main regions: in the first one only
metallic solutions exist, in the second the insulator is the only solution and in the
third metallic and insulating phases coexist. Therefore, also in this case it is possible

to identify two critical values of the interaction: U, ~ 2.6 D, Uy ~ 3.5 D.

U., is defined as the greatest value of U such that only metallic solutions are found
for all the values of the chemical potential before saturation, i.e. n = 3. In particular,
for U < Uy, the density is a smooth function of p and no plateaus at integer filling

are observed.

U is defined as the lowest value of U such that no metallic solutions are found at
integer filling. Hence, when U > U, the density profiles n(u) develop plateaus at
n = 2. Furthermore, metallic solutions at n # 2 coexists with insulating solutions for
a finite range of chemical potential values. More specifically, when U > U, as shown
in Fig.(4.4), there are four critical values of the chemical potential 15 (U) and p(U),
that are ordered as following: u_; < po < pl < plk.

pE is defined as the greatest (lowest) value of the chemical potential such that

insulating solutions are found. Conversely, i, and p, are defined as the boundaries
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Figure 4.4: Phase diagram in the plane (U, ) of the SU(3)-Hubbard model.

of the chemical potential interval where no metallic solutions are found. Hence, when
p < py Vop o> pl the system is metallic and its density is respectively lower or
greater than two. When p_, < p < b, the insulator is the only solution, while in the
cases fi; < fi < jip and ph < p < pl, an insulating solution at n = 2 coexists with

a metallic one respectively with n < 2 and n > 2.

When U, < U < U, metallic solutions are found for all the values of the chemical
potential and insulating solutions exist in a finite portion of the phase diagram. In
particular, there are two critical values of the chemical potential p.; and p.o such that

insulating solutions are found in the interval p. < pu < fieo.

In the next sections, the numerical solutions relative to the three different regions of

the phase diagram are discussed in detail.

U<Ug; .

The left side of Fig.(4.5) shows the density as a function of the chemical potential for
U/D = 2.25 < U.1/D. The density varies smoothly from n(y = 0) = 2 until it reaches
the saturation value for large values of u. In DMF'T, this quantity is evaluated directly
from the AIM by averaging the number operator of the impurity over the ground state

obtained in the last iteration. Furthermore, since the system is metallic, the Luttinger
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theorem in eq.(3.14) must hold. Indeed, the panel on the right of Fig.(4.5) displays the
density evaluated using eq.(3.14) as a function of the density obtained directly from
the AIM, showing that the DMFT results are consistent with FL theory. The deviation
between the two values is due to small numerical inaccuracies, in particular to the
finite cut-off at low-energy introduced by the fictitious finite temperature 5 = 300,
that is necessary for the ED method as explained in the previous chapter. Fig.(4.6)
shows the ratio between the effective and bare masses, as a function of the density. It
is evident that the effective mass has a peak when n ~ 2, signaling that the system is
much more correlated close to integer filling than the half-filled case, where no MIT

takes place.

The left side of Fig.(4.7) shows the spectral function for three values of the chemical
potential with U = 2.25 D. In the first case u = 0, the spectral density is that of a
metal at half-filling, indeed it is symmetric under sign exchange of the frequencies
A(w) = A(—w). It is worth to notice, that the spectral weight gathers around the
Fermi energy, and a small portion of it distributes at higher energy. The second panel
it is relative to the case of a correlated doped metal, in fact the spectral function has
a coherent peak at the Fermi energy, and a considerable portion of spectral weight
distributes at higher energy constituting the Hubbard bands, that in this case can be
distinguished very well. This last are not symmetric respect to the origin, since the
system is away from half-filling, and since n ~ 2.1 > 2, the lower Hubbard band has a
greater spectral weight than he upper band. The last panel shows the spectral density
of a band insulator at n = 3, in fact its width equals 2 D and no spectral weight can

be seen at the Fermi energy.

When U < U, the system is metallic, therefore FL theory implies that the spectral
function evaluated at the Fermi energy reaches its pinning value, i.e. ImG(i0") =
—mg(ft). Therefore, in the case of a semicircular density of states, as long as the
system is in a FL state, A(w = 0) is expected to decrease upon doping. The right
side of Fig.(4.7) shows the imaginary part of the Green’s function evaluated on the
imaginary axis for several values of p. In order to show the consistence of the DMFT
solutions, the limiting values —mg(fi) are drawn as thin horizontal lines and compared

to the Green’s function.

In conclusion in the metallic region, i.e. when U < U,, the system increases its
correlations upon doping from half-filling until around integer filling, where the

correlations have a maximum, and tends to a band insulator upon doping further.
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to the limiting value ImG(i0") = —7wg(f ) predicted by FL theory.

U>Ug; .

The upper panel of Fig.(4.8) shows the density as a function of the chemical potential
for U = 3.65 D > U. Metallic solutions are obtained for u < p_ V u > py, and the
density relative to this kind of solutions tends to integer filling at the critical points,
i.e. Nmetar(pi) = 24 0%, On the other hand, insulating solutions are found in the
interval p; < u < p;, whose density is fixed at n;,s = 2. Therefore, in the intervals

oy < i< i and puh < p < pfy, the two solutions coexist.

The lower panel of Fig.(4.8) displays the quasi-particle weight Z and the quantity o
defined in eq.(4.6) as a function of x. The quasi-particle weight decreases upon doping,
until it jumps from a finite value to zero at the critical points p5. The quantity o
vanishes at i ~ 2.32 D, that differs significantly from the value predicted in the atomic
limit, that would be 1.825 D.

The left side of Fig.(4.9) shows the spectral function for three values of the chemical
potential with U = 3.65 D. In the first case yu = 0, the spectral density is that one
of a metal at half-filling, indeed it is an even function A(w) = A(—w). The second
panel is relative to the case of a doped correlated metal in the coexistence region,
with pq < p=1.5D < u_. In this situation, the quasi-particle residue is very small
(Z ~0.04) and despite the spiky structure of the spectral function, the Hubbard bands
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are quite visible and well separated from the coherent peak at low energy. The last
panel refers to the case of a Mott insulator, in fact the coherent peak has disappeared

and the spectrum has a gap A ~ U.

The right side of Fig.(4.9) illustrates the self-energy as a function of the real frequencies
for three values of the chemical potential. It is evident that the self-energy has a
pole in zero for p = i ~ 2.32 D and that the pole is shifted to positive or negative

values respectively for values of the chemical potential that are lower or greater than

i

Uga<U<Ug .

When the interaction strength lies on the range U,y < U < U, both metallic and
insulating solutions are allowed. Since metallic solutions are always allowed within

this region, the quasi-particle residue as a function of p has always a minimum and it
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does not vanish. On the other hand, it has been shown that the Z has a finite jump
as a function of y when U > U,.,. Therefore, the quasi-particle weight is expected to

vanish smoothly as a function of the chemical potential only at U = U,,.

Fig.(4.10) shows the behavior of the effective mass as a function of the chemical
potential for different values of the interaction strength. It is clear that the mass
diverges in the limit U — Ug. This limit could be consider as a more quantitative
definition of U,.

4.3 Conclusions

This chapter was dedicated to the metal to insulator transition displayed by the
SU(N)-symmetric Hubbard models.

In the previous chapter, it was argued that a MI state cannot be obtained in a
perturbative manner starting from a FL. In fact, perturbation theory assures that at
low energy the self-energy is an analytic function around the F'S, while in the case of
a MI there is always a point where the self-energy has a pole at low energy. Therefore,
the need of a non perturbative method as DMFT in order to study the MIT was

pointed out.
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In the first part of this chapter, the case of half-filled configurations has been addressed.
It was pointed out that in this configuration the MIT can occur only at N = 2M,
where the SU(N) model corresponds to a fully symmetric spin-1/2 system with M
degenerate orbitals. Some of the well known results of refs. [28][26][53] were obtained
again, in order to benchmark the code SU_N.py, written by the author. An excellent

quantitative agreement with all the main previous results has been found.

The last section focused on the MIT in the case of the SU(3)-Hubbard model. The
presence of an odd number of internal degrees of freedom implies that the system
cannot be found in a MI state at half-filling. Therefore, the MIT is expected to occur
away from particle-hole symmetry and the chemical potential becomes an essential
parameter. After a brief review of the previous results of Gorelik and Bliimer [30], the
phase diagram in the plane (U, u) was presented and discussed. A careful analysis of
the insulating and metallic solutions has been carried out, with a particular attention
posed on the dynamical quantities as the spectral function, the self-energy and so on.
The coexistence region between the metallic and insulating solutions has been shown

in the phase diagram, and the two spinodal values of the interaction strength has been
determined, i.e. Uy ~ 2.6 D and U, ~ 3.5 D.

In particular, the quasi-particle weight in the metallic and coexistence regions has a
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minimum as a function of the density at n ~ 2 and goes to zero only for U = U, at
n = 2. Instead, for U > U, , Z is a discontinuous function of 4 and jumps to zero at

the critical values u3.

It was also pointed out, that the lack of particle-hole symmetry implies a shift of
the self-energy pole in the insulating phase. The insulating solutions have been
characterized studying the quantity «(U, i), that measures such a shift and signals

the divergence of ¥(w +70%) at the Fermi level when it vanishes.
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CHAPTER 5

HUBBARD MODELS WITH
ARTIFICIAL GAUGE FIELDS.

5.1 Introduction

In the first chapter of this thesis, it was shown how to simulate SU(N)-symmetric
Hubbard models, exploiting the nature of the '™Yb electronic ground state. Combining
this with the possibility of simulating AGF gives the unique opportunity of simulating
lattice model in presence of AGF where the onsite interactions between fermions

become relevant.

In particular, the generic hamiltonian relative to the multi-component Hubbard model

in presence of AGF reads:

U
H = RRZ/ tRR/ CJ{:{mCle/ + RZ / (MR)mm/ C;mcRm/ + 5 ; nR(nR - 1)’ (51)

where ng = Y Nrm, Mg is the AGF matrix. A more convenient spinorial notation

will be used from now on, therefore the multi flavor fermionic spinors are defined:
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CR1
CR2
w;r{ = <ck1, c}w, o ,CI{N> , YR = : ) (5.2)

CRN

Hence, the many body hamiltonian can be written in terms of the spinors as follow-

ing:

H=Y trthln + 3 vhMavn + o Y vhlve [vhive —1],  (53)
R

RR/ R
where 1 is the N x N identity matrix.

The AGF matrix depends on the lattice site, therefore the system is not homogenous.
Nevertheless, as can be grasped from eq.(2.16), the spatial dependence of Mg enters
as a phase, and two matrices calculated in two different lattice sites are related to

each other by a unitary transformation. Namely, if Ry = R + Ry
Mg, = ®rMg,dk, (5.4)

where ®r = exp (—i G R - ¢) is the unitary transformation, and (G),,,,, = Smmm is
the generator of the transformation. This condition implies that the eigenvalues of
Mg do not depend on R. Therefore, it is possible to rotate the reference frame using

the unitary transformation ®gr:

=3 trw o [Phtn] on + 3 6k Mo+ o 3" oklon [ohion 1], (55)
R R

RR/

where, M = Mgr—g, ¢r = @;wR. Now, it is possible to perform the unitary transfor-

mation, that diagonalizes M:

H =Y trwe S prr O+ 3 0 Adr + 5 O ShLom [Sh1dm —1]
RR/ R R
(5.6)

where A = U MU' = diag(A1, Aa, ..., A ), gR =U ¢r, and prrr = U Pr/_r U depends
only on the difference of R —R’. Therefore, the hamiltonian in eq.(5.6) is the one of an
homogenous system. Nevertheless, the fields have been rotated via unitary operators

that depends on R. Since these operators have a simple form and are known explicitly,
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it is possible to evaluate generic observables of the original system calculating them
as an expectation value over the fields ggR and subsequently get back to the original
reference frame via unitary transformations. This scheme gives the advantage of using
methods that are suitable for homogenous systems. Therefore, the DMFT can be
safely used in its simplest single site formulation, with no need of invoking its real
space extension. Nevertheless, cluster extensions of the DMFT [49][42] can be used
for improving the description of the system in k-space especially if unconventional

superconducting states are sought.

Therefore, the cavity method can be applied to the hamiltonian in eq.(5.6), and
relative to the effective AIM reads:

Hyp = Y xiOcxe+ > o' Zxe+he.
l 4

+ ¢TA¢+%¢T1¢(¢T1¢—1), (5.7)

where x¢ = (dg1, dya, ...dgn) is the (-th spinor of the effective bath, ¢ = (¢, ¢a, ..., cn)
is the spinor relative to the interacting impurity, (Z¢) s is the hybridization matrix
that couples the ¢-th spinor of the bath with the impurity and (©¢),, represents the
energy levels of the effective noninteracting bath. It is worth to notice that in general
both ©, and =, are not diagonal matrices in the spin indices since the kinetic term

itself in the hamiltonian in eq.(5.6) it is not.

In the specific case of ¢ = 0, many simplification arise from the fact that the matrix
PR—R/LPZO = 1. This implies that the matrices Oy = €4,,0mm and =, = Vi, 0pmy are
also diagonal in the spin indices, and the effective theory is simplified. Hence, the

effective hamiltonian reads:

Hyp = > emdlydy, + Y Vimdy,,c,, +hoc.

Im Im
+ U Z ﬁmﬁm’ + Z(/\m - M)ﬁrm (58)
m<m/ m

where 7, = cl ¢, is the number operator of the impurity, u is the chemical potential,

that has been added in order to study the system in the gran-canonical ensemble.

Given the effective AIM in eq.(5.8), the DMFT equations in the case of a semicircular

62



DOS g(¢) = 25v/D? — €2 read:

Gn(r) = —T; <cm(7')cin(0)>Heﬁ
D2

= G, (5.9)

Qn;l(z'wn) = Wy + oy — 1

where fim, = pt — Ay Gr(iwn) = Ty, e "Gy (7) and G' is the Weiss field
relative to the fermionic bath that couples with the m-th fermionic component of
the interacting impurity. The Weiss field as a function of the Anderson’s parameters

reads: )
Vel

Z.wn — €m ‘

gn_ml (iwn) = Wy + fm — Z

¢
The DMFT equations are solved using the ED method discussed in Chapt.(3), therefore

the infinite series that runs over /¢ is truncated at the Ny -th index. In this simple

(5.10)

case, the DMF'T cycle is very similar to the one in the symmetric case, with the only
difference that three different Green’s functions must be evaluated and three different
fits of the Weiss Field have to be carried out. The simplicity of this case lies on the

fact that the hybridization function is diagonal in the spin indices.

5.2 The case at ¢ =0

As anticipated in the introduction, the point of view adopted in this work is slightly
different with respect to many studies of cold-atom systems in the presence of Raman
processes mimicking a gauge field. The main focus of this thesis is in fact to study

models which generalize multi-component models of condensed matter systems.

For this reason the case of ¢p = 0 is addressed, where all the matrix elements of the
matrix M are real. Even with this restriction, different analogies may be used to

interpret the results that will be presented later.

If the N spin components are interpreted as local orbitals of a synthetic atom, the
diagonal matrix elements act as different energy levels for the various orbitals, while
the off-diagonal terms are local hybridizations between them. This analogy can be
used to establish a connection with solid state systems with orbital-selective properties.
Of course the analogy would be stronger for an even N in the case the levels remain
degenerate in pairs, mimicking spinful orbitals in a solid. Nonetheless, it will be shown

that interesting ”flavour-selective” physics can take place also in the absence of a
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residual degeneracy.

A second analogy consists in viewing the internal spin degree of freedom as a sort of
synthetic dimension with a discrete nature. In this language, the diagonal elements of
M play the role of different local energies for the sites in the extra dimension, while the

off-diagonal elements are the equivalent of hoppings in the synthetic dimension.

Finally, treating the N components as a physical SU(N) spin the matrix M can be
viewed as a generalized magnetic field. This latter language highlights an important
property. Since the interaction is SU(N) symmetric, it is always possible to diagonalize
the matrix M while keeping the interaction invariant. This amounts to use the direction

of the magnetic field as the quantization axis.

This simple observation suggests that the physics of the problem will be determined
by the eigenvalues of M which will appear as diagonal energies for the different spin
components in the new basis that diagonalizes the "magnetic field”. In the simplest
and somewhat peculiar, N = 2 case, only the symmetric disposition £\ is allowed.
This is due to the fact that the generators of the SU(2) algebra can be represented
by the Pauli matrices {o,}, that can be mapped to each other using the unitary

—io-0
2

to the angular momentum operators, and since the system is isotropic, its response to

transformations exp ( ) More physically, the generators of the algebra correspond

an external magnetic field does not depend on its orientation.

Instead, in the case of N > 2, multiple dispositions of the eigenvalues are allowed, since
the SU(N) algebra generators are N — 1 > 3, i.e. the cardinality of the generators
is greater than the spatial dimensionality. This implies that, along a given axis,
there can be different kind of magnetic fields, because of the increased number of
spin permutations. In general, the system will have different responses to different
matrices M that are not connected through unitary transformations. In this work, it

is considered the SU(3) case and in particular the two matrices

0O 7 0 0O 7 71
Mi=—| 7 0 7 My=—1| 7 0 7 |, (5.11)
0O 7 0 T 17 0

whose eigenvalues are A; = 7{—v/2,0,v2}, Ay = 7{—2,1,1}. From the point of
view of actual cold-atom systems, these choices would require some fine tuning of
the Raman processes. The first case would require only Raman processes connecting

"successive” spin projections differing of one spin quantum, which have to be tuned to
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be identical. The second case would require also a next-neighbor process. Here it has
been choosen to take all these matrix elements to simplify the theoretical description.

However, the most important results obtained do not depend on this symmetric choice.

m=3
Var

m=2

] Vs
m=1

(a)

m=2,3

3T
m=1

(b)

Figure 5.1: Schematic representation of two synthetic hopping processes along the
synthetic dimension and their associated energy levels in the SU(3) case. In particular,
(a) represents graphically the AGF matrix M; that corresponds to a nearest-neighbor
hopping with OBC, whose eigenvalues are non degenerate and equally spaced from
each other with an energy difference of v/27. Instead, (b) represents the AGF matrix
Ms, that corresponds to a nearest-neighbor hopping with PBC. In this case, the
eigenvalues are doubly degenerate and their energy difference is 37.

Using the "synthetic dimension” language, the two matrices correspond respectively
to a three-site hopping with open boundary conditions (OBC) and periodic boundary
conditions (PBC), respectively. The two situations are quite different because in the
PBC case a residual SU(2) symmetry survives in a two-component manifold, while
the OBC completely break the SU(3) symmetry.

In the progress of this chapter, the differences between these two cases, that are

depicted schematically in Fig.(5.1), will be extensively discussed, and the distinct
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physical situations emerging from these differences will be highlighted.

Before entering the discussion of the original results of the present chapter for the
SU(3) case, some important aspect of the SU(2) case are reviewed, which will prove

useful to analyze the higher- NV results.

DMEFT studies of the single-band Hubbard model show a dramatic enhancement
of the magnetization as a function of the intensity of an external magnetic field
[6][5][58][35][43], in the intermediate coupling regimes. This behavior deviates sig-
nificantly from the smooth trend predicted in the MF approximation. This is due
to the tendency of the system to create a long range antiferromagnetic order via
the super-exchange interaction induced by the Hubbard U. This can be understood
following the original idea of Landau [44], who suggested that an antiferromagnet
can be described as a stack of ferromagnetically ordered layers whose magnetization
alternates from layer to layer. If the interlayer coupling is weak enough, it can be
argued that a magnetic field of relatively small intensity would be sufficient to modify
the mutual orientation of the moments in each layer. This leads to deviations from the
linear dependence of the total moment on the field, i.e., to an anomalous increase of

the susceptibility, and finally, at high fields, to a saturation of the magnetization.

Furthermore, for intermediate couplings, the quasi-particle effective mass is enhanced
as a function of the external magnetic field and increases critically just before the
system polarizes completely becoming a band insulator, where the band of the majority
spin is totally filled [6][5]. This is an additional feature of the correlated system that
cannot be grasped using the MF approximation, where the masses do not renormalize.
Because of its anomalous response to an external magnetic field, such a system is
said to be metamagnetic and it is often characterized by concave magnetization, i.e.

%QT”; > 0, just before its completely polarization.

In the next sections, the solutions of the DMFT equations in eq.(5.9), obtained using
the ED method, will be shown and discussed. It is worth to notice, that in the present

work antiferromagnetic long range order is neglected.

5.2.1 Synthetic hopping with OBC

This section focuses on the case of a synthetic hopping with OBC, i.e. the AGF matrix
is given by M; that corresponds to the case depicted in Fig.(5.1). In this situation, the

magnetic field splits the Zeeman levels in a symmetric fashion around zero. Therefore,
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in the rotated basis which diagonalizes M;, the m-th flavor feels an effective chemical
potential p,, = u — A, with {\,,} =7 {—\/5,0, \/5}

The numerical results are presented first in the rotated basis. The occupation number
relative to the rotated m-th fermion component is labeled as n,, = (cf,c,, ), while in
general a tilde and greek indices are used for denoting quantities relative to the original
fermions. This last are shown in order to provide a more direct benchmark to cold

atoms experiments, where measurements are performed in the original basis.

As can be grasped from the previous chapter, the chemical potential represents an
essential parameter in order to study the three components system. In the next
sections it will be addressed the p > 0 case, which correspond to density values in the
range 3/2 — 3, where a Mott transition occurs at n = 2. However this case contains
also the information relative to negative values of u, because of the symmetrical
dispositions of the eigenvalues {\,,}. Indeed, after a particle hole transformation,
ie. cg, — (—1)®ck —and the exchange of the flavor indices 1 <> 3 the rotated

hamiltonian is mapped onto itself with © — —pu .

In the weak coupling regime, the system can be studied using the mean field (MF)
approximation, that constitutes a benchmark for the DMFT calculations when the

values of the interaction strength U is small enough.

For stronger couplings, the mean field approximation becomes inadequate, since the
correlations among fermions increase and start to play a central role. Furthermore, for

1

U/D > 1/g(n), the Stoner’s criterion of ferromagnetism' applies, and very different

results are expected in the case where a method or the other is used.

In the atomic limit, i.e. ¢ = 0, the system is an insulator at integer filling. In
particular, when n = 2, the ground state of the system is given by the product state
1Y) =11), ®|1), ® |0),, where [1) = ¢ |0}, where m refers to the m-th fermionic
component. Therefore, the system is expected to be completely polarized in the limit
of large U/t.

Weak Coupling

At weak coupling, the MF approximation is expected to give a reliable description of

the evolution of the system as a function of the parameters 7, U and u. In general,

!The Stoner’s criterion applies in general for any values of N [16].
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one can proceed with the Hartree approximation, that consists in writing the number
operator of the m-th fermionic component as n,, = n,, + 0n,,, where dn,, = M, — Ny,
substituting this expression into the hamiltonian in eq.(5.6) and keeping only the
linear terms in dn,,. This approximation is consistent as long as the correlations
among the different fermionic components are weak enough, that is certainly true at

weak coupling. The effective hamiltonian obtained within this approximation reads:

Heg = (ex — fim) ficm: (5.12)
km

where fl,, =p— Xy —UY 4m T 1t 1s an effective chemical potential felt by the
m-th fermionic flavor. This leads to a self consistent set of coupled equations for the

occupation numbers of the different fermionic species, that in the case of a semicircular
DOS reads:

11| fim fm\> . 1 { fim
I A T i Emat 1
> 7| D (D)*“m D (5.13)

The set of equations in eq.(5.13) is solved numerically and its results are compared
with DMFT calculations.

Fig.(5.2) shows the total density as a function of p for several values of 7. The density
profile is smooth until the field reaches the critical value 7., such that for 7 > 7,
plateaus develop at n = 2. It is worth to notice that the density profile changes its
shape smoothly as a function of 7. This corresponds to a smooth opening of a gap
of the spectral function at the Fermi level. The upper panel of Fig.(5.3) shows the
occupation numbers of the three fermionic components as a function of the chemical
potential for several values of 7. It is evident that in the regions where the total
density is a flat function of u, the configuration of the occupation numbers is given
by n; = ny =1, ng = 0 and the system is a band insulator where the bands relative
to the flavors 71”7 and 72" are totally occupied, while the 3rd flavor’s band is empty.
The lower panel of Fig.(5.3) shows the occupation numbers as functions of the total
density. It is clear that the trend of n,,(n) does not change very much as a function
of 7 and that it is almost linear except for n,, # 1,0 where plateaus develop. DMFT
results are compared with the MF data and a good agreement is obtained between

these two different methods in this regime.
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Figure 5.2: Total density as a function of the chemical potential for several values of
7 and U = 1 D. The color bar indicates the intensity of the external field 7 in units
of half-bandwidth. The plots refer to the numerical solution of the MF equations in
eq.(5.13).
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Figure 5.3: (Upper panel) Occupation numbers relative to the different fermion species
as functions of the chemical potential for 7 = 0.25 D, 0.75D, 1.25D at U = 1D.
(Lower panel) Occupation numbers relative to the different fermion species as functions
of the total density for 7 = 0.25D, 0.75 D, 1.25 D at U = 1D. The dots refer to the
values of n,,, evaluated with DMFT.
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Intermediate Coupling
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Figure 5.4: Total density as a function of the chemical potential for several values of
7 and for U/D = 2.5.

Fig.(5.4) shows the total density as a function of the chemical potential, for several
values of the field 7, for U = 2.5 D < U (7 = 0). The density profile does not change
very much as a function of 7 until the field reaches the critical value 7., such that for
T > 7, plateaus develop at n = 2. Therefore, for 7 < 7., A(w) has a finite spectral
weight at the Fermi energy for any value of the chemical potential, while when 7 > 7,
there is a finite range of values of u such that the spectral function is gapped at the
Fermi level and the system is an insulator. The evolution of the spectral function for
several values of 7, at U = 2.5 D is displayed in Fig.(5.5), where it is evident that for
T > 7, the ground state is a band insulator, as in the case of weak coupling. The band
should recover the non-interacting DOS for any flavor index. The discretization of the
effective bath used in the ED scheme for solving the AIM hides the result, nevertheless

the frequency range is clearly the correct one for every band.

Despite the trivial nature of this insulating state, the approach to this state as a

function of u, 7 and U is far from trivial.

As a first evidence of this last statement, it is worth to observe the abrupt change of
the density profile n(u) as a function of the external field, implying that the gap of the
spectral function opens quite abruptly as a function of 7. Another non-trivial feature
of the system is given by the distinct behaviors of the occupation numbers relative to

different fermionic species as functions of 7 and p. The upper panel of Fig.(5.6) shows
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Figure 5.5: Spectral function relative to the three different flavor components for
7=0.025D, 0.1 D, 02D at U =25D and n = 2.
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the occupation numbers of the fermionic components as a function of the chemical
potential for several values of 7 at U = 2.5 D. As a direct consequence of the energy
levels disposition shown in Fig.(5.1), the occupation numbers order in the following
way ny < ng < nz. When 7 < 7, the trend of the occupation number relative to the
m-th component is very similar to the symmetric case at 7 = 0. When 7 < 7, but it
is close to the critical value, the occupation numbers display a non-monotonic trend
as a function of u, that is very different from the behavior in the symmetric case. For
values of 7 > 7., the system polarizes at n = 2, i.e. there is a finite range of values
of v such that n; = ny = 1 and n3 = 0. Also in this case, n3(u) and ny(p) assume a
non-monotonic behavior when the system is close to its full polarization. The lower
panel of Fig.(5.6), shows the occupation numbers as a function of the total density.

Here, it is clear that the non-monotonic behavior of ny/3 occurs when n ~ 2.

The lower panel of Fig.(5.7) shows the renormalized masses relative to the m-th
component of the quasi-particle, labeled as m},, as a function of the total density for
several values of 7 at U = 2.5 D. Until 7 < 7., the QP masses are continuous function
of n and they have a maximum for n ~ 2 for every flavor index. It is worth to notice
that for 7 = 0.1 D, that is close to the critical value 7, ~ 0.115 D, the renormalized
masses of the fermionic species 2,3 are much greater than mj. This difference is
emphasized when 7 > 7., where mj/m; tends continuously to the unity when n — 2,

while m} /3 jump to their bare values almost discontinuously at n = 2.

Fig.(5.8) shows the renormalized correlation relative to the different couples of fermionic
species, that is defined as Ds = | () — (Mm) (M) |/ (M) + (M) (M), Where
d = (m,m'). Ds shows a selectivity of the correlations between the fermionic species
(2,3), i.e. Dwgy > Daay, Dag) for n ~ 2 and 7 ~ 7.. In a typical cold atomic
experiment, the probabilities for n-fold occupancy can be easily measured. Ds depends
on the double occupancies and the single occupation numbers, therefore it is a
quantity related to the experiments in a more direct way respect to the quasi-particle

masses.

Fig.(5.9) displays the occupation numbers of the different fermionic species separately
as functions of the chemical potential for several values of 7. It is evident that while
n1(p) tends continuously to its saturation value along both 7 and p axes, the same
statement does not hold for ny(p) and ng(p). This is much clearer looking at the plots
of ny/3 as a function of the total density. Indeed, ny/3(n = 2) jumps discontinuously
from a finite value in the range [0, 1] to 1(0) at 7 = 7.. This is resumed in Fig.(5.12),

where the occupation numbers are plotted as functions of 7 at fixed density. The trend
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Figure 5.6: (Upper panel) Occupation number of the m-th fermionic component
as a function of p for 7 = 0.025D, 0.1D,0.2D at U = 2.5D. (Lower panel)
Occupation number of the m-th fermionic component as a function of n for 7 =
0.025D, 0.1 D, 0.2D at U =2.5D.
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Figure 5.7: Ratio between the renormalized and bare mass of the m-th quasi-particle
component as a function of n for 7 = 0.025 D, 0.1 D, 0.2D at U =2.5D.
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Figure 5.8: Renormalized correlation relative to the different couples of fermionic
species 0 = {(1,2), (1,3), (2,3)} as a function of n for 7 = 0.025 D, 0.1 D, 0.2D at
U=25D.
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of the occupation numbers curves ny/3(n = 2) it is similar to what is observed in the
single band Hubbard model in presence of an external magnetic field at intermediate
coupling [6][5], where the system displays a metamagnetic behavior. Conversely
ni(n = 2) tends continuously to its saturation value, with a trend similar to the
one obtained in the weak coupling regime. Therefore, the system shows an exotic
selective metamagnetic behavior, mixing two different trends that usually occur in a
distinct fashion. This selective metamagnetism is confirmed by the behavior of the
effective masses of the fermion components as a function of the chemical potential
and the magnetic field, as displayed in Fig.(5.10). Indeed, also the renormalized mass
of the m-th quasi-particle component, has a selective trend. In general, when 7 < 7,

*

m;,(n) is a continuous function and has a peak at n ~ 2 for all the flavor indices.
Nevertheless, m} decreases as a function of 7, while mj /3 are dramatically enhanced
when 7 approaches its critical value. When 7 > 7., as already mentioned above, the
effective masses are no more continuous functions of the total density, since at n = 2
the system is a band insulator and m}, = m,, for all the flavor indices. However, when
n # 2 the ground state is still metallic, and the quasi-particle renormalized masses
has a divergent trend for the indices m = 2,3, when the n ~ 2 and 7 ~ 7.. This trend

is lost for 7 > 7., and it is never observed for mj.

Also the non-trivial feature encountered in this regime relative to the non-monotonic be-
havior of the occupation numbers as a function of the chemical potential is accentuated

when 7 ~ 7, and n ~ 2.

For completeness the occupation numbers relative to the fermionic components in the
original basis are reported in Fig.(5.9). The unitary transformation that relates the
two reference frames, mix the occupation numbers in such a way that n, = ng > ne.
The polarized state is now described by the configuration ny = g = 3/4, ny = 1/2.
Furthermore, it is worth to notice that the selective metamagnetic behavior is totally

hidden in this basis, where both n; and ny have a finite jump at n = 2 at 7 = 7.
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Figure 5.9: Occupation numbers of the three fermionic components m = 1,2, 3 (from
left to right) in the rotated basis as function of the chemical potential (upper panel)
and the total density (lower panel) for several values of 7 and for U/D = 2.5.
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Figure 5.10: Effective masses of the three fermionic components m = 1,2, 3 (from left
to right) in the rotated basis as function of the total density for several values of 7
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Figure 5.11: Occupation numbers of the three fermionic components m = 1,2,3 (from
left to right) in the original basis as function of the chemical potential (upper panel)
and the total density (lower panel) for several values of 7 and for U/D = 2.5. In the
specific case of a synthetic hopping with OBC, ny = ns.
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Figure 5.12: Occupation number of the m-th fermionic component as a function of the

field 7 evaluated at fixed total density n = 2. The data are reported for two different
values of the interaction strength U = 1D, 2.5 D.
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Strong Coupling

In the coexistence region where U,; < U < Uy, solutions of the DMFT equations are
not found for all the values of the parameters p and 7. Furthermore, when U > U,
no FL phases are found at n = 2 and insulating states are found only for large values

of 7.

Fig.(5.13) shows the occupation numbers as a function of the total density for several
values of the external field at U = 3.3 D, both in the rotated and original basis.
Metallic solutions at n = 2 are found only for small values of 7. It is worth to notice
that in this regime n; and ns assume a non-monotonic trend as a function of n, while
ns is very close to the symmetric solution at 7 = 0. Fig.(5.14) shows the effective
masses as a function of the total density for different values of 7. A similar behavior
as in the intermediate coupling regime is found: m7] decreases as a function of 7, while
m; /3 increase. Nevertheless, it is difficult to state whether the system has a selective
metamagnetic behavior or not, because of the numerical difficulties encountered in

this regime for higher values of 7, therefore 7, could not be determined.

Also in this case the occupation numbers relative to the fermionic species in the
original basis are reported on the right side of Fig.(5.13). It is worth to notice that
in this basis the non-monotonic behavior it is not observed and that the occupation

numbers have a linear trend as a function of n.
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Figure 5.13: Occupation numbers of the three fermionic components in the rotated
(left side) and original (right side) basis as a function of the total density for different
values of the magnetic fields at U = 3.3 D. The thick lines refer to n;, the dashed
lines to ny while the dotted ones to ns.
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Figure 5.14: Effective masses of the rotated quasi-particles as a function of the density
for different values of the field at U = 3.3 D. The panels refer from left to right to the
flavor indices m =1, 2, 3.

Fig.(5.15) resumes the main results discussed so far about the DMFT solutions of
the Hubbard model in presence of a nearest neighbor hopping along the synthetic
dimension with OBC. In fact, it shows the density plots of the effective masses relative
to the three fermionic components on the plane (U, 7) at n = 2. The symbols drawn
over the density plots refer to the trend of the occupation numbers as a function of
the chemical potential: the circles (triangles) stand for a monotonic (non-monotonic)
trend. The critical line 7.(U) represents a transition line between a FL and a band
insulator for U < 2.5 D and the greatest value of the magnetic field such that metallic
solutions are found for U > 2.5 D. The masses have a singularity at the point (U, 0).
Furthermore, the selective metamagnetic behavior of the system can be understood
observing the trend of the masses of different flavor indices along the 7 axis: mj
decreases, while mJ /3 increases. In addition, while for m = 1,3 an increase of the
effective masses corresponds to the appearance of a non-monotonic trend of the
occupation numbers, the same statement does not hold for the flavor index m = 2. In
fact, the non-monotonic behavior of ny disappears close to U.. A possible explanation
of that could rely on the fact that at strong coupling FL solutions at n = 2 are found
only for very small values of 7 and the system is still in the linear response regime.
Therefore, m = 2 does not feel any shift of the chemical potential, i.e. p,,—o = u, and

the behavior of ny(u) is very close to the one obtained in symmetric case at 7 = 0.
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Figure 5.15: Density plots of the effective masses of the three fermionic components
evaluated at n = 2 on the plane (U, 7). Symbols are drawn over the density plots,
indicating whether the occupation number has a monotonic (circles) or non-monotonic
(triangles) trend as a function of p.

79



5.2.2 Synthetic hopping with PBC

In the case of a nearest neighbors hopping along the synthetic dimension with PBC,
the eigenvalues of the AGF matrix reads {\,,} = 7{—2,1,1}. Therefore, a residual
SU(2) symmetry is preserved since the system is invariant under the permutation of

the flavor indices 2 « 3.

In the atomic limit, i.e. t = 0, the system is an insulator at integer filling. In
particular, when n = 2, the ground state of the system is given by the product state
) = [1); ® |®)y,, where [1), = c |0), and P53 belongs to the bi-dimensional
degenerate subspace spanned by the kets {|1), ® [0);,]0), ® [1);}. Therefore, the
system is simultaneously a paramagnetic Mott insulator made up by the fermionic
components with flavor indices m = 2,3 and a "band” insulator formed by the flavor

index m = 1. Therefore, in this limit n;y = 1 and ny = ng = 0.5.

Furthemore, for small values of 7, it is reasonable to expect that the phase diagram
sketched in Fig.(4.4) does not vary very much its boundaries even though the nature
of the insulating state is now totally altered respect its SU(3)-symmetric counterpart.
Hence, when U < U, the ground state of the system is metallic for any value of the
total density, for U, < U < U the composite insulator coexists together with the
FL phase, and finally for U > U, only insulating solutions exist at n =2 .

Fig.(5.16) shows the density and the occupation numbers of the fermionic components
as a function of the chemical potential, for U = 3.0 D for several values of the field.
Since U,y < U < U, both metallic and insulating solutions coexist in a finite range of
the chemical potential. The density profile relative to the FL solutions, becomes more
flat in the coexistence interval increasing the external field. This is due to the fact
that for large values of 7, the on site energy separation between the flavor components
m = 1,2 (or m = 1,3) is very large, therefore n; tends to its saturation value very
rapidly as a function of p and the interactions between these components can be
neglected. Since, in this regime only the interaction between the fermionic components
m = 1,2 is expected to be relevant, the physics of the system is very similar to the
one of the single band Hubbard model at half-filling.

On the other hand, for small values of the field, the system has the very peculiar

feature that the difference between the two values of the m-th component occupation

metal __

number relative to the metallic and insulating solutions, i.e. A,, =n" ni"% is much

ins

greater than the difference between the values of the density, i.e. A = n™me —pn
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This is due to the strong tendency of the system to fill the band relative to the m =1
component and consequently to open a gap in the spectral function relative to the
m = 2,3 components. This discrepancy is reduced increasing the intensity of the
magnetic field. It is worth to notice, that for intermediate values of the field, i.e.
7/D = 0.05, n,, reaches its saturation value abruptly and its trend is very similar
to the metamagnetic behavior discussed in the previous section in the case of OBC.
Furthermore, for 7/D = 0.02,0.05 it is observed a non-monotonic trend for all the

flavor occupation numbers.

Fig.(5.17) shows the density and the occupation numbers of the three fermionic
components as a function of the chemical potential, for several values of 7 at U = 3.65 D.
Since U > U, no FL phases are found at n = 2 as expected. In particular there are
two finite ranges of the chemical potential where a FL phase with density n™¢ ~ 2
coexists together with the insulating solution. Also in this case, for relative small
values of the field, a non-monotonic behavior of the occupation numbers as a function
of 1 and a metamagnetic trend of the component m = 1 are observed . All these
peculiarities are lost when the magnetic field is high enough for the reasons already

discussed above.
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Figure 5.16: Density profiles and occupation numbers of the three fermionic com-
ponents (ny = n3) as a function of the chemical potential for several values of the
magnetic field 7 at U = 3.0 D.
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Figure 5.17: Density profiles and occupation numbers of the three fermionic com-
ponents (ny = n3) as a function of the chemical potential for several values of the
magnetic field 7 at U = 3.65 D.

5.3 Toward the realization of a two component

non-equilibrium state

It is interesting to wonder if the novel property relative to the non-monotonic trend of
Ny, (1) could be exploited in order to provide a genuine non-equilibrium many body
state composed by two fermionic components. In fact, while the total compressibility
is always positive, i.e. kK = g—z > 0, the same statement does not hold for the flavor
compressibility defined as k,, = %L—um. The latter does not represent a thermodynamical
quantity, and the stability of the system only relies on x. Nevertheless, if an experi-
mental setup could be arranged in order to suddenly get rid of one of the fermionic
components, the system could be found in a state composed by two fermionic species

whose overall compressibility is negative.

More formally, the procedure for eliminating one of the fermionic components, cor-
responds to a projection of the ground state of the system onto a subspace of the
original Hilbert space. The many body ground state of the three components system
|W) belongs to the Hilbert space H that can be partitioned into H = H; @ Ha ® Hs,
where the subscript is relative to the flavor index. Therefore, H,, is the space spanned
by the many-body states |¥,,,) =[], ¢}, |0}, where a could be the lattice site R or
the wave vector k € BZ. The projector onto H; ® Hy = Hio can be written formally
as Pro = (X, ]1) (i] ) ® |03) (03], where {|i)} corresponds to an orthonormal basis of
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Hio and |03) is the vacuum state belonging to Hsz. Therefore, the projected wave
function now reads |®) = Py |¥). Since the hamiltonian contains interactions among
the three different flavors, the original ground state cannot be written as product
of many body states that belong separately to the H,, spaces, i.e. |V) # [[.. |V),
where |U,,) € H,,. This implies that, the average values of operators acting on
H12 change after the projection, as for the case of the occupation numbers n; s, i.e.
(@[ N1/2 |P) # (W[ 712 |¥). Therefore, it is not assured that if £,, < 0 when calculated
for the ground state of the three components system, it will be still negative after the

projection.

5.4 Conclusions

The combined possibility of simulating SU (N )-symmetric interactions and synthesizing
local gauge potentials, exploiting both the electronic structure of alkali and alkaline-
earth like atoms and their interactions with light, can give rise to many interesting

and exotic physical phenomena.

In particular, the scheme presented in the introduction of two Raman beams incident
on a optical lattice, is suitable for simulating an effective hopping along the synthetic
dimension, given by the flavor degree of freedom. In addition, a Pierles phase
exp (£i ¢ - R) dependent on the lattice site can be impressed upon fermions that hop
along the synthetic dimension. It has been discussed that the inhomogeneity brought
to the system by a non-zero magnetic flux is trivial as long as two AGF matrices Mg
and Mg, are connected to each other by a unitary transformation that depends only on
the difference R — R’. Therefore, methods suitable for studying homogenous systems,
as single site DMFT, can be used in order to study this class of systems. Furthermore,
the symmetry of the interactions under SU(N) unitary transformations simplifies very
much the calculations and the numerical protocols that must be adopted for solving

the resulting multi-component Hubbard Model.

The increased number of possible permutations of the flavor indices, gives the possibility
of studying novel problems also in the limit of ¢p = 0. For instance, for N = 3, a
nearest neighbor hopping along the synthetic dimension can be simulated with both
OBC and PBC. These two cases correspond respectively to the AGF matrix IM; and
M, presented in eq.(5.11). The differences between the spectra of these two simple

3 x 3 matrices lead to distinct physical results.

83



In the case of a synthetic hopping with OBC, the system shows a flavor selective
metamagnetic behavior at intermediate couplings. In particular, ny(n = 2) goes to its
saturation value continuously as a function of 7, while ny(n = 2) and n3(n = 2) has
a finite jump from a value in the range [0, 1] to 1 and 0 respectively, at the critical
value 7 = 7.. Furthermore the effective masses of the quasi-particle component m =1

decreases as a function of 7, while mj /3 Increases dramatically when 7 ~ 7.

This two distinct behaviors have been shown to occur in the single band Hubbard
model in presence of a magnetic field, but always separately. Therefore, this exotic
mixed magnetic behavior can be consider as a novelty brought by the increased flavor
degeneration. In the main text, the renormalized correlation Dy relative to the different
couples of fermionic species as a function of n is also reported, in order to link the
theoretical description in a more direct way to experiments. Furthermore, since all
the quantities of interest were calculated as functions of the chemical potential, it is
possible with the presented data to take into account of the harmonic trap of a cold
atomic experiment using the Local Density Approximation, therefore constructing the

spatial profiles of the occupation numbers.

Afterwards, the case of a synthetic hopping with PBC has been addressed. The SU(2)
residual symmetry preserved by the M, matrix, allows for an insulating mixed state
made up of a "band” insulator and a paramagnetic Mott insulator. More in detail,
the spectral function of this new insulating state is composed by a totally filled band
relative to the flavor index m = 1 and a gapped distribution relative to the flavor
components m = 2,3. Also in this case non-monotonic trends of the occupation

numbers as a function of i is observed for intermediate and small values of 7.

In addition a non-monotonic trend of the occupation numbers as a function of the
chemical potential has been observed for intermediate values of 7. This novel feature
inspired the idea of constructing a genuine non-equilibrium state obtained as a
projection of the GS of the three-component system onto a subspace of the original
Hilbert space. In particular, the possibility of obtaining a two component system with

a negative overall compressibility has been discussed.
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CHAPTER 6

QUANTUM MAGNETISM IN THE
MULTI-COMPONENT HUBBARD
MODEL

The previous chapters were focused on the Mott transition in the paramagnetic sector,
where any magnetic ordering has been neglected. Nevertheless, at very low temperature
in the case of three dimensional systems, and at 7' = 0 for two dimensional systems,
some kind of magnetic ordering is expected at least in the strong coupling regime,
where the electrons become localized spins. In the particular, it is well known that
in the large-U regime and for a half-filled system, the single-band Hubbard model is

mapped onto the Heisenberg model, i.e.:

H=JY Sr-Sw, (6.1)

RR/

where Sg = >~ 5 cTRa (0)45 crp are the local spin components along the directions

=9,z and J = 2t?/U is the effective spin coupling obtained using second order
perturbation theory. The Néel temperature in the Heisenberg limit is Ty o J, therefore

it scales as the inverse of the interaction strength U.

In the opposite limit of weak interactions, the Néel temperature is exponentially
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small as a function of U for a bipartite nested lattice, as can be shown by a simple
Hartree mean field analysis of the Hubbard model. This can be understood through
considerations about the response of the system to an external field. In the mean
field approximation the response of the system to an external potential is given by its
susceptibility that reads x(q,w) = xo/(1+ Uxo), where xo(q, w) is the non-interacting
susceptibility. As will be explicitly shown in the next chapter, if the energy dispersions

satisfy the nesting property for a particular vector Q, i.e. exyq = —¢€k, as in the case
d

—~
of an hyper-cubic lattice in d-dimension for Q = (7, 7, ..., ), Rexo(0,Q) ~ —In (A/T),
where A is an energy cutoff. Therefore, the Néel temperature can be calculated as
1+ URexo(0,Q) =0= Ty x exp(—D/U).

The weak and strong coupling regimes are connected by a smooth crossover and the
Néel temperature displays a peak at intermediate couplings. This is illustrated in

Fig.(6.1) that shows Ty calculated using DMFT as a function of the interactions.

Figure 6.1: Néel temperature Ty as a function of the interaction strength U/D
evaluated using DMFT in the case of a bipartite Bethe lattice at half-filling. The
bold line refers to QMC calculations, the thin line is obtained using static mean-field
theory, while the dotted line displays data obtained through IPT [28].

An alternative way to recover the broken symmetry consists in doping the system at a
fixed temperature. In the gran canonical ensemble, this is achieved by a variation the

chemical potential from its particle-hole symmetric value, how shown in the previous
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chapters. In fact, a similar analysis of the system in the case of © # 0 in the weak

coupling regime at zero temperature yields Reyo(0, Q) ~ —In (A/pu).
pling reg p y XolY, M

Indeed, the first part of this chapter is dedicated to the analysis of a doped antifer-
romagnetic system at finite temperature, in the particular case of the single-band

Hubbard model.

In the more generic case of N-fold flavor degeneration, spin hamiltonians can be derived
from the hamiltonian in eq.(2.6) in the large-U limit. The increased number of possible
spin and orbital permutations gives rise to a larger spectrum of the hamiltonian also
in the atomic limit, whose energy manifolds are fixed by the SU(N) x U(1) symmetry.
Therefore, the large-U limit provides different spin models belonging to different atomic
energy manifolds. In this chapter, the case of one atom in its ground state per lattice
site is considered. This corresponds in terms of the irreducible representations of
SU(N) to one Young tableaux per each site of the lattice and the SU(NV)-Heisenberg

hamiltonian reads:

H=JY Su®R)Sy (R (6.2)
(RR)
where J = % is the super-exchange coupling and the S™, are the N* — 1 generators

of the SU(N) Lie algebra that obey the following commutation relation:

In the case of N = 2 the Heisenberg model in eq.(6.1) is recovered, where its ground
state in a bipartite lattice is an AFM. In general with N > 2, and in a generic lattice

the situation can be far more complicated.

In the second part of this chapter, the case of N = 3 in the triangular lattice is
addressed. References [4],[65] may be considered as a starting point of the further
developments of this section. Here, it has been shown, that for N = 3 in the Heisenberg
limit, the ground state in the square and the triangular lattices with one fermion
per site is a tripartite AFM. The model in eq.(6.2) has been treated in the mean
field approximation plus harmonic quantum fluctuations in the thermodynamic limit,
and with ED and Density Matrix Renormalization Group (DMRG) methods in finite
clusters. The mean field analysis of the SU(3)-Heisenberg model that has been carried
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out is based on a site factorized ansatz on the many-body wave function:

) = [[ (dar |A)g + dor|B)g + dow [C)g) , (6.4)

R
where A, B,C stands for the three different flavors state and the vectors dg =
(dar,dpR,dcr), are variational parameters to be optimized in order to minimize the

mean field energy expectation value, that reads:

(V] H |7)
Eyp = ———>t T =J ) |dr-dp|*. (6.5)

(RR/)

Since J > 0, any configuration where the vectors dg are orthogonal among nearest
neighbors yields the ground state energy. The increase of internal degrees of freedom
leads, at the mean field level, to an higher degeneration of the ground state respect
to the common situation with N = 2. For example, in the case of the square lattice,
the ground state is double degenerate when N = 2, while for N = 3 the degeneration
space of the ground state is proportional to the size of the system. Nevertheless, the

quantum fluctuations selects a tripartite order in the square lattice shown in Fig.(6.2).

(a) (®)

Figure 6.2: Schematic representation of a three sub-lattice (a) and a two sub-lattices
antiferromagnetic state of the SU(3) Heisenberg model in the square lattice. The
degeneration of the two configuration at the mean field level is lifted by adding
quantum fluctuations [65].

Linear flavor wave theory (LFWT), that is an extension of the usual spin wave
theory of the SU(2) Heisenberg model, formulated in the case of SU(3)-symmetry
in Refs.[56][57], may be used in order to take into account of quantum fluctuations.

Therefore, the quantum SU(3) spin operator can be represented in the following way:

Spi(R) = bl (R)bu (R), (6.6)



where b,,(R) is the boson destruction operator relative to the m-th flavor at site R.
The ground state of the system can be now fixed, choosing a particular irreducible
representation of SU(3) group at each site. In this case of interest the representa-
tion corresponds to M Young Tableaux disposed horizontally per each site. This

corresponds to fix the number of the Schwinger bosons at M for every site:
> bl (R)bm(R) = M. (6.7)

The LFWT corresponds to let M to be large enough, in order to allow a large-M
expansion. It should be noted that the right representation that corresponds to the
physical situation of interest, i.e. on particle per site, it is given by M = 1, with
the large-M expansion corresponding to a semiclassical treatment of the Heisenberg
Model.

In the following, the case of an antiferromagnetic ordered state, where the spins on the
site [, which belongs to the sub-lattice A, point the a-direction is considered. Hence,
starting from the ordered state the following expansion for the S§(R) operators can

be used:

SER) = M- bR
BHa
« / af
S~ VMb
Sy = v3Tbg,  with 8,8 #a. (6.8)

The superscript « indicates that the boson operators act on the sub-lattice A, where
the bosons on the a—axis condensate, i.e. b2, bl ~ /M. Using eq.(6.8) the exchange
term between two sites R € A, and R’ € A, reads:

st R)S!(R/) =
M [bl‘f(mbif (R) + bl (RN (R') + b (R)BLY (R) + b (R (R)] - (6.9)

The last equation can be plugged into eq.(6.2) and after a Fourier transform of

the boson fields (defined in the sub-lattices) and a Bogoliubov transformation, the
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Heisenberg Hamiltonian finally reads:

. z 7ot Ja 1
H=—3JMNy+M YD was(k) [bﬁjkbﬁyk + 5} : (6.10)
keRBZ o p#a

where ng is the quasi-particle destruction operator, N, is the total size of the system,
z the lattice coordination number, and w,g(k) represents the energy associated to the

quasi-particle fluctuations along the g-axis in the A, sub-lattice.

In the case of the triangular lattice, assuming a tripartite order, the fluctuations are
degenerate and reads w(k) = /1 — |2, with v = 2(e'** + 2e7%/2 cos(v/3k, /2)).
The ordered moment is reduced from the unity by quantum fluctuations, yielding
(S*R)) =M — <ﬁ - 1>BZ ~ 0.484, therefore the tripartite order is stable under

quantum fluctuations [4].

In the square lattice, as can be understood from eq.(6.5), the classical ground state
is highly degenerate. The tripartite and bipartite order shown in Fig.(6.2) are both
admitted. Actually a more generic helical order state is admitted by the mean field

calculations, that is given by the following relation:
dl+2 = cos 6 dl + sin 6 dl X dl+1, (611)

where the subscript [ stands for lattice sites belonging to the /-th diagonal. The
bipartite and tripartite order are obtained from the last equation respectively for
0 = 0,%. Inref. [65] has been shown that the tripartite system is the one with
lowest zero point energy, once quantum fluctuations are added, and therefore is the
actual ground state. Nevertheless, the quantum fluctuations in this case diverges and
the ordered moment cannot be calculated using LEFWT. Therefore, ED and DMRG

calculations are been performed, showing that the tripartite order is stable.

The Heisenberg model in eq.(6.2) is a very good representative of quantum magnetism
emerging from the Hubbard Model at strong coupling, but it is not reliable in the
case of weak and intermediate coupling. Therefore, all the results shown in this
introduction can be taken as benchmarks and inspiration for the upcoming sections of
this chapter, where the magnetic solutions of the SU(N) Hubbard model are studied

at weak and intermediate coupling, using Hartree-Fock method.
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6.1 DMFT analysis of a doped AFM.

In order to take into account of the antiferromagnetic solutions of the Hubbard model
using a DMFT scheme, the self-consistence equations in eq.(3.37) must be generalized

in the way a long range order may take place.

In general a bipartite lattice can be partitioned into two sub-lattices A and B. Therefore
the non-interacting hamiltonian may be expressed in terms of these two sub-lattices

as following:
Ho = Z Z k <chaCBka + CTBkO'CAkO') ) (6.12)

o keRBZ
where the summation over k has to be carried out over the reduced Brillouin zone
because of the doubling of the lattice spacing. The Green’s function of the interacting

lattice model can be obtained by inverting the following matrix:

G (iwn, k) = ( Sao e ) : (6.13)

—€k €BU

with €4, = iw, + 1 — Y as(iw,) and g, = iw, + 1 — Xpy(iwy,). In the relation in
eq.(6.13) it is clear that a local form of the self-energy has been assumed, since ¥(iw,,)
is diagonal in the sub-lattice indices. Therefore, the local Green’s function of the

lattice model reads:

Gao = &ao /_ T 99 (6.14)

s Ea0EBs — €%

In the current case, where no external magnetic fields are considered, the system
is symmetric under the composite transformation of a translation A — B plus a 7
rotation. This amounts to impose that Gg, = G45, that allows for studying the
original lattice model using only the local effective action relative to the sub-lattice
A. In this case, the self consistence relations are spin-dependent and in the case of a
Bethe lattice read:

G Hiwy,) = iwy + p — 2 Gy (iwy), (6.15)

whose physical meaning consists in the fact that the effective retarted potential felt

by the 1 fermion is given by the effective bath of the | fermions.
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Figure 6.3: Density and staggered magnetization as functions of the chemical potential
for several values of the temperature at U = 4D.

6.1.1 Thermodynamic instabilities of the doped AFM

The system is expected to display a second order phase transition as a function
of the chemical potential at high enough temperatures. Therefore in this regime,
there exists a critical value p = u.(7") that depends on the temperature such, that
a transition between an antiferromagnet to a paramagnet occurs and the staggered
magnetization vanishes. Since the second order character of the transition, the charge
compressibility of the system k is expected to have a discontinuity when the transition
occurs. Furthermore, in Ref.[12] a dramatic enhancement of the charge compressibility
as a function of the temperature was reported. Nevertheless, since the high temperature
regime, it was not possible for the authors to establish whether the system was going

toward a divergency of k or not.

Fig.(6.3) shows the magnetization and the density as functions of the chemical potential
for several values of the temperature 1" at U = 4D. The data were computed using an
ED solver at finite temperature with Ny = 6. At u = p., the staggered magnetization
m vanishes continuously and k = g—Z has a discontinuity, as expected. The trend of
the density curves increases its slope more and more as a function of the temperature
and a divergent behavior of x(u.,T) is observed as a function of 7. This permits to

estimate a critical temperature T, such that such a divergency occurs. Fig.(6.4) shows
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Figure 6.4: Phase diagram in the plane (7', ) evaluated at U = 4D. The inset shows
the divergent behavior of k(u., T') evaluated on the critical line.

the phase diagram in the plane (T, ) for U = 4D. The critical line u.(7") separates
the antiferromagnetic region from the paramagnetic one where m = 0. The inset in
the figure, shows the divergent behavior of the compressibility x(u.(7"),T") calculated
on the critical line. It was possible to estimate the critical temperature 7, through a
logarithmic fit of the compressibility. For T' < T,., the DMFT cycle does not converge
for any value of the chemical potential. Conversely, a finite range of ”forbidden” values

of ;1 opens in correspondence of the critical point shown in the phase diagram.

Even though no solutions are found n correspondence of the ”forbidden” region, it
interesting to analyze the details relative to the DMFT cycle. In particular, Fig.(6.5)
shows the the density, the magnetization and the convergence test y as a function
of the DMFT iteration i, at U = 4D and T < T,, for three different values of
w=134D,1.35D, 1.36 D that correspond to three different regimes. In the first
one (u = 1.34D), after a certain number of iterations the system achieves convergence.
In the second regime (p = 1.35D), the system takes a very long iteration time to find
an homogenous solution. Furthermore, the observables m and n displays a damped
oscillating dynamics as a function of the iteration time. Finally the third regime
(u = 1.36D) is characterized by a conservative oscillation trend of the observables as a

function of 7, and no convergence is achieved. More specifically, the density oscillates
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between two values n_ and n, with n_ < n., that correspond to an antiferromagnetic
and a paramagnetic state respectively. It is interesting to wonder if it is possible to
grasp some physical insights from this additional informations relative to the cycle
dynamics. In particular, this intriguing oscillatory behavior between two states with
different densities, together with the divergence of the charge compressibility would
suggest that the system is moving toward a phase separation, where puddles of an
antiferromagnetic phase alternates with paramagnetic ones. This would be consistent
with the following interpretation of the DMFT cycle. At the iteration time i the site
R; of the original lattice is treated as the interacting impurity of the effective action
Sef. Afterwards this last is solved and G; ' is computed through the self-consistence
equation. Therefore, a new iteration starts at the time ¢ + 1, and the site R; 1,
that belongs to the nearest neighbors of R;, is selected as the new impurity of the
effective action, feeling an effective potential G; ' induced at the time i by its nearest
neighbors. Then, another iteration starts and the cycle proceeds in this way moving
from one site to its nearest neighbors. Following this interpretation, the period relative
to the undamped oscillations observed in the DMFT cycle, could be thought as an
effective length that measures the distance between the centers of the magnetic and
paramagnetic puddles. In this case the data reported in Fig.(6.5) would suggest a

characteristic length of the order of hundreds of the lattice spacing.

Fig.(6.6) shows the critical temperature T, as a function of U. The curve displays a
maximum at intermediate coupling and decreases at stronger and weaker couplings.
The trend of T, seems to mimick the Néel temperature behavior in the Heisenberg
limit and at intermediate coupling. At weaker couplings, the iteration time necessary

to achieve convergence increases dramatically.

In this case, rather than estimating 7. as a logarithmic fit of the charge compressibility
k(pe(T),T) as for the specific case of U = 4D, the values reported in figure were
estimated in a different manner. In particular, 7, has been defined as the greatest
value of the temperature such that undamped oscillations appear in the DMFT cycle.
More in detail, the dots plotted in Fig.(6.6) were computed as the average w,
where T.F(U) represents the lowest value of T' such that DMFT solutions were found
for arbitrary values of u, while T (U) is the greatest value of 7" such that oscillations
in the DMF'T cycle appear for a finite range of . The error bars were computed as the
relative error between T (U). It is worth to notice that the values of T, evaluated in

the two different manners for U = 4D are in a very good quantitative agreement.
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Figure 6.5: Plot of the staggered magnetization, density and convergence test as
functions of the iteration time 7. Different columns are relative to different values
of the chemical potential, that correspond to the three different regimes of the cycle
dynamics commented in the main text.
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Figure 6.6: Critical value of the temperature 7, as a function of the interaction
strength U.
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6.2 SU(3) AFM in the triangular lattice

Three flavors can be arranged in a lattice that can be divided into three sub-lattices,
in order to form an antiferromagnetic configuration. Straightforwardly, the triangular
lattice seems to be a perfect candidate to display an antiferromagnetic order of this
kind. Nevertheless, the situation is different from the case of the SU(2) Hubbard

model in the square lattice, where perfect nesting occurs.

This section is organized in three parts. In the first, the non-interacting gas instability
in the particle-hole channel is studied by means of RPA approximation. In the second
part the Hartree-Fock method is used for studying the emergence of the ordered phase.
In the last part, it is discussed a possible extension of DMFT for a tripartite lattice in
order to study the tripartite antiferromagnetic order and to take into account, in a

non perturbative way, the local quantum fluctuations.

6.2.1 RPA susceptibilities

In order to understand if is there any instability under the action of a magnetic field
in the particle-hole channel, it is useful to compute the RPA susceptibility. For this

purpose, consider the interacting part of the Hubbard hamiltonian:

Hip =U Y / A%z po(z) ps(x). (6.16)

a<pf

The flavor density can be rewritten as p, = 0pa + (o), Where 0p, = pa — (pa). In
case of small fluctuations, the interacting hamiltonian can be linearized in the flavor

densities, i.e. discarding quadratic terms in dp,. The linearized hamiltonian reads

Houn U [ @3 0s) pu = 5 (0o} o) (617)

ey
The density of the flavor « is now decoupled from the others, but is subjected to an

effective external field created by the other flavor densities.

Linear response theory gives a formula for calculating the density average of the
system under the action of an external field V,,;. In the case of a non interacting gas,

the formula reads:
<pa(w>q)> = ‘/ext(UJ;q) XO(qu) . (618)
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In the case the interactions are turned on the noninteracting yo must be replace by

the interacting one and the equation reads:

(pa(w,q)) = Vear(w, q) x(w, q) - (6.19)

Calculating y is not an easy issue, in general. However, when U is small enough, the
interaction can be treated in the mean field approximation as discussed above. In this
case the particles don’t interact with each others but they feel an effective external

field to be summed up to V., in eq.(6.18), in order to calculate (p,) consistently.

Therefore:
(pa(w, ) = (Vear(w, @) + VG5 (w, @) xo(q, w), (6.20)

that is a system of coupled algebraic equations in (p,), and can be reformulated in a

more convenient matrix form, as following;:

o 011 P v
pr | =Uxo| 1 01 p | +x0 | V2| (6.21)
ps 110 ps Ve

Now the interacting RPA susceptibility, will be calculated for two kind of external
fields:

Vi, = ~1 Vi, =V]| 1 (6.22)
0 —2

The components of the external fields are chosen to be the same of the diagonal

elements of the Cartan subalgebra matrices of SU(3).

The solution of the system in eq.(6.21) is:

4 . XO V (pl — XO
pro= 1—|—UXQ 1+UXO
T o )" T (6:25)
X0
= = 92—
\ P3 0 L P3 1+ Uxo
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and consequently the interacting y reads:

X0

—_—— 6.24
1+ Uxo ( )

X:

The non interacting susceptibility

In the mean field approximation the interacting susceptibility depends explicitly on o,
therefore the interacting system can be understood by means of the analytic properties

of xo, that can be written using the Lindhard formula:

np(§k) —ne(c + Q)
w.q) T Q Z bk — &k +w+ 107 (6.25)

where & = ex — p is the lattice energy dispersion measured respect to the chemical

potential.

Hence, the dimensionality together with the lattice topology and filling play a crucial
role, as for instance, in the case of the hypercubic lattice in d dimension at half-filling,

where the band dispersion satisfies the nesting property:

§(k+Q) = —¢(k), (6.26)

with Q = (7,7, .., m). This property leads to a singularity of yo at the Fermi surface,

and in particular it can be shown that
Rexo(0,Q) ~ —1In(1/T). (6.27)

This implies that there exists a temperature for any arbitrary small interaction U > 0,
such that the denominator of the RPA susceptibility vanishes, i.e Uyg = —1. This is
the reason why, at zero temperature there is always an antiferromagnetic ordering for

arbitrary small values of U.

In the case of the triangular lattice in two dimensions, the situation is different.
Indeed, there is no nesting property of the lattice energy dispersion, at least not for
the antiferromagnetic wave vector Q = 4?’r(l, 0), that was calculated in the previous
section. This is the reason why the antiferromagnetic transition occurs at a finite

value of the interaction strength U in the tripartite triangular lattice.
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Figure 6.7: Temperature behavior of the function Rexo(w = 0,Q,T') in the case of the
triangular lattice, with one fermion per site. The function clearly does not diverge and
saturates in the limit of 7= 0 to a constant value, from which the critical value of
the interaction strength can be extrapolated, i.e. UFP4/D = 1/Rexo(w =0,Q,T =
0) ~ 1.05.

Nesting properties

This section is dedicated to the nesting property of the Fermi surface and more in
detail, eq.(6.27) is proved. Finally the same computation is carried out for a generic

filling, showing that no divergency of the yo occurs.

Let us consider the expression in eq.(6.25), in the case eq.(6.26) is fulfilled. In this

specific case the Lindhard function, at w = 0 reads:

() ()
DI | dsalo (6.25)

o0

In most of the cases, the density of states g(§) is consider constant and calculated at

the Fermi surface, and the integral in the RHS of the last equation is approximated
to:

+too tanh (B€/2)

o [ gt

dg

¢ exp(—alg]), (6.29)

where an exponential cut-off of the frequencies is inserted in order to assure converge.
This passage is needed in order to simplify the calculations and to provide an analytic

expression of g, nevertheless it has also a physical meaning. Indeed, in order to have
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a divergent xo, the condition in eq.(6.26) could be fulfilled not in the whole Brillouin
zone, but in a finite domain around the Fermi surface. Therefore, in this case, the
integral in eq.(6.30) would represent the summation over the subset of k-points where
the nesting property is satisfied, and where the approximation on the density of states
is now well understood. The integral in eq.(6.30) can be evaluated using the residue

theorem and expressed as a summation over the Matsubara frequencies, i.e.:

+oo
—g0) [ g ey
—2mi g(O)% ; %:J"a) = —4mwg(0)atanh (eiﬂ%)
~ —In(1/T), when T ~0. (6.30)

One of the most representative example of nesting property of the Fermi surface is
the case of the hyper-cubic lattice at half filling. This is the reason why for this kind
of lattice at half filling the system has an antiferromagnetic order for arbitrary small

values of the interaction.

The non interacting susceptibility has a similar behavior as a function of the chemical
potential (or doping). Indeed, in the case of the hyper-cubic lattice, the nesting
property is satisfied at half filling, where u = 0, i.e. £ = €. In the case of p # 0 the
Lindhard function at T' = 0 reads:

R 0(=€) —0(¢ +2p) A
—9(0) /_A (3 2D ~ —In (;> : (6.31)

where A is a finite cut-off and 0(x) is the Heaviside theta function.

6.2.2 Hartree-Fock calculations

The Hubbard model for three flavors interacting fermions reads:
3
H = —t Z Z CTRmCR’m +U Z Z nNrmNMRm'- (632)
m=1 <RR’> m<m’ R

The hamiltonian above defined is SU(3) symmetric, therefore commutes with the
generators of the Lie SU(3) algebra 7, = 37, ch. crp.

Under symmetry consideration can be derived a plausible effective mean field hamilto-

100



nian, using the Hartree-Fock theory, in order to study the magnetic solutions of the
Hubbard Model. A magnetic field directed along the z-axis would break the symmetry,
letting the hamiltonian in eq.(6.32) to commute not with all the SU(3) generators, but
only with the generators of the Cartan Subalgebra, given by the diagonal generators
of SU(3). For generic SU(N) symmetry, the number of the generators of the Cartan
generators are N — 1. Therefore in the case of SU(3) a two components magnetic

field is expected.

According to these considerations, the effective hamiltonian should have the following

form:

Hypg = —t Y ¢hvw +UY ¢hT-Arvr, (6.33)

<RR'> R

where T = (T®"), T®), that correspond to the Gell-Mann Matrices

0 0 1 0 0
™ =1 0 =1 0 T® — \/Lg 01 0 (6.34)
0 0 0 0 0 -2

AR = (AR1,ARs), and ©; = (cr1, Cr2, Cr3) is the multi-flavor spinor at site 1.

The effective hamiltonian in eq.(6.33) is a generic hamiltonian in the presence of a
non-homogenous magnetic field along the z-axis in the case of SU(3) fermions, and
it is valid for any lattice topology. The particular case of a triangular lattice, with
a non-homogenous magnetic field with a tripartite shape will be addressed, giving a

generalization of antiferromagnetism in a tripartite lattice.

The effective hamiltonian

Now, the hamiltonian in eq.(6.32) can be written with an explicit spacial dependence

of the order parameter:

Hy = —t Y Yhtp +U> YL T Ayg

<RR'> R
+ U e Ryl T A g, (6.35)
R
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where

A= - (6.36)

represent a complex order parameter, that depends upon the two real parameters Aq,
Ay that must be determined self-consistently. The form of the order parameter A
is justified in Appendix(D). After performing a Fourier transform of the fields the

hamiltonian reads:

Hp =Y et + U Y [T Adsq +0{T Ao . (637)
k k

In Fig.(6.8) it is shown how the Brillouin zone (BZ) can be partitioned into three
domains BZ1 (magenta color), BZ2 (green color), BZ3 (brown color) such that:

3
BZ =|JBZi and BZiNBZj=0, Vi#j (6.38)

i=1

and
BZi+Q=BZ([i+ 1]mod3). (6.39)

This partition of the BZ allows the summation over the BZ to be splitted into three
summations over the BZi and eventually to express all those sums as a function of a

summation over BZ1 only.

Indeed:

Z%T Atyiq +hec. _ZZ¢kT Atiiq+he =

i=1 BZi
Z > g T Aviiming Hhe. = > ol T Ag™ +hec,
n=0 BZ1 n BZ1
— ZZZ)‘U (bT(n) (n+1 A n+1 ¢k0, (6.40)

BZ1n=0 o

where A, = 3. (T,),. A; and ¢ = (6,607, 6Y) and ¢ = thysng , with n =
0,1,2.

102



ky

Figure 6.8: Partitioning of the Brillouin zone into the three subsets BZ; (brown color),
BZ, (magenta color) and BZ3 (green color). The Brillouin zone is given by the area
of the hexagon drawn with thick lines. Since the length of the hexagon side is 47/3, it
is easy to grasp that BZ; — BZ, after a translation of Q and that BZ; — BZ3 after
a translation of 2Q. Dots in the figure represent points of the reciprocal lattice.
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Eqgs.(6.38,6.39) guarantees that {(]51(2, 1(5,2,,} = 0por 0ij Ok’ -
For simplicity the notation will be changed as gbl(:;) — Pxon-

The hamiltonian is block diagonal in the spin sector, therefore it can be expressed
as three 3 x 3 matrices whose indices correspond to the different color indices, i.e.
n=1,2,3.

After defining the color spinor as @y, = (Pro1, Pro2s Pko3), the full hamiltonian

reads:
Heﬁ: Z Z(DLUHkU(Dkaa (641)
keBZl o
where:
e(k) U, UN:
Hio = UX: —ie(k) + g(k) U\, : (6.42)
Uhe UN, —dell) - g(K)

and where the relation e(k + Q) = —1e(k) + g(k), e(k + 2Q) = —1e(k) — g(k) has

been used, with:

gk) =3 [sin (% + ?ky> + sin (% - \/751473,> — sin (er)] . (6.43)

In its diagonal basis, the hamiltonian eventually reads:

H@ﬁ = Z Pkon ﬁkana (644)

kon

where py,, are the eigenvalues of the matrix in eq.(6.42), Nxen = (;Lan(;kom ékgn =

Zm Upim®xom, Where U is the eigenvectors matrix relative to Hy, -

It is remarkable that, as in the case of the SU(2) Hubbard model in the square lattice,
the hamiltonian eigenvalues don’t depend on the spin index. Therefore, the spectrum

is three fold degenerate.
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The self consistence equation for the magnetization

In this section, the self consistence equations for the order parameter A are derived.

Comparing the hamiltonian in eq.(6.35) with the original Hubbard model of eq.(6.32),

the order parameter must satisfies the following relations:

Ay 2

{AHF%} e the = (nR2 +nrs) — 5

Ay 2

— AP phe = — =

{\/g ] + h.c (an + nR3> 3
———e~"+hc = (nr1+nr2) — o,

7 (nr + 7z} —

therefore:

— 1 j
_(7”l1112—nRz> = -3 <¢; T, ¢R> = A et he

NR1 +NRr2 —2n 1 Q-
TSI e T

In this way, after defining the ’staggered’ magnetization components as:

m, = —i YR <¢; T, wR> the
R
_ 1 QR /.t
_ 1 ¥l Totr ) + hc.
2 24 2" < R 2 R> ¢

Using eq.(6.46), it is now possible to compute m; and ms as a function of A.

Indeed:
_ ZQ ‘R x _—iQ-R A%
m; = AER (Aje +h.c.) + h.c. = Aj + hee.
1 * =1 *
my = ZgR R(Ase QR+hc)+h.c.:A2+h.c.

(6.45)

(6.46)

(6.47)

(6.48)

These relations have been carried out using the fact that the terms proportional to

Z O R € - 0 when A — oo.

The self consistence condition reads:

m = 2Re (A).
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Thus the physical meaning of A is now clear.
The condition in eq.(6.49) can be now explicited in the following way:

1 . 1 .
— 5 2 VMU Tivm +hie = = S YRy i, + e =
R Ro

1 ‘ 1 A
- ﬂ Z Tch wle@Z)k-&-QU + h.c. = _ﬂ Z 7-; ¢Lan¢k0n+1 +hec =
ko

BZ1 on

- i Z 7Pl (ngT UL,) Dy, (6.50)
ko

where Uy is the matrix containing the eigenvectors of Hyy, and Py, is the quasi

particle color spinor.

The average value of quantity in eq.(6.50) reads:

1 .
—57 27 (VT UL,)  ne(pon) = 2Re(Ay) (6.51)

kon

Using the definition of A in eq.(D.11) this last equation can be written explicitly for
the component of the field as:

1 Ay + Ay
s (UeTUL) nlpen) + 2522 = 0
kon
1 A — A
ﬂ Z 7—3 (UkO'T U]L;—) . nF(pkan) + \/g % - 0 (652)
kon
These equations together with:
1= 2 ne(n) (6.5
1 N\ Pkon ), .

kno

that fixes the density to one fermion per site, correspond to the self consistence

equations of the order parameter.

Numerical Results

Eqgs.(6.52, 6.53) represent a set of three non-linear equations of three variables: Ay,

As, that are the order parameter components and u, the chemical potential needed to
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fix the density.

The solutions of this system, that can be labeled as X = (A, Ay, fi), has been
found numerically and they are of three kinds, where the following simple relations
hold:

1. Ay =—-Ay = n, = No,
2. Ay =2Ay = ny = ng,
3. 20 = Ay = ny = ng,
where n,, are the occupation numbers evaluated in the sub-lattice A.

Hence, it is worth to note that the system spontaneously breaks the symmetry
SU(3) — SU(2) x U(1), therefore preserving a local SU(2) symmetry, since the

occupation numbers of two flavors are always degenerate.

This in accordance with the result shown in the introduction, in the case of the
SU(3)-Heisenberg model, where the dispersion relation of the Flavor Waves of the
flavor B and C are found to be degenerate in the sub-lattice A.

In Fig.(6.9) the solutions of the order parameter are shown as a function of the
interaction strength. The thick lines refer to the solutions of eqs.(6.52, 6.53) that
correspond to minima of the energy, while the dotted ones represent unstable solutions,
i.e maxima of the energy. The dotted line interpolates between two spinodal points.
The first one occurs at U, /D ~ 0.87 and it is the point such that for U > Uy
magnetic solutions appear. The latter, occurs at Uge/D ~ 1.05, that is such that for
U > U, the non-interacting gas begins to be unstable, that is in agreement with
the value calculated via RPA in the previous section. The phase transition occurs
at U./D ~ 0.91, that corresponds to the value of the interactions such that the
free energies of the non-interacting gas and the AFM cross, as shown in Fig.(6.10).
The order parameter jumps from a finite value to zero, signaling a first order phase

transition.

The model with AGF

As discussed in the previous chapter, the introduction of the AGF with ¢ = 0, is
equivalent to introduce an hopping matrix between the fermion internal degrees of

freedom (flavors).
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Figure 6.9: Solutions of the first kind (A; = A = —A,) of the order parameter as a
function of the interaction strength. The dotted line represent unstable solutions of
the eqs.(6.52, 6.53), while the thick black lines refer to minima of the energy. The
shaded area corresponds to the coexistence region between the normal phase and the
AFM. The red vertical line indicates the critical value U, such that for U, < U < U,
the AFM is a metastable phase and the non-interacting gas is the actual ground state,
while for U. < U < U, the actual ground state is the AFM and the normal phase
corresponds to a relative minimum of the energy.
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Figure 6.10: Cross of the free energies of the non-interacting gas and the AFM (thick
lines). The dotted line corresponds to the energy relative to the unstable solutions
shown in Fig.(6.9). This value corresponds to a maximum of the energy between the
two minima when U, < U < U,s.
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Figure 6.11: Occupation numbers as a function of the interactions.
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Therefore, the onsite energy of fermions depends on the flavor index and it’s given by

the eigenvalues of the hopping matrix, that reads:

0 t t
M=—|t 0t |, (6.54)
ty 1 0

In order to take into account of the ferromagnetic ordering in the HF scheme, two
additional variational parameters are needed in the parametrization of the occupation

numbers.

Therefore, eq.(D.2) has to be modified as following:

1 1
(nm) - g = ong — ARI - ﬁ ARQ
1 1
(nR2) — 3 ong + Ay — % ARa
1 2
(nR3> — § 5713 + ﬁ ARQ s (655)

where dn,, is the homogenous variation of the occupation number from the symmetric
case where 7 = 75 = 0, that includes also the effect of the interactions. Fixing the
density at n = 1, it’s equivalent to impose a relation between theses variations. Hence,
eq.(6.55) reads:

1 1
(nm) - g = on — AR1 - ﬁ ARz
1 1
(nR2) — 3 = 0ng + Agry — ﬁ ARo
1 2
—— = —(¢ ) — ARo. 6.56
(nR3) 3 (0nyg + dng) + 73 R2 ( )

The effective hamiltonian obtained using this parametrization is given by the following

formula:

Hey = Z €ko CLnga +U Z [Q/JLT A g+ %T(T A" Yx_q| (6.57)

ko k

where:

€k — Ek—i-)\g —U(;TLU
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Eq.(6.57) differs from eq.(6.37) since the bands dependence on the flavor index.
Following the same procedure used earlier for the symmetric case, the effective
hamiltonian can be casted in a more compact form as in eq.(6.41) with a different

color matrix that reads:

Hio = Hio + (Ao — Udng)lgys (6.58)

Hence, the eigenvalues read:
Pkon = Prn + Ao — Udn, (6.59)
where py,, are the eigenvalues of Hy, and obviously the eigenvectors are unchanged

respect to the symmetric case.

The self-consistent equations for the staggered and the homogenous field are:

5”1 — 5712

i %; (77 (prin) — nr(pran)] — — =0

1
A Z [nr(pxin) + nr(pron) — 21r(pxsn)] — (001 4+ 0ng) =0
kn
1 1 T AL+ Ay
oA ZTO_ (UkUTUk">nn nr(pPron) + — = 0

kon

1 ) ) A=Ay
ﬂszg (UkUTng)mnF(pkaﬁ = =0

Y () =1 = 0, (660

kno

where the tilde has been dropped in the notation of the eigenvalues defined in
eq.(6.59).

The new set of self-consistent equations couples the staggered field Agr, and the

homogenous magnetization dn,,.

6.2.3 A DMFT scheme in the case of a tripartite geome-
try

The DMFT equations presented in Chapts.(4,5) don’t allow for solutions that display

an antiferromagnetic long range order.
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Therefore, this last section is devoted to the derivation of the DMFT equations that
allow for tripartite antiferromagnetic solutions in addition to the paramagnetic and

ferromagnetic solutions discussed in the previous chapters.

Self Consistence Equations in a tripartite geometry

A triangular lattice of side a can be viewed as a triangular lattice of side v/3a with
three atoms per unit cell. In units of the original lattice side a, the vector of the basis
are 6; = 1(1,4/3) and 6, = (1,0), while the primitive vectors of the new enlarged
lattice are 715 = 3(3,£V/3).

In light of these considerations, the kinetic part of the hamiltonian in eq.(6.32) can be

expressed as following:
Hyn = —t Y thtw
(RR/)

= S Uy e + Yores) + e yp oo, + e, (6.61)

ruv

where ¢ is the three component spinor, A, B and C stands for the three fermion
species in the unit cell, {u} = {(1,0); 2(—=1,£V3)}, {v} = {(~1,0); 3(1,£V3)},

and r runs over the new enlarged triangular lattice.

The Fourier transform of the fields is defined as

1 .
Yor = ——= > ™ g, (6.62)
Na kERBZ

where N, is the number of lattice sites of the species of fermions a.
Substituting eq.(6.62) in eq.(6.61) yields:

Hin = Y we¥lutsk + Mt intbox + neptbor + he.
keRBZ

= Z Haﬁ(k) ¢L kwﬂka (663)

kag
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where vy = —t |e*s + 2e7*=/2 cos (%gky)] and:

0 7 7
HEk) =1 % 0 m |- (6.64)

T M O

Assuming a local form of the self energy, that is diagonal in the sub-lattices indices,
the Green’s function of the interacting system is obtained by inverting the following

matrix:

gAm Tk rYlt
Gl iw,) = % &m mw | (6.65)
Tk let me

where m is the spin index and &, (iw,) = iwy + fm — Xam(iw,) . Therefore, the
green’s function for the spin index m evaluated at site r = 0, in the sub-lattice « is
given by:

Gom(iwm,r =0) = > Fam(k, iw,), (6.66)
keRBZ

where [, are the diagonal elements of G, (k, iw,, ), whose analytical form in addition

to other details about the tripartite geometry are reported in the Appendix().

The cavity method can be now applied for every sub-lattice, and therefore the effective

action for a given sub-lattice a reads:

B B
sGilend) = = [ ar [ 4SS 60,0 G~ 7) dun()
0 0 m

B B
# U [ 3 e )an 00 (1) = [ 7S (7))

0

m<m/

where ¢ and ¢* are now Grassmann variables, géﬁ)m is the Weiss field for the fermion
species m. The thermal average of an operator acting in the sub-lattice o can be

computed via the path integral

©), = 5 | D16.600,6") exp (-5, (6.68)
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Consequently, the local Green’s function calculated as path integral reads

Goam(T = 7') = = (Gam(T)am(T) )a (6.69)

Hence, using eq.(6.66), the self-consistence condition reads:

Gom(iwn) = Y Frua(k,iw,), (6.70)

keRBZ

where G o, (iw,) is the Matsubara Fourier transform of eq.(6.69).

Practical scheme using an ED-Solver

The action in eq.(6.67) corresponds to the following hamiltonian written in second

quantization:
Hy = Y enldhdin + > Vi (] ycam +hc.)
Im Im
+ U Z NeamMam! — Z,um Nam, (6.71)
m<m/ m
where d;,,, Vh(f; ) and el(;;) are respectively the destruction operator, the hybridization

amplitude, and the energy levels of the bath relative to the fermion species m in

sub-lattice a.

In this representation, the non-interacting Green’s function of the AIM in eq.(6.71)

reads:
Vi)

Z.Wn — €lm '

’ 2

Gom iwn; (Vi) €l }) = it + i — (6.72)

!
In principle the number of fermions in the bath is infinite, but for practical purpose
as explained previously in Chapt.[4], this number is fixed to a finite value, namely Ng.
With this approximation, the ground state of the AIM, and in case of needs also few

excited states, can be evaluated numerically using Lanczos technique.

This, how explained in Sec.(), allows for the evaluation of several spectral proper-
ties among which the Green’s function G, (iw,) and consequently the Self Energy

Yam(iwy), through the Dyson equation:

GL(iwn) = Gk (iwn) — Sam (iwy,). (6.73)

am
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Therefore, the DMFT-cycle reads as following:
(@)

i 18 chosen. This determines

e An initial guess of the Anderson parameters Vh(s ), €

the non interacting local Green’s function G, (iw,) through eq.(6.72) ;

e The AIM is solved separately for every sub-lattice, and the self-energy as well

as the Green’s function are evaluated ;

e Using eq.(6.66) yields a new Green’s function, from which can be extrapolated a

new non-interacting Green’s function GNFW (jw,,) using the Dyson equation ;

e A new set of Anderson parameters is obtained by minimizing a suitable norm be-

tween the old and the new non-interacting Green’s functions | (GYEW (z’wn))_l —
G s (Vi €l 1]

e Then, a convergence test is performed. If it fails the cycle restarts. Conversely,
(@) (a)}

in case of success, the cycle breaks and the final set of parameters {V,, "7, ¢ ~

defines the Weiss field Gy am = Gb (iwn; {V,, €91,

Im ° ~lm

It is important to note that the solution Gy 4, in the sub-lattice a strongly depends on
the self-energy of the other sub-lattice hamiltonians, via the self-consistence equation.
Therefore the sub-lattices, that are treated independently at the AIM level, are actually
strongly coupled. The main approximation is made on the self-energy, that is assumed

to be diagonal in the sub-lattice indices.
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CHAPTER 7

CONCLUSIONS.

In this work the properties relative to multicomponent fermionic systems in optical
lattices using Dynamical Mean-Field Theory at zero temperature have been studied.
This work is inspired on one side by the realization of multicomponent fermi gases
using cooled Ytterbium atoms, and on the other from advances in our understanding

of multiorbital systems in solid state.

Both systems can give rise to a countless list of interesting phenomena which depend
on several control parameters. This thesis mainly focuses on the possiblity of flavour-

selective behavior in systems with 3 spin components.

First it is addressed the case of a completely SU(3) symmetric system. First a complete
phase diagram for the Mott transition is constructed in this situation. As expected,
and previously found in some calculations, a Mott transition occurs for integer fillings,
which imply either one fermion per site or two fermion per site. The half-filled
condition which would correspond to 3/2 fermions per site, does not allow for Mott
localization. Despite this important difference, the two Mott-Hubbard transitions are
reminiscent of the popular Mott transition of a single-band Hubbard model showing a

coexistence of metallic and insulating solutions.

Then, it was considered the case of artificial gauge fields (AGF) which are experimen-

tally realized through Raman processes connecting the different nuclear spin levels.
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In particular, it was addressed the case where the amplitude of these processes is a
real number, which is formally equivalent to a local hybridization between the spin
species or to a hopping in a synthetic dimension. Using this latter language, the
results obtained can be classified in terms of ”"boundary conditions”. In both cases it
was convenient to work in the basis which diagonalizes the local Hamiltonian turning

the AGF into energy splittings between the different levels.

In the case of a synthetic hopping with open boundary conditions, the local Hamiltonian
has three different eigenvalues. If the chemical potential is increased the three levels
fill at different rates. It has been shown that the system displays a flavor selective
"metamagnetic” behavior at intermediate couplings. In particular, one flavor reaches
complete saturation continuously as a function of the amplitude of the AGF, while
two other species reach saturation through a first-order jump at a critical value of
the AGF. In the same process the effective mass of the first species decreases as it
approaches saturation, while the two other fermion experience a huge enhancement of
the effective mass. This two distinct behaviors have been shown to occur in the single

band Hubbard model in presence of a magnetic field, but always separately.

In the case of a synthetic hopping with PBC the spectrum of the local Hamiltonian has
two generate states. The SU(2) residual symmetry allows to reach a mixed state where
one spin polarizes, while the two other species can combine in a paramagnetic Mott
insulating state. Also in this case non-monotonic trends of the occupation numbers as

a function of p is observed for intermediate and small values of the AGF.

In both cases it has been observed, in the proximity of the values of the chemical
potential when the majority species is polarized, a negative derivative of the population
of some orbitals as a function of the chemical potential. This can be read as a sort
of spin-selective negative compressibility, which has been discussed in relation with

experiments on cold-atom systems.

Finally the magnetic state is studied. The formalism has been introduced to treat the
SU(3) case but the numerical study were limited to the doped SU(2) case because this
requires a smaller computational effort. Here it has been found that the compressibility
actually diverges at finite temperatures when the antiferromagnet becomes unstable

as a function of doping.

These results confirm the incredible richness of these multicomponent system which
can both generalize properties of solid state system and give rise to novel physics.

Even the simple SU(3) system displays indeed a number of interesting phenomena
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of different kinds. The new physics unveiled can be addressed experimentally with
present experimental setups and can be enriched by including some of the aspects

that have been neglected here.
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APPENDIX A

ALKALINE-EARTH ATOMS
MANY-BODY HAMILTONIAN

In this appendix the many-body hamiltonian in eq.(2.3) will be derived using simple

considerations.

As mentioned in the first chapter, the interactions among atoms occur in different
collision channels. Formally, if the coupling between different channels is neglected,
this amounts to write the hamiltonian as summation of different operators acting
on mutually orthogonal subspaces, each of them corresponding to a certain channel.

Therefore:

¢ |e)
where the subscript ¢ runs over all possible channels, (¢.|¢) = 0if ¢ # ¢ and U ( |1e) )

is the interaction strength that in principle depends on the generic many-body state

|1} of the two particles colliding in the channel c.

Consider now the case of alkaline-earth atoms where the collision channel are labeled by
the multi-orbital configurations ee, gg, eg™ and eg~, that correspond to states of two
particles being in the same orbital (ee and gg), or states symmetric or anti-symmetric

respect to orbital exchange of two particles in two different oribals (eg™ and eg™).
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Therefore, in the case of alkali atoms the hamiltonian reads:

f:fmt = Z ﬁ“a+ﬁeg++ﬁeg‘
a=e,g
= YY" U(laa)) faa) faal+ D U(|eg™)) leg*) (eg*|
o |aa) leg™)
+ > U(leg™)) leg™) (eq| (A4.2)
leg™)

In order to express the whole hamiltonian in second quantization, the fermi fields are

defined as:

{\I}J&m<x)7 \Ijﬁm’ (Y)} = (5<X - Y> 5mm’ 6&6 5
{\Ifam(x),\llﬁm/(y)} = {¥,n x), Vg, (¥ )} =0, (A.3)

where W! (x) is the Fermi field that creates a particle in x with orbital and spin

quantum numbers o and m and {.} is the anti-commutator.

The kets |aa) are symmetric under orbital exchange, therefore they can be anti-
symmetric under spin or spatial exchange. Therefore, one should consider both the
possibilities of a anti-symmetric and symmetric spatial wave function. In particular

both the following possibilities are available:

jaa) = 3 (W00 WL () — WL, (0 WL ()

ey = WL, (%) UL, (y) (A4)

Nevertheless interactions in cold atomic systems are usually considered as local, i.e.
U(laB)) = U (x—y) = U, 6(x—y). This excludes the second relation in eq.(A.4)

and the generic ket in the aa channel can be expressed in the much simpler way as

) = W, (x) WL, (x) . (A.5)

Therefore, the collisions in the aar channel are governed by the many-body hamiltonian:

/ deUw,qﬁ )0 (%)W, (), (X). (A.6)

Uozoa , = 47rh

—ane ,, where ane = a*® is the s-wave scattering length relative to the

mm’ )

channel aa and it does not depend on the spin indices.
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The generic ket relative to the eg® channel, in the case of local interactions are given

by:
eg*) = 5 (W) WL, () F W1, () U1, () (A7)

and the projector relative to this state reads

e%) (e | = 5 (W0 W W, (K1, (5) £ W] () W ()0, ()0, ) )
(A.8)

where the fact that m and m’ are dummy indices was used. Finally, the interacting

hamiltonians in the eg®™ channels read:
. [res* ; ;
Hegi = T dx pg(X>pe(X> + Z \Pgm(x) \Ijgm’ (X) \Ijem/ (X)\Ilem(x)7 (Ag)

where p,(x) =, Ul (x)V,,.(x).

121



APPENDIX B

GAUSSIAN INTEGRALS

Within this appendix, quantities as partition functions, Green’s functions and other
physical observables are computed both for the non interacting and weakly interacting

Fermi gases.

Basics of the path integral formulation of many-body systems are required for the
comprehension of this chapter. In case of needs, the reader is invited to consult
references [52][1], where a detailed derivation of the path integral formulation of

many-body systems can be found.

B.1 Non interacting Fermi Gas

This section is dedicated to the computation of the partition function of the non-

interacting fermi gas, whose hamiltonian is given by:

H = Z(Ga — p)cley . (B.1)
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The partition function of such a system can be expressed in terms of a functional

integral:

B
z - | D[¢,¢*Jexp{— / Z¢z<7><a+ea—u>w>}, (B.2)

where the integration is carried out over all possible anti-periodic coherent states
trajectories, whose eigenvalues components are {¢, }, that are grassmannian variables.
The RHS of eq.(B.2) is a Gaussian integral and it can be computed straightforwardly

using the determinant forumla:
Z =det (0, + &), (B.3)

where &, = €, — . It is now required to calculate the determinant of a differential
operator. It is possible to use the identity det A = [] A, A4, where A is a generic
operator and A4 are its eigenvalues. Hence, once the eigenvalues of the operator in

eq.(B.3) are known, the partition function can be evaluated.

The eigenvalues equation reads:

(Or + &)U(T) = AY(7),
(—iwn + &)V (iwn) = Aaliwn )P (iwn)
Ao(iwn) = —iw, + &, - (B.4)

Now, it is possible to calculate the gran potential defined as Z = e %%,
Therefore, the gran potential is given by:
Q=-TY ) In(—iw, + &) - (B.5)

The summation over the Matsubara frequencies can be performed via the contour

integral over the complex plane,

1

i b dznp(z)In(—2 +&,) = —TZln(—z'wn + &), (B.6)

where the integration contour C' = Cy 4+ C; 4+ C3 + C4 is described in Fig.[B.1].

The only finite contributions to the contour integral are given by the line integrations
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Im(2)

Figure B.1: Integration contour. The wavy line represents the branch cut of the logarithm.

over (5 and (Y4, that read:

_L. h dr [ In(—z + &, +ie) — In(—z + &, — i€) | np(z) = — h np(x)
27 Je, €a
T/oo dz 9, In[1 + exp(—pBz)] = =T In[1 4+ exp(—B&) ] . (B.7)
éa

Hence, the final expression for the gran potential of a free fermion system reads:

Q=-TY In[l+exp(-B&)]. (B.8)

B.2 Effective action from the AIM

In DMFT the Anderson Impurity Model is often chosen as a representation of the
effective local theory obtained through the cavity method. In fact, the effective action
can be written starting from the AIM action and integrating out the bath degrees of
freedom. In this appendix such a calculation will be carried out explicitly using the

path integral formulation.
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In particular, the AIM hamiltonian in second quantization reads:

H= qudgmdgm Zwmc d£m+hc—u2nm+Uannm, (B.9)

m<m/

where 7, = ¢! ¢, is the number operator relative to the m-th component of the
impurity and d}m is the creation operator of a fermion in the bath relative to the
m-component of the impurity, V;,, is the amplitude of an hopping process from the

impurity to the bath.

The partition function of the AIM can be written using the path integral formulation

as:

/ HDcm De,e” 1o / HDwm Dy e~ 20evd, (B.10)
where S} = foﬂ AT Y e Mo (T)N, (T) — 1032 Mo (T)

B _
Sy = / dr ) " (1) (0 + €m) Yem (T / Zﬁem Ve (T) + e (T)100m (T),
0 Im
(B.11)
where Com, Com, Yom, Yem are grassmannian variables and Nem = Vi, Cm 18 interpreted
as the source relative to the field ¥,.

The integral over the fields 1, and 1, in eq.(B.10) can be computed straightfor-

wardly since only quadratic terms appear in S. In fact, the following identity holds:

/ H Do Dibme 050 — 7, exp [ / drdr’ " () R (7 — 1) mm<r'>] ,
mm/ 00!

(B.12)
where Zp,, is the partition function of a non-interacting bath whose formal evaluation
is given in eq.(), and (0; — €gn) BT (T — T') = SO0 S (T — '), with A (7 — 7') =
Sor O B (T — 7'), therefore:

(Or + €n)h] (1 —7)=06(r — 7). (B.13)

It is possible to write the integral in the exponential in eq.(B.12) expanding the fields
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in Fourier series, i.e. e (7) =T Y, € nom (iwy,):

T? Z ATd T T (1wn )BT — T ) (i ) €~V ™

d(wn—rn) hy* (iwn )
7z 26 A wniiun N /8 ‘ N
= T Y Hum(iw,) (2T / dT Tz ) ( / dte”(“"Jf”")/QhT(t)) Nem (1),
1Wn tWn 0 0

(B.14)

1

Wn—€pm

is the Fourier transform of the

where ' =747, t =7 — 7', and h}(iw,) =
function hj}*(r — 7’) defined in eq.(B.13). Therefore, after the integration over the
bath fermions the integral in eq.(B.12) reads:

—Zpath €Xp

TN Cnliwn) A (iw,) cm(iwn)] : (B.15)

Wn m

where

A (iwn) =Y M, (B.16)
¢

Z.wn — €m

is the hybridization function of the AIM, that corresponds to an effective retarded
potential felt by the m-th component of the impurity. Therefore the partition function
of the AIM can be finally written as

Zbath /HDEDCGXpseff[Cvc], (B17)
where:
B B B
S’eff[é,c}:/ / deT'ZEm(T)QT;l(T—T') Cn(T)+ U Z/ N (TN, (T,
0 0 m m<m’ V0
(B.18)

where G 1 is the Weiss field whose Fourier transform reads:

G (iwn) = wn + o — A (i) (B.19)
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APPENDIX C

SIMULATING ARTIFICIAL GAUGE
FIELDS

This appendix is devoted to the derivation of the effective Zeeman field presented in
eq.(2.10). For this scope, the general outlines of the 4-th chapter of the review by
Goldman et al.[29] will be followed.

C.1 Light-Matter interaction

In general, the dominant light-matter coupling term is given by the electric dipole

contribution [47], therefore the dipole hamiltonian reads:

Hyp =d-E(t) =Y d;E; cos(wt — ¢;), (C.1)

where d = —e > . T is the electric dipole operator and t, is the position of the a-th
electron of the atom, E; are the spatial components of the electromagnetic field. In
practice, alkali and alkaline earth atoms are generally used in cold atoms experiments,
where the lowest dipole transition occurs between the ground (n)S electron orbital

and the excited (n)P orbital with excitation energy E.. Therefore, it is enough to
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consider the following atomic hamiltonian:
H,=E.P.+~-22L-8, (C.2)

where P, . are the projectors onto the ground and the excited states manifolds
respectively, Apg is the fine structure constant and fJ, S are the total electronic orbital

and spin angular momenta. Therefore, the orbital angular momentum eigenstates
are {|l = 0,my = 0),|l = 1,my = 0,£1)}, with eigenvalues firny, and h2I(I +1) for L2

and L, respectively. The excited state projector can be written explicitly as P. = %,
and consequently the ground state projector reads Py =1 — P,.
The whole hamiltonian:

H= Hat + Hdip (03)

is time dependent since its dipole contributions oscillates with frequency w. To get
rid of its time dependence, one can rotates the reference frame using the unitary
transformation U = exp (—iwtP,). This leads the whole hamiltonian to be mapped
to another time dependent hamiltonian H' = U(t) HU(t) — ihUTO,U(t). At this
point the rotating wave approximation (RWA) can be used, that consists in neglecting
the oscillating terms with frequencies w and 2w and it is valid until |E, — hw| < E..
This leads to the an effective time independent hamiltonian Hyy 4 = Hy, + Hp,),
with:

1 T
H., = 52 E Pyd; P, + h.c.
H., = AP —AFSIL S C.4
at ele + 2h2 g ( : )

where El = FE;exp(i¢;) and A, = E, — hw is called detuning and it comes from the
temporal dependence of the unitary transformation, i.e. —ihUTQ,U(t) = —hwP..

The light-matter interacting term Hgy;), can be treated via second order perturbation
theory. For a generic hamiltonian H = Hy + AV, the energy deviation AE = E — Ej

from the degenerate unperturbed eigenvalue Ej can be expressed as:
AE =APVP+)XPVQ(E - QH,Q) ' QVP, (C.5)

where P is the projector onto the degenerate subspace relative to the unperturbed

eigenvalue Fy and () = 1— P is its orthogonal complement. Furthermore, the following
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series expansion is valid:
(E-QHQ)™ => XN'[(E-QHQ)™'QVQ]" (E — QHoQ)™". (C.6)
n=0

The energy deviation and the projection of the eigenket onto the degeneracy manifold

can be expanded in series of \ as:

AE = Xep+ Ny + ...,
P ) G0} + Xp1) + A [da) + ... (C.7)

Therefore, expanding up to second order in A the Schrodinger equation projected onto
the degeneracy manifold, obtained by multiplying P |¢) from the right to both sides
of the relation in eq.(C.5), and equating terms of the same order in A one obtains the

following equations!:

PVP‘¢O> = €1|¢0>
PV P|¢1) + PVQ(Ey — QHoQ)'QV P |do) = e€2lpo) +e1]dn), (C.8)

In the case of light-matter interaction, the atom ground state does not posses a
permanent electric dipole moment, i.e. P, Eng = 0. Therefore, the dipole interaction
must be expanded at least at second order, and using eqs.(C.8, C.4) the effective
hamiltonian of the system projected onto the ground state manifold can be written
as:

Heﬁ = _Pch,lip (Hz/ztyl Hc,lippg' (C.9)

In the simple case of Aps = 0, the effective hamiltonian H gz = —Ajfl Zij EngciidjEj

and can be represented as
1 ~* ~*
]

where A;; = Ae_ngczi(ijg commutes with the orbital momentum, therefore it is a

scalar operator, and its expression can be simplified as D;; = (51-]- P, d- an> /3A.

!Note that in eq.(C.6), every single element of the series must be expanded in powers of \ as well,
since F contains all the order of the expansion in eq.(C.7).
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Hence, the effective atomic hamiltonian can be written as:
Hop = us|E[* P, (C.11)

where u, = —| (||} |?/12(E.—hw), with | (]} > = 3, o1 | {1 = 0,mz = 0[d |1 = 1,my) 2.
Therefore, for E, > hw, when the detuning A, > Apg, the dipole interaction induces

an effective attractive field that depends on the laser intensity.

When Arg is taken into account

| (lIdl]) ‘2 1 1
- _ 12
Ug 5 Fy — + o — ) (C.12)

where Fp) = E. — Aps, Eps = E. + Ars/2, and the effective hamiltonian acquires

another term that is proportional to the total angular momentum J=L+S. In other

words, the fine structure term induces the effective magnetic field:

Uy (E* X E)

B, = (C.13)

“B 9

where p is the Bohr magneton, g; is the electronic Landé factor and u, = 2u,Apg/(E—
hw), with E = (2Ep; + Eps)/3.

In conclusion, the interaction between the atom with a laser field leads to the following

effective hamiltonian:

Heﬁ ZUSE*E—{—/JJBth Beff'j. (C14)

C.2 The presence of an external magnetic field

In presence of an external magnetic field B the atomic hamiltonian reads:
~ ~ /‘LB ~ A
Hy = Ayl-1+50B. <gJJ + gﬂ) , (C.15)

where Apy is the hyperfine structure constant and g; is the nuclear Landé factor. In
alkali atoms |g;/gs] ~ 5 x 107, so the term proportional to g; can be safely neglected

in the atomic hamiltonian.

Since in a given alkali atom E, > Apg > Ay, the combined effect of a static magnetic
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field together with a laser field can be studied adding to the hamiltonian in eq.(C.14)
(obtained in a perturbative manner) the contribution of the external magnetic field

given in eq.(C.15).
Therefore, the full hamiltonian in presence of both a light and a magnetic field reads:

~

Hper ZAhfi'j—i-usE* E+ 'uBth (B +B)-J. (C.16)

Assuming that the Zeeman splitting are small compared with the hyperfine splitting,
it is possible to proceed as for the anomalous Zeeman effect, by considering the term
proportional to g; as a perturbation. In this case, the left hand side of the first relation

in eq.(C.8) is non trivial and reads

g .. .. . ..
MBh / Btot : Z |]727f7m> <j,Z,f,m|J ’j,l,f,m/> <.]7Z7f7m/‘7 (017)

m,m/

where By = Bess + B, {|j,i, f,m)} are simultacnous eigenkets of J2, 1%, F? and
F, where F = J + 1, and fim, R2f(f + 1) are the eigenvalues of E,, F2 respectively.
Note that the summation runs over the values of m only, since a generic degenerate

hyperfine manifold is identified by the quantum number f.

The operator J transforms as a vector under rotations?, therefore the Wigner-Eckart

theorem [10] implies that:
Gois foml 31gd fom') = C i, foml B, fom). (C.18)

Using the relation (j,1, f, m| J-F 17,1, f,m') = Cf(f + 1)A?, eq.(C.17) transforms

into:

UB g .. .. N ..
b JBtot'Z|j727f7m><jal7fam|(J'F)F|]727f7m,><.]77'7f7m/|

h m,m/
_ MBYr . .. AL Ny ,
— h BtOt.Z|j’7’7f’m><]7Z7f7m|F|j7Z7f7m><]7’L’f7m|

(C.19)

where gr = g7 f(fﬂ);]{gfl))_i(iﬂ) and it has been used the relation J - F = (f‘2 —J2 -
12) /2.

Therefore, the effective hamiltonian acting on the hyperfine manifold with fixed

2Remember that in this case the generator of rotations in space is F.
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quantum number f reads:

Hyp—u, B B+ “Bth (B +B) - F. (C.20)

C.3 Actual scheme used in AGF experiments

The effective hamiltonian in eq.(C.20) contains the operator F whose components are
FZ, Fy =F, —iF_ and E, = F, +iF_, where F are the ladder operators, acting on
the hyperfine manifold as Fy |f, m) = VI(f+1) —m(m=£1)|f,m=£1). Therefore,

while F, splits the hyperfine levels, F, describes Raman transitions which change m

by £1. Nevertheless, this scheme is not yet the one used in current experiments on
AGF.

In a more realistic scenario, an ensemble of ultracold atoms is subjected to an external
magnetic field B = By e, and simultaneously is illuminated by several laser beams
with two frequencies w and w + dw, where dw = gp up Bo/h+ . Therefore, an effective
magnetic field is induced by the electric field E = E_ exp(iwt) + E; exp[—i(w + dw)t]
as stated in eq.(C.13). Hence, the hamiltonian in eq.(C.20) is now time-dependent
and the RWA can be performed, as long as it is assumed that |§/éw| < 1. Therefore,
sending Hog — STH oS —ihS19,9, where S = exp(—iF,0wt), the rotated hamiltonian
after the RWA reads:

Heopy = u, (Ej;f ‘E,_+E, -EW+> +Q-F, (C.21)

where €, =6 + w, 0, = LBIE LBeffi - (e £ e,)], with

BeffO = Mi;t;.] <E* X Ew_ + EZ+ x E

w—

> and Beffi = w—”E* X ij[ .

“e uBgy  WF

In the case of the two raman beams depicted in Fig.(2.7) the effective Zeeman field

reads:
Q =de,+ Qg [sin(2kpzr)e, — cos(2krr)e,], (C.22)

where Qr = (g9r/g7)u,E?/h is the Rabi frequency of the Raman coupling.
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APPENDIX D

THE ORDER PARAMETER OF THE
TRIPARTITE AFM.

In order to be consistent with the model in eq.(6.32), the effective hamiltonian in
eq.(6.33) must be obtained from the first one by the contractions of the interacting
terms. This sets a first relation between the occupation numbers and the external
effective field, that reads:

2 1
(nrs) + (nR2) — 3 = ARy + 7 AR2
2 1
(nr1) + (nR3) — 3 = —Api+ % ARo
2 2
(nr1) + (nRr2) — 35 T4 Ags (D.1)
that corresponds to
1 1
—— = —Agi——=A
<nR1> 3 R1 \/5 R2
(nme) — & = Api— ——A
R2 3 = ORI 73 R2
1 2
(nr3) — 3 ARgo (D.2)
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Figure D.1:

Agr, may be redefined using two linear transformation: the first one being: Ags —
V/3ARs and the second one reads: (Ar; + Ara) — Ari, (Ari — Ara) — Aro. These

transformations lead to a simplified linear system of equations:

1
<TLR1> - g = —Ari
1
<nR2> - g = Apo
1
(nm3) — 3 = Ari — Ara (D.3)

Now, the explicit dependence of Agr on the lattice site, will be carried out using the

lattice geometry and imposing symmetries.

A generic lattice site can be expressed in terms of the generating vectors of the lattice,
namely 7, = (£1/2,1/3/2), as R(m,n) = m Ty + n 72, with m,n € Z. Therefore
the system of eq.(D.3), it is expressed in terms of the integers m and n. In the case of
a long range magnetic order of the form of Fig.(D.1), it is easy to see that a translation
of 7 corresponds to a rotation of 27 /3, while a translation of 75 to rotation of —2/3.

Thus Agr must be of the form such that, when it is translated of 7:
(nr1) = (nR2)

(nr2) = (nR3)

(nr3) = (nR1)
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while when it is translated of 7o must give:
(nr1) = (nRr3)

(nr2) = (nR1)
<nR3> — <TLR2> .

A possible parametrization of Ag is given by the following equations:

(on1) = Airflm—n—1)+ 2 f(m—n)
(0ng) = Ay f(m—n)+ Ay f(m—n+1)
(ong) = Ay f(m—n+1)+ Ay f(m—n-—1), (D.4)

where f({) = \% sin (2%6), where /¢ is an integer, therefore the final expression of the

two component field is the following:

Ari = —Aif(m—n—1)—=Ayf(m—n)

where A1 and A, are the amplitudes of the field to be optimized in order to minimize

the variational energy.

This results must be related to the previous definition of A in the hamiltonian in
eq.(6.33), therefore in order to obtain the original A the results in eq.(D.5) are

combined in the following way:

A;iilginal _ ARl ‘; ARQ
= A [ = m) — f(m == D] + A [ —n 1) — f(m — )]}
A = Y3 (Apy - Am)

2

| %

{Ar[fm—=n)+ flm—n—-1]+ A [f(m—n+1)+ f(m—n)]}
(D.6)

Hereafter the apex original that has been used for clarity will be dropped.
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The following formula:
Asin(ax) 4+ Bsin[a(z 4 y)] = B cos(ax) sin(ay) + [A + B cos(ay)] sin(ax)

implies that:

f(m—n):Ff(m—n—l):j:g(m—n)+<1j:%>f(m—n)

1
flm—n)£ f(m—n+1)==xg(m—n)+ (1IF§> f(m —n),
where g(¢) = cos (%*) and from which it can be recognized that f(¢) + f(¢ —1) +

f(¢+1) =0. Using these formulae the expression of the order parameter reads:

Ami = 5t otm =)+ 3= )] + 5 =) = 3l = )
du = =2 [t =+ 11— )] + 82 [otm =)+ Lm =]}

(D.7)

This last equation is almost fully simplified, as last step the following relation

Acos(ax) + Bsin(az) = 3(A — iB)e™ + h.c., and the following definition

27(m —n)

3 :Qﬂqme:<gﬁ) (D.8)

3
are plugged into eq.(D.7), leading to the final explicit form of the effective field:

AR = ¢ QRA £ he, (D.9)
where A = (A, Ag)

A = ipqﬁ—m@)+A4ﬁ+n@ﬂ

R
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that can be rewritten in the more elegant polar form as

Ale_ig + Age’%
A== . (D.11)
Ale’% — Ageiiﬁ

ol
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