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Abstract

The original contributions of this thesis are contained in chapter three and four.
In chapter three we discuss the elongated phase of 4D simplicial quantum gravity
by exploiting recent analytical results. In particular using Walkup’s theorem we
prove that the dominating configurations in the elongated phase are tree-like struc-
tures called ”Staked Spheres”. Such configurations can be mapped into branched
polymers and baby universes argument are used in order to analyse the critical
behaviour of the theory in the weak coupling regime. We prove that the string
susceptibility exponent v,y is smaller than 1 for the statistical ensemble of stacked
spheres. An argument from the theory of random surfaces shows a strong evidence
that stacked spheres correspond to a mean field phase vy, = % so that any attempt
of performing a continuum limit in this phase, even if we assume the existence of
the limiting Schwinger functions, will give a trivial theory.

The numerical evidence for a first order phase transition and the triviality of
the elongated phase suggest that a new approach to simplicial quantum gravity
might be useful. Along this line following the work of various authors we study, in
chapter four, a first order version of Regge calculus formulated as a local theory of
the Poincaré group. We recall and improve the definition of this Wilson-like action
for Regge calculus. We prove that it is invariant under the plaquette orientation.
Following the approach of a previous work a first order principle, in the sense of
Palatini, is defined on lattice in the same spirit of the continuum theory of General
Relativity in the Cartan formalism.

We derive the first order field equations in the approximation of small deficit angles
and we prove that (second order) Regge calculus is a solution. This is the main
new result of this chapter.

Successively we derive the general first order field equations by taking carefully into
account the constraints of the theory. An invariant measure for the path integral
of this theory is defined. The coupling with matter, in particular fermions, is also
discussed in analogy to the continuum theory.
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Chapter 1

Introduction

In spite of many recent developments, in particular in string theory, the problem
of quantization of General Relativity is still an open one both from mathematical
and physical point of view.

In this thesis we discuss some contributions to the lattice approach to Euclidean
Quantum Gravity, namely to Regge Calculus and Dynamical Triangulations that
offer the most natural discretization of General Relativity. This discretization con-
sists in going from a Riemannian manifolds to triangulations of Piecewise-Linear
manifolds. In both cases the partition function is a sum over the triangulations
of Piecewise-Linear manifolds. Each triangulation is weighted by a factor equal
to the exponential of minus the discretized version of the Einstein-Hilbert action
(Regge-Einstein action). Moreover the diff-invariant continuum measure on the
Riemannian structures of a manifold M is replaced, in general, by a DeWitt-like
measure for the edge lengths in Regge Calculus and by a micro-canonical measure
in the dynamical triangulations.

The bulk of this thesis is based on two original contributions which are reported
in chapter three and four, while in chapter two we introduce very briefly the main
notions about the model of dynamical triangulations. All the notions that we give
in this chapter are well known and established in the literature and we introduce
them since they will be used in chapter three.

Along the main stream of the connection between Euclidean quantum field theory
and classical statistical mechanics we introduce the notions of micro-canonical,
canonical, and grand-canonical partition functions. In particular in two dimen-
sions we mention different analytical ways in which the number of combinato-
rial inequivalent triangulations was calculated. Recent results on the estimate of
micro-canonical partition function in three and four dimensions are summarized.
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This estimate will be extensively used for the classification of the elongated phase
of dynamical triangulations in four dimensions in chapter three.

Successively we give the definition of the two point Green function in the context
of dynamical triangulations. As a consequence of the definition of the Green
function, we give the definition of the susceptibility function. From its behavior
near the critical line we define the string susceptibility exponent 7yg:..

In chapter three we shall study the elongated phase of dynamical triangulations in
four dimensions. We begin by introducing Walkup’s theorem which characterize
the triangulations with the topology of the sphere in four dimensions. We review
the kinematical bounds which are fixed by this theorem. Furthermore by using the
expression of the estimated canonical partition function, we stress that the average
curvature is saturated in correspondence to the kinematical bound of Walkup’s
theorem. This means that for values of k;, the inverse of gravitational constant,
greater than the value k§ for which the Walkup bound is reached, there is in
the statistical ensemble of equilateral triangulations of the sphere S* a prevalence
of particular triangulations called ”Staked Spheres”. These configurations are
the only triangulations for which the Walkup bound is realized. They have a
simple tree-like structure that can be mapped into branched polymers structures.
Anyway the map is not one to one in the sense that combinatorial inequivalent
stacked spheres can be mapped into the same branched polymer. We recognize
that a stacked sphere fits with the model of a network of baby universes which has
been formulated from the analysis of the results of the Monte Carlo simulations
in four dimensions.

We construct two distinct models of branched polymers and we put them in cor-
respondence with the stacked spheres by the dual map. This analysis shows that
the string susceptibility of the stacked spheres is less than 1.
At the end we analyse a model taken from the theory of random surfaces and
adapted to the stacked spheres. The aim of this analysis is to show some evidences
on the analogy between the stacked spheres and self-energy Feynman graphs rela-
tive to matrix models of two dimensional triangulations. What we learn from this
analysis and from all previous considerations is that there is a strong evidence
that the stacked spheres correspond to a mean field phase in which the string
susceptibility exponents is v = %, so that any attempt of performing a continuum
limit in this phase will give, even if we assume the convergence of the Schwinger
functions, a Gaussian measure.

Recent numerical evidence of a first order phase transition of the model of
dynamical triangulations in four dimensions and the previous strong evidence of



a trivial elongated phase suggest that more efforts towards new discrete models
for simplicial quantum gravity might be required.

Along this line and following the work of various authors we study Regge
calculus as a local theory of Euclidean Poincaré group in the first order formalism.
The reason for a first order formalism is both theoretical and technical. With
respect to traditional Regge Calculus the novelty lies both in its formulation as a
gauge theory and in the first order formalism. The gauge theory approach results
mainly in the deficit angle being replaced by its sine. The first order formalism
has others effect of smoothing out some pathological configurations, like ”spikes”,
which might prevent the theory from having a smooth continuum limit. These
configurations are in fact in the region of large deficit angles where the first order
formalism and the second order formalism are not equivalent on a lattice.

We first review and improve some definitions of a previous work on this subject.
In particular it is stressed how a group theoretical formulation of Regge calculus
allows to write an action on the dual Voronoi complex of the original simplicial
complex which is quite similar to a gauge theory and, more precisely, looks like
the Wilson action for lattice gauge theory.

We prove that this action does not depend from the orientation of the Voronoil
plaquette.

We formulate a first order principle in which we have two sets of independent
variables: the normals to the n—1-faces and the connection matrices. The normals
are considered as the analogous of the n-bein in the continuum theory, and the
connection matrices as the connection one form in General Relativity. The main
result of this chapter is that we prove in the case of ”"small deficit angles” that
Regge calculus is a solution of the first order formalism. This result is not obvious
if we vary indipendently the two sets of variables above.

Then we derive the general field equations for the connection matrices and for
the normals. We use the method of Lagrange multipliers to take in account the
constraints of the theory. We propose a method for the calculation of the Lagrange
multipliers by using the one to one correspondence among the normals to the faces
of the n simplices and the circumcentric coordinates of the vertices.

A measure for the path integral for this simplicial theory of gravity is introduced
and it is shown that it is locally invariant under SO(n). As a last step we propose
a coupling of this lattice theory of gravity with fermionic matter. This coupling is
entirely performed by following the general prescription of the continuum theory.
In other formulation of discrete gravity (Regge calculus and dynamical triangu-
lations) the coupling with fermionic matter is usually introduced ”ad hoc”. In
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this approach the coupling with fermionic matter is given by considering spinorial
representation of SO(n).



Chapter 2

Dynamical Triangulations

2.1 Introduction

In this chapter we shall introduce the basic tools for the simplicial approach [1]
[2] [3] to Euclidean Quantum Gravity (see [4] for the main articles on the subject
and also reference [5]) via the theory of Dynamical Triangulations [6] [7] [8] [9].
A precursor of Dynamical Triangulations has been Weingarten [10]. Romer and
Zahringer [11] proposed for the first time this model as a gauge fixing of Regge
calculus. In section one we begin by considering the class of equilateral triangu-
lations of Picewise-Linear (PL) manifolds (for a review on PL-manifods see [12]
[13] [14]) which are used in dynamical triangulations. Successively we define the
action for dynamical triangulations as a restriction of the Regge-Einstein action
[15] to the equilateral triangulations of PL-manifolds. The partition function for
dynamical triangulations is defined over the ensemble of equilateral triangulations
of PL-manifolds.

In this framework we address the counting problem of the number of combina-
torial inequivalent triangulations and we briefly review the different methods of
enumeration in the two dimensional case. In three and four dimensions some
recent analytical results are illustrated [6] [16] [17] [18].

In section 2.21 following [7] we give the definition of the Green functions in
the framework of dynamical triangulations. The exposition always follows the
connection with classical statistical mechanics and at the end we give the definition
of susceptibility function as a direct consequence of the definition of the grand-
canonical Green function.

All this chapter has to be considered as an introduction to the main concepts
of dynamical triangulations which will be used in the study of the elongated phase
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in 4-D dynamical triangulations.
Anyway it is important in our opinion to remark that the whole approach of dy-
namical triangulations must be considered in the general framework of Euclidean
Lattice field theory as explained in [19] chap. 15. It is crucial in this approach to
determine the Green functions (the Schwinger functions) and to look for a second
order phase transition in the parameter space. If we have a second order phase
transition then the quantum theory of gravity may be defined at the critical point
by looking for the scaling limit of the Green functions. If this limit exists we ask if
it fits with the Osterwalder-Schrader axioms [20] [21]. In the affermative case the
Riemannian Green functions are the Wick rotated version of the Lorentian Green
Function (the Wightman functions) [22] [23]. A first implementation of the above
ideas of Euclidean lattice field theory to simplicial quantum gravity has been given
by Rocek and Williams [1] [2].

It can happen (as in the case of A¢*) that the continuum limit gives a gaussian
measure (free theory), then the theory is trivial. We want to stress that the final
goal of these theories is to find a non trivial continnum limit.

2.2 The Model of the Dynamical Triangulations

The standard rule in Dynamical Triangulations (for a review on the recent results
see [24] and also [25]) is to consider all the triangulations of PL-manifolds made by
equilateral simplices of fixed edge lengths, say a. This implies that the geometrical
structures are even more rigid with respect to Regge Calculus [15] (for a recent
review on Regge calculus see [26]). The set of piecewise-linear maps on these
simplicial complexes depend only by their combinatorial structures. So that two
triangulations T, and T', are equivalent if there is a piecewise linear map ¢ between
them such that it maps one to one the vertices of T, into the vertices of T, in
such a way that (d(vi), d(v;)) is an edge of T, if and only if (vi,v;) is an edge of
T, and so on for every simplex of any dimension.

The n — 2 simplices are called bones B. The dihedral angle [15] of a n simplex o™
on a bone is cos™! 1]; If we indicate by q(B) the number of n-dimensional simplices
which share the bone B, the Regge curvature [15] on the bone B is

K(B) =2 <27t—-q(B)cos'“1%> V(B) (2.1)

where V(B) is the n — 2-dimensional volume of the bone. By standard formula we
know that the volume of a n-dimensional equilateral simplex V(o™) is
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V(on = Lvntl (2.2)
(n)ly/2n

The Regge-Einstein action with cosmological term for dynamical triangulations
T, without boundary can be seen as a functional of the form

1
Se(A, 6, Te) = 5= Z ]—6—7;(—3-};_K(B) : (23)

where the first sum is over all n-dimensional simplices of the triangulation T,.
We define this two bare coupling constants

A cos 'L
kn = STEGV( ™) +n(n+ 1) 392G (B)
_ V(B
knz = = (2.4)

then the action on a triangulation T, takes the standard form

S(kn,kn—2,Ta) = knNp —kn_2Np 2 (2.5)

where N,, and N,,_, are the numbers, respectively, of the n and n — 2 simplices of
the triangulation T,.

The partition function on the triangulation T, of a PL-manifolds PL is defined
as

Z(PL Kkn,kng) = ) e *nNntin-aNn-z (2.6)
Ta
Notice that all the triangulations of the PL-manifold PL, have the same weight in
the path-integral (for a discussion about the measure of dynamical triangulations
see [27]) .
The partition function 2.6 can be rewritten in the following way

Z(kn,kna) =) ) e Z_ ghn-aNn-z (2.7)

PL Nn #Ta(PLNp,Nn_3)

where ) ,; means the sum over all piecewise-flat topologies and } 1 pr NN, _s)

is the number of combinatorial inequivalent equilateral triangulations To(PL, Ny, Nn_2)
of a fixed PL-topology, fixed number N, of n-simplices and fixed number N;,_, of

n — 2-simplices. Now we can consider
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pu(pL7 NTL) Nn—Z) = Z (28)
#Ta(PL,Nn,Nn_2)
as the microcanonical partition function over the ensemble of the equilateral tri-
angulations of edge length a with fixed PL-topology. Pairwise

Z(PL,Nng,kng) = > e 2Nn-2p (PL, Ny, Nya) (2.9)
Nn 2
is the canonical partition function, in which ) e*~-2N~-2 plays the role of the
Gibbs measure. Finally

Z(kn kn-2) =Y Y e N Z(NG ko) (2.10)

PL Nn

is the grand-canonical partition function in which e N~ can be considered as the
equivalent of the chemical potential. Anyway since even in two dimensions the
sum over the PL-topologies is divergent ( see ref. [28] for a brief account), many
times we will restrict to the only topology of the sphere in every dimension.

Let’s start to examine the two dimensional case. The Dehn-Sommerville equa-
tions (see [29] p. 62 and also [30] p. 80) are:

Nz—N1+No = X(TQ(PL)) (2.11)
2Ny = 3Nz

where x (To(PL)) is the Euler-Poincaré characteristic of the PL-manifold PL whose
triangulation is To(PL). As is well known in two dimensions, topological manifolds
and PL-manifolds are equivalent and the topology, for compact, connected and
orientable two-dimensional manifolds , is completely classified by the genus g of
the manifold [31]. From the Dhen-Sommerville equations 2.12 we can express all
the components of the f-vector (see [30] p. 78) as function of N and x (To(PL)),
that is to say

N3

No = 5 +x (To(PL)) (2.12)
3
N] = ZNZ

The asymptotic number of combinatorial inequivalent triangulations of the
sphere S% was calculated for the first time by the mathematician Tutte [32]. The



2.2 The Model of the Dynamical Triangulations

13

i
/
__.i,___/k 3

I
TT(M )=M] MkMi

Figure 2.1: Feynman graph for the matrix model relative to the triangulations.
Each line has two entries one for the row and other for the column of the matrix
M. In each vertex there are always three double lines

underlying idea has been to map by the stereographic projection the triangulations
of the sphere in planar triangulations and to enumerate them by the techniques
of generating series built up by using the geometrical properties of the planar
triangulations. The result is the following

7 .
0a(S% N;) < Ny ZekiNz (2.13)

where k§ is a numerical constant. It is important that the growth of the number
of the triangulations is at most exponential. In fact in the opposite case the
divergences make it impossible to define a statistical theory like 2.7. The result
2.13 can be obtained again by using the quantum field theory techniques of the
matrix models [33]. This techniques is based on the use of the generating functional

Zn(g) = JdM exp («%tT(MZ) - %tT(Mg’)) (2.14)

in which M is an N x N Hermitian matrix and A the coupling constant, dM is
the Haar-measure on this matrix group. The path-integral 2.14 will generate a
perturbative series whose Feynman diagrams can be represented as double line
one for each index of the matrix My; (see figure 2.2).

Since in the equation 2.14 there is a trace of the product of matrices, the
Feynman diagrams have to be closed graphs. The fact that there are two lines
and the possibility of all combinations of the indices means that in general the
graphs can be closed only on Riemann surfaces (see figure 2.2). Furthermore each
Feynman graph corresponds to a dual triangulation.

It can be show that the perturbative series in A relative to connected Feynman
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Figure 2.2: An example of a second order perturbation term which is rappresented
by two double graphs of Tr(M3) which can be closed on a two dimensional torus

double graphs generated by 2.14 can be arranged as power serie in N of the genus
g of the Riemann surfaces. It follows that the coefficients of this series give the
generating functions for the number of combinatorial inequivalent dual triangula-
tions of a fixed topology. Since there is a one to one correspondence between any
triangulation and its (topological or metrical) dual we can obtain the generating
functions of the combinatorial inequivalent triangulations for any topology (see
[33] and also [34]).

Another derivation of the formula 2.13 has been recently found [6] and is based
on the enumeration of the curvature assignment of the bones of the triangulation.
This estimate can be extended to all two-dimensional topologies and to higher
dimensions.

It follows that the two dimensional grandcanonical partition function can be
written as

Z(ky, ko) = Z ekox(g) Z N}’S’W"?’e“(kZ“Ezo'"ki)Nz (2_15)
[¢] ) N;_

where x(g) = 2— 2g. ko — % —k§ is called the critical line since for ky > ¥ +k§
the partition function is convergent and for k; < EZQ + k§ the partition function is
divergent. 7y is the exponent of the string susceptibility. This exponent, that in
two dimensions is equal to —%, controls the divergent part of the partition function.

More precisely if we fix the genus g and consider the limit k; — (—kjl + k§)+, we
have that from 2.15
li 7 __ 7Teg ko C\2—Ystr
im | Zg(ky ko) = Z° + (k2 — 5 - Kk3) (2.16)
kZH<‘-‘ZQ+k§)
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with Z79 the finite part (if any) of the partition function near the critical line.
It is now clear that the discontinuity points of the partition function are on this
line, so an eventual critical point is on this line.
As regard the sum over the genus g of the surface it is divergent and even not
Borel summable. There is a (non-rigorous) way to define a renormalizzation for
this series known as double scaling limit (see [28] for a brief account). Anyway, in
general, we will restrict to a given topology, for example the sphere S?.

In three and four dimensions in the case of the sphere topology the estimate
[6] gives, for the microcanonical partition function, an exponential bound. In
particular by posing N,,_, = N,,n we have that [6]

pa(sn> Nny Nn-—Z) = Q(Nmﬂ]eN“q(”), n= 3> 4 ) (2'17)

where g(Ny,m) has a subleading growing in N,, respect to the exponential factor
eNna) . As we will see in the following geometrical arguments fix the range of 1y in
the closed interval [;,m;]. So that using the Euler-Maclaurin summation formula
[35] we can approximate the sum by the integral so that the canonical partition
function is

T2
Z(Sn» Nna kn-Z) = J Q(Nn)n)e-qu](n'k"—Z)dﬂ (218)

™

where q;(n,kn—2) = q(n) —nnkn_2. We can use the Laplace method for giving
an asymptotic estimate of the integral 2.18. We have to compute the point of
absolute maximum n* of the function q;(n, kn_2) in the interval of integration. In
general this point will be a function of k,_;, that is n* = n*(k._2). So we have

Z(S™,N™ kn-2) X g(Nn, " (kn_p))eNrdrinln-2lk2) (2.19)

We define k{_, = q1(n*(kn-2), k2), so that the grand-canonical partition function
is

Z(S™ K Knoz) X Y g(Noy 17 (Kp_g)JeNna W nadia) - (3.90)
Nn ‘

It is clear that now the critical line is k, = k& (kn—2) with the same meaning as in
the two dimensional case.
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2.3 Green Functions in Dynamical Triangulations

Since the geometry in General Relativity has a dynamical role, the definition of
the Green function in Quantum Gravity is different from ordinary quantum field
theory.

The formal continuum definition of the unnormalized two point function is the
following

GAGT= Y Jp(g)e~sE_H(M,g)

Top(M)
J( d™yy/det g(y) L d™xy/det g(x)8(dg(x,y) — 1) (2.21)
M,g) M,g)

where A and G are respectively the cosmological and gravitational constant, the
sum is over the topological structures of the differentiable manifold M, the measure
D(g) is over the Riemannian structure allowed by M, Sg_y is the Einstein-Hilbert
action and dg4(x,y) is the geodesic distance between the points x and y on the
Riemannian manifold (M, g). To normalize G;(A, G,r) we have to divide it by
the partition function. So in this definition we have to perform a sort of average
over all points of the Riemannian manifold (M, g) that are at distance . In the
discrete we cannot transfer verbatim the above definition due to the coordinate
invariance of the dynamical triangulations. It is necessary to define the two point
function in such a way that the analogous quantities, in the discrete, of x and y
in the continuum have a dependence from the cut-off a.

A path in a triangulation T, of a n-dimensional PL-manifolds is a sequence
{Sj}jl=1 of 1 n-dimensional simplices with the property that S; and S;41 (Sj41 # S5)
have a common face, that is to say I(S;, Sj+1) = 1 (see [36] p. 526). Suppose that
the path does not intersect itself, that is to say I(S,,Sq) = 1 if and only if or
q=p—1orq=7p+1, we call it a simple path. In this case we can define the
length of the path {Sj}}=1 as the number of the faces that the 1 simplices have in
common, that are 1 — 1. This definition comes from graph theory, in fact if we
think to the dual of the path {Sj}}z], every simplex is mapped into a vertex, and
the face between two simplices is mapped into a edge joining the two vertices. So
the length of the path is equal to the number of the dual edge of the path (see fig.
2.3).

We define the distance between two simplices A and B of the triangulation T,
as the length of the simple path which has the minimal length among all simple
paths {S;};", such that S; = A and $;, = B.
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I(s,s)=t: I(s ;s )=t1:

108, 8p,p) = 15, 8, )=k

ICs,, s, ,, ) =0;

k+2
Figure 2.3: A simplicial path between the two simplices S; and S, of a trian-
gulation. The simplicial path is simple and its dual is obtained by joining the
baricenters or the circumcenters of the path’s simplices. On this path the proper-
ties of the incidence matrix I are illustrated
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Let's now give the definition of unnormalized micro-canonical Green function.
The unnormalized micro-canonical Green function is defined as [7]

G(PL,7,Np, Npa) = > (2.22)
#Ta(PLrNn,Nn_2)

where 3 1 prrN.N,._,) 15 the number of inequivalent equilateral triangulations
To(PL,T,Np, Nu—2) of a PL-manifold PL with two labelled n-simplices at fixed
distance T and with fixed number N, and N, _, of respectively n and n — 2 sim-
plices. The normalized partition function is obtained by dividing 2.22 by the
microcanonical partition function. So on we have that the canonical Green func-
tion is

G(PL, 7T, Nnkna) = ) e 2N"2G(PL, 1, Ny, Nn2) (2.23)

N'n.——Z

and finally the grand-canonical Green function

G(PL, T, kn, kn2) = Y €N"G(PL, 7, Ny, kna) . (2.24)
Nn
From the grand-canonical Green Function we can define another quantity often
used in the literature the susceptibility x(PL, k., k,—2) which is defined in the
following way

X(PLkn, kn2) = ) G(PL T, ke kn2) . (2.25)

=0
In the previous definition we can exchange the sum over r with all the sums in
the definition of the grand-canonical Green function 2.24 up the micro-canonical
Green function 2.22. So that we will have

X(PL Kn knog) = ) _efnNn 3 grknaNez y 0 3 . (2.26)
Nn Np—2

T #To(PLr,Nn,Np_2)

The last two sums in the left hand side of the previous equation are the number of
inequivalent triangulations with two labelled n-dimensional simplices. For large
value of N, we will expect that asymmetrical triangulations will prevail in the
micro-canonical ensemble (this is, for example, true for two-dimensional convex
polyhedra [37], for same particular planar triangulations [38] and planar maps [39]
and it is conjectured for all planar maps. In four dimensions this is verified, so to
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say, indirectly because once we do this antsaz and derive the formula for the num-
ber of baby universes(see appendix B) it is in good agreement with the numerical
simulations [40] [41] [42]). In this hypothesis for each labelling of a n-simplex we
will produce a number of combinatorially inequivalent triangulation that asymp-
totically is Nypa(PL, Ny, N,_,). Finally the leading asymptotic estimate of the
number of combinatorially inequivalent triangulations with two labelled simplices
is

S Y = NZpa(PL Ny Npoa) (2.27)

T #Ta(PL,7Nn,Nn_2)

Then the susceptibility 2.25 is equal to

X(PL kn, kn2) < Y NZe™NnZ(PL, Ny, kn2) (2.28)
Np-2
so that
az
X(PL Ky n2) X mo5—Z(kn, K2, PL) (2.29)
m—2

Near the critical line k, — (k& (k,—2))" we will have the following asymptotic
behaviour of the susceptibility

1
(kn — kg (kn—2]))7ser
where x"9 is the finite part (if any) of the susceptibility.

lim  x(PL kn, kn—2) < Xx™ +

kn—(k{ (kn-2))

(2.30)
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Chapter 3

The Geometry of the Elongated
Phase of 4-D Simplicial Quantum
Gravity

3.1 Introduction

In this chapter we are going to discuss in detail the elongated phase of 4-D dy-
namical triangulations. The early numerical simulations in four dimensions have
produced some evidence of the presence of two distinct phases in the ensemble of
four dimensional triangulations: the crumpled phase and the elongated phase [43]
[44] [45] (it is interesting to remark that this picture emerges also in the simulations
of 4D quantum Regge calculus [46] [47] [48]). The crumpled phase is characterized
by the presence of few bones and many four simplices incident on them. There
are very few baby universes (see appendix B). The elongated phase is character-
ized by the presence of many bones and of many baby universes of smallest size
(blips). These facts have encouraged people to use the relative abundance of baby
universes as an order parameter to distinguish these two phases.

Anyway it was still unclear why in the elongated phase there is an upper kine-
matical bound on the values of N = %i and a prevalence of simple tree-graphs
(branched polymers) which appear as a model of proliferating baby universes [49].
Established in [6] in section 3.2 we explain that the upper kinematical bound on
the values of n is due to the Walkup’s theorem for the triangulations of the four
sphere. In particular this theorem fixes the upper value of | in the large-N4 limit
N4 — oo. In section 3.3 we introduce a recent [6] [50] analytical estimate for the
canonical partition functions for dynamical triangulations in four dimensions rel-
ative to the triangulations of the sphere S*. This estimate has the right behaviour




22 The Geometry of the Elongated Phase of 4-D Simplicial Quantum Gravity

in the limit N4 — oo, because the average curvature 3.16 in the elongated phase
remains constant in perfect agreement with Walkup’s theorem. Furthermore this
theorem says also that the dominating configurations in this phase are ”Stacked
Spheres”. In section 3.4 we discuss how the stacked spheres have a simple tree
structure and can be mapped into branched polymers structures (see appendix
A). However the problem arises that the map is not a one to one, since there
are more stacked spheres than branched polymers. So in section 3.5 we consider
the action of dynamical triangulations restricted to stacked spheres and show that
the partition function over the ensemble of the stacked spheres is equal or greater
than the partition function of branched polymers which are the immages of the
above map, and equal or less than a particular model of branched polymers. This
argument shows that the susceptibility exponent vy is less than one. To show
that vy, = 1 we use an argument taken from the physical literature [7] [8]. This
argument follows the line of a model introduced for the first time in the theory of
random surfaces [51].

We take into account some particular kind of non standard triangulations and
put it in correspondence with the model of stacked spheres considered as a model
of proliferating baby universes. Physical arguments ensure that the two models
belong to the same universality class and we show that the susceptibility exponent
is vs = 1 as for the branched polymers.

These types of analytical results were already well known from Monte Carlo simu-
lations. An early analytical attempt, in the direction of interpreting the elongated
phase as a stacked spheres phase, has been done in reference [52] in which a map
from a sort of stacked sphere triangulations to branched polymers is considered.
Anyway the deep reason for polymerization mechanism and with the kinematical
bound on the values of 1 is given only by Walkup theorem.

All these facts point out that the elongated phase of 4-D dynamical triangu-
lations is a mean field phase, so that we expect that if we take the continuum
limit in the framework of Euclidean lattice field theory (c.f. [19] chap. 15), in this
phase, we will obtain a probabilistic Feynman measure which is Gaussian, or, in
other words, a trivial theory

3.2 Walkup’s Theorem

As anticipated in section 2.2 of chapter 2 due to geometrical constraints the vari-
able 1 in four dimensions can vary in a finite interval [i,n,]. The limits n; and
1z of this interval are fixed respectively by the following Walkup theorem and
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Dehn-Sommerville equations [30].

Let us label the bones [53] by an index « and denote by q(«) the number of
four simplexes incident on it; the average number of simplexes incident on a bone
is

1 N4(Ta)>
= — ) =10 3.1
55 X ale =10 (A0 (31)
since each simplex is incident on 10 different bones. b ranges between two kine-
matical bounds which follow from Dehn-Sommerville and a theorem by Walkup
[30]. This latter theorem is also relevant in classifying the ”elongated phase” of
four-dimensional simplicial quantum gravity as we shall see below

Theorem 3.2.1 If T is a triangulation of a closed, connected four-dimensional
manafold then
15

N1(T) 2 5No(T) = =2x(T) (3:2)

Moreover, equality holds if and only if T € H*(1 — 3x(T)), where the class of
triangulations H*(n) is defined inductively according to: (a) The boundary
complez of any abstract five-simplez (Bdo) is a member of H*(0). (b) If K 1s
in H*(0) and o is a four-simplez of K, then K' is in H*(0), where K’ is any
complez obtained from K by deleting ¢ and adding the join of the boundary
complez Bdo and a new vertex distinct from the vertices of K. (c¢) If K 1s
mm Hi(n), then K' is in HY(n + 1) if there exist two four-simplezes o1 and o3
with no common vertices and a dimension preserving simplicial map ¢ from
K — o1 — 02 onto K' which identifies Bdoy with Bdo, but otherwise is one to
one.

In other words H*(0) is built up by gluing together five-dimensional simplexes
through their four dimensional faces and considering only the boundary of this
resulting complex. H*(n) differs from H*(0) by the fact that it has n handles.
This way of constructing a triangulation of a four-sphere has a natural connection
with the definition of a baby universe (see appendix B). The "stacked spheres”
can be considered as a network of minbus in which the mother is disappeared and
the baby universes have a minimal volume, that is the boundary of a five simplices
minus the simplices of the necks through which they are glued to the others . We
will exploit this parallel in section 3.4 to give an estimate of the number of distinct
stacked spheres.
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In four-dimensions Dehn-Sommerville equations [30] are

No—Ni+N;—N3+Ny = x (3.3)
2N7 —3N;+4N3—-5Ns = 0
INs =5N; |

substituting the third equation in the second we have

3 5
N] = zNz — -2-N4 , (3.4)

and substituting these last equation in the first equation of 3.4 we get

1
NO"§N2+N4:X . (3.5)
This imply that
10
b<5+—x (3.6)
N2

and substituting 3.4 and 3.5 in 3.2 we obtain

10x
> — — . 37
b>4 N (3.7)

Thus in the limit of large Ny 4 < b < 5.

3.3 Canonical Partition Function

Now we introduce more extensively the results in four dimensions for the canonical
partition function which has been rapidly summarized in section 2.2 of chapter 2.
Recently it has been analytically shown [6] [50] that the dynamical triangulations
in four dimensions are characterized by two phases: a strong coupling phase in
the region ki = log9/8 < k; < k§™ and a weak coupling phase for k; > k§™.
kST is the value of k; for which in the infinite volume limit the theory has a
phase transition from the strong to the weak phase (for a detailed analysis see
[6]). The transition between these two phases is characterized by the fact that the
sub dominant asymptotic of the number of distinct triangulations passes from an
exponential to polynomial behaviour (c.f.[6]). Presently the precise value of k5™
has not been established yet, it is just known that it is close but distinct from
kI'®* = log4, recent numerical simulations suggest that k§™* = 1.24.
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In the strong coupling phase the leading term of the asymptotic expansion of the
canonical partition function is (c.f. [6])

Alky) +2

—4
Z(N4 k2) =4 ( ) Ny expl—mn*)N™]

3A(kz)
exp |:[1 Ologé—g—l%—)—_t—z-]Na, (3.8)
where for notational convenience we have set

- 1/3
Alky) = %Zekl +1+ \/(7}_—7ekz +1)2 -1 (3.9)

27 7. 1"

+ S —H—\/(—Z—eZ—i—])—T —1
and _

M) = 11— 5nm) . (310)

3 Alks)

The explicit form of m(n*(k;)) and ny, the Hausdorff dimension, are at present
unknown.

In the weak phase k; > k§™ the number of distinct dynamical triangulations
with equal curvature assignment have a power law behaviour in N4. The phase
is characterized by two distinct asymptotic regimes of the leading term of the
canonical partition function: the critical coupling regime and the weak coupling
regime. In the critical coupling regime k§™ < ky < kJ*** we have

= Alkg) +2\ 7" (n*)=5
Z(Ng, kz) < ¢4 ( 3A(G) > N4
Alky) +2

exp {[1 Olog 3

m] , (3.11)

in which T(n*) is not explicitly known.
Instead in the weak coupling regime k; > kJ*@*

- Ccyq€ T—n]c{xz(] - znmax)—4
V2 \/(] — 3T]max) (] — znmo.x)

e(NaFD)f(Nmax kz)

KP —k,

Z(Ng, k) (Ng +1)™11/2

(3.12)
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in which n™e* = I for the sphere $*,Ny +1=10(N4+1) and

f(n, k2) = —mlogn + (1 —2n)log(1 — 2n) — (1 —3n) log(1 —3n) + kan . (3.13)

From this form of the canonical partition function it follows that in the case of the
sphere S* and in the infinite volume limit the average value of b, see equation (3.1),
is a decreasing function of k; in the critical coupling regime and it is constantly
equal to 4 in the weak coupling regime, that is to say

1 crit
< max
1\114133100 <b>n,= n)’ kST <k <Kkj
N141£n)OO <b>n=4, k >k . (3.14)

If we look at the average curvature we have

Nal_lzlw 1_\1_4 < Z K(B)voly(B) >= na?V/3 (1On*(k2) — —75;005_] %) kS < Ky < kD
(3.15)
and
lim il < Z K(B)voly(B) >= ma’V/3 (é — Ecos‘1 1) ky > K+
Ns—00 Ny 5 2 m 4 ,
(3.16)

in which voly(B) is the volume of the four simplexes incident on the bone B,
and it is az—‘é—g—q(B). As we have already said the value of the average curvature is
saturated.

This result was already known in numerical simulations [49] and, as we will see
in detail in the next section, it is due to the prevalence of stacked spheres in the
weak coupling regime.

3.4 Elongated Phase

We have seen that in the case of triangulations of the sphere S* for k; +— log 4,
in the infinite volume limit < b >n,— 4. Walkup’s theorem [30] implies that the
minimum value of b is reached on triangulations K of the sphere S* that belong
to H4(0) (stacked spheres). Then for k; > log 4 one has < b >n,=4, that means
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that in this region of k, the statistical ensemble of quantum gravity is strongly
dominated by stacked spheres.

As explicitly shown in [30], the elements of H*(0) can be put in correspondence
with a tree structure. Let us recall that a d—dimensional simplicial complex T,
d > 1, is called a simple d—tree if it is the closure of its d—simplexes o7, ..., Ot
and these d—simplexes can be ordered in such a way that:

j—1
Cl Gjn{u Cl G'i} =Cl T (317)
i=1

for some (d—1)-face 7; of 03, j > 2, and where the T; are all distinct. This ordering
of the simplexes of T induces a natural ordering of its vertices in vy, ..., V114, where
Vitq is the vertex of o; not in Cl 1;. Note that the interior part of T contains the
simplexes o; and faces T;. The boundary of T, Bd T, consists of the boundary of
the o; minus the T;, and is topologically equivalent to S4'.

It can be shown[30], and it is very easy to check, that any element of K € H%(0)
is the boundary of a simple (d + 1)-tree T, and that K determines uniquely the
simple (d + 1)-tree T for d > 2.

Note that any stacked sphere K € H*(0) can be mapped into a tree graph (see
also the reference [54]). This mapping is defined in the following way, let’s consider
the (unique) simple five-simple tree T associated with K, every five-simplex is
mapped into a vertex and every four-dimensional face in common with two five
simplexes is mapped into an edge which has endpoints at the two vertices which
represent the two five simplexes (see fig. 3.4).

Since the map between K and T is one to one, we have a map from a stacked-
sphere into a tree-graph whose number of links at every vertex can be at most 6
( since a five simplex has six faces). This map, from the stacked spheres H*(0)
to the simple tree-graphs, is not one to one. The mathematical reason is that the
previous construction maps every T to a tree-graph by an application that is the
dual map restricted to the five and four dimensional simplexes of T in its domain
and whose image is the tree graphs that are the 1-dimensional skeleton of the dual
complex. It is well known that the dual map is a one to one correspondence only
if we take in account the simplexes of T of any dimension. It follows that our map
is such that a simple tree-graph may correspond to many stacked spheres. To
illustrate better this point we shall use a picture closer to the physical intuition.
Let us consider a stacked sphere K and its simple tree T. Consider on T one
of its ordered simplexes o; and let T; be the face that it shares with one of the
simplexes o7, ..., 0¢ introduced previously. Repeating the same arguments used
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Sl
ovip ‘%]% |

2 Branched Polymer

Figure 3.1: Two dimensional stacked sphere that is mapped into a branched poly-
mer by the dual map @

in the calculations of the inequivalent triangulations for baby universes [55] (see
also appendix B), we can cut T in 7; in two parts, such that each part has two
copies of T; as a part of its boundary. Since T; is a four dimensional simplex it
is easy to admit that we can glue this two different copies in 5 -4 -3 ways to
rebuild again a simple five tree T'. In general all the possible gluings will generate
distinct triangulations and consequently distinct stacked spheres (if the two parts
are highly symmetric triangulations some of the 60 ways of joining will not be
distinct but, since for large N4 asymmetrical triangulations will dominate, the
number of case in which this will happen will be negligible). The corresponding
tree graph associated with these configurations T’ will always be the same since
this operation has not modified the one skeleton of the tree T.

In statistical mechanics simple-tree structures correspond to " branched-polymers”
(see appendix A). So we have that for k, > kI*** the dominant configurations for
the triangulations of S* are branched polymers. This fact was already observed in
numerical simulations in four dimensions. In [56]a network of baby universes of
minimum neck (minbu) and of minimum size (blips) without a mother universe
was obtained. These have been interpreted as branched polymer like structures.
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3.5 Stacked Spheres and Branched Polymers

In this section we will establish a parallel between the standard mean field theory
of branched polymers and the stacked spheres, in the sense that we will use the
counting techniques of branched polymers to give an upper and lower estimate of
the number of inequivalent stacked spheres. As we have stressed in the previous
section there exists a map between the stacked spheres and tree graphs and this
map is not one to one in the sense that there are more stacked spheres than tree
graphs. This means that the number of inequivalent stacked spheres with a fixed
number Ns of five-simplexes is bounded below by the corresponding number of
tree graphs. Now we will study the statistical behaviour of the tree graphs using
the measure of simplicial quantum gravity and restricting it to the stacked spheres.
In this analysis we shall follow the theory of branched polymers as explained in
appendix A. The reader may refer to it for the details. A more mathematical
analysis on the enumeration of inequivalent tree graphs is contained in [57].

First of all we notice that the boundary of a five-simplex has six four-simplexes
and every edge of a tree graph correspond to a cancellation of two four-simplexes
in the corresponding boundary of the stacked sphere. Since in a tree graph with
N5 vertices there are N5 — 1 edges, we have that the boundary of a stacked sphere,
whose corresponding tree graph has Ns points, is made by a number N4 of four-
simplexes

Ng=4Ns+2 . (3.18)
From the condition for stacked spheres (3.2), we have that the Einstein-Hilbert

action, for dynamical triangulations, restricted to the stacked spheres is
5
S = Ny(ks — -z—kz) —5k; . (3.19)

It follows that the Gibbs factor for the ensemble of tree graphs (branched
polymers) corresponding to stacked spheres is ’

5
exp («—(4N5 +2) (kg — ka) + 5k2> . (3.20)

Following the same notation as in A.1, let 7°(Ns) be the number of inequivalent
rooted tree graphs with Ns vertices and with at most six incident edges on each
vertex, with one rooted vertex with one incident edge. £°(Ns) is the number of
inequivalent tree graphs with N5 vertices. By A.3 we have
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1
E(Ns) = —1°(Ns + 1) (3.21)
N5
Now let R®(k4, k;) be the partition function for rooted tree graphs with statistical
weight (3.20), and Z°(k4, k;) be the partition function for unrooted tree graphs.
We have

e o]
Ré(ka kp) = ) e (Ns=TH2lke-Fhadtsharb(Ny) (3.22)

Ns=2
o0

S e~ (ANs+2) (ks k2) 45Kk £6 (N ) (3.23)
Ns=1

Z8(kq, k2)

Let’s define

e HNs—1)Ake 6 (N ) (3.24)

M

RE(AK) = (MR ko)) =
2

pd
G
Il

e Mg (Ns) ,  (3.25)

o

z(0k) = (eMIZ(k, k)

z

5=1

where Aky = kg4 — 2k,. It is easy to see, from 3.21, that

1 d
R*®(Aky) = —— = . 3.26
(A1) = 3 A 2 (0ks) (3.26)
From A.11 we know that the asymptotic behavior of the susceptibility x(ks4, k2) is
given by
aZ
X (ka, k2) < =5 Z(ka, k2) (3.27)
okz
Then
d? d
x(Akq) < R*(Aky) (3.28)

Ak~ d(Aky)

Now we shall study the critical behaviour of this system in order to obtain
some information about the critical behaviour of the stacked spheres.
From the identity A.12 we have that
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5 o
R¥6(Akg) = e ™08 | Y- l'[R*G(Amﬂy : (3.29)
y= ¥
This equation fixes a function F(R*®, Ak,) of R*® and Aky
> 1
F(R*, Aky) = R*® — g7*0k (; 7 — [R*6]Y ) (3.30)
in such a way that the following equation
F(R*, Aky) =0 (3.31)

when in the point ((R*6)°, (Ak4)°) it is true the condition

oF
0Akq

: (3.32)

((R*€)0,(Ak4)0)

by the implicit function theorem defines, locally, Ak4 as a function of R*®.
Differentiating the previous equation we get a differential equation for R*¢(Aks)

d L. 6 e Ak e 6 -
* * * * 3.33
dAk4R (Aky) = —4R™(Ak4) {1 t (R*®(Ak4))® — R™(Aky) (3.33)
So R*®(Aky4) shows a singularity when
—4(AKa)e 5
R (k) =1+ ——— (R¥((2Ka)?)) (3.34)

This equation has only one positive solution and since g Ak —A_R*®| Ay, diverges, the
inverse function tends to zero

d(Aks) (R*)

o =0 (3.35)

(Akq)e

Observe that F(R*®, Aky) is an analytic function, and in the point ((R*G)“, (Ak4)c)
fixed by equation 3.34, we have

5
oF = 4o tak” (Z l[(R*G)ﬂV) >0 (336)

OAK4 | ((Res)e (Aty)e) =0 vt

and pairwise
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oF >

— =1— e MOk —[(R*®Y| =0 3.37

OR™ | (Res)e (ko) (YZ'———(-) TR ) (&7

this last equation explains why we cannot express in the neighbourhood of ([R*6)C, (Ak4)c)
R*¢ as function of Ak, by applying the implicit function theorem to 3.30. These ar-
guments are enough to say that in the neighbourhood of ((R*S)C, (Ak4)°) (Aks)(R*®)

is an analytic function of R*®. Let us fix the following notation

F oF
FRC = —a—?ﬁ”z FAkz = N (338)
((R"6)°,(Akq)®) HH((R=6)e,(AK4))
v _ 0%F
RCRC pomm} *'6" 2
0(R") ((R*€)c,(Aka)®)
and so on. It is straightforward to calculate that
> 1
Frege = —e HAke) (Z ﬁ[(R*é)C]Y> <0 . (3.39)
v=0
Applying again the implicit function theorem we obtain
d?(Akq) (R Frere
—(——k%——) ::—F“ >0 . (3.40)
d(R ) (Akq)C Akg

All these facts allow to write the following expansion

1 d*(Aka)(R*)

A *6) o Bt S 2 ST
k4(R ) Ak4 2 d(R*6]2

(RS(DKe) — R (MK’
R*6((Aks)®)

+o <(R*6(Ak4) - R*G(Akﬁ)z) . (3.41)

So near (Ak4)¢ we can write

Nl

R*€(Aky) < R((Aks)®) + C ((Aka) — (Aks)%)
From (3.28) we get

(3.42)

XE(Akg) < ((Dka) — (Bkg)) 2 (3.43)

This means that the critical exponent of the susceptibility for the system of these
tree graphs isy = 1.
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The partition function that has been studied is a lower estimate of the partition
function of the stacked spheres. Consider, now, a stacked sphere K and a face T
through which two five-simplexes are glued together (a link on the corresponding
tree graph). We can glue a two four face of a stacked sphere in 5-4-3 different
ways, for large number of simplexes this will generate distinct configurations of
stacked spheres whose associated tree-graph is always the same. Repeating the
same argument for every j, j = 1,...,Ns — 1, (that is to say for every link of
the dual tree graph) we obtain a factor, (5-4-3)Ns~', that multiplied by t°(Ns)
and £°(Ns), gives an upper bound on the number of , respectively, rooted and
unrooted inequivalent stacked spheres. In other words

Ziree(Ka, K2) < Zgs. (Kay K2) < Ziree(Ka, k2) (3.44)

where Ziree (K4, k) is the partition function for tree graphs studied above, Z s (k4, k2)

is the partition function for stacked spheres and Ziree(ka, k2) is the partition func-
tion for tree graphs with the additional weight defined above.

A similar analysis as for Zee (K4, k) shows that the critical line of Zme(ka,, k) is,
of course, a straight line parallel and above respect to the k4 axis t0 Ziree(ka, k2)
one, and the susceptibility exponent is again v = % '

Obviously the estimates (3.44) are true for the canonical partition functions too,

Ztree(N4)k2) S Zs.s.(N4)k2) S Ztree(N4) k‘Z) ) (345)

and the previous calculations show that

2
Ziree(Na, kp) = Ny 2 e NolkemFhamte) (3.46)

and

~ _3
Ztree(N4> kZ) = N4 z e—-N4(k4—%kz+t4~%—lOQ 60) ) (347)

where t4 is a constant that may be calculated by the equation 3.34. More easily
from the table in reference [57] we get that t4 ~ ;log 0.34.

The circumstance that in the weak coupling region the partition function of quan-
tum gravity, as found in an analytically way in [6], is strongly dominated by
stacked spheres, allows us to write

Zo, = NN (2.48)

where 7y, is the susceptibility exponent [41].
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Thus the critical line of the stacked spheres is a straight line parallel and among
the critical lines of the systems of the two branched polymers. This implies

5 5 1
k4 — Ekz + 14 < k,i(kp_) < k4 - zkz +t4 — 21-109 60 (3.49)

Moreover from the equations 3.46 and 3.47 the one loop green functions [7] of
the two model of branched polymers have respectively , near their critical lines ,
the asymptotic behaviour

Gt‘ree(Ak4) = costy + (Akﬂr - Ak4c)% ét‘ree(Aﬂiﬁ) = costy + (Zﬂ(é} - A~k4c)%
(3.50)
This last equation together the equations 3.45 and 3.48 prove that the one loop
function of the stacked spheres G, (kq, k) near the critical line has the asymptotic
behaviour

Gs.s.(ka, ka) < costs + (kg — k§(ka))' ™, (3.51)

with yvs < 1 (the value 'y = 1 is not allowed because in this case the one loop
green function of stacked spheres at the critical line would have a behaviour like
Z°N°4=5 1/Ny4 that is divergent and then incompatible with the upper bound given
by the second equation of 3.50).

Motivated by physical considerations, we can use a well known argument [7]
[8] in favor of the fact that the susceptibility exponent of the stacked spheres is
Ys = % More precisely we will show that a model of proliferating baby universes,
with the measure of quantum gravity restricted to stacked spheres, can be put in
correspondence with the statistical system of stacked spheres.
Let us consider four dimensional triangulations that are (boundary of the) stacked
spheres in which there can be loops made by two three-dimensional simplexes.
‘This is possible whenever the stacked spheres are pinched on a three simplex
creating a bottle neck loop of two three-simplexes. These loops could be either
the loops of a Green function or the minimum bottle neck of a baby universes. This
class of triangulations, following the notation in literature, is called T,. The other
class of triangulations is the stacked spheres in which the minimum loop length
can be made by the boundary of a four-simplex that are five three-simplexes. We
call this last class T's.

In the two dimensional theory, the introduction in T, of two-link loops (the
two dimensional analogous of two three-simplex loop) corresponds in the matrix
model ¢° to consider Feynman diagrams with self-energy (c.f. [7] [8]).
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Since the minima loops of T, and Ts, for which they differ, are of the order of
lattice spacing we will expect that the two classes of triangulations, as a statistical

mechanics system, coincide in the scaling limit, that is to say they belong to the

same universality class.

Let’s consider the minimum neck one loop function G(Ak4) in T,. In every
triangulation of T, we can cut out the maximal size baby universe of minimum
neck and close the two three-simplex loop. We will obtain again a triangulation
that belongs to T',. In this way we will obtain all the triangulations of T, from the
triangulations of the stacked spheres Ts considering that for each three-simplex
either leave them in their actual form or we can open the triangulation to create
a two three-simplex loop and gluing on it a whole one loop universe G(AKk4). We
note that in the triangulations of Ts N3 = 5/2N, (Dehn-Sommerville). Calling

the one loop function of Ts G(Aky), the above considerations lead to the identity

G(Aky) = > e Nelke (1 4 G(Ak))N2 = > e Nt =G(Aky) , (352)

TeTs TeTs
in which Aks = k4 — 5/2k; comes out from restricting the action of quantum
gravity to stacked spheres 3.19, and where we have defined
—_— 5

By 3.52 we can also write last equation as

Ay =T + Jlog (1 + G(BK) (3.54)

By universality and the estimates (3.45) it follows that near the critical point we
have that G(Aky4) < cost + (Aky — AKS)'™7s with vy, < 1.
The susceptibility functions of T, and Ts by 3.52 are

d e d — —
X(Aks) < ik G(Aks) X(Aks) = _d_T&G( k) (3.55)
From 3.54 we have
dAky) . 5 X(Bky)
iAk) 20 +odR) (3:56)

If we calculate di derivative with respect to Ak, of the one loop function G(Aky)
and use the previous equation we get
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x(Aks) = e (3.57)

Now it is clear that x(Aks) — +oo for Aks — (Aks)¢ and with the same
critical exponent ¥(Aky) — 400 for Aky — (Aky)°. From equation (3.57) when
x(Aks) — +oco we have that X (Z&—k_4) — %(1 +G (E(Akf))) < 400, then the
system T is above his critical line, i.e. Aks(AksS) > Aks". These facts imply
that at Aks(AksS) d(Aks)/d(DKs) = 0 and around it ¥(Aks)/(1+ G(Ak4)) is a
decreasing monotonic function by equation 3.56 because x(Aks) — +oo , we can
expand equation 3.54 and 3.57 around Aky(Aks®)

Ake — Dkt = cost (Bk; — Bk (Ake)) (3.58)

1 1
X (Aky) < = : (3.59)

Aky — DR (AKS) T [AKy — Aks®

The second asymptotic equality of the last equation implies

1
== 3.60
Ye=3 (3.60)
The dominance of stacked spheres in the weak phase allows us to fix the param-

eter T in the partition function of quantum gravity in the weak coupling regime.

11 5
—— T — = .].
-3 2:#’( 3 (3.61)



Chapter 4

Lattice GGauge Theory of Gravity

4.1 Introduction

The model of dynamical triangulations, that we have analysed up to now, has been
very popular in recent years. The reason of this is due to the excellent results in
two dimensions where the critical exponents coincide perfectly with the critical
exponents of two dimensional continuum quantum gravity. This has encouraged
people to explore the model in four dimensions. The main aim has been to ex-
plore the dynamics of this discrete theory in order to define a four-dimensional
quantum theory of gravity at the critical point (if any) of the parameters space.
At the beginnings a second order phase transition has been observed by numerical
simulations [41]. Successive and more accurate simulations [58] [59] have shown
that the phase transition is of first order.

At the moment the situation is not completely clear and further investigations
seem necessary, but the general agreement of the scientific community about the
first order nature of the phase transition points out that it is necessary to find a
new lattice theory of gravity which fits with the general requirements of Euclidean
lattice field theory. The following model is an attempt in this direction and might
be an answer to this request. It has been proposed originally and independently
by different authors [36] [60] [61], and the original part of the content of this
chapter, based on the work [62], is a continuation and an improvement of these
attempts, in particular of [60] (connected to this work are [63] [64]). We begin in
section 4.2 by reviewing some concepts contained in [60] and in particular we show
how to associate to each dual Voronoi edge (see appendix C and references [65]
[66] and [67] p. 395) of the original n-dimensional simplicial complex a Poincaré
transformation by fixing an orthonormal reference frame in each n-dimensional
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simplex. Then we recall the group theoretical action which is a functional of the
sine of the deficit angles. Respect to the original work [60] it is shown that the
action is independent from the orientation of the hinges and from the starting
n-simplex in which it is written .

In section 4.3 following [60] we write the group theoretical action completely

defined on the dual Voronoi complex of the original simplicial complex. Two sets
of variables play an important role: the connection matrices U{(«x, 3) and the nor-
mals bgﬁ(oc) to the n—1 faces of each n-simplex «. In the second order formalism
the connection matrices U§(x, 3) are functions of the bgs(x). As anticipated in
[60] we follow a first order formalism in which we consider the Ug(c, ) and the
bgs(e) as independent variables. A first order formalism for Regge calculus has
been done by J. Barrett [68].
We impose that the first order field variables satisfy only the two constraints 4.16
and 4.17. Finally, respect to [60], in the first order formalism we define a modified
action in such a way that it is dependent only from each plaquette of the dual
Voronoi complex .

In section 4.4 it is proved that the modified action is independent from the
orientation of each plaquette.

In section 4.5 the field equations for the connection matrices Uf(«x, ) are
derived in the first order formalism in the approximation of ”small deficit angles”.
It is proved that Regge calculus is a solution for these equations. This result is
no longer obvious in the first order formalism when we consider the connection
matrices independent from the bgg ().

The equivalence of the first order formalism to the (second order) Regge calculus
is the main new result in this chapter.

In section 4.6 we obtain the general field equations on lattice. These equations
are divided in two sets. The set of equations for the connection matrices Ug(x, )
obtained by requiring that the action is stationary under the variation of the
Ug(e, B), and the set of equations for big (). These two sets of equations are
obtained by using the method of the Lagrange multipliers through which we take
into account the two sets of constraints, one set on the linear dependence among
the bgg (o) of the same simplex o and the second set on the condition that the
bgp (o) and b2 (B), as the expressions of the same normal to the n — 1 face seen,
respectively, in the orthonormal reference frame of « and (3, are connected by the
matrix Ug(w, B). At the end of section 4.6 we introduce a method to calculate the
Lagrange multipliers too.

In section 4.7 we define a path-integral for this classical theory of gravity on
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lattice and we prove that this quantum measure is invariant under local transfor-
mation of SO(n).

Finally in section 4.8 we show as it is possible to define in this framework
a coupling with fermionic matter following, as usual in lattice field theory, the
example of the continuum theory.

The main feature of this model is that it is more general than Regge calculus
and dynamical triangulations. The introduction of a reference frame in each n-
dimensional simplex is the key concept for which this version of discrete gravity
is different from the previous one. This is a way to translate on lattice the general
principle of local invariance under a general Lie group which implies a structure
, in the continuum, of a Principal Fiber Bundle with the fibers isomorphic to a
Lie group (gauge theories) or to orthonormal reference frames connected among
them by matrices of SO(n) (General Relativity in the Riemmanian version). In
this scheme we can naturally write on lattice the coupling of gravity with other
fundamental forces and consider extensions to more general theories than gravity
like, for example, supergravity (see for example [69] and [70]).

4.2 Group Action for Simplicial Gravity

In this section we shall introduce a group action for simplicial gravity [60] on the
dual Voronoi complex [71] (see appendix C for a definition of Voronoi cells ) of the
original simplicial complex. In particular we will see that it is possible to associate
to each dual edge (o, x + 1) a "Poincaré” transformation U(x, o+ 1) as in lattice
gauge theories. Of course by a "Poincaré” transformation from now on we mean
in general a SO(n) rotation and a translation.

We are now going to introduce a reference frame in each n-dimensional simplex
and we shall see how these reference frames can be connected by using coordinates
of the vertices of the common 1 — 1-dimensional faces and a notion of Levi-Civita
connection on simplicial manifolds. Consider an hinge h and let {Py,..., Pn_1} its
vertices. Suppose that this hinge is shared by N m-simplices {S1, ..., Sn} whose
vertices are labelled in this way

SLXE{Ph...,Pn_],Q‘x_],m Q‘x,oﬂ.]} (OCZ 1,...,N) . (4.1)

In each simplex S, we can fix an origin and a reference frame. In this frame
the vertices of the simplex S, have the following coordinates
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Pi = {yHe)} a=1,.,n,i=1,..,n—1
ro——l,oc = {Zi_m(a)}
ro,oc-H = {ch,oc-i-] (O(.)} (42)

Let’s indicate by D, the circumcenter of the simplex « and let x*(«x) their
coordinates.
Now it is possible to associate uniquely to a dual edge an element of the Poincaré
group U(e, o+ 1) = {Ug(ex, ot + 1), U%(x, o« + 1)} by requiring that

Up(o, o+ Nyp(ae+ 1) + U, +1) = yf(«)
Ug(or, o0+ 1028 (e + 1) + U o, o +1) = 2§ ,04(a) (4.3)

o, 0+1

in other words we are embedding « and a4+ 1 in R™ and adopting the standard
notion of parallel displacement in R™ and we transport the origin of the reference
frame of x4+ 1 from o« + 1 to the origin of the orthonormal reference frame of «
[36] [60]. This operation makes the position vectors in « + 1 of the vertices of the
common face S, NS, coincident with the position vectors of the same vertices in
«. It follows that the matrix Ug(«, a+ 1) is an orthogonal matrix which describes
the change from the reference frame of &+ 1 to «, considered now as two different
reference frame of the same vector space ([36]). Since the simplicial manifold is
assumed orientable [72] we can choose the reference frame in « and & + 1 in such
a way that Ug(a, «+ 1) are SO(n) matrices.

The family of all these matrices determine a unique connection that is the Leuvs
Civita or Regge connection.

The arbitrariness of the choice of the reference frame in each simplex o im-
plies a sort of local gauge invariance under Poincaré transformations A(x) =
{Ag (), A%(a)}:

U, o+ 1) = Al)U{x, x + DA ax +1) (4.4)

in particular the coordinates of the dual vertices (the circumcenters of the simplices
S«) transform as x%(a) — AZ(a)x?(e) + A%(«). Anyway from now on we decide
to put the origin of the reference frames in the circumcenters, in such a way we
always have x%(a) = 0.

To the hinge h it corresponds the dual two-dimensional plaquette that we still
label by h. Now consider the following plaquette variable
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UM = U, + NU(x+ 1,0 +2).. Ulax—1,&) . (4.5)

It is evident that UMY leaves the coordinates of the vertices of the hinge h un-
changed and its translational part is zero. So it is a rotation of an angle 6(h) in
the two-dimensional plain orthogonal to the hinge. It is easy to see [73] that the
angle 6(h) is the deficit angle [15]

N
8(h)=2n— > B(a,h) (4.6)
a=1

where 8(«, h) are the dihedral angle of the simplices S, with the hinge h.
Let’s choose n — 2 linear independent edge vectors E§ = y§ —ys ,,..E2 , =
ye , —y¢ ; belonging to h, and consider the oriented volume V™ 2°() of h

1
VI Plo) == mgmedy e LB (@) EDF () (4.7)

At this point it seems natural to propose the following gravitational action

I= —% (ugez My™ o (o) (4.8)
h
where U292 M) are the elements of the orthogonal matrix 4.5. If we choose a
reference frame in which the first two axis, 1 and 2, are on the two-dimensional
plane orthogonal to the hinge h the matrix U21% (" will be diagonal, with the
diagonal elements equal to 1, except in the intersection of the first two rows and
columns where it is

(cos 8(h) —sin e(hJ) (4.9)

sin 8(h) cos 6(h)

Pairwise in this reference frame the only non-zero components of the antisymmet-
ric tensor VM 2P () are VM 12(«) and VM 21 (), because in this reference frame
the n —2 independent vectors of h have zero components on the first two axes. In
particular the component V™ 2(x) of the antisymmetric tensor is equal to V(h)
by the definition of the volume V(h) of the hinge h. Since the trace in 4.8 is
independent from the orthogonal reference frame chosen in the n-simplex «, the
action 4.8 is equal to

I=) sind(h)V(h) | (4.10)
h
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that for small deficit angles 6(h) reduces to Regge action [15].
Notice that in the definition 4.5 we have chosen the sequence of simplices o, & +
1,...,c—1, «. This sequence induces a direction of rotation in the two-dimensional
plane orthogonal to the hinge h determined by the rotation matrix 4.5. We have
implicitly assumed that this direction is the same direction generated by the or-
dered sequence of axes {1, 2} in the rigid rotation from the axis 1 to the axis 2.
Since the simplicial manifolds under consideration are assumed orientable [72],
we can choose the same orientation in each n-dimensional simplex [14]. This
orientation induces an orientation on each face but no orientation on the hinge
because the two faces of the simplex, that share the hinge, induce opposite ori-
entations on it. It follows that in principle there is no preferred orientation on
the two-dimensional plane orthogonal to the hinge. So we can pairwise choose the
sequence &, o0 — 1,...,x + 1, &, the rotation matrix will be the transposed of 4.5
and the direction of rotation is now from the axis 2 to the axis 1, that is to say the
opposite of the previous one. In other words respect to the first orientation, now
the axis 1/ coincides with 2 and 2’ with 1. It follows that this change of orientation
implies that €2 192" = _g®a2.-0n g5 that YW 1'% (x) = VM 21 () |

Bearing in mind that the analogous of 4.9 with this new orientation is equal to
its transposed , we have that the action now 4.8 is equal again to 4.10. In this way
we have proved that the action 4.8 is independent from the chosen orientation.
The action 4.8 by construction is invariant under local Poincaré transformations
(gauge invariance) and is independent from the starting simplex «. This last
remark may be done more clear by the following lemma

Lemma 4.2.1 The action (4.8) does not depend from the reference frame

where it 1s written, in the sense that if « and &; are two simplices which have
i common the same hinge h then

Uge™? My ®) aray (&) = Ug;éaiz (rry) ay ﬂz(éi) (4.11)
Dim : Let {x...5;} the simplicial path from the simplex « to §; such that the

simplices of the path share the hinge h. We have that from the definition of
Levi-Civita connection

u2 (o) — y2_y (o) = (Ule, @t 1) U8y, 5:))2 (WP(80) —u54(81))  (4.12)

So for SO(n) connection matrices is true the following
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ay

XV®) g (8) (WS, 8ima) Ul +T,0)5 (4.13)

VW e la) = (Ule ot 1)U (B, 8))

By substituting this last equation in

uxaz Myl - () (4.14)

we get the equality (4.11).

It is interesting to note that this action is similar to Wilson action [74] for lattice
gauge theory (for basic notions of lattice field theory see [75] chap.6). Anyway
in the form 4.8 the action is in a second order formalism since the plaquette
variables W§'%2(h) are complicated functions by 4.3 of the coordinates of the
vertices. Moreover the field variables belong both to the original triangulation
and its Voronoi dual. We are now going to introduce a formalism that is written
completely on the Voronoi complex and is a first order formalism like the Palatini
version [76] of general relativity.

4.3 Action on the Dual Voronoi Complex

Let’s consider the n—1-dimensional face fo3 = {Py, ..., Pr} between the n-dimensional

simplices & and 3. We label the coordinates of the vertices of the face g by uf (o)
in the reference frame «. We define the vector by,

8() = €avy.on, (Y1(&) = Un(@)® . (Ynoi(a) — yn o))
= €qby.bn B EDET (4.15)

The analogous vector b§,(f) can be calculated in the reference frame of 3. The
two vectors are related by the formula

o (o) = Ug (e, B)bR(B) (4.16)

By construction these vectors are orthogonal to the face fqp so that, from a math-

ematical point of view, they live on the dual Voronoi edge («, 3) (see appendix

C). We choose the order of the the edges vectors E{ in formula 4.15 in such a

way that b () points toward the outside of the simplex «. Among the vectors
g (o) of the same n-dimensional simplex there is the following identity
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n+1

> i) =0 . (4.17)
B=1

The antisymmetric tensor V™ . () can be written as a bivector of the

&B(‘X)

v ab((x):n!(n——;)!V((X)( et (D01 (o) — DG (a )bz—m(oc))  (418)

where o« — 1 and « + 1 indicate the two n-simplices which have a face and the
hinge h in common with «. The volume V(«) of the simplex « can be written as
function of the b,y in the following way
V(@)™ = ear o€ Ib5 (BB (B) (419)

where the indices (ji, ..., jn) run over all possible values of the dual Voronoi edges
(e, B) ,p=1,...,n+1and j is a fixed index. The equation 4.19 does not depend
from the choice of the index j in the e-indices, or, in other words, it does not
depend from the b that is left out.

As said in the previous section we can put the origin of the reference frame of
o in the circumcenter. If z8(a) ,a=1,...,n, i=1,..,,n+1are the circumcentric
coordinates [77] of the n + 1 vertices of « we have

n+1

Dz ) =0 . (4.20)
i=1

In these coordinates we can express, as it is easy to see, the vector bl(«x), i =
1,...,nin the following way

b-“(oc)z—]— el eXTIng 01 (o) 28 (o) 4.21
1 aj an 71

----- Jn-1

This equation can be inverted, so we have

=)= T nfv 5 2 e 0B (@) B ) (422)

kAl
These two equations 4.21 4.22 show that there is a one to one correspondence
between the circumcentric coordinates of the vertices of a simplex « and the
bi((X).
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Figure 4.1: Dual Voronoi Plaquette

The gravitational action 4.8 can be written, by the equation 4.18, as a function
of the bf(«). Anyway we are still dealing with a second order formalism, since the
connection matrices U§(x, B) and the b,g () are both functions of the coordinates
of the edge of the simplicial complex. Now we propose a first order formalism in
which Ug(w, B) and byp (o) are independent variables defined on the Voronoi edge
(x, ). We consider equation 4.16 as a constraint of the theory. This constraint

fix only n degree of freedom for each Voronoi edge («, 3), and not the 11"—”
conditions that are necessary to determine Ug(of)

. Pairwise 4.17 is the second
constraint of the theory for each Voronoi vertex.

In the first order formalism we consider connection matrices more general than
the Levi-Civita matrices defined by equation 4.3

This implies that in these cases the gravitational action in the form (4.8) could
be dependent from the reference frame in which it is written since it is no longer

true an equality like 4.13 . So if we define the following antisymmetric tensor on
the plaquette h as

1
Wih(@) = 5 (V7 () 4+ Uag V™ (B)Upe + .

+ UsgeUss sn V™ () Uspgp - Upe)

: (4.23)
cCi1C2
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the action can be written in the form

__! ZTr(uh Wh(a) (4.29)

The above action coincide with the previous action in second order formalism
and

since (in matrix notation)

W(h)(oc) = u(xﬁ,...U5i7151W(h)(51‘_)U5i5i_1 ...u[ga (4.25)

the action (4.24) result to be independent form the frame in which it is written
essentially for the same reasonings of the lemma (4.11).
Moreover the action (4.24) is invariant under the following set of transformations

Uss — Wy =0(a)UspO'(B)
bagl(or) = bigla) = Oa)bgp(a) (4.26)

where O(a) and O(B) are two element of SO(n).

We want to close this section by adding some consideration on the nature of
the byg. In the interior of every simplex o, as we have remarked above, the space
is flat. So in every point of the cotangent space to o the metric is flat

g(0) = 8ape*(0) ® e°(0) (4.27)

where e%(o),a = 1,...,,1 form an orthonormal dual base in the cotangent space
of 0. Of course it is evident that in every point of the cotangent space of o we
can choose the same base e*(c¢). In the form (4.27) the metric coefficients are
automatically diagonal and so we can say that trivially a n-dimensional simplex
is a local inertial reference frame.

It seems more natural to choose as base the edges of the simplex o because this
makes contact with the geometry of the simplex o. Let

E.(o)p=1,..,n (4.28)

n linear independent edge vectors. The other edge vectors can be expressed as
linear combination of the n vectors above. Associated to these n-vectors we can
fix (uniquely) n covectors of the dual base such that, by the definition (4.15),

b*(0)(Ey(0)) = 68 . (4.29)
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where
o b* (o)
b"*(0c) = ——. 4.30
()= Ve (4.30)
The transformation law between the couple of the orthonormal base e,(c) and
their respective duals e®(o) and the couple of E, (o) and b* (o) are given once we

fix the component of E, (o) and b*(0) in the base e, (o) and e®(o), more precisely

e®(0) = E&(c)b*(0)
eq.(0) =bL(o)E,(0) . (4.31)

In these basis we can write the metric tensor as

g(0) = 6°°b%(0)by(0)E,(0) ® E,(0)
g(0) = 84pE2(0)ES(0)DH(0) ® b (o) (4.32)

It is now clear that we can do the following identification respect to the continuum
theory

e, (x) — E;(0)

et (x) — bH(o) (4.33)

)

where with e;}(x) and el}(x) we indicate the n-bein of the continuum theory. The
discrete n-bein, in analogy to the continuum case, are determined modulo the
action of the orthogonal group because if we perform an orthogonal transformation
on ES(o) and bk(o), the equations (4.32) remain form invariant.

Moreover the second equation of (4.32) says that the coefficient of the metric
tensor in the base of the b*(o) are the usual metric coefficients written in Regge
calculus

guu(g) = li(G)

1 (0) = 5(0(0) + gw(0) = gy (0) (4.34)

—

where, in the standard notation, 12 = |E.f? and with E,, =E,—E,, 12, = |E,|%.
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4.4 Remark on the Orientation

In the definitions (4.18), (4.23), (4.5) we have tacitly assumed that the boundary
of the plaquettes is oriented. As a consequence, for example, we can establish that
the Voronoi-edge (o, B), in the direction from « to P, is positive oriented, while
the opposite Voronoi-edge o is negative oriented. So this naturally fix a rule to
define the bivectors V™ ¢1¢2(x), W"(e) and the holonomy matrix U}, along the
positive direction. In particular we use the notation VM ¢1¢2(x) = V”‘) o (a) to
stress that in the definition 4.18 the positive direction is from « to 3 in order that
in the bivector we have to use first the vector bug (o) and after bys, (o). Pairwise
we indicate as W the antisymmetric tensor 4.23 that in these new notations is

1

W (@) = kh+2(v (o) + UnpVip (B)Upoc + ...

+ Uap...Usn 5hv (5Q)u5ﬁét_]...uﬁa)mz , (4.35)

and U*" = UM, that is the holonomy matrix in 4.5 is defined along the positive
direction («, ).
The negative direction is from o to &}, and as in the definitions above we have

() _ 1 h
w CICZ((X’) = m(vaéh( ) -+ U“Shvaéh(é )Ué ho + ..
+ U“5%...U5?5V5“(ﬁ)um?...uwa)cwz ) (436)
and
U hp = UgpUsnse - Uga (4.37)

Now we are going to prove the following lemma:

Lemma 4.4.1 The action 4.24 1is independent from the chosen orientation
for the boundary of the plaguettes h in the sense that

__! Z. Tr (W W () = —5 Z Tr (U b, W) . (4.38)

Dim: since the trace of a matrix and its transposed are the same we can write
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1 +h +h . 1 +h +h T 1 +h T 4k T
ST (U W (@) = =5 Tr (U B W) = —5Tr (u " T w)')
(4.39)
Now we have that
hT
U oo = UgsnUsngn.Upa (4.40)
and
PN (n) (n)
W) = 5 (Vasp (00) + Uag Vo (B Upec + -
h
+ uaﬁ...ua&_&l;vgg&b(52)uéi5t_1...uﬁa) . (4.41)
Consider the orthogonal matrix '
r e uo‘ﬁUﬁél{L...uétwlét (442)
and manipulate the last trace in 4.39 in the following way
! +h Tyhe AT 1 Ty +P T e+t o) b
ST (u T o) ) =—Tr (r w W () r) . (443)
A straightforward calculation shows that
h, T 1
MW ) T = m(vgggb(a{;)+uézéz_]vggi]ég_z(étq)uf,}kl_]ét+...
h
+ u5m_]...uﬁavgélkl(oc)uaﬁ...uébag) , (4.44)
and
hT
FTU+aa r = U5LL§£L~1 UE‘}:_]SL“_Z"‘UDCELL . (4:45)
These last two equations imply that
e (ut Tw ") = =i (U bW (81) (4.46)
2 o & - 2 B}k‘éi‘ k '

Since the trace 4.46 is independent from the reference frame where it is written,
we have the equality 4.38.

This property of the action is necessary not to have ambiguity in defining it.
As we have seen on each hinge there is no preferred orientation (c.f. section 4.2)
and, as is easy to see, no orientation on the corresponding Voronoi-dual plaquettes
even if the manifold is oriented.
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4.5 First Order Field Equations for Small Deficit
Angles

As remarked in [60], in the second order formalism the action (4.8) is equivalent
to the Regge action for small deficit angles 6, (since in this case sinfp = 6;). In
the first order formalism we don’t have angles 0y, but the only variables related to
the deficit angles are the connection matrices U,z. Then we assume, by definition,
that the small deficit angles approrimation in the first order formalism is the
passage from the group variables U,z of SO(n) to the algebra variables ¢qp of
so(n). As a consequence the connection matrices can be written in the form

Ugg =14 € dop +0(€) (4.47)

This implies, as it is easy to verify, that the only gauge transformations (4.26)

which can be compatible with the equation (4.47) are of the type O(«) =, or, in
other words, the approximation in the form (4.47) is also a gauge fixing.
In order to avoid technical complication, that we shall discuss in the next section,
we now suppose to substitute the constraint bug(a) = Uxpbpa(B) in the action
for each Voronoi edge («, 3).

A straightforward expansion of the action up to the first order shows that

S= _%e D T ((Cbocfs + dpop + Popa) OWh(o‘)) +o(e) (4.48)
h

where ‘W™ €2 ig the bivector WM €1¢2 to the zero order in which we have done
for each matrix the approximation (4.47)and for each Voronoi-edge we have solved
the constraint (4.15) up to the first order, that is to say

bcxﬁ(‘x) = (I + € Cboc[&)bﬁoc(ﬁ) + O{E) (4‘49)

Demanding that the action be stationary under the variation respect to (dyp) we
obtain

58S
6¢oc(5 cica

where h € («f3) means the sum over all plaquettes h to which the Voronoi-edge
o belongs. The tensor ‘W™¢1¢ is an antisymmetric tensor of type (2,0) in
n-dimensions, so has “—(“{—'—) independent components, the same independent com-

ponents of ¢ng that have to be determined.

=€ Z_ owheiez 4 g(e) =0 (4.50)
he(oB)
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Let’s consider the face between the simplices o and 3, dual to the Voronoi-edge
of. The equations ([60]) that determine the Levi-Civita connection U,z between
the reference frames of the two simplices , to the first order (4.47) are:

.........................................

(zha(o) —zi(a) = (I+e duglflza(B) —2za(B)) - (4.51)

The z8(«), a =1, ..., are the coordinates of the vertices i =1, ..., n of the face
in the reference frame of the circumcenter in «. The circumcentric coordinates
4.20 of n+ 1 vertices of a n-dimensional simplex are in one to one correspondence
with the n +1 b¥(«), {i = 1,..,n+ 1} . Equations (4.51) can be seen as an
equation for determining ¢qps as function of the z®(«) (and then of the b («)).
Each ¢4p, being an antisymmetric matrix in n-dimension, has @ degree of
freedom. The number of independent equations are n(n — 1). Anyway there is
the following identity among the edge components of the n — 1-dimensional face

(e, B)
> Ve =0 (4.52)

he(af)
The (4.52) fixes E(—le:l—) degrees of freedom, so that the (4.51) together (4.52) has

@ linear independent equations. By linearity there is for ¢, only one solution.

Anyway this is the connection that we adopt in the second order formalism. We
want to see if this connection, that is the Levi-Civita or Regge connection, satisfies
equation (4.50). If the connection is Regge we have (in matrix notation)

V(&) = Ung VM (B)Upe = .o = Uag. Usn sp V(8 Ugpsp - Upa  (4:53)

so that to the zero order

V(o) = V™) + O(e) = . = VM (87) + Ole) . (4.54)
These facts imply that

e Y wrae= ¥ (eVhe%2(a)+e0(e)) =0+ O(e?) (4.55)
)

he(ap he(ap)
that is to say that Regge connection is solution of our first order equations for
the connection matrices in the limit of small deficit angles.
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4.6 First Order Field Equations: the General Case

In the previous section we have seen that in the case of small deficit angles the
Regge calculus is solution of the first order field equations.

We are now going to deal with the general problem. We want to derive the
equation of motion by varying the action respect to U,z and byp. This formula-
tion of gravity on lattice is close to the popular Ashtekar’s variables (78] in non
perturbative canonical continuum quantum gravity (see also [79] for a covariant
version). Of course we have to take in account the constraints (4.15) and (4.17),
so in order to perform independent variation of U.,p and bug it is necessary to
introduce the constraints in the action by using Lagrange multipliers. Then the
first order action will be

S = -—% Z Tr (U&aWh(oc)) + Z Aup (baﬁ(“) - uocﬁbﬁoc(ﬁ))
h (aB)

n+1
+ > Tr (7\(043)(11(,45111;rs 1)+ ) ula) (Z Dog (oc)) (4.56)
(eeB) x p=1 :

where A(*®) and u(«) are n-dimensional vectors and are Lagrange multipliers.
Al*8) is an n x n matrix. The constraint UqsUlg — I is introduced to restrict the
variation of Uys on the group SO(n).
Let’s introduce the following lemma:
Lemma: The action, 1n matriz notation,

$'=Tr(AA) + Tr (MAAT = 1)) (4.57)

gwves the following equation of motion if we assume that the variation
respect to A be stationary '

(AA) = (AA)T . (4.58)

Dim: If we consider the variation of the action respect to A and AT, using the
property that Tr(M) = Tr(MT), we have

1
§S' = ZTr(zs/\A +ATOAT) + %m(a/\/\T + ASAT) + %TT(EA/\T +ASATAT (4.59)

that implies
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!
63’ T T

from which, subtracting term by term these two equations we have (4.58).
We can apply the lemma to the action (4.56) for the variation respect to Usg, we
obtain the following field equations

> (UR W)y = Aap ibap(o) 5= > (U W™(a))E — Aup 1bag () ¢ (4.61)
he(aB) he(ap)

The next step will consist of determining the field equations for the variations
of byp. For this aim it is necessary to determine the quantity %\gﬁ“). We recall
that in the circumcentric coordinates, the coordinates of the i-th voccaﬁrtex z8(B) is
given by formula 4.68

We can write the formula 4.19 in a way not dependent from the chosen index

j. If we call (VO ()™ equation 4.19, we have that it can be rewritten as

(V*(e)™" = (VD (@))™) .. (VO (o)) (4.62)

in such a way that it does not depend from any index. Evaluating the derivative
of this last expression we get,

0 (viem) _ ! o) (4.63)

() nln—1)Vi{x)®
We are now ready to derive the field equations for the variations of the byg.
The starting action is (4.56). Furthermore we have remarked that the action is

invariant under the orientation of the boundary of each plaquette, so we can write
it in an orientation independent way

5 = —~ZTr(uh Whe) + U WT (o)) + %A“B ~ Aupbpa(B))

n+1
+ ) ue) (Zbaﬁ(cx}> . (4.64)
o p=1
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A straightforward calculation show that:
with the notation

UL, 9 —us, f= b, ¥ (4.65)
0S — j ! h yh op
Obig(a) he(ap) 4V ( mub“éﬁ n!(n—T)TT(va ()2 (oc))
b Aap— (@ =0 (466)

In the field equations (4.66) and (4.61) we have to determine also the Lagrange
multipliers A} xp and p Y(«). We now propose a method for determining them. In
each simplex «, or, equivalently, in each point of the dual complex, we have n+ 1

vectors blg (), blgi(e), ..., bisn (o) and among them there is the constraint (4.17).
Let us choose n of this vectors for example bl (), ..., bls . («), in other words

we are solving the constraint (4.17). This is a base in the tangent space of the n-
simplex « so that we can write each Lagrange multiplier, such that 7\2[3, considered
as a vector in tangent space of « as

7\?45 = ngﬁb};ﬁ( x)... Bbcxén (o) (4.67)

The set of n vectors bfxﬁ(cx), ..., bts (o) are in correspondence with the cir-
n—1
cumcentric coordinate

z% (o) = e el 3“‘1b°“( ). b () (4.68
n+1 (TL+]) T‘L’V n_zk?%-] al...an—1 Ent+lk jn—1 ( )

where the indices (j1, ..., jn-1, k) run over «f, ®d1, ..., x6,,_7 and in this case n+1 =
by ,

From a geometrical point of view elementary arguments show that z5_ ;(x) is the
circumcentric coordinate of the vertex of o which is the intersection of the n
n — 1-dimensional faces whose normals are bfxﬁ(oc), - bia(,n_ ().

Pairwise to each bgs, () we can associate a circumcentric coordinate zg; (o) ob-
tained as in the definition 4.68 in which n+ 1 — 1 = «b; and (j1, ..., jn-1, k) DOW
run over «f3, ads, ..., b, in which, of course, «d; is omitted. In this way we can
make a one to one correspondence within each bys, (o) and the edge of the simplex
o Eqs, (¢) defined in the circumcentric coordinate '
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o (o) = 235, (o) — 204 (o) (4.69)
It is straightforward to see that

(Do, ())® (E(xg.(oc)) =nlV(x)by . (4.70)
Consider the equation (4.67), project it along the edge E! «p and repeat the
procedure for each EmS ,(i=1,...,n—1. We will obtain
cly, = _ (AF . Eug 1)
AV IC R A
. 1
i+l h L _
Coap = TT—-—*’V(OC) ()\(XSE“& h.) 1= 1, e 1 (4.71)

In other words for determining A,z we have to determine its projections along
the above edges. For this purpose we project equation (4.61) along Eixéi(oc) and
Els(c) and we find that

NapFasi n(0) =~y D ((Uh W (o) )pq — (UR W) gy ) ERs (0)Edg ()
he(ap)

(4.72)
which fixes the coefficients CLB, i=2,...,,1. A problem arises with the coeffi-
cient clg, in fact equation (4.61) does not determine the component of AL, in the
direction of by, («), because the following transformation Ay — Ayg 4 ob s does
not affect the equation. It seems necessary to use the field equation for b,y for
evaluating c}g.
Anyway if we project (4.61) only along E};(«) we obtain that

. 1 j
M = 77 (NepEap n(0)) big +h§m(uh W) — (U WH))y) g ()
(4.73)

which, substituted in the starting equation, gives the field equation for U,g
without Lagrange multipliers

> ((UE W)y — (U2 WH)s) = > (Ul WMo — (UR W™ (o))t

he(ap) he(ap)

XEEg (a)blg(@) = > ((UB WMo — (UEW™ot))ig) g () blgler)  (4.74)

he(xp)
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Of course the reasoning for the Voronoi-edge o3 can be applied to other Voronoi
edges «b;. The unknown coefficients will be i}, i=2,...,n—1.

In the reference frame « we write the equation for the variation respect to bug
and bys, in the following manner

BYs + A% + () =
Bas, + Aas, + M) = 0 (4.75)

where in the symbols B we have summarized all the terms in the equations (4.64)
which don’t contain the Lagrange multipliers. We recall that the expansion of Ang
in the base of b is given by (4.67), pairwise

a __ Al a i+11,a n a.
as; — Cas; D Tt Cos; Das; tot Cotsr1 Ocxbr_1 (476)

Subtracting the two equations (4.75) between them, we have

(Bog — Bls.) + (Cop — Cos ) bSp + - + (€ — a1 )bos,_, =0 (4.77)
Projecting along (Eqp(a))q we get

1
T 1 a a
Cocﬁ = Cocéi — m(BaB et Baéi)(Eocﬁ(‘x))a (478)

in this way we determine c! ., and a similar procedure gives
«f?

i i ]
el =i — m(Bgai — Bap) (Eas (a))a (4.79)

Once we have determined AS; and A%; we can determine pu*(«) by summing
the two equations

1
ni(o) = —z( ?qs + }‘izsi) - (ngs + Bgasi) (4.80)

We have used the equations for b, and bys, to determine AZg, As,, and pg.
To determine b,p and bus, We can solve the equations for bg,(B) and bs,«(8:) in
which the Lagrange multipliers u®(f), u®(5;) have been determined by two couple
of different equations. Then we will use the constraint byg(a) = Uspbga(B) and
bas, () = Uys, bs,«(0:) and so on. In this method, at the end, the only unknown
quantity is the Lagrange multiplier A% corresponding to the Voronoi-edge odn
and to bys,. Anyway we have that b,s, is determined once we know all the other
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D

Figure 4.2: The Most Elementary Triangulation of the 2-Sfere

b and we can use the equation for b,s, to determine Ay5,, as function of the other
b.

Let do an example that show how this method work in practice. Consider the
boundary of a tetrahedron as a two dimensional triangulation of the sphere

Let call o the triangle ABC, 3 the triangle BCD, vy the triangle ACD and &
the triangle ABD.
The edge BD is the face (one-dimensional) between « and f, bug(ct) will be the
vector in « perpendicular to this face. DC is the face between {3 and v, and bg ()
the vector perpendicular to it. AD is the face between vy and «, and b,4(7y) is the
vector perpendicular to it, and so on. AC is perpendicular to the Voronoi-edge
oy, BC to (6), AB to «b.

Let’s write the equation of motion for the variation of the b for this system:

o T Aap T 1) 0 edge («f)

BCL + Ay tHY(x) = 0 edge (ay)

Bos +Ags + 1) = 0 edge (xd)

Bga — (?\asucxﬁ) u*(B) = 0 edge (Bx)
v TAgy +1%(B) = 0 edge (By)
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Bs +Ags + 1 (B
BYs — (ApyUpy)® + 1Y
Ba — Ay Uay)* + 14y

BYs +Ays + 1y
By — (Aaslas)® + (8
Bsg — (AgsUps)® + 1?(d
Bg, — (Ayslys)® + po(

o O O O o O O
(12}
[N
[02]
<2
[og}

)
)
)
) =
)
)
)

5 (4.81)

From the first two equations we choose to determine Ag,, AZ, and u(«) by the
above method. The equation for the Voronoi-edge «d will be used to determine
A%s. The equations for the Voronoi-edges 3y and 36 will be used to determine A3,
7\(3,5 and p(B). The equation for the Voronoi-edge fo will be used to determine
bp«. From the constraint byg = Uxsbpa we determine b,z too. The equation for
the Voronoi-edge v may be used to determine nu®(y). The equation for yo may
be seen as an equation for determining by, and so we determine by, too. The
equation for y5 may be used to determine A,s. The equation for 6o determine
1 (8), those for 53 and &y determine bsg and bs, and so also bgs and bys. The
other b are determined from the constraint on the b (4.17).

In this way we determine all the Lagrange multiplier as functions of the U,g
and b,p. Using also the constraint we have that all the field equations fix a number
of degrees of freedom that is equal to the number of degrees of freedom of Uyg
and b(xﬁ .

4.7 Quantization of the Model

In this section we shall discuss the quantum measure to associate to the previous
classical action. The action 4.24 is invariant under the action of the group SO(n),
the gauge group (4.26).

Let us fix the following notation: we define

R(bag (o)) = dbyg(er)...dbR, (o) (4.82)
and with

r(Uap) (4.83)

the Haar measure of SO(n). The partition function for this theory will be:
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n+1
7 = Je%zhn(ugawn(al)Hé(zbaﬁ((x)) (4.84)
o B=1

115 (bap(®) = UngbpalB)) m(Ung)r(bag)
op

in which the first product [], is a product over all vertices of the dual complex,
and the second product [] «p 18 the product over all the edges starting from the
vertex «. The second delta function 4 (byp () — Uxpbpx(P)) has to be introduced
one time for each edge, so that if we have introduced it for the edge «[3, we have
not to introduce it for the edge B« in the reference frame 3. It is straightforward
to see that the measure of the partition function is invariant under the gauge
transformation (4.26). In fact if we perform a gauge transformation of the type
(4.26), the modified terms of the measure are:

n+1
S(Zb{xﬁ(cx})a( np(0) = Wigbha(B)) m(WipInlbly) .+ (4:85)
B=1

Now p(b,,) is equal to det (O(a)) n(bag) and so is equal to p(byp). The Haar
measure of SO(n) is right and left invariant so p(U;,) = p(Uqg). By the equations
(4.26), we have that the two delta of (4.85) can be written in the following form

n+1
5 (O(oc) > baﬁ(a)))
B=1

o (O((X) (bcxﬁ[cx') - uthbBrx(B))) (4°86)
that, from the properties of the delta function, will reduce to 1 over the determi-

nant of O(«) for the deltas of the quantities in parenthesis that multiply O(«).
Then we have that equation (4.85) can be written as

n-+1 :
6 (Z_ boc{&((x)) 6 (bocﬁ(‘x) - uuﬁbﬁa(ﬁ)) H(u(xﬁ)u(baﬁ) ) (4'87)
p=1

and then the invariance of the measure under gauge transformations.

4.8 Coupling with Matter

In the continuum theory on Riemannian manifolds the coupling with fermionic
matter is given by the following term of the Lagrangian density
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L= (et Vb — Vyuehhy ™) + mpd (4.88)

where v%, a =1, ...n are the Dirac-matrices satisfying the Clifford algebra

VoY + Py = 2600 (4.89)

1 the n-dimensional Dirac spinor field ({ = Pfy'),V,, the covariant derivative,
et the n-beins that is, on the tangent space of the Riemannian manifolds (M, g)
where the Lagrangian density (4.88) is defined, the vector fields such that

g (x) = eh(x)ey (x)6%° . (4.90)

We are assuming that the Riemannian manifolds (M, g) in question have a spin
structure, that is the second Stiefel-Whitney class is zero.

We have now all the ingredients to define the coupling of gravity with fermionic

matter on the lattice in analogy with continuum case (for related works see [36]
[80] [81] [82]).
Let v = 2n or v = 2n + 1 (depending if n is even or odd) and consider the
2V dimensional two-fold covering group of SO(n). So instead to consider the
connection matrices Uyg, we have to consider the 2V x 2V connection matrices
Dyp such that

DapY*Dyp = (Uap)sy® (4.91)

where in the left hand part of (4.91) we have used matrix notation. Given Dy we
determine U,g, but if we know U,z we determine D, up to a sign. In particular,
as it is easy to derive from (4.91), we can write Uyp as ([36])

1
(uocﬁ)ab - Z_VTT(’YG.DOLB‘Yb) (4'92)

In the discrete theory we assume that the spinor field is a 2¥ complex vector

defined in each vertices of the dual simplicial complex, that is to say a map that
to each vertex o associates the 2V complex vector ¥ ().
In order to define the covariant derivative on lattice we have to derive the distance
|o3] between the two neighborly circumcenters in « and 3. The distance Ah; of
the circumcenter in « from the face a3 can be calculated by deriving the volume
of the n-dimensional simplex obtained by joining the circumcenter with the -
vertices of the face «fp and dividing it by n and the volume of the face itself. So
we have that
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1Y E bl (o0)zh(a)
n? bag ()]

in which z{ are the circumcentric coordinates of the vertices of the face xf and
with ]baﬁ(oc)l the module of the vector that divided by (n — 1)! is equal to the
volume of the face.

In the same manner we have

Al = (4.93)

n bpal(B)]
At the end we have |f| = Ah; + Ah,.
At this point we are ready to define the covariant derivative (V,y)(«x) on

lattice

(4.94)

Dagd(B) — ()
|ocB
So far the discrete version of the the action for the coupling between gravity
and fermionic matter can be written in the form

(Vi) (a) = (4.95)

SF = Z( Z B;l‘m(‘q}(o{—)bggﬁyaDocﬁq)(B)

®  (xp),p=1,...,n+1
— Dash(B)bggvath(e))+mid(afip(ar)) (4.96)

so that the quantum measure that includes also fermionic matter can be written
as

2 = [ Hu( )u(iie)s (3 oot

X

H6 ap(0) = Uagbpa(B)) H(Dap)p(bag) (4.97)

where S is the action for pure gravity (4.24), and p(Dyp) the Haar measure on the
two-fold covering group of SO(n) while p(P(«)) = di(«) the standard measure
on C%.
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Appendix A

Branched Polymers

The notion of Branched Polymers is crucial in the classification of the so called
"Elongated Phase” of 4-D simplicial quantum gravity. We are now going to review
[83] some basic concepts of statistical mechanics on graphs.

An abstract graph is a set of points called ”vertices” connected by lines. These
lines introduce a natural concept of connectedness. A graph can be seen as a one
complex. From now on all our graphs will be abstract, not embedded in some
affine space so that we may omit the adjective abstract. A graph is simple if two
distinct vertices are connected at most by only one line and the vertices at the end
of each line are always distinct. A graph that is connected and simple is called a
tree. The number of lines 1(1) at the vertex i is called ”"the coordination number”
of the vertex 1. In a tree with n vertices we have that } ., 1(i) =2(n—1). A tree
1s rooted if we label one vertex which is called the root.

Two trees T and T’ are combinatorial equivalent if there is a one to one map ¢
between them such that the vertices of T are mapped uniquely into the vertices
of T’ so that a line joining two vertices of T', v{ and vj, is a line of T’ if and only
if it is the image of a line of T by ¢, in the sense that there exist two vertices of
T v; and v; joined by a line of T whose images by ¢ are v/ and v] and the line
joining them is mapped into the line joining v{ and v]. If the two trees are rooted
they are combinatorially equivalent if there is a one to one map such that together
with the properties described before it maps the root of T into the root of T’ and
viceversa. In statistical mechanics tree graphs are called Branched Polymers.
The statistical mechanics of these abstract tree graphs is also known as mean
field theory of Branched Polymers to distinguish it from the case of embedded
Branched Polymers.

Let's define as r*(n) the number of combinatorial inequivalent rooted tree
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graphs with n vertices in which the root has coordination number equal to one
and all others vertices have coordination number less than or equal x. By Caley’s
formula we have

o c I (n—1)~2
T(TL)— Z ( “])g(l—]) ;;;)O (TL—U! . (A.l)

11 v ln=1
T, li=2(n-1)-1
Let £%(n) indicates the number of combinatorial inequivalent tree graphs with
T vertices whose coordination number is less than or equal to . We have that

&« nn——Z

Emy= ) _1[]]1_1,“% — . (A.2)

1i...ln=1
211 i=2(n—1)

From the above formula or from geometrical arguments it is easy to see that

E*(n) = —l—LT"‘(n +1) . (A.3)

 The partition function R*(B) over the ensemble of rooted tree graphs, whose
vertices have coordination number less than or equal «, is defined in the following
way

RE(B) =Y B~r(n) (A.4)

n=2
and the analogous Z*(f3) unrooted

= Z Brr*(n) . (A.5)
n=1
From these definitions and the identity A.3 we have that
d 1
—Z%(B) = =R* : A6
352" (B) = gR*(B) (4.6)

As regard the definition of the Green function for tree graphs with coordination
numbers up to &, the strategy is completely similar to the same case for dynamical
triangulations (c.f. section 3.51). A path between two vertices of a tree graph is
given by a sequence {i}'Z}] of vertices such that the vertices jand j+1 (+1#j
and j =1,...,1—1) are joined by a line and i; coincides with the first vertex and
1, with the second vertex. The length of the path is the number of its line, 1 — 1
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in this specific example. The distance between two vertices of a tree graph is the
length of the minimal path that joins them.

As usual the micro-canonical Green function is the sum over all combmatonal
inequivalent tree graphs T*(r,n) whose vertices have coordination numbers up to
o« with n vertices and with two labelled vertex at distance r

G*(r,n) = Z (A7)

T*(rmn)
and the relative grand-canonical partition function is

oo}

GX(r,B)=) B"GX(r,mn) . (A.8)

n=1

The relative susceptibility function is defined as follows

=3 G*(r,B) (A4.9)

=0
As for the dynamical triangulations in the definition above we can exchange
the sum over r with the sum over n so that

> > (A.10)

T Te(rm)
is the sum of all combinatorial inequivalent tree graphs with coordination num-
ber up to o and with two labelled vertices. Since for large n asymmetric tree
graphs prevails this sum is asymptotical equal to n*G*(r,n), so that as in 2.29
the susceptibility function is asymptotically equal to
d?.
*B) x —Z* . A1l
Now we are going to use the following recursion relation

Lemma A.0.1 The function v*(n) can be written as

a—1
(n) = Z -1—, Z Hr ). (A.12)
v=0 y' L% PPN Ty 22 1

This recursion formula can be proved straightforwardly or by using formula A.1
or by geometric considerations. Anyway from this lemma we have the following
evident corollary




66

Branched Polymers

Corollary A.0.1
o—1 1

Rﬂm:BZ:%R%MW (A.13)

v=0
At this point A.13 can be used to derive the differential equation for R*(f),

-1

4 peg) = RB) — RY(B) (A.14)

o (R*(B))*!
d(sR (B)= R (x—1)!

This equation is divergent at the point 3¢ where the denominator vanish, that is
to say

1+

(R(p)*
(ax—1)!

This equation has only one solution for each value of x. Since d%R"‘(B) is divergent
in B¢ we have that

R*(B€) =1+ B° (A.15)

dB(R*)
dR*

=0 . (A.16)
Rx(pBe)
By the implicit function theorem {3(R*) result to be analytic around R*(f3¢) so
that we can expand it in Taylor series

_ 1a%B(RY)

AR =B = 3~ per

(R*—R*(B)? +0 ((R*—R*(B)?) ,  (A.17)

and for 3 near 3¢ we get

Nl—

R¥(B) < R¥(B®) + C(B® — B)

These considerations together with equations A.6 and A.11 imply that for §
near 3¢

(A.18)

Pof—

x*(B) =< (B°—B)”

so that the susceptibility of Branched Polymers has the same exponent ys = % of
the mean field.

(A.19)



Appendix B

Baby Universes

The concept of Baby Universe in dynamical triangulations has been introduced
for the first time by S. Jain and S.D.Mathur [55]. The original idea of these
authors has been to introduce a way for describing the roughness of triangulated
surfaces. Successively the average number of Baby Universes has been used as a
sort of order parameter to classify the two phases, crampled and branched polymer
phases which have been seen for the first time in the Monte Carlo simulations
of 4-D dynamical triangulations. In fact in the articles [40] and [41] numerical
simulations have shown very few baby universes in the crumpled phase and a
cascade of baby universes in the branched polymer phase. Motivated by these data
it has been tried to put in correspondence the baby universes with the branched
polymers. The deep reason of this correlation is discussed in chapter 3. Anyway
seminal arguments in favor of the connection between branched polymers and
baby universes of minimal size can be found in the article [52].

Let’s give the main definitions regarding Baby Universes in the spirit of the
article [55]. We shall restrict, for convenience, to the four dimensions and to the
case in which the baby universe has the neck of minimum size (Minbu). A Minbu
can be considered as a triangulation of a PL manifold in which we can distinguish
two parts: the Mother universe that is the part that has the majority of the volume
of the triangulation, and the baby universe which is the part with the minority of
the volume. The two parts are glued together by the boundary of a four-simplex
that is called the neck of the baby universe.

Now we are going to introduce, following [55], a way to enumerate the average
number of baby universes with given volume V in the canonical ensemble of all
triangulations of a PL-manifold with N4 four-dimensional simplices. Anyway we
want to stress that this enumeration is not rigorous but it is in good agreement
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with the numerical results [40], [41], [42]. Suppose that the topology is that one of
the sphere S* since our future discussions will be concentrated on this case. Imag-
ine to separate the mother universe and the baby. We will obtain two triangula-
tions of the sphere S* with a boundary made by the boundary of a four-simplex.
The mother has Ny — V four dimensional simplices and N} two-dimensional sim-
plices, the baby V four-dimensional simplices and N/ two-dimensional simplices.
Obviously the sum Nj + N% will be equal to N3 + 10, where N, is the number
of two-dimensional simplices of the original triangulation, because in separating
the mother and the baby we are counting the bone of the neck twice. Suppose
now to fill the hole of the boundaries by gluing a four simplex to each of them.
So that the number of combinatorial inequivalent triangulations of the mother
universe is now po(S*, Ns — V + 1,N}) (c.f. 2.8) and that one of the baby is
pa(S*, V+1,N¥). The antsaz is that all the combinatorial inequivalent configura-
tion with a Minbu are obtained by marking a four simplex in the mother universe
and one in the baby, and by gluing them through identifying the two marked
simplices. We suppose, as usual, that we are in the regime of large N4 so that
asymmetric triangulations prevail. This implies that the marking process will pro-
duce (Ng—V+1)pa(S% Ny—V+1,N}) combinatorial inequivalent triangulations for
the mother universe and (V + 1)po(S*, V +1,N7) for the baby universes. So that,
at the end, the number of the combinatorial inequivalent Minbu M (S* N4, N2, V)
is

M(S* N4, N2, V)i= 5I(Ng—V+1)(V+1) (B.1)
xpa(S* Ny =V +1,N3)pa (8", V +1,N7)

where 5! comes from the fact that in the case of asymmetrical triangulations there
are 5! combinatorial inequivalent ways of joining two four-simplices. Any Minbu
of the characteristics defined above can be obtained in this way, so that B.2 really
can be considered as a formula that gives an estimate of the number of all Minbus
of baby-size V and number of bone N} in the micro-canonical ensemble of all tri-
angulations of S* with Ny four-simplices and N, bones. Consider a triangulation
T of $* with N, four-simplices and N, bones, which has a Minbu of size V and NJ
bones. Let us indicate by ny(S* N4, N3, V) the number of combinatorial inequiv-
alent triangulations that can be obtained from a given triangulation T by cutting
a baby universe and attach it on another four simplex of T, previously marked, as
described above. It is clear that M(S* N4, N, V) =3 nr(S% N4, N3, V), so that
the average number of combinatorial inequivalent Minbu in the micro-canonical en-
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samble can be approximated by dividing M(S*, Ny, N5, V) by the micro-canonical
partition function po(S* N4, N3)

N(S* Ny Ny, V) = 5I(Ng—=V+T1)(V+1) (B.2)
y Pa(S* Ny =V +1,Nj)pa(S*, V+1,N7)
pa(s4) N4) NZ)

In the canonical ensemble the average number of Minbu with volume V can be
calculated in the following way

N(S* Ny, k2, V)= 5Ny = V+1)(V+1) (B.3)

5 SN, €200 (S Ny =V +1,Nj)pa (8%, V+1,N3)
Z(S4>N2»k2) ’

which using the relation Nj; + Nj = N, + 10 is equal to

N (8% N4 ko, V)& 5l (Ng— V+1)(V+1)e 1% (B.4)
T ng €N2pa (% Ny = VT, NG 5y €Mip (SHVHT,NG)
8 Z(S5% N, k)

Finally

N(S* Ny ko, V) = S5I(Ng=V+1)(V+T1)e 0k (B.5)
o Z(8*, Ny =V +1,k)Z(S*,V +1,k;)
Z(S4) NZ; kZ)

For large value of N4 and V the previous formula will reduce to the standard
formula for the average number of baby universe in the canonical ensemble

5’(N4 —V+ 1)(V+ ])2(54) N4 — V) kZ)Z(S4) V) kZ)

4 ~
N(S*, Ny kp, V) = Z(5%, Ny, k)

(B.6)

We remember that in each phase the canonical partition function of A four-
simplices has the behavior Z(S5* A, k;) x AYse—3eAke(k2) which substituted in B.6
gives
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Vv Ystr—2
N (5% Ny ko, V) =~ Ny (v(l — —N-;)> . (B.7)

In this way by computing the average number of baby universes with volume
V in a canonical ensamble of N4 simplices we can obtain informations on the

susceptibility exponent ys,. This is the reason too for which the argument of the
baby universes is so popular among people doing numerical simulations.



Appendix C

Voronoi Cells

In this section we shall introduce the definition of Voronoi Cells since we are going

to use it for the definition of the "metric” dual of a triangulation of a PL-manifold.
Consider a point set = of a n-dimensional Euclidean space E™. We say that E™

is discrete if there is a positive real number 7y such that Vx,y € E* d(x,y) > 0,

where d is the distance function between two points of E™ induced by the Euclidean

metric [84].

It follows immediately from the above definition this theorem:

Theorem C.0.1 If = is discrete it has the local finiteness property: for every
closed ball B.(x) with center in x € E™ and radius 7, B(x) N Z 1s a finite set.

A point set = is relative dense in E™ if there is a real positive number R, such that
all the spheres of E™ of radius greater than Ry have at least one point of = in their
interior. Ry is called the covering radius of =.

A set point = which is discrete and relative dense is a Delaunay or Delone set
[84] [85], and is also indicated as (r,R) from its discrete radius r and covering
radius R.

In a Delone set = the r-star, v > 0, of a point x € = is the finite point set B,(x)NZ.

Consider now a Delone set = € E™ (or, equivalently, a set with a finite number

of points). Let x € =, the Voronoi cell of x is, by definition, the convex region of
points of E™ which are more close to x than to any other point of =.
In practice a Voronoi cell of a point x € Z is constructed by considering the
segments that join x to each point of = in the star of x. Anyway for the moment
we are considering the case in which = is a sort of periodic crystal so that the
radius of the star has to be chosen in such a way that it contains x and the points
of its elementary cell (see figure C.1).
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Figure C.1: In this regular crystal the points to be considered for constructing the
Voronol cell V(x) of x are those ones which belong to the star of x made by the
points closer to x. These points are also the points which form an elementary cell
of this crystal
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Figure C.2: Voronoi cell V(x) of the point x belonging to the crystal of the figure
C.1

Then the n — 1-dimensional faces of the Voronoi cell of x V(x), called facets,
are obtained by considering the n — 1-dimensional orthogonal bisectors to the
segments. The intersection of the facets V(x) are the n — 2 dimensional face of
the Voronoi cell and so on (see figure C.2).
If we carry on this construction for each point of = we obtain a partition of E™
into cells that is called Voronoi tessellation. This tessellation has the following
properties:
1)The Voronofi cells are convex region of E™ and two cells can have in common
only one n — 1 dimensional facets.
2)The points of = whose Voronoi cells share a vertex v lie on a sphere with center
in v which has no points of = in its interior. Furthermore it is easy to see that the
sphere centered in v pass among at least n + 1 points of =.

If = has an infinite number of points and it doesn’t have any periodic structure,
for constructing a Voronoi cell of a point x € = in the general case we need an
infinite number of operations. But we are going to show that really they are still
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finite, thanks to the following theorem

Theorem C.0.2 Let = a Delone set in E™ of type (v,R) in the previous nota-
tions. To construct a Voronot cell in E™ of the point x € = we have to join x
to all point of = in the ball Byr(x).

Dim:

Consider the Voronoi tessellation of E™ based on the Delone set =. Let x a point
of = and V(x) the facets of the Voronoi cell relative to x. By definition the V(x) lie
on the n — 1 iperplains that are bisectors of the segment joining x to its neighbor
points of =. Let v any vertex of V(x). We know that v is the center of a sphere
on which there are at least n point of = whose relative Voronoi cells intersect at
+v. In the interior of this sphere there are no points of = so that d(x,v) < R. So
that if we consider the distance between x and any other point y among all other
at least n points above, we have d(x,y) < d(x,v) + d(y,v) since the reasonings
for x can be applied equivalently to any other point y, we have d(y,v) < R and
then d(x,y) < 2R. This implies that to construct a Voronoi cell in E™ of a point
x belonging to a Delone set it is sufficient to consider the points of = which are in
the ball Bog(x).

The triangulations ~ of a PL-manifold, which we are considering, have always
a finite number of n simplices so that they have a finite number of vertices. On
Y it is defined a metric tensor such that in the interior of each n-dimensional
simplex it coincides with the Euclidean metric and near the hinges it is like the
metric tensor of a cone. So it does make sense to define on the simplicial manifold
the Voronoi cell (see reference [67] p. 395) of a vertex as the convex region of
points of the simplicial complex that are closer to the vertex than to any other
vertex of the simplicial complex. To construct this Voronoi cell relative to a vertex
we consider on the simplicial complex all the vertices that lie in the star of this
vertex and the edges joining them with the vertex. The facets of this Voronoi cell
lie on the n—1 iperplain orthogonal to the edges in their middle points. Standard
facts of elementary Euclidean geometry tell us that the vertices of the Voronoil
cells coincides with the circumcenters of the simplices, that is the centers of the
spheres circumscribed to the simplices. In this way we have constructed the dual
of the original triangulation X. In fact to each vertex uniquely it corresponds a
n-dimensional Voronoi cell, to an edge a n — 1 dimensional facet of the Voronoi
cell and in general to a k simplex a n— k-Voronoi polyhedron orthogonal to it. In
particular this dual application maps a n-simplex to its circumcenter.
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