MATHEMATICAL PHYSICS SECTOR
SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI
INTERNATIONAL SCHOOL FOR ADVANCED STUDIES

TOPOLOGY OF MODULI SPACES
OF FRAMED SHEAVES

SUPERVISOR CANDIDATE

Pror. Uco Bruzzo GHARCHIA ABDELLAOUI

Submitted in partial fulfillment of the
requirements for the degree of
“Doctor Philosophig”

ACADEMIC YEAR 2012/2013






Contents

(I _Introduction|

2

Framed sheaves on projective varieties|

2.1 Preliminaried . . . . . . . . . ...

Moduli of framed sheaves on projective surfaces|

[3.1 Construction of the moduli space| . . . . . .. ... ...
[3.2  Uhlenbeck-Donaldson compactification| . . . . . . . . ..

Bialynicki-Birula decompositions|

[4.1 Biatynicki-Birula’s theorem|. . . . . . . ... ... .. ..
[4.2  Decompositions of varieties|. . . . . . . . ... ... ...
4.3 Decompositions determined by an n-torus| . . . .. . ..

Moduli space on the projective plane]

[>.1 Generalities on the moduli spacef. . . . . . . . ... ...
[>.2  Torus action and fixed points| . . . . ... .. ... ...
[>.3  Biatynicki-Birula decompositions| . . . . ... ... ...
.4  Topological properties . . . . ... ... ... .. ....

A generalization|

Itill I!]!z!il]ll gzll !!2[ ig: :ill[[;!!:g::il ..................
[6.2  Torus action and fixed points| . . . . . . ... ... ...
[6.3  Constructing a projective morphism|. . . . . . . . . . ..
[6.4  Some topological properties] . . . . ... ... ... ...

[7_Outlook]

[A° Proof using ADHM datal

[A.1 Moduli space on the projective plane| . . . . . . . . . ..
[A.2 Base of open neighborhoods| . . . . . .. ... ... ...

11
11
14

19
19
21

25
25
27
30

33
33
37
38
40

45
45
46
48
51

53



A.4 7 '(n[0]) is homotopy equivalent to M (r, n)|

[B__Some useful statements|

(Bibliography|

A.3 U, is homotopy equivalent to M(r,n)[ . . . . . ..

CONTENTS



Abstract

This thesis is devoted to the study of some topological properties of moduli
spaces of sheaves framed on an irreducible divisor.

As the moduli spaces of framed torsion-free sheaves on projective surfaces
are in general not compact, they are in fact quasi-projective, we are interested
in studying their homotopy type with respect to a compact proper subvariety.

We first perform this study for framed sheaves on the projective plane. We
show that the moduli space M (r,n) of framed torsion-free sheaves on P? admits
a Bialynicki-Birula decomposition determined by the torus action. Using this
decomposition we prove that M(r,n) is homotopy equivalent to a compact
irreducible invariant proper subvariety having the same fixed points set.

A generalization to framed sheaves on a nonsingular projective toric surface
S is provided where we assume that there exists a projective morphism of toric
surfaces p : S — P2 of degree 1 and consider the framing sheaf to be supported
on a divisor.

As a result, the moduli spaces M of framed torsion-free sheaves on a non-
singular projective toric surface has the homotopy type of a compact proper
subvariety provided that we have a projective morphism from M onto the mod-
uli space of ideal instantons My(r,n) on S* which is equivariant with respect
to the torus action.
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Chapter 1

Introduction

This thesis is devoted to the study of some topological properties of moduli
spaces of framed sheaves. We first perform this study for framed sheaves on the
projective plane. Then a generalization to framed sheaves on a toric variety S
is provided where we assume that there exists a projective morphism of toric
varieties p : S — P? of degree 1. We will consider the framing sheaf to be
supported on a divisor. As these moduli spaces are in general not compact,
they are in fact quasi-projective varieties, we are interested in studying their
homotopy type with respect to a compact proper subvariety.

Instantons and framed sheaves. The main motivation for the study of
framed sheaves and their moduli spaces comes from physics and precisely from
gauge theory when considering framed instantons. These are self-dual connec-
tions on a principle bundle p : P — X together with a frame that is a point
in the fiber P, on a fixed point x € X.

A result by Donaldson [13] shows that there is a one-to-one correspondence
between anti-self-dual instantons on the sphere S* framed at {oo} € S* and
holomorphic bundles on the projective plane P? framed at the line /., C P2. In-
deed instantons with instanton charge k on S* correspond to framed holomor-
phic vector bundles on P? of rank r and second Chern class k. This means that
the moduli space of instantons is isomorphic to the space My™(r, n) parametriz-
ing locally free sheaves on P? with rank 7 and second Chern class k.

The moduli space M;*®(r,n) is not compact and one can introduce the
Uhlenbeck-Donaldson partial compactification Mo (r, n) of My (r,n). My(r,n)
is singular and we have a resolution of singularities 7 : M (r,n) — My(r,n)
where M (r,n) is the moduli space of framed torsion-free sheaves on P? of rank
r and second Chern class ¢,. The latter moduli space contains M, (r,n) as an
open subspace.

In [I] Atiyah, Hitchin, Drinfel’d and Manin described the moduli space of
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8 CHAPTER 1. INTRODUCTION

instantons in terms of linear data, the so called ADHM data. The moduli
spaces above admit descriptions in ADHM data. This was generalized for
framed bundles on P? blown up at a point by King in [26], and for framed
bundles on P? blown-up along a finite set of points by Buchdahl in [9].

In [20], Henni gave an ADHM description to the moduli spaces of framed
torsion-free sheaves on the projective plane P? blown-up along a finite set of
points. A similar result was established for framed torsion-free sheaves on
Hirzebruch surfaces by Bartocci, Bruzzo and Rava in [3].

Moduli of framed sheaves. In [22] 23] Huybrechts and Lehn constructed
the moduli space of framed sheaves on projectives curves and surfaces. More
precisely, they gave a notion of stability of framed sheaves and proved the
existence of a fine moduli space of stable framed sheaves on curves and on
surfaces.

In [§] Bruzzo and Markushevich proved that there exists a fine moduli space
of framed sheaves on projective surfaces with ”good framing” and they proved
this moduli space is a quasi-projective scheme.

In [7] Bruzzo, Markushevich and Tikhomirov constructed the Uhlenbeck-
Donaldson compactification for the moduli space of p-stable framed bundles.
Furthermore, They showed the existence of a projective morphism from the
moduli space of S-equivalence classes of semistable framed sheaves to this
compactification.

Thesis results. In this thesis we will assume that the framing sheaf is trivial
and is supported on an irreducible divisor. We first investigate the case of
the moduli space of framed sheaves M(r,n) on P2. In [34, Theorem 3.5(2)],
Nakajima and Yoshioka stated that M (r, n) is homotopy equivalent to a proper
subvariety ! (n[0]) but the proof is rather obscure since it refers to papers
which seem not to contain the claimed arguments. We then find interesting
to give in this thesis a detailed proof of the homotopy equivalence. We first
prove that both M (r,n) and 7~ (n[0]) admit Bialynicki-Birula decompositions,
see Theorem [5.3.2] and Theorem [5.3.3 Using these results we show that the
inclusion of 771(n[0]) in M(r,n) induces isomorphisms of homology groups
with integer coefficients, see Theorem We then prove that both M (r,n)
and 7~ !(n[0]) are simply connected, see Lemma and Lemma [5.4.5, Now
the homotopy equivalence between M (r,n) and 7~ '(n[0]) follows from the
above results, see Theorem [5.4.6|

Furthermore, we generalize our investigation to the moduli space of framed
sheaves M (S) on toric surfaces S assuming that there exists a projective mor-
phism of toric surfaces p : S — P? of degree 1. In Theorem we construct



a projective morphism from M (S) to My(r,n) and define a compact subvariety
N of M(S). Afterwards we proceed as in the previous case, namely, we prove
that both M (S) and N admit Bialynicki-Birula decompositions, see Theorem
and Theorem [6.4.4] Using this results we show that the inclusion of N
in M(S) induces isomorphisms of homology groups with integer coefficients,
see Theorem We then prove that both M(S) and N are simply con-
nected, see Lemma m Hence the homotopy equivalence between M (.S) and
N follows from the above results, see Theorem |6.4.9

Thesis outline. This thesis is organized as follows.

In chapter 2, we present the basic background on framed sheaves namely
the notion of (semi)stability, u-(semi)stability of coherent sheaves and their
Jordan-Holder filtrations. Then we introduce framed sheaves, the different
notions of stability and the Jordan-Holder filtrations.

In chapter [3] we give a summary on the constructions of moduli spaces of
framed sheaves done by Huybrechts and Lehn [22] 23]. Then we review the
Uhlenbeck-Donaldson compactification constructed by Bruzzo, Markushevich
and Tikhomirov [7] for framed sheaves on projective surfaces.

In chapter 4 we introduce the Bialynicki-Birula decompositions of an alge-
braic scheme X. Then we restrict ourselves to algebraic varieties with a finite
set of fixed points and study their decompositions.

In chapter [5| we review some results on the moduli space M (r,n) studied
in [33, 134, 35]. Then following the results of chapter [} we show that M(r,n)
admits a Bialynicki-Birula plus-decomposition and the union of the minus-
cells builds up 7~*(n[0]) that is a compact subvariety of M (r,n). Moreover,
we show that these decompositions are filtrable. Afterwards, we show that the
inclusion of 771 (n[0]) into M (r,n) induces isomorphisms of homology groups
with integer coefficients and a homotopy equivalence between M (r,n) and
7 1(n[0]).

In chapter [6] we generalize this study to the moduli space of framed sheaves
on a toric surface S where we assume that there exists a projective morphism
of toric surfaces p : S — P? of degree 1.
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Chapter 2

Framed sheaves on projective
varieties

In this chapter we present the basic background on framed sheaves. In section
2.1] we introduce the notion of (semi)stability, u-(semi)stability of coherent
sheaves and their Jordan-Holder filtrations. In section 2.2l we introduce framed

sheaves and their homomorphisms. We then present the different notions of
stability for framed sheaves in section [2.2.2] and the Jordan-Holder filtrations
in section 2.2.21

2.1 Preliminaries

In this section we collect all the definitions we need to introduce the necessary
background for the following sections. The main reference is the book of
Huybrechts and Lehn [24].

Let X be a Noetherian scheme.

Definition 2.1.1. The dimension of coherent sheaf & on X is the dimension

of its support
Supp(&) ={z € X | & #0}.

Definition 2.1.2. A coherent sheaf & on X is torsion-free if every stalk &, is
a torsion free Ox ,-module; that is fa = 0 for f € Ox,, a € &, always implies
a=0or f=0.

Definition 2.1.3. A coherent sheaf & on X is said to be pure of dimension d
if for all nontrivial subsheaves . C & the dimension of .% is equal to d.

Definition 2.1.4. For a coherent sheaf & of dimension d, the unique filtration

0CTH(E) CTI(E) C - CTyr(E) CTy(&) =&

11



12 CHAPTER 2. FRAMED SHEAVES ON PROJECTIVE VARIETIES

is called the torsion filtration, where T;(&) C & is the maximal subsheaf of
dimension < 1.

Remark 2.1.5. Note that & is pure of dimension d if and only if Ty (&) = 0.
The definition of a torsion-free sheaf & means that for every point z € X
and a nonzero section f € Ox,, the multiplication gives rise to an injective
homomorphism &, — &,. Using the torsion filtration we conclude that for a
torsion-free sheaf T;_1(&) = 0. Hence the notion of pure sheaf generalizes the
notion of torsion-free sheaf.

Definition 2.1.6. Let m be an integer. A coherent sheaf .# is said to be
m-regular, if H'(X,.% (m — 1)) = 0 for each 7 > 0.

Let X be a projective scheme over field k. We define the Euler characteristic
of a coherent sheaf & as follows

X(&) = (-1)'h'(X, &),

where h'(X, &) = dimy, H(X, &).
Now fix an ample line bundle &' (1) on X, we define the Hilbert polynomial
Pg of & by
m— x(& ® O0(m)).

Ps can be uniquely written in the form

where «;(&) are rational coefficients. For d = dim & the coefficient ay(&) is
positive and is called the multiplicity of &

Definition 2.1.7. For a coherent sheaf & of dimension d we define its rank as
follows

aq(&)

(6% ( ﬁ X) ’

Definition 2.1.8. For a coherent sheaf & of dimension d the reduced Hilbert
polynomial is defined by

k(&) =

P(&,m)
E,m) = ————=.
p(&,m) (&)
Definition 2.1.9. A coherent sheaf & of dimension d is semistable if & is pure
and for any proper subsheaf .# C & one has p(.#) < p(&). It is said to be
stable if the inequality is strict.
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Proposition 2.1.10 (Proposition 1.2.7 in [24]). Let F and ¢ be semistable
purely d-dimensional coherent sheaves. If p(F) > p(¥), then Hom(#,¥) = 0.
Ifp(F) =p(9) and [ : F — 9 is nontrivial, then f is injective if F is stable
and surjective if & is stable. If p(.F) = p(9) and ayg(F) = aq(¥) then any
nontrivial homomorphism f : F — 4 is an isomorphism provided F or 4 is
stable.

Proof. Let f :.% — % be a nontrivial homomorphism of semistable sheaves
with p(.Z) > p(¥). Let & be the image of f. Then p(.F) < p(&) < p(¥). This
contradicts the assumption p(.#) > p(¥4). If p(.F) = p(¥) it contradicts the
assumption that % is stable unless .%# is isomorphic to &, and the assumption
that ¢ is stable unless & is isomorphic to 4. If % and ¢ have the same Hilbert
polynomial aq(.F)-p(F) = aa(¥4)-p(¥), then any homomorphism f : .# — ¢
is an isomorphism if and only if f is injective or surjective. m

Definition 2.1.11. Let & be a semistable sheaf of dimension d. A Jordan-
Hélder filtration &, of & is a filtration

0=&6&CE C---CE =6,

such that gr;(&) := &;/&;_1 is stable with reduced Hilbert polynomial p(&’) for
all 7.

The subsheaves &;, i # 0 are also semistable with the same reduced Hilbert
polynomial. This filtration is not unique in general.

Proposition 2.1.12 (Proposition 1.5.2 in [24]). Jordan-Hdélder filtrations al-
ways exist. Up to isomorphism, the sheaf gr(&) = @, gri(&) does not depend
on the choice of the Jordan-Hélder filtration.

Proof. Any filtration of & by semistable sheaves with reduced Hilbert poly-
nomial p(&) has a maximal refinement, whose factors are necessarily stable,
i.e., & has a filtration by stable sheaves. Now, suppose that &, and &, are two
Jordan-Holder filtrations of length [ and [’ respectively, and assume that the
uniqueness of gr(.#) has been proved for all .# with ay(%#) < a4(&), where d
is the dimension of & and «y is its multiplicity. Let ¢ be minimal with & C &.
Then the composition of maps & — &' — &'/&/ , is nontrivial, hence by
Proposition it is an isomorphism when both & and &’/&; | are stable
and p(&1) = p(&'/&!,). Therefore &' = &' | & &1, and we have a short exact
sequence

0=>6& ,—>E/65 — &8 — 0,
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The sheaf . = &/&, inherits two Jordan-Holder filtrations: the first one
is defined as follows. Let .#; = &4,/ for j =0,...,1 — 1. And the second
one is given as follows. Let 7] = & for j = 0,...,i — 1 and let #'j be the
preimage of &7, ,/&/ for j =i,....I' = 1.

The induction hypothesis applied to .%# yields the equality [ = I’ and the
isomorphism

D6 = D
i#1 i
Since & = &/ /& |, we get the assertion. O
This proposition motivates the following definition.

Definition 2.1.13. Two semistable sheaves & and & with the same reduced
Hilbert polynomial are called S-equivalent if gr(&1) = gr(&).

Definition 2.1.14. Let & be a coherent sheaf on X of dimension d = dim X.
We define the degree of & by

deg(&) = ag-1(&) — rk(E)ay-_1(Ox).
We define the slope of & by

_ deg(&)
k(&)

(&) :

We are now ready to define the notion of u-(semi)stability.

Definition 2.1.15. A coherent sheaf & on X of dimension d = dim X is said
to be p-semistable if Ty 1(&) = Ty_o(&) and pu(&") < u(&) for all subsheaves
&' C & of rank 0 < rk(&”) < rk(&). & is said to be u-stable if the inequality
Is strict.

Definition 2.1.16. A semistable sheaf & is called polystable if & is the direct
sum of stable sheaves.

2.2 Framed sheaves

In this section we will give an overview on framed sheaves and their moduli.
The main reference is [22, 23].

Let X be a n-dimensional nonsingular projective variety over k endowed
with a very ample line bundle 0y and let .% be an @'x-module.
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Definition 2.2.1. A framed sheaf on X is a pair (&, «) consisting of a torsion-
free sheaf & on X and a morphism « : & — % called the framing morphism.
The Hilbert polynomial of the framed sheaf (&, «) is given by

P(&,a) == P(&) — e(a)9,

where ¢ is a rational polynomial with positive leading coefficient and e(a) :=

1, a#0;
0, a=0.
We define the reduced Hilbert polynomial of (&, «) by
_ P&, o)
p((f? O{) L rk((go’ Oé) 9

where k(& ) := rk(&) is the rank of the framed sheaf.
Similarly we define the degree of the framed sheaf (&, ) as follows

deg(&, ) := deg(&) — e()d.

For a subsheaf & C & the framing homomorphism « induces a framing
homomorphism o' = a|¢ on &'. « also induces a framing o on the quotient
sheaf & = &/&". We take the following convention: if o # 0 then o” = 0, and
if a = 0 then " is the induced framing on &”. This insures the additivity of
the Hilbert polynomials

P(&,a) =P(&,a)+ P(&", "),
and of the degrees
deg(&, ) = deg(&’, a’) + deg(&”, ).

Definition 2.2.2. A framed sheaf (&, «) is torsion-free if & is torsion-free. It
is locally free if & is locally free.

Definition 2.2.3. A homomorphism of framed sheaves ¢ : (&, a) — (&, /)
is a homomorphism of sheaves f : & — &” for which there is a complex number
A € k such that o/ o ¢ = Aa.

2.2.1 (Semi)stable framed sheaves

Let § be a polynomial with rational coefficients and positive leading term &y .

Definition 2.2.4. A framed sheaf (&', «) is said to be semistable with respect
to ¢ if it satisfies the following conditions
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1. p(&") < p(&, a) for all nontrivial subsheaves &’ C ker(«),
2. p(&', ') < p(&,a) for all nontrivial subsheaves & C &.

(&, ) is stable if the inequalities are strict.

Lemma 2.2.5 (Lemma 1.2 [22]). The kernel of a semistable framed sheaf
(&, ) is torsion free.

Proof. Let T be the torsion part of the kernel of «, then rk(7) = 0. Since
(&, «) is semistable, using the first inequality in the above definition we get
rP(T) <0, this implies T" = 0. O

Lemma 2.2.6 (Lemma 1.7 [22]). If deg(d) > n then for any semistable framed
sheaf (&, a) the framing homomorphism « is injective or zero. Conversely, if
a 18 the inclusion homomorphism of a subsheaf & in F of positive rank, then

(&, «) is stable.

Proof. We assume that o # 0. Let &’ be a nontrivial subsheaf of the kernel of
a with tk & = r’. Then the first inequality of the semistability definition gives

rP(&") —r'P(&) < —r'd.

The polynomials P(&) and P(&") have the same degree n and the same
leading term. This inequality yields a contradiction if the degree of § is greater
that n. This means that « is injective if deg(d) > n.

Similarly, if « is injective the inequality is strictly satisfied since becase of
the dominance of 9. O

Lemma[2.2.6]tells us that the study of semistable framed sheaves reduces to
the study of stable subsheaves of the framing sheaf .%. Hence for deg(d) > n,
this study is covered by the theory of Grothendieck’s Hilbert schemes and quot
schemes. This reason yields the assumption deg(d) < n. The polynomial ¢ can
be written in the following form

n—1 n—2
§(m) = 6y 4 5y

=1 2y o

where the leading coefficient d; is positive.
We now define another notion of (semi)stability with respect to i, the
leading term of the polynomial §. For a framed sheaf (&, a) we define its slope

as follows
__deg(&,a)

e @)= =
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Definition 2.2.7. A framed sheaf (&, «) is said to be p-semistable if it satisfies
the following two conditions:

1. k(&) deg(&”) < rk(&")(deg(& — d1)) for all nontrivial subsheaves &' C
ker(«),

2. 1k(&)(deg(&”) — 01) < rk(&")(deg(& — 61)) for all nontrivial subsheaves
&' C & with rk(&”") < 1k(&).
A framed sheaf (&, «) is said to be p-stable if the inequalities are strict.
We have the following implications between different notions of stability of

framed sheaves

p-stable = stable = semistable = p-semistable. (2.1)

2.2.2 Jordan-Holder filtrations

Definition 2.2.8. For a semistable framed sheaf (&, «) with reduced Hilbert
polynomial p we define its Jordan-Holder filtration as follows

Ozfg)nglC"'C(g}s:g,
such that (gr;(&), ;) are stable with respect to 6 with reduced Hilbert poly-
nomial p, where gr;(&) := &;/&;_1, and «; are the induced framing morphisms.

Proposition 2.2.9 (Propposition 1.13 in [22]). Jordan-Hélder filtrations al-
ways exist. The framed sheaf gr(&, a) == @;_(&/E -1, ;) does not depend
on the choice of the Jordan-Hélder filtration.

Proof. The proof of Proposition [2.1.12] can be easily adapted to this case. [

As in the nonframed case, the proposition above motivates the following
definition.

Definition 2.2.10. Two semistable framed sheaves (&7, ;) and (&3, ag) with
the same reduced Hilbert polynomial are said to be S-equivalent if their asso-
ciated Graded objects gr(&y, aq) and gr(&3, az) are isomorphic.

Definition 2.2.11. For a p-semistable framed sheaf (&, «) of positive rank
we define its p-Jordan-Holder filtration as follows

O:é"OC&C---Ceﬁzg,

such that (gr;(&),q;) are p-stable, where gr;(&) = &;/&;_1, and «; are the
induced framing morphisms.
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Theorem 2.2.12 (Theorem 66 [38]). u-Jordan-Hélder filtrations always exist.
The framed sheaf gr*(&, ) := @, (&;/&i—1, ;) does not depend on the choice
of the p-Jordan-Holder filtration.

Definition 2.2.13. A framed sheaf (&, «) is said to be polystable if & has a
filtration &, : 0 =&y, C & C --- C &, = &, such that

1. & is isomorphic to the graded object gr*é& = @, &;/&—1.

2. The filtration (&, a)e : -+ C (&, lg) C (Eip1,als,,) C -+, is a p-
Jordan-Holder filtration.



Chapter 3

Moduli of framed sheaves on
projective surfaces

In this chapter we give a summary on the constructions of moduli spaces of
framed sheaves done by Huybrechts and Lehn [22] 23]. Then we review the
Uhlenbeck-Donaldson compactification constructed by Bruzzo, Markushevich
and Tikhomirov [7] for framed sheaves on projective surfaces.

3.1 Construction of the moduli space

In this section we recall the construction by Huybrechts and Lehn [22] of the
moduli space of framed sheaves on projective surfaces. A more detailed study
is given in [23].

Let P be a polynomial, » > 0 the rank of a framed sheaf with Hilbert
polynomial P and up its slope.

Definition 3.1.1. A family of framed sheaves on X parametrized by a noethe-
rian scheme T consists of a sheaf £ flat over T" and a homomorphism of sheaves
a: & = pi&. Here & is a sheaf on X and px : X xT" — X is the projection
on X.

Theorem 3.1.2 (Theorem 2.1 [22]). There is an integer mqg such that the
following properties of a framed sheaf (&, a) with Hilbert polynomial P and
torsion-free kernel are equivalent for all m > my :

1. (&, «) is semistable (respectively stable).

2. P(m) < hO((&,a)(m)) and h°((&', ') (m)) < r'ZL) (respectively

RO((&',a')(m)) < r’@) for all framed subsheaves (&', ') of rank 1/,
0#& #6&.

19



20CHAPTER 3. MODULI OF FRAMED SHEAVES ON PROJECTIVE SURFACES

3. hO((&",a”)(m)) > r”@ (respectively h°((&",a")(m)) > r”@) for
all quotients (&",a") of rank r", 0 # &" # &.

Moreover, for any framed sheaf satisfying these conditions, & is m-reqular.

Let P, be a polynomial of degree n, P = FPy—¢ and up be the slope of sheaves
with Hilbert polynomial P. Choose an integer m > my and let V' be a vector
space of dimension Fy(m). Let H denote the Hilbert schemes Hilb(V ® Ox, Fy)
then we have the following closed immersions

H — Grass(V @ HY(Ox (1 —m)), Py(1)) — P(APO(V @ HY(Ox (1 —m)))),

where [ is sufficiently large.
Let £ be the corresponding very ample line bundle on H,

P := P(Hom(V, H°(Z(m)))") and Z' C H x P be the closed subscheme of
points

([¢: V@ Ox(—m) = &, la:V — H(F(m))])
such that the homomorphism a : & — .% factors through ¢ and induces a
framing o : & — F.
The group SL(V') act diagonally on Z’ and we have natural SL(V')-lineariza-
tions on the line bundle

O () = Py L™ @ poOp(ny).
Make the following choice

ng d(m)

— =P(l)=—= —d(

% = P) s b0,
where [ is large enough to insure the positivity of this term. Under these
assumptions we have the following result

Proposition 3.1.3 (Proposition 3.2 in [22]). A point ([q], [a]) € Z" is (semi)stable
with respect to the SL(V')-action if and only if the corresponding framed sheaf
(&, ) is (semi)stable and q induces an isomorphism V — H°(&(m)).

Now let Z° C Z* C Z be the open subschemes of stable and semistable
points of Z.

Proposition 3.1.4 (Proposition 3.3 [22]). There exists a projective scheme
M?** and a morphism w : Z% — M?*° which is a good quotient for the action of
SL(V') on Z**. Moreover there is an open subscheme M*® C M*® such that Z° =
7Y (M?®) and 7 : Z° — M* is a geometric quotient. Two points ([q], [a]) and
([¢], [a']) are mapped to the same point in M** if and only if the corresponding
framed sheaves are S-equivalent.
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3.2 Uhlenbeck-Donaldson compactification

In this section we briefly recall the Uhlenbeck-Donaldson compactification of
framed sheaves on projective surfaces studied by Bruzzo, Markushevich and
Tikhomirov in [7].

We assume that the framing sheaf .% is of dimension d— 1 and is supported
on an effective divisor D C X. We will consider the framed torsion-free sheaves
so we assume deg P(m) = d. Fix a polynomial § € Q[m] of degree d — 1 and
positive leading coefficient d4_1.

Let us denote by §%°(¢, d) the family of sheaves of class ¢ stable with respect
to d and by §#*%(c, 041 ) the family of p-semistable sheaves with respect to d4_1.
By we have the following inclusion

S%(c,0) € §***(¢, 6a-1). (3.1)
Proposition 3.2.1 (Proposition 3.2 in [7]). The family S***(c, d4-1) is bounded.

Let V be a vector space of of dimension P(m) for some m > 0,let H = V®
Ox(—m) and let Quot(#, P) be the Quot scheme parametrizing the coherent
quotients of H of Hilbert polynomial P.

Let P = P(Hom(V, H°(X, % (m)))) and let Y := Quot(H, P,.Z) be the
closed subscheme of Quot(H, P) x P consisting of pairs ([g], [a]) such that
there is a morphism ¢ : ¢ — % for which the following diagram commutes

H g

RN

F

¢ is uniquely determined by a.

Now fix a sufficiently large number m such that for each framed sheaf
(&, a) € §#%%(c, §) is m-regular. Define R***(c,d) the locally closed subscheme
of Y = Quot(H, P, F) consisting of pairs ([¢g : H — &],[a : H — ZF]) such
that (&, «) € §%(c, d) is p-stable with respect to d4_;. The framing « is defined
by a = a o g and g induces an isomorphism V — H%(&(m)).

From RFss(¢,8) contains a subset R*(c,d) consisting of semistable
pairs. R*(c,d8) is open in RF(c,8). We consider its closure R*5(¢,d) in
REs3(c, 6).

From now on assume that deg P(m) = 2 and §(m) = §;m+dp. Under these
assumptions and in the same spirit of the last section; Bruzzo, Markushevich
and Tikhomirov define a line bundle L£(n;,ny) on R**(c,d) and prove the
following result.
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Proposition 3.2.2 (Proposition 3.5 in [7]). Forv > 0 the line bundle L(ny,ns)
on RF*(c, ) is generated by its SL(V')-invariant sections.

From this proposition it follows that there exists a finite dimensional sub-
space W C W, := HY(R"**, L(ny,n,)")5*V) which generates £(ni,ns)".
Let ¢w : R***(¢c,d) — P(W) be the induced SL(P(m))-invariant morphism.

Proposition 3.2.3 (Proposition 4.1 in [§]). Mw = ¢w (R***(c,d)) is a pro-
jective scheme.

Proposition 3.2.4 (Proposition 4.4 in [7]). There is an integer N > 0 such
that EBZZO Win is a finitely generated graded ring.

The previous two propositions allow us to define the Uhlenbeck-Donaldson
compactification.

Definition 3.2.5. Let N be a positive integer as in proposition [3.2.4] Then
M#ss = M#5(¢, §) is defined by

MHss — Proj (@HO(R/LSS(C7 5)’ E(nla nQ)kN)SL(P(m)))'

k>0

It is equipped with a natural morphism 7 : R**$(¢,d) — M*** and is called
the moduli space of p-semistable framed sheaves.

Now define the following spaces

S*(c,0)" = {(&,a) € S**%(c, ) | & is locally free at all points of D and «

induces an isomorphism &|p = F},

R (e, 0)  ={(lg: H — &],[aog]|) € R**(c,9) | (&, ) € S**%(c, )"},

MH**3(e,0)* = w(R"**(c, 0)")

Theorem 3.2.6. Assume that 6; < rdeg D. Two framed sheaves (&1, 1) and
(&, ap) in S**5(c,0)* N S%(c, d) define the same closed point in M***(c,0)* if
and only if (gr*(&1,0q))” = (gr*(&y, )™ and lg = lg,.

This theorem defines a set-theoretic stratification of the Uhlenbeck-Donaldson
compactification.

Corollary 3.2.7. Let ¢ = (1,€,¢a) be a numerical K-theory class and let

MHEPW(r £ ey, 6)F C MH5(c,8)* be the moduli space of p-polystable locally
free sheaves. Assume that 0y < rdeg D. One has the following set-theoretic
stratification:



3.2. UHLENBECK-DONALDSON COMPACTIFICATION

M¥*(c, )" = [ [ M*P¥(r, &, ¢y — 1,6)" x Sym'(X \ D).

>0

23
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Chapter 4

Bialynicki-Birula
decompositions

In this chapter, we introduce the Biatynicki-Birula decompositions of an alge-
braic scheme X. These decompositions are determined by an action of a torus
on X. Bialynicki-Birula introduced these decompositions in [4], and studied
their properties for smooth projective algebraic varieties in [5].

In [27], Konarski studied Biatynicki-Birula’s decompositions for normal va-
rieties. In [28] and using a theorem due to Sumihiro [39], he gave a more
elementary proof to Biatynicki-Birula’s theorem.

In the next sections we will give the statement of Biatynicki-Birula’s theo-
rem in its general setting, then restrict ourselves to the case of algebraic vari-
eties and study their decompositions in two cases. In the first case, when the
variety is complete, the decompositions exist according to Bialynicki-Birula’s
theorem. We will also see few examples.

In the second case when a variety is not complete, one needs to assume that
the limits toward fixed points exist. We will show that in this case Bialynicki-
Birula’s decompositions exist.

4.1 Bialynicki-Birula’s theorem

In this section we assume that k is an algebraically closed field and G is an
algebraic one-dimensional torus, i.e., G = G,,.

Assume X is a nonsingular reduced algebraic scheme over k. Let 1 be a
fixed action of G on X. We will also assume that X satisfies the following
condition

X can be covered by G-invariant quasi-affine open subschemes. (4.1)

25
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Remark 4.1.1. Condition (4.1)) is satisfied in the case X is normal see [39,
Corollary 2]. More precisely, Corollary 2 in [39] states that X can be covered
by G-invariant affine open subschemes.

We shall follow the notation in [4]. For a G-module V, we denote by V' the
G-submodule consisting of all v € V' such that G(k) - v = v. We also denote
by VT (respectively V) the G-submodule spanned by all v € V' such that for
A e G(k) = k*, A-v = \"v where m > 0 (respectively m < 0). This means
that V can be written as V =V @Vt o V-,

Under the assumptions above Bialynicki-Birula proved the following theo-
rem.

Theorem 4.1.2 ([4, Theorem 4.1]). Let X¢ = [J;_,(X%); be the decompo-
sition of X% into connected components. Then, for any i = 1,...,r, there
ezists a (unique) locally closed nonsingular and G-invariant subscheme X;"
(respectively X;7) of X and a (unique) morphism v : X;7 — (X); ( respec-
tively v~ : X; — (X9);) such that:

1. (X%); is a closed subscheme of X (respectively X; ) and ~;|(X%);
(respectively ; |(X9);) is the identity.

2. X" (respectively X;) with the action of G (induced by the action of G
on X) and with ;" (respectively ;) is a G-fibration over (X);.

3. For any closed a € (X%);, To,(X;") = T,(X)? @ T,(X)" (respectively
T.(X7) = T.(X) ® T,(X)"). The dimension of the fibration defined
above equals dim T, (X)* (respectively dimT,(X)™), for any closed a €
(X)s.

The following result follows from Theorem

Theorem 4.1.3 ([4, Theorem 4.3]). Let the scheme X be complete and let
XC = J_(X%); be the decomposition of X into connected components.
Then there exists a unique locally closed G-invariant decomposition of X, Let
X = U_,(XT); (respectively X = U;_,(X™);) and morphisms v* : X;* —
(XY (respectively v~ : X; — (X)) fori=1,...,r

1. (XY = (XY9); (respectively (X)) = (X9);) fori=1,...,r.

2. X" with ~; (respectively X; with ;) is a G-fibration over (X%); for

7
1=1,...,7

3. For any closed a € (X©);, T,(X;") = T,((XY);) ® To(X)* (respectively

(2

T.( X)) =T,(XE))®T(X)") fori=1,...,r.

In the next section we shall see examples of these decompositions.
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4.2 Decompositions of varieties with finite set
of fixed points

Let X be a nonsingular algebraic variety (not necessarily complete) over C and
let C* be the multiplicative group. Assume C* acts algebraically on X with a
nonempty fixed points set X©. Let Fy,..., F, be the connected components
of X®". For any = € X, one has the orbit morphism
o0 C = X (4.2)
t —1t-w.

4.2.1 Case of complete varieties
When X is complete the morphism (4.2) extends to

¢, P = X
t —t-x,

defining the limits ¢, (0) = lim;_o ¢ - and ¢,(00) = limy_,o0 t - z, see [5].
Let us define the following subsets of X

X;r::{xeXuir%ﬁxeFi},izl,...,s.
%

X ::{xEX]tlimthFi},izl,...,s.
—00

These form a decomposition of X into subspaces X = |J; X;" = |, X, the so
called plus and minus-decompositions [5]. The subsets X;" and X, are locally

closed by |4.1.2]
Now assume the fixed points set is finite. Then the Bialynicki-Birula the-

orem [.1.3] can be stated as follows

Theorem 4.2.1. Let X be a complete variety and let the fized points set be
X ={zy,...,2.}. Foranyi=1,...,s there exists a unique C*-invariant
decomposition of X, X =J;_, X;" (resp. X =U;_, X;) such that

1. z; € X (resp. x; € X)),
2. X (resp. X;7) is isomorphic to an affine scheme,

3. for any x;, T, (Xj_) =T (X)+(T€Sp. Tm7(Xz_) = Tzl(X)_)

i 7
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Definition 4.2.2. A decomposition {X;"} (resp. {X; }) is said to be filtrable
if there is a decreasing sequence of closed subvarieties

X=X20XyD---DX,DXsy1 =0,

such that the cells of the decomposition are X;" = X;\ X;;; (resp. X, =
XZ'\XZ'+1) for i = 1,...,8.
Remai4.2.3. 1. Xf = X;\ X;11 C X; and Xj is closed in X so the closure
X;" of X lies in X; = U;>;X;". Hence a filtrable decomposition implies
that for each ¢ L
xX;clJx) (4.3)
Jj=i

Notice that (4.3) also holds for the minus decomposition.

2. A filtrable decomposition yields the existence of a unique cell of maximal
dimension X" (resp. X[ ) since its complement X, is closed in X.

3. Bialynicki-Birula’s decompositions of projective varieties are filtrable [3],
Theorem 3].

Fxample 4.2.4. An elementary example of Bialynicki-Birula’s decompositions
is the projective space. Consider P! with the following C*-action

w: CxP — P
(t,(zog:ay: - my)) — wtlog " wy oy,
The fixed points set of this action is given by
PHY ={zg=(1:0:-+-:0),..., 5, =(0:0:---: 1)},

and the corresponding plus-cells are X" = {zo}, X;" = Al,... X;" = Al
Then the Biatynicki-Birula plus-decomposition for P! determined by the action
wisPl={(1:0:---:0)}UA'U---UA! This decomposition is filtrable.
Indeed P! has a filtration P! = X; D X;_; D --- D Xy DO X_; = 0 where
X=X uX’,.

Similarly, one can define the Biatynicki-Birula minus-decomposition of P'.
Ezample 4.2.5. A less elementary example is the Hilbert scheme Hilb®(IP?) of
d points in P%. From Example the fixed point set of P? is

(P ={2p=(1:0:0),2y =(0:1:0),2o=(0:0:1)}

and its Bialynicki-Birula decomposition is given by the union of affine spaces
P? = J, X; where i = 0,1, 2.
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The C* action on P? naturally induces an action on Hilb®(P?). Fixed points
in Hllbd(P2) correspond to subschemes Z C P? such that the support of Z is
contained in the fixed points set of P2. This allows us to write Z € Hilb%(PP?)
as a disjoint union Zy U Z; U Z, where Z; is supported on the fixed point z;
for i = 0,1,2. For each i, Z; corresponds to a fixed point in Hilb% (P?) where
d; is the length of 0.

Any subscheme Z C P? can be written as the disjoint union Zy U Z; U Z,
where the support of Z; is contained in X; for ¢+ =0, 1, 2.

Let (dy, dy, d) be a triple of nonnegative integers such that do+d; +dy = d.
Let W (dyo, dy, dy) C Hilb“(P?) be the locally closed subset corresponding to the
subscheme Z, where d; = length(0,) for i = 0,1, 2.

Since Z = ZyU Z1 U Zy, the subset W (dy, dy,ds) can be written as follows.

W(d(b d17 d?) = W(d0> 07 0) X W<Oa dla O) X W(Oa 07 d2)
Then the Hilbert scheme decomposes into cells

Hilb"P*) = )  W(do,0,0) x W(0,dy,0) x W(0,0,dy).

do+di1+da=d

These cells are described in [15]. Their number in each dimension corre-
sponds to the Betti numbers of the Hilbert scheme. More about this can be
found in [14].

4.2.2 Case of noncomplete varieties

Suppose X is not complete and lim; o t-x exists for every x € X. In this case,
the morphism (4.2) extends to C

¢ C—X

xT

t —t-x,

where ¢/ (0) := lim; ot - .
For i = 1,...,s one can define the subsets X, := {z € X | lim; ,ot -z € F}}
which form a decomposition of X into subspaces X = |, X;" [B]. The cells
X" are locally closed by . Since the variety is nonsingular the cells of the
decomposition are nonsingular as well.

Now suppose X as above is quasi-projective and the fixed points set is finite.
The cells of the decomposition are isomorphic to affine spaces by Theorem
[M4.2.1] Under these assumptions the following theorem holds.

Theorem 4.2.6. The Biatynicki-Birula plus-decomposition of X s filtrable.
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Proof. According to [39, Theorem 1] there exists an equivariant projective
embedding X — P! for some .

Consider the action of C* on P! and let (P')¢" = {zy,...,2,} be the finite set
of fixed points. Let {P;} be the Bialynicki-Birula plus-decomposition of P'.
Then the fixed points set of X is the intersection

X =@ N X = {2oq),--, Toe)};

and the cells of the decomposition are X;“(j) =XNPF.
Since the decomposition {P;} is filtrable we consider the following filtration

PP=YiDY,D---DY, DY, =0,

where P; =Y; \ V)4 for j=1,...,¢q. Then
+
Xa0)
where X;(;) == (X NYj) for j =1,...,¢ and X,(;11) C Xo(;). Notice that for

each j, X,; = X NY; C X is a closed subvariety of X since Y} is a closed
subvariety of . It follows that the plus-decomposition of X is filtrable. O

=XNP=XN\Y)=XNY)\ (XNYj) = X)) \ Xoga,

Remark 4.2.7. Theorem is also true in the case the fixed points set is not
finite. The proof is basically the same.

The same holds if instead of considering the existence of the limit lim;_,ot - x,
one considers the existence of the limit lim;_ . ¢ - x.

4.3 Decompositions determined by an n-torus

We recall that an n-dimensional torus T is an affine variety which is isomorphic
to (C*)". It inherits a group structure from this isomorphism.

More generally, if we have an action of an n-dimensional torus the Bialynicki-
Birula decompositions enjoy the same properties as in the previous sections.
This is due to the following lemma.

Lemma 4.3.1. Suppose X is a normal algebraic variety endowed with a linear
action of a torus T. Suppose the T-action gives rise to a montrivial set of
fized points XT. Then there exists a one-parameter subgroup \ of T such that
X* = XT,

Proof. By [39, Corollary 2] X can be covered by a finite number of affine
T-invariant open subsets. So we may assume that X is affine hence a closed
subvariety of A! for some [. Since the torus T acts linearly on A! we will assume
X = Al Call the weights of T in A’ by x1, ..., X, then it is enough to choose
a one-parameter subgroup A such that < x;, A >+ 0 for all i. O]
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Remark 4.3.2. A one-parameter subgroup as in Lemma is called regular.
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Chapter 5

Moduli space on the projective
plane

In this chapter we review some results on the moduli space M(r,n) studied in
[33, 34], 35]. This moduli space admits a projective morphism to the moduli
space My(r,n) of ideal instantons on S*. Both M(r,n) and My(r,n) admit a
torus action under which the projective morphism from M (r,n) to My(r,n) is
equivariant. It is possible then to define a subvariety 7! (n[0]) of M (r, n) which
is invariant under the torus action. We prove this subvariety is irreducible using
the fact that it is isomorphic to the punctual quot scheme.

Following the results of chapter [} we show in section that M (r,n)
admits a Bialynicki-Birula plus-decomposition and the union of the minus-
cells builds up 7=*(n[0]). Moreover, these decompositions are filtrable.

In section [5.4] we show that the inclusion of 7~*(n[0]) into M (r,n) induces
isomorphisms of homology groups with integer coefficients. Furthermore, we
show that this inclusion induces a homotopy equivalence between M (r,n) and

7 (n[0]).
5.1 Generalities on the moduli space
Most of the material in this section can be found in [33], 34} 35]. Let M (r,n) be

the moduli space of framed torsion free sheaves on P? with rank r and second
Chern class n parametrizing isomorphism classes of (&, ¢) such that

1. & is a torsion free sheaf on P? of rank r and second Chern class n. & is
locally free in a neighborhood of /.

2. ¢: (¢@|gmi>ﬁ§2: framing at infinity,

33
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where (o, = {[0 : z1 : 23] € P?} is the line at infinity. We say two framed
sheaves (&, ¢), (&, ¢') are isomorphic if there exists an isomorphism ) : & —
&' such that the following diagram commutes

We have the following vanishing theorem.
Lemma 5.1.1. Hom(&, &(—(y)) = Ext*(&, &(—ls)) = 0.

Proof. Ext*(&,&(—(s)) is the dual of Hom(&, &(—2(4,)) by the theorem of
Serre-Grothendieck. Applying the Hom(&, —) to the following short exact
sequence

0— E(—(k+1)ly) — E(—kly) — E(—ls) ® Op,, — 0,

one gets

0 — Hom(&, & (—(k + 1)ls)) — Hom(&, &(—klo)) — Hom(&, &(—Llo) @ O, ),

where £ is a positive integer. The last term in the exact sequence vanishes
since &), is trivial. We then have

Hom(&, &(—(k + 1)lx)) = Hom(&, &(—kly)) = - -+ = Hom(&, &(—lx)).

On the other hand Hom(&, &(—kls)) = Ext*(&, &((k — 3)ls))". By Serre’s
vanishing theorem Ext?(&, & ((k — 3)ls))” = 0 for k large. This concludes the
proof. n

Theorem 5.1.2. M (r,n) is a nonsingular quasi-projective variety of dimen-
sion 2nr.

Proof. Using the Riemann-Roch formula, this theorem follows from Lemma

Il O

Let My™(r,n) C M(r,n) be the open subset of locally free sheaves. We
define the Uhlenbeck (partial) compactification of My set theoretically as

follows .

My(r,n) := I_I M ®(r,n — k) x Sym* C?,
k=0
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where Sym” C? is the k-th symmetric product of C2.

The moduli space M(r,n) has a description in linear data as the next
theorem shows. The proof is quite long, we omit it here since it can be found
in details in [33, Chapter 2].

Theorem 5.1.3. There exists a bijection between M (r,n) and the quotient of
linear data (By, Ba,1,j) by the action of GL,(C) such that

(i) [B1, Ba] +1j =0, (5.1)
(17) there exists no subspace S C C" such that B,(S) C S (a=1,2)
and imi C S, (5.2)

where By, By € End(C"), ¢ € Hom(C",C"), 5 € Hom(C",C") and for g €
GL,(C) the action is given by

g+ (B1,Bs,i,j) = (gBig~ ", gBag ™", gi, jg™ ).

Remark 5.1.4. The description given in Theorem [5.1.3| is often referred to as
the ADHM description named after the authors of [1].

In terms of linear data My(r,n) can be identified with the following GIT
quotient.

Moy(r,n) = {(B1, Ba2,1,j) | [B1, B2 +1ij = 0} J/ GL,(C). (5.3)

The open locus M;*®(r,n) € My(r,n) consists of the closed orbits such that
the stabilizer is trivial.
Consider the following projective morphism

w: M(r,n) = My(r,n) (5.4)
(€,0) = (£7,0),Supp(67/&)) € My™(r,n — k) x Sym" C?,

where & is the double dual of & and Supp(&7/&) is the topological support
of &7/& counted with multiplicities.

For k = n, My*®(r,0) x Sym" C? ~ Sym" C? since My*(r,0) consists of one
point that is the isomorphism class of the pair ﬁ]f?ér together with the trivial
framing.

Consider the point n[0] € Sym” C? that is the point 0 € C? counted n
times. The inverse image of n[0] by 7 is given by

7 f0)) = {(&,9) | £ = 0%, Supp(0F /&) = nl0]}/ =

Theorem 5.1.5. 7~ 1(n[0]) is a compact subvariety of M(r,n).
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Proof. From the projective morphism ([5.4)), one has

M(T, n) L} MO(T7 n)
U

7 (n[0]) ——— n[0]

where the fibre 7~ (n[0]) = M (r,n)np0) = M(r,n) X0 Spec k(n[0]) is a scheme
over k(n[0]) = k [I8, page 89]. To prove 7 '(n[0]) is a variety, it is enough
to prove it is a separated k-scheme of finite type [I8, page 105]. M (r,n) is an
algebraic variety, then there exists a morphism ¢ : M(r,n) — Speck that is
separated and of finite type. Consider the following composition

71 (n[0]) = M(r,n)u) —— M(r,n) ——> Speck

v=goi

where i: M(r,n),0 < M (r,n) is a closed embedding, then it is separated [I8|
Corollary 4.6(a)] and of finite type [I8, Exercise 3.13(a)]. Hence 7 !(n[0]) is
an algebraic variety since the composition v is separated and of finite type.
71 (n[0]) is closed in M(r,n) since it is the inverse image of a closed point
by a proper map, it is compact by the same argument. Hence 7~!(n[0]) is a
compact subvariety of M (r,n). O

Theorem 5.1.6 ([34, Theorem 3.5 (1)]). 7= (n[0]) is isomorphic to the punc-
tual quot-scheme Quot(r,n) parameterizing zero dimensional quotients ﬁﬂ?é’" —
2 with Supp(2) = n|0].

Proof. Given a point in
T lo]) = {(&.0) | 6 = O, Supp(6 /&) = nl0]}/
one has the exact sequence
0= & — Off — 05 |& — 0.

Thus the quotient ﬁﬂ?ér —» ﬁg@r /& is a point in the punctual quot-scheme
defined by
Quot(r,n) := {0 — 2|Supp 2 =n[0]}/ = .

Conversely, given a point in Quot(r, n), let J# := ker(O5) — 2 in Quot(r, n)).
We have the exact sequence

0= — 05 - 2—0.
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J is torsion free since it injects into a locally free sheaf. By using Lemma
B.0.1| it follows that ¢~ ~ O . Notice that 2 is supported on the point
0 € P? so it vanishes on P?\ {0}. In particular, 2|, vanishes and the exact
sequence reduces to
0— &|o, iﬁ;ﬁ:—m.
This isomorphism defines the framing ¢. The pair (&, ¢) is a point in 7~ (n[0]).
O

Theorem 5.1.7. 71 (n[0]) is irreducible projective of dimension n(r + 1).

Proof. The quot scheme is projective [24] Theorem 2.2.4] and irreducible of
dimension n(r + 1) [24, Theorem 6.A.1]. Hence by Theorem [5.1.6} 7~1(n[0]) is
an irreducible projective variety of dimension n(r + 1) as well. O

5.2 Torus action and fixed points

We will follow the same notation as in [34]. Let T := C* x C* x T where T
is the maximal torus in GL(r,C). The action of T" on M(r,n) is defined as

follows.
For (t1,t) € C* x C* let Fy, 4, be the automorphism of P? defined by

Ftl,tg([ZO L2 ZQ]) = [Zo . t121 . tQZQ]

and for (e1,...,e,) € T let G, .. .. be the isomorphism of 6’2: defined by

.....

Geyoer(81,--,8) == (e181, ..., €:5,).
Then the action of T on a pair (E,®) € M(r,n) is defined by
(tl, tQ, €1y, 67«) . (E, (I)) = ((FgéQ)fE, (I)/)

where @’ is given by:

-1
) 2

(FL ) Bl L2 (g1 e ger L ger Samme por

The T action is defined in a similar way on My(r,n) and the map 7 given
in (5.4) is equivariant.

One can define the torus action on M (r,n) and My(r,n) using the descrip-
tion by the linear data defined in section 5.1l The torus action can be identified
with the action on the linear data given as follows

(B1, Ba,i,j) + (t1 By, t2By,ie™ " titae))

where t1,t, € C* and e = (e, €q,...,6,) € C". Note that this action preserves
the conditions (5.1]), (5.2]), and commutes with the action of GL(r, C).
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Theorem 5.2.1 ([35, Proposition 2.9]).
1. The fized points set M(r,n)T consists of finitely many points.

2. The fized points set My(r,n)T consists of a single point n[0] € Sym™C2.

Proof. 1. A framed sheaf (&, ¢) is fixed if it can be written in the form
(&,0) = (&1, 01) B D (&, d,) such that & = .7 is the ideal sheaf of a
zero dimensional subscheme Z; in P?\ £, = C?, and ¢; is an isomorphism
Ele. — Oy,

The ideal sheaves .; are fixed if they are generated by monomials in the
coordinate ring of C? [I4]. These monomials are finite and hence the

ideal sheaves .#; form a finite family. As a result the fixed points set of
M (r,n) is finite.

2. Regarding M;“(r,n) as an open subset of M(r,n), the set of its fixed
points is finite. A framed sheaf (&, ¢) € My“(r,n — k) is fixed if is it
given as above, hence & = @;_, & = @._,(-#). Since & is locally free
then so is . for each i. This means that % = 4~ = 0, , for each
i. Hence & = @)_, 0,... This is a fixed point of M;“(r,n — k) if and
only if & = n. As already noticed in the previous section, for k& = n,
M8 (r,0) x Sym™C? ~ Sym" C? since M;*(r,0) consists of one point
that is the isomorphism class of the pair ﬁgér together with the trivial
framing. It is indeed the only fixed point of My(r,n). ]

Remark 5.2.2. From Theorem it follows that 7! (n[0]) contains all the
fixed points of M(r,n) since 7 is equivariant.

5.3 Bialynicki-Birula decompositions

In this section, following the results of section |4 we show that both M (r,n)
and 7 !(n[0]) admit a filtrable Biatynicki-Birula decomposition. It is enough
to consider the action of a regular one-parameter subgroup by Lemma |4.3.1]
From now on we will consider the action of C* on M (r,n) and on 7~ *(n[0]).

Proposition 5.3.1. For every element x € M(r,n), the limit lim;_,ot-x exists
and lies in M (r,n)c".

Proof. Using the description of My(r,n), there exists a one-parameter
subgroup of T such that for all z in M, (r,n), the limit lim; ,o ¢ -z exists and is
(B1, Bs,i,j) = (0,0,0,0). The point (B, Ba,4,7) = (0,0,0,0) is identified by
the description (5.3]) with the point n[0] € S®C? which is the only fixed point
of My(r,n). Since 7 is a projective morphism, for all z in M (r,n) the limit
lim; ot - x exists and lies in 7 (n[0]). In particular, it is a fixed point. O
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Theorem 5.3.2. M(r,n) admits a Biatynicki-Birula plus-decomposition into
affine spaces. Moreover, this decomposition is filtrable.

Proof. By Proposition [5.3.1} the limit lim;_,ot - = exists and is a fixed point.
It follows that the orbit morphism

¢ C"— M(r,n)
t —1-x,

extends to

¢.: C— M(r,n)
t —1-x,

where ¢/,(0) := lim;_,ot - . Hence M (r,n) admits a Bialynicki-Birula decom-
position into affine spaces by Theorem [4.2.1l This decomposition is filtrable
by Theorem since M (r,n) is quasi-projective. O

Let M(r,n)® = {x;|i=1,...,m} and denote the cells of the decomposi-
tion by
M= M(r,n)f ={x € M(r,n) | lim? -z = T}
—

7

The limit lim; , t - = does not exist for all z € M(r,n). We will only
consider the points of M (r,n) such that the limit exists. These points define
the subspaces

M; :=M(r,n); ={xz € M(r,n) | tli}m t -z exists and equals z;}.

Theorem 5.3.3. The subvariety 7' (n[0]) is the union 7' (n[0]) = U, M; .
Moreover, this is a filtrable decomposition of m—*(n[0]) into affine spaces.

Proof. The proof of the first claim can be found in [34, Theorem 3.5(3)]. In
fact, for any « # n[0] in My(r,n) the limit lim; . ¢ - © does not exist. Hence
by the projective morphism (5.4) we deduce 7=(n[0]) = U, M, . To show
this is a filtrable decomposition we apply the proof of Theorem to the
equivariant embedding 7~!(n[0]) — P! obtained by composing the equivariant
embeddings 7 1(n[0]) < M (r,n) and M(r,n) < P! Finally, regarding the
M;’s as subspaces of M(r,n) and using [4, Theorem 4.1(b)], we conclude they
are isomorphic to affine spaces. O

Remark 5.3.4. The subvariety 7~!(n[0]) being isomorphic to the punctual quot
scheme is not smooth. Still the Biatynicki-Birula decompositions for 7=*(n[0])
exist. From [39, Theorem 1] together with [39, Lemma 8] it follows that for
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any x € M(r,n) there exists an equivariant embedding of some neighborhood
of x into P!. Hence for any x € 7~1(n[0]) there exists an equivariant embed-
ding of some neighborhood of x into P! by composition since 7=1(n[0]) has
an equivariant embedding into M (r,n). Thus the results of [27, §1] hold for
7 (n[0]).

5.4 Topological properties

Let J = {1,2,...,m} be the set of indices so that the fixed points set X¢ =
{z; | j € J} be ordered to yield the following filtrations

M(r,n) =M, DMy DD My D Mp1 =0, (5.5)

D=m Cm C- Cap C Tipy1 =7 (n]0)]), (5.6)
where M;\ M, = M;", ;.1 \m = M, and the decomposition of M (r,n) (resp.
7~1(n[0])) is given by M(r,n) = U;c; M} (resp. 7= (n[0]) = U,c, M; ).

Define the subsets M2, := {J,;, M;" and M, := {J;; M; . Then the fol-
lowing holds

1<j

Lemma 5.4.1. For each j, there is an inclusion MZ; — M;.

Proof. We prove the assertion by using the filtration (5.5). The intersection
M 0 M is the fixed point {x;}, so M; N (M; \ Mj41) = {z;}. This means
M; 0 My = 0 since x; € My, x; ¢ My and M, C M. Note that
Mj = M3, so M; C MZ; for all j. Hence we get the inclusion MZ; € MZ,
for all j. m

Theorem 5.4.2. The inclusion M2; — M;rj induces isomorphisms of ho-

mology groups with integer coefficients Hy(MZ;) =, Hk(M;) for all j and
all k. In particular the inclusion = (n[0]) < M (r,n) induces isomorphisms
Hi (7 (n[0]))) — Hp(M(r,n)) for all k.

Proof. We prove the theorem by induction on j.

For j = 1 the inclusion M; < M;" induces an isomorphism of homology
groups Hy,(M]) — Hy(M;j) for all k since M, and M; are isomorphic to
affine spaces.

Suppose the inclusion M_; < M;r ; induces an isomorphism of homology

groups Hy(MZ;) =y H k(M;r ;) for all k and consider the homology long exact
sequences of the pairs (MZ;,,, M;) and (MZ;, |, MZ;) respectively. We have
the following diagram
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C = Hen (Mo, Moj) — Hy(Mg;) — Hyp(Mgjy,) —

lg

T H’fH(M;er’ M;‘) - Hk(M;j) - Hk(M;j-&-l) -
where the arrows are induced by inclusions. The middle arrow is an isomor-
phism by the induction hypothesis.
MZ; is closed in MZ;, . This follows from (4.3) by reversing the order of
the inequality to meet that of the filtration (5.6]). From [19, Proposition 2.22]

Hk(Mg_jHa MS_]) = Hk<M§_j+1/M§_jvp)7

where p is the point at infinity. The quotient space M_; /M2 ; 1s isomorphic
to the one-point compactification of M, ; that is homeomorphic to the Thom

space T'(M,,) of M, [12, Ex. 138]. It follows that

Hy(Mjih, Mg;) = Hy(T(Mj ), p)-

M7, is isomorphic to an affine space so it is isomorphic to N,,.,., the normal
j+1 p |zj4+15
bundle to x;1 in M, . Hence

ch(Mg_j+17 Mg_g) = Hk(T<M]11>»p) = Hk(T(N\xj+1)7p)-

Let us denote by V(M) the tubular neighborhood of M}, in MZ;,,. By
excision we get the following isomorphism

Hy (M40, MSy) = Hi(MZ; UV(M,), ME)) = Hy(V(Mj,), 0V (M),

where OV (M) = V(M) \ M.
Denote by N the normal bundle of M;er From the tubular neighborhood
theorem V(M) is homeomorphic to N and M7, is homeomorphic to the
zero section of N, see e.g. [6]. Thus

Hy(V(Mfy,),0V(M}L,)) = Hy(N, No) = Hy(T(N), p),

where Ny C N is the complement of the zero section in N and T'(N) is the
Thom space of N.

Since the point x;; is the deformation retract of M}, then N deformation
retracts to N, ,,, the fibre of N at x;,;. Moreover, N, is a deformation
retract of N, . It follows that Hy(T(N,,,),p) = Hp(T(Na,,,),p) and hence
Hy (M2, MZ;) = H (M2, MZ,) for all j and all k. By the five lemma we
conclude the proof. O



42 CHAPTER 5. MODULI SPACE ON THE PROJECTIVE PLANE

Lemma 5.4.3. M(r,n) is simply connected.

Proof. There exists a unique cell M;" of maximal dimension that is open in
M(r,n) (see Remark [£.2.3). Since M;" C M(r,n) is isomorphic to an affine
space then 71 (M;") = 0. By [L1, Theorem 12.1.5] the inclusion M;" < M(r,n)
induces a surjective map m; (M;") — 71 (M(r,n)). Hence 7;(M(r,n)) =0. [

Remark 5.4.4. Note that M (r,n) is irreducible since it is nonsingular and
connected.

Lemma 5.4.5. 7= (n[0]) is simply connected.

Proof. Let M,, — 7w *(n[0]) be the inclusion of the cell of maximal dimension
into 7 (n[0]). By [10, Theorem 3(a)] the induced map m(M,,,) — (71 (n[0]))
is an isomorphism. m;(M,,) = 0 since M, is isomorphic to an affine space.
Hence 7~1(n[0]) is simply connected. O

Theorem 5.4.6 ([34, Theorem 3.5 (2)]). 7~ (n[0]) is homotopy equivalent to
M(r,n).

Proof. The inclusion 77!(n[0]) < M(r,n) induces morphisms of homotopy
groups and we have the following diagram

- — T (M (r,n), 77 (n[0])) — mi (7~ (n[0])) — (M (r,n)) — -

| | |

- — Hyy1 (M(r,n), 771 (n[0]) — Hy(n~1(n[0])) — Hy(M(r,n)) — ---

where the isomorphism is from Theorem and Hy(M(r,n),7*(n[0])) =0
for all k.
From Lemma and Lemma [5.4.5, both M(r,n) and 7~!(n[0]) are 1-

connected, then using Hurewicz’s theorem we get
mo(M(r,n)) = Hy(M(r, n)),

(7 (n[0])) = Ha(r ™ (n[0])).
This yields the following diagram

ma(m ™! (n[0])) — w2 (M (r,n)) — mo(M(r,n), 7~ (n[0])) — 0

- |

Hy(m (n[0])) — Hy(M(r,n)) 0
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Hence we get (M (r,n)) = mo(7 1 (n[0])) and mo (M (r,n), 7~ 1(n[0])) = 0; then
the pair (M (r,n), 7 '(n[0])) is 2-connected. By the relative Hurewicz theorem
we have

m3(M(r,n), 7 (n[0])) & Hs(M(r,n), 7 *(n[0])) = 0.

Iterating this process it follows that for every k,
(M (r,n), 7~ (n]0])) = Hy(M(r,n), 7 *(n[0])) = 0.

Hence the long exact sequence of homotopy groups reduces to

~

mi(m = (n[0])) — m(M(r,n))

for all k. Finally Whitehead’s theorem (see e.g. [37, page 370]) concludes the
proof. O]

Remark 5.4.7. Another proof for theorem can be done by using the
ADHM data defined in Theorem [5.1.3] This proof can be found in Appendix
[A] it is elementary and relies essentially on the ADHM description. Hence it
is possible to generalize it only to moduli spaces having such a description.
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Chapter 6

A generalization

In this chapter, we will generalize the study of the moduli space of framed
sheaves on P? performed in the previous chapter to the moduli space on a
nonsingular projective toric surface S where we assume that there exists a
projective morphism of toric surfaces p : S — P? of degree 1 and consider the
framing sheaf to be supported on a divisor.

First we study the fixed point locus of the moduli space on toric varieties.
Then we restrict ourselves to the moduli spaces M (S) on the toric surface S and
construct a projective morphism from M (S) to My(r,n), the moduli space of
ideal instantons introduced in section [5.1} Using this projective morphism we
define a compact subvariety N of M (S) and study some topological properties,
namely singular homology and homotopy equivalence between M (S) and N.

6.1 Moduli on toric surfaces

Let S be a nonsingular projective toric surface, and let M(S) be the moduli
space of framed torsion-free sheaves on S. Then this moduli space is a quasi-
projective variety [8].

We denote by M*#**(S) the moduli space of semistable framed sheaves on
S, and by M#P°Y(S) the moduli space of polystable framed sheaves on S.

As shown in [7], there is a projective morphism v from M (S) onto M#*5(S)
given as follows

yio M — MP(S) = [ MY (r, € eo — k,6) x Sym"(S\ D)

(&, a) — ((gr“(é", a))w, Supp %) ,

where Supp & is the support of & counted with multiplicities.

45
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Note that the double dual of a u-semistable framed torsion free sheaf is a
p-polystable framed locally free sheaf, and the support of ((gr”éa )7/ gri& ) is
a point in Sym”*(S '\ D) where k = cy(gr*&) — ca((gr"&)”).

6.2 Torus action and fixed points

In this section we will construct an action of the torus 7" on M (S) following
the paper of Nakajima and Yoshioka [35]. We will show that this action gives
rise to a finite set of fixed points (M(S))% and (M*#*5(S))T.

Let S be a nonsingular projective toric surface. with an action of a 2-
dimensional algebraic torus 72 and a finite set of isolated fixed points S7° =
{z1,...,2,}. Assume that the framing divisor D is toric, i.e., stable under the
action of T2, and let .Z be a locally free sheaf on D. Suppose we have an action
of an r-dimensional torus 7" on the framing sheaf .%. Then this induces an
action of an (r 4 2)-dimensional torus 7" on M (S) and on M*#**(S5).

Let us consider the action of 7% = C* x C* on S. Then for any element
(t1,t2) of T? one has an automorphism hy, 4, of S.

ht1,t2 . S — S

The action of T2 on the sheaf & is defined by by taking the inverse image
via the automorphism h: & — &' = (h;},)*&.

To define the action on the framing « let us consider the torus 7" =
C* x -+ x C* (r-times) that acts on the framing sheaf as follows. For an
element (f1,...,f,) € T" let Fy, s be the isomorphism of .#

.....

Then the action of 7' = C*x- - - x C* ((r+2)-times) on a pair (&, ) € M(S)
is defined by
(t17t27 f17 R fr) : (@@7 a) = ((ht_ﬁh)*éi 0/)7

where o/ is given by the composition of the following maps:

(ht_l,t ) o _ Fyooofr
— (htl,th)*ﬁ — F L F

&'lp = (hiy,) € o

where the middle arrow is given by the action of 7 under which .# is stable.
The T action is defined in a similar way on M#**(S), namely the torus
action on M*P°Y(S) is the same as the action on M(S) and the action of T2
on Sym*(S\ D) is induced from that on S since D is T?-invariant. It is possible
to check that the map 7y is equivariant, i.e., v commutes with the torus action.
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Indeed for a framed shead (&,a) € M(S), the following two compositions
agree:

H&EY™ .
(éa’ @) ,L) ((97’#(5, Oé))w, Supp (grr 6‘7) ) porus actlon/

grté&

((<ht:t2>*<gr”£>w, (gr0)'), huy s Supp LE )W),

grté&

(&,0) P () 6 )

bl Yoo A\~ (gr((hi,},) &))"~
((gr ((hey,)" )7 Supp gri((he ) €) )

This is because the torus action is compatible with the Jordan-Holder fil-
tration and with the double dual. The torus action on the support of a sheaf
gives the support of a sheaf acted on by the torus action.

Lemma 6.2.1. The fized points set (M (S))T consists of finitely many points.
The same holds for (M**(S))T.

Proof. A framed sheaf (&, ) is fixed if it can be written in the form (&, o) =
(&,01) B -+ & (&, a,) such that & = .7, ® O(C;). Here C; is a T*-invariant
divisor that does not intersect D, .#; is the ideal sheaf of a zero dimensional
subscheme Z; in S\ D, and «; is an isomorphism &;|p = F;, where .#; are
rank one locally free subsheaves of .%# supported on D such that the direct
sum @P;_, #; = .#. Note that the sheaf .# decomposes into such direct sum
since it is locally free on a toric divisor in S that is a a smooth curve.

The ideal sheaves .#; are fixed if they are generated by monomials in the
homogeneous coordinate ring (Cox ring) of S. These monomials are finite and
hence the ideal sheaves .#; form a finite family. Moreover, the Picard group
of a compact projective variety is generated by a finite number of divisors [36,
Corollary 2.5]. Hence &; = .#; ® €(C;) form a finite family. As a result the
fixed points set of M (S) is finite.

Now regarding M*PoY(r & ¢y — k,0) as an open subset of M(S) with the
corresponding invariants, the set of its fixed points is finite. A framed sheaf
(&,a) € MHPY(r & cy — k,0) is fixed if is it given as above, hence & =
D._, & =D, (I @ Os(C;)). Since & is locally free then so is .#; for each 1.
We have .9 = ;" = Og, hence & = @;_, O5(C;).

The fixed points set of Sym”(S \ D) is finite since S” is. It follows that
(M*#s(S))T is finite. O
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Remark 6.2.2. From Lemma it follows that N := = ((M***(5))T) con-
tains all the fixed points of M () since 7 is equivariant. But we will not need
this fact in what follows.

6.3 Constructing a projective morphism

In this section we will restrict ourselves to the case where the toric surface S
admits a projective morphism of toric surfaces p : S — P? of degree 1. An
example of this class of surfaces is the iterated toric blowup of P?, i.e, the
iterated blowup along a set of points that are fixed under the torus action. We
will also assume that the framing sheaf is free & = 05"

We will construct a projective morphism from the moduli space M(S)
of framed torsion-free sheaves on S to My(r,n), the moduli space defined in
section [5.1] To this end we will follow the construction in [34, Appendix F].

Note that under the assumptions above, the restriction of p : S — P?
to the divisor D gives an isomorphism p;p : D =, oo, Where [, is the line
{[0 : 2z : 2] € P2} in P2 The direct image of the framing sheaf on D is
isomorphic to the framing sheaf on /.

Next we will show that there exists a morphism between M (S) and My(r, n)
and prove it is projective.

Let M(r,c1,n) be the moduli space of H-stable sheaves & on P? with
rank r := rk &, first Chern class ¢; := ¢1(&) and discriminant n := c3(&) —
=L¢1(&)?. Assuming that ged(r, < ¢, H >) = 1 the moduli space consists of -
stable sheaves. We define M,,.(r, ¢1,n) the subscheme of M(r, ¢1,n) consisting
of p-stable locally free sheaves.

Let M(r,p*c; + kC,n) be the moduli space of (H — eC')-stable sheaves
& on S of rank r, first Chern class ¢;(&) = p*c; + kC, and discriminant
n = (&) — Stel(&)?. Here C is a (reducible) divisor on S that does not
intersect D, k is an integer and ¢ is sufficiently small.

6.3.1 Uhlenbeck compactification of M,.(r,c1,n)

We define the Uhlenbeck compactification of the the moduli space of locally-
free sheaves My(r, c1,n) as follows.

Mo(r,ci,n) == |_|./\/lloc(7“, c1,n — 1) x Sym'(P?).
I

In [29, 30], Li proved the following theorem in the general setting of moduli
spaces on projective surfaces. Here is Li’s theorem for our moduli spaces.
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Theorem 6.3.1. 1. Mq(r,c1,n) is a projective scheme.

2. There is a projective morphism

w: M(r,ci,n) — Mo(r,c1,n) (6.1)
& — (&7, Supp(&7/8)).

When the first Chern class is zero, the morphism (6.1)) reduces to the
morphism (5.4) defined in section [5.1} This morphism will allow us define a
new morphism from the moduli space of pu-stable sheaves on S to My(r, c1,n).

6.3.2 Defining a morphism 7

In this section we will assume that the first Chern class ¢y = k-C and 0 < k < r.
For a sufficiently large [ and assuming that [ = k& modulo r, we define the
following morphism

B M(T,k,ﬁ)—>M(r,n)
E > pE(=10).

The composition of 8 with the morphism 7 defined in (6.1]) gives the fol-
lowing morphism

7 M(r,k,n) — Mqo(r,n) (6.2)

In the next section we will show how the morphism (6.2)) restricts to a
morphism between moduli spaces of framed sheaves and show it is projective.

Remark 6.3.2. Note that the definition of the morphism 7 relies on Lemma
[B.0.2] Using this lemma together with the Grothendieck-Riemann-Roch theo-
rem, one can compute n in terms of k£ and n. Moreover, by the same arguments
one can show that the morphism 7 does not depend on the choice of [. This is
true because we are assuming that [ is equal to k£ modulo 7.

6.3.3 7 for framed sheaves

Before getting to the definition of the morphism 7 for framed sheaves, we will
need few results.

Lemma 6.3.3 (Lemma F.19 [34]). Denote by &, the leading coefficient of the
polynomial §. Assume that 6; < 1, then the following holds
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1. For a semistable framed sheaf (&, ), & is torsion-free.
2. All torsion-free p-semistable sheaves are p stable.

This lemma yields Lemma F.20 in [34]. This works in our case too. Hence
using Lemma [6.3.3| we have the following result.

Lemma 6.3.4. Assume that 0, < 1. If € > 0 depending on §; and ch(E) is
sufficiently small, then (&, «) is semistable with respect to H—eC' and § if and
only if (p.&(—1C), «) is semistable with respect to H and §. In particular, the
moduli space of framed torsion-free sheaves on S is contained in the moduli
space of semistable pairs on S.

This lemma states that § sends semistable framed sheaves on S to semistable
framed sheaves on P2. Hence it extends to a morphism between moduli spaces
of semistable sheaves on S and on P2. Since these moduli spaces are projective,
B is a projective morphism. In other words, we have a projective morphism,
that we denote [ for simplicity, from the moduli space of framed sheaves on S
to the moduli space of framed sheaves on P2

B: M(S) — M(r,n) (6.3)
(&, a) — (p.E(=IC), ),

where the framing ¢ is given by
¢ 1 ol (IO loo — P OF (10|l = OF", (6.4)

since p,Os(—1C') is isomorphic to Ope.
On the other hand, the morphism 7 defined in (5.4)) is projective, so the
composition 7 o § is projective. Hence we have proved the following theorem.

Theorem 6.3.5. There is a projective morphism
7. M(S) — My(r,n) (6.5)

#.0) > ((8(-10))76) Supp LT,

where the framing ¢ is given by (6.4)).

Remark 6.3.6. The map 7 is equivariant under the torus action since [ is.

In the next section, using this morphism we will study some topological
properties of the moduli space of framed torsion-free sheaves on S.
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6.4 Some topological properties

In this section, we define the subvariety N of M (S) that is the inverse image
by 7 of the fixed point of My(r,n). We show that both M(S) and N admit a
filtrable Bialynicki-Birula decomposition. It is enough to consider the action
of a regular one-parameter subgroup A C 7" as in Section [5.3] Therefore, we
will consider the action of C* on M (S) and on N.

Having established the projective morphism 7, we define the inverse image
of the fixed point n[0] of My(r,n).

N := 7' (n[0])
Theorem 6.4.1. N is a compact subvariety of M(S).

Proof. The proof goes through the same lines as that of Theorem [5.1.5] [

Proposition 6.4.2. For every element x € M(S), the limit lim; ot - = exists
and lies in M(S)*".

Proof. The proof of this proposition go through the same lines as that of
Proposition [5.3.1} O

Theorem 6.4.3. M(S) admits a Bialynicki-Birula plus-decomposition into
affine spaces. Moreover, this decomposition is filtrable.

Proof. Having Proposition the proof goes through the same lines as in
b.3.2 O

Let M(S)® = {z; |i=1,...,m} and denote the cells of the decomposition
by
M(S)f == M(S) = {z e M(S) | lim? -z = T}
—

The limit lim;_,, t-x does not exist for all x € M(.S). We will only consider
the points of M (.S) such that the limit exists. These points define the subspaces

M(S); == M(S); ={x e M(9) | tliglot -z exists and equals z;}.

Theorem 6.4.4. The subvariety N is the union N = U, M(S); . Moreover,
this is a filtrable decomposition of N into affine spaces.

Proof. From [34, Theorem 3.5(3)] any = # n[0] in My(r,n) the limit lim;_, -
does not exist. Hence by the projective morphism 7 we deduce that N =

\U; M(S); . To show this is a filtrable decomposition, the proof goes through
the same lines as that of (3.3l O
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Let J = {1,2,...,m} be the set of indices so that the fixed points set
X® ={x;]j € J} be ordered to yield the following filtrations

M(S)=M(S); D M(S)y DD M(S)ym D M(S)ms1 =0,

b=mcCrC- CymCymn =N,
where M (S);\ M(S)iz1 = M(S)], vit1\ v = M(S); and the decomposition of

M(S) (resp. N) is given by M(S) = U,, M(S)] (resp. N =,., M(S);).

J

Define the subsets M(S)%; := U, M(S);" and M(S)Z; := U, M(S); -

(2

Then all the results in Section hold, the proofs are basically the same.
Lemma 6.4.5. For each j, there is an inclusion M(S)Z; — M(S)Z;.
Theorem 6.4.6. The inclusion M(S)Z; — M(S)%; induces isomorphisms of
homology groups with integer coefficients Hy(M(S)<;) = H,(M(S)E;) for
all j cmdNall k. In particular the inclusion N — M(S) induces isomorphisms
H(N) — Hg(M(S)) for all k.

Proof. Using Lemma the proof is the same as that of Theorem[5.4.2l O

Lemma 6.4.7. Both M(S) and N are simply connected.

Remark 6.4.8. Note that M(S) is irreducible since it is nonsingular and con-
nected.

Theorem 6.4.9. N is homotopy equivalent to M(S).



Chapter 7
Outlook

An interesting outlook would be the generalization of the study performed in
this thesis to a toric surface S without assuming the existence of a projective
morphism S — P? of degree 1.

The results of chapter [l and [6] hold for all the moduli spaces on nonsingular
projective toric surfaces having a projective morphism onto My(r,n) which is
equivariant under the torus action. Indeed, to generalize these results it is
enough to construct a projective morphism

T M(S) — My(r,n).

However, this may not be an easy task.
As we have seen in the last chapter, to construct such a morphism we have
considered a morphism

B: M(S)— M(r,n)
& +— pE(=10), (7.1)

for a sufficiently large [.

It is to notice that when the morphism p has a greater degree, the direct
image of the structure sheaf p,Os(—IC) 2 Ope. In this case a morphism defined
as in does not do the job since we end up in a moduli space different from
M(r,n).

The reason for constructing a morphism 7 lies in the fact that the moduli
space My(r,n) has a unique fixed point n[0] and the fiber over it defines a
compact subvariety containing all the fixed points of the moduli space we are
considering. Moreover My(r,n) has a description into ADHM data that was
intensively used in the proofs of the results in the last two chapters.

In chapter [6] we have considered toric varieties to guarantee that the moduli
space has finitely many fixed points under the torus action. This allows us to

23
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use results of chapter @ It would be interesting to generalize this study to the
moduli spaces of framed sheaves on projective surfaces having a C*-action. In
this case, the set of fixed points under the torus action might not be finite.
Another issue is the construction of the projective morphism onto My(r,n) as
discussed above.



Appendix A
Proof using ADHM data

A.1 Moduli space on the projective plane

As we havee seen in chapter 0], there is an isomorphism

M(r,n) = { (B1, Ba,i, ) [By, B +1j =0, GL,(C
r,n) = ¢ (B, By, i, j 3 S C C" such that B,(S) C S )

(e =1,2) and imi C S

= H/GL,(C),
where By, By € End(C"), i € Hom(C",C"), j € Hom(C",C") and for g €
GL,(C):
9+ (B, Ba,i,j) = (9Bi1g™ ", gBag ™", gi jg ™).
The fibre 71 (n[0]) C M(r,n) is isomorphic to the quot scheme Quot(r, n)
by Theorem [5.1.6, From [2, Lemma 2.2] we have the following description in
terms of ADHM data.

[By1,Bs] =0

7 (n[0]) 2 ¢ (B, By,i)| 3a,8€ N:B =B, =0 /GLn((C),
3.5 C C" such that B,(S) C S

(=1,2) and imi C S

\

where By, B, € End(C") and ¢ € Hom(C",C").

The one parameter subgroup C* acts on H as follows:

(Bl,BQ,i,j> — (tBl,tBQ,i,t2j> for t € C*.

95
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Let us define the map:
p: M(r,n)—R
(B17BQai7j) — Z ’/-LZ‘ + Z ‘)\1’ = p(BLBZ,i,j)a

where p; and \; are the eigenvalues of By and B, respectively.
Consider the open neighborhood U; of 77 (n[0]) defined by

U, .= {(B17B27iaj) € M(T,n) ‘ p<BlﬁB2ﬂ‘»J’> < 1}’

and let
Ut =t- Ul = {t (BlaB%ivj) | <B17BQai7j) € U1}7

be a family of open neighborhoods of 77! (n[0]) parametrized by t € C*.
Since 771(n[0]) is described by nilpotent matrices, i.e, matrices for which
all the eigenvalues vanish, then 7=!(n[0]) is contained in C Uy for all ¢.

A.2 Base of open neighborhoods

M(r,n) and 7 (n[0]) are algebraic varieties and in particular, they are locally
compact topological spaces. M (r,n) contains 7—!(n[0]) as a compact subva-
riety so for every neighborhood V of 771(n[0]) there exists a closed compact
neighborhood W of 7=!(n[0]) such that W C V, [25, Theorem 18|.

Let OW be the boundary of W and consider the following restricted map:

Plow - oW — R
(Bl,BQ,i,j) '—>p(31’ > 0.

Bg,i,j)

This map is a real valued function on a compact space W, hence it attains
a minimum (maximum). Let ¢ = min p|,,, then:

V(Bi, By, i,j) € OW : Piey By i) 2 €

In the case t = €, we have
U NOW = {(Bl, Ba,i) € M(r,n) | puy n ) < |e\} now = 0.
Hence U, is contained in W \ OW. It results that for each neighborhood

V D 7~ 1(n[0]), there exists a t € C* such that U, is contained in V. Therefore
the family {U;,t € C*} form a base of open neighborhoods of 7=!(n[0]).
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A.3 U; is homotopy equivalent to M (r,n)

In this section, we show that there is a homotopy between M (r,n) and U, for
each t. For each t € C*, we define the following isomorphism

fti U1 —_— Ut
(B1, Bs,i,j) — (t- Bi,t- Ba,i,t%j).

In particular, U; is homotopy equivalent to U;. It is enough then to show that
there is a homotopy between M (r,n) and U;. Let us define the maps:

M(r,n) —L— U, —2— M(r,n),

where

. o By By .
(31732727]>'_>f(31732717]) ::( ) 727]>a
p(Blszvi,j) +1 p(BlszﬁiJ) +1
and
o o B B o
(BbBQaZv])'_)g(BhB%Z?]) ::( . 2 7Z7j)'

p(BlﬂBZ’i’j) + 17 p(BlﬂBQ’i’j) + 1
Then we have a homotopy F' : [0,1] x M(r,n) — M(r,n) defined by

Bl B2
(1= )Py gy T 1 (L= )Py, 5y +1

F(a,(By, By,i, ) = ( S

Similarly, we have a homotopy G : [0, 1] x Uy — U; defined by

By By
+1"(1—a)

G(O{, (BlaB%Z.aj)) ( 7Zaj)
(1 - a)p(Bl,BQ,i,j) p(BLBz,iJ) +1

We conclude that Uy is homotopy equivalent to M (r,n) for all t € C*.

A.4 7 1(n]0]) is homotopy equivalent to M(r,n)

M(r,n) and 7=*(n[0]) are algebraic varieties, in particular they are algebraic
sets that admit triangulations [21. BI]. Moreover, since M(r,n) contains
71 (n[0]) as a compact subvariety, the pair (M (r,n),7~'(n[0])) can be trian-
gulated in a compatible way. Then there exists a basis of closed neighborhoods
{V,, D 7= }(n[0])} homotopy equivalent to 7~!(n[0]), see [32, Lemma 70.1].
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Since {U;} and {V,} are neighborhood bases of 7~1(n[0]), the following
inclusions U;, C V,,, C U, C V,, induce homomorphisms of homotopy groups

for all n ‘ .
Tu(Usy) 5 70 (Va) D 1 (Usy) 2 10 (Vi)

It follows that 7, (V,,) — m,(Uy,) is an isomorphism for each n since j o i
and k o j are isomorphisms. This implies that m,(7~(n[0])) & 7, (M (r,n)).

Note that both M(r,n) and 7~!(n[0]) are connected, by Whitehead theo-
rem (See e.g [37, page 370]) we conclude that 7—!(n[0]) is homotopy equivalent
to M(r,n).

Remark

The maps p, f, and g defined above do not depend on the representatives.



Appendix B

Some useful statements

Lemma B.0.1. Let X be a smooth projective surface and let
0 —F —F —2-—0,

be an exact sequence of sheaves of Ox-modules where ¥ is torsion free, F'
is reflexive (equivalently locally free since every reflexive sheaf on a surface is
locally free) of the same rank and 2 is zero dimensional; then F' = F~.
Proof. Dualizing the exact sequence 0 — % — %' — 2 — 0, ie.,
applying the functor sZom(-, Ox), we get

0 — Hom(F' Ox) — Hom(F,Ox) — Ext'(2,0x) — 0.

Note that ##om (2, Ox) = 0, and &xt'(F,4) = 0 for any coherent sheaf &
if .Z is locally free [I8, Chap. III, Ex. 6.5(a)], in particular &zt'(F', Ox)
vanishes. We get

0 —F"—F — 2 —0,

where 2’ .= xt' (2, Ox) is a zero dimensional sheaf. Call S the support of
2’ then S C X is a closed subset of codimension 2.

Since %~ and F' are reflexive, so by [I7, Prop.1.6] they are normal. Hence
for every open U C X, we have

0 —— F(U)

-l

0— FHUN\S) — F(

2(U) —— 0

Note that 2/(U \ S) = 0 since 2’ is supported on S. Thus the injective mor-
phism .Z"(U\ S) — Z# (U \ S) is an isomorphism. This yields an isomorphism

29
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F(U) = F(U) and we get 2/(U) = Ext (2, Ox)(U) = 0 for every open
subset U C X. Hence we find 2’ = &xt1(2, Ox) = 0 and .Z" = .Z". Dualizing
again one gets .7’ = .. Since %’ is reflexive it follows that %' = .%~. [

Lemma B.0.2. There is an integer ly such that for any & € M(r, k,n) and
any | > ly, we have:

1. R'p,&(—1C)=0
2. There is a canonical inclusion &(—IC) < p* (p.&(—1C))™.
3. (p&(—10))" = (p.&)™

Proof. Note that &(—IC) = &(l) since the ideal sheaf of the exceptional divisor
C on S is given by Og(—C) = 0Og(1) see [16, IV, Lemma 4.1.(b)].

1. The proof can be found in [I8, III. Theorem 8.8.(c)]

2. From [I8| ITI. Theorem 8.8.(a)] the natural map p*p.&(—1C) — &(—1C)
is surjective, hence one gets an exact sequence:

00— T —p'p.E(-IC) — &(-IC) — 0.

Since p*p.&(—IC) and &(—IC) have the same rank, it follows that .7
is a torsion sheaf, but p*p,.&(—IC) is torsion free, then .7 = 0 and
Pp&(—1C) — &(—IC) is an isomorphism.

On the other hand, there is a canonical inclusion p*(p.&(—IC)) —
p* (p*éa(—lC))w, so we have the following diagram

PpE(=IC) —— p* (p.E(-1C))~

&(—10)

Hence the dotted arrow is injective and we get the inclusion &(—1C') —

p*(p&(=1C))™.

3. Using the inclusion above, and taking the cokernel, one gets the exact
sequence

0 — &(-1C) — p*(p&(-IC))" — 2 — 0.
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Tensoring by Os(IC) and applying the direct image, the above exact
sequence gives

0 — p& — p.(p" (p-E(~1C)) " ® O5(IC)) — -+

On the other hand, p,Os(IC) = p.Og(—1) = Os see [9, page 76]. Hence,
substituting and taking the quotient in the above exact sequence, one
gets the short exact sequence

0— p.& — (pE(-IC))" — 2 — 0.

Notice that p,& is torsion free and (p*é" (—lC’))W is locally free of the
same rank, 2’ is supported on points, then using Lemma [B.0.1, we get
the isomorphism (p.&(—1C))™ = (p.&)™.

O
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