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Preface

The aim of this Ph.d. thesis is to present some very recent results concern-
ing specific problems that share a common feature: a certain kind of non-
compactness.

As explained in the first chapter, while compact problems have a well-
established existence theory, much less is known for non-compact problems
which have attracted a great attention in recent years. Compactness usually
breaks down for topological reasons, for example because an equation should
be solved on an unbounded domain. Hence the elementary tools of variational
analysis cannot be applied, and one is compelled to find new ways out.

We present three possible approaches to non—compact problems:

(1) Concentration—-Compactness;
(2) Perturbation methods;
(3) Bifurcation theory.

The first one was introduced by P. L. Lions in 1984 ([65, 66]), and imme-
diately adapted to a wide range of differential equations and, more generally,
variational problems. As an application, we study here the existence of best
constants for a class of Hardy-like inequalities in R™. See section 1.7. The
main result is Theorem 1.11. This result will appear in our forthcoming paper

[79].

The second approach was introduced in recent years by Ambrosetti and
Badiale (see [3, 4]) as a generalization of previous results by Ambrosetti, Coti
Zelati and Ekeland ([7]). It is still a “young” tool, though several applications
have already appeared in the literature. We present new results concerning
the existence of closed geodesics on infinite cylinders, following our paper [78],
and to some Schrédinger—like elliptic partial differential equations, following
[10]. Moreover, applications to a different problem where a vector potential
function appears as a perturbation term are described, following [32]. The
main results are Theorems 21 and 23 in chapter 3, Theorem 25 in chapter 4
and Theorems 30 and 31 in chapter 5. More comments on the history and
background material on these topics are contained in the next chapters.
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Finally, Bifurcation Theory has also been used to prove existence of non-
trivial solutions for some classes of nonlinear elliptic equaitons on R™. More
recently, Fitzpatrick and Pejsachowicz have defined a degree for Fredholm
maps to find more general bifurcation results for such equations on R". Fol-
lowing [80], we discuss in chapter 6 an application of this degree to hamilto-
nian systems.

At last, let me acknowledge the support I have been given during the last
four years at S.I.5.S.A. and the hospitality of the universities I have been
visiting. In particular, I which to thank Dr. Silvia Cingolani (Politecnico di
Bari), Prof. Charles Stuart (Ecole Polytechnique Fédérale, Lausanne), and
Prof. Michel Willem (Université Catholique de Louvain-la-Neuve).

Trieste Simone Secchi
August 2002
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Notation

We collect here a list of notation commonly used in this thesis. We have tried
to stick to the rule of ...with an obvious meaning of symbols.

— X will be a real Banach space, and F a real Hilbert space.

— The Fréchet derivative of a differentiable function J: E — R at a point u €
E will be denoted by DJ(u). Sometimes, to have more readable formulas,
we use J'(u), and similarly D?J or J” for second-order derivatives. Since
DJ(u) is a linear map, we frequently omit brackets, viz. D.J(u)v stands for
the action of the linear map DJ(u) on the vector v.

— Partial derivatives of functions u: R* — R will be denoted by either d;u,
or Ou/dz; when the name of the independent variable is important in the
context.!

— The symbol A stands for the ordinary Laplace operator: if u: R* — R is
a regular function, then

n 2

Au = E -
Oz?
i=1 2

or, equivalently, the trace of the Hessian matrix of u.

— It is always a delicate matter to fix notation for multiplication of real
numbers and scalar products in Hilbert spaces. We are not going to say
the ultimate word here. Inner products should be written as (u, v) whenever
possible, but we will use © e v when dealing with geometric problems, and
also u - v from time to time.

— The complex conjugate of any number z € C will be denoted by Z.

— The real part of a number z € C will be denoted by Re z.

— The ordinary inner product between two vectors a,b € R* will be denoted
by a - b.

— Integration with respect to the ordinary Lebesgue measure is denoted by
[ ...dz. This is a little abuse of notation, since nobody denotes this mea-
sure by z! A more correct [ ...dL shoud be used throughout, but we refrain
from this “calvinism”. Even worse, when no confusion can arise, we omit
the symbol dz in integrals over R™.

* Of course, the first choice is more intrinsic, though the second is often more
explicit.
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— C denotes a generic positive constant, which may vary inside a chain of
inequalities.

— We use the Landau symbols. For example O(e) is a generic function such
that lim sup[O(g) /] < oo, and o(e) is a function such that _li_I}’(l)[O(S)/E] =0.

of coucr?e, a function can depend on several parameters, and its behavior
is frequently different according to which parameter is considered. In these
cases, we use a subscript to single out the parameter that “tends to...”

~ The end of a proof is denoted by the symbol d.?

? This choice is not completely standard. I like it because the symbol & can be
immediately seen inside a page.



Part 1

The importance of being compact






1 Why compactness?

The réle of compactness in Modern Analysis can hardly be overrated. From
the basic theorem of Weierstrass stating that any continuous function on a
compact space attains a maximum and a minimum, to the most advanced
results in Calculus of Variations, compactness properties are exploited to
prove existence of optimization problems, ordinary and partial differential
equations, regularity theory, and much more.

1.1 Variational methods: how do they work?

Before we can actually launch ourselves into the study of non—compact prob-
lems, we need to develop some tools of modern! analysis. Since this is not
a treatise on nonlinear functional analysis, we shall content ourselves with a
brief survey of the main ideas. Probably the best example is that of elliptic
partial differential equations (PDE’s). While a nice feature of ordinary dif-
ferential equations is that they can often be solved explicitely or numerically,
the situation changes dramatically for PDE’s. For example, take a bounded
domain 2 C R", and a right-hand side f € C(£2). It can be shown that the
innocent-looking problem

{«Au—f in {2 (1.1)

u=0 ondf?

has, in general,® no solution of class C2?. And although there are explicit
representations of solutions when (2 has a particular shape (a ball, a half-
space), nevertheless these formulas are seldom useful for both theoretic and
practical purposes.

The natural conclusion is that one should probably decide to weaken the
concept of solution: this is the concept of weak solutions. Again, instead of
presenting a thorough treatment of the general case, we prefer to focus on the

! The word “modern” is quite abused. Its meaning depends on the context.
Roughly speaking, we might replace it by “functional-analytic”, at least in this
work.

? With respect to the dimension n and to the domain £2.
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previous example. Assume v € C2(£2) is a classical solution of (1.1). Multiply
both sides of the equation by any ¢ € Cg°(£2), and use the Green formula
(see Appendix). Since u is zero on the boundary,

| Vu-Veodzr = | fedz. (1.2)
J, J

Remark that (1.2) makes sense for any u € L} .(£2). We could thus define
distributional solutions u € L, (£2), but we will find the next concept more
useful.

Definition 1.1. We say that u € H(£2) is a weak solution of (1.1) if (1.2)
is true for all @ € H(§2).

Now, we can present the core of the variational approach to problems like
(1.1).

(A) Look for a weak solution, and possibly for its uniqueness.

(B) Prove that this solution is actually of class C2.

(C) Prove that any weak solution of class C? is a classical solution, i.e. (1.1)
is true pointwise.

Step (C) is usually easy, whereas step (B) is rather difficult for non-linear
equations. We won’t go into details.

At this stage, how can we treat (A)7? At a first glance, (1.2) is worse than
the original equation, but we can remark that it can be seen from many
viewpoints. For example as an orthogonality relation, or as the fact that the
differential of the functional J: H}(2) — R is zero at u, where

J(u) :%/ﬂWUlzdmv/qudw.

The former viewpoint immediately reminds us of the Lax-Milgram the-
orem, which is indeed a powerful tool for linear elliptic equations (see [76]);
the latter viewpoint opens the way to critical point theory, which is the art
of finding zeroes of derivatives in Banach or Hilbert spaces. We will say some
words in the next section, but we refer to the literature for extensive tret-
ments ([2, 27, 68, 81]). The main advantage of this second approach is that
it works for a wide class of semilinear elliptic equations.

1.2 A standard example of the use of compactness
At this stage it is not clear why compactness plays a role in all this stuff. To

clarify the situation, we present a popular approach to some equations, i.e.
constrained minimization.
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Theorem 1.1. Let X be a reflezive Banach space and a functional J: X — R
of class C' be given. Let u € X be a point of absolute minimum of J. Then

DJu)=0 in X%,
where X* is the dual space of X .

Definition 1.2. A functional J: X — R is called boudned from below on X
if there exists a constant M > 0 such that

Ju) > M
forallue X.
Definition 1.3. A functional J: X — R is called coercive on X if°

lim J(u) = +o0.
flull—e0

Theorem 1.2. Let X be a reflezive Banach space. Let a functional J: X —
R be

1. bounded from below on X ;
2. weakly lower semicontinuous on X ;
3. coercive on X.

Then J has a minimum.
Proof. Let {u,} be a minimizing sequence for J, i.e.

nlgrolo J(up) = J‘g{ J(u)=:1I.
In particular, since J is bounded from below, I > —co, and there exists a
constant C' such that |J(u,)| < C for all n € N. Since J is coercive, {u,} is
bounded in the norm of X. Since X is reflexive, bounded sequences in X are
weakly relatively compact, so that, up to a subsequence, u, —+ u weakly as
n — 00. By the semicontinuity,

I= nlggo J(un) > J(u),

thus proving that v € X is a minimum point. Notice that the compactness
assumptions has given us the element that has turned out to be the minimum
of J. &

% More generally, a functional J: X — R defined on the topological space X is
coercive if the set {z € X | J(z) < ¢} is relatively compact in X for all t € R.
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Ezample 1.1. We come back to (1.1). Let £2 C R be a bounded domain,
with smooth boundary 2. Let Hg(/2) be the ordinary Sobolev space (see
appendix). For a given f € L*({2), define

J: HX () — R

uHE/ IVu{gclm~/ fudz.
2Ja Q

Tt is easy to prove that J is weakly lower semicontinuous. Moreover, from
the Poincaré inequality it follows that J is coercive and bounded from below.
Hence it attains a minimum at some @ € H}(2). J is trivially of class ct,
and so DJ(@) = 0 by Theorem 1.1. By definition, % is a weak solution of the
linear problem

—Au=f in{?
u=0 ondf.

Clearly, the previous example is almost trivial, but in some sense it is also
the starting point of the variational theory of elliptic equations.

1.3 When compactness breaks down

We have seen that weak compactness plays an important role in establishing
the existence of the minimum point. To get a more precise feeling, consider
the following minimization problem:

fQ |Vul? dz

Y 1.3
weH (N0} [ ul? do (1.3)

By the Lagrange multiplier rule, any minimizer satisfies an equation of
the form

—Ay=Au in 2
u=0 on 02

for some A € R.
We can take a minimizing sequence {un}, and it is not restrictive to
assume

/ lun|?*dz =1 Vn>1.
2

Again, {u,} is bounded in H}(£2), and so, up to a subsequence, it converges
strongly in L2(/2) (see appendix) to some %. Hence

/|un12d:c~+/ ||? dz
2 Q

and by weak lower semicontinuity,
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/IVﬂ|2dm§ lim / |V, |? da.

This proves that 7 is actually a minimum point of the Rayleigh—Ritz quotient
(1.3). _

But the compactness of the embedding Hj(2) C L2(2) fails if §2 is
unbounded, for instance {2 = R™. Essentially, there are only three reasons
why a weakly convergent sequence {u,} in an infinite-dimensional space, for
example in L?(2), does not converge strongly* (see also [64, 89]):

a) Oscillation. If {u,} converges in L?(2), then it has a subsequence con-
verging almost everywhere in (2. But the sequence u,(z) = e?™"% does
not converge in L?(—1/2,1/2), although it converges weakly to zero. In-
deed, ||unllzz = 1.

b) Concentration. Let u be the characteristic function of (—=1/2,1/2), and
let u,(z) = n'/?u(nz). For all g € C§°(—1/2,1/2), we have

/ Ung dz — 0.
(—1/2,1/2)

Since again ||un||z2 = 1, this implies that u, — 0 in L*(~1/2,1/2). In
the sense of distributions,
u = 4,

where ¢ is the Dirac measure at zero. See [90] for a study of distribution
theory. We remark that u,(z) — 0 for all z but z = 0.

¢) Vanishing. Let u be the characteristic function of (—1/2,1/2), and let
tn{z) = u{z — n). As before, u, — 0. This time u,(z) — 0 for all z.

We shall see later that, roughly speaking, minimizing sequence can be clas-
sified according to their behavior like a), b) or c).

In the next section, we present the basis of the modern variational ap-
proach to possibly non—compact problems.

1.4 Critical points

As we have seen before, one way to find solutions of differential equations
is to find global minima of suitable maps J defined on Banach or Hilbert
spaces. But global extrema are very often too much to be sought, and indeed
their existence is far from being trivial. Moreover, the key point is to find
points where the derivative of J vanishes, i.e. critical points of J.

Let F be a real Banach space with norm || - || and J: E — R a C!
functional.

4 It is trivially true that weakly and strongly convergent sequences coincide in
finite dimensional vector spaces.
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Definition 1.4. A critical point of J is a point u € E such that DJ(u) =0
in E*. We say that ¢ € R is a critical level for J if there ewists a critical
point u of J such that J{u) = c.

Definition 1.5. An operator A: E — E 1s called variational if there exists
o functional J € C*(E,R) such that A= DJ.

Hence a problem that can be translated into a functional equation like A(u) =
0 is called a variational problem if A is variational.

Ezample 1.2. Let 2 C R" be a bounded domain with smooth boundary 82,
and let B = H((2). Let p: 2 x R — R be a continuous function such that

Ip(z, 5)| < ar + ass|* (1.4)

where £ < Z£2 if n > 2, £ is unrestricted if n = 1,2. We assume, for simplicity,
n > 2. Let P(z,s) = [ p(z, ) dr. Then

|P(z,5)| < as|s| + aals|.

Since £+ 1 < 2* = 2% we have from the Sobolev embedding E C L**1(12)

PRI

and it makes sense to define ¢: E — R by
o(u) ::/ P(z,u(z)) dz.
2
Moreover, it is easy to check that ¢ € C'(E,R), and
D¢(u):v e Ew— / p(z,v(z)) dz.
o]

We recall that since §2 is bounded, the embedding E C L+ (£2) is compact,
and hence the gradient of ¢ is a compact map.
Define J € C*(E,R) by

1

J(’LL): 5

/ [Vul® dz — ¢(u).
2
If u € E is a critical point of J, then
/ [Vau - Vo — pla, u(@))v(@)]de = 0 Vo € HL(0).
e}

Hence u is a weak solution of the semilinear Dirichlet boundary value problem

—Au =p(z,u) in 2
u=0 on 042.

If p is locally Hoélder continuous, it can be proved that w is in fact a classical
C?—solution.
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A common strategy to find critical points is to look for constrained ez-
tremum points over some suitable submanifold.

Definition 1.6. Let M be a C* Riemannian manifold modeled on a Hilbert
space E, and let J € CY(M,R). A critical point of J constrained on M is a
point u € M such that Dy J(u) = 0. Here Dy stands for the derivative of J
on M.

Suppose M has codimension 1 in E. This means (see [61]) that there
exists a functional g € C*(E,R) such that

M={u€E:g(u)=0}
and Dg(u) # 0 for all u € M. The tangent space to M at u is given by
TyM = {v € E| Dg(u)v =0}

and a critical point of J on M is a point w € M such that DJ(u)v = 0 for
all v € T, M. Hence u satisfies

DJ(u) = ADg(u)
for some A € R. This is the Lagrange multiplier rule.

Ezample 1.5. By considering J: Hi(2) — R defined by
Y
J(U) - 9 1u]d CZIE,
2 Ja

we can look for critical points constrained on B = {u € H}(12) | [, |Vul|* dz <
1}. Tt is easy to show that J i has a maximum u, which solves by the above

—Au=>M in 2
u=20 on 0f2.

The number ) is the first eigenvalue of —A on Hg(§2).

1.5 Partial compactness: Palais—Smale and mountain
passes

As a rule, to identify a minimum, one constructs a minimizing sequence, and
tries to prove that it converges (up to a subsequence, if necessary). In the
previuos examples, this was true because of the compact Sobolev embedding.
When this tool is no longer available, the approach must be refined. Actually,
relative compactness of all bounded sequences is too much.
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Definition 1.7 (Palais—Smale sequences). Let E be a Banach space, and
let J € CHE,R) be a given functional. We say that J satisfies the Palais—
Smale condition at level ¢ € R, (PS). for short, if every sequence {u,} in E
such that J(ug) — ¢ and DJ(ug) — 0 in E* is relatively compact in E.

Clearly, this is a weaker considition than compactness itself, but it is often
enough in Critical Point Theory. For the sake of completeness, we remind of
the fact that several conditions like (PS) have been introduced over the past
years, conditions that cover even weker situations. It is not our purpose to
write a treatise on this subject, and we refer to the huge literature for details.

In 1973, Ambrosetti and Rabinowitz ([11]) proved the following theorem.

Theorem 1.3 (Mountain pass). Let J be a C' functional on o Banach
space X . Suppose

(i) there exist a neighborhood U of 0 in X and a constant o such that J(u) > o
for every u on the boundary of U,
(ii) J(0) < 0 and J(v) < g for some v ¢ U.

Set
= inf J >
o= ipugiwze
where P denotes the class of continuous paths joining 0 to v. The conclusion
is: there is a sequence {u;} in X such that J(u;) — c and DJ(u;) = 0 in
X*. If J satisfies (PS)., then c is a critical level for J.

This result is very useful to find critical points of J even when J is strongly
undefined, i.e. when infg J = —co and supg J = +c0. The geometry of J is
that 0 is local minimum, but not a global one. See the figure below, showing a
profile with two maxima, one local minimum, and a path that a clever walker
should follow to minimize effort.

T

Fig. 1.1. The mountain—pass geometry

Needless to say, the difficult task is to prove that J satisfies the Palais—
Smale condition at the “right” level. Good functionals satisfy it all levels, but
many others satisfy it only in subregions of R.
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1.6 Critical exponents

Apart from unboundedness of the domain, another source of non-compactness
is the presence of the critical Sobolev ezponent (see the Appendix). The em-
bedding H}(2) C L*" () fails to be compact even if {2 is bounded.® Hence
differential equations with a critical behavior appear to be very interesting.
Indeed, they can have only trivial solutions, as the following example shows.

Ezample 1.4. Consider

{—Au =ulf"tu  in 2 (1.5)

u=20 on 92,

where {2 is a bounded domain in R™. For z € 9{2, we denote by v, the
outward normal vector to 2.

Proposition 1.1. If - v, > 0 on 842, then (1.5) has only the trivial solution

_ 2
u = 0, whenever ¢ > 242,

The proof is an immediate consequence of the next result, due to Po-
hozaev.

Lemma 1.1. If u is a smooth solution of

—Au =p(z,u) inl2
{ u=0 on 812, (1.6)
then
21 :
n/QP(u(x)) dot 220 /Qu(x)p(u(m)) do = %/@Q@; V) g%i do.

Probably the first, but surely the most impressive paper to study exsten-
sively the loss of compactness in differential equations is that by Brezis and
Nirenberg ([23]). In a previous section, we showed that equations on un-
bounded domains usually present additional difficulties, due to the loss of
compact embedding in L? spaces. A different phenomenon leading to “non—
compact” problems is that of limiting Sobolev exponent, for which the em-
bedding is not compact, even on bounded domains.

In their paper, Brezis and Nirenberg consider a bounded domain 2 C R®
and the critical elliptic equation

~Au=v?+Au in {?
u>0 in 2 (1.7)
u=20 on 042,

5 See the appendix.
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where p = (n + 2)/(n - 2), n > 3, and A is a real constant. We remark
explicitely that the same problem with subcritical exponent is completely
solvable:

Theorem 1.4. Assume that 2 is a bounded domain, and 2 < p < 2*. Then
the problem
~Au=uP+Au in {2
u>0 in {2 (1.8)
u=20 on 942,

has a nontrivial solution if and only if A > —A1(§2), the first eigenvalue of
—A i Hy(2).

Proof. See [90] &
Their main result is

Theorem 1.5. Assume n > 4. Then for every A € (0, A1), there exists a so-
lution of (1.7). Here A1 is the first eigenvalue of —A with Dirichlet boundary
conditions on (2.

Since their argument has opened the way to hundreds of papers on non-
compact problems, we sketch the main ideas. First of all, they choose a vari-
ationa approach, and set

S)\ = inf / (IV’UIg - /\!’LL|2) diZI,
weH (2) J 2
[lullzp=1

so that Sy corresponds to the best constant in the Sobolev embedding theo-
rem H () C LPT () When 2 = R, it was proved by Aubin and Talenti
that Sp is attained by the functions

U.(z) = Cele + |z|?) =272,

where C. > 0 is a normalization constant.
The second step is to show a a prior: existence result:

Lemma 1.2. If S, < S, then S\ is attained.

Proof. Let {u;} be a minimizing sequerce in Hj, i.e.
/ fui [Pt dz =1, (1.9)
o

/]Vuj|2d:r—/\/ luj|* dz = S\ +o(1) as j — co. (1.10)
o e

Up to a subsequence,
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u; — u  weakly in Hj (12),
u; — u  strongly in L?(£2),
u; — % almost everywhere in {2,

with [|ul|ps+1 < 1. Set v; = u; — u. Hence we have ||Vu;||r2 > So. It follows
that AMJul|2. > Sy — Sy > 0, and so u # 0. By construction,

IVullze + 1Vv;liz2 — Mlullz: = Sx +o(1) (1.11)
since v; — 0 weakly. By the Brezis-Lieb Lemma (see the next section),
llu+vll7 3 = Il + sl + o(1).

Thus we have
1
1= “UH?,J;}A + ”UJ'HI;,J;H +o(1)

and therefore
1< ”u”2LP+1 + ”Uj”%zv+1 +0o(1)

which leads to

1
1< lullom + gguv'vjuzw +o(1). (1.12)

The following claim can be proved by distinguishing the cases (i) Sy > 0 and
(ii) Sy < 0
IVullZz = MullZ2 < Sxllullzos-

Now the proof is complete, since u is not identically zero. &

Hence we should compare Sy and Sp, and this is done by some cut-off
procedure:

Lemma 1.8. We have
S < So for all A > 0.
Proof. The task is to estimate the ratio

_ JoIVultds =2 f, luf ds

) ([ lulpt dx)i’/(p+1)

This can be done with the functions

o(z)

u(z) = uez) = m}m,

where ¢ is C§° function concentrated near the origin of R™. After some cal-
culations, it is possible to prove that @ (u:) < 0 if ¢ is small enough. &



16 1 Why compactiess?

Now, a solution of (1.7) is found by rescaling any minimizer in Lemma
1.2. By the same token, the following result can be established.

Lemma 1.4. Let

So = inf{Jlull3 | (u € HI(@) A (Jullf" = 1)}

be the best Sobolev constant. Then for any

1
c<—53/2
n

the functional

: 1 .
J(w) = %/quuﬁ — Nuf?) dz — 2—/0 ul?* da

4

satisfies the (PS). condition.

More general situations can be studied by means of the mountain-pass
theorem, for example

—Au=uP + f(z,u) in {2
u>0 in 2 (1.13)
u=20 on {2,

where the main assumption of f: 2 x [0,00) —+ R is that

lim f(@;)

Uu—+-+00 uP

= 0.

The case n = 3 is more delicate, since the estimates in Lemma 1.3 are no
longer true. Anyway, the following result is given.

Theorem 1.6. Assume 2 is a ball. Then (1.7) has a solution if and only if
Ly <A<
AL 1

i.6.1 The Brezis—Lieb lemina

In this appendix we present a very useful result about convergence in Lr
spaces. The situation is this: a bounded sequence {un} in L? tends pointwise
to some u € LP. If ||lunllp — llullp, and p > 1, it is a consequence of the
uniform convexity that u, — u strongly. Is it possible to precise the behavior
of [lun —ull?

Lemma 1.5 ([22]). Let 2 be an open subset of R™, and let {un} be a bounded
sequence of LP((2) functions tending a.e. to u € LF. Then

Jullp = tim_ (unlly ~ lfun = ull)
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Proof. Let M = sup,, ||un|l, < co. By the limit

1P —|sfp — 1
S e L O

5|00 |s]?

0,

we see that for every € > 0 there is a constant C. such that
l|s+ 117 —|s]P = 1] <els|]P+C: VseR
Hence, for all a,b € R,
lla =+ P — [al” — |6l < elal” + Ce[b]".

Let now fn, = ||fal? — | fn = P — | fIP| and Z, = max{0, fn —€|un —u|P}. We
know that Z, tends to zero a.e., and 0 < Z,, < C.|f|P. By the Dominated
Convergence theorem, Z, — 0 in L'. But 0 < f,, < elun — ulP + Zp, and so

1falls < ellun = ully + |1 Zn]ls < 2°MP + (| Zn]]1-

Finally, we deduce that |[fnlls = 0. &

1.7 The Concentration—Compactness principle

As seen before, there are some evident reasons why a bounded sequence
in L?>(R") cannot converge strongly. Roughly speaking, we can say R" is
very large, and sequences can “move off” to infinity, or concentrate at finite
points even though they are constrained to minimize some functional. Hence
it would be desirable to have some tool to work out these features, to regain
compactness. In this section we briefly survey the celebrated Concentration—
Compactness principle by P. L. Lions ([65, 66]). A completely different strat-
egy will be one of the most important topics of our thesis in the next part.

Theorem 1.7 (Locally compact case). Let {0,} be a sequence in L*(R™)
such that

(1) on > 0 almost everywhere
(2) fon 0n(z)dz =X > 0.

Then {on} has a subsequence {gn, } satisfying one of the following properties:
— Compactness. There is a sequence {yr} in R* such that
(W>®GR>®:/ ony (z)dz > A — .
yx+Br
— Vanishing.
lim sup / On,(z)dx =0 VR>0.
y+Br

k—00 yeER™
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— Dichotomy. There exists o € (0,A) such that for all € > 0 there are an
integer ko > 1 and p},0} € L*(R™) such that
1. gi, gi >0
2. ([om, — (0} + D)l <€
8. | fpn 0h(2)dz —a| <e

4| fpnGi(z)de —a] <e
5. dist(supp o, supp 03,) = +00 as k — +o0.

The following result is often useful to exclude the vanishing case.

Lemma 1.6 ([65]). Let 1 < p < 00, 1 < ¢ < oo, and N > 1 an integer.
When N > p, we suppose that g # p*. Let {ug} be a bounded sequence in
LY(R™) such that {|Vug|} is bounded in LP(R™); if there is R > 0 such that

lim sup / lug (z)] dz = 0,
B(y,R)

k—o0 yeR™
then uy — 0 in L7 (R™) provided that min{g, p*} < r < max{g, p*}.

To present the result about the non-locally compact case, i.e. when some
critical exponent is involved, we need some preliminaries.

Definition 1.8. M(£2) denotes the space of bounded Radon measures on the
open set 2 C R™, endowed with the norm

llpll = sup |u(u)l.
ueCo(2)
l|aflco=1

we say that a sequence {py} in M(§2) converges weakly® to p if
lim pg(u) = plu) Vu € Co(£2).
k—rco
and {ug} converges tightly to p if
lim pp(u) = plu) Yu e L2(62).
k—+co

Theorem 1.8 (Critical case). Let m > 1 be an integer, p € [1,n/m), and
denote

*TL np
P T
n

Let

6 The reader may remark that this convergence should be rather called weak®.
Anyway, such a simplification is customary in Probability theory.
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S(m,p,n) = inf D™yl|P.
(mom)= il D™l
||'LLHP>1<171:1

Assume the sequence {ug} in D™P(R™) converges weakly to w € D"™P(R"),
and that there exist two bounded measures A\ and p such that
[D™ug| — o in M(R™)
|uklp*m — X\ tightly.
Then

1. There exist a set J, at most countable, some points {z;};cs, and some
real numbers {a;};es such that a; >0 for allj € J and

A= !ulp*m + Zaj(smj-
JjeJ
2. There ewist real numbers by > 0 such that S(m,p, n)a]‘? < b; and

|D™ul? + Z bjba; <
j€J
Za? < Q.
jedJ
8 Ifv e D™P(R™) and |D™(uy +v)[P = i in M(R™), then fi—pu € L*(R)

and
ID™(u+v)[P + Y bids, < .
jeJ
4. Ifu =0 and 0 < p(R™) < S(m,p,n)A\(R"), then J is a singleton, and
there exist C > 0, zg € R™ such that
A = Cbgy, p=S(m,p, n)01+95z0'

Finally, we present a recent improvement appearing in [17], which unifies
the concentration at infinity and the concentration at finite points. Despite
its simple appearence, it can be adapted to a lot of different situations.

Theorem 1.9. Let 2 C R™ an open set, and let 1 < p < co. Assume that

a) {ur} is a bounded sequence in LP(12);
b) up — u a.e. in 12,
¢) lug —ulP = v in M(£2),
and define
Voo = lim limsup/ |ugl? dz.
R—00 fseo |z|>R

Then it follows that

limsup |uglf = uelp + [[V]] + Veo-
k—ro0
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Proof. 1) We write vy = ur — u. According to the Brezis-Lieb lemma, we
have, for every non-negative h € C§°({2),

/ hiulP dz = ]lim (/ hlugl? dz — /hlvk|p d:c) .
s —+ 00

It follows that
lug|? — JufP +v  in M(£2). (1.14)
2) For R > 1, let ¥ € C§°(R™) be such that ¥r(z) = 1 for |z| > R+ 1,
Wr(z) =0 for |z| < R, and 0 < ¥r < 1 on R™. It is easy to check that

Voo = Rlim limsup/SPRluklp dz.

00 k—o0

3) For every R > 1, we have by (1.14)

lim sup |ug|? dz = lim sup (/ PP |ug [P dz + /(1 — UE ) ugl? da:)

k—o0 k—o0

_ limsup / P2 Juyl? do + /(1 —0B)uf? do + /(1 _ 0B du ().

k—oo

When R -+ co, we obtain

1imsup/1uk]pdz:1/oo+/}u]pdw+/ dv(z)

k—rco
= veo + [ulp + ],

&

Remark 1.1. Clearly, the terms ||v|| and vo are responsible for lack of com-
pactness. The réle of the latter is evident, while the first measures the con-
centration of the sequence {uy} at finite points.

1.8 A Sobolev-Hardy type inequality

In this section we use Theorem 1.19 to find the best constant of a Hardy—type
inequality. We follow [79]. Set RV = RF x RV * with 2 < k < N, and write
z = (z,z) € R* x RY~*. For given numbers ¢, s such that 1 < ¢ < N,
0<s<gq, and s <k,set g(s,N,q) = Q(TVN:—;). We also write g, (s) instead of
Gx (S) N7 q) .

We are able to proof the following statement, which extends a previous
result contained in [13].
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Theorem 1.10. Let 2 <k < N,1<p<k, a+k>0,uec Cg(R"). Then
‘ : ¥ / et

wlPle'l®de < —2 [ 1vuPla et de. 1.15

[l do < 2o | vaplaerae )

Moreover, the constant Gﬁi—)p 18 optimal.
It is convenient to state the following Lemma.
Lemma 1.7. If 1l <p< oo and o + N > 0, then

p
/Rn |uP|z|® dz < G—_—S—W /Rn |z - VulP|z|* dz

PP ;
< m/@n |VulP|z|* Y da

for all w € C§°(R™). Moreover, the constant (@—fm is the best possible.
Proof. We approximate x + |z|® by the “sequence” z ~— (Jz> + £)%/2, so

that
div{jz]|%z] = (o + N)|z|®,

at least in a weak sense. Moreover, for all v € C§°(R"),
/ div][uf?|2]s] dz = 0.
JRn

We get from the Holder inequality that

Dllo pp P a
/Rntul 1 dmﬁmfwlw-wllul el de

PP (p—1)p’ 1/p' 1/p
p=1)p' | - VulPlzle
< CEYIE (/En lul |z d:c) (/w |z - VulP|z] d:z:)

- (a%@; (/R fuf?|]® dz> o (/R Iz - VulP|a]® d:r)l/p .

For the optimality of the constant, we refer to [79]. &
Proof (of Theorem 10). Consider first the case p = 2. Then

/ [Vu12|x’|“+2da;2/ dz/ |V orul?|2' |22 do’
RN =—kxRk RN—k Rk

2 2
> Lﬁ—)—/ dz/ |ul?|2'|* da’
4: RN~k Rk

2)2
. a2 [ Pl ds
BRn
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where we have used the previous Lemma. Choose now

w: (2, 2) = v(zw(z),

where v € C$°(RF) and w € C§° (RN ). In the rest of the proof, we identify
the gradients of v and w with two vectors in R":

Hence, Vv L Vw. By definition,

N e _ Jan 12192 (IVOP[w]? + P Vw]?) do
Jon [ul?|z’|® dz

o |2'1* 0P w]? dz
B ka |:B"O‘+21VU|2 dz’

A [T
Jaw 0P| da’ o [0 0] da’
We deduce

e lwl?

fRn |Vu|2!l’l‘a+2 dz
in
weOgE EM\{0}  [pn [uf?|z|* dz
< ot Jpn |z/ |22 (w2 Vol + [v]*|Vw]?) da
= vecg (RM)\{0} Jo 12 PlvP|w]? dz
weCg (RN~ {0}
o Jgr |2'|%F2|Vv|? dz _ (a +2)?
T veCE ®AON0} g 2|2 |0]? du 4
because
Jor V0| dz

weCse (RN -1\ {0} Jan—i [w]* dz
and the optimality result contained in the previous Lemma.

The general case p # 2 is slightly more involved, since we work in a non—
hilbertian setting. The validity of the inequality is checked as before. Anyway,
the optimality of p?/(a + k)P requires the following modifications. Split again
u(z) = v(z')w(z), so that

" Vu|p 'etP do . !zlla—i—p ]V’U|2|w|2 + |Vwl?|v)? p/2 de
s | _k
fRn [ufPlz’|* dz

Jon |20 |w]P dz
We introduce the map

FRxRoR

(s,8) = (8% + t2)p/2 i
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Clearly f is a convex function. For each ¢ € (0,1), we see that

fot) =1 (04 1= 20,75 ) <

ef (‘-2—,0) +(1-¢e)f (O,I——E«E) :S“s:;‘F(l—E)
Hence

Jor [VuPla'|* P de o || TP VoIP da’
Jpn lulPle! | de Jrw |2'|*|vl? da’

1 —p Jaw & [ V0[P dz-
Jov— [w[P dz

+(1-¢)

We deduce that

Jer VPl * P dz Jpi 12192 VolP da’

n
weCE RP\{0}  Jpa |2/|%|ulPdz ~ veCe ®ON{0} [ [2'|* 0[P da’!

We conclude by letting e —+ 0. &

It is a natural question if the best constant C in (1.15) is attained. More
precisely, let

. ! «(s
S = 'mf{/ |Vul?dz: ue DYRY)  and / fule!, 2™ o 1}_
RN RY |’|®
(1.16)
Here S depends on all the constants of the problem, i.e. k, ¢, s and N. For
s = 0, it reduces to the best Sobolev constant, and to the best Hardy constant
for s = ¢ and k£ = N. It is well-known that the best Hardy constant is never
attained. However, the following theorem states that in the whole family of
inequalities between the Sobolev and the Hardy’s one, the latter is the only

negative case.

Theorem 1.11. Assume 1 < k< N,1<qg<N,z=(z',2),0<s<q and
s < k. Then the extremal problem (1.16) attains its infimum at a function
u € DV(RYN) which satisfies

! g+ (s)
/ \Vu|?ds = S, / Jule, 2 s~ 1,
RN RN

|z'|°

Proof. For a standard proof using Theorems 7 and 8, we refer to [14]. Here
we give a rather short proof by means of a suitable modification of Theorem
9.

Let {un} be a minimizing sequence for S. Hence {u,} is bounded in
DV4(RY). By Remark 7 in [14], it is known that we can always find sequences
An > 0 and ¢, € RV~* such that the new sequence {v,} defined by

N-g
’Un(.T’, Z) = An* un()\nm/a An<z - Cn))
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is still a minimizing sequence for S, and moreover

ja-(s) q.(s) 1
cern=Jjaecj<1 Jjarj<r 17 iz1<t Jjerj<1 2] 2

Hence, without loss of generality, we can replace u, by v,. By the Sobolev
embedding theorem, we may also assume, up to a subsequence, that

v, = v in DYYRY)

V(v —0)|? = p in M(RY)

4. (8)

Un — Y — v in M(RY)

‘g:l|s/q*(s)

Up — U a.e.in RY

We introduce now the two quantities

loo = lim limsup/ |V, | dz
2|2 R

R—+4co n—00

q.(s)
Voo = lim limsup / [vn] dz
lz|>R

R—=+00 pnooo Lrlls

From the definition of S we deduce

Vgéq*(s) < S—l.uloo
[[]j9/9: =) < S=H|
IVull + [lpll + poo <5

v g+ (s)

g+(s)

Hence,

S > (Vol? + [|ull + poo > |V0[2 + Sflw]|/ %) + Svge()

q+(s)
>S9 1_,/_:/)__(.5 + S]]/ ) 4 Spafa-(o),
l$ | o g+ (s)
and finally
v 7. (s)
W + ”VHIJ/Q*(S) + ,/gc{q*(S) < 1.
T as)
4 (s)
This implies that ||v]|, ve and ITP%T(T’ - are all equal to either 0 or 1.
g« (s

But veo = 0, since it follows from the choice of A, and (, that v <1 /2.
Suppose that v = 0. Then
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1=/ " = 57 ull.

Hence, for all open subsets w C R™, v(w) < v(R"), and this immediately
implies that v and p are concentrated on a single point zp = (z5,20) €
RF x RV=* Once again, by the choice of A, and ¢, there is a number 7 > 0
such that |zo| = max{|z}|, 20|} > 7. We then reach the contradiction

v |2 (2)
0= lim ———dz = |jy|| = 1.
e Jig—go|<r |z IS

The only possibility is that ||v|| = 0, so that

iUIQ*(s)

B dr = 1.

In other words, v is a minimizer for S. &

Remark 1.2. The previous theorems are contained in the forthcoming paper
[79], where we also prove that all minimizers corresponding to the best con-
stant have a rather precise symmetric shape.
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...provided ¢ is small enough






2 The perturbation technique

2.1 Where is Critical point theory going?

Over the last two decades, a lot of attention has been paid to Critical point
theory, because of its flexibility and also intuitiveness.

Besides the Concentration-Compactness Principle already described, a
new technique to deal with problems without compactness has been intro-
duced in the last years by Ambrosetti and Badiale ([3, 4, 6]), which improves
some previous results contained in [7]. It allows us to treat problems in which
a “small parameter” appears, and permits to find existence and multiplicity
results even in some situations where the concentration-compactness methods
fails or requires heavy calculations. For the sake of completeness, we present
below this technique in some detail. Roughly speaking, we can say that one
exploits some very precise properties of solutions to unperturbed equations to
find one or more solutions of a perturbed equation.

Suppose we are given a family {f.} of C? functionals over a real Hilbert
space, parametrized by € > 0. When ¢ = 0, we have a “distinguished” func-
tional fo, and we suppose that fp has a whole manifold of critical points.*
Under suitable assumptions, it is possible to prove the existence of critical
points of each f;, provided ¢ is small enough. Let us formalize what we have
said.

We want to find critical points of functionals of the form

o) = Sl - F) + Glew), (21)

where || - || denotes the norm in an Hilbert space E, F: E — R and G :
R x E — R. We assume that fo = ;|| - ||* — F has a nondegenerate critical
manifold® Z, namely we require that

(FO) F € C? and G(0,u) =0 for all u € F;
(F1) there exists a d-dimensional C* manifold Z at level b of critical points
of fo;

! Very recently, this assuption has been highly relaxed, to cover situations where
the points of this manifold are far from being critical. We refer to [9].

? We always assume manifold to be smooth enough. As a rule, C? is enough.
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(F2) F"(z)is compact, for all z € Z;
(F3) T.Z = ker f(z), for all z € Z.

Here T.Z stands for the tangent space to Z at the point z € Z. Indicating
with G’ and G respectively the first and the second derivative of G with
respect to u, on G we assume

(G0) G is continuous in R x E and G(0,u) =0, for all u € E;

(G1) G is of class C* with respect to u € E;

(G2) the maps (g,u) — G'(g,u) and (g,u) = G"(g,u) are continuous;
(G3) there exist a > 0 and a continuous function I" : Z — R such that

I'(z) = lim Gle,2)

=0 E¢

and

G'(e,2) = o(e*/?).

To avoid technicalities, we will assume that Z = ((R?) where ( €
C%(R¢, E). We will set Z" = ((B,) where B, = {z € R* : |z| < r}.

The main idea is to use the implicit function theorem to produce a good
local deformation of Z in the normal direction. More precisely we have the
following.

Lemma 2.1. Given R > 0, there exist £o > 0 and a smooth function
w: M =z x (-—60,80) —+ F

such that

(i) w(z,0) =0 for all z € AR
(ii) fi(z +w(z,e)) € T.Z for all (z,) € M;
(iii) w(z,€) is orthogonal to T, Z for all (z,e) € M.

Proof. See [3].
Lemma 2.2. The manifold
Z. ={z+w(z,e) | (z,€) € M}

is o natural constraint for f., namely: if w € Z; and fSiZe (u) = 0, then

fe(u) =0.

Proof. Suppose that fai z.(uw) = 0. Then f{(u) is orthogonal to T,,Z.. On the
other hand, f.(u) € T.Z and T, Z. is close to T, Z for € small. This implies
fi(uw) =0.

We have the following theorem (see Theorem 1.3 of [4]):



2.1 Where is Critical point theory going? 31

Theorem 2.1. Suppose (F0-3) and (G0-8) hold and assume that there exist
§ >0 and z* € Z such that
either min  I'(z) > I'(z") or max I'(z) < I'(z").

f\z—z*l|=0 llz—z*|}=4
Then, for € small, fo has a critical point in Z.

Proof. We give only the sketch of the proof divided into three steps.

Step 1 It is not difficult to prove that the function w built in the
previous Lemma is such that

lwl| = 0(e%/?)  and  fl(z+w)eT.Z. (2.2)

Step 2 Using the Taylor expansion, for u € Z, one can easily see that

fe(u) =b+e%I'(z) +o(e%) (e —0).

Step 3 It readily follows that f. has a local constrained minimum (or
maximum) on Z. at some u.. According to Lemma 2.2, such a u, is a critical
point of f..

Under some additional assumptions, we can have more information about
the bifurcation set: we can say that this set is a curve.

Hereafter, we will denote zg, @ € R?, the elements of Z. We will indicate
with d;2 and 8;;2 respectively 9z/06; and 8°z/06;00;.

Now we consider two case:

First case Suppose that

(F4) F is of class C*;

(G4) G is of class C* with respect to u € E, moreover the maps (g,u) —
G"'(g,u) is continuous;

(G5) G'(e, zp) = o(¢*/?) and there exist continuous functions v;;, 7 : Z = R
such that if 8. — 6 as € — 0, there results

e™%(G'(g,20.)|03520.) — 755(6), (2.3)
e™*(G" (e, zg,)0i20)|0528) — 7:;(8), (2.4)
e=%2G" (e, 2p,)0i529, — 0, (2.5)
e2G"" (g, 25, )[Biz9, B 28] = 0, (2.6)

ase — 0.

Second case Suppose that

(F4)' F is of class C3;
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(G4) G is of class C® with respect to u € E and G"'(e,u) =+ 0 as e — 0,
uniformly in u € Z"; moreover the map (g, u) = G"'(e,u) is continuous;

(G5) G'(g,2g) = O(e%) and there exist continuous functions v, 7i; : £ = R
such that if 8. — 8 as € — 0, there results

£ (G'(g, 26,)|0i520.) — 71;(0),

e (G" (e, 20,) 020105 28) — 7i5(0),
as e — 0.

The next theorem shows that the Morse index of the critical points u.
is related to the nature of u. as a critical point of the Melnikov function [
Sometimes, this allows us to conclude that a particular critical point could
not be found directly by an application of constrained minimization or of the
mountain pass theorem. The Morse index of critical points of mountain pass
type has been calculated. We refer to [27].

Despite its length, we present the proof, since in the original paper 4]
there is a mistake. We wish to express our gratitude to A. Pomponio for
pointing out this fact to us and supplying us with the correct statement and
proof. See also [13].

Theorem 2.2. Let F € C®, (F0-3) and (G0-3) hold. Suppose either (F4)
and (G4-5) or (F4) and (G4-5) are satisfied. Let § € R* be given and let
ue = z(0.) + w(e,0.) € Z. be a critical point of fo on Z. with 6. — 0 as
e — 0. Assume that zp = lim. z(0:) is nondegenerate for the restriction of fo
0 (T, Z)*, with Morse index equal to mo, and that the Hessian D>I'(9) is
positive (negative) definite.

Then u. in a nondegenerate critical point for f. with Morse index equal
to mo, if D2I"(6) > 0, and to mq + d, if D*I'(8) < 0. As a consequence, the
critical points of fe form a continuous curve.

Proof. The first part of the proof works for all the two cases.
We write E = E* @& E° ® E~ where E® =T, Z, dim(E~) = mo and
[ D2 fo(2)[v,v] >0 Yve€ BT @7
D?fo(2)[v,0] <0 Yve E™. -

Moreover we have

D? fo(2)[0:2,8;2] = 0.

We denote with @0 = 8z, for i = 1,...,d, and with &2, for i = 1,...,mo,
respectively the orthonormal base of E® and E~.

We call now E? =T, Z and we will denote with ¢f, fori=1,...,d, its
orthonormal base.

For i = 1,...,mg, we want to find o5 such that if ¢ = ¢} + of then
(t5lps) =0, forall j =1,...,d. So we must have
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1, .E € 4 _ (40), € £, €
0= (tlp;) = (t + O‘ilSD? + (¢ — ‘P?)) = (t; ¢ — SD?) + (a5 ]w5),

therefore

(@5]¢5) = — (5105 — #})

and we take af = E;-lzl —(t9|90§ - 902)%0?

_ t 28
Let E- be the space spanned by {I—t%ﬁ’ R i—fn—zl} ‘We have
D2 fo(ue)[t, 5] = D fo(wo)[t] + af £ + o] =
= DQfE(“E)[t’LDJ t?} + D?'fs(us)[t?7 a;] + D2f5(u5)[af, t?] + sze(ug)[af, aj]
Since «f goes to 0, as € — 0, by (2.7) we have
D? fe(ue)[ti, £5] < 0 (2.8)

and therefore D?f. (u.) is negative definite on E_, for £ small.
Let us put now EX = (E2 @ EZ)*. Of course we have

E=Ef®E®E;.

We want to show that D? f-(ue) is positive definite on EX. Let v, € Ef with
|v.| = 1. Let P indicate the orthogonal projection on E7, then
szs(us){'usavs] = sze(us)[P+U£ + (UE - P+'UE);P+'UE + (ve — P+Us)] =
= D2f.(us)[PTve, PTve] + 2D7 fo(ue) [Pz, ve — PToc]+
+D?fo (ug)[ve — PFve,ve — P
We claim that there exist § > 0 and g9 > 0 such that for all € < g and for

all v. € EX we have
Dgfe(us)['usvvs] > 4. (2.9)

By contradiction, suppose the contrary, i.e. for all k¥ € N there exist €, and
ve, € Ef such that

‘D2f5k (usk)[p5k7'v5k] <

ol

So we should have
1

> D*f. (ue, ) [PTvey, PTve,] + 2D fo, (ue, ) [Pt ve, , ve, — PHoe, ]+

+D2ffk <u5k)[U5k - P+U€k77~)6k - P+U5k]
Recall that

mo d
Ve — P+'U5k = Z(vik ]t?)t? + Z(“ml‘ﬂ?)@?
=1

i=1
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and notice that, since ve, € B, (v, ]t§) = 0 and (v, |¢f) = 0. We have

(Ufk 't(z]) = (‘UEk |tf) + (Ufk ]t? - ti)a

the first term is zero, the second one goes to zero since {v., } is a bounded
sequence. Similarly we have that also (ve, |¢?) goes to zero and so

Ve, — PP, — 0.
This is a contradiction since, for k sufficiently large, by (2.7) we have
D?f., (ug,)[Ver Ve, ] > 0 > 0.

At this moment, by (2.8) and (2.9), we have shown that D?f.(u.) is neg-
ative definite on E. and positive definite on EX. We now want to investigate
the behavior of D2 f. (u.) on EC.

First case We have

D2fs(us)[aiz€5:6j595] =
= (8i295|aj295) — F (’LLE)[a zp.,0;28 J+ G" (e, ue )[aL'ZgE,ange} (2.10)

We know by (F3) that 0,2z, € ker[Ilgp — F'(zg,)] and so recalling that
w(0, z) = 0 and expanding F"(u.) and G" (€, u.), (2.10) becomes

D?fe(uc)[Bizs. , O520,] =
— (0520.10528,) — " (2,)[0:20,, 8;25.] — (" (9.)[8is, , &, 2. ]m:) +
+G"(e,20,)[0iz6., 0526.] + (G (€, 20.)[0i20. , Oy 20. ] |we ) + O
= — (F"'(20,)[0szs., 0520.]|we) + G" (g, 26, )[0i20. , 3;'295]
+ (G (e, 20.)[Bizs. , 0520, ]Jwe ) + O(Jjwe?)

2

We observe explicitly that, since w. = 0(¢%/2) and by (2.6) of (G5) we can
write

D?f. (ue)[0s26,, 05 20.] =

= — (F"(25,)[0i20., Oj20.)|we) + G" (€, 20.)[0s20., 0j20.] + 0(e®) (2.11)

By (2.2) we have

26, +we — (29, +we) + G' (6,20, +we) = Y a8z,
I

and s0 a development of F'(zg, + we) and G'(g, zg, + we) yields

zg,+we—F"(29,)—F" (2, )we+G' (€, 20.)+G" (€, 29, )we = Zalé)lz(; (2.12)
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Without loss of generality, we can assume that the parametrization of Z is
normal to ¢, namely that 0525, L T, Z. Taking the scalar product of (2.12)
with ;2. and, since zp, = F'(zp, ), we find

(we|0iy20.) = (F" (20, )w=|0ijze. )+
(GI(E,Z(;E)‘&;J‘ZGE) + (G’/(E,ng)wg[aijZ@s) =0 (2.13)

By (2.5) of (G5), (2.13) becomes
(we|Bijz0, ) — (" (20, )we|Oij20.) + (G' (€, 25,)|0s520.) + 0(e%) =0 (2.14)
From zg, = F'(zg,), it follows
Oijzo, = F"(z6,)0i520. + F"(20,)[0i20., 0;z2p.]. (2.15)
The scalar product of (2.15) with w, is
(Os20. lwe) = (F" (20, )0s520. [we) + (F"' (20.)[0i20., 0520, ]Jwe).  (2.16)
Substituting (2.16) in (2.14), we have

_'(Fm<205)[51,296 , 8]'295”705) = (G’(s, 2g.)

BijZ(;s) + ofe®). (2.17)

Dividing by €* and passing to the limit for ¢ — 0, by (2.3) and (2.4) of
(G5) we have:

—e7* (F""(25.)[0s20. , 0526, lwe) = e~ (G (g, 29, )|Dij20.) + 0(1) — 745 (8),
£7%G" (e, 2, )[0i26,,0j20.] — 7i; ().

Therefore, by (2.11)

1, -
lim —D"fe (ue)[0i20. , 0520.] = vi; (0) + 715 (0).

=0

On the other side we have

.1, .1, -
03 1'(0) = lim — (G'(e, 2)[03;2) + lim —G"(e, 2)[Biz, 0;2] = 75 (6) + %5 (6).

Second case To study the behavior of D?f.(u.) on E, we note that,
by (G5)" and recalling that w. = O(e®) (see Lemma 2.2 of [4]), one can show
easily that (2.11) and (2.17) still hold and so the proof goes as in our case.

In [3], the case of a perturbation like
fe=fo+eG

was considered, leading to to easier statements and proofs. For some appli-
cations, we refer to the bibliography.
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We present in the next chapters a few applications of the perturbation
technique. The reader will see that the strategy is rather clear, despite some
modifications due to the specific shape of the perturbation terms. In the case
of the Schridinger equation, the perturbation term is not globally smooth in
the variables (g,u) € R x H*(R"), so that some trick is needed in order to
apply the finite—dimensional reduction.



3 Closed geodesics on cylinders

In this chapter, we concentrate on the existence of closed geodesics on a
non—compact manifold M. First, we gather some results from Riemannian
geometry.

3.1 Tools from differential geometry

We assume some knowledge of what a smooth differentiable manifold is, to-
gether with the main structures: tangent and cotangent spaces, inner prod-
ucts, and so on.

Definition 3.1. Let M be a smooth differentiable manifold. A Riemannian
metric on M is a tensor field g: CS°(TM) — CSP(T'M) such that for each
p € M the restriction g, = §|T, M®T,M TpM @ TpM — R with

gp: (Xp,Yp) = 9(X,Y)(p)

is an inner product on the vector space TyM The pair (M, g) is acalled a
Riemannian manifold.

Definition 3.2. Let (E, M,w) be a smooth vector bundle over M. A connec-
tion on (E, M, ) is a map V: C®°(TM) x C®(E) — C*®(E) such that
1L.Vx(A\-v+p-w)=X-Vxv+pu- Vxw;
2. Vx(f~’t)) =X(f)-v+f‘VX’U;
3. V(f.X+g.y)'U =f-Vxv+g -Vyv
forall \, p € R, X,Y € C®(TM), v, w € C®(E), and f, g € C*(M).

A section v € C™(E) is called parallel with respect to the connection if
Vxv =0 for all X € C*°(TM).

Definition 3.3. Let M be a smooth manifold, and V be a connection on the
tangent bundle (T M, M, ). The torsion of V is the map T: C$°(T M) —
C (T M) defined by

T(X,Y)=VxY - VyX —[X,Y],
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where [, ] is the Lie bracket on C°°(M). A connection V is torsion—free if
T=0.
If g is a Riemannian metric on M, then V is said to be metric of

X(g(v,2)) = 9(VxY,2) +9(Y,VxZ)
for all X, Y, Z € C°(TM).

Theorem 3.1. Let (M, g) be a Riemannian manifold. There exists one and
only one connection V on M such that

o(VxY, Z) = 2 (X(g(¥, 2)) + Y (9(Z, X)) — Z(g(X,¥))+

2
+g(Z7 [X> Y]) + g(y’, [Z> *‘YD - g(){: {Y, Z]))

for all X, Y, Z € C®(TM). This connection is called the Levi-Civita con-
nection on M.

Definition 3.4. Let M be a smooth manifold and (T'M, M, ) be its tangent
bundle. A vector field X along a curve v: I — M is a curve X: I — TM
such that mo X = ~. By C°(TM) we denote the set of all smooth vector
fields along ~.

Definition 3.5. Let (M, g) be a Riemannian manifold and v: I — M be a
G —curve. A vector field X along v is said to be parallel along v if

ViX = 0.

A C?—curve v: I — M is said to be a geodesic if the vector field 7y is parallel

along v, i.e.
V¥ =0.

Geodesics possess a variational characterization that we now clarify.

Definition 3.6. Let (M, g) be a Riemannian manifold and v: I — M be a
C2—curve on M. For every compact interval [a,b] C I we define the energy
functional

b
EOES S FCORIOL

Theorem 3.2. 4 C%—curve «v is a critical point for the energy functional if
and only if it 1s a geodesic.

Definition 3.7. A geodesic is closed if its image is diffeomorphic to St

When M is compact, closed geodesics can be found by standard vari-
ational arguments. For a survey of standard and advanced results on the
existence of closed geodesics, we refer to [58].
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On the other hand, when M is not compact, the existence of critical points
of the energy E is no longer evident. Indeed, very few results are known in
the literature, see [16, 59, 85]. In particular, Tanaka deals with the manifod
M =Rx SV endowed with a metric g(s, &) = go(£) +h(s, ), where go is the
standard product metric on R x S¥. Under the assumption that h(s, &) — 0
as |s| — oo, he proves the existence of a closed geodesic, found as a critical
point of the energy functional

Bu) = /0 o ()i, ] dt, (3.1)

defined on the loop space A = A(M) = H*(S*, M). * The lack of compact-
ness due to the unhoundedness of M is overcome by a suitable use of the
concentration-compactness principle. To carry out the proof, the fact that
M has the specific form M = Rx S is fundamental, because this permits to
compare E with a functional at infinity whose behavior is explicitely known.

Here we consider a perturbed metric g. = go + €h, and extend Tanaka’s
result in two directions. First, we show the existence of at least IV, in some
cases 2N, closed geodesics on M = Rx S N see Theorem 3.5. Such a theorem
can also be seen as an extension to cilyndrical domains of the result by
Carminati [25]. Next, we deal with the case in which M = R x Mg for
a general compact [N-dimensional manifold My. 2 The existence result we
are able to prove requires that either M possesses a non-degenerate closed
geodesic, see Theorem 3.6, or that m1(Mp) # {0} and the geodesics on Mo
are 1solated, see Theorem 3.8.

Fig. 3.1. Unperturbed cylinder

The approach we use is different that Tanaka’s one, and relies on the
perturbation result discussed before. Roughly, the main advantages of using
this abstract perturbation method are that

(i) we can obtain sharper results, like the multeplicity ones;

! We will identify S* with [0,1]/{0, 1}.
2 By manifold we mean a smooth, connected manifold.
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Fig. 3.2. Perturbed cylinder

(ii) we can deal with a general manifold like M = R x My, not only M =
R x SV, when the results — for the reasons indicated before — cannot be
easily obtained by using Tanaka’s approach.

3.2 Spheres

In this section we assume M = R x SV, where SV = {¢ € RV*1: [¢] =1} °.
ForscR reT,R~R, €SV, neTSY, let

g0(s, &) ((r,m), (rym) = |r[* + [l (3.2)

be the standard product metric on M = R x S. We consider a perturbed
metric ‘

9:(5,&)((rym), (r,m)) = [ + [n]> + €h(s,)((r,n), (r,m)),  (3.3)

where h(s,£) is a bilinear form, not necessarily positive definite.
Define the space of closed loops

A={u=(rz)c H (S R) x H'(S*, ")} (3.4)

Closed geodesics on (M, g.) are the critical points of E,: A — R given by

B =3 [ orlwliild (3.5)
One has that
E.(u) = B:(r,z) = Eo(r,z) + eG(r,z), (3.6)

where

L[t e g
Eo(r,z) = §/0 (2 + 16?) dt

3 Hereafter, we use the notation £ e = >, £n; for the scalar product in RY+L,

and |¢> = £ » €.
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and o
Qlr,z) = -2-/0 hir, 2)[(, &), (7, 2)] dt. (3.7)
In particular, we split Ep into two parts, namely
Eq(r,z) = Lo(r) + Eu, (2), (3.8)
where

1, 1t
L) =1 [P B = [t

The form of E. suggests to apply the perturbative results of [3] in the
following form.

Theorem 3.3. Let H be a real Hilbert space, E. € C*(H) be of the form
E.(u) = Ey(u) + eG(u), (3.9)

where G € C*(E).. Suppose that there exists a finite dimensional manifold Z
such that

(AS1) Ej(z) =0 forallz € Z;
(AS2) E{(z) is a compact perturbation of the identity, for all z € Z;
(AS8) T.Z = ker Eff(2) for all z € Z.

There exist a positive number eg and a smooth function w: Zx(—eg,0) = H
such that the critical points of

P (z) = B (z +w(z,€)), z€Z, (3.10)
are critical points of Ee.
Moreover, it is possible to show that
.(2) =b+el'(z) + ofe), (3.11)
where b = Ey(z) and I" = G| z. From this “first order” expansion, one infers

Theorem 3.4 ([3]). Let H be a real Hilbert space, E. € C*(H) be of the
form (3.9). Suppose that (AS1)-(AS3) hold. Then any strict local extremum
of G|z gives rise to a critical point of E., for le| sufficiently small.

In the present situation, the critical points of Ey are nothing but the great
circles of SV, namely
Zp,q = pCos 2t + gsin 27t, (3.12)

where p,g € RV peq =0, [p| = |g| = 1. Hence Ey has a “critical manifold”
given by

Z ={z2(r,p,q) = (r,2p.4(")) | T € R, zp4 asin (3.12)}.




42

3 Closed geodesics on cylinders

Lemma 3.1. Z satisfies (A52)-(ASS).

Proof. The first assertion is known, see for instance [56].

For the second statement, we closely follow [25].
For z € Z, of the form z(t) = (7, zp,q(t)), it turns out that

E!(2)[h, k] = /1 [h ok —|z°he k} dt
0

for any h,k € T.Z.

Tet e; € RVTL ¢ = 2,...,N + 1, be orthonormal vectors such that

1 . . .
{5=4%p,q,€2,...en+1} is a basis of T: Z, and set

o) = {zulmz ®)/2r ifi=1

e; ifi>1,

Then, for h, k as before, we can write a “Fourier-type” expansion

d N—1 d N-—-1
h(t) = ho(t) 7 + > hi(tei(t), k() = ko(t)= + > ki(t)es(t).  (3.13)
g=1 =1

Assume now that h € ker Ef (2p,q), i.€.

Zp,q

1 1
/h-iadt:/ |z22hekdt VkeT, Z.
0 0

We plug (3.13) into this relations, and we get the system

hy =0
By +4n%h; =0 j=2,... N -1 (3.14)
ho = 0.

Recalling that ho and hy are periodic, we find

h(} = ,«Xo7 ]71 = );1 PR
. . (3.15)
hj = X\jcos2mt + pjsin2nt j=2,...N -1

Therefore, h € T.Z. This shows that ker Ef(zp4) C T2, Z. Since the

converse inclusion is is always true, the lemma follows.

Lemma 3.2. Suppose

(h1) h(r,) = 0 pointwise on SV, as |r| — oo,

then

B, — b= Eolz).

Recall that ®. was defined in (3.10).
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Proof. This is proved as in [8, 19]. We just sketch the argument. The idea is
to use the contraction mapping principle to characterize the function w(e, z)
(see Theorem 1). Indeed, define

s R
H(C\{, w, 2, E) _ <EE (z,r + ’U)) O[Z>

we z.
So H = 0 if and only if w € (T,,2Z2)* and E.(z, + w) € T._Z. Now,

OH

Ha,w, zy,€) :O@H(O,O,ZT,O)%’W

(0,0, z, 0) [, w]+
R(a,w, zr,€) =0,

where R(a,w, zp,€) = H(o,w, zp,€) — 5(%—’%(0,0,2',",0)[0:,10].
Setting

OH -t
R,  (a,w) =— Bla ) (0,0, z-,0) R(a,w, zp,€),
one finds that
Ha,w,zr,e) =06 (a,w) =R, (a,w).

By the Cauchy-Schwarz inequality, it turns out that R.,. is a contraction
mapping from some ball B, into itself. If |¢] is sufficiently small, we have
proved the existence of (o, w) uniformly for z, € Z. We want to study the
asymptotic behavior of w = w(e, z;) as |r| — +oco. We denote by R the
functions R, . corresponding to the unperturbed energy functional By =
Eyy,. Tt is easy to see ([19], Lemma 3) that the function w® found with
the same argument as before satisfies ||w®(z,)|| — 0 as |r| — +o0. Thus,
by the continuous dependence of w(e, z,) on € and the characterization of
w(e, z,) and w® as fixed points of contractive mappings, we deduce as in [8],
proof of Lemma 3.2, that lim,—,co w(€,z,) = 0. In conclusion, we have that

hm]rl——H—oo Qe(zr + ’w(E, Z?‘)) = El\/fo (ZU)'
Remark 8.1. There is a natural action of the group O(2) on the space 4, given
by
{£1} x St x A — A
(£1,60,u) = u(£t+8),
under which the energy E. is invariant. Since this is an isometric action under

which Z is left unchanged, it easily follows that the function w constructed
in Theorem 3.3 is invariant, too.

Theorem 3.5. Assume that the functions h;; = hj;’s are smooth, bounded,
and (h1) holds Then M = Rx My has at least N non-trivial closed geodesics,
distinct modulo the action of the group O(2). Furthermore, if
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(h2) the matriz [hi;(p,-)] representing the bilinear form h is positive definite
for p — +oc, and negative definite for p — —oo,

then M possesses at least 2N non—trivial closed geodesics, geometrically dis-
tinct. ‘
Proof. Observe that Z = Rx Zg, where Zg = {zpq | Ip| = lg| =1, peq=0}.
According to Theorem 2.1, it suffices to look for critical points of @.. From
Lemma 3.2, it follows that either @. = b everywhere, or it has a critical point
(7,P,d)- In any case such a critical point gives rise to a (non—trivial) closed
geodesic of (M, g ).

From Remark 3.1, we know that @, is O(2)-invariant. This allows us to
introduce the O(2)—category cato(z)- One has

cato(s)(Z) > cat(Z/0(2)) > cuplength(Z/0(2)) + 1.

Since cuplength(Z/0(2)) > N — 1, (see [77]), then catp(y)(Z) > N. Finally,
by the Lusternik-Schnirel’'man theory, M carries at least N closed geodesics,
distinct modulo the action O(2). This proves the first statement.

Next, let

I(r,p,q) = G((r, Zp,q)) = %./o h(r, Zpﬂ(t))[z'p,qaép,q} di (3.16)

Then (h) immediately implies that
I'(r,p,q) — 0 as|r| = oo, (3.17)

Moreover, if (h2) holds, then I'(r,p,q) > 0 for 7 > 7o, and I'(r,p,q) < 0 for
r < —rg. Since (recall equation (3.11))

&.(r,p,q) =b+el'(r,p,q) + o(e), (3.18)

it follows that
b (r,p,q) >b forr >rg
®.(r,p,q) <b forr < —rp.

We can now exploit again the O(2) invariance.

By assumption, and a simple continuity argument, {®. > b} D [Fg, 00) X
Zy, and similarly {#. < b} D [—o0, —Rg) x Zo, for a suitably large Ro > 0.
Hence cato(2) ({$: > b}) > catoz)(Zo) = N. The same argument applies to
{®. < b}. This proves the existence of at least 21V closed geodesics.

Remark 8.2. (i) In [25], the existence of NV closed geodesics on S endowed
with a metric close to the standard one is proved. Such a result does not
need any study of ®. and its behavior. The existence of 2NV geodesics is,
as far as we know, new. We emphasize that it strongly depends on the
form of M = R x Mp.

(ii) In [84], the metric g on M is possibly not perturbative. No multiplicity
result is given.
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3.3 The general case

In this section we consider a compact riemannian manifold (Mg, go), and in
analogy to the previous section, we put

9:(5,6)((r,m), (r,m) = |r|* + 90(€)(n,m) + (s, E)((r,m), (r,m).  (3.19)
Again, we define A = {u = (r,z) |r € H*(S",R), z € H'(S*, M)},

1

1 1
By () = = /O o0(2)(,3) dt,  Bolr,z) = % /0 #? dt + By (),

2

and finally
EE (’T’, SE) = EO (7‘: .‘L’) + EG(T> :E)a

with G as in (3.7). It is well known ([57]) that My has a closed geodesic zp.
The functional Ejy, has again a critical manifold Z given by

Z ={u(-) = (p,20(- + 7)) | p constant, 7 € S*}.

Let Zo = {z(- +7) | 7 € S*}. It follows that Z ~ R x Zp. The counterpart
of I'in (3.11) is

1 1
I'(r,r)= 5/ h(r, z:)|2r, 27 dt. (3.20)
0
Let us recall some facts from [56].

Remark 3.3. There is a linear operator A,: T, A(Mg) — T. A, which is a com-
pact perturbation of the identity, such that

" b 7
e ()R k] = (A | By :/ AR ehdt.
0

In particular, Fy satisfies (AS2).
Definition 3.8. Let
ker By (z0) = {h € Toy A(Mo) | {(Azoh | k)1 =0 Vk € ToyA(Mo)}-
We say that a closed geodesic zy of My is non—degenerate, if
dim ker Ejy; (z0) = 1.

Remark 8.4. For example, it is known that when My has negative sectional
curvature, then all the geodesics of My are non-degenerate. See [39]. More-
over, it is easy to see that the existence of non-degenerate closed geodesics
is a generic property.

Lemma 3.3. If 2 is a non-degenerate closed geodesic of My, then Z satisfies

(AS2).
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Proof. 1t is always true that Tt Z C ker Eg(z). By (3.26), we have that
dim 7., Z = dimker B} (z,). This implies that T: Z = ker Ey(z,). A generic
element of Z has the form (p, z7) for p € R and 2™ = z(- + 7); then

T(p )M = R x Tur My,

and any two vector fields Y and W along a curve on M = R x Mo can be
decormposed into

d
Y = h(t)% + y(t) ERDT,-Zo, (321)

W = k(t)gg +w(t) € R@TirZo. (3.22)

In addition, there results (see [49])

1
Bl (20) [y, w] = / L0 (D, D) — go (Raro(1), 2o (8))Z0(8) | w(t))] d,

(3.23)

and
Ry (r,z) = Rp(r) + R, (2) = R, (2), (3.24)
where Ras, Rag,, etc. stand for the curvature tensors of M, My, etc. By

(3.23), (3.21) and (3.22), as in the previous section, Ep(p,z;)[Y, W] = 0 is
equivalent to the system

h=0
{fJ o )Dsy, Do) — (Bano 6,020 [w) =0,

As in the case of the sphere, the first equation implies that h is constant.
The second equation in (3.25) implies that y € ker By, (27) = ker Ej (20).
Hence,

ker B (z.) = {(h,y) | b is constant, and y € ker Ej; (20)}. (3.26)

This completes the proof.

Theorem 3.6. Let My be a compact, connected manifold of dimension N <
00. Assume that Mo admits a non—degenerate closed geodesic z, and that (in
local coordinates) hij(p,-) — a— as p = —co, and hij(p,-) —+ a4 asp — +o0.

1. If a_ = ay and hy(p,-) satisfies (h2), then M has at least one closed
geodesic.

2. If a_ < ay and hi;(p,)[u,v] —a_(u | v) is negative definite for p — —o0
and hi; (p, ) [u,v] — ay(u | v) is positive definite for p — 400, then M has
at least two non-trivial closed geodesic.

Proof. Lemma 3.3 allows us to repeat all the argument in Theorem 3.5, and
the result follows immediately.
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3.4 Isolated geodesics

In this final section, we discuss one situaion where the critical manifold
Z may be degenerate. Here, the non-degeneracy condition (AS3) fails,
and 1.7 C ker Ef(z) strictly. Fix a closed geodesic Zy for Moy, and put
W = (T.,2)*. Smce T.Z C ker El(2) strictly, there exists k > 0 such that
W = (ker EY (zo)) @ R*. Repeating the preceding finite dimensional reduc-
tion, one can find again a unique map w = w(z, ¢), where z € Z and ( € RF,
in such a way that E. = 0 reduces to an equation like

VAiz+ (+w(z,() =0.

If zp is an isolated minimum of the energy Ej, over some connected compo-
nent of A(Mpy), then it is possible to show that there exists again a function
I': Z — R such that

or or
VA(z+(+10(2,0) =0 &= (=R, 7)5-(R,7) #0

or or
for some R € R and all 7 € S. For more details, see [18]. In particular, we

will use the following result.

Theorem 3.7. Let H be a real Hilbert space, f.: H — R is a family of C*~
functionals of the form f. = fo + G, and that:

(f0) fo has o finite dimensional manifold Z of critical points, each of them
being a minimum of fo;
(f1) for all z € Z, f/(2) is a compact perturbation of the identity.

Fiz zg € Z, put W = (T, Z)*, and suppose that (fo)yw has an isolated
minimum at zo. Then, for e sufficiently small, f. has a critical point, provided
deg(FI1BRJO) 7& 0.

Remark 8.5. Theorem 3.7 has been presented in a linear setting. For Rieman-
nian manifold, we can either reduce to a local situation and then apply the
exponential map, or directly resort to the slightly more general degree theory
on Banach manifold developed in [41].

Theorem 3.8. Assume that m (M) # {0}, and that all the critical points
of Eq, the energy functional of My, are isolated. Suppose the bilinear form h
satz’sﬁes (h1), and

(hé’) (Rf ( ~R,£) #0 for some R >0 and all £ € S*.

Then, for €> 0 sufficiently small, the manifold M = R x My carries at least
one closed geodesic.
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Proof. We wish to use Theorem 3.7. Since m1(Mp) # {0}, then Ep has a
geodesic zo such that Ep(zg) = min Eg over some component C' of A(Moy).
See [57].

We consider the manifold

Z ={uc A|u(t) = (p,z20(t+7)), p constant, T € Sy

Here we do not know, a priori, if Z is non-degenerate in the sense of condition
(AS2). But of course (Ep)w has a minimum at the point (p, z0), where W =
(T,,.yZ)*. We now check that it is isolated for (Ep)w. We still know that
7 = Rx Zy. Take any point (p, z,) € Z, and observe that T(, .- Z = {(r,v) |
re€R, y e TirZo}. For all (r,y) € W sufficiently close to (p, 20), it holds in
particular that y_Lz,. Hence

Eo(r,y) = Lo(r) + Ea, (y) > En (v) > By (27) = By (20) = Eo(p, 20)

since Ly > 0 and zp (and hence z7) is a minimum of Ejy, by assumption.
Finally, thanks to assumption (h3), %%(—R, T)%L;—(R, ) #0.
This concludes the proof.



4 Semilinear Schrodinger equations

In this chapter, following closely [10], we present another application of the
perturbation method to the existence of multiple positive solutions for a class
of nonlinear Schrédinger Equation (NLS in short)

{ —2Au+u+ V(z)u = K(z)u?, (NLS)

u e WHA(R™), u >0
where A denotes the Laplace operator and

nt2 - if > 3,

n—27
1<p<{ Yoo, if n=2.

This equation has been studied under several viewpoints, and for a good
review of methods and results we refer to the monograph [26] and its refer-
ences.

As a first step, we introduce some motivation for the study of the station-
ary Schrodinger equation, which will be the object of our interest in the next
chapters. We shall assume some knowledge of linear functional analysis and
operator theory. We refer to [88] for details.

Definition 4.1. Given V € L®(R"), we define the Schridinger operator
S: D(S) C L*(R) — L*(R") generated by the potential V by

D(S) = H?*(R")
Su = ~Au + Vu.

Lemma 4.1. 1.5 is self-adjoint.
2. X € p(8S) if and only if (a) SxI is injective and (b)) S—AI)~1: R(S—AI) C

L2(R™) — H?*(R™) is bounded.

3. S has no eigenvalues if V = 0.

We now give some properties of the first eigenvalue of S. Let
A =inf {/ (|Vul|? +Vu)dz | v € H'(R") and lu|? = 1}. (4.1)
n Rn

Definition 4.2. Any minimizer of the right-hand side of (4.1) is called a
ground state of the Schrodinger equation
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Lemma 4.2. Let V € L*?(R"). Then

1 A> —[V]lee > —oc0.
2. A = inf { [.(|Vu> + Vu)dz |u e D(S) and [p.|u]> =1} and so we
also have

A= inf{ (Swudz |ue HY(RY) and luf? = 1} .
R B~

3. Ifu€ HY(R?) with [p. Jul*dz =1 and [.(|[Vu® +Vu)dz = A, then
u € H*(R™), u € ker(S — AI) and A € op(5).

Lemma 4.3 (Properties of eigenfunctions).

1. Let V € L®(R™) and consider u € ker(S — AI) for some A € R™. Then
we CRY) NWHS(RY) N H*(R™) for all 2 < s < oo and

lim wu(z) =0.

2. LetV € L®(R™) and choose § <l =lmpg e essinf|y > |V (z)|. For any
p € (0,/1=2¢), there is a constant C, depending only on & and u, such
that

lu(@)] < Cllulleo e 2! for all z € R

provided that u € ker(S — AI) for some A <&.

In the sequel we will always assume that V, K: R" — R satisfy

(V1) V € C?(R*), V and D?*V are bounded,;
(K1) K € C*(R"), K is bounded and K (z) > 0 for all z € R".

We seek solutions u. of (NLS) that concentrate, as € —+ 0, near some point
zo € R" (semiclassical standing waves). By this we mean that for all = €
R™ \ {z0} one has that u.(z) =+ 0ase — 0.

When K equals a positive constant, say K (z) = 1, (NLS) has been widely
investigated, see [6, 5, 36, 46, 63, 69, 86] and references therein. Moreover,
the existence of multibump solutions has also been studied in [31, 48], see
also [5] where solutions with infinitely many bumps has been proved. It has
been also pointed out, see e.g. [6, Section 6], that the results contained in the
forementioned papers can be extended to equations where u? is substituted
by a function g(u), which behaves like u”. Nonlinearities depending upon z
have been handled in [47, 87] where the existence of one-bump solutions is
proved.

In a group of papers Equation (NLS) is studied by perturbation argu-
ments. For example, in [6] a Liapunov-Schmidt type procedure is used to
reduce, for £ small, (NLS) to a finite dimensional equation, that inherits
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the variational structure of the original problem. So, one looks for the critical
points of a finite dimensional functional, which leading term is strictly related
to the behaviour of V near its stationary points. For instance, by a direct
application of the general theory described in Chapter 3, Ambrosetti, Badi-
ale and Cingolani ([6]) obtained the following result, in which one solution is
found whenever K = 1 and V has a proper extremum at some point:

Theorem 4.1. Let K = 1, and assume that V: R* — R is of class C* and
possesses a non-degenerate mazimum (or minimum) at a pont To € R™. Then
the equation

—Au+ V(ex)u = |ulftu

has at least a positive solution ocncentrating near To.

It should be clear that more than one solution can be found under the
assumption that V has well-separated proper extrema. One can indeed apply
a rather standard gluing technique, similar to that appearing in [5].

As we shall see in the next sections, our approach is slightly different, and
in some sense more general, since we can also find work in the “non generic”
situation in which the critical points of V arise in a compact manifold like
a torus or a sphere. The price we pay is that the technical framework gets
a bit more involved. As a counterpart, Theorem 4.1 can be considered as a
corollary or a special case of our main results.

A different approach has been carried out in another group of papers, like
[36, 86, 87]. First, one finds a solution u of (NLS) as a Mountain Pass critical
point of the Euler functional; after, one proves the concentration as e — 0.
Although this second approach allows to deal with potentials V' such that
supV = +o0, it works, roughly speaking, near minima of V, only. Actually,
as pointed out in [6], see also [3, Theorem 3.2], the Morse index of u is equal
to 1+ the Morse index of the stationary point V' where concentration takes
place. Hence u can be found as a Mountain Pass only in the case of minima
of V. Such a severe restriction is even more apparent when one deals with
nonlinearities depending upon z, see [87]. A case dealing with saddle-like
potentials is studied in [37], but under some technical conditions involving
the saddle level and the supremum of V.

The second approach sketched above has been used in [29] to obtain the
existence of multiple one-bump solutions. Letting Vo = inf[l + V(z)], it is
assumed that K (z) = 1 and liminf|4|,oo(1 + V(z)) > Vo > 0. It has been
shown that, for € > 0 small, (NLS) has at least cat(M, Ms) solutions, where
M ={z e R |1+ V(z)=Vo}, Ms is a o-neighbourhood of M and cat
denotes the Lusternik-Schnirelman category. This result has been extended
in [30] to nonlinearities like K (z)u? + Q(z)u?, with 1 < g < p.

In the the present paper we will improve the above multiplicity result.
For example, when K (z) = 1, we can obtain the results summarized below.

(i) suppose that V has a manifold M of stationary points, and that M is
nondegenerate in the sense of Bott, see [21]. We prove, see Theorem 4.3,
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that (NLS) has at least [(A) critical points concentrating near points
of M. Here I(M) denotes the cup long of M. This kind of result is new
because [29, 30] deal only with (absolute) minima.

(i3) If the points of M are local minima or maxima of V' the above result can
be sharpened because M does not need to be a manifold and (M) can
be subsituted by cat(M, M;s), see Theorem 4.5. Unlike [29, 30], we can
handle sets of local minima. Furthermore, we do not require any condition
at infinity. The case of maxima is new.

(#41) When K (z) is not identically constant, the preceding result holds true
provided that V is substituted by A = (1 + V)!K~2/(P=1) where § =
~(n/2)+ (p+1)/(p — 1), see Theorem 4.4.

A similar multiplicity result holds for problems involving more general non-
linearities, as in [47], see Remark 4.3.

Our approach is based on the perturbation technique introduced above.
However, a straight application of the general arguments, would only provide
the existence of one solution of (NLS) because that procedure leads to finding
critical points of a finite dimensional functional which does not inherit the
topological features of M. So, in order to find multiplicity results like those
described above, it is necessary to use a different finite dimensional reduction.
With this new approach one looks for critical points of a finite dimensional
functional . which is defined in a j—neighbourhood Mj; of M and is close to
V (or A) in the C* norm. This readily permits us to prove the multiplicity
results in the case of maxima or minima, using the Lusternik—Schnirelman
category. In the general case, we can use Conley theoretical arguments, see
[33]. Rouglhy, it turns out that Mj is an isolating block for the flow of V&, and
we can apply an abstract critical point result of [27] to find /(M) solutions.

Notation

— WL2(R") denotes the usual Sobolev space, endowed with the norm

||u||2::/ |Vu[2d:c+/u2dm.
R~

R'n.

— op(1) denotes a function that tends to 0 as h — 0.
— ¢,C, ¢c; etc. denote (possibly different) positive constants, independent of
the parameters.

4.1 Preliminaries

In this section we will collect some preliminary material which will be used
in the rest of the paper. In order to semplify the notation, we will discuss
in detail equation (NLS) when K = 1. The general case will be handled in
Theorem 4.4 and requires some minor changes, only.
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Without loss of generality we can assume that 17(0) = 0. Performing the
change of variable = — ez, equation (N LS) becomes

~Au+u+Viez)u = uf. (P.)

Solutions of (P.) are the critical points u € W2 (R™) of

fe(w) = fo(u) +%/ V(ex)u?dz,

n

where 1 1
fo(u) - -Z—H’U,HZ - m an up'{'lcla:.
The solutions of (P.) will be found near a solution of
—Au +u+ V(edu = uP, (4.2)

for an appropriate choice of ¢ € R™. The solutions of (4.2) are critical points
of the functional

Fe(u) = fo(u) + %V(Ef) /n wids — 5% - uP Tz (4.3)

and can be found explicitly. Let U denote the unique, positive, radial solution
of
—Au+u = uP, u € WH2(R™). (4.4)

Then a straight calculation shows that alU(Bz) solves (P.) whenever

g

B =pEs) =1+ V(EOP/? and o= alef) = [B(e8)¥/ P71,
We set
#(2) = a(e)U (B(e)w) (4.5)
and
7= {z@ - | R},

When there is no possible misunderstanding, we will write z, resp. Z, instead
of 2%¢, resp Z¢. We will also use the notation z¢; to denote the function
ze(z) = 2% (z — ). Obviously all the functions in z¢ € Z are solutions of
(4.4) or, equivalently, critical points of F* ¢, For future references let us point
out some estimates. First of all, we evaluate:

Be 2% (z — €) = O [a(eQU (B(e€) (x — €))] =
= e/ () U (B(e€)(z — &) + ea(e8) B (e€)U' (B(e€)(
a(e)U’

T —&))-
(B(e&)(z = £))-

Recalling the definition of o, § one finds:
Bez"(x — €) = ~0a2(z — £) + O] VV (s8)))- (4.6)

The next Lemma shows that V f.(z¢) is close to zero when ¢ is small.
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Lemma 4.4. For all £ € R" and all € > 0 small, one has that
IVE(ze)ll < C (EIVV (D) +¢%), O >0

Proof. From
felw) = PR + 3 [ Vo) = Vieg]utin

L

and since z¢ is a critical point of F*©¢, one has

(Vhuteello) = (VFGe)l) + [ [Viea) = V(e zevda
= /Pn [V(ex) — V(ef)] zgv da.
Using the Holder inequality, one finds
(Va? <lolfss [ Vien) - VePatas (@)
From the assumption that |D?V ()| < const. one infers
[V (ez) = V(e€)| < e|VV(ed)] - |z — €| + cre’|z — ¢J°.
This implies
| Viea) = Vie)Pegae <
12| VV (€6) /I;n |z — €222 (z — &)dz + coe® /Rn |z — &[4 2% (z — €)dz.
Recalling (4.5), a direct calculation yields
| =g —gir = oer) [ wlrAeeey

___a25~n—2/R |y1|2U2<y/)dy/ _<_C3~

From this (and a similar calculation for for the last integral in the above
formula) one infers

/ IV (ex) — V(e€) Ped < ca®| VY (6)? + coe™. (4.8)

Putting together (4.8) and (4.7), the Lemma follows.
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4.2 Invertibility of D?f. on TZ+

In this section we will show that D? f. is invertible on 7'Z1. This will be the
main tool to perform the finite dimensional reduction, carried out in Section
4.3.

Let L. : (T.,2°)*" — (T-.Z°)" denote the operator defined by setting
(Le,ev|w) = D? f(z¢)[v, w]. We want to show

Lemma 4.5. Given & > 0 there exists C > 0 such that for € small enough
one has that

[(Legvv)] > Clloll?, VI <E Ve (T, 29)" (4.9)

Proof. From (4.6) it follows that every element ¢ € T, Z can be written in
the form ¢ = z¢ — 9,25 (z — £) + O(g). As a consequence,

(%) it suffices to prove (4.9) for all v € span{z¢, ¢}, where ¢ is orthogonal to
span{ze, 0, 2% (z — &)}

Precisely we shall prove that there exist C7,C> > 0 such that for all e > 0
small and all |£] < || one has:

(L5’€Z£t25) < —-C7; <0. (410)
(Legdlg) > Callgll*. (4.11)

It is clear that the Lemma immediately follows from (%), (4.10) and (4.11).

Proof of (4.10). First, let us recall that, since z¢ is a Mountain Pass critical
point of 7, then given ¢ there exists co > 0 such that for all ¢ > 0 small and
all |¢] < |¢] one finds:

D2 F (2¢)[2¢, 2¢] < —co < 0. (4.12)
One has:
(Legzelze) = D2 F (z¢)[z¢, 2¢] + /Rﬂ [V(ex) — V(e€)] 2¢da.
The last integral can be estimated as in (4.8) yielding
(Leeze|2e) < D*F(2¢)[2¢, 2] + c1e|VV (€)| + cag?. (4.13)
From (4.12) and (4.13) it follows that (4.10) holds.

Proof of (4.11). As before, the fact that z¢ is a Mountain Pass critical point
of F' implies that
D*F**(2)[$, 4] > cullg]>- (4.14)

Let R > 1 and consider a radial smooth function x; : R* — R such that
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xi(z) =1, forjz| <R xi(z) =0, for |z >2R; (")

2
IVxa(@)l < 5, for R < lz] < 2R. x")
We also set y2(z) = 1 — x1(z). Given ¢ let us consider the functions
¢i(z) = xi(x — §o(z), i=1,2.

A straight computation yields:

/¢2:/¢%+/¢§+2/¢1¢27
Br R™ R™ R

R/nWaSP = [verr+ [ 196 +2R[ Vor - Vi,

Rn R™

and hence
1917 = 621 + loall* +2 [ (61 62 + V61 V6u].
Rn
Letting I denote the last integral, one immediately finds:

1= / xa(# + V) + / PV Vs + / b1V Vs + 62V V.
B Bn B~

» ~

"

Iy I I

Due to the definition of ¥, the two integrals I’ and I” reduce to integrals
from R and 2R, and thus they are or(1)||¢||?>. As a consequence we have that

l1* = Noull? + llg=ll” + 215 + or(D 17, (4.15)

After these preliminaries, let us evaluate the three terms in the equation
below:

(Legdld) = (Le,g1lon) + (Legdalga) +2 (Le ¢ hrl¢a) .

ag [a37) a3

One has:

a1 = (Legr|dr) = D*F (1, 1] + / [V(ez) — V(e8)] 42 (4.16)

RTL
In order to use (4.14), we introduce the function ¢, = é1 — 1), where

Y = (¢1l2¢)ze + (91|022¢) Oz



(@3]
-~
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Then we have:
D*F* (¢, 1) = D*F* [y, 6] + D*F= [0, 9] + 2D F* (g, 9] (4.17)
Let us explicitely point out that ¢, L span{ze, 8,25 (z—¢)} and hence (4.14)
implies o _
D2F*[y,6:] 2 crll ] (4.18)
On the other side, since (¢|z¢) = 0 it follows:

(¢1]2¢) = (lzg) — (¢2]ze) = —(2]z¢)
=— [ ¢azedr — | Vzg - Vods
.

=— /Xz(y)Z(y)cb(y + &)dy — /VZ(y) - Vxa(y)ély + £)dy.
Rn

B

Since x2(z) = 0 for all |z] < R, and since z(z) — 0 as |z| = R — co, we infer
(¢1]2¢) = or(1)||||. Similarly one shows that (¢1|0z2¢) = or(1)]|¢]| and it
follows that

91l = or(L)l¢ll- (4.19)

We are now in position to estimate the last two terms in Eq. (4.17). Actually,
using (4.19) we get

DAFeE[p, ) = [[]]? + V(€) / ¥ —p / 27 = or(D 4P (4.20)
RTL

B

The same arguments readily imply

D*F*[gy,9] = (:1]¥) +V(€§)/74311/1 —p/%’“laﬂﬂ: or(Dlgll*. (4.21)
R™ R™

Putting together (4.18), (4.20) and (4.21) we infer
D*F[¢n, ] > llgnl* + or(D)llg]>. (4.22)

Using arguments already carried out before, one has

/ IV (ea) — V(&) iz < oo / & ~ € (@ - )¢ (z)da
R™ =0

<ecy /yx(y)qﬁ2 (y+&dy
Rn
< ecyl|].

This and (4.22) yield




58 4 Semilinear Schrodinger equations

$ull* —ecalloll® + or(W)I4I1*. (4.23)

oy = (Legdr]ér) > cs

Let us now estimate ay. One finds
ar = (Legtalén) = [ IVl + [+ Veeone—» [ 275
R" i B»
and therefore, using (V2),
ay > cl|gal? —p/Zé}”lng

R~

As before, ¢3(z) = 0 for all |z| < R and z(x) — 0 as |z| = R — oo imply
that
as > collgal® + or(Dl¢l. (4.24)

In a quite similar way one shows that
az > crly + or(1)]14]1%. (4.25)
Finally, (4.23), (4.24), (4.25) and the fact that I > 0, yield

(Lecdld) = a1 + az + 2a3
> cg [l + lp2l? + 2Is] — cocllgll* + or(D)]I6]1.

Recalling (4.15) we infer that
(Leedlg) > crolldll® — coelll® + or(D)lIg1.

Taking € small and R large, eq. (4.11) follows. This completes the proof of
Lemma 4.5.

4.3 The finite dimensional reduction

Tn this Section we will show that the existence of critical points of f. can
be reduced to the search of critical points of an auxiliary finite dimensional
functional. The proof will be carried out in 2 subsections dealing, respectively,
with a Liapunov-Schmidt reduction, and with the behaviour of the auxiliary
finite dimensional functional. In a final subsection we handle the general case
in which K is not identically constant.

4.4 A Liapunov-Schmidt type reduction

The main result of this section is the following lemma.



4.4 A Liapunov-Schmidt type reduction 59

Lemma 4.6. For e > 0 small and |€] < € there exists a unique w = w(e, §) €
(T.. 2)* such that V fe(ze +w) € Tz, Z. Such a w(e, €) is of class C*, resp.
CYP=1 with respect to &, provided that p > 2, resp. 1 < p < 2. Moreover, the
functional @, (&) = f(ze +w(g, €)) has the same regularity of w and satisfies:

(V& (&) = 0) = (Vfe (2g +w(e &) = 0)

Proof. Let P = F.¢ denote the projection onto (T.. Z)*. We want to find
a solution w € (ngZ)J' of the equation PV f.(z¢ + w) = 0. One has that
Vie(z +w) = Vf(2) + D*fe(2)[w] + R(z,w) with ||[R(z,w)[| = o([lwl]),
uniformly with respect to z = z¢, for |£] < &. Using the notation introduced
in the preceding Section 4.2, we are led to the equation:

L. ¢w + PV fe(z) + PR(z,w) = 0.
According to Lemma 4.5, this is equivalent to
w= N ¢(w), where N¢e(w)= —L;é (PV fe(2) + PR(z,w)) .
From Lemma 4.4 it follows that

INz el < e (el VV (D] +€%) + ofllwll).- (4.26)

Then one readily checks that N, ¢ is a contraction on some ball in (T:, Z)*

provided that € > 0 is small enough and |¢] < £. Then there exists a unique
w such that w = N, ¢(w). Let us point out that we cannot use the Implicit
Function Theorem to find w(e, £), because the map (g,u) — PV f.(u) fails
to be 2. However, fixed € > 0 small, we can apply the Implicit Function
Theorem to the map (£, w) + PV fe(z¢+w). Then, in particular, the function
w(e, &) turns out to be of class C* with respect to &. Finally, it is a standard
argument, see [3, 6], to check that the critical points of &.(£) = fe(z + w)
give rise to critical points of fe.

Remark 4.1. From (4.26) it immediately follows that:
ol < C (E1VV ()] + ) , (4.27)

where C > 0.

For future references, it is convenient to estimate the derivative Ogw.

Lemma 4.7. One has that:

10ewl]| < ¢ (e]VV(e€)| + 0(52))7, c>0, y=min{l,p—1}. (4.28)
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Proof. In the proof we will write w;, resp 2;, to denote the components of
dew, resp. Jgz; moreover we will set h(z,w) = (z +w)? — 2P — pzP~tw. With
these notations, and recalling that L. ;w = —Aw + w + V(ez)w — pzP~tw,
it follows that w satisfies Vv € (1%, Z)*:

n

(w]v) +/V(6:U)7.U’Ud:l: —p/zp“lwvdm
Rﬂ.

+ / [V (ez) — V (e8)]zvdz — / h(z, w)vdz = 0,

R R™

Hence w; verifies

(wi|v) + / Vez)w;vdx — p/zp“lwwd:z: —p(p—1) /zp”zz’iwvdm
B Rn R=

+ [ [V(ez) = V(€8)]zivdz — €0,V (€€) | zvdz — [ (hz2; + hyww;)vdz = 0.
R[ IP;[ R[
(4.29)

Let us set L' = Le ¢ — hy. Then (4.29) can be written as

(L'igv) = plp — 1) -/zp_géiwv - /[V(Eﬂ:) — V(e)]zv
Rﬂ.

R~

+Ea€ﬂiv(5‘5)/zv+/hzéiv, (430)
IRTL

R

and hence one has

()] < exlll - ol + | [1Ve2) = Vet v

n

+ e[ VV (28] - [lul] + /hzz”udw .
As in the proof of Lemma 4.4 one gets

/ [V(ez) — V(e0))ivde| < (cael VV (£€)| + cae®) [oll.

n
.

Furthermore, the definition of A immediately yields
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/hzévdm < csllwl|"|lvll, where -+ =min{l,p—1}.

Putting together the above estimates we find
(L' |v)| < [eoel VV(€)] + cag® + collw|”] ]|

Since hy — 0 as w — 0, the operator L', likewise L, is invertible for € > 0
small and therefore one finds

[l < (cre| VV(e€)] + cse?) + collw]]”,

Finally, using (4.27) the Lemma follows.

4.5 The finite dimensional functional

The main purpose of this subsection is to use the estimates on w and Jgw
estabilished above to find an expansion of V&, (€), where &.(§) = fo(ze +
w(g, £)). In the sequel, to be short, we will often write z instead of z¢ and w
instead of w(e, £). It is always understood that € is taken in such a way that
all the results discussed in the preceding Section hold.

For the reader’s convenience we will divide the arguments in some steps.

Step 1. We have:

_.,1 2 _1‘ . 2 1 C\p+l
3. (&) = 2H~+wH + Z/V(Em)(4+w) P /(z+w) .
R™ R

Since —Az + z + V(e€)z = zP we infer that

21 = =V(e€) | 22+ [ 2MF,
R[ ]R[

(z|w) = —V(E&)R[ ZW +R[ zPw,

Then we find :

0.©=(3-517) [ +3 [ Ven - Vo) 2
J

1
+ [V(ez) - V(ed)] 2w + = [ V(ez)w?

L 4

Fyloll? = 7 [ [ wpt =4 = el
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Since z(z) = a(e&)U(B(e€)x), where o = (1 + V)= and g = (1 + V)72,
see (4.5), it follows

/zp+1dm:Co (14 V() 00=/Up+l; bl _m
p—1 2
pn

Bn
Letting Cy = Cp[1/2 — 1/(p+ 1)] one has

2. =Ci(+VER) + [ [Vien) Vi)

/n [V(ez) = V(eg)] zw + %/V(aac)w2
Rﬂ.

1 1 ,
+ 5}|w1|2 ) [(z +w)?t — 2Pt — (p+ 1)2Pw] . (4.31)
Rn

Step 2. Let us now evaluate the derivative of the right hand side of (4.31).
For this, let us write:

(&) = CL(1 + V(£8))" + Ae(8) + 2= (8), (4.32)
where
149 =3 [ Ve -Vl + [ Vien) -Vl
and

%) = 5 [ Vi + gl — [ [w -4 e 2]
Rn R™

Tt is easy to check, by a direct calculation, that
V& (&) < callwl [[w]]- (4.33)

Furthermore, since V(sz) — V(e€) = eVV (€) - (z — &) + 2 D?V (€ + 7e(x —
)|z — &,z — £ for some 7 € [0, 1] we get:
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/ [V(ez) — V(ef)]2?dz = ¢ / VV(e€) - (z — €)2%da
B .
fin
+e2 / DV (et +re(z — &)z — &2 — &2°dx
Rn

= g/VV(Ef) -y 2 (y)dy

]Rln

+¢? / DV (e€ + rey)ly, y]2> (y)dy
i

:si/D%M%+wwn%mf@my
Rn

Similarly, from V(ex) — V(ef) = eVV (€ + te(z — £)) - (z — &) one finds

/ [V(ex) —V(ef)]zw=¢ / VV(eE+T1e(z —§&)) - (z — 2w
g 2.

The preceding equations imply:
IVA(E)] < ea2? + caelul]. (4.34)

Taking the gradients in (4.32), using (4.33-4.34) and recalling the estimates
(4.27) and (4.28) on w and 1, respectively, we readily find:

Lemma 4.8. Let a(e€) = 0C1 (1 + V(¢€))?~1. Then one has:
V& (&) = a(e€)eVV (€6) + &' T Re(8),
where |R.(€)| < const and v = min{l,p — 1}.

Remark 4.2. Using similar arguments one can show that

2.06)= G 1+ V(D) +0e), C1>0, 9=2E5 -7

where |p.(€)] < const. (e]VV (e€)] +€%).

4.6 The general case

Let us indicate the counterpart of the above results in the case in which K is
not constant. Since the arguments are quite similar, we will only outline the
main modifications that are needed.
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After rescaling, the solutions of (NLS) are the critical points of

~ 1, o 1 . 2 1 ‘
fe(u) = 5“14[]2 +5 /Rn Vex)u” — Pl A K(ex)uP*t.

The solutions of (NLS) will be found near solutions of
—Au+u + V{edu = K(e&)u?, (4.35)

namely near critical points of

n

FE(u) = —;—Hu[]2 + %V(Ef) /Rn u? — p—j——lK(Eé)/ uPtL,

If Z = Z°¢ is a solution of (4.35), then Z(z) = a(e§)U(B(e€)z), where

1+ V(s§)> =y

Ge€) = (1+V(e€)?, 5@5):( K (&)

This implies that

/ 7T = Co(e), (4.36)
o
where
A@) = 1+ V(@) K@), 0= %j% _ g

Define I = L. ¢ on (TZ)* by setting (Lvjw) = D? f.(%)[v,w]. As in Lemma
4.5 one shows that L is invertible for £ small. Furthermore, one has

—
)
—~
<
-
Il
i
@
oy
e
S’
+
|

; /[V(E:L) —V(ed)u? - E?% /[K(aw) — K (e6)uP™!
RTL

B

and, as in Lemma 4.4 one finds that
1@l < ex (e(VV(£6)] + IVE (D)) + &%) -

This and the invertibility of L imply, as in Lemma 4.6, the existence of @W(e, £)
such that the critical points of the finite dimensional functional

&.(¢) = Jo (% + e, £)

give rise to critical points of fg(u). Such a w is C' with respect to ¢ and, as
in Lemma 4.7, the following estimate holds

106@]| < ez ((IVV(€€)] + [V (£6)]) + O(?)) .
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Tt remains to study the finite dimensional functional 55(5)7

5.6) = SlE+all + 5 [ Vi@ +w>—-—/ (c0)(Z + D)

R~

Since now ||Z]]> = =V (€) [ 2% + K(&€) [ZP* and (Z|w) = —V(e€) [ 20 +
K (£€) [ zPw, one gets

5.0 = [ (350 - 7KE0) 74 4 5 [ Ve - vieo) 7

RrR™ R™

+/ [V(ez) - V(eO)]zw + /V ex)w” + —HwH
K6 [ 28— [ Kle) (4w =27 = - 1)27)

From K (ez) = K (e€)+eVK (e€)-(z—&)+0(e?) and since [ VK (e€)-yzP ™" =
0 we infer:

/ (%K(Em) - 5%}(@5)) 7Pl = (% p+ P /A (e€)ZPT + O(e?).

B"

Using (4.36), one finds the counterpart of (4.31), namely

~ 1 ——
50 = A + 5 [ (en) - V)P + [ Vo) - Viee)ZT
. B™
1 N — 1 5
+ 5/1/ (ex)W” + -Q—lel‘ + K (g€) /Epw
R R~
1 .
-1 K(ex) [(z + w)PTt — 2P — (p+1)zPw] + O(?).
p o
Taking the derivative of the above equation and using the preceding esti-
mates, one finally yields

V& (6) = C1VA(e€) + T R:(€), v =min{l,p—1}, (4.37)

where |R.(€)| < const, which is the counterpart of Lemma 4.8. Let us also
point out that, like in Remark 4.2, one has:

3. (¢) = CLA(e€) + O(e). (4.38)
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4.7 Main results

In this section we will prove the main results of the present paper. First, some
preliminaries are in order.

Given a set M C R*, M # B, we denote by M; its 0 neighbourhood.
If M C N, cat(M,N) denotes the Lusternik-Schnirelman category of M
with respect to IV, namely the least integer k such that M can be covered
by k closed subsets of IV, contractible to a point in N. We set cat(M) =
cat(M, M).

The cup long I(M) of M is defined by

UM)=1+sup{k € N:Jau,...,ar € H*(M)\1, a1 U... Uay # 0}.

If no such class exists, we set (M) = 1. Here H*(M) is the Alexander
cohomology of M with real coefficients and U denotes the cup product. For
example, if M = S"~!, the (n — 1)-dimensional sphere in R, then [(M) =
cat(M) = 2; however, in general, [(M) < cat(M).

Let us suppose that V has a smooth manifold of critical points M. Ac-
cording to Bott [21], we say that M is nondegenerate (for V) if every z € M
is a nondegenerate critical point of ¥j5;+. The Morse index of any = € M, as
a critical point of V|1, is constant and is, by definition, the Morse index of
M.

We first recall a result from [27], namely Theorem 6.4 in Chapter II,
adapted our notatin and purposes. See also [33].

Theorem 4.2. Let h € C*(R™) and let ¥ C R™ be a smooth compact non-
degenerate manifod of critical points of h. Let U be a neighborhood of X' and
let £ € CHIRY). Then, if ||€ — hllcr(u) s sufficiently small, the function (
possesses at least 1(X) critical points in U.

Roughly, the previuos theorem fits into the frame of Conley theory and
extends an older result by Conley and Zehnder [34].

We are now ready to state our multiplicity results. Our first result deals
with (NLS) with K(z) = 1, namely with the equation (F;) introduced in
Section 4.1.

Souiil

Theorem 4.3. Let (V1—2) hold and suppose V has a nondegenerate smooth
manifold of critical points M. Then for € > 0 small, (P:) has at least [(M)
solutions that concentrate near points of M.

Proof. First of all, we fix £ in such a way that |z] < Eforallz € M. We
will apply the finite dimensional procedure with such ¢ fixed. Since M is
a nondegenerate smooth manifold of critical points of V, it is obviuosly a
nondegenerate manifold of critical points of C1 (1 + V(-))? as well.

In order to use Theorem 20 we set h(¢) = C1(1 +V (€)Y, ¥ = M and
£(&) = &.(£/e). Fix a d-neighborhood M; of M in such a way that M; C
{|z| < €} and the only critical points of V' in M; are those of M, and let
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U = M;. From Lemma 19, the function &.(-/e) converges to Cy(1+ V())? in
C'(U) when £ — 0. Hence Theorem 20 applies and we can infer the existence
of at least I(M) critical points of £, provided € > 0 is small enough. Let
& € Ms be any of those critical points. Then &;/e is a critical point of &
and 50 ue g, (z) = 2% (x — & /e) +wl(e, &) is a critical point of f. and hence a
solution of (P;). It follows that

Ue g, (T /€) A 25 (E_:é)

£

is a solution of (NLS), with K = 1. Any ; converges to some ¢ € M; as
e — 0 and, using again Lemma 19, it is easy to see that £ € M. This shows
that u. ¢, (z/e) concentrates near a point of M.

The next result deals with the more general equation (NLS). The results
will be given using the auxiliary function
_p+1l n

Aw) = 1+ V(@) K@, 6="—5 -7,

introduced in Subsection 4.6.

Theorem 4.4. Let (V11— 2) and (K1) hold and suppose A has a nondegen-
erate smooth manifold of critical points M. Then for e > 0 small, (NLS) has
at least 1(M) solutions that concentrate near points of M.

Proof. The proof is quite similar to the preceding one, by using the results
discussed in Subsection 4.6.

Remark 4.8. The preceding results can be extended to cover a class of nonlin-
earities g(x,u) satisfying the same assumptions of [47]. In addition to some
techenical conditions, one roughly assumes that the problem

—Autu+V(Edu =g, u), u>0, ueWhH(R), (4.39)

has a unique radial solution z = z°¢ such that the linearized problem at z is
invertible on (7, Z)*. In such a case one can obtain the same results as above
with the auxiliary function A substituted by

Aee) = [ [Jotee (e - ) - et (a0

Rn

where 8,G = g. When g(z,u) = K(z)u? one finds that A = A. But, unlike
such a case, the function A cannot be written in an explicit way. This is the
reason why we have focused our study to the model problem (NLS) when the
auxiliary function A has an explicit and neat form. Let us also point out that
the class of nonlinearities handled in [30] does not even require that (4.39)
has a unique solution.
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When we deal with local minima (resp. maxima) of V, or 4, the preceding
results can be improved because the number of positive solutions of (NLS)
can be estimated by means of the category and M does not need to be a
manifold.

Theorem 4.5. Let (V1—2) and (K1) hold and suppose A has a compact set
X where A achieves a strict local minimum, resp. mazimum.

Then there exists 5 > 0 such that (NLS) has at least cat(X, Xs) solutions
that concentrate near points of X5, provided € € (0, &5).

Proof. Let § > 0 be such that
b:=inf{A(z) 1z € 0Xs} > a:= Ax

and fix again ¢ in such a way that X; is contained in {z € R" : |z| < £}. We
set X¢ ={6:efe X}, X5 ={{:ef£c Xs}and Y ={{e X5:P.( <
Ci(a+b)/2}. From (4.38) it follows that there exists &5 > 0 such that

X°CY®C XS, (4.40)

provided € € (0,&;). Moreover, if £ € 0X; then V(ef) > b and hence

¢:(‘S) > 01V(€f) +OE(1) > Cib+ 05(1)~

On the other side, if £ € Y then ¢.(¢) < Ci(a + b)/2. Hence, for £ small,
Y® cannot meet OX§ and this readily implies that Y is compact. Then 55
possesses at least cat(Y®, X§) critical points in X;. Using (4.40) and the
properties of the category one gets

cat(Y®,Y®) > cat(X*®, X§) = cat(X, Xs),

and the result follows.

Remark 4.4. The approach carried out in the present paper works also in the
more standard case when V, or A, has an isolated set S of stationary points
and deg(VV, 12,0) # 0 for some neighbourhood (2 of S. In this way we can,
for example, recover the results of [47].
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Let us consider the nonlinear Schrédinger equation

o _

ih ot

A 2

(39- A@) Y +UE - o), e (3D
where t € R, 7 € R* (n > 2). The function 9(z,t) takes on complex values,
h is the Planck constant, i is the imaginary unit. Here A: R® — R™ denotes
a magnetic potential and the Schrédinger operator is defined by

o

(-}ifv - A(m)> = —hPAY - 2—;3_4 VY + APy — %1;» divA.

Actually, in general dimension n > 2, the magnetic field B is a 2-form where
B, ; = 8;A), —0A; ; in the case n = 3, B = curl A. The function U:R* =R
represents an electric potential. In the sequel, for the sake of simplicity, we
limit ourselves to the particular case in which f(z,t) = K(z)[t|"~'t, with
p>lifn=2and 1 <p< 2 ifn>3.

It is now well known that the nonlinear Schrédinger equation (5.1) arises
from a perturbation approximation for strongly nonlinear dispersive wave
systems. Many papers are devoted to the nonlinear Schrédinger equation
and its solitary wave solutions.

In this section we seek for standing wave solutions to (5.1), namely waves
of the form ¥(z,t) = e~ y(z) for some function u: R* — C. Substi-
tuting this ansatz into (5.1), and denoting for convenience ¢ = h, one is led
to solve the complex equation in R™

(5V — A@)* u+ (U(z) - Byu = K(@)u/"'u.  (NLS)

Renaming V(z) +1 = U(z) — E, we assume from now on that 1+1"is strictly
positive on the whole R"*. Moreover, by an obvious change of variables, the
problem becomes that of finding some function u: R* — C such that

(% - A(Em))2 u+u+Vier)u = K(ex)|uf"tu, zeR". (Se)

Concerning nonlinear Schrodinger equation with external magnetic field, we
firstly quote a paper by Esteban and Lions [42], where concentrations and
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compactness arguments are applied to solve some minimization problems
associated to (S;) under suitable assumptions on the magnetic field.

The purpose of this section is to study the time-independent nonlinear
Schrodinger equation (.S;) in the semiclassical limit. This seems a very inter-
esting problem since the Correspondence’s Principle establishes that Classical
Mechanics is, roughly speaking, contained in Quantum Mechanics. The math-
ematical transition is obtained letting to zero the Planck constant (¢ — 0)
and solutions u(z) of (.S;) which exist for small value of & are usually referred
as semi-classical ones (see [51]).

We remark that in the linear case, Helffer et al. in [50, 52] have studied
the asymptotic behavior of the eigenfunctions of the Schrédinger operators
with magnetic fields in the semiclassical limit. Note that in these papers the
wells of the Schrodinger operators with magnetic fields are the same as those
without magnetic field, so that one doesn’t ‘see’ the magnetic field in the
definition of the well. See also [24] for generalization of the results by [52] for
potentials which degenerate at infinity.

In the case A = 0, (no magnetic field), a recent extensive literature is
devoted to study the time-independent nonlinear Schrédinger equation (S.)
in the semi-classical limit. We shortly recall the main results in literature.
The first paper is due to Floer and Weinstein which investigated the one-
dimensional nonlinear Schrédinger equation (with K(z) = 1) and gave a
description of the limit behavior of u(z) as e — 0. Really they proved that if
the potential V' has a non-degenerate critical point, then u(z) concentrates
near this critical point, as € — 0.

Later, other authors proved that this problem is really local in nature
and the presence of an isolated critical point of the potential ¥ (in the case
K (x) = 1) produces a semi-classical solution u(z) of (S.) which concentrates
near this point. Different approaches are used to cover different cases (see
[6, 36, 63, 69, 87]). Moreover when V oscillates, the existence of multibumps
solutions has also been studied in [5, 31, 37, 48]. Furthermore multiplicity
results are obtained in [29, 30] for potentials V having a set of degenerate
global minima and recently in [10], for potentials V having a set of critical
points, not necessarily global minima.

A natural answer arises: how does the presence of an external magnetic
field influence the existence and the concentration behavior of standing wave
solutions to (5.1) in the semi-classical limit?

A first result in this direction is contained in [59] where Kurata has proved
the existence of least energy solutions to (S.) for any € > 0, under some
assumptions linking the magnetic field B = (B; ;) and the electric potential
V(z). The author also investigated the semi-classical limit of the found least
energy solutions and showed a concentration phenomenon near global minima
of the electric potential in the case K (z) = 1 and |A| is small enough.

Recently in [28], Cingolani obtained a multiplicity result of semi-classical
standing waves solutions to (S), relating the number of solutions to (S.) to
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the richness of a set M of global minima of an auxiliary function /A defined
by setting

z) = (1+V(z))? _ p+1l n

K (z)-2/-1) p-1 2

(see (5.41) in section 4 for details) depending on V(z) and K (z). We remark
that, if K (z) = 1 for any = € R, global minima of A coincides with global
minima of V. The variational approach, used in [28], allows to deal with
unbounded potential ¥ and does not require assumptions on the magnetic
field. However this approach works only near global minima of A.

In the present section we deal with the more general case in which the
auxiliary function A has a manifold M of stationary points, not necessarily
global minima. For bounded magnetic potentials A, we are able to prove
a multiplicity result of semi-classical standing waves of (Se), following the
perturbation approach described in the previous chapter.

Now we briefly describe the proof of the result. First of all, we highlight
that solutions of (S.) naturally appear as orbits: in fact, equation (Se) is
invariant under the multiplicative action of S*. Since there is no danger of
confusion, we simply speak about solutions. The complex—valued solutions to
(S.) are found near least energy solutions of the equation

2

(z - A(€€)> wu+ V(€ = K)o (5.2)

where € is in a neighborhood of M. The least energy of (5.2) have the form
o 1 =1

260 g g RY o o HAED S <—————}‘(Z§@> U(Q+V () (@—¢) (5.3)

where £€ belongs to M and o € [0, 27]. As before, the proof relies on a suitable
finite dimensional reduction, and critical points of the Euler functional f.
associated to problem (S.) are found near critical point of a finite dimensional
functional @, which is defined on a suitable neighborhood of M. This allows
to use Lusternik-Schnirelman category in the case M is a set of local maxima
or minima of A. We remark that the case of maxima cannot be handled by
using direct variational arguments as in [28].

Again, under suitable assumptions on M, more than one solution can be
found.

Firstly we present a special case of our results.

Theorem 5.1. Assume that

(K1) K € L®(R*) N C?(R™) is strictly positive and K" is bounded;

(V1) V e L=(R*) N C*(R") satisfies infzern(1 4 V(z)) > 0, and V" s
bounded;

(A1) A € L®(R*,R*) N C*(R*,R"), and the jacobian Ja of A is globally
bounded in R".
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If the auziliary function A has a non-degenerate critical point zop € R™, then
for € > 0 small, the problem (S:) has at least a (orbit of) solution concen-
trating near To.

Actually, we are able to prove the following generalization.

Theorem 5.2. As in Theorem 1.1, assume again (K1), (V1) and (A1) hold.
If the auziliary function A has a smooth, compact, non-degenerate manifold
of critical points M, then for e > 0 small, the problem (S¢) has at least £(M)
(orbits of) solutions concentrating near points of M.

Finally we point out that the presence of an external magnetic field pro-
duces a phase in the complex wave which depends on the value of 4 near M.
Conversely the presence of A does not seem to influence the location of the
peaks of the modulus of the complex wave. Although we will not deal with
this problem, we believe that in order to have a local C? convergence of the
solutions, some assumption about the smallness of the magnetic potential A
should be added, as done in [59] for minima of V.

Finally we point out that Theorem 5.1 and Theorem 5.2 hold for problems
involving more general nonlinearities. See Remark 5.3 in the last section.

5.1 The variational framework

We work in the real Hilbert space £ obtained as the completion of C§°(R", C)
with respect to the norm associated to the inner product

(u|v) =Re Vu - Vv +ud..
R

Solutions to (S;) are, under some conditions we are going to point out, critical
points of the functional formally defined on E as

fe(u) = -;—/n (] (%V - A(aa:))u

2

+ Jul + V(aw)]u]2> dz

1
—Im/w K(ex)|u|’“’f1 dz. (5.4)

In what follows, we shall assume that the functions V', K and A satisfy the
following assumptions:

(K1) K € L=®(R*) N C*(R™) is strictly positive and K" is bounded;
(V1) V € L®(R*) N C*(R™) satisfies infgern(1 + V(z)) > 0, and V" is
bounded;
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(A1) A € L®(R",R*) n C*(R*,R"), and the jacobian J4 of A is globally
bounded in R™.

Indeed,
1 2
(TV - A(E:c))u > de =

Ji
= /n <|Vu|2 + |A(ez)u)? — 2 Re( %Y 4(53:)ﬂ)> dz,

and the last integral is finite thanks to the Cauchy—Schwartz inequality and
the boundedness of A.
It follows that f. is actually well-defined on E.

In order to find possibly multiple critical points of (5.4), we follow the
approach already presented in the previous chapter. In our context, we need
to find complex—valued solutions, and so some further remarks are due.

Let £ € R*, which will be fixed suitably later on: we look for solutions to
(S.) “close” to a particular solution of the equation

1

<y— ——A(sﬁ)) 2u-l—u—}—V(zsf)u = K(e&)ulf*u. (5.5)
More precisely, we denote by U.: R* — C a least—energy solution to the
scalar problem

AU, + U + V(O U, = K(e&)|UJP7 U, in R™. (5.6)
By energy comparison (see [59]), one has that
Us(z) = U (z — yo)

for some choice of o € [0,27] and yo € R", where U¢: R* — R is the unique
solution of the problem

~AUS + UE + V(e6)U¢ = K(e&)|UsPU*
U¢(0) = maxg= U* (5.7)
Ut > 0.
If U denotes the unique solution of
—AU+U=U? inR"

U(0) = maxg- U (5.8)
U >0,

then some elementary computations prove that U(z) = a(e§)U(B(e)z),
where
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a(

m

1
_ 14V \ T
&) “( K(=0) )

Ble€) = (1+ V(e))' /.
It is easy to show, by direct computation, that the function u(z) = 427, (z)

actually solves (5.5).
For £ € R™ and o € [0, 2], we set

207 g € RY vy 7 TAED 2o (e U (B(e€)(z ~ €)). (5.9)
Sometimes, for convenience, we shall identify [0, 27] and S' C C, through

n=e".
Introduce now the functional F%:7: E — R defined by

P =g [ (1 (Y-}f - A(eg)u)

2
+ ul? + V(Ef)[u[z> dz

1
p+1 Jgn

K (e)ul*! de,

whose critical point correspond to solutions of (5.5).
The set

ZE={ | €€R Ao e[0,2n]} = S* x R®

is a regular manifolds of critical points for the functional F¢¢:7.
It follows from elementary differential geometry that

e _ 8 efo 8 .,st,a' ‘ 8 e€o _
T.ee,n Z° = spanp{ 2 B s e 2 l=
— s €&, a , a_ &€&,
= spanp{iz°®7, ey 287 T Loy

where we mean by the symbol spanp that all the linear combinations must
have real coefficients.
We remark that, for j =1,...,n,

7]
______ZEE,O‘ — e€,o Vv
5 OV ()

T ia(eg)e e T (5(o8) (3 — £) (% (A(e) ) + 4, (eo) -

= 05 4 OEVV (66| + el Ta(ed)]) + 1276 A (6),
j
so that 5 5
= ego _ Y e§0 i EE,0 4. -
(%jz a$jz +12557A4;(e€) + O(e).

Collecting these remarks, we get that any ¢ € T,ee.- Z° can be written as
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n+1 a
=1il2°57 + > U 257+ 0l(e
< 1 z; J 5$j—1 ( )
j=2
for some real coefficients £1,8a, ..., nt1.

The next lemma shows that V f.(2°%9) gets small when ¢ — 0.
Lemma 5.1. For all £ € R?, alln € S* and all € > 0 small, one has that
V£ (67)] < C (VY ()] + el VE (6)| + el Ja(e0)] + el div A(e€)| + ),
for some constant C > 0.

Proof. From
2 B }V

fo(u) = F9(u) + % /Rn (‘YI—U — Alez)u _1_u — A{e&u

2
)+
1

s / [V (ea) - Vet u - ;}J /R (K (ea) - KO (510

and since 2567 is a critical point of F<67, one has (with z = 2°¢7)

(Vi) o) =Re | (3v _ A(e@) 2 (A(c6) - Alex))D

+ Re/n(A(eﬁ) — Alex))z - <%\7 - A(ef)) v+
Re / (A(e8) — Alea))z - (A(=6) - Alen)a

+ Re /Pn(V(EI) -V (e€))z0 — Re _/IPH(K(EQ’.) _ K(EE))iZIP—zz@

= ERe/]R i_[-(div Alex))zt +2Re /Rn(A(&f) — A(ez))z - <%V - A(E{))U

n 1

+Re /Rn(V(Ex) -V (g§))zv - Re/ (K (ez) — K (£€))|2|P 220

From the assumption that |D?V (z)| < const. one infers
|V (ez) — V(e6)] < e|VV(e€)] - o — €] + cre®|z — €[
This implies

/ IV (ez) - V (e€) 225" < claQIVV(eé)f/ |z — €[*2%(z ~ €) +
R™ Bn
c254/ |z — &*2%(z - ). (5.11)
Rn
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A direct calculation yields
/ o — €222z — £) = 0?(e€) /H WU (B(e)y)dy
R’V{ n
= a(e6)?B(et) ™ / WU )y’ < cs.

]H)n

From this (and a similar calculation for the last integral in the above formula)
one infers

/ V(ez) = VP15 < [ VVEOR + eset.  (5.12)

Of course, similar estimates hold for the terms involving K. It then follows
that

IV fe (M) < Clel div A(28)] + e[V (e€)| + el Ja(e€)| + €?),

and the lemma is proved.

5.2 The invertibility of D?f. on (T'Z¢)+

To apply the perturbative method, we need to exploit some non—degeneracy
properties of the solution 257 as a critical point of F¢7.
Let L. g¢: (Toee.0 2°) — (Thee.- Z)* be the operator defined by

(Le gev | w) = D £-(2°59) (v, w)

for all v,w € (Toee, Z5) L.
The following elementary result will play a fundamental réle in the present
section.

Lemma 5.2. Let M C R"™ be a bounded set. Then there exists a constant
C > 0 such that for all € € M one has

LI-0)

Proof. To get a contradiction, we assume on the contrary the existence of a
sequence {&,} in M and a sequence {u,} in E such that ||u,||g = 1 for all

n € N and
. v
|- 400)

i
In particular, u, —+ 0 strongly in L?(R™, C). Moreover, since M is bounded,
we can assume also &, — & € M as n — oco. From

+ul® > C/ (IVul +ul*)  YueE. (513)
Rn

2

+/n |un|2} =0. (5.14)
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2

‘ \Y
L)) -
< , 5 1
/ (]Vuntz + A& P lun* — 2Re ;Vun : A(é@ﬂ;)
RTL
we get
lim |Vun|? =1
n—++00 /pn
nﬁg—loo Re - ~Vu (&n)T 5
Therefore,

lim sup/ |Vun| [A(En)] |un| > limsup
R™ n—>00

n—rod

/ IVu, - A(6n)Tn
Rn

> lim sup Re/ %Vun -AE))u, = %‘

n—+0od
From this we conclude that

1
2

IA

|4(£7)]lim sup IVun|lz2 lluallze <

< JA(EY)|lim sup [Jupl|z2 = 0,

0

which is clearly absurd. This completes the proof of the lemma.
At this point we shall prove the following result:

Lemma 5.3. Given & > 0, there exists C > 0 such that for € small enough
one has

{Legcv | v) > Cllv]]?, V€| <& VYo €[0,2n], Vv € (Tpeew Z5)*. (5.15)

Proof. We follow the arguments in [10], with some minor modifications due
to the presence of A. Recall that

to 9

o)
ToceoZ = spanp{—2°57, ..., =257 12559},
ze€ D R{agl agn }

Define
§,0

VY = spanR{-é—Z—l-zE ey %zeg’”, 2557 267},
Asin the previous chapter, it suffices to prove (5.15) for all v € spang{z°%'7, ¢},
where ¢ L V. More precisely, we shall prove that for some constants C1 >0,
Cy > 0, for all € small enough and all |¢] < ¢ the following hold:
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(L™ | 2°67) < =C1 <0, (5.16)

(Leogd | 9) 2> Calloll® Vo L V. (5.17)

For the reader’s convenience, we reproduce here the expression for the second

derivative of F&:7:
v
(- ae8)o

— K(g¢) [(p —1)Re /Rn [u|P~3 Re(ud)ud + ./Rn Iu[p"1|vlz] .

9

+ v + V(eg)vf?

D?F7 (u)(v,v) = /

]Rn

Moreover, since z°¢:7 is a solution of (5.5), we immediately get

/Rn ( ('\;7‘ —A<e£>)

From this it follows readily that we can find some ¢y > 0 such that for all
e >0 small, all [¢] < ¢ and all ¢ € [0,27] it results

V0P ) = K(e) [ [t
Rn

DQFEE’U(ZEE’U)(ZE’E’G,ZEE’G-) <ep < 0. (518)
Recalling (5.10), we find
<LE’U’EZS§,O' | ZEE,U) — DQFEE,U(ZEE,U)(ZEE,U'7ZEE,O'>+

+ [ W) - Vil - [ [er) - Klegllz=te

/n <’ <¥ - A(em)> 4560 o | (512 N A(eé)) <60

(LE’ngsg,a | Ze{,a> S Dstﬁ,a(ng,a)(zsﬁ,o,Zeg,a)+
+ 16| VV (€€)] + cae| VI (6€)| + cael Jale€)| + cae®. (5.19)

)

It follows that

Hence (5.16) follows. The proof of (5.17) is more involved. We first prove the
following claim.

Claim. There results
D2F(257)(6,0) 2 callol* Vo L V. (5.20)

Recall that the complex ground state U, introduced in (5.6) is a critical
point of mountain-pass type for the corresponding energy functional J: £ —
R defined by
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s =4 [ Qv P Ve - o [ KEOnPTL G2

M={ueE: [.(Vul +uf + V(ed)|ul?) = [pn lufPtt}

be the Nehary manifold of J, which has codimension one. Let
2 ;
M= {ue B fou (|(F - ACOYuf + 1l + VEO) = fou ™ |

be the Nehari manifold of F¢57. One checks readily that codim N = 1.
Recall ([59]) that U, is, up to multiplication by a constant phase, the unigue
minimum of J restricted to M. Now, for every u € M, the function «
eiA(=8) Ty () lies in N, and viceversa. Moreover

J(u) — Feg,a (eiA(ag)wu).

This immediately implies that miny Fe6:9 is achieved at a point which differs
from €A 2. (z) at most for a constant phase. In other words, 2567 is
a critical point for F¢%7 of mountain-pass type, and the claim follows by
standard results (see [27]).

Let R > 1 and consider a radial smooth function x; : R* — R such
that

xi(z) =1, for|z| < E; x1(z) =0, for|z| > 2R; (5.22)
2
Vxa(@)l € 5, forR< lz] < 2R. (5.23)
We also set xa2(z) = 1 — x1(x). Given ¢ let us consider the functions
¢i(z) = xi(z — §d(z), =12

A straightforward computation vields:
J 1o = [l + [ 16 +23e [ 6265
R® R™ R™ R

[ver = [196:2+ [ 1V +2me [vo Ve,
R™ e

R™ R™

and hence
617 = 6ul? + gl + 2Re [ 9275 + Vo - V]
Rn

Letting I denote the last integral, one immediately finds:
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I= /xm<¢2 +IV¢|2)+/¢2\7X1‘VX2+/(¢2VX1 VB4 8 Ve V).

Hi‘n ]Rn Rn

I¢ II I

Due to the definition of x, the two integrals I' and I" reduce to integrals
from R and 2R, and thus they are ogr(1)||¢||?, where og(1) is a function
which tends to 0, as R — 4+c0. As a consequence we have that

6117 = llgolf? + lp2lf® + 24 + or(1)]|¢]|> - (5.24)

After these preliminaries, let us evaluate the three terms in the equation
below:

(Leoctld) = (Le,a,£¢1|¢1)j+ (Le,oc®2|d2) ‘+‘2\(L5,U,£¢1|¢2> .

(<31 (%) [o%:]

One has:
a1 = (Leoedr | ¢1) = D*F57 (257 (¢1, 1) + /PH[V(EZ’) -V (9]l |?

- [ KoK ol [ '((?—A(m))m 2 (F-40)a] ).

In order to use (5.20), we introduce the function ¢ = ¢; — ¢, where ¥ is
the projection of ¢; onto V:

w — (¢1ize§,a)25§,zf1lze§,a—“—-2 + (¢1Iizsg,a)izsg,aHZSE,JH-—2
+ D (61102, 2797) 05,254 |8,, 2567 || 72
Then we have:

D*F[¢1, ¢n] = D*F4 (g}, ¢5] + D FE[), )] + 2 Re D2F*¢ (% 45] . (5.25)

Since z°¢7 is orthogonal to 9;,2°%7, i = 1,...,n, then one readily checks
that ¢7 LV and hence (5.20) implies
D*F[, 611 2 el o511 (5.26)

On the other side, since (4[25¢7) = 0 it follows:
(61157) = (§155°) ~ ($2276) = ~(] 276
= - Re/qbzgg’” - Re/VzEE'” -V
Rr R~

= —Re/Xz(y)Z(y)¢>(y +&)dy — Re/VZ(y) “Vxa(y)o(y + &)dy.
i

jirdad
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Since xz(z) = 0 for all |z| < R, and since z(z) — 0 as |z| = R — oo, we infer
(¢1|2°67) = or(1)||¢|]. Similarly one shows that (¢1]0,2° *69) = op(1 )[quH and

it follows that
1l = or(W)ll¢ll- (5.27)

We are now in position to estimate the last two terms in equation (5.25).
Actually, using Lemma 3.1 we get

D2F=E[, 4] > Ol + V(<€) / 4 (5.29)

]pin
- K0 [ Rep = 1) [ |z~ Be(4 )=y
RTL
‘Eg,a p—1 ) - 1 2.
s [ | = ol
The same arguments readily imply
Re D*F%[¢7, 9] = or(1)l|¢]I*. (5.29)
Putting together (5.26), (5.28) and (5.29) we infer
D?F*[1, ¢1] > Clign|” + or(1)]I¢l. (5.30)

Using arguments already carried out before, one has

/ V(ea) — V(0|8 < cea / o= b~ 96°(6)

<ecs / lylxi () 8> (y + €)dy

< EC4RH¢|I :
and similarly for the terms containing K. This and (5.30) yield
a1 = (Leoedrldn) > csllénll® — ecaRIISI + or(1)lI6])". (5-31)
Let us now estimate as. One finds
ay = (Lepgho | 02) > csllgall” + or(1)]4]. (5.32)
In a quite similar way one shows that
as > erly + or(L)]ol1*. (5.33)

Finally, (5.31), (5.32), (5.33) and the fact that I, > 0, yield
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(Legedld) = cn + az + 203
> cs [[|61I1” + l162l” + 215] — coRel|8]1> + or(1)]16].

Recalling (5.24) we infer that

(Le,oedl®) > crollll® = coRellel® + or (D]

Taking R = e~'/2, and choosing & small, equation (5.17) follows. This com-
pletes the proof.

5.3 The finite dimensional reduction

In this Section we will show that the existence of critical points of f. can be
reduced to the search of critical points of an auxiliary finite dimensional func-
tional. The proof will be carried out in two subsections dealing, respectively,
with a Liapunov-Schmidt reduction, and with the behaviour of the auxiliary
finite dimensional functional.

5.4 A Liapunov—Schmidt type reduction

The main result of this section is the following lemma.

Lemma 5.4. For € > 0 small, |¢] < & and o € [0,27], there erists a unique
w = w(e,o,8) € (Tyee,e Z°)F such that V(257 + w) € T,ec.o Z°. Such a
w(e,0,€) is of class C?, resp. CYP~1, with respect to £, provided that p > 2,
resp. 1 < p < 2. Moreover, the functional :(0,€) = f-(2°57 +w(e, 0,£)) has
the same regularity as w and satisfies:

V@E(O‘o,fo) =0 <= V. (Zgo +w(€,0‘o,§0)) =0.

Proof. Let P = P.¢, denote the projection onto (T,ec- Z%)+. We want to
find a solution w € (Tyee.r Z) 1 of the equation PV (2569 +w) = 0. One has
that Vfe(z +w) = Vfe(2) + D? fe (2)[w] + R(z, w) with [|R(z, w)]| = o||w]]),
uniformly with respect to z = 2569, for |¢| < €. Using the notation introduced
in the previous section, we are led to the equation:

L s ¢w+ PV f.(z) + PR(z,w) = 0.
According to Lemma 5.3, this is equivalent to
w= Nego(w), where Ng¢q(w)= —L;;E (PV{.(z) + PR(z,w)).

From Lemma 5.1 it follows that
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Ne e ()] < 01 TV (26| ++el VI (£6)| +el Tale€) +€2) +olllw]). (534

Then one readily checks that N. ¢, is a contraction on some ball in (Tec.c Z o)L
provided that £ > 0 is small enough and |§| < €. Then there exists a unique
w such that w = N, ¢, (w). Let us point out that we cannot use the Implicit
Function Theorem to find w(e, £, o), because the map (g,u) = PV f-(u) fails
to be C?. However, fixed € > 0 small, we can apply the Implicit Function
Theorem to the map (£,0,w) = PV fe(2°? 4+ w). Then, in particular, the
function w(e, £, o) turns out to be of class C' with respect to & and o. Fi-
nally, it is a standard argument, see [3, 6], to check that the critical points
of ®.(€,0) = f-(z +w) give rise to critical points of f;.

Remark 5.1. Since f.(2°67) is actually independent of o, the implicit func-
tion w is constant with respect to that variable. As a result, there exists a
functional ¥.: R® — R such that

&, (0,8) = P (8), Vo € [0,27], VEeR".

In the sequel, we will omit the dependence of w on o, even it is defined over
St x R,

Remark 5.2. From (5.34) it immediately follows that:
[wl] < C (e]VV (e&)] + | VE ()| + el Ja(ef)| +7),  (5:35)
where C > 0.
The following result can be proved by adapting the same argument as in [10].
Lemma 5.5. One has that: |
IVew|| < ¢ (e]VV(e€)] + el VK (e€)] + €l Ja(ed)| + O(D)”,  (5:36)

where v = min{1,p — 1} and ¢ > 0 is some constant.

5.5 The finite dimensional functional

The purpose of this subsection is to give an explicit form to the finite-
dimensional functional . (o, &) = ¥.(&) = f-(2°57 +w(e, §)).

Recall the precise definition of 257 given in (5.9). For brevity, we set in
the sequel z = 257 and w = w(e, §).

Since z satisfies (5.5), we easily find the following relations:

L1(5-):

2
+ 2P+ V(ed)lz)* = /RnK(eg)[zlp+l (5.37)
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Re / <§ - A(a{f)) z- (; - A(Ef)) w + Re /Pn 2]
+Re/ V(eé)zw :Re/ue K(e)|z|Ptzw. (5.38)
Hence we get

b.(0,6) = f-(2"7 +w(e,0,8)) =

= K(ef) (— —m>/ 2P+ + /Bn |A(e€) — Alex)|2® +
Re / (A(e8) — Alea))z - (A(e8) ~ A(ex))i + < Re / L i Afed)

+ -;-/J <¥ - A(sm))wlz + Re /]Rn[V(am) —V(ed)]zw
43 [ Wem Vel +3 [ e - Vo)

+%V@9’wﬁwz—5%3R§énK@wxv+ww+kﬂﬂﬁd~@+npp—&m)
-FReffﬁf)/“tzP—lzw-%cxe%. (5.39)
Rn

Here we have used the estimate

.. (Gre-pgrea)iar = (3-547) [ Kol +0),

2 p+1
which follows from the boundedness of K. Since we know that
1+V@@>ﬁf
a(gf) = | ——2>
e = (g
Bef) = (1+V(e€))®,

we get immediately

- |58 [PT = Co A(e€)[K (e€)] Y, (5.40)

. where we define the auxiliary function

(1+V(z))? _p+1l n
Alz) = K(z)2/-1)" O=01 "3 (5.41)
and Cy = ||U||z2. Now one can estimate the various terms in (5.39) by means
of (5.35) and (5.36), to prove that
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P.(0,8) = V(§) = C1 A(€) + O(e). (5.42)

Similarly,
V. (&) = C1VA(e€) +70(1), (5.43)

2 p+1
out effort from [10].

where C = (l B —1—) Co. We omit the details, which can be deduced with-

5.6 Statement and proof of the main results

In this section we exploit the finite-dimensional reduction performed in the
previous section to find existence and multiple solutions of (NLS). Recalling
Lemma 5.4, we have to look for critical points of @. as a function of the
variables (o, &) € [0,27] x R™ (or, equivalently, (n,£) € St x R?).

In what follows, we use the following notation: given a set 2 C R™ and a
number p > 0,

2, ef {z € R* | dist(z, §2) < p}.
We start with the following result, which deals with local extrema.

Theorem 5.3. Suppose that (K1), (V1) and (A1) hold. Assume moreover
that there is a compact set M C R™ over which A achieves an isolated strict
local minimum with value a. By this we mean that for some § > 0,

def .
b = f A . 5.44
méng () >a (5.44)
Then there exists €5 > 0 such that (Se) has at least cat(M, Ms) (orbits of)
solutions concentrating near My, for all 0 < e < g5.
Conversely, assume that K is a compact set R™ over which A achieves an
isolated strict local mazimum with value b, namely for some v > 0,

def .
= inf A .
a zeng,, Alz) <b (5.45)

Then there ezists €, > 0 such that (Se) has at least cat(K, K,) (orbits of)
solutions concentrating near K., for all 0 < e < &,.

Proof. As in the previous theorem, one has &.(n,¢) = Y. (&). Now choose
£ > 0in such a way that Ms C {z € R™ | |z| < £}. Define again A as in the
proof of Theorem 5.4. Let

Ne={¢£eR" |e€ce M}

N = {£ € R | e€ € My)
0° = {¢ € R | 7(§) < (L2}
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From (5.42) we get some &5 > 0 such that
N¢ C ©° C Nj, (5.46)

for all 0 < £ < 5. To apply standard category theory, we need to prove that
©¢ is compact. To this end, as can be readily checked, it suffices to prove
that ©¢ cannot touch N§. But if e£ € M, one has A(e€) > b by the very
definition of §, and so

0. (€) > CLA(e€) + 0:(1) > Crb+ 0:(1).

On the other hand, for all ¢ € ©F one has also ¥.(§) < Cl‘—llg—g. We can con-
clude from (5.46) and elementary properties of the Lusternik-Schnirel'man
category that ¥, has at least

cat(©°,0%) > cat(N®, Nj) = cat(N, Ns)

critical points in ©¢, which correspond to at least cat(M, Mj;) orbits of so-
lutions to (S.). Now, let (n%,&*) € St x Ms a critical point of &.. Hence
this point (n*, &) localizes a solution ue ;» g« () = 256" () +w(e,n*, &%) of
(S.). Recalling the change of variable which allowed us to pass from (NLS)
to (S¢), we find that

F

e e g0 (1) 20 267 (F55).

solves (NLS). The concentration statement follows from standard arguments
(6, 10]). The Proof of the second part of Theorem 5.4 follows with analogous
arguments.

Theorem 5.1 is an immediate corollary of the previous one when z¢ is
either a nondegenerate local maximum or minimum for A. We remark that the
case in which /A has a maximum cannot be handled using a direct variational
approach and the arguments in [28] cannot be applied.

To treat the general case, we need some more work. In order to present
our main result, we need to introduce some topological concepts.

Given a set M C R", the cup long of M is by definition
M) =1+sup{k e N| Bou,...,an € H*(M)\ {1})(@1 U Uoy #0)}.

If no such classes exists, we set £(M) = 1. Here H*(M) is the Alexander
cohomology of M with real coefficients, and U denotes the cup product.
It is well known that £(S™ 1) = cat(S"™!) = 2, and £(T™) = cat(T™") =
n+ 1, where T is the standard n—dimensional torus. But in general, one has
(M) < cat(dM).

The following definition dates back to Bott ([20]).

Definition 5.1. We say that M is non-degenerate for a C? function I: RY —
R if M consists of Morse theoretically non-degenerate critical points for the
restriction Ijpre .
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To prove our existence result, we use again Theorem 4.2.
We are now ready to prove an existence and multiplicity result for (NLS).

Theorem 5.4. Let (V1), (K1) and (A1) hold. If the auziliary function A
has a smooth, compact, non-degenerate manifold of critical points M, then
for € > 0 small, the problem (S:) has ot least L(M) (orbits of) solutions
concentrating near points of M.

Proof. By Remark 5.1, we have to find critical points of 7, = W, (€). Since M
is compact, we can choose & > 0 so that |z| < ¢ for all points =z € M. From
this moment, & is kept fixed. form {n*} x M is obviously a non-degenerate
critical manifold We set now V =R*, J = A, ¥ = M, and I1(¢) = ¥.(n,£/e).
Select § > 0 so that Ms C {z: |z| < &}, and no critical points of / are in
My, except fot those of M. Set U = M;. From (5.42) and (5.43) it follows
that I is close to J in C*(Uf) when € is very small. We can apply Theorem
4.2 to find at least £(M) critical points {&1, ..., & an } for ¥e, provided € is
small enough. Hence the orbits ST x {&1},...,5" x {& )} consist of critical
points for &, which produce solutions of (S:). The concentration statement
follows as in [10].

Remark 5.3. We point out that Theorem 1.1, Theorem 5.3 and Theorem 5.4
hold for problems involving more general nonlinearities g(z,u) satisfying the
same assumptions in [47] (see also Remark 5.4 in [10]). For our approach,
we need the uniqueness of the radial solution z of the corresponding scalar
equation

—Au+u+V(Edu =g u), u>0, ueW(R"). (5.47)

Let us also remark that in [28] the class of nonlinearities handled does not
require that equation (5.47) has a unique solution.






6 Homoclinic solutions of Hamiltonian systems

A different tool for analyzing non-compact problems has been studied by
Rabier and Stuart ([72, 73]). It makes use of a recent notion of topological
degree, introduced by Fitzpatrick, Pejsachowicz and Rabier, for C* Fredholm
maps between Banach spaces. In this chapter we summarize some results
obtained in the joint paper [80].

6.1 Basic definitions of the new topological degree

Consider two real Banach spaces X and Y. First of all, one defines the parity
of a continuous path A € [a,b] — A()) of bounded linear Fredholm operators
with index zero from X into Y. It is always possible to find a parametrix for
this path, namely a continuous function B: [a,b] — GL(Y, X) such that the
composition B(A)A(A): X — X is a compact perturbation of the identity for
every A € [a,b]. If A(a) and A(b) belong to GL(X,Y’), then the parity of the
path A on [a,b] is by definition

(A | A € [a,b]) = deg(B(a)Ala)) deg(B(B)A(b)).
This is a good definition in the sense that it is independent of the parametrix

B. The following criterion can be useful for evaluating the parity of an ad-
missible path.

Proposition 6.1. Let A: [a,b] =+ B(X,Y) be a continuous path of bounded
linear operators having the following properties.

(i) A € C*([a,b], B(X,Y)).
(ii) A(N): X =Y 1is a Fredholm operator of index zero for each X € [a,b].
(iii) There ezists Ao € (a,b) such that

A'(Xo)[ker A(No)] @ rge A(X) =Y (6.1)

in the sense of a topological direct sum.
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Then there exists € > 0 such that [Ag — €, Ao + €] C [a, D],
A(N) € GL(X,Y) for A€ [ha —€,A0) U (Ao, Ao +£] (6.2)

and
T(AN) | X € [Xo —€, X0 +¢]) = (=1)F (6.3)

where k = dimker A(Ao).

The proof of this proposition is essentially contained in [43, 44].

We remark that given a continuous path A: [a,b] — $¢(X,Y) and any
Ao € [a,b] such that A(A\) € GL(X,Y) for all X # Ao, the parity w(A(\) | A €
[Ao — €, A0 + €]) is the same for all € > 0 sufficiently small. This number is
then called the parity of A across Ag.

This degree has many features of the ordinary Leray—Schauder degree,
but the homotopy invariance is only up to a & sign. We refer to [80] for a
short review of this concept.

We recall here that a bounded linear operator L: X — Y acting between
two Banach spaces X and Y is said to be Fredholm of indez zero if its range
L(X)is closed in Y, ker L is finite-dimensional and dimker L = codim L(X).

Definition 6.1. Let X and Y be real Banach spaces and consider a function
F e CYA x X,Y), where A is an open interval. Let P(\,z) = X be the
projection of R x X onto R. We say that A is an admassible interval for F
provided that

(i) for all (\,z) € A x X, the bounded linear operator O, F(\,z): X =Y is
a Fredholm operator of index zero;

(i) for any compact subset K C Y and any closed bounded subset W of
R x X such that

inf A < inf PW < sup PW < sup 4.
it results that F~1(K)N'W is a compact subset of R x X.

In figure 6.1, the set F~!(K) is not compact. Nevertheless, the shaded
region represents the compact set F~*(K) N W.

The following theorem shows that the new degree 7 for Fredholm maps
of index zero allows us to recast a bifurcation theorem like the one due to
Rabinowitz.

Theorem 6.1. Let X and Y be real Banach spaces and consider a function
F ¢ CY(A x X,Y) where A is an admissible open interval for F. Suppose
that Ao € A and that there exists € > 0 such that [\g — g, o + ] C 4,

Do F()0) € GL(X,Y) for X € [Ao — &, o +¢] \ {Ao}

and



6.2 A concrete example 91

FI(K)

AW

Fig. 6.1. Properness on bounded subsets

m(DzF (A, 0) L [)\0 —&,N +¢]) = -1

Let 7 = {(\u) € Ax X | u#0 and F(A\u) = 0} and let C denote the
connected component of Z U {(Xo,0)} containing (Ao, 0).
Then C has at least one of the following properties:

(1) C is unbounded.

(2) The closure of C' contains a point (A1,0) where A1 € A\ [A\g — €, Ao + €]
and DmF(Al,O) §é GL(,{Y, Yy).

(8) The closure of PC intersects the boundary of A.

6.2 A concrete example

In practice, the application of Theorem 6.1 consists of this: first, one identifies
solutions of a given problem as the zeroes of a C' map F depending on a
parameter A. Then one tries to single out admissible intervals for this map F.
To this aim, one often uses the asymptotic behavior of the problem. Roughly
speaking, if F “tends” at infinity in a suitable sense to another map with a
simpler structure (for example an autonomous structure), and this limit map
has no non—trivial zeroes for a certain range A of the parameter A, then 4 is
admissible for F. The last step is to find a suitable value A\g € A from which
a global branch of solutions can bifurcate.

These ideas have been applied to nonlinear elliptic differential equations
([73]), and we focus here on the case of hamiltonian systems, which present
an easier technical framework.
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Precisely, let us introduce the hamiltonian H: R x R* x R — R as

H(t,u,v,A) = E {v* + 2® +a(t)u’} — Jul” ™ + wo? (6.4)
R 2 (c+2)(1+et)  2(et+1)" >
where ¢ > 0, a € C(R) is non-negative, not identically zero, and
li t) = 0. 5
o ©9
We look for solutions of the system
Jz' = VH(t, z,\ '
v (tz,) (6.6)
limy) 00 lz(¢)} =0

where ¢ = (u,v) € H*(R?), or, more explicitely,

{—v’ = A+ a(t)u — gre=rlul”u
2
u' =v+

Define

|UIU+2

c+2’

2,2

1.5
H (u,0,%) = 5{0° + M)+ =5,
g (u,v,\) = Ou — |ul” u,v)
g (u, v, 0) = O+ w?, v+ uv)

H*(t,u,v,\) = %{vz + u?} -

_ 2 _ [(A+a®)0
‘4/\(t) - D(u,'u)H(tJOaOa)‘) - ( 0 1>

A0
Af\t = D(W,)gi(o,o,/\) = <0 1) .

The g* and HT verify

(1) g7(t,0,A) = g7 (t,0,A) =0 for all £, A € R

(2) limyyo{ DZH(t,€,A) — Deg™(,€,A)} = limes oo {DZH(t, €, A) —
Deg™(t,6,A)} = 0, uniformly for £ = (u,v) in bounded subsets of R

(3) Hmt——%oo{H(ta &, /\)_H+(ta & /\)} = hmt’%—oo{H(t: 3 A)—H—(ty ¢, /\)} =0
uniformly for £ in bounded subsets of R?

By (6.5), H* play the role of the problems at infinity we described above.
We will apply Theorem 6.1 with X = H'(R,R?), Y = L*(R,R?),

F(\z)=Jz' —VH(-,z(:),A).

We will also check that an admissible interval for this F' is A = (—00,0).
We state and prove the main theorem concerning the system (6.6).
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Theorem 6.2. Define
do=int { [ o ~alel? [0 mm A [ =1}, )
R R
Then a global branch of homoclinic solutions of (6.6) bifurcates at \g in the

sense of Theorem 6.1 with A = (—c0,0).

Proof. We will apply the criterion of Proposition 6.1. It is immediate to prove
that F € CY(R x H', L?), from the very definition of the Fréchet derivative.
We define F*: R x H' — L? as

FE(\ @) = Ja' = VH*(-,z(),\),
where, as above, z = (u,v). Similarly, we define
FE(\z) = Jz' — VHE(,z(), ).

We claim that A = (—oc0,0) is an admissible interval for F.
First step: D, F()\,0) € $o(H', L?) for all A < 0.
Let L = D,F(),0), namely

Lz(t) = Jz'(t) — Ax(t)z(t)

The linear operator L is trivially bounded and also self-adjoint. From well—
known results of linear functional analysis, L is Fredholm of index zero pro-
vided rge(L) is closed. With this in mind, let f € L? and suppose that there
exists a sequence {fn} C rge L such that ||f — full, = 0. Let {z,} C H* be
such that Lz, = f,.

Let P denote the orthogonal projection of L? onto ker L and set Q =
I~ P. Then Qz, = z, — Pz, € H* and Qz, € [ker(L)]*, the orthogonal
complement of ker L in L2, Setting

un = Qz, we have that u, € H' N [ker(L)]* and Lu, = f,.

Let us prove that the sequence {u,} is bounded in H!. For this we use
S* . H' — L? to denote the bounded linear operators defined by

S*z = Jz' — Afz for all z € H'.
The two operators ST : H' — L? and S~ : H' — L? are isomorphisms

because ‘o
+ _
= (o1)

and the spectrum of the matrix
A0
7(51)
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is
{£iVX}  ifA>0

o (7(29)) = iFA=0,
01 _
(£} A<
Hence this spectrum is, for A < 0, disjoint from iR, the imaginary axis; by a
standard result (see [54, 60]), this implies that S* are both isomorphisms.
So there exists a constant & such that

”Simnz > k||z|| for all z € H'. (6.8)

Supposing that |ju,|] — oo, we set w, = ”1”"” Then {w,} C H! with
llwal] = 1 for all n € N. Passing to a subsequence, we can suppose that
w,, — w weakly in H', and hence that Lw,, — Lw weakly in L*. Furthermore,

ﬂr_z_: fn an”z
Nuall  Nunll llunll
since || fully = 1| fll, and |jun|| = co. Thus Lw = 0. But wy, € H' N [ker(L )+

for all n € N, from which it follows that w € H' N [ker(L)]*. Thus w = 0 and
— 0 weakly in H*. Consequently,

and so ||Lwn|l, = -0

Lw, =

wy, — 0 uniformly on [—R, R for any R € (0, c0).

But, for all £ € R,
falt)
[l

Jul(t) = Ay (Hwa(?) +

and so

|2 p < supHAA( NHlwallpeg,ry + I"ﬁjiﬁ’

showing that [jwy,||p2(_g g — 0857 = 0, for all R € (0, c0). In particular,
”wn”_ﬂ-l(_R’R) — (0 asn —+ oo.
Now choose any & > 0. There is a constant 7 € (0, 00) such that
|4x(t) — Af| <eforallt >rand [A\(t) - Ay[ <eforallt < —r
Choose a constant R > + L and a function ¢ € C*(R) such that

0<ot) <lforallt € R ¢t) =0fort < pt) =1fort>Rand
') <eforallteR

Consider now the function z,(t) = @(t)w,(t). Clearly z, € H' and
Stza(t) = @' () Jwn(t) + o(t) Jw), () — A{za(t)
= ' (t) Jwn (t) + 9(8) Lwn (t) + (1) {Ax() — AY Jwn(t)

= /() Twa(t) + (1) H T () {Ax(t) — AT wn(®)

(
o
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Thus,
f'n 2
15% 2l < e hwnlly + 202 o cup |43 8) — 7wy
[lunll t>r
el

since |Jwy,|ly < 1. Hence, by (6.8)

llunll

1.

1
lwnll 1 (g,00) = 20l (Ri00) S ll2nll < E{QE‘*”

A similar argument, using p(—t)wy,(t) instead of z,, shows that

1 1/l
|wn | Yeoo—R) S 712+ =3
l ’H ( ,—R) k{ ”UnH }

Finally, we have shown that, for alln € N,

2 2 2 2
lwall” = llwallzn (—oo,—ry + ”wnﬂgl(_R,R) + llwnllen (g,c0)

I £nlly

[[nl]

2 5 :
< %5{25'}‘ o+ HwnHZHI(_R,R)

and, letting n — oo,

lim sup HwnH2 < —25{25}2
n—+oo k2

since [[wallzs(_p gy = 0:1falls = Ifll; and |jun]| = oo. But |jw,|| = 1 and
e > 0 can be chosen so that £ {2¢}* < 1. This contradiction establishes the
boundedness of the sequence {u,} in H!.

By passing to a subsequence, we can now suppose that u, — u weakly
in H', and consequently that Lu, — Lu weakly in L?. However, Lu, = f,
and || fn — f|l, = 0, showing that Lu = f. This proves that rge L is a closed
subspace of L? and we have shown that D, F(\,0) € &o(H', L?).

Second step: the properness of F.

In the sequel, we will use the following statement, whose proof is omit-
ted and can be found in our paper [80]: if D, F(A,0) € &o(H, L?), then
D,F(\z) € $o(H, L?) for allz € H'.

The next step is to show that F' is a proper map on the class of closed
and bounded subsets of A x H'. Hence, let us fix a compact subset K C L?
and a closed, bounded subset W C A x H*, in such a way that

—oo < inf PW < sup PW < 0.
Choose any sequence {(An,T,)} from F~1(K) N W; we may assume that

An = A <sup PW <0,
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1F(Anyn) = yll2 = 0
for some y € L?. Now, take any z € W and any A, p in A. Then

IE(\ 2) = F(p,z)ll2 = |1 DeH (-2, A) = Do H (-, )|z

and
1
D H(,z,\) — D H(: ) = (A — p) / DyDyyH(,z, 8\ + (1 — s)u) ds.
0

Set L = sup, ey [|2llco < 00, since W is bounded in H'. If K = /L + [A] + 1,
then
IF(A 2) = F(p,2)ll2 < CUE)z][2]A — pl

for some constant C(K) > 0 depending only on K. We have thus proved
that the family {F (-, zn)}n>1 is equicontinuous at every point A € A. This
immediately implies that

IF(Azn) =yl = 0.
Now we “freeze” A. Since W is bounded, we may assume that

T, — 1z € H.

We claim that: for all € > 0 there exists R > 0 such that for all integers
n>1 and all t € R such that |t| > R, there results

zn(2)] < e

Suppose this is not true. By a simple reasoning, the sequence {z,} must
slip off to infinity. More precisely, one of the following conditions must be
true:

(1) There is a sequence {l;} C Z with limj e I = oo and a subsequence

H' to an element Z # 0

(2) There is a sequence {lx} C Z with limy_,c Iz = —o0 and a subsequence
{zpn,} of {z,} such that Tx = 7, (Zn,) = Tn, (- + 1) converges weakly in
H' to an element T # 0

To fix ideas, let us suppose that {z,} has the property (1) . The invari-
ance by translation of the Lebesgue measure implies that ||[F(A, z,) — yll, =
”le (F(}‘: CIJn) - y)”z S0

172, (F(X, Zny)) — Uklly = 0 where g3 () = y(t + lg)

For any w € (0, 00), it is easy to show that
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Hm (F(N\,zn,)) — le(FJr(/\?a:nk))i —+0as k — co.

L2(—w,w)

Hence

‘lle(F+(/\733nk>)"yk —>Oaskz~>oo

But

1 (BT (A 20, ) (8) = T, (8 +1k) = g7 (@, (84 1), A)
— JT1) - g @), N) = FF L, F0(0)
because g* is independent of ¢. Consequently,
HF*(A,EE) - lTIcHLz(_W,w) —0ask — oo,

for all w € (0, 00). Since the sequence {F*(X,Z;) — ¥} is bounded in L?, this
implies that F*(\,Zx) — ¥x — 0 weakly in L?. But g, — 0 weakly in L? by
standard results in functional analysis, so we now have that FT™(\,z;) — 0
weakly in L?. However, the weak sequential continuity of F+(},-) : H* — L?
implies that

FH(\z5) — FT(\T) weakly in L2

so we must have F*(\,Z) = 0. We now show that this implies z = 0, the
desired contradiction. Notice that z € C*(R), and set

0:(%)

2 (0a(t), () = ACHW, 7' () = M9} — [ + 0 >0

Then

d

whenever z = (u,v) is not identically zero. Since lim) oo |2(2)] = 0 because
z € H*Y, then (Cz(t),z(t)) = 0. This implies that (JCxz(t), gt (z(t),\)) =
for all t € R. Finally, z(¢) = 0 for all ¢.!

By combining the Sobolev imbedding H' ¢ L* on bounded sets and the
claim we have just proved, it is immediate to obtain that

H:L”n - 113“00 — 0.

Hence we have proved that F'(},-) is a proper map on the bounded subsets
of H'. Hence there must be a subsequence, still denoted by {z,}, such that

T, — ¢ strongly in H*.

! Of course, the same reasoning would apply to case (2).
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But then (A, z,) — (A, z) strongly, and in particular (A, z) € W because W
is closed. This finally proves that F~'(K) C W is compact in H', and also
that A = (—00,0) is admissible for F.

Third step: the choice of Aq.
It is well-known (see [64], theorem 11.5) that g defined in (6.7) belongs
to (—o0,0) and that there exists an element @y € H'(R) such that

e goe]

p(t)2dt = / h(H)? — a(t)po(t)%dt.

—o

wo(t) >0 forall t € R and Ao /

Furthermore, @o € H*(R) N C?(R) and satisfies the equation
@' (1) + {Xo + alt) p(?).
Setting zo = (o, @h), we find that ker Dy F (o, 0) = span{zo}-

Finally we observe that

) 10
DAD?, , H(t,0,0,)) = {o 0}

We are now ready to prove that the statements of Proposition 6.1 apply
with A(\) = D,F(),0) and the selected value Ag. Indeed, since ker A(A) is
one—dimensional,

A’()\o)[ker A()\D) N rge A(/\Q) = @

Moreover, codimrge A(\o) = dimker A(A\g) because A(Xg) is Fredholm of
index zero. Since

A'(r)[ker Dy F(Mo, 0)] = {(é 8) ulue kerDmF(Ao,O)} ,

A'(Ao)[ker A(Xo)] and rge A()\o) are complementary in L*:
A'(\o)[ker A(X\o)] @ rge A(No) = L2
Tn our situation, 7(Dy F(Xo,0) | Ao —&, Ao +¢]) = (=1)! = —1, and Theorem
6.1 applies. &
6.3 The general result

The topological degree allows us to handle more general hamiltonian systems
like

I3 (8) = VH(t, 2(t), \) (6.9)
where z € H*(R,R?>"), and H: R x R?Y x R — R satisfies
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(H1) H € C(R x R*™ x R) with H(t,-,\) € C*(R*") and D¢H(t,0,)) =0
forall t,A e R

(H2) The partial derivatives D¢H, D{H,DyDe¢H, D\DiH and D¢D\D¢H
exist and are continuous on R x R*Y x R.

(H3) For each A € R, D¢H(-,-,A) : R x RN — R*N is a C}—bundle map,
and Dy\DZH : Rx (R*V x R)— Ris a Cfe 5y —bundle map. .

(H4) D2H(-,0,0) and D\D2H(-,0,0) € L*(R).

(H*°) For all A € R, there exist two C§-bundle maps g¥(,-,A) and
g (-, A) s R x R2N — R*N such that
(1) g% (t,0,\) =g~ (¢,0,A) =0 forall t, A € R
(2) limt__,oo{DgH(t, & A) — Dgng(t, ENY = limt%-m{DgH(t, &N —
Deg™(t,&,\)} = 0, uniformly for £ in bounded subsets of R*Y

(3> g+(t + T+7 é) /\) - g+(t= fa >‘) = g_(t + T—7§> )‘> - g_(ta£7 A) =0 for
some T, T~ > 0 and for all (¢,£) € R x R2V.

We point out that (H*) describes again the “problems at infinity”.

Theorem 6.3 ([80]). Suppose that (HI1) to (H4) and (H™) are satisfied.
An open interval A is admissible provided that, for oll A € A, the following
conditions are satisfied.

(1) The periodic, linear Hamiltonian systems

Jz' — AT (t)z =0 and Jo' — A (t)z =0

have no characteristic multipliers on the unit circle.
(2) The asymptotic limit g% satisfies the following condition: If there is a
real, symmetric 2N x 2N —matriz C' such that

(g*(t,€0), JCE) > 0 for all € € REV\{0},

then {z € H' : F*(\,z) =0} = {0}.
(8) The asymptotic limit g~ satisfies the following condition: If there is a
real, symmetric 2N x 2N —matriz C such that

(g7 (t,&, ), JCE) > 0 for all € € R*V\{0},

then {z € H' : F~(\,z) = 0} = {0}.

(4) There is a point A\g € A such that

(i) k = dim N(\) is odd where N(A) = {u € C*(R,R?N) : Ju'(t) —
Ax(t)u(t) =0 and im0 u(t) = 0},

(i) for every u € N(Ag)\{0} there exists v € N(Xo) such that

/ (T, (BYu(t), v(t)) dt # 0 where T)\(t) = DADgH(t, 0,A) and
(’LZ’L) dim{T,\Q(-)u Tu e N(Ao)} = k.

Then a global branch of homoclinic solutions of (6.9) bifurcates at Ao in the

sense of Theorem 6.1 with X = H' and Y = L2.
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The proof of this theorem follows the same lines of the one presented for
the concrete example. We refer to [80] for the details.
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