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The present thesis is devoted to the study of a particular decomposition technique for
optimal transportation problems with convex cost. The aim is to find a partition of the space
in indecomposable subsets that ensures the existence of a map.

First of all let us introduce the problem. Consider two positive functions f and g in
R? such that their integrals evaluated on the whole space coincide. f will be the initial
distribution of mass and g the final. The “optimal transportation problem” consists in
finding the “best way” to move the mass from the initial to the final place.

This problem was introduced in 1781 by Gaspard Monge. He considered a function
t : R4 — R for which the local balance of mass holds:

/ fx)de = / g(y)dy, for any E C R? Borel. (1)
t=1(E) B

Such a function is called transport map.
Monge asked to find the best transport map where “best” means solving the following
problem (Monge Problem):

inf { /]Rd | — t(x)|f(z)dx : tis a transport}. (2)

From this idea many developments followed. Two of them are particularly worthy to be
mentioned. The first is due to L. Kantorovich: in 1942 he applied the machinery of linear
programming to the Monge problem to solve economics problems. The second is due to Y.
Brenier: in 1987 he used optimal transportation to prove a new projection theorem on the
set of measure preserving maps. His aim was the application to fluid mechanics. Optimal
transportation theory has been used for a wide number of application later: nonlinear



partial differential equations (PDEs), calculus of variations, probability, economics, statistical
mechanics, and many other fields. Nevertheless the core of this problem is far from being
trivial.

As we said above, this thesis is devoted to approach the Monge problem by means of a
decomposition argument. This task has been completed successfully for a strictly convex norm
cost by L. Caravenna in [I2] and for the case of a general norm cost by S. Bianchini and S.
Daneri in [8]. In this thesis we develop their arguments in order to face lower semicontinuous
and convex cost functions.

Since Monge wrote his “Mémoire sur la théorie des déblais et des remblais” where he
introduced the problem, the original statement has been generalized in many directions.
For instance, the euclidean norm |- | has been replaced by a general cost ¢ and f, g by two
positive probability measures u, v for which a local balance condition is required:

v(E) = pu(t Y (E)), for any E C R measurable.

As we mentioned before, the solution to the Monge problem is far from being trivial even
in Euclidean spaces. Consider for instance as p a Dirac delta and as v the sum of two Dirac
deltas. It is immediate to see that in this case the Monge problem does not admit solutions.
Moreorer, looking at it is evident that the constraint on the transport map ¢ is non linear.
This leads to a lot of difficulties in finding solutions.

To avoid this problem, in 1942 L.V. Kantorovich suggested a notion of weak solution to
the Monge problem. His idea consists in looking for transference plans instead of transport
maps (Monge-Kantorovich Problem). A transference plan is a probability measure 7 in
R% x R? such that its first marginal is equal to p (i.e. pu(A) = m(A x R?) for every A Borel
set) and its second marginal is equal to v (i.e. v(B) = n(R% x B) for every B Borel set).
Denoting by II(u, v) the class of plans, the problem becomes the following:

min { /Rdxw c(z, y)m(dzda’) : w € Ty, y)}. (3)

Contrary to the original one, the dependence of the new problem from 7 is linear.
Moreover, since the constraint m € II(u, v) is convex, weak-* topology can be used to provide
existence of solutions in the case ¢ is lower semicontinuous (see [21} [22]). Notice that when a
plan is concentrated on a graph we recover the Monge problem and when ¢ is a solution to
the Monge problem (Id x t)yu is an admissible plan. In this sense the problem proposed by
Kantorovich is a weak formulation of the original problem.

A key point in the history of the optimal transportation is the duality formulation
suggested by Kantorovich. This formulation is linked to the linear programming and it
starts from an easy idea: consider two functions ¢ € L'(u) and ¢ € L'(v) such that
Y(y) — ¢(z) < c(x,y) for m-almost every (z,y) € R? x R, where 7 € II(u, v) is optimal for
the problem . The idea consists in maximizing ¢ (y) — ¢(z) instead of minimising c(z,y).
This change of point of view is very important because under mild assumption the following
proposition holds:

(0.1) PROPOSITION: Let ¢ be a lower semi-continuous nonnegative function on



R? x R, and let i, v bet two Borel Probability measures on R. Then

inf/ c(z,y)dr = sup Y(y)dv — o(x)dp.
™ JRixRd ¥(y)—p(z)<c(wy) R Re

]_ . THE PROBLEM

After this brief introduction to the problem we are ready to state the problem. We
consider a non negative convex lLs.c. function ¢ : R* — R with superlinear growth and we
are interested in solving the following optimal transportation problem: given u,v € P(R?),
find a minimizer 7 of the problem

inf { /Rdxw co(z’ — ) n(dzda’), 7€ n(u,y)}, (4)

where TI(p, ) is the set of transference plans m € P(R% x R?) with marginals p, v respectively.
W.lo.g. we can assume that the above minimum (the transference cost C(u,v)) is not oo.

It is well known that in this setting the Monge-Kantorovich problem has a solution
(optimal transference plan) and a standard question is whether the Monge Problem admits a
solution (optimal transport map).

In this thesis we prove a decomposition result from which one deduces the existence of an
optimal transport map. The result is actually stronger, showing that for any fixed optimal
plan 7 it is possible to give a partition of the space R? into sets Sc’f which are essentially
indecomposable (a precise definition will be given in the following): it is standard from this
property of the partition to deduce the existence of an optimal map.

In the case of norm cost, there is a large literature on the existence of optimal maps: see
for example [T}, 12} [T}, [15] 16, 23]. The original Sudakov strategy has been finally implemented
in the norm case in [§]. In the case of convex cost, an attempt to use a similar approach of
decomposing the transport problems can be found in [14].

In order to state the main result, in addition to the standard family of transference
plans II(u, v) we introduce the notion of transference plan subjected to a partition: given
m € I(p,v) and a partition {S; = £~ 1(a)}qen of RY, with £ : RY — 2 Borel, let 7, be the
conditional probabilities of the disintegration of 7 w.r.t. {Sq x R%},,

= /Eam(da), m = fyp.



Define the family of probabilities v, as the second marginal of m, (the first being the
conditional probability of u when disintegrated on {Sy}4). Then set

(p, {v,}) == {71' = /ﬂ'um(da) with 7, € H(ua,va)}.

Clearly this is a nonempty subset of IT(u, v).

A second definition is the notion of cyclically connected sets. We recall that given a cost
c:R?x R? — [0,00] and a set ' C {c < oo}, the set S € R? is c-cyclically connected if for
every couple of point x, 2’ € S there are a family (z;,y;) € T, 4 =0,..., N — 1, such that

c(Tit1 mod Ny ¥i) < 00 and zo =z, @' = x; for some j € {0,...,N —1}.

When the cost c is clear from the setting, we will only say cyclically connected.

We will need to define the disintegration of the Lebesgue measure on a partition. The
formula of the disintegration of a o-finite measure w w.r.t. a partition {S, = £71(a)}, is
intended in the following sense: fix a strictly positive function f such that @’ := fw is a
probability and write

w=flo = / (f'wl)o(da), o=fw.

It clearly depends on the choice of f, but not the property of being absolutely continuous as
stated below.

We say that a set S C RY is locally affine if it is open in its affine span aff S. If {S,} is
a partition into disjoint locally affine sets, we say that the disintegration is Lebesgue regular
(or for shortness reqular) if the disintegration of £? w.r.t. the partition satisfies

Ed\_uﬂsaz / &an(da), LK HhLSa, h = dim aff S,.
2
At this point we are able to state the main result.

(1.1) THEOREM: Let € II(u,v) be an optimal transference plan, with u < L. Then
there exists a family of sets {S" O} n=o,....a in R such that the following holds:
ae

ah
1. S is a locally affine set of dimension h;

2. Ol is a h-dimensional convex set contained in an affine subspace parallel to aff S? and
given by the projection on R® of a proper extremal face of epic;

3. LYRL\ Up oSH) = 0;
4. the partition is Lebesgue regqular;

5. if m € I(p, {v"}) then optimality in is equivalent to
3 / { / Loy (2/ — z)m! (dzda’) | m" (da) < oo, (5)
h

where m =Y, [yn Thm" (da) is the disintegration of © w.r.t. the partition {SI xR}, o
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Figure 1: Theorem in the plane case, h = 0,1,2: the projection O” of the extremal
face of epic provides the convex cost Lor used in the decomposed transportation problems
7l e P(Z! x RY).

6. for every carriage I' of m € I(u, {v!}) there evists a pu-negligible set N such that each
Sé} \ N is Lon-cyclically connected.

Using the fact that cLon is linear, a simple computation allows to write

c(z’ — x)m(deda’) = Y [ c(a’ — z)whm"(da)
/ 38

zh: /th c(a' — z)lon (2’ — z)mim" (da) (6)

S [ fer o ([t [t i

where a® + b - 2 is a support plane of the face O”.

Following the analysis of [§], the decomposition {S O}, ; will be called Lyapunov
decomposition subjected to the plan 7. Note that the indecomposability of S" yields a
uniqueness of the decomposition in the following sense: if {S’g, O{f}k,b is another partition,
then by one obtains that OF C O (or O C OF) on SF NS (up to p-negligible sets),
and then Point (6) of the above theorem gives that Sf C S (or S» C S§). But then the
indecomposability condition for {S", O}, , (or {SE,Of}i ) is violated.

We remark again that the indecomposability is valid only in the convex set IT(u, {v"}) C
II(u, v), in general by changing the plan  one obtains another decomposition. In the case
v < L%, this decomposition is independent on m: this is proved at the end of Section
Theorem



2 . PRELIMINARY RESULTS

In order to illustrate the main result, we present some special cases. A common starting
point is the existence of a couple of potentials ¢, 1 (see [24] Theorem 1.3]) such that

P(z') —p(z) < c(z’ —x) for all 2,2’ € R?

and
(') — p(x) = c(a’ —x) for mae. (z,2') € R? x RY, (7)

where 7 is an arbitrary optimal transference plan. Since u, v have compact support and c is
locally Lipschitz, then ¢, 1 can be taken Lipschitz, in particular £%a.e. differentiable. By
@ and the assumption u < £¢ one obtains that for m-a.e. (z,2) the gradient V¢ satisfies
the inclusion

Vo(r) € 07 c(z' — ), (8)

being J~ ¢ the subdifferential of the convex function c.

Assume now c strictly convex. Being the proper extremal faces of epic only points, the
statement of Theorem gives that the decomposition is trivially {{95}7 Om}x, where O,
is some vector in R?. In this case for all p = V(x) there exists a unique ¢ = 2’ — z such
that holds. Then one obtains that O, = {q}.

The second case is when c is a convex norm: in this case the sets O" become cones C”*. This
case has been studied in [§]: in the next section we will describe this result more deeply,
because our approach is heavily based on their result.

The cases of convex costs with convex constraints or of the form h(||z' —z||), with h : Rt — R
strictly increasing and || - || an arbitrary norm in R? are studied in [14].

As an application of these reasonings, we show how can be used in order to construct
of an optimal map, i.e. a solution of the Monge transportation problem with convex cost
(see [13]): indeed, one just minimize among 7 € II(, {v"}) the secondary cost |- |?/2 (||
being the standard Euclidean norm), and by the cyclically connectedness of S one obtains
potentials {p! ¢}y, . Since p, v have compact support, then again these potentials are
uﬁ—a.e. differentiable, and a simple computation shows that 2’ — z is the unique minimizer of

@ —Vo(z) - 1
9 p+1on(p).

The fact that this construction is Borel regular w.r.t. h,a is standard, and follows by
the regularity properties of the map h,a — S O" in appropriate Polish spaces, see the
definitions at the beginning of Section

(2.1) COROLLARY: There ezists an optimal map T : R? — R? such that (I, T)su is
an optimal transference plan belonging to TI(u, {v!}).



Note that by varying 7w and the secondary cost one obtains infinitely many different
optimal maps.

(2.2) REMARK: In the proof we will only consider the case of u, v compactly supported.
This assumption avoids some technicalities, and it is fairly easy to recover the general case.

Indeed, let K,, /*R? be a countable family of compact sets and consider m, = TLK, x K, -
Assume that Theorem is proved for all m,: let (S;L’", OQ") be the corresponding decom-
position. Up to reindexing and regrouping the sets, one can take Ghom S Shand since
dim O™ is increasing with n, then o = Ol for n sufficiently large. Hence {SI, O}y, o is
the desired decomposition.

3. DESCRIPTION OF THE APPROACH

The main idea of the proof is to recast the problem in R%! with a 1-homogeneous cost &
and use the strategy developed in [§].
Define
= (LDﬁM» V= (Ovﬂ)ﬁy7
and the cost
t c( — %) t>0,
E(t,x) = ]]-(0,0) t= 07 (9)
400 otherwise,

where (¢,7) € Rt x RZ. Tt is clear that the minimisation problem (4)) is equivalent to

c(t -tz — 2')7(dtdzdt'dz’), 7 e l(p,v). (10)

/(R+ xR¢) x (R+xR4)

In particular, every optimal plan 7 for the problem (4]) selects an optimal 7 := ((1, I)x (0, ]I)) 4
for the problem and viceversa.
The potentials ¢, ¢ for can be constructed by the Lax formula from the potentials

¢, ¥ of the problem :

ot x) = CEmin {—v(@)+c(t,z—2)}, t>0 (11)



(1) = B(L.2) = —p(x)

2(0,2) = (0, 2) = —h(x)

c(1—t,—x)

Figure 2: The formulation in R4 as a HJ equation: in general in the common region
0 <t < 1it holds 1) < ¢, but in the (red) optimal rays and the depicted region the equality
holds.

It clearly holds

¢(0,$) = 1/’(0#3) = —1/1(55) and (Z5(].,.’E) = ¢(1ax) = —(ZS(ZL’),

so that the function ¢, are at t = 0,1 conjugate forward/backward solutions of the
Hamilton-Jacoby equation
dyu+ H(Vu) = 0, (12)

with Hamiltonian H = (c)*, the Legendre transform of c. (This is actually the reason for
the choice of the minus sign in the definition of (9).)
By standard properties of solutions to one has

ot,x) — (', 2') <e(t —t,x—2a), foreveryt>t >0, z,a’ € RY
and for all 7 optimal
b(z) — o(2) =e(z — 2), for T-a.e. z = (t,x),2' = (t',2') € [0, +o0) x R%.
Being ¢ a potential, it holds:
ot x) —o(t',2)) <c(t—t/,x—2a'), foreveryt>t €R" and z,2’ € R%.

and for all 7 optimal

#(z) — p(2') = ¢(z — 2), Ta.e z = (t,x),2 = (t',2') € R%



Being ¢ a 1-homogeneous cost, one can use the same approach of [17] in order to obtain a
first directed locally affine partition {Z" ChYy, o, where Z! is a relatively open (in its affine
span) set of affine dimension h + 1, h € {0,...,d}, and C" is a convex extremal face of ¢ (a
cone due to 1-homogeneity) obtained by

Ch=R".0T¢(2), z=(tx)ec 2zl
The definition of 9% ¢ is the standard formula
Ite(z) == {7 €0, 400) x RY: 4(2 = d(z) =e(z' — 2)}.

By the results of [g], this first decomposition satisfies already many properties stated in
Theorem [L.1}

1. Z" is locally affine of dimension h + 1;
2. CI is an extremal cone of ¢ of dimension h + 1 parallel to Z";
3. H(Uh aZ ) =1

4. 7' € I(fa, v) is optimal iff

,i_o/ U Loy (2 — 2)(7')a | m(da) < oo

begin 7/ =Y, [(7")hm(da) the disintegration of 7" w.r.t. {Z xR}, ,.

We note here that this decomposition is independent on 7, because it is only based on
the potentials ¢, 1. Observe that the choice of the signs in yields that z and 2’ are
exchanged w.r.t. z,z’ in

A family of sets {Z" C’h}m1 satisfying the first two points above (plus some regularity
properties) will be called directed locally affine partition; the precise definition can be found
in Definition

While the indecomposability stated in Point @ is know to be not true also in the norm
cost case, the main problem we face here is that the regularity of the partition is stated in
terms of the Lebesgue measure £¢1, and this has no direct implication on the structure of
the disintegration of fi, begin the latter supported on {t = 1}.
The first new result is thus the fact that, due to the transversality of the cones C! w.r.t. the
plane {t = 1}, Up o Z0 N {t =1} is ’HdL{t:g}—conegligible and the disintegration of Hdl_{t:{}
w.r.t. Z is regular for all £ > 0, i.e.

7‘[ L{t=0}= Z/gh h da fh < Hh‘—ZQﬁ{t:{}~

Note that since C? is transversal to {t = t} by the definition of ¢, then Z" N {t = #} has
affine dimension h (and this is actually the reason for the notation). We thus obtain the first
result of the thesis, which is a decomposition into a directed locally affine partition which on
one hand is independent on the optimal transference plan, on the other hand its elements
are not indecomposable in the sense of Point @ of Theorem



3.1 : ere exists a directed locally affine partition , h.a Such that
THEOREM: Th 2 di d locally affi 2} zZh Cc’f , h th

a
1. HA{t = 1} \ Up.aZh) = 0;
2. the disintegration of Hdl_{tzl} w.r.t. the partition {Zg};ha is reqular;

3. T is an optimal plan iff
Z / lon(z - Nl (dzdz"ym" (da) < oo,
h

where m =Y, [ whm"(da) is the disintegration of © w.r.t. the partition {Z! xR*1}, ..

Now the technique developed in [§] can be applied to each set Zg with the cost Cc’f and
marginals ﬂg and Ef. As it is shown in [§], the next steps depend on the marginal Dg, SO
that one need to fix a transference plan 7 in the theorem. In general this first decomposition
is not Igr-cyclically connected in the sense of Point @, so that further partitioning has to
be performed.

For simplicity we fix here the indexes h,a, while in general in order to obtain a Borel

construction one has to consider also the dependence h, a — Z;L, Ch.

h
a

and cost 1on. The analysis of [8] yields a decomposition of Z into locally affine sets Z g'

In each Z! the problem thus becomes a transportation problem with marginals p”, 7

of affine dimension h’ + 1, together with extremal cones Cg/ such that {Z%, Cgl}h/ﬁ is a
locally affine directed partition.

The main problem is that the regularity of the partition refers to the Lebesgue measure in
R while we need to disintegrate plt < H"_;—1y. The novelty is thus that we use the
transversality of the cones C w.r.t. the planes {¢ = t} is order to deduce the regularity of
the partition.

A similar approach is used also in the decomposition with the potentials above.

Refined partition with cone costs

To avoid heavy notations, in this section we set Z = Z" ' = C" and with a slight abuse

of notation ji = ul, v = vh.
Fix a carriage

Fc{w-welln({t=1}x{t=0})
of a transport plan 7 € II(fi, ) of 1 x-finite cost, and let w, be countably many points such
that
{wn}n C p1I" C clos{w, }n,
where p; denotes the projection on the i-th component of (w,w’) € R" x R" i =1,2.

For each n define the set H,, of points which can be reached from w,, with an axial path
of finite cost,

H, = {w :3I €N, {(wl,w;)};l cro (w1 =w, A wip —w) € C’)},



and let the function 6’ be given by

0 (w) := Z 37 "xm, (w).

Notice that 6’ depends on the set I' and the family {w, },.

The fact that C'N {t =t} is a compact convex set of linear dimension h allows to deduce
that the sets H,, are of finite perimeter, more precisely the topological boundary dH, N{t = ¢}
is H"~!-locally finite, and that 6 is SBV in Rt x R".

The first novelty of this thesis is to observe that we can replace 6’ with two functions
which make explicit use of the transversality of C: define indeed

O(w) := sup {9'(w’),w’ € pol' N {w — C}} (13)

and let ¥ be the u.s.c. envelope of 6. It is fairly easy to verify that 6'(w) = ¢'(w') = 8(w) =
f(w') for (w,w’) € T' (Lemma , and moreover can be seen as a Lax formula for the
HJ equation with Lagrangian 1..

Again simple computations imply that 8 is SBV, and moreover being each level set a union
of cones it follows that {6 > ¥} N {t =t} is of locally finite H"~!-measure. Hence in each
slice {t = £}, ¥ > 0 only in H"-negligible set, and for ¥ the Lax formula becomes

9(w) := max {ﬁ(w/), w' € pol N {w — C}}.

We now start the analysis of the decomposition induced by the level sets of 6 or ¥. The
analysis of [8] yields that up to a negligible set N there exists a locally affine partition
{Zg/, Cg'}h/ﬂ: the main point in the proof is to show that the set of the so-called residual
points are H"-negligible is each plane {t = £} and that the disintegration is ’HhL{tzl}—regular.
Since the three functions differ only on a ji-negligible set, we use 8 to construct the partition
and ¢ for the estimate of the residual set and the disintegration: the reason is that if
(w,w') € I' then (w) = O(w'), relation which is in general false for ¥ (however they clearly
differ on a 7-negligible set, because i < ’HhL{t:l}).

The strategy we use can be summarized as follows: first prove regularity results for ¢
and then deduce the same properties for 6 up to a H’{’t:t—}—negligible set. We show how this
reasoning works in order to prove that optimal rays of # can be prolonged for ¢t > 1: for
H' 1—1y-a.e. w there exist £ > 0 and w” € w + C'N{t=1+c¢} such that O(w”) = O(w).
This property is known in the case of HJ equations, see for example the analysis in [9] (or
the reasoning in Section .

The advantage of having a Lax formula for o is that for every point w € Rt x R” there
exists at least one optimal ray connecting w to t = 0: the proof follows closely the analysis
for the HJ case. Moreover the non-degeneracy of the cone C' implies that it is possible to
make (several) selections of the initial point Rt x R% 3 w + w’(w) € {t = 0} in such a way
along the optimal ray Jw,w’(w)] the following area estimate holds:

HM(A) > <i>h7-lh(At), A = {(1 - i)w + Ew'(w),w € At}7



where A; C {t =t} (see [9] [I7] for an overview of this estimate). In particular by letting
t \,t one can deduce that HhL{t=f}-a.€. point w belongs to a ray starting in {¢ > t}. Since
0 differs from ¢ in a H?t:{}-negligible set, one deduce that the same property holds also for
optimal rays of 6.

The property that the optimal rays can be prolonged is the key point in order to show
that the residual set N is th_{t:g}—negligible for all £ > 0 and that the disintegration is
regular.

The technique to obtain the indecomposability of Point @ is now completely similar to
the approach in [§]. For every T, {w,},, one construct the function r, and the equivalence
relation

Er, == {0ru, (w) =0r, (w')},

then prove that there is a minimal equivalence relation E given again by some function 0, and
deduce from the minimality that the sets of positive fi-measure are not further decomposable.
Since 1 < Hh‘—{t:l}a one can prove that Point @ of Theorem holds.

We thus obtain the following theorem.

(3.2) THEOREM: Given a directed locally affine partition {Z", C"}}, o and a transfer-
ence plan T € (i, v) such that

T = alm"(da), Len(z — 2l (dzdz') < oo, (14)
S

then there exists a directed locally affine partition {Z‘};’f, C’:’g}h%g,b such that

1. Zf)’f C Z" has affine dimension £+ 1 and C’i’f is an (£ 4 1)-dimensional extremal cone
of C"'; moreover aff ZI" = aff(z + Ch) for all z € Z";

2. HAU{t = 1} \ Unpaseu Z0t) = 0;

3. the disintegration of H y_1y w.r.t. the partition {Z}¢ ., ¢ = (a,b), is regular, i.e.

HeL ey = Z/ffﬁf(dc)v EE < H L genpmny;
¢

4. if ® € (i, {vh}) with vt = (p2)y7h, then 7 satisfies iff

T = Z/ﬁfme(dc), /]lcg(z — 27t < oo;
J4

5. if £ = h, then for every carriage I of any 7 € I(ji, {D"'}) there exists a fi-negligible set
N such that each Zf’: \ N is 1 n.n-cyclically connected.
’ a,b

The proof of Theorem [I.1] is now accomplished by repeating the reasoning at most d
times as follows.

First one uses the decomposition of Theorem to get a first directed locally affine
partition.



Then starting with the sets of maximal dimension d, one uses Theorem in order to obtain
(countably many) indecomposable sets of affine dimension d + 1 as in Point of Theorem
The remaining sets forms a directed locally affine partition with sets of affine dimension
h < d. Note that if C is an extremal face of ¢ and CL’y is an extremal fact of C7, then
clearly C:,’f is an extremal face of c.

Applying Theorem to this remaining locally affine partition, one obtains indecomposable
sets of dimension h + 1 and a new locally affine partition made of sets with affine dimension
< h, and so on.

The last step is to project the final locally affine partition {Z" C"}; , of RT x R? made
of indecomposable sets (in the sense of Point of Theorem in the original setting R<.
By the definition of ¢ it follows that ¢(—z) = ¢(1, ), so that any extremal cone C? of ¢
corresponds to the extremal face O = —C" N {t = 1} of c¢. Thus the family

Sh.=zhn{t=1}, O"':=-Cln{t=1}
satisfies the statement, because p({t = 1}) = v({t =0}) = 1.

(3.3) REMARK: As a concluding remark, we observe that similar techniques work also
without the assumption of superlinear growth and allowing ¢ to take infinite values. Indeed,
first of all one decomposes the space R? into indecomposable sets Sy w.r.t. the convex cost

C := clos{c < o0},

using the analysis on the cone cost case. Notice that since w.l.0.g. C has dimension d, this
partition is countable.

Next in each of these sets one studies the transportation problem with cost c¢. Using the
fact that these sets are essentially cyclically connected for all carriages I', then one deduces
that there exist potentials ¢g,1g, and then the proof outlined above can start.

The fact that the intersection of C (or of the cones C") is not compact in {t =t} can be
replaced by the compactness of the support of u, v, while the reqularity of the functions 6, 0
and ¥ depends only on the fact that C N {t =t} is a convex closed set of dimension d (or h
for Ch).



4. A CASE STUDY: THE BIDIMENSIONAL CASE

In the last part of this thesis we consider a special case in order to better explain our
procedure. The bidimensional case of the problem (i.e. when d = 2) is the first case
where the function 6 is required in the reduction argument. Similarly to the general case we
consider the embedding in [0, +00) x R?, the 1-homogenous convex cost ¢, and the potentials
¢ and .

A first directed locally affine partition {Z%, C’g}he{071,2}7a is given by the existence of
the potentials. We recall that this partition is made of (h 4 1)-dimensional subspaces of
[0, +00) x R? which their intersection with {t = 1} is a h-dimensional convex set corresponding
to a face of epic.

Then we investigate each subset of the partition according to their dimension: we fix h
and we show how to face each subset.

When h = 0 the subsets {Z?, C0}, give naturally a map and £2 are Dirac deltas in the
disintegration

H2'—{t:{}mua 70= /§Sn0(da), where £ > 0.

The case h = 1 can be refined directly: with an explicit computation we decompose each
subset in the sum of 1-dimensional subsets in [0, +00) x R? and indecomposable subsets as
in point [5| of Theorem It remains to prove the regularity of the disintegration: the proof
relies in the following proposition:

(4.1) PROPOSITION: Lett >0, U be a relative open subset of {t =t}, and {Z}}acaN
U a family of segments such that for H*-almost every z € U there is a such that z € Z} and

for every a,d’ € a, int,waZiNZL #0 = a=4d.

H2L{t:g}mun Z1= /fclﬂ]l(da), and fcll < 7‘[1.

To conclude we treat the case h = 2. Contrary to the previous case it is not possible to
refine subsets directly and therefore we apply the analysis made with 6 in the general case.
Notice that the disintegration in this case is trivial.

By the above procedure we refine the partition given by the potentials as in Theorem
32l and therefore we can conclude as in Theorem [Tl This means that also in this case we
provide a solution to the Monge problem.



5 . STRUCTURE OF THE THESIS

The thesis is divided into two main parts: in the first we analyze the general case and in
the second the case study.

5.1. THE GENERAL CASE

In detail the first part is organized as follows.

The problem is defined in Section and the embedded problem in the Subsection
In Subsection are introduced the potentials for this problem.

In Section [[.2] we introduce some notations and tools we use in the next sections. Apart
from standard spaces, we recall some definitions regarding multifunctions and linear/affine
subspaces, adapted to our setting. Finally some basic notions on optimal transportation
are presented. In particular we define the cyclically monotonicity and introduce the linear
preorder.

In Section we state the fundamental definition of directed locally affine partition
D = {Z! Ch}), o this definition is the natural adaptation of the same definition in [8], with
minor variation due to the presence of the preferential direction ¢. Proposition shows
how to decompose D into a countable disjoint union of directed locally affine partitions
D(h,n) such that the sets Z" in D(h,n) have fixed affine dimension, are almost parallel to a
given h-dimensional plane V" the projections of the Z" on V! contains a given h-dimensional
cube, and the projection of Cgl on V" is close a given cone C". The sets D(h, k) are called
sheaf sets (Definition [[.3.7)).

As we said in the introduction, the line of the proof is to refine a directed locally affine

partition in order to obtain either indecomposable sets or diminish their dimension of at
least 1: in Section u we show how the potentials ¢, ¥ can be used to construct a directed
locally affine partition. The approach is to associate forward and backward optimal rays
to each point in RT x R?, and then define the forward/backward regular transport set: the
precise definition is given in Definition we just want to observe that these points
are in some sense generic. After proving some regularity properties, Theorems ,
and Proposition shows how to construct a directed locally affine partition
D; = {Z!' Cl}p q, formula (L35).
The second part of the section shows that the partition induced by Zg covers all {t =1} up
to a H%negligible set and that the disintegration of H¢ w.r.t. Z;L is regular. Here we need to
refine the approach of [§], which gives only the regularity of the disintegration for £+ ;.
Proposition shows that in Hd\_{tzl} is regular and Proposition completes the
analysis proving that the conditional probabilities of the disintegration of Hd\_{t=1} are a.c.
with respect to ”HhLng{t:l}.

The next four sections describe the iterative step: given a directed locally affine partition



D such that the disintegration of Hdl_{tzl} is regular, obtain a refined locally affine partition
D’, again with a regular disintegration, but such that the sets of maximal dimension are
indecomposable in the sense of Point @ of Theorem

First of all in Section we define the notion of optimal transportation problems in a
sheaf set {Z" C"},, with h-fixed: the key point is that the transport can occur only along
the directions in the cone C’g, see ([.38). For the directed locally affine partition obtained
from ¢, this property is equivalent to the optimality of the transport plan. We report a
simple example which shows why from this point onward we need to fix a transference plan,
Example
The fact that the elements of a sheaf set are almost parallel to a given plane makes natural
to map them into fibration, which essentially a sheaf set whose elements sz are parallel.
This is done in Section and Proposition shown the equivalence of the transference
problems.

The proof outlined in Section [3]is developed starting from Section [[.0] For any fixed

carriage I' C {t = 1} x {t = 0} we construct in Section first the family of sets H,,, and
then the partition functions 6’ 8: the properties we needs (mainly the regularity of the level
sets) are proved in Section In Section we show how by varying I' we obtain a
family of equivalence relations (whose elements are the level sets of ) closed under countable
intersections.
The next section (Section uses the techniques developed in [6] in order to get a minimal
equivalence relation: the conclusion is that there exists a function @, constructed with a
particular carriage I', which is finer that all other partitions, up to a fi-negligible set. The
final example (Example address a technical point: it shows that differently from [§] it
is not possible to identify the sets of cyclically connected points with the Lebesgue points of
the equivalence classes.

Section strictly follows the approach of [§] in order to obtain from the fibration a
refined locally affine partition. Roughly speaking the construction is very similar to the
construction with the potential ¢: one defined the optimal directions and the regular points.
After listing the necessary regularity properties of the objects introduced at the beginning of
this section, in Section we give the analog partition function of the potential case and
obtain the refined locally affine partition D’ = {Zfib7 Cﬁ,b}&a’b‘

Section addresses the regularity problem of the disintegration. As said in the intro-
duction, the main idea is to replace § with its u.s.c. envelope ¥, which has the property that
its optimal rays reach ¢ = 0 for all point in Rt x R?. A slight variation of the approach
used with the potential ¢ gives that 'Hdl_{t:g}—a.e. point is regular (Proposition ) for
the directed locally affine partition given by ). Using the fact that § = 9 HhL{t:g}—a.e., one
obtains the regularity of ’HdL{t:t-}—a.e. point for the directed locally affine partition induced
by 6 (Corollary [[.5.6). The area estimate for optimal rays of ¥ (Lemma allows with an
easy argument to prove the regularity of the disintegration, Proposition

The final section (Section explains how the steps outlined in the last four sections can
be used in order to obtain the proof of Theorem [1.1



5.2. A CASE STUDY

The second part is devoted to a case study.

In Section we state the problem and we find a first directed locally affine partition
using the potential. Then we prove the area estimate for the optimal ray for the potential.
Successively we apply the area estimate to prove the regularity of this partition and in
particular that the residual set is negligible.

An analysis of the first directed locally affine partition with respect to the dimension
of the subsets is given in Section In this section we explain the particular techniques
used according to the dimension. In particular Subsection is devoted to comment the
case h = 0. Subsection [[[.27]is an explicit computation of the case h = 1: here it is shown
directly how to refine the problem. Subsection introduce the analysis of the case h = 2.

This analysis is developed in Section where we define 6 and use it to refine a Z2 in
the union of irreducible and lower dimension subsets.

In the last Section there is a report of the results obtained and the conclusion of the
argument.

5.3. APPENDIX

Finally in Appendix |A| we recall the result of [7] concerning linear preorders and the
existence of minimal equivalence relations and their application to optimal transference
problems.



I. 1 . SETTING

The main topic of this Thesis is the Monge problem in R¢. We consider a non negative,
lower semicontinuous, and convex real valued cost function ¢ : R* — R and the following
problem:

/ c(z —2')m(dzda’), = e Il(u,v). (L.1)
Rd xR4

Moreover, we assume ¢ with superlinear growth and locally bounded. In particular c is locally
Lipschitz and by super linear growth the proper faces of the epigraph of ¢ are bounded.

In this setting it can be proved the existence of a couple of potentials ¢ and 1) (see [24]
Theorem 1.3]) such that:

U(2') — p(z) < c(z—2')  forall z,2’ € R?

and
Y(2') — p(x) = c(z —2') for mae. z,2/ € RY x RY

I.1.1. EMBEDDING

In the following, we develop the strategy of [8]. To this purpose, we have to highlight an
affine structure that it is not evident in the problem [[.I] but it become clear if we recast the
problem in [0, +00) x R%.

pi= (1,0, v:= (0D,
and the cost
te(— %) ift >0,
c(t,x) = L(0,0) ift =0,
400 otherwise,
where (t,r) € RT x R%
It is straightforward that the minimisation problem is equivalent to

c(t—t',x —a')7(dtdedt'dz’), 7€ U(n,v). (1.2)

/(R+ R4 ) x (R+ xR?)

In particular, every optimal plan 7 for the problem selects an optimal 7 := ((1,1) x
(0, H))uﬂ for the problem ([.2).



For simplicity, we assume the supports of i and ¥ are compact sets as stated in Remark
The general case can be obtained by considering a countable union of disjoint compact
sets on which these measures are concentrated.

I.1.2. POTENTIALS
A couple of potentials for can be constructed by the Lax formula from the potentials
of the problem ([L.1f):

¢(t,x) = min { —(a’) +c(t,x —a)}, t>0 (1.3)

' €R4
and

U(t,x) = max {-9¢@@)—cl-ta' —2)}, t<1
x' €R4

(2. ~3())

P(x) = —6(0,z)
Figure 1.1: Equation The potential ¢ is constructed from the potentials ¢ and ).

Notice that the existence of max and min in our setting is standard since we assumed
growth estimate on ¢ and ¢ and v can be taken to be globally Lipschitz. Moreover:

(b(O,.%‘/) = _w(l'/) and (5(1756) = _Sp(x)'

(I.1.1) REMARK: Being ¢ a potential, it holds:

o(t,x) —p(t',2)) <c(t—t,x—21'), foreveryt>t €R" and z,2’ € R

b(2) —p(2) =c(z—2), for 7 optimal and T-a.e. z = (t,x),2 = (t',2") € [0, 400) x R%.



I. 2 . (GENERAL NOTATIONS AND DEFINITIONS

As standard notation, we will write N for the natural numbers, No= N U {0}, Q for the
rational numbers, R for the real numbers. The set of positive rational and real numbers
will be denoted by Q1 and R* respectively. To avoid the analysis of different cases when
parameters are in R or N, we set R%:= N. The first infinite ordinal number will be denoted
by w, and the first uncountable ordinal number is denoted by (2.

The d-dimensional real vector space will be denoted by R?. The euclidian norm in R? will
be denoted by |-|. For every k < d, the open unit ball in [0, +00) x R" with center z and radius
r will be denoted with B(z,7) and for every # € R* ¢ >0, B"(t,x,7):= B(t,x,r) N {t = t}.

Moreover, for every a,b € [0, +00) x R? define the close segment, the open segment, and
the section at ¢ = t respectively as :

[a,b] := {Aa+(1-Nb: A€ [0,1]},  Ja,bl:= {Aa+(1=N)b: A €]0,1[}, [a,b](F) := [a, b]N{t = E}.

The closure of a set A in a topological space X will be written clos A, and its interior by
int A. If ACY C X, then the relative interior of A in Y is int,eA: in general the space Y
will be clear from the context. The topological boundary of a set A will be denoted by 0A,
and the relative boundary is 0.c;A. The space Y will be clear from the context.

If A, A’ are subset of a real vector space, we will write

A+ A ={z472,2€ A, €A}

If T C R, then we will write
TA := {tz,t eT,ze A}.

The convex envelope of a set A C [0, 4+00) x R? will be denoted by conv A. If A C
[0, +00) x RY, its convex direction envelope is defined as

convgA := {t =1} N (R" - conv A).

If « € [], X;, where [], X; is the product space of the spaces X;, we will denote the
projection on the i-component as p;x or Pz;Z: in general no ambiguity will occur. Similarly
we will denote the projection of a set A C [], X; as p;A, pa; A. In particular for every ¢t > 0
and z € RY, py(¢,7) := z.

[.2.1.  FUNCTIONS AND MULTIFUNCTIONS

A multifunction f will be considered as a subset of X x Y, and we will write

flo)={yeY:(zy) cf}



The inverse will be denoted by

£ ={(y,2): (z,y) € f}.

With the same spirit, we will not distinguish between a function £ and its graph graph £,
in particular we say that the function f is o-continuous if graph f is o-compact. Note that
we do not require that its domain is the entire space.

If £, g are two functions, their composition will be denoted by go £.

The epigraph of a function f : X — R will be denoted by

epif := {(z,t) : £(z) < t}.

The identity map will be written as I, the characteristic function of a set A will be

denoted by
(2) 1 z€A,
x) =
xa 0 z¢A,

and the indicator function of a set A is defined by

0 =z€A,
La@) = {oo x ¢ A

1.2.2.  AFFINE SUBSPACES AND CONES

We now introduce some spaces needed in the next sections: we will consider these spaces
with the topology given by the Hausdorff distance dy of their elements in every closed ball
clos B(0,r) of RY, i.e.

(A, A") =Y 27"du (AN B(0,n), A’ N B(0,n)).

for two generic elements A, A’.

We will denote points in [0, +00) x R? as z = (¢, z).

For h,h',d € Ny, ' < h < d, define G(h, [0, +00) x R?) to be the set of (h+1)-dimensional
subspaces of [0,4+00) x R? such that their slice at ¢t = 1 is a h-dimensional subspace of
{t = 1}, and let A(h, [0, +00) x R%) be the set of (h + 1)-dimensional affine subspaces of
[0, +00) x R? such that their slice at ¢ = 1 is a h-dimensional affine subspace of {t = 1}. If
V € A(h, [0, +o0) x RY), we define A(K', V') C A(R/, [0, +00) x R%) as the (h'+1)-dimensional
affine subspaces of V such that their slice at time ¢t = 1 is a h’-dimensional affine subset.

We define the projection on A € A(h, [0, +00) x RY) with # fixed as ply:

pfﬁl(ﬂ .’L‘) = (t_? PAn{t:E}x) .

If AC[0,+00) x R%, then define its affine span as

aff A:= {Ztizi,iEN,ti eR,z EA,Zti = 1}



The linear dimension of the set aff A C [0, +00) x R? is denoted by dim A. The orthogonal
space to span A := aff(4 U {0}) will be denoted by A*. For brevity, in the following the
dimension of aff A N {¢t = ¢} will be called dimension at time t (or if there is no ambiguity
time fized dimension) and denoted by dimg A.

Let C(h, [0, +o0) x RY) be the set of closed convex non degenerate cones in [0, +o0c0) x R4
with vertex in (0,0) and dimension h+ 1: non degenerate means that their linear dimension is
h+1 and their intersection with {¢ = 1} is a compact convex set of dimension h. Note that if
C € C(h,[0,00)xR%), then aff C € A(h, [0, 00)xR%) and conversely if aff C' € A(h, [0, 00) x RY)
and C' N {t = 1} is bounded then C € C(h, [0, ) x R9).

Set also for C' € C(h, [0, +o0) x R?)

DC:=Cn{t=1},

and

DC(h, [0, +o0) x R?) := {DC: C € C(h, [0, +00) x RY)}
= {K c {t=1}: K is convex and compact}.

The latter set is the set of directions of the cones C € C(h, [0, +00) x RY). We will also write
for V€ G(h, [0, +00) x R?)

C(h',V):={CeC(N,[0,40) xRY) :af C C V}, DC(h,V):={DC:C € C(h,V)}.

Define K(h) as the set of all h-dimensional compact and convex subset of {¢t = 1}. If
K € K(h), set the open set

K(r) == (K + B¥(0,r)) Naff K. (1.4)

Define K (r):= clos K (r) € K(h). Notice that K = N, K (27").
For r < 0 we also define the open set

K(—r):= {z e{t=1}:3e>0 (B* (z,r + ) naff K C K)}7 (L5)

so that int,q K = U, K(—2""): as before K(—r) := clos K(—r) € K(h,[0,+00) x RY) for
0<—r<l.

If V is a h-dimensional subspace of {t =1}, K € K(h) such that K C V and given two
real numbers 7, A > 0, consider the subsets L4 (h, K, 7, \) of K defined by

La(h, K, 7, \) = {K’ e K(h): (i) K(~r) C pvK’,
(ii) py K’ C K,
(i41) du(pv K', K') < /\}. (L6)

The subscript d refers to the fact that we are working in {t = 1} x R%.
Recall that according to the definition of C' € C(h, [0, +o00) x R?), CN{t = 1} is compact.
Define

L(h,C,r, ) == {c € C(h,[0,400) x RY) : O N {t =1} € Ly(h, K, 7, /\)}.



I. THE GENERAL CASE

(a) The sets K(—r), K(r) for a given K € K(h). (b) The set Lq(h, K,r, ).

Figure 1.2: The sets defined in , and .

It is fairly easy to see that for all 7, A > 0 the family
S(h, 7, \) = {L(h, O, N),C € C(h, [0, +00) x RY),0 < ' < 7,0 < N < )\} (L7)

generates a prebase of neighborhoods of C(h, [0, +00) x R?). In particular, being the latter
separable, we can find countably many sets L(h, Cp, 7, A\n), n € N, covering C(h, [0, +00) x
R%), and such that (C, N {t = 1})(—r,) € K(h).

Let C € C(h, [0, 4+00) x R?) and r > 0. For simplicity, we define

C(r) == {0} URT - <(DC + BHY(0,7)) Naff Dc),

C(=r):= {0} URT . {z e{t=1}:3e>0 (B! (z,r +e)Naf DC C ’DC’)},
C(r):=closC(r) and C(-r):=closC(-r).

Notice that @ can be rewritten using these new definitions.

1.2.3. PARTITIONS

We say that a subset Z C [0, 4+00) x R? is locally affine if there exists h € {0,...,d} and
V € A(h, [0,+00) x R%) such that Z C V and Z is relatively open in V, i.e. int,qZ # 0.



Notice that we are not considering here 0-dimensional sets (points), because we will not use
them in the following.

A partition in [0, +00) x R? is a family Z= {Z,}qeq of disjoint subsets of [0, +00) x R
We do not require that Z is a covering of [0, +00) x R, i.e. UgZy = [0, +00) x R%

A locally affine partition Z = {Z,}qca is a partition such that each Z, is locally affine.
We will often write

d
z=\J2" 2z"={Z,acA:dim Z,=h+1},
k=0

and to specify the dimension of Z, we will add the superscript (dim Z, — 1): thus, the sets in
Zh are written as Z”, and a varies in some set of indexes 219~" (the reason of this notation
will be clear in the following. In particular A¢—" C R4-h).

[.2.4. MEASURES, DISINTEGRATION, AND TRANSFERENCE PLANS

We will denote the Lebesgue measure of [0, +00) x R? as £4*! and the k-dimensional
Hausdorff measure on an affine k-dimensional subspace V as HLy-. In general, the restriction
of a function/measure to a set A € [0, +oc) x R? will be denoted by the symbol . 4 following
the function/measure.

The product of two locally finite Borel measures wy, w; will be denoted by wg ® w; .

The Lebesgue points Leb(A) of a set A C [0, +00) x R? are the points 2z € A such that

I Ed+1(AﬂB(z,r))_
'S0 LB(B(z,r)

If w is a locally bounded Borel measure on [0, +00) x R?, we will write w < LI*! if w is
a.c. w.r.t. LT and we say that z is a Lebesque point of w < L1 if

. 1 ' d+1( g,
2220 Al s /BW) [£(2") — £() L4 (d2') = 0,
where we denote by f the Radon-Nikodym derivative of @ w.r.t. £1 ie. w = £L£¥*!. We
will denote this set by Leb w.

For a generic Polish space X (i.e., a separable and complete metric space), the Borel sets
and the set of Borel probability measures will be respectively denoted by B(X) and P(X).
The Souslin sets %1 of a Polish space X are the projections on X of the Borel sets of X x X.
The o-algebra generated by the Souslin sets will be denoted by 6.

Two Radon measures g, w; on X are equivalent if for all B € B(X)

WQ(B) =0 <= wl(B) =0,

and we denote this property by wgy ~ w;.



If @ is a measure on a measurable space X and f : X — Y is an w-measurable map,
then the push-forward of o by f is the measure f4w on Y defined by

f4w(B) = w(f !(B)), forall B in the o-algebra of Y.
Finally we briefly recall the concept of disintegration of a measure over a partition.
(I.2.1) DEFINITION: A partition in R is a family {Z,}qea of disjoint subsets of
R?. We say that {Z,}aea is a Borel partition if 2 is a Polish space, UQ[Zu is Borel and
ac

the quotient map h : UQ‘ZCl — 2, h: 2z — h(z) = a such that z € Z,, is Borel-measurable.
ac
We say that {Z,}aco is o-compact if A C R* for some k € N, Um Z4 is o-compact and h is
ac

o-continuous.

The sets in the o-algebra {h=!(F): F € B(A)} are also called in the literature saturated
sets. Notice that we do not require {Z,}qca to be a covering of R?.

(I.2.2) DEFINITION: Given a Borel partition in R? into sets {Z,}qea with quotient
maph : UmZa — A and a probability measure @ € P(R?) s.t. w( UmZa) =1, a disintegration
ac ac

of @ w.r.t. {Zy}aca is a family of probability measures {wq }acar € P(RY) such that
2> ars we(B) is an hyww-measurable map V B € B(R?), (1.8)

w(BNh H(F / wa(B) dhyw(a), VB e BRY, F e BA). (1.9)

As proven in Appendix A of [6] (for a more comprehensive analysis see [19]), we have the
following theorem.

(I.2.3) THEOREM: Under the assumptions of Definition the disintegration
{@a}acu is unique and strongly consistent, namely

ifars wl, ar @? satisfy (LY)-9) = wl=w?> for hyw-a.e. a €
we(Za) =1 forhgpw-ae acl

The measures {wq }qen are also called conditional probabilities.
To denote the (strongly consistent) disintegration {wg}qeu of a probability measure
@ € P(RY) on a Borel partition {Z,}aea we will often use the formal notation

w = / wadm(a), wa(Zs) =1, (1.10)
2

with m = hyw, h being the quotient map.

Since the conditional probabilities @, are defined m-a.e., many properties (such as
wa(Zq) = 1) should be considered as valid only for m-a.e. a € : for shortness, we will often
consider the w, redefined on m-negligible sets in order to have statements valid Va € 2.

We also point out the fact that, according to Definition [[.2.2] in order that a disintegration
of w over a partition can be defined, @ has to be concentrated on the union of the sets of



the partition (which do not necessarily cover the whole R?). In general, if we remove this
assumption, since the formulas ([.8)-(I.9)) make sense nonetheless for B C U Z,, by means
acA

of formula (L.10) we “reconstruct” only wr. ( z, .
aeA
Let m' € P(A), {w) }aca € P(R?) such that

A5 ar wi(B) ism/-measurable, VB € B(R?).

Then, one can define the probability measure @’ on R? by
=(B) = / = (B)dm'(a), VB e B[R, (1.11)
2A

The measure defined in ([.11)) will be denoted as

w'z/w;dm’.
2

Notice that, despite the notation is the same as in ([.10]), the family {cw}}aca in the above
definition is not necessarily a disintegration of w@’, both because the measure m’ is not
necessarily a quotient measure of a Borel partition and because the measures @/ are not
necessarily concentrated on the sets of a partition. In the rest of the thesis, such an ambiguity
will not occur, since we will always point out whether a measurable family of probability
measures is generated by a disintegration or not.

(I.2.4) REMARK: If instead of @ € P(R?) we consider the Lebesque measure L% (more
generally, a Radon measure) a disintegration {vq}acu s to be considered in the following
sense. First choose a partition {A;}ien of R into sets with unit Lebesgue measure, then let

L g = /va,idm(a), ni i =hylla,,
be the standard disintegration of the probability measure LI 4,, and finally
Vg 1= Z 2iva,i7 n:= Z 2_i77i-
i i

Clearly, in this definition the “conditional probabilities” vy and the “image measure” n depend
on the choice of the sets {A;}ien.

[.2.5. OPTIMAL TRANSPORTATION PROBLEMS

For a generic Polish space X, measures pu,v € P(X) and Borel cost function ¢ : X x X —
[0, 00], we will consider the sets of probability measures

M(p,v) = {7r EPX x X): (p1)gm = p, (p2)pm = V}, (1.12)



I (p, v) == {w € O(u,v): /XXX cdr < —i—oo}, (I1.13)

TIoP (1, v) = {w € (p,v) : / cdr =  inf / cdﬂ"}. (1.14)
XxX m'ell(nw) Jx xx

The elements of the set defined in ([.12)) are called transference or transport plans between p
and v, those in (.13)) transference or transport plans with finite cost and the set defined in
(1.14)) is the set of optimal plans. The quantity

C(p,v):= inf cdm
() WEH(HW)/XXX

is the transportation cost.
In the following we will always consider costs and measures s.t. C(u,r) < 400, thus

I (1, v) # 0.

(I.2.5) REMARK: The Monge-Kantorovich problem can be rephrased in this context
as TP (p, v) # 0.

We recall (see e.g. [6 20]) that any optimal plan 7 € TISP*(u, v) is c-cyclically monotone,
i.e. there exists a o-compact carriage I' C X x X such that #(T') = 1 and for all T € N,

{(zi,y)} C T,
I I
Zc(xivyz ZC x1+1ay1
i=1 i=1

where we set 711 := x1. Any such T is called c-cyclically monotone carriage. However, in
order to deduce the optimality of a transference plan the c-cyclical monotonicity condition
itself is not sufficient and one has to impose additional conditions. Most of the conditions in
the literature exploit the dual formulation of Monge-Kantorovich problem (see [25]), namely

own= s | [o@d)+ [ ) : 6w+ v <o)}

& ji-meas. and © v-meas.
For example (see Lemma 5.3 of [6]) if there exists a pair of functions
¢, : X = [-00,+0), ¢ p-measurable and ¢ v-measurable, (1.15)
P(y) —o(x) < c(z,y), Va,yeX,

P(y) — ¢(z) = c(x,y), m-ae. for some 7 € I (u,v), (I.16)

then ¢, v are optimizers for the dual problem and 7 € IT1%"*(u, ). Conditions on the cost
guaranteeing the existence of such potentials (and indeed of more regular ones) are e.g. the
following ones:

1. cis Ls.c. and satisfies c(z,y) < £(z) + g(y) for some £ € L1(pn), g € L*(v) ([22]);



2. c is real-valued and satisfies the following assumption ([I])
o({v: [ clemduta) < +00}) >0 u({os [clomivy) < +00}) >0

3. {c < 40} is an open set O minus a u ® v-negligible set N ([3]).

The weakest sufficient condition for optimality, which does not rely on the existence of
global potentials and implies the results recalled above, has been given in [6].

[.2.6. LINEAR PREORDERS, UNIQUENESS AND OPTIMALITY

Let ¢ : X x X — [0,+00] be a Borel cost function on a Polish space X such that
c(z,r) =0 for all x € X, let u, v € P(X) be such that 1T (y,v) # 0 and let T € X x X be a
c-cyclically monotone carriage of some 7 € ITf (i1, v) satisfying w.lo.g. {(z,2): v € X} CT.
A standard formula for constructing a pair of optimal potentials is the following: for fixed
(x0,90) € T and (x,y) € T, define

I
¢(z) = inf { Z c(Tit1,y:) — (@i, yi) : (@i, ys) €T, I €Ny = x}, (I.17)
i=0

P(y) = c(z,y) + ¢().

If one of the assumptions (1)-(3) holds, then this ¢, 1 satisfy -. However, for
general Borel costs c, the assumptions (1)-(3) are not satisfied. In particular, for any choice
of (zo, o), there may be a set of positive y-measure on which ¢ is not well defined (namely,
the infimum in is taken over an empty set) or takes the value —co (see the examples
in [6]).

To explain why this can happen and briefly recall the strategy adopted in [6] to overcome
this problem in a more general setting, we need the following definition.

(I.2.6) DEFINITION: An awial path with base points {(z;,y;)}]_; C T, I € N, starting
at x = x1 and ending at x’ is the sequence of points

(ﬂﬂayl) = (Iuyl)a (zZayl)v cees (Iivyi—l)a (Imyi% ($i+1,yi), cees (II,yI% ($,791)~

We will say that the axial path goes from x to z’: note that x € p1I". A closed axial path or
cycle is an axial path with base points in I' such that x = 2’. A (T, ¢)-azial path is an axial
path with base points in I" whose points are contained in {c < oo} and a (T, ¢)-cycle is a
closed (T, c)-axial path.

Notice that, in order that is well defined, for p-a.e. point € p1I" there must be a
(T, c)-axial path going from z to x. Moreover, being I c-cyclically monotone, ¢ is surely
finite valued in the case in which for p-a.e. point & € piI' there exists also a (T, ¢)-axial
path going from x to z( (and thus to a.a. any other point in I'). In particular,  and x are
connected by a (I', ¢)-cycle.



The first idea in [6] is then to partition X into the equivalence classes {Z,}qeq induced
by the (T, c)-cycle equivalence relation and disintegrate u, v over {Z,}qaco and m over

{Za X Zb}u,bEQl~
Since c(z,z) =0 Va € X and T D graph[, then (x,y) € T implies that = and y belong
to the same (T', c)-cycle (consider the path (z,v), (y,v), (y,vy), (z,y)) and in particular that

W<U Zy X Za) =1 (1.18)

ac

If the disintegration is strongly consistent (see Theorem [[.2.3]), we get

I /uadM(a), ta(Za) =1,

v= /ua dm(a), ve(Z4) =1,
T = /Waa dI x D)pm(a), wa(Zq X Zq) =1, (1.19)

where m = hyp = hyv because there exists at least a plan in ITf (i, v) —in this case 7— such
that is satisfied.

Notice that the fact that 7 is concentrated on the diagonal equivalence classes {Z, x
Za}aest, i.e. formula , is equivalent to say that the quotient measure (h x h)z7 satisfies

(h X h)#’fr = (]I X ]I)#m,

i.e. it is concentrated on the diagonal of A x 2 (see (L19)).

Now, as a consequence of the fact that pg-a.a. points in Z, can be connected to p4-a.a.
other points in Z, by a (I'N Zq X Zg, c)-cycle and Imqq € 1 (g, v4) c-cyclically monotone
which is concentrated on I'N Z, X Z,, using we are able to construct optimal potentials
Gay Ya @ Zg — [—00, +00) for the transportation problem in II(ug,v,) and conclude that

t
Taa € 1P (ta, va), for m-a.e. a.

Let us then consider another 7’ € ITf (1, v). After the disintegration w.r.t. {Z, x Zp }a,pea
we get

= /ﬂgbdm’(a, b), mhp(Za X Zy) =1,

with

m e 1/,

(hxh)#c(m,m), where (h xh)gc(a,b) = inf c(z,y).

Za X Z[,
Hence one has the following theorem, which gives a sufficient condition for optimality

based on behavior of optimal transport plans w.r.t. disintegration on (I', ¢)-cycle equivalence
relations.



(I.2.7) THEOREM: LetT be a c-cyclically monotone carriage of a transference plan
7 € TS (u,v). If the partition {Zy}aeq w.r.t. the (T',c)-cycle equivalence relation satisfies

the disintegration on {Z4}qca is strongly consistent, (1.20)

7r’ (U Zq X Za) =1, V7' elt!(uv), (1.21)
a

then 7 is an optimal transference plan.

Indeed, if ([.20) and ([.21)) are satisfied, then 7’ = [ 7}, d(I x I)xm(a) with 7, €
I/ (144, v4) and one obtains the conclusion by integrating w.r.t. m the optimality of the
conditional plans 744, namely

[ et draaten) < [ elesy) dnia(e.n)

The second crucial point in [6] is then to find weak sufficient conditions such that the
assumptions of Theorem are satisfied.

Before introducing them, we show how the request that the sets of a Borel partition
satisfying coincide with the equivalence classes of the (T, c)-cycle relation can be
weakened, yet yielding the possibility of constructing optimal potentials on each class —and
then, as a corollary, to prove the optimality of a c-cyclically monotone plan 7. First, we
need the following

(I.2.8) DEFINITION: A set E C piT" is (T, ¢)-cyclically connected if Vx,y € E there
exists a (T, c)-cycle connecting x to y.

According to the above definition, the equivalence classes of <(r ) are maximal (T', c)-
cyclically connected sets, namely (T, c)-cyclically connected sets which are maximal w.r.t.
set inclusion.

Then notice that, given a Borel partition {Z] }pe C R? such that

w(Uzg X Z{,) =1, Vrell(uv)
b

and whose sets are (T, ¢)-cyclically connected but not necessarily maximal, then it is still
possible to define on each of them a pair of optimal potentials and prove the optimality of 7
such that =(I") = 1.

Moreover, one can weaken this condition by removing a p-negligible set in the following

way. Let p = [ pg dm/(b), py(Zy) = 1.

(I.2.9) DEFINITION: The partition {Z{ }sem is (1, T, c)-cyclically connected if 3F C
X p-conegligible s.t. Zy N F is (I', c)-cyclically connected Vb € B. Equivalently, 3 an
m/-conegligible set B’ C B s.t. Vb’ € B INy C Z, with* u (Nf) =0, s.t. Zg \ N{ is
(T, ¢)-cyclically connected.



When the (u, T, ¢)-cyclically connectedness property holds for all c-cyclically monotone
carriages of all transport plans of finite cost —hence it is possible to construct optimal
potentials starting from any c-cyclically monotone I'- we have the following

(I.2.10) DEFINITION: We say that {Z;} is II{(u,v)-cyclically connected if it is
(u, T, c)-cyclically connected VT' c-cyclically monotone s.t. m(T') = 1 for some 7 € ITf (11, v).

Notice that the u-conegligible set F' in the definition of (u, I, c)-cyclically connected
partition depends on the set T'.

In this thesis, in particular for the proof of Theorems and to prove the existence of
an optimal map, the importance of IT{ (11, v)-cyclically connected partitions is given by the
following proposition.

(I.2.11) PROPOSITION: Let {Z{}pen be a I (p,v)-cyclically connected Borel parti-
tion satisfying

W(U 7y % Z{,) =1, Vrelll(uv) (1.22)
b
for a cost function of the form

c(z,y) = 1y (z,y), M > {(z,z):z € X}. (1.23)

Let ¢y : X x X — [0, +00] be any secondary cost of the form

(2.9) m(z,y) clz,y) < +oo,
Cm x? y =
400 otherwise,

where m is l.s.c. and there exist £ € L'(u), g € L'(v) s.t. m(z,y) < £(z) + gly). Then,
any cy-cyclically monotone plan m, € H{m (1, v) is optimal for c,. More precisely, for any
cu-cyclically monotone set Ty, with m,(Tn) = 1, there exist Borel functions ¢™, Y™ such that
the restrictions

TR S (1.24)

are Borel optimal potentials for IIZ**(ug, 1), for all b in an m/-conegligible set B’ C B.

PROOF. Notice that ITf (u,v) C I (p, v). Let Ty C Y Zy, x Zj be a cy-cyclically monotone

carriage for m, € IIJ (11, v). Then, there exists a conegligible set /' C X such that Z N F is
(T, c)-cyclically connected for all b € 8. Hence, formula , together with the validity of
the Point at page yields potentials ¢}, ¥f for the transport problem in Hfm(ub, Vp)
with cost cy. In particular, the conditional probability my pp is optimal in Hfm (16, vp), and
thus by it follows as in Theorem that 7y, is optimal in Hfm(u, V).

The fact that one can find Borel functions ¢®, )™ such that holds is an application
of standard selection principles, and it can be found in [6]. |

In order to state the main result of [6] which is at the core of their sufficient condition
concerning optimality, we need the concept of (linear) preorder.



(I.2.12) DEFINITION: A preorder on X is aset A C X x X s.t.

(r,z)e A, VeeX
(x,y) eA N (y,2)€eA = (z,2) €A

A preorder A C X x X is linear if
XxX=AUuA"

The statement (x,y) € A will also be denoted by = <4 y and A is also called the graph
of the (linear) preorder < 4. Any preorder <4 induces the equivalence relation ~4 on X

T2y <— r<ay and y =<4z
We also denote the graph of the equivalence relation ~4 by
ANA™Y or  =an(xa)”h

Going back to our problem, one can see that the (T', c)-axial relation gives a Borel preorder
on X, namely

T <)y if there exists a (I', c)-axial path going from y to x.

The reason for introducing (linear) preorders in this context is given by the following
theorem [0].

(I.2.13) THEOREM: Let A C X x X be a Borel graph of a linear preorder on X with
equivalence classes {Z8}cce satisfying

{c <400} C A4, (1.25)
<(r,)C A, for some c-cyclically monotone set I' s.t. n(I') =1, 7 € I (u,v).  (1.26)

Then, the disintegration w.r.t. the partition {Z3}.ce is strongly consistent and
' (U Z4 x Z;“) =1, Vo eltf(uv). (1.27)
c

For future convenience we give the following definition.
(I.2.14) DEFINITION: A preorder <4 on X is c-compatible if ([.25) holds.

(I.2.15) REMARK: Let A be a c-compatible linear preorder. Whenever a carriage T’
satisfies (.26 the <(r c)-equivalence classes are contained in the equivalence classes of ~4
and then, as noticed before, since T' D graphl and c(x,x) =0 for all x,

rclzd <z, 7T<UZ;“ X Z;“) =1
c c



I. THE GENERAL CASE

€ X2 €3 Tg L5 T

Figure 1.3: The graph of the cost c is given by the indicator function of the region inside
the blue curve. The graph of a c-compatible linear preorder <4 is given by the union of
the pink and of the red region. The red region corresponds to the graph of the induced
equivalence relation ~ 4. We draw also an axial path connecting x5 to x3 with base points
(5,95), (x4,94), and a (T, c)-cycle connecting (x1,y1) to (x2,y2).
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Viceversa, if 7' (UZ& x Z2)= 1 for some «' € I (u,v) and «'(I') = 1, then by the c-
C
compatibility of A
%(F'mgzgl xz8,)C A
and then also its equivalence classes are contained in the equivalence classes of ~4. In
particular, (L.26]) could also be rewritten as W(UZCA X ZCA) =1.
c

We point out that, while a c-compatible linear preorder satisfying for some T can
always be constructed using the axiom of choice, may not hold if the linear preorder
is not Borel (see [6]): hence, the main assumption of the theorem is the Borel regularity.
Finally, notice that the partition into equivalence classes of S(rnuzaxza,c) Wwith IV as above

is (u, I, c)-cyclically connected in the sense of Definition .
To conclude this section we give a last definition:

(1.2.16) DEFINITION: If <4 is c-compatible and ([.26) holds for every m € I (u, v),
then A is called (c, u, v)-compatible.

Hence, Theorem[[2.13| can also be restated saying that whenever A is a Borel c-compatible
linear preorder satisfying for some I of finite cost, then it is (c, u, ¥)-compatible.

According to the terminology used in [6], (c, i, v)-compatibility can also be restated
saying that the diagonal in the quotient space

(IxTI)ohopi(A)

f
(hxh

partition =~ 4: this means that there exists a unique transference plan in II

is a set of uniqueness for 11 )#C(m, m), where h is the quotient map associated to the

!

(xcm) e (11

namely (I x I)xm.

I. 3 . DIRECTED LOCALLY AFFINE PARTITIONS

The key element in our proof is the definition of locally affine partition: this definition is
not exactly the one given given in [8] because we require that if the cone has linear dimension
h + 1, then its intersection with t = 1 is a compact convex set of linear dimension h.

(I.3.1) DEFINITION: A directed locally affine partition in [0, +o00) x R? is a partition
into locally affine sets {Z8} n=o,....a, ZI" C [0, +00) x R? and A¢~" C R?~" together with a
aeA

d—h



map

d
d: | J{n} x 24" — | C(h, [0, +00) x RY)
h=0 h=0

satisfying the following properties:
1. the set
D= {(h,a,z,d(h,a)) cked{0,...,d},acUAh 2 e Zah},

is o-compact in U, ({h} x R4 x ([0, +00) x R?) x C(h, [0, 400) x R?)), i.e. there exists
a family of compact sets

K, C | ({h} x R x ([0, +00) x RY))

such that Z" Np,K,, is compact and
PhaKn 3 (hya) = (ZE Np.K,,d(h,a))
is continuous w.r.t. the Hausdorff topology;

2. denoting C" := d(h, a), then

Vze Zh (aff Zh = aff(z + Cf));

3. the plane aff Z" satisfies aff Z € A(h, [0, +00) x R?).

(I1.3.2) REMARK: Using the fact that C? is not degenerate, one sees immediately that
Point[3 is unnecessary.

The map d will be called direction map of the partition, or direction vector field for h = 0.
Sometimes in the following we will write

d(z) =d(h,a) for ze 2z

being Z! a partition, or we will use also the notation {Z”, C’l’f}hya. For shortness we will

write
d d

z'=p.Dn)= ) 2!, zZ=p.D=J2Z"=J |J 2 (1.28)

aeAp h=0 h=0a€cy,

For each C" € C(h,[0,+00) x R?), (the index n is because of the proposition below),
consider a family e’ (n) of vectors {ef(n),i =0,...,h} in R? such that

h
C(h, [0, +00) x RY) 5 C({e"(n)}) := { S (1, el(n), b € [O,oo)} c M=), (129)

i=0

Define also
U({e"(n)}) := {t = 0} x conve"(n). (1.30)



p ey
h 1

(1,0) + U({e"(n)

/] :
Figure 1.4: Definition of C({e"(n)}) and U({e"(n)}), formulas ([.29) and (T.30).
Note that

aff {(0, 0), (1,ef(n)),..., (1,e2(n))} € A(h,[0,00) x RY),

so that C'({e"(n)}) € C(h, [0, +00) x RY).
The following proposition is the adaptation of Proposition 3.15 of [§] to the present
situation.

(I.3.3) PROPOSITION: There exists a countable covering of D into disjoint o-compact
sets D(h,n), h=0,...,d and n € N, with the following properties: there exist

e vectors {el(n)}r_, C RY, with linear span

V= span{(1,e¢(n)),..., (L e}(n))} € A(h, [0,+00) x RY),

e a cone Ch e C(h, V1),
e a given point zh € VI,
o constants r' A\ € (0, 00),
such that, setting
A = paD(h,n),  Cf = Pe(hfo,00]xry D(h,n)(a),
it holds:

1. pgo,...qyD(h,n) = {h} for alln € N, i.e. the intersections of the elements Zh, Ch with
{t =1} have linear dimension h, for a € AL;

2. the cone generated by {el(n)} is not degenerate and strictly contained in C,

Cfel(m}) e C(h. V), C({el(n)}) € Ch(=rh);



I. THE GENERAL CASE

RY

(t=1

vh

g U({e"(n)

t

Figure 1.5: The decomposition presented in Proposition m

3. the cones C, a € A4=h have a uniform opening,
h( . h £ Ah
Cn(_rn) C pi\f/'yfcu;
4. the projections of cones C", a € A4=h are strictly contained in C,
P%/;L Chc Oy

5. the projection at constant t on V! is not degenerate: there is a constant k > 0 such
that

lpin(z—2")| = klz =2 forallz,2 eCln{t=1}, ac Al t>0;

6. the projection at constant t of ZC’} on V' contains a given cube,
Zn + U({el(n)}) C pynZy.

Note that clearly the Z" are transversal to {t = constant}.

PROOF. The only difference w.r.t. the analysis done in [§] is the fact that we are using
projections with ¢ constant, instead of projecting on V,”. However the assumption of Point
of Definition gives that the projection of Z, C" at t fixed is a set of linear dimension
h, and thus we can take as a base for the partitions sets of the form (L.29), (L.30). [ |
Following the same convention of ([.28)), we will use the notation Z" := p,D(h,n).
By the above proposition and the transversality to {t = £}, the sets A” can be now chosen
to be
AL =2z N (pl ) (zn), A= U A (1.31)

n n
neN
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I. THE GENERAL CASE

(I.3.4) DEFINITION: We will call a directed locally affine partition D(h,n) a h-
dimensional directed sheaf set with base directions C"', C"(—r,) and base rectangle z, +
A\, U(el) if it satisfies the properties listed in Proposition for some {ef(n)}h_, C RY,
VI =span{(1,el), (1,el), (1,e!)}, C* € C(h, V1), 2z, € R*L 7, N, € (0,00).

(I.3.5) REMARK: In the following we are only interested in the sets Zg such that
Zhn{t =1} # 0. Thus, the definition of D could be restricted to these sets, and the quotient
space A" can be taken to be a subset of an affine subspace {t = 1} x R4=",

1.4. CONSTRUCTION OF THE FIRST DIRECTED LOCALLY AFFINE

PARTITION

In this section we show how to use the potential ¢ to find a directed locally affine partition
in the sense of the previous section. The approach follows closely [I7]: the main variations

are in proving regularity, Sections and
(I.4.1) DEFINITION: We define the sub-differential of ¢ at z as
07(z) 1= {+' € [0,400) x R : () = 8(') = &(= — )},
and the super-differential of ¢ at z as

Ot (z) == {2/ €]0,+00) x RY: ¢(2) — d(z) = c(2' — 2)}.

(I.4.2) DEFINITION: We say that a segment [z, '] is an optimal ray for ¢ if

¢(2') = d(2) = (¢ - 2).

We say that a segment [z, 2'] is a mazimal optimal ray if it is maximal with respect to set
inclusion.

(I.4.3) DEFINITION: The backward direction multifunction is given by

z—2z

Do) = { 2 a1
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I. THE GENERAL CASE

Graph of ¢

R4

Figure 1.6: The sets 0~ ¢(z), 07 ¢(z) of Definition are obtained intersecting epi ¢, —epic
with graph ¢, respectively.
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and forward direction multifunction is given by
2 —

pi(2' —2)

Di) = { €073\ (2 .

(I.4.4) DEFINITION: The conver cone generated by D~ ¢ (resp. by DT ¢) is the cone

Fq{(z) =RT - convD ™ ¢(2) (resp. Fg(z) =R" - convD"¢(z)).

(I.4.5) DEFINITION: The backward transport set is defined respectively by
T = {2:070(2) # {23},
the forward transport set by
THim {21 0%0() £ {2},
and the transport set by
Ty =T; NT;.

(I.4.6) DEFINITION: The h-dimensional backward/forward reqular transport sets are
defined for h =0, ..., d respectively as

(i) D™ $(z) = conv D~ ¢(2)
. zely: (i) dim(convD~¢(z)) = h
o (153) 32’ € Ty n (z+ intrequ—;(z)) ’
such that ¢(z) = ¢(2’) + €(2’ — 2) and (i), (i7) hold for 2’

and

(i) Dté(z) = convDT(z)
g )" € Tg . (it) dim(convDT¢(z)) =h
N (#i7) 32’ e Tg‘ N(z— intreng(z))
such that ¢(2') = ¢(z) + ¢(z — 2’) and (i), (i) hold for 2’

Define the backward (resp. forward) transport reqular set as

d d
pry— —h + . +,h
R<5 = U R& (resp. R<5 = U Rq; >,
h=0 h=0
and the regular transport set as
. pt -
Rj = Rq3 N Ré'
Finally define the residual set N by
Ng:=Ts\ Ry.

(1.4.7) PROPOSITION: The set % ¢, sz}, DEp, Fg, Rff’h, Rjg, R are o— compact.



. . — + oy . ~
Figure 1.7: The sets Rq; and ng of Definition

PROOF. 0%¢. The map
(2,2) = @(2,2) := ¢(2) — p(2) — €(2' — 2)

is continuous. Therefore, *¢ = ®~1(0) is o-compact.
Tdijt. The set T(; is the projection of the o-compact set

U {67&0 {(z,z') de =2 > 27"}},
n
and hence o-compact. The same reasoning can be used for T.
D*¢. Since
z—2
t(z) — t(2)
is continuous, it follows that D¢ is o-compact, being the image of a o-compact set by a
continuous function. The same reasoning holds for Dt ¢.
A similar analysis can be carried out for the o-compactness of F(;t

{(z,2") : t(z) > t(2')} 2 (2,2)) — e{t=1}

RE". Since the maps A — conv A is continuous with respect to the Hausdorff topology,
and the dimension of a convex set is a lower semicontinuous map, the only point to prove is
that the set

{(z, 2,C) €0, +00) x R" x [0, +00) x R" x C(h, [0, +00) x R") : 2 € 2 — intrelO}

is o-compact. This follows by taking considering the cones C(—r) and writing the previous
set as the countable union of o-compact sets as follows

U {(z, 2, C) € [0, +00) xR x[0, +00) xR" xC(h, [0, +00) xR") : 2’ € 24+C(=2"")\B(0, 2—")}.

n



I. THE GENERAL CASE

Hence the set
{(z,z’,C) (1) z,z’ETg
) C=F;()
(#i1) 2’ € z + intye C
)
)

dim (convD~ ¢(z)) = dim (convD~¢(2')) = h
D~ ¢(z) = conv D~ ¢(2), D~ ¢(2') = conv D_Q_S(z’)}

is o-compact, and thus R~" is o-compact, too. The proof for R% is analogous, and hence
the regularity for Ry follows. |

(I.4.8) PROPOSITION: Let z,2',2" € [0,+00) x R%, then the following statements
hold:

1. 2/ €07 ¢(2) and z € O~ P(2") imply 2’ € 0~ P(");
2. 2" € 0%t ¢(z) and z € 0T (') imply 2" € O+ p(2').
PROOF. It easily follows from Definition B Morecover, it is easy to prove that:
2 edtp(z) = 0T C 0T o(2).
(I1.4.9) DEFINITION: Let z and 2’ such that ¢(z') — ¢(z) = c(2’ — z) and define
Q5(2,2') 1= Plo,400)xma{ ((2,6(2)) +epic) N ((2',¢(2")) — epic) }. (1.32)
(1.4.10) LEMMA: It holds,
Q;s(2,2) SO o(z") Nd* ().

Moreover
RY(Q4(2,2') — 2) =R* (2 — Q5(2,2")) = F(2, 7). (1.33)

where F(z,2") is the projection of the minimal extremal face of epic containing of (2 —
z,¢(z") — ¢(2)).

PROOF. Let (%,7) € ((z,¢(2)) + epic) N ((z/, ¢(z")) — epic): by definition,

F—¢(2) >c(z - 2) and o(2) -7 >c( —32).

Then z € 07 ¢(z) and similarly one can prove z € 9~ ¢(2').
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(a) The set O(z,2") and Lemma (b) The representation formula (I.34) for
ot é(2).
Figure 1.8

The second part of the statement is an elementary property of convex sets: if K is a
compact convex set and 0 € K, then

K Nspan (K N (—K))

is the extremal face of K containing 0 in its relative interior. Since for us K is a cone, the
particular form (I.33]) follows. |

In particular, one deduces immediately that 9% ¢ is the union of sets of the form ([.32)),

Figure [[.§}
o= | Qe 0vbe = | Qi) (134)

/€0~ p(2) 2'€d+p(2)

(I1.4.11) PROPOSITION: Let F be the projection on [0, +00) x R? of an extremal face
of epic. The following holds:

1. FN{t=1} CD ¢(z) <= 36> 0 such that B(z,6)N (2 — F) C 9~ ¢(2).
2. If FN{t =1} C D~ ¢(z) is mazimal w.r.t. set inclusion, then
Vz' € B(2,6) N (2 — ity F) (D~ (2") = FN{t =1}),
with § > 0 given by the previous point.

3. The following conditions are equivalent:

(a) D~¢(z) = F3 () N {t = 1};
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(b) the family of cones
{RT (2 - Q5(2,2)),2' € 97 ¢(2)}
has a unique mazimal element w.r.t. set inclusion, which coincides with F} (2);
(¢) 0-(2) Nintya(z — F (=) # 0;
(d) D~ ¢(z) = conv D~ (z).

We recall that F&_ is defined in Definition

PROOF. Point . Only the first implication has to be proved. The assumption implies
that there exists a point
PR (z — intrch) N qu_b(z)

and thus 0~ ¢(z) contains Q3(#',2) by Lemma|l.4.10} Tt is fairly easy to see that this yields
the conclusion, because there exists § > 0 such that

B(z,0)N (2= F) C Q5(7', 2).

Point . The transitivity property of Lemma implies one inclusion. The opposite
one follows because Z is an inner point of Qz(2', 2).

Point . implies : by Lemma it follows that the set D~¢(z) can be
decomposed as the union of extremal faces with inner directions: since the dimension of
extremal faces must increase by one at each strict inclusion, every increasing sequence of
extremal faces has a maximum. If the maximal face F™?* is unique, we apply Lemma |[.4.10
to a point Z in an inner direction, obtaining that F™* = Fg (2).

implies and implies : these implications follow immediately from the
definition of D~ ¢.
implies (3b): if there is a direction in the interior of an extremal face, than by Lemma

[.4.10| we conclude that the whole face is contained in D~ ¢(z2). |

A completely similar proposition can be proved for 91 ¢: we state it without proof.

(I.4.12) PROPOSITION: Let F be the projection on [0, 4+00) x R? of an extremal face
of epic. The following holds:

1. FN{t=1} C D ¢(z) <= 36> 0 such that B(z,6) N (2 + F) C 0+ ¢(z).
2. If FN{t =1} C D*¢(z) is mazimal w.r.t. set inclusion, then
Vz' € B(2,6) N (z + intya F) (DTo(2') = FN{t=1}),
with § > 0 given by the previous point.

3. The following conditions are equivalent:

(a) D ¢(z) = F (z) N {t =1};



(b) the family of cones
{RT - (z+ ng(z’,z)),z' €0t o(z)}
has a unique mazimal element by set inclusion, which coincides with Fg (2');
(c) 0% é(2) Nintye (2 + Fg(z)) £ (;
(d) DT ¢(z) = convDt(2).

As a consequence of Point of the previous propositions, we will call sometimes F' 437 (2),
Fg (z) the mazimal backward/forward extremal face.

Now we construct a map which gives a directed affine partition in [0, +00) x R? up to a
residual set. Define first

Ry - Ud_yA(h, [0, +00) x R?)
z \F () := aff 0~ ()

|

(I.4.13) LEMMA: The map vy is o-continuous.

PROOF. Since 0~ ¢(z) is o-continuous by Proposition and the map A — aff A is
o-continuous in the Hausdorff topology, the conclusion follows. |

Notice that we are assuming the convention R = N.

(I.4.14) THEOREM: The map Vs induces a partition

d
U {ng* C [0, +00) x RY, a € Rd*h}
h=0

on Rdf) such that the following holds:

1. the sets Z™ are locally affine;

2. there exists a projection Fg’f of an extremal face Ff’f with dimension h + 1 of the
cone epic such that

Vze zh= aff ZMT =aff(z — F7) and D é(2) = (FP7)n{t =1};

3. for all z € T~ there exists r > 0, Fé”_ such that

B(z,7)N (2 — int,q F27) € 20~

The choice of a is in the spirit of Proposition [.31}
PROOF. Being a map, v; induced clearly a partition {Zg’_7 h=0,...,d,a€ RN}
Point . Let z € Zg’f. By assumption, z € R(; (or more precisely z € Rgﬁ for some
h), so that by Point (i) of Definition of R;’h there exists z’ such that

2 € 2 — intye 0~ ¢(2).



In the same way, by Point (iii) of Definition of R(;’h there exists 2z’ such that
2" € 2+ int,0” ¢(2).

By Lemma |[.4.10| we conclude that z is contained in the interior of Qg(2’,2"), and this is a
relatively open subset of zh '~ , being of dimension

dim 07 ¢(z) = h+ 1.

Point , Since z € R™"(a), then the maximal backward extremal face FI*™ is given
by F q—: (z). Using the fact that z is contained in a relatively open set of Zf "+ the statements
are a consequence of Proposition

Point (3). If z € T, then 9~ ¢(z) # 0. We can thus take a maximal cone of the family

{R+ . Qq;(z,z’),z’ € a_qg(z)},

and the point 2’ € 07 ¢(2) such that Qz(z, z’) is maximal with respect to the set inclusion:
it is thus fairly simple to verify that

inte1Qg(2, 2') C fo’*

for some h € {0,...,d}, a € R¥". Hence, if Flhtisa projection on [0, +00) x R? of an
extremal face of a cone for z € int,q Qgg(z, 2'), then from (I.33) the conclusion follows. W

A completely similar statement holds for R, by considering of o-continuous map

vg R;{ - Ul_,A(h, [0, +00) x R%)
z = vg(z) = aff 01 ¢(2)

(I.4.15) THEOREM: The map vg induces a partition
d ’
U {Zf,’+ C [0,400) x RY o’ € R }
h'=0
on R%‘ such that the following holds:

1. the sets Zg,,”L are locally affine;

2. there exists a projection F:,/’Jr of an extremal face with dimension h' + 1 of the cone
epic such that

Vee ZU Tt aff 2N —aff(z + FLT) and D g(z) = FL T {t=1};
3. for all z € TT there exists r > 0, F:,,’Jr such that

B(z,r)N(z+ intrelF:,”Jr) - Zg,,’+.



In general i # h', but on Ry the two dimensions (and hence the affine spaces aff 0% ¢(2))
coincide.

(I.4.16) PROPOSITION: If z € Ry then
() — o
s (2) = vy (2).

PROOF. By the definition of R, it follows that h = h' because we have inner directions
both forward and backward, and since each z is in the relatively open set

intyq (2 N 200,

then aff 0~ ¢(z) = aff 97 ¢(2), i.e. vy (2) = v%‘(z) [ |
Define thus on Rj

Vg = V;I_R: VgLR,

and let
{Zc'f, ac Rd_h}

be the partition induced by vz: since Rz = Uh(R;’h N Rg’h), it follows that

Zh = zh=nzmt,

once the parametrization of A(h, aff Zé‘) is chosen in a compatible way. We can then introduce
the extremal cones of epi @

Ch.=epigpn (vi(z) —2) = Fht = ph—,
Finally, define the set
D,c ({h} x R x R x C(h, [0, +00) X Rd)>
h=0,...,d
by
D= {(ha2C):C=Clzezl}. (1.35)
(I.4.17) LEMMA: The set Dy is o-compact.

PROOF. Since v is o-continuous, the conclusion follows. |

The next two sections will prove that this partition satisfies the condition of Theorem [3.1]

[.4.1. BACKWARD AND FORWARD REGULARITY

The first point we need to prove is that H?%-almost every point in {t = 1} is regular, i.e.
it belongs to Rj.

We recall below the result obtained in [8] [I7], rewritten in our settings.



(I1.4.18) PROPOSITION: L%*!-almost every point in [0,+oc) x R? is reqular.
Next we introduce a key tool for proving the regularity: the area estimate.

(I.4.19) LEMMA: Lett > s > ¢ > 0, and consider a Borel and bounded subset
S C {t =t} made of backward regular points. Then for every (t,x) € S there exists a point
os(t, ) € inte1 (0~ @£, 2) N {t = s}) such that

d
s—¢€
Hi(o,(S)) > ( - ) H(S). (1.36)
PROOF. First of all we recall that from every point has always an optimal ray reaching
{t = 0}. Using the assumption that the points in S are backward regular and the transitivity
property stated in Proposition it follows that

dim 0~ ¢(z) N{t =¢e} = h, z € SﬁRgh.

In particular, it contains a given cone z — K made of inner rays of 9~ ¢(z).
Using the fact that C(h, [0, +00) x R?) is separable and a decomposition analogous to the

one of Proposition we can assume that there is a fixed h-dimensional cone K’ such that

K’ Cplun s ((076(2) —2) N {t = £}).

Hence we can slice the sets 9~ ¢(S) by a family of parallel planes in A(d — h, [0, +00) x R9)
whose intersection with (a suitable translate of) K’ is an inner direction of K.

In this way, we find a (d — h)-dimensional problem one each affine plane A such that for
every (t,x) € SN A there exists a unique point in int,e 0~ ¢(f, 2) N {t = ¢} N A. We can now
follow the strategy adopted in [I2, Lemma 2.13] and obtain the area formula. |

(1.4.20) REMARK: We underline that the dimension of 0~¢(z) is constant along the
inner ray selected in the proof of the previous lemma. A similar property holds along inner
rays of 0% ¢(z), z € Rg.

We can now prove the regularity of ’HdL{t:l}—a.e. point.

(I1.4.21) PROPOSITION: H%—almost every point in {t = 1} is reqular for ¢.
PROOF. By Proposition and Fubini theorem there is € > 0 arbitrary small such that
He-a.e. point z of {t = 14 ¢} is a regular point for ¢.

Let ¢/ > 0 be fixed according to Lemma [[.4.19] The area estimate [[.36] gives that the
measure of points in {t = 1 — £} which belong to an inner ray of a backward regular point in

{t =1+¢} is larger than
1—e—e\* d
—_— S).
(1+66’> HS)

By assumption these points are also regular (and thus forward regular).
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Rd

Figure 1.9: The strategy to prove Lemma [[.4.19; the pink plane is the transversal plane

where 0~ ¢(z) has a unique inner ray.
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t=1+4c¢

Figure 1.10: If z, 2’ are regular points, then also the inner ray [z, 2] is made of regular points

(proof of Proposition [l.4.21]).

Observe that an inner optimal ray starting from a backward regular point and arriving in
a regular point is made of regular points, see Figure Therefore, by the arbitrariness of &
and &' we conclude the proof. [ |

Hence Point [T] of Theorem [3:1] is proved.

[.4.2. REGULARITY OF THE DISINTEGRATION
By [8, (3) of Theorem 1.1] we know that

LTy = / fla, 2) 1" gn (dz)n" (da).
so that by Fubini Theorem
HdL{t:Hs}mUn zZh= /f(Ch x)Hh'—{t:1+5}ﬁZ§ (dl")??h(da) for a.e. € > 0.
Recalling the decomposition of Lemma we fix the set of indexes
QlZK = {ae AR Z;Lﬂ{t: 1+e}#0and K C paﬁKCf},

with K € C(h, [0, +00) x RY) given.
An easy argument based on the push forward of H? along the rays selected in the proof
of Lemma [[.41.19] (see for example [8 Section 5]) gives that there is

c(a,z) € ((1—e/2)%,2%)



such that

/HdL{tzl}mUn zZh= /g(h c(a, x)f(a, m)HhL{tzlJ’,E}ng (dm)nh(da).
e, K

The lower estimate of ¢ is given immediately by Lemma fort=1+¢/2, ¢ =¢/2 and
s=1.
The upper estimate follows by inverting the roles of £ = 1+ ¢ and s = 1: in this case the ray
starts in Z" N {t = 1} and ends in Z" N {t = 1 + €}, and we are estimating the area between
t=1and t =1+ ¢/2. Using the same rays of Lemma in the backward direction and
applying , one obtains the second bound.

Notice now that in the partition of the proof of Lemma the inner rays are parallel
inside the elements of the partition: once the cone K and the transversal planes Vi are
chosen, in each element Z the rays Z" N Vi are parallel, so that the map along

tve @ UZhn{t=1+¢/2} — U Zhn{t=1}
2 o 2 (1.37)
Zh>«x = oty () =@+ V)N Zhn{t=1}

is just a translation (see Figure|[.11]). We thus deduce that

(tv, )ﬁHhngn{t:HEp}: ’HthVK (Zhn{t=1+e/2}>

and that ¢(a,z) = c(a).
Define
f'(a,tv, (7)) := c(a) f(a,x),

so that we can write

’HdL{t:umquh Kzg: f/(a, fE)HhL{t:ung (dw)nh(da)-

h
QI/—:.,K

By the uniqueness of the disintegration, the previous formula gives the regularity of the
disintegration of H’ ¢, ( U znnpi=1)). By varying K and e and using the fact that Z{ are
ab "

transversal to {t = 1} and relatively open, we obtain the following proposition:

(I.4.22) PROPOSITION: The disintegration

Hd‘—uh,uzgn{tzl}: Z/vﬁnh(du)
h

w.r.t. the partition {ZF N {t =1}}p.q is regular:
'UZ < HhI_ZSL-

This concludes the proof of Point of Theorem The last point of Theorem is
an immediate consequence of the fact that ¢ is a potential, and thus the mass is moving only
along optimal rays graph ¢ N (z — epic), and for all regular points z

P[0, +00) xRY (graphd_) N (z — epi E)) Cz-— CC’;”.
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Zhn{t=c}

R

Figure I.11: The parallel translation of ([.37) along the direction C N V.

(1.4.23) REMARK: The fact that n" ~ HY"_yn, with A" chosen as in Remark
s again a simple consequence of the estimate on the push-forward along optimal rays and
Fubini Theorem. This result is exactly the same as the one stated in [8, Theorem 5.18]: we
refer to that paper for the proof, because the form of the image measure is not essential in
the construction and can be seen as an additional reqularity of the partition.

I. 5 . OPTIMAL TRANSPORT AND DISINTEGRATION OF MEASURES ON

DIRECTED LOCALLY AFFINE PARTITIONS

In this section and the following three ones we show how to refine a directed locally affine
partition D either to lower the dimension of the sets or to obtain indecomposable sets. This
procedure will then be applied at most d-times in order to obtain the proof of Theorem

Following the structure of the first directed locally affine partition Dz constructed in the
previous section, we will consider the following three measures:

1. the measure H 1y, with HO({t = 1} \ Up,aZ}) = 0;



2. the probability measure fi := d(;—1) X p, such that p < £4, and thus in particular
i< HU =y

3. a probability measure 7 supported on {t = 0}.

On R4 x R4 we can define the natural transference cost

cz(z,2) = (1.38)

0 zeZzZh:-2ecCh
oo otherwise.

Since
{cz <o} ={(2,7):2€2,z— 2 €d(2)},

i.e. it coincides with the projection (p., (pre+1 © pc))D of D, then it is o-continuous.

From Point of Theorem it follows for D each optimal transference plan 7 has finite
transference cost w.r.t. cz, so that the set HZZ (@i, 7) is not empty. From the observation (see
Example below) that in general the construction depends on the selected transference
plan 7 through the marginals {#"}, o, we will consider transference plans 7 € II(7, {©!})

such that
/czfr < 00.
ie. 7 € I1f, (7, {Z1})-

Consider the disintegrations on the partition {Z}, «: if z = (h(2),a(z)) is the o-
continuous function whose graph is the projection pj q D, then

d
=3 /ﬂ i), €= i
h=0 )

In the same way we can disintegrate 7 € II(7, {p"}) w.r.t. the partition {Z x R4t} o

=Y [ A, = s
Write also
=3 [ e, k=

even if the above formula does not correspond to a real disintegration.
In the following example we show why in general the partition depends on the plan 7.

(I.5.1) EXAMPLE: Ford =2 let

pm S A= {(La)s o - (2,0 <1}

7= %(2 —|lz| =2))H' g,  B={(0,2):x € {0} x[-4,4]}.
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T

Figure 1.12: The transport problem studied in Example

and let the transportation cost ¢ be

|z] 0o t>0,
E(t,x) = ]]_{0}($) t:(), ‘(zlaxQ)‘oo :max{\z1|,|x2|}.
+00 t <0,

+ are given by

An pair of optimal plans T
7t = (I, Ti)uﬂ, where  TE(z) := (O,O7 (22 ixl)), r = (x1,12) € R?,
and, taking as a potential ¢(t,x) = |x1]|, the decomposition obtained by the first step can be
easily checked to be

Zgl = {(t,x),xl < 0},
Zc211 = {(t,x),xl > O},

7|.’E2‘ S _ml}v

{(t,2)
{t,2), x| < 41}

cz
Ci

Being the second marginals of the disintegration of 7+ = ﬁg’f + ﬁg’f w.r.t. the partition
{Zg:}i:m given by

a;

1 :
72 = (po)y7o® = 1(2 —llz] =2)H ' g, B ={(1,0,22) : £(=1)"w € [0,4]},

the sets T, {7k }), (i, {vh:™}) are different.

If we further proceed with the decomposition, we will obtain that the indecomposable
partition corresponding to 7T s

chli = {(t7gc),a:2 =aF x1, t(signa)z; > 0}7
Ccll,i = {(t’x)’xQ

Fa1, (signa)z; > 0}.
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The parameterization is such that
ZEn{z; =0} = {(0,a)}, aeR

We conclude with the observation that if instead we consider the transference plan
7 = (FT + 77)/2, then the first decomposition is already indecomposable in the space
I(f, {72 }), because 2

=V

Consider now the disintegration of the Hausdorff measure ”H,dl_{t:l} w.r.t. the partition
{Z3 hat

d
Hd‘_{tzl}: Z/QU Ug’?h(da), nh = aﬁHdl_zh,m{t:]_}.
h=0"2"

Following Point ([2)) of Theorem [3.1] on the regularity of the disintegration and taking into
account the choice of the variable a considered in Remark we will recursively assume
that the following

1. the measures v are equivalent to th_Znhm{tzl},

2. the measures n" are equivalent to H? "Ly (see Remark [[.4.23)).

We will write
ﬂg = f,H", £, Borel.

I.5.1. MAPPING A SHEAF SET TO A FIBRATION

Consider one of the h-dimensional directed sheaf sets D(h,n), h =0,...,d, constructed
in Proposition and define the map

r : D(h,n) — RIT"x([0,+00) x R") x C(h, [0, +00) x R")
1.39
(a,2,C") r(a,z,C") == (a,p' g cn 2 PLg cn CL) (1.39)

Remember that C” is the reference cone for each cone in D(h,n) and aff C" is the reference
plane for each Z” in this sheaf.

Being the projection of a o-compact set, r is o-continuous. Clearly, since z determines a
and a determines C”, also the maps

r o Z — R x ([0, +00) x R") x C(h, [0, +00) x R")

z = I(2):= (a(z)vP;HCQZ’P;ﬁch&z))

AL — RI=h % C(h,[0,4+00) x R")

>

a = 1(2) = (a,phg n Ch)
are o-continuous. We will use the notation

w € [0, +00) x R, Zh .= (in op;HCZ)Zf and Ch .= (in opgffcﬁ)Cf,
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Figure 1.13: The map r defined in
where i, : V* = aff C" — R is the identification map. Moreover set Z" := U {a} x Z".
From Points and of Proposition we deduce the following result.
(I.5.2) LEMMA: There ezists two cones Cy,, Cp(—1y,) in C(h, [0, +00) x R") such that
Va e Al (Cn(—rn) cCh A Chc C"n).

PROOF. Take C,, := (ip o p;ffck)cf;. u

(1.5.3) DEFINITION: A o-compact subset D of R“" x ([0, +00) x R?) x C(h, [0, c0) x
R") such that

e the cone D(a,w) is independent of w,

e there are two non degenerate cones C,C’ € C(h, [0,400) x R"), C c €, (replacing of
Cr(—ry), Cy) satisfying Lemma [[.5.2]

will be called an h-dimensional directed fibration.

In particular we have that r(D(h,n)) is an h-dimensional directed fibration.
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The fact that we are considering transference problems in II(fi, {#"}) allows to rewrite
them in the coordinates (a,w) € R%™" x ([0, +00) x R"). Indeed, consider the multifunction
I whose inverse is the map

P A ([0,400) X RY) — [0, 00) x R4 (140
1.40
(a,w) P l(a,w) = aff Zi N (ikopzﬂcg)*l(w)
and define the transport cost
0 a=d,w—w eCh,
&" (a,w,a,0') = Wow st (1.41)
oo otherwise.

It is clear that
cz (o, w), 27 (o, 0)) = eh (a,w,a,w").

Define the measures fi, 7 € P(R4+1) by

ﬁiz/hﬁufh(da), fia := (in 0 Pog o sl
an

D= /h Do (da), g = (in Opggcg)uﬂg~
Qlﬂ,

Since the marginals of the conditional probabilities 7/ are fixed for all 7 € TI(f, {#"}),
then it is fairly easy to deduce the next proposition.

(I.5.4) PROPOSITION: [t holds
Hfz (ﬂa {BZ}) = (f‘71 ® fil)ﬁngﬁ ([j’a 17)
Moreover p({t =1}) =1, o({t =0}) = 1.

By Point of Propositionone deduces that (pag on )ﬁvg are equivalent to HhLZ‘;‘Lm{tzl},
being v the conditional probabilities of the disintegration of Hdl_{tzl}, so that in particular
the measure f‘ﬁHd'—zgm{tzl} is equivalent to Hd‘—ng{t=1}~ We have used the fact that F is
single valued on Z".



I. 6 . ANALYSIS OF THE CYCLICAL MONOTONE RELATION ON A

FIBRATION

In this section we study the cyclical monotone relation generated by transference plans
with finite cost on a fibration D.
We recall that a directed fibration is a o-compact subset of

{(a, w,C) € R x ([0, +00) x R™) x C(h, [0, +00) x ]Rh)}

with the properties that pmcf) is the graph of a o-compact map a — C, € C(h, [0, +00) x R"?)
and there are two cones C,C’ € C(h, [0, +00) x R") such that

Va € paD ((7 CCa A Coc (f*’). (1.42)

We will use the notation 2 := p,D C R’ Z, := pwf)(a), 7 = pa7wf): essentially the
notation is the same for D(h,n), only neglecting the index h and n.

The properties ([42) of the two cones C,C" € C(h, [0,+00) x R") allows us to choose
coordinates w = (t,z) € [0, 4+00) x R" such that

C = epico, C' = epico’

for two 1-Lipschitz 1-homogeneous convex functions co,co’ : R* — [0,40c) such that
co’(z) < co(z) for all z # 0. In the same way, let co, : R" — [0,4+00) be 1-Lipschitz
1-homogeneous convex functions such that

Cy = epico,.

Clearly from (I.42) for « # 0 it holds co’(x) < coq(x) < co(z). Moreover from the assumption
that C’ N {t = 1} is bounded, we have that co’(z) > 0 for z # 0.
Define the transference cost ¢ as in ([.41))

1 / ~
_ r o JO0 a=dw—w € Cy,
c(a,w,d,w') == .
oo otherwise.

Since ¢(a, w,a’,w’) < oo implies a = o, we will often write
Ca(w,w') := E(a, w, a, w/).
From the straightforward geometric property of a convex cone C

weC = w+CCC, (1.43)



one deduces that
¢(a,w,a’,w'), e’ v, a" W) <o = <(a,w,d”,w") < .

Note that in particular a = a’ = a”.
Consider two probability measures fi, 7 in % x ([0, +00) x R?) such that their disintegrations

A

f= /ﬂﬂag(da% €= (pg)efin 7= / Paé'(da), € = (pg)s?, (1.44)
satisfy
E=¢  and i (ZaN{t=1})=0.(ZEn{t=0}) = 1.
It is fairly easy to see that if @ € I1 (1, v), then
T = [ ﬁaé(da) with Ta € Hf(ﬂu’ 7a), (1.45)
A

and conversely if a — 7, € IIf (fba, Vq) is an f—measurable function, then the transference
plan given by the integration in ([.45)) is in 11/ (f1, D).
We denote by I'(7) the family of o-compact carriages I' of 7 € I1/(ji, ¥),

F(ir)::{fc{6<oo}ﬁ{t:1}><{t:O}:ﬁ(f):l},

and set

r= \J r@.

eIl (ji,)

The section of a set T' € I" at (a,a) will be denoted by T'(a) € {t = 1} x {t = 0}.

1.6.1. A LINEAR PREORDER ON 2 x [0, +-00) x R"

Let T' € I'. The following lemma is taken from [8, Lemma 7.3]: we omit the proof because
it is completely similar.

(I.6.1) LEMMA: There exist a g—conegligible set A C REM and a countable family of
o-continuous functions w, : A" — {t =1} x R* n € N, such that

VneNaed (wn(a) ¢ pil(a) C clos {wn(a)}n€N>.
Define the set H, C A x R" by

H, = {(a,w) :3I €N, {(wz,w;)};l c I'(a) (w1 =w,(a) A &(a,wiy1,a,w)), E(a,w,a,w)) < oo)

(1.46)
This set represents the points which can be reached from w,(a) by means of axial path of

finite costs (see Definition and Figure [I.14]).



Figure 1.14: Construction of the set H,,, formula m

(I1.6.2) PROPOSITION: The set H,, is o-compact in R¥™" x ([0, +00) x R?), and
moreover, defining the Borel set Ul := {a: H,(a) # 0}, then there exists a Borel function
h, : At x R" — [0, +00) such that for all z,2' € R"

h,(a,z’) <h,(a,z) + coq(x’ — x)

and
{(a,t, ) : t >hy(a,2)} C H, C {(a,t,z):t >hy(a,z)}.

The above statement is the analog of Proposition 7.4 of [§], and we omit the proof. The
function h,, is given explicitly by
h,(z) =inf {coa(z —y),y € iq(H, N{t =0})}
= min {coa(m —y),y € clos (iq(H, N {t = 0})) }

The separability of R? and the non degeneracy of the cone C. yields the next lemma.

(1.6.3) LEMMA: There exist countably many cones {w;+CqYien, {w]}ien C in(pal(a)N
H,(a)), such that )
ip(Ho(a)) = U i+ Ca.
ieN
Moreover, the set O(ip(Hy(a))) N {t =t} is (h — 1)-rectifiable for all t > 0.

The estimate given in the proof below is well known, we give it for completeness.
PROOF. We need to prove only the second part. Let K = Can {t = t}, and consider in R"



Figure 1.15: We can consider a straight line in {¢ = ¢} traversal to O. The distance between
two points of (9H,) N B"(z,7) on this line and belonging to some translations of O is of the
order of ¢. (Lemma [[.6.3).

a set H of the form
H= U w; + K.
ieN
If a point w belongs to OH, then it belongs to the boundary of w’ + K for a suitable w’.
Being K = Cy N {t = 1} a compact convex set, the set 0K can be divided into finitely
many L-Lipschitz graphs O;, i = 1,..., 1. By restricting their domains, for all i fixed we can
assume that if two points w;, j = 1,2, are such that

wi € (W +07) \ (wy+K)  and  wy € (wy + O7) \ (wy + K),

then either they belong to a common 2L-Lipschitz graph or their distance is of order
diam K ~ ¢ (see Figure [.15)).

The previous assumption on the sets O; implies that the points in 0H,, N B(0, R) of the
form w’ + O;, with 7 fixed, can be arranged into at most % 2L-Lipschitz graphs: hence we
can estimate

Rh

H"1(0H N B(0, R)) ~ max {f 1} R x —+ R

For R < t we made use of the observation that there can be only 1 Lipschitz graph inside
the B(0, R). |

Construction of the linear preorder <y

Denote with W = {w,, }»en the countable family of functions constructed in Lemma



Define first the function
R h 5
%,f ¢ A X ([0,400) x R")  — A" x [0,1]

(a, w) = 0 n(aw) = (a, max {o, 2.3 g (a, w)})
(1.47)
It is fairly easy to show that 0‘; s Borel. The dependence on I' occurs because the family W

)

is chosen once I has been selected.
Since we are interested only in the values of the functions on p;I" and the measure [ is
a.c., then once the function 9‘; P has been computed we define a new function 6, z by
{w:brl@w)>0t= [J w+Ci 0€01]. (1.48)

w’ €ppl(a)
o) p(w)>6

Being pgf‘(a) o-compact and a — Ca o-compact, it is standard to prove that 0, ; is Borel if
9/

The main reason for the introduction of the function 6 will be clear in Section indeed,
0 and its upper semicontinuous envelope ¥ satisfy a Lax representation formula sumlar to the
Lax formula for HJ equation (Remark , so that the techniques used in order to prove
regularity of the disintegration for ¢ (Sections and [[.4.2)) can be adapted to this context.

(I.6.4) LEMMA: The functions 6, (), 9‘:]7f(a) are locally SBV on every section {t =t},

and

(w,w') €T(a) = 0 (a,w) =0, (a,0) = 0, r(a,w) = 0, ¢ (a,w’).
Hence the function 6,  has the same values of 0, - on p1l(a) UpoT(a).
PROOF. From the definition of H,(a), formula ([.46)), it is fairly easy to see that

(w,w') € T (w € Hy(a) & w' e Hn(a)),

hence 96,71:(07 w) = 9‘:,7f(a, w'). Moreover

0, £(a, [0, +00) x R") {an ,sn€{072}},

so that its range in £!-negligible (it is a subset of the ternary Cantor set). By (L.46), the
sets Hy,(a) N {¢t =t} is the union of compact convex sets containing a ball of radius O(%),
and then by Lemma it is of locally finite perimeter: more precisely, in each ball in R"
of radius r its perimeter is O(r" /t + rh=1).

Being 9&7f(a)|_{t:g} given by the sum of the functions of 37" x g, A{s=7 with (relative)
perimeter ~ 37" (r" /f + r"~1) in each ball of R" of radius r, it follows that 0, 7 (@) (i=ry 18
locally BV with

=

Tot.Var.(0; r(a)_ =g}, B(z,7)) ~ % L pht



Being a countable sum of rectifiable sets, it is locally SBV in each plane {t = t}: more
precisely, only the jump part of Dw%j(a) is non zero.

The same analysis can be repeated for 6w,f“’ using the definition . This concludes
the proof of the regularity.

The fact that 0, #(a,w) = 6, p(a,w’) if (w,w") € ['(a) is a fairly easy consequence of
Oé’f(a, w) = Hé,f(a, w’) and the definition of §. Indeed, it is clear that § > ¢’; on the other

hand, if w} € p2I'(a) is a maximizing sequence for w € pyI'(a), then the definition of 8’ gives
0'(w) > 0'(w)),

and then #'(w) = 0'(w’) = O(w). Since §(w’) < f(w) by (1.48)), the conclusion follows. M
(I.6.5) LEMMA: 6, 1(a) and 0, (a) are SBV in [0,+00) X R".

PROOF. Being every sub levels of 6; z(a) and 6] - (a) the sum of cones w'+ Cl, the boundary
of level sets is locally Lipschitz and the thesis follows. |

To estimate the regularity of the disintegration of the locally affine partition generated
by 6 (Section , we define the function ¥, (a) as the upper semicontinuous envelope of
0, +(a):

w,T

{9(a) > 0} = clos{f(a) > 6}.

Being the topological boundaries of level sets of Hw,f(a) rectifiable, the H’LL{t:g}—measure of
the points where 9, 1(a) and 6, (a) are different is 0.

(I.6.6) REMARK: We observe here the relation with the Lax formula for Hamilton-
Jacoby equation (with inverted time). In fact, if we define the Lagrangian

then formula (L.48]) can be rewritten as

0, (a,w) = sup {%,f‘(a’ w') — Lo(w —w'),w € {t= 0}}

Moreover, the definition of ¥y 1 yields that
Uy (@, w) = max {ﬂwj(a, w') — La(w —w'),w" € {t = O}}

Being the mazimum reached in some point, it follows that ﬁw,f in some sense replaces
the potential ¢. The advantages of using 0y 1 instead of Oy 5 will be clear in the following
sections.

We remark here only that the disintegration of the Lebesgue measure ’HdL{t:l} on the
sub levels of 8 or of ¥ is equivalent, as observed above.



The space R4™" x [0, 1] is naturally linearly ordered by the lexicographic ordering <: set
for a = (Cll, ey Cld,h), s € [0, 1],

(a,s)<1(u/7s/) <> 326 {1,,d_h} (VJ <7; (CI]' :a;) A a; <a/i):| (I 49)
Voofa=d A s< .

The pull-back of < by 9w,f is the linear preorder <uf defined by

By construction (a,w) ~g, . (a’,w’) implies that a = a’. By convention we will also set

E,:(a) = {(w,w') : 0, 50, w) = 0, (0, w')}.

(1.6.7) LEMMA: Assume that (a,w), (¢, w") € piT’ can be connected by a closed azial
path of finite cost. Then (a,w) ~pg, - (a”,w").

PROOF. Clearly a = a”, and thus the condition can be stated as follows: there exist I € N,
(wi, w}) € T(a), i =1,...,1I, such that &q(wit1,w}) < oo, i=1,...,I with wry; = ws, and
moreover w = w;,, W’ = w;, for some 41,iy € I. This implies that

VneN (w e Hy(a) & w” € Hy(a)),
which proves that 9‘;71;(a, w) = %,f(a”, w’). From Lemma the conclusion follows. M

A consequence of Lemma is thus that T' C E, . If T” is another carriage contained
in {¢ < oo}, then
(w,w') €T’ (a) = w <uf w,

because
O, (W' + Ca) = Oy (w') (1.50)

by construction. In particular from Theorem we deduce the following proposition.

(1.6.8) PROPOSITION: If 7' € I/ (f1, ), then @' is concentrated on E, ..

Construction of a o-closed family of equivalence relations

The linear preorder <  depends on the family W of functions we choose and on the
carriage I: by varying the c-cyclically monotone carriage I € I' and the family W dense in r
and we obtain in general different preorders.



We can easily compose the linear preorders STy B < a countable ordinal number, by
using the lexicographic preorder on [0,1]%: in fact, define the function (recall the notation
(a,s) € R=h x [0,1])

d—h h d—h o
Oty Fotocn R x [0,400) x R"  — R4~ x [0,1]
(Cl7 w) — 9{w[37f[3}[3<o¢ (a, w) = (a, {psewﬁ’fﬁ (CL, w)}5<a)
(I.51)
As in the previous section 6 (05.F s} pen is Borel, and the function should be considered defined

in the domain N2A);, where A} is the domain of the family of functions Ws.
If < is the lexicographic preorder in R4~" x [0,1] as in ([.49)), then set

—1 1

#{wﬁvf‘[i}ﬁ<u:: (G{Wﬁ,f‘ﬁ}ﬁ<a®9{W/a,f[s}[3<a) (ﬁ)’ E{Wﬁ,fﬁ}ﬁ<a ::ﬁ{wfiyf‘[i}ﬁ<o N #{WB,I:B}I;QI :

Clearly ﬁ(E{ijﬁ}Ma) =1, since ﬁ(EWﬂafB) =1 for all 8 < a.. To be an equivalence relation
on RT" x [0, +00) x R", we can assume that T C Eq 7\ .

The next lemma is a simple consequence of the fact that a countable union of countable
sets is countable. Its proof can be found in [8, Proposition 7.5].

(I1.6.9) LEMMA: The family of equivalence relations

£:= {E{wﬂ7fﬂ}5<a’w5 = {Wnﬂ}neN’a < Q}

1s closed under countable intersection. Moreover, for ever E{wﬁ Folocn there exists T € T
and W such that

EW,I:“ = E{wﬂvfﬂ}ﬂ<a )

1.6.2.  PROPERTIES OF THE MINIMAL EQUIVALENCE RELATION

Let E{wg,fg}g@ be the minimal equivalence relation chosen as in Lemma after a
minimal equivalence relation of Theorem in Appendix has been selected.

Let 6" : R4™" x ([0, +00) x R?) — R4~" x [0, 1] be the function obtained through
with the set I' and the family of functions W, and let # be the corresponding function given
by . For shortness in the following we will use only the notation £,  and <, and the
convention is that 8 is defined on a o-compact set A’ x ([0,00) x R") as in the discussion
following .

Let T € I" be a g-compact cyclically monotone set, and let Oy 5 RI" % ([0, +00) x R?) —
RI" % [0,1]N be constructed as in Section

By Corollary it follows that there exists a fi-conegligible o-compact set B C
R4 x ([0, +00) x R) and a Borel function s : R4~" x [0,1] — R?" x [0,1] such that
0y = s o0 on B: since



it follows that we can write s(a, s) = (a,s(a, s)), with a slight abuse of notation. The set B
depends on 0, .

Applying this result to the equivalence classes of positive jio-measure, where i, are the
conditional probabilities given by ([.44)), we obtain the following proposition.

(1.6.10) PROPOSITION: There exists a set A" C A’ of full E-measure such that
Va e A" 0¢€0,1] (ﬁa(é—l(en >0 — 3 €01 (0710 6,10)) = 0))~

PROOF. Since the equivalence classes under consideration have positive [ig-measure, the
fi-negligible set (A’ x [0, 4+00) x R") \ B satisfies

§({a:30 (10 0\ B) > 0)}) =0,

In the remaining g—conegligible subset A” of A the value §' = s(0) satisfies the statement.
|

The essential cyclical connectedness of 871 () now follows from the following lemma, valid
for a generic 0 . This lemma justify the choice of the density properties of the functions

W, Lemma

(I.6.11) LEMMA: If [La(ﬁ;%(ﬁ)) >0, aeW, then it is H?tzl}—essentially D-cyclically
connected. 7

PROOF. Fix a € 2’ and assume the opposite. Then there are two sets A1, Ay in py(L(a)) N
9;% (9) of positive fi;-measure such that each point of A; cannot reach any point of As.

If (@, ') € T(a) U A; x {t = 0} is such that @ is a ’H?t:l}—Lebesgue points of Ay, then
using the non degeneracy of C. and the density of W= {w, },, we obtain that there exists a
wa(a) € Ay N (@' + Cy) with Hy N Ay # 0.

By the assumption that 0; 7 is constant, we deduce that Ay € Hjy, so that there is an
axial path connecting w to As. |

The next example shows that, differently from [8, Theorem 7.2], the Lebesgue points of
{0, = t} are not necessarily cyclically connected.

(I1.6.12) EXAMPLE: Consider the sets in R?
AO = {ZZ?1 20,17220}, Al = A0+B(O,1),
and the map

T — dist(z, Ag)

1
\ Ay = R\ Ay, (z) =2+ ( 2 ist(z, 0)) |z — dist(z, Ag)|

It is immediate to see that T is optimal for the cost c(x —x") = 1|, <1(x) and the measures
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Ay
1 Ap
arg mind(z, Ag)
Figure 1.16: Example
w, Typ for all p € P(A1 \ Ao), and the sets and functions

~ 2/3 x ¢ Ay,
' = graph(T), WN\A4y=10 0, 1(x) = / £ Ao
’ 0 x € Ay,

r=ru {(x,x') cx € Ap, 2’ € (:U+B(0,1))}, clos(WN Ag) = Ao,

ew,f"(x) =3,

satisfy Proposition[[.0.1(}, the equivalence class for 0 being R? but for 6 is R? \ Ap.

I. 7. DECOMPOSITION OF A FIBRATION INTO A DIRECTED LOCALLY

AFFINE PARTITION

In this section we use the function 6 constructed in the previous section to obtain a
partition of subsets of R¥~" x [0, +-00) x R" which is locally affine and satisfies some regularity
properties: these properties are needed to prove the disintegration theorem of the next section.

The decomposition presented in this section can be performed for using any o-continuous
function with the property . In particular, in Section we will use the function 9.

Using Lusin Theorem (134Yd of [I8]) we can assume that @ is o-continuous up to a
(fi + MO 1=1y)-negligible set.



L.7.1. DEFINITIONS OF TRANSPORT SETS AND RELATED SETS

We define the following sets: they correspond to the sets used in [§], Section 4, adapted
to the space R7~" x [0, +00) x R” and are the analog of the sets used in Section [l.4| for the
potential ¢ and the cost €, replaced by 6 and &,.

Sub/super differential of § we define the cone sub/super-differential of 6 at (a,w) as

 Eq(w,w') < +00,8(a,w) = O(a, u/)}, (1.52)

={mw

0 0(a { s Sa(w',w) < 400, 0(a,w) = 0(a, w')}.

Note that 96 = (9+6)~*.

Optimal Ray the optimal rays are the segments whose end points (a,w), (a,w’) satisfy

O(a,w)=0(a',w') and wew +C,.

Backward /forward transport set the forward/backward transport set are defined by
Ty (a) == ={w: 0 0(a,w) #{w}} =p1(070(a) \ 1),
TJr —{w 0%0(a,w) # {w}} =p1(070(a) \ ).

Set of fixed points the set of fixed points is given by

Fy(a) :=R"\ (T (a) UT} (a)).

Backward/forward direction multifunction The backward/forward direction multifunc-
tion is given by

D= 0(a) == {<w p;”“’) Jw = (t,x) € Ty (a),w' = (¢',2') € 9 0(a,w) \ {w}},

(w —w’)

/I _
DHi(a) = {(w M),w = (t,2) € Ty (a),w’ = (t',2') € D" 0(a,w) \ {w}},
normalized such that p;D*0(a,w) = 1.
Convex cone generated by D0 define
C5 (a,w) :=R* - conv D~ 0(a, w), CF (a,w) :=R" - convD*0(a, w).
Backward /forward regular transport set the ¢-dimensional backward/forward regular

transport sets are defined for £ = 0, ..., h respectively as

Ref’f(a) = {w €T (a): (i) D 0(a,w) = convD O(a,w)

(i4) dim (conv D~ 0(a,w)) = ¢

(iii) Fw' € Ty (a) N (w + intre C (a,w)) ((i), (i4) hold for w') }



R (a) := {w €Tt (a): (i) DT(a,w) = convD'f(a,w)
(i4) dim (conv DT 0(a,w)) =€

(iii) Fw' € T (a) N (w — intres Cf (a,w)) ((2), (i7) hold for z’)}.

The backward/forward regular transport sets and the regular transport set are defined
respectively by

Ry(a):=|JR;“(a), Rf(a):=JR," and Ry(a):=Ry(a) R} (a).

The next statements are completely analog to [8, Section 4], and we will omit the proof.
(1.7.1) PROPOSITION: The set 0%, T, Fy, D*0, C5, R>*", R¥, Ry are o-compact.

The next lemma follows easily from ([.50): in the language of [8], we can say that the
level sets of f(a) are complete 4-Lipschitz graphs (|8, Definition 4.1]).

(I1.7.2) LEMMA: If (w,w’) € 9t0(a), then

Qp.o(w, ') == (w+ Ca) N (w' — Cq) C 01 0(a, w). (1.53)

Moreover,
R (Qé,a(wvw/) - U}) =R*. (’LU' - Q(;,a(w7w/)) = Oa(wvwl)

where Oq(w,w') is the minimal extremal face of C. containing w' — w.

In particular, one deduces that as in the potential case

07 0(a,w) = U Qp o (W', w), 0 0(a,w) = U Qp.o(w,w').

w’ €9~ 0(a,w) w’ €910 (a,w)

Moreover, by ([.43)),
w € 9 0(a,w) = 9F0(a,w') C 0F0(a,w). (1.54)

Using the same ideas of the proof of Proposition|[[.4.11] we obtain an analogous proposition
for D6.

(I.7.3) PROPOSITION: Let O, C C. be an extremal face. Then the following holds.

1 Oan{t=1} CDO(a,w) < 36>0 (B(w,é) N(w—0,) C 8’§(a,w)>.



2. If Og N{t =1} C D~ 0(a,w) is mazimal w.r.t. set inclusion, then
V' € B"(w,6) N (w — intyeOq) (D’é(a, w') = 04 N {t = 1}),
with § > 0 given by the previous point.

3. The following conditions are equivalent:

(a) D=0(a,w) = C5 (a,w) N {t = 1};
(b) the family of cones
{RT - Qa(w', w),w’ € 07 0(a,w)}
has a unique mazimum by set inclusion, which coincides with C’é_(a,w);
(¢) 8=0(a,w) N (z — intye1 C; (a,w)) # 0;
(d) D~6(a,w) = convD~0(a,w).

A completely similar proposition can be proved for D*4.
(1.7.4) PROPOSITION: Let Oy C Cy be an extremal face. Then the following holds.
1 Oanf{t=1} c D (a,w) < 36>0 (B(w,é) N (w+04) C a+é(a,w)).
2. If Oy N{t =1} C DT 0(a,w) is mazimal w.r.t. set inclusion, then
vu' € B(w,8) N (w + int,eOq) (D*‘@(a, w)=0,N{t= 1})7

with § > 0 given by the previous point.

3. The following conditions are equivalent:
(a) DT O(a,w) = C’g(a,w) N{t=1};

(b) the family of cones
{R" - Qa(w,w"),w" € 0%0(a,w)}
has a unique mazximum by set inclusion, which coincides with C’g(a, w);
(¢) 070(a,w) Nintye (z + C;f (a, w)) # 0;
(d) D*0(a,w) = convD+l(a,w).

As a consequence of Point of the previous propositions, we will call sometimes

Cy (a,w), C’g‘(a,w) the mazimal backward/forward extremal face.

(I.7.5) REMARK: In Section we will need to compute the same objects for the
function 9. The definitions are exactly the same, as well as the statements of Propositions
(L.7.1, |I.7.5, |I.7./) and Lemma just replacing the function 6 with 9. We thus will

consider the sets

%9, TF, Fy; DX, Cf, R;Y, R, R Ny,

and for the exact definition we refer to the analog for 6.



[.7.2.  PARTITION OF THE TRANSPORT SET

In this section we construct a map which give a directed locally affine partition in
R4=" % [0, +00) x R": more precisely, up to a residual set, we will find a directed locally
affine partition on each fiber {a} x [0,4+0c) x R", and the dependence of this partition from
the parameter a is o-continuous.

Define the map

R; - RI=M x Up_ A(¢,R")

(a,w) vg(a,w) = (a,aff 0-0(a, w))

|

(I.7.6) LEMMA: The map v; is o-continuous.

PROOF. Since - 0(a,w) is o-continuous by Proposition and the map A — aff A is
o-continuous in the Hausdorff topology, the conclusion follows. |

We recall the convention R? = N.

(I.7.7) THEOREM: The map v; induces a partition

h
U {ziy aeri™p cr "}
£'=0

on Ry such that the following holds:
1. each set Zﬁ:’bf 1s locally affine;
2. there exists an extremal face Oﬁ:’bT with dimension ¢’ of the cone Cy such that
vwe Zey (aff 20y =affw+ 0Ly) A D0(a,w) = Oy N{t=1});

,—

3. for allw € Ty (a) there exists v > 0, Oﬁib, such that
B(w,r) N (w— intreloﬁi;;) - Zfi’bT.
The choice b € R"* is in the spirit of Proposition m
PROOF. For the proof see [8, Theorem 4.18]. u
A completely similar statement holds for Rg, by means of og-continuous map
vi : RF = RTP UL AL ]0,400) x RY)

Z
(,w) = vi(a,w):= (aaff 0T0(a, w))

(I.7.8) THEOREM: The map vg induces a partition

h
U {2t c 0.400) x Bh a e BRI b e B4}
=0

on Rg such that the following holds:



1. each set Zﬁ’b+ is locally affine;

2. there exists an extremal face Oﬁ’): with dimension £ of the cone Cy such that
vwe Zgf (aff 207 = afi(z + 04F) A DH0(a,w) = Oy N {t =1});

3. for allw € Tg(a) there exists r > 0, Oﬁ:: such that

B(w,r)N (w + intrel Oﬁ:) C Zﬁ;‘
In general ¢ # ¢/, but on Ry the two dimensions (and hence the affine spaces pa v:;t)
coincide.

(I.7.9) PROPOSITION: On the set Rz one has

v, (a,w) = vy (a,w).

PROOF. For the proof see [8, Corollary 4.19]. M Define thus on Ry

. T —
Vg = Vg LRy;— Ve LRy>

and let
{Zib, (a,b) € RZ" x Rh—‘v’}
be the partition induced by vg: since Ry = UgRg’e N Rg’z, it follows that
¢ 0,— £+
Zchb = Zcub N Za,b ’

once the parametrization of A(¢', aff Z%) is fixed accordingly.
Finally, define the set D’ by

D = {(@, a,b,w,C) : C = pavg(a,w) NCy,w € Zib}

h
c {0} x R < R x ([0, 00) x RY) x C(¢,R")}.
0

(1.7.10) LEMMA: The set D’ is o-compact.

PROOF. Since vg, a — C, are o-continuous, the conclusion follows. |

We thus conclude that D’ corresponds the following directed locally affine partition of
R%:

D = {(e,c,z@), ¢ = (a,b), 2z = (a,w) : (£,a,b,w,C) € 13'}. (L55)
We will use the notation ¢ = (a,b) and
Zf = Zﬁ,b = pzﬁ/(f, 0, Cf = Og,b = pc]~)/(€7 ¢, 7"t = payw]j/(@,

where Of  is the extremal fact of Cy corresponding to the space span Df(a,w).



I. THE GENERAL CASE

I. 8. DISINTEGRATION ON DIRECTED LOCALLY AFFINE PARTITIONS

In this section we show how to use the function 9 in order to prove that the directed
locally affine partition D is regular w.r.t. the measure Hd\_{t=1}. This is the main difference
w.r.t. the analysis of [§], where the regularity is proved w.r.t. the measure £3*!.

Let thus 9 be the upper semi continuous envelope of 6.

(I.8.1) LEMMA: For all s > 0, the following holds: if t > s, then
J(a,t,z) = max {ﬁ(a,s,y) —lg (t—s,x—y)ye Rh}.

PROOF. Recalling that 0 is defined by

6(a,t, ) = sup {é(a,s,y) —1g (t—s,x—y):y € Rh},

the proof follows immediately by considering a sequence of maximizers y,, for f(a,t,x). M

Since ¥ satisfies
I(a,w + Cq) > J(a,w) (1.56)

i.e. it is a complete ¢-Lipschitz foliation according to [8], the same completeness property

(T53) holds: if (w,w’) € 9+J(a), then
Qg’u(w,w') = (w+ Cy) N (W' — Cy) C 0 (a,w).

Recalling for the notations Remark a first connection between 6 and 4 is shown in
the following lemma.

(I1.8.2) LEMMA: Ifd(a,t,z) = 0(a,t,x), then 0~ 0(a,t,z) C 0~ 9(a,t,z).

PROOF. Let (s,y) € 07 0(a,t,x), so that 6(a,s,y) = 0(a,t,z). The inclusion 0~ 0(a,t,z) C
0~ 9(a,t,x) follows from the estimate:

0(a,s,y) < 9(a,s,y) < I(a,t,2) =0(a,t,2).

This concludes the proof. |

1.8.1. REGULARITY OF THE PARTITION D’

The proof to show the regularity of ”Hdl_{t:l}—a.e. point for 1 is very similar to the
analysis done in Section the two proofs differ because we have now to consider a family



of HJ equations (one for each a € Q~l), and that the Lagrangian is the indicator function of a
cone Cy.

Once we have the regularity for 9J, we use the fact that 6(f) = 9(f) for ’HdL{t:{}-a.e. point
in order to deduce that the same regularity holds for 6.

Consider a Borel bounded set S C {t = #} made of backward regular points for 9. Since
by the definition of 9 each point has an optimal ray reaching ¢ = 0, for all s > 0 we can find
inner optimal rays, i.e. with directions belonging to the interior of C’g.

(I.8.3) LEMMA: Lett > s >¢e > 0. Then for every (t,x) € S there exists a point
os(t,x) € intyer (07 (a, ¢, ) N {t = s}) such that

h
s—¢
H(o4(S)) > (t__ E) H"(9).
PROOF. For each fixed a the proof is the same as the one of ¢, just replacing it with 4.
In particular we obtain that for each fixed € > 0 every point z € S has a cone of optimal
backward directions K, such that

K. €C(£,]0,400) x R") and (z—K,)N{t=e}codz)n{t=¢},

where £ = dim D~9(z).

As in the proof of Lemma [[.4.19] we can thus partition the set S according to the
requirement that the projection of K on a (£ + 1)-dimensional reference plane V' contains a
reference cone K’ € C(£, [0, +00) x R9).

Slicing the problem on (d — ¢)-dimensional planes V' transversal to V', it follows that

05(2) :==9(z)NV"N{t = s}

is singleton for all z € S. We can then use the same approach used in [8 Section §].
Consider the two measures i := H% g and its image measure ¥ := (05)3/i. By and
Proposition applied to 9, every transport 7 € Hg (i, ) with finite cost w.r.t. ¢ occurs
on the level sets of ¥: in particular, in each plane V"’ there exists a unique transference plan
with finite cost.
We can then use [8, Lemma 8.4] in order to obtain a family of cone vector fields converging
to o, for He-a.e. point. Being the area estimate

t—e¢

W@ = (5 ‘E)hﬂh<s>

u.s.c. w.r.t. pointwise convergence o%(z) — o4(2) [8, Lemma 5.6], we obtain the statement.
|

We can now repeat the same proof of Proposition in order to obtain the regularity
of H;—g-a.e. point. The only variation w.r.t. the proof of Proposition is that we have
to use the regularity of the disintegration of £*1 on the directed locally affine partition



D; = {ZE (D), Cﬁ,b(g)}i,a,b induced by ¥ through the map

vg + Ry — RI=h Ul AL, RY)
(a,w) — vg(a,w):= (a,aff 9~ J(a,w))

(The fact that vy induces a locally affine directed partition is the same statement of Theorem

[.4.14) or Theorem see Remark [[.7.7])

The regularity of Dy is one of the fundamental results of [§], Theorem 8.1 and Corollary 8.2:

(I.8.4) THEOREM: If {Zib(ﬁ),C’éb(@)}&mb is the locally affine partition induced
by the function 9, then L¥'-a.e. point is reqular and the disintegration of L3 w.r.t.
{Zgyb(ﬁ)}g,a’b is regular.

A similar statement holds for the directed locally affine partition D = {Zﬁ,b,Cﬁyb}g)u,h
obtained through the function 6.

Once we are given that £1-a.e. point is regular for ¥, replacing the area estimate
Lemma with Lemma in the proof of Proposition yields the following result.

(I1.8.5) PROPOSITION: For all t > 0, the set of regular points for ¥ in {t = t} is
Hdl_{t:g}-conegligible.

We now transfer the regularity w.r.t. 9 to the regularity w.r.t. 6. The sketch of the
proof is as follows: since by Fubini theorem, for H!-a.e. £ it holds that HdL{t:t-}—a.e. point
is regular for 6, and the same occurs for ¥, we can use the fact that 6(¢,x) = 9(¢,x) for
Ho(4—py-a.e. = and every t > 0 in order to obtain that the points z,0,(2) used in Lemma
are regular points for §. The key observation is that the inner rays for ¥ will be also
inner rays for 6.

(I.8.6) PROPOSITION: Ift> 0 then ’Hh\_{t:ﬂ—a,e. point is reqular for 6.

PROOF. By Theorem we can fix &’ > 0 such that ”H‘tj:t—is,—a.e. point is regular for both
0 and 9. By the area estimate of Lemma we can also assume that

SCRyNRyN{t=t+en{0 =1}
and for all z € S
oi_e(2) ERFNRBR;N{t =1 — 8/} N {9_ = '5}
In particular we deduce that
or_o(2) €070(2). (1.57)

If 2 — 05(2) belongs to an inner direction of

Cyl(2) = Cy (2) = C (),

then the same observation at the end of the proof of Proposition will give immediately
the statement: the arbitrariness of ¢’ is used as in the proof of the proposition in order to
obtain that ’HdL{t:l}-a.e. point is regular.



We thus left with proving this last property of o5(2), i.e. z — 04(z) € Ca.
Being 04(z) — z an inner ray of —Cj(2) and Cj(z), Cy extremal cones of Cj, ., it follows
that if C5(z) € Cyg, by the extremality property then for s <t + ¢’

(2 = 0s(2)) N Cy(2) = 0,
contradicting (I.57)). |

The proof of the regularity of the disintegration of ’Hdp{t:l} w.r.t. the partition {Zib}z’a‘b
follows the same line of Section just replace the use of Lemma with Lemma
The statement is analogous.

(I.8.7) PROPOSITION: The disintegration
HdLUz,a,bzﬁybﬁ{tzl}: Z/Uébnl(dadb)
¢

w.r.t. the partition {Z! N {t = 1}}p.a is regular:

vhe <H'ige

1.8.2. PROOF OF THEOREM

Let D’ = {Z¢, Ct}yc be the directed locally affine given by (L.55). By Corollary we
have that the complement of Ug)ch is HdL{tzl}—negligible; Proposition yields that the
disintegration is regular.

Consider now the map ¥ defined in : t is invertible on D’ and, as observed at the
end of Section m the two measures i‘*l’Hé\_Zg and H‘e\_ffl(zf) are equivalent. Hence the
first three points of Theorem follows: namely

e the sets

has affine dimension ¢ + 1 and

is an (¢ + 1)-dimensional extremal cone of C", ¢ < h and ¢ = (a, b);
_ h,t
® WUneabpZyy) =1
e the disintegration of HdL{tzl} w.r.t. the partition {Zi’f}h’g’mb is regular;

Since the preorder < induced by 6 is Borel and #/(<) = 1, then by Theorem the
transference plan is concentrated on the diagonal £ = <N <~'. Hence by construction
the transference of mass occurs along the equivalence classes: these directions are exactly
the optimal rays defined by . On the regular set by definition these directions are the
extremal cone C? in Z¢:



o if 7 € II(fz, {7"}) with o = po?, then 7 satisfies iff

Z/ T "L (dadb), /]lcgi(x — x’)ﬁ'g:g < 00;

The indecomposability of the sets Zg’g with £ = h is a consequence of Proposition |[.6.10)
and Lemma|[.6.11} stating that the function 6 constructed by a given I' is constant on Z
and the sets Z wp are indecomposable. This proves Point of Theorem

e if / = h, then for every carriage I of 7 € II(ji, {#"}) there exists a ji-negligible set N
such that each Z:: \ N is 1 nr-cyclically connected.
’ a,b

In the next section we will use this theorem in order to prove Theorem

I. 9 . PrROOF OoF THEOREM |1.1

By Theorem we have a first directed locally affine decomposition D 5, and by Theorem
a method of refining a given locally affine partition in order to obtain indecomposable
sets or lower the dimension of the sets by at least 1. It is thus clear that after at most d
steps we obtain a locally affine decomposition {Z" Ch} with the properties stated in Point

of Theorem

(I1.9.1) THEOREM: Given a transference plan & € (i, 7) optimal w.r.t. the cost €,
then there is a directed locally affine partition D = {Z" Cc]}}h,a such that

1. ng has affine dimension h + 1 and Cff is an (h + 1)-dimensional proper extremal cone
of epic; moreover aff ZI" = aff(z + CI) for all z € Z!;

2. HA({t = 1} \ Up.aZh) = 0;

3. the disintegration of Hdl_{tzl} w.r.t. the partition {Zf};ha is reqular, i.e.
H L{t=1}= Z/fh "(da), &< Hhngm{t:n;

4. if # € U(ji, {v"}) with v = parth, then 7 is optimal iff

7= Z/ﬁ'f;mh(da), /]lcg,(z — 2Nl < oo;
h



5. for every carriage I of any 7@ € 1(fi, {v"}) there ewists a fi-negligible set N such that
each Z;ib \ N is Len-cyclically connected.

The last step is to project back the decomposition for {t = 1} x R? to R?, and cut the
cones CI' at {t = 1}.

e Take St := Zhn{t = 1} and O" = —C" N {t = 1}: the minus sign is because
of the definition of ¢ in formula (9). By the transversality of C! if follows that
dim O = dim O = h. Since Z" is parallel to C”, then O is parallel to S". Being C”
an extremal cone of ¢ and the latter 1-homogeneous, it follows that O is an extremal
face of c.

e The fact that the partition cover £%a.e. point and that the disintegration is regular
are straightforward.

e Being u({t = 1}) = p({t = 0}) = 1, then it is clear that we can assume that every
carriage I' is a subset of {¢ = 1} x {¢ = 0}. This implies that when computing the
cyclical indecomposability we use only vectors in O", and thus the last point of Theorem

follows from Point of Theorem
This concludes the proof of Theorem [T.1]

1.9.1. THE CASE OF v < L4

In general the end points of optimal rays are in Z" + C? N {t = 1}, which in general
is larger that Z;‘. As an example, one can consider the case v = J,—g, and verify that
ZI = O\ {0}. However in the case v < L%, the partition is independent of 7, i.e. following
[8] we call it universal.

The key observation is that we can replace the roles of the measures fi, 7, obtaining
then a decomposition {VVC{EI7 C’g/}h/,a/ for {t = 0}. Now recall that along optimal rays 6 is
constant: being inner ray of the cones C, Cc’},l, then it follows that CF = Cgf,/7 and from this
it is fairly easy to see that Zéb = W;’,/. In particular, for each optimal transference plan 7 it
follows that its second marginals are given by the disintegration of 7 on Z”, i.e. they are
independent of 7.

Translating this decomposition into the original setting, we can thus strengthen Theorem
[l as follows.

(I1.9.2) THEOREM: Let pu,v < L%. Then there exists a family of sets {S?, O"} n=o,a
in R? such that the following holds:

acah

1. S is a locally affine set of dimension h;

2. Ol is a h-dimensional convex set contained in an affine subspace parallel to aff S? and
given by the projection on R? of a proper extremal face of epic;



. Ed(Rd \ Uh,aSQ) =0;
. the partition is Lebesgue regular;

. if m € I(p, v) then optimality in is equivalent to

Zh: / [ / Lon (2’ — a)mg (dada’) | m" (da) < oo,

where 7 =", [on mhm"(da) is the disintegration of m w.r.t. the partition {S} x R}y, o;

. for every carriage T' of m € Tl(u,v) there exists a p-negligible set N such that each
Sh\ N s Lon-cyclically connected.



A study case I[

II . 1 . SETTING

As case study we consider the following Monge problem in R?:
min { / c(z —2")m(deda’) : 7€ (p, V)}, (IL.1)
R2 xRR2

where p and v < £2? are two positive probabilities measure on R?, TI(u,v) the set of
probabilities measures on R? x R? such that the first marginal is u, the second v, and c is
a non negative, lower semicontinuous, and convex real valued cost with the same growth
estimate of the general case.

As before, we consider the embedding in [0, +00) x R? and the relative problem associated

to :

c(t—t',x —2')w(dtdzdt'dz’), 7€ U(n,v). (I1.2)

/(R+ x&2) x (R+xR2)

Then we consider the associated potentials:

o(t:z) = min { —¢@@’) + etz —2)}, 120,
and

ot x) = max {—9¢@@)—cl-ta' —2)}, t<1

I1.1.1. CONSTRUCTION OF THE FIRST DIRECTED LOCALLY AFFINE PARTITION

In the following we adopt the same notation and the results obtained in Section [[1]
By means of the potentials ¢ we find a directed locally affine partition Dy € Uy 10,12 ({h} X

R2" x ([0, +00) x R2) x C(h, [0, +00) x R2)),

D;:= {(h,a,z,C) :C:F:L,ZE Zc}f}

63



II.1.2.  AREA ESTIMATE

The next step is to prove that D is regular enough to be refined.

A powerful tool to prove this kind of regularity is the area estimate that we introduce in
this section.

Let 0 < t; < t2 be two different real numbers and S a subset of {t = t2} such that

H?(S) < +oo. Let us assume that for every z € S there exists an optimal ray that reaches
t1. This is not restrictive by formula (L.3)

(IL.1.1) DEFINITION: Take ¢ €]t1, 2] a real number. With the previous notation we
define the following sets:

Z;O(S,tl,tg,f) = {2 € 5:9 ¢(2) N{t =t} does not contain any segment },

Z;’l(S, ti,ta,t) == {z € 5: 97 ¢(2)N{t =t} contains a segment but no two dimensional convex },

S50t 1) = {z€S:07¢(z) N{t =1} contains at least a two dimensional convex },

{t =t}
Eg_')(s,n‘rﬂ) (St o, T

Figure I1.1: Definition [[I.1.1

First of all we prove that the subset of Z;O(S, ta, to, ) made of points z such that there

are z1, 22 € 0~ ¢(z) and dist g ([0S(- — 21)](2), [0C(- — 22)](2)) > 0 is rectifiable.

(I1.1.2) DEFINITION: Let S C R? be an H*—measurable set. We say that S is

k—countably rectifiable if there exist countable many Lipschitz functions f; : R¥ — R¢ such
that S C Uf;(R9).



(I1.1.3) THEOREM: Let S C R? and assume that for any z € S there exists p, > 0,
mez >0 and a k—plane L(z) C R? such that

SmBPz(Z) Cz+ {Z € Rd : |pL(z)LZ| < mz‘pL(z)Z|}a

where pr, is the orthogonal projection onto L, pr. onto the orthogonal of L. Then S is
contained in the union of countably many Lipschitz k—graph whose Lipschitz constants do
not exceeded 2sup, m,.

As in [4, Section 6] we can argue as following. For every K C R® compact set such that
0 ¢ K we can define

GT(K)={weR*:w-k >0, forevery k€ K} and G(K)=G"(K)NnGT(-K).

In the following we will indicate the usual notion of sub-differential with the notation 0.

(I1.1.4) LEMMA: Let z € Dy, z1,20 € 0~ ¢(z), and assume that disty([0c(- —
21)](2), [02(- — 22)](2)) > 0.
Let (2F)ren a sequence of points in Dy converging to z such that there exists zF € 0~ ¢(2)
with 28 — 2.
Then, if [0, 4+00) x R? is the derived set of{ 2z }kEN,

[2F—]

DnN G+([5‘6(~ —21)](2) — [9e(- — 22)](2)) = 0.

PROOF. Up to a subsequence (Izl’%zl) e converges to some l.

Observe that there exists af € [9¢(- — 2¥)](Z) and aq € [9¢(- — 22)](Z) such that

c(z" —z) =c(z —2) +ay - (2F = 2) — 0|2 — 2)))

and
e(2F — ) =c(z—z) +ag- (2F —2) —o(]2F — 2))).
Notice that for every subsequence o} converging to some oy, necessarily a; belongs to
[07c(- = z1)l(2)-
Therefore,

(
= @(22) + (2" — 22)
> (")
= ¢(2F) + e(z" — 21)
=¢(zt) +e(z—2) +af - (2 = 2) +o(|2" — 2|)
> () +af - (2" = 2) + o(|z" - 2))

Therefore



Passing to the limit we obtain that:

(0527041)'120.

(I1.1.5) PROPOSITION: Fizt> 0. Then, the set

Jy = {z €Dy:3z,22€T; N 0™ ¢(2),dist g ([02(- — 21)](2), [02(- — 22)](2)) > O}.
s countably n — 1 rectifiable.

PROOF. It is not restrictive to suppose that there is p > 0 and dq, ds € {t = 1} such that for

every z € Jy there are z; and 23 in 0~ ¢(2) such that sz_fél) € Bi(d1,p), % € Bi(ds, p)

and,

dist 7 ([08(- — 21)](2), [02(- — 22)](2)) > 0.

If there is a sequence 2! converging to z such that there are two sequence 2% and z} converging
respectively to z; and 29 then this sequence must not be in

G([0e(- = 21)](2) — [0e(- — 22)](2)),
according to Lemma In order to get the thesis it is sufficient to applies the Theorem
[13) O
(I1.1.6) COROLLARY: Fizt > 0. Then, the set
Jr = {z e{t=1t}:3z,20 € Tg N ot ¢(2),distg ([0e(- — 21)](2), [02(- — 22)](2)) > 0}.
is countably n — 1 rectifiable.

(I1.1.7) REMARK: If we worked with a two dimensional slice of [0,+00) x R? the
proof would be easier. For instance, consider a section of [0, +00) x R? made with a plane
orthogonal to {t = 1}. Without loss of generality we can identify this section with [0, +00) X R.
Take 0 < t1 < to and let us consider a bounded set S in the real line {t2} x R.

Let us suppose that for every z in S there is a point 2’ on {t1} x R such that 2’ € 0~ ¢(2).
Then, for every n € N and t €]ty,to| the set

_ - 1
{z € E;O(S, t1,t2,1) : there are z1,22 € 0~ ¢(z) N ({t} x R) such that |21 — 22| > ?}
, n

has only a finite number of points. This is a simple consequence of the boundedness of R..
Then, by a covering argument one can prove that

{z € E;’O(S, t1,ta,1) 1 there are 21,29 € 0~ ¢(2) N ({t} x R) such that|zy — 22| > 0}

1s negligible.



(I1.1.8) REMARK: Let z € {t =t2} and 2’ € {t1} x R such that
#(2) — ¢(2') = &(z — ).

Let us indicate with F the projection on [0,+00) x R? of a fived bi-dimensional or three-
dimensional face of epic. Then, if [2/,z] N (z — int,q F) is not empty, then z is not in
E;o(sa tla t27f)

PROOF. It is a consequence of Lemma [[.4.10) |

Now we are ready to introduce and prove the formula of the area estimate. The following
lemma is just technical result that will be applied later in the proof of the formula.

(I1.1.9) LEMMA: Let C be a cone in C(1,]0,+00) x R?). Let f be a Borel function
that associates to z € S the segment {t =1t} N (z — C). Then, for every e > 0 there exists a
finite family of hyperplanes {a;}; such that the measure of the set

{z € S: there exists j such that f(z) N (z + ;) is an inner relative single point of f(z)}
is H%(S).

PROOF. We can assume that f associates to each point of S a segment which length is [.
Let J > 1 a natural number and consider the vectors

ej = (t,cos (%w),sin (iw)), jef{0,...,J—1}

Consider now the set:

a—2>b
27 e
lla— b

S’j::{weA:‘

> lcos (;}) where a and b are two different points belonging to f (w)}

Defining {S;};cqo,...,7—1} as the sets:

S() = Sl()7

j—1

SjZ:S,j\US,i, jE{l,...,J—l},
0

we obtain a partition made of disjoint sets.

In the plane ([0, +-00) x R?)N{t = t} for every j let us consider e;- a normal vector orthogonal

to e;.

There exists a natural number K such that

Sk = {z ST (z—i— (f—tg, k cos (%ﬂ'),kzsin (%ﬁ))—i—Rejl)ﬂintre]f(z) #* (ZJ}, ke{-K,...,K}
made a partition of S;. As before we can construct from these sets a new disjoint partition

{S; k}r of S. This conclude the argument.
|



Recall that S is a subset of {¢ = t3}. The proof of the area estimate is divided into three
streps. First we divide the points of S according to the dimension of the sub differential
and then we prove the formula in each case. Therefore we conclude the argument gluing the
three cases together.

(I1.1.10) LEMMA: For any t €]t1,ta] there exists a set 8" C {¢t =t} such that:

1. there exists a surjective function o from Z;O(S,tl,tg,f) to S’,

2. for every z € E;,O(S’ t1,t2,t), 0(2) € 0~ ¢(2)
3. the following formula holds:

t—1y

2
) WA (5.0, 12,0)

H?(s/) > <
PROOF.

Remarks allow us to assume that we are going to consider optimal rays in a bounded
cone.

Remark ensures us that we can avoid to consider directions that are in the relative
inner part of a face of the cost. Proposition let us to consider rays that are on the
same face. This means that we can have two possible cases: fix a point z in E;O(S, t1,t0,1),
[0~ ¢(2)] N {t =t} could be made of one point or of two points in the relative boundary of
the same bi-dimensional face.

In the first case one can argue as following. By the inner regularity of H?, for every
€1 > 0 there exists K; compact such that

HQ(Z(;’()(SE tl;t2a¥)) < HQ(KI) + £1-
Fix a dense sequence {z'}22; on [S — C] N {t = t;} and consider
Tr(z) € argmax{g(z) —c(z' —2) i € {1,...,1}}

We can assume o7(z) is equal to z' where 7 is the first i € {1,...,I} that achieve the
maximum.
o1 converges pointwise to a function & such that

#(2) = ¢(7(2)) + €(Z — a(2)).
Let us define o(2) := [a(2), 2] (¢).
By Egoroff Theorem, for every €5 > 0 there is a compact K5 such that ; converges uniformly
to the function & and
Hz(Kl) < H2(K2) + &9.

Lusin Theorem ensure us that we can assume the functions continuous.
Uniformly convergences of o7 to o ensure us that

o1(Ks) L o(K>).



Therefore, by the upper semicontinuity of the Husdorfl distance we have

t—t

2 — 1

H2(K2) = T sup ( ) H2(01(K2)) < H2(0(K2)) < H2(0(S)).

In the latter case we can associate to each point of S a segment on {t = ¢} that has as
extreme points the intersection of the backward rays and {¢ = t}. Then, one can partition
S according to the Lemma and using the same notation of this Lemma, obtain the
partition {4;};er. Without loss of generality we can assume that for each 2z’ € A;

z+ (f — tg, COS (%ﬂ),sin (%7‘(‘)) Nintye f(2) # 0.

This means that in A; we can obtain a selection on the rays considering the new cost:
c(z—2) =z =) + (pp=n (2 = 2) - ¢5) ™,

This cost produces new potential <Z that coincides with ¢ on one of the two optimal rays. This
means we find a measurable selection on the rays. Reproducing the previous computation
we can obtain the estimate also in this case. |

(I1.1.11) LEMMA: For any t €]t1,ts| there exists a set S’ C {t =t} such that:
1. there exists a surjective function o from E;l(S, t1,ta,t) to S,

2. for every 2’ € Zdj)l(S,t],tQ,%) there are two different point z1, 22 € [0~ ¢(2)] N {t =t}
such that
o(z) € intyei[21, 22],

3. the following formula holds:

t—1t1
to — 11

2
H2(S) > ( ) 7—[2(2;71(571517152,%)).

PROOF. Partition X5 (S, t1, 2, t) according to Lemma Notice that elements belonging
to different sets of the partition can not cross in a point with time greater than t;, otherwise
they will increase the dimension of 9~ ¢ evaluated in the two points. In each slice provided
by the LemmdI.T.0] we can prove the thesis reminding Remark and applying the same
technique used for Zajb,l' [ |

(I1.1.12) LEMMA: For any t €]t1,t2] there exists a set 8" C {t =t} such that:
1. there exists a surjective function o from E;,Q(S, t1,ta,t) to S,

2. foreveryz € E;Q(S, t1,ta,t) there are three different and non align point z1, zo, and z3 €
[0~ ¢(2)] N {t =t} such that

o(z) € intyeconv{zy, 29, 23},



3. the following formula holds:

t—t

2
) M (50

H2(S') = (

PROOF. Since the epigraph of ¢ admit at most an countably infinite number of three
dimensional faces, ¢ admit at most a countably infinite number of four dimensional faces. We
will indicate these faces as {F;}32, and define S; as the points of 2272(57 t1,ta,t) for which
there exists § > 0 such that

B(z,0)N(z — F;) C O ¢(x).
Notice that for every S; we can assume there is S’; contained in Dj such that

1. there exist a surjective function o from S; to S’;,

2. o(z) belongs to the internal part of 9~ ¢(z),
3. 15 =[5l

In order to obtain the thesis we have to prove that {5;}5°; and {S’;}7°, are two families
made of pairwise disjoint sets. Proposition and Corollary [[1.1.0] ensure us that this is
the case. |

(I1.1.13) COROLLARY: For anyt €]t1,ta] there exists a set 8" C {¢t =t} such that:

1. there exists a surjective function o from S to S’,

2. (a) for every z € Z;’O(S,tl, to, 1), o(z) € 07 ¢(z),

(b) for every z € E;I(S,tl,tQ,f) there are two different point 21, zo € [0~ ¢(2)] N {t =
t} such that
o(2) € intyei[21, 22,

c) for every z € X7 _(S,t1,ta,t ere are three different and non align point
Y Z¢2 S,tq1,ta,t) th th d t and lign p
21,22, and z3 € [0~ ¢(2)] N {t =t} such that

o(z) € intyeconv{zy, 29, 23},

3. the following formula holds:

H2(S') > ( t—t )27—[2(5). (11.3)

to — 11

PROOF. Consequence of previous Lemmas. [ |

When S is a subset of {t = t;} and for every z € S there exists an optimal ray that
reaches t5 we can state the following definition and prove very similar results:



(I1.1.14) DEFINITION: Take ¢; < ¢ < t2 a real number. With the previous notation
we define the following sets:

E;{O(S, ti,ta, 1) == {z € 5: 87 ¢(z) N {t =t} does not contain any segment },
E%yl(S,tl,tg,f) = {2z € 5:0"¢(2)N{t = t} contains a segment but no two dimensional convex },
E;{,Q(S, ti,ta, 1) = {z € 5: 97 ¢(z) N {t =t} contains at least a two dimensional convex },

(I1.1.15) PROPOSITION: For any t €]ty,ts| there exists a set S C {t =t} such that:
1. there exists a surjective function o from S to S’,

2. (a) for every z € Z(‘g’o(S,tl,tg,f), o(z) € 0F¢(2),

(b) for every z € E;;l(S,tl,tg,f) there are two different point 2y, zy € [0 d(2)]N{t =
t} such that
o(2) € intyei[21, 22],

¢) for every z € Nt _(S,t1,ts,t) there are three different and non align point
6,2
21,22, and z3 € [07¢(2)] N {t =t} such that

o(2) € intyeconv{zy, 29, 23},

3. the following formula holds:

H2(S') > < ot )27-[2(5). (11.4)

I1.1.3. NEGLIGIBILITY OF NON REGULAR POINTS

Once we have obtained the area estimates (II.3)) and (II1.4), we apply these formulas to
prove the regularity of the partition. In particular we prove that almost every point in
{t = 1} is regular.

optimal ray in the relative inner part of 0~ ¢(z). The dimension of O~ ¢ is constant along
the open segment |z', z[. Moreover, the respective property holds for 0% ¢.

(I1.1.16) REMARK: Let us consider z' € 0~¢(z) such that |2, z[ is contained in an

(I1.1.17) LEMMA: H2-almost every point of {t = 1} is backward regular.

PROOF. Let 7,¢ €]0,1[ and fix a compact subset K C {t =1+ ¢}. Since the property of
¢ ensure us that for every w € K there is an optimal ray for ¢ that reach Dy, there is an
inner optimal ray reaching t = 1 — 7 as in Corollary and then we can apply the area
estimate of the corollary. It is easy to see that the relative internal part of optimal rays



involved in the area estimate is made of backward regular points.
Therefore the measure of regular point in {t = 1} is greater or equal than

T

2
€ —|-7'H (K)-

By the arbitrariness of €, the measure of backward regular points is arbitrary near to the
measure of K. |

{t=1+¢}

Figure I1.2: The red line is the regular ray starting from z and used in the area estimate of

Corollary

(I1.1.18) LEMMA: H2-almost every point of {t = 1} is forward reqular.

PROOF. Let €1,e9 > 0. Similarly to the previous Lemma we can fix a compact K C {t =
1+e5} and by means of the area estimate we can find a sub set K’ C {t =1 —&;} of measure
arbitrary close to the measure of K. By the arbitrariness of €; and €5 we can assume that
fixing a subset S € {t =1 — 1} up to an arbitrary small part of points every point reach
{t =14 e3}. To conclude the proof we want to repeat the same proof as before introducing
the dual potential

5= s {B() —alz— ).
Ze{t=1+e2}
It lacks to prove that the optimal rays for ¢* coincide with the ones of ¢. Indeed, notice that
the area estimate ensures us that almost every point on {t = 1 — &1} could be connected
through an optimal ray for ¢ to a point on {t = 1 + 5} and these optimal rays are optimal



also for ¢*. Since an analogous of Lemma[[.4.10| holds for ¢* and taken two points on the
|

previous optimal rays Q;% coincides with Q:;, the thesis follows.

(I1.1.19) COROLLARY: H2-almost every point of {t = 1} is regular.

PROOF. The proof is straightforward consequence of previous lemmas. Notice that a
point selected by the area estimate has to have the same forward and backward differential
|

dimension.

Figure IL.3: Z!" and F!



II. 2 . ANALYSIS ON THE FIRST DIRECTED LOCALLY AFFINE

PARTITION

The previous section provides a first directed locally affine partition
D; = {(k, a,2,0):C=F" ¢ zg}.

In this section we show how to refine the partition and reduce our analysis to irreducible
sets. To this purpose we group the sets of the partition according to their dimension and
then we study them case by case.

I1.2.1. h =0 CASE

First of all we have to consider the case h = 0 that correspond to the case where the
subset Z? is a single line which intersection with {¢ = 0} and {t = 1} are two single points.
Moreover, FV is a single vector.

In this case is is naturally to consider the map that associate to Z) N{t = 1}, Z{N{t = 1}.
Notice that the disintegration of §; x H? on these subsets is made of deltas up to a negligible
set and this conclude the case.

I1.2.2. h =1 CASE

In the case h = 0 the map is found and it is unique, that is not always the case. In
higher dimension we choose to consider a secondary cost. This technique depends on the
existence of a couple of potentials for the secondary cost and a priori they could not exists
(see[I3] Example 3.14]). This is the reason why we need a deeper analysis in order to apply
Proposition in this context.

The two dimensional case it is not trivial because the map is not evident as in the previous
case and the regularity of disintegration has to be proved. For the first problem we study
the cyclically connectedness of the sets and for the latter we use the fact that non crossing
segments on a plane can not be disposed too bad.

First we show directly how we can reduce our argument to cyclically connected Z! sets
and then we prove the regularity of the disintegration in this case.

Construction of a sheaf



Define S as the subset of all closed segment contained in {¢t = 1}. For every L € S and
r > 0 set

L(—r) = {z € {t=1}:(B(z,r)NaffL) C L} and L = int,e L.

Let ey € {1} x S}, » > 0, and A €]0,1[. Consider V = span{ey} and L € S such that
L CV and define

S(L,r,\) == {L’ €S8: (i) L(—r) C pv L/,
(ii) pvL' C L,
(iii) |(z — 2') - ev| > M|z — 2'| with 2z # 2" € L}.
It is fairly easy to see that for all r, A the family
S(L,r\) = {S(L,r’,X),O <r' <0<\ < A}

generates a prebase of neighborhoods of §. In particular, we can find a countably many sets
S(Ly,7n, An), n € N, covering S being the latter separable.
Moreover, define

Dy(1,n) :={(1,0,2,C) €Dy : CN{t =1} € &(Ly, 70, \n) and z € Z!")}
Fix n € N and define the map

r : Dg(l,n) — Rx([0,+00) xR) xC(L,[0,400) x R")
(a,z,Fc}) — r(a,z,C’(’f) = (avpaffF%ZapaffF}LF;)

Being the projection of a o-compact set, r is o-continuous. Clearly, since z determines a
and a determines F}}, also the maps

r : ZL, — Rx([0,+00) xR) xC(1,[0,400) x R)
z = f(z) = (a(z)apaff F}LvaaﬂFﬁFc}(z))
oA - R x C(1,[0,+00) x R)
a = £(2) := (a,pag 1 C1)
are o-continuous. We will use the notation w € [0, +00) x R, Z} := (i} 0 pag c1)Zy and
Fy := (i1 o pagp1)F), where i; : VFE — RF is the identification map. Moreover set

Z,ll = Ua{{a} X Z;}

In particular we have that r(D(k,n)) is a k-dimensional directed fibration. Notice that
C is bounded, because the C” are.

The fact that we are considering transference problems in II(ji, {#}) allows to rewrite
them in the coordinates (a,w) € R%™* x ([0, +00) x R"). Indeed, consider the multifunction
I whose inverse is the map

P A X ([0,4+00) X RY) — [0, 00) x RY
(a,w) = N (a,w) = aff Z§ N (ig 0 pagcx) T (w)



and define the transport cost

0 a=d,w—w e€Ck,

oo otherwise.

&k (a,w,d/,0') == {

It is clear that
c(x Ha,w), 7 (a/, ")) =¢

In order to precede our analysis in the case h = 1, we fix a € 2 and consider a couple
(FL, 7zl e Dg. In the following we prove that we can decompose Z! in the union of subsets
I'-cyclically connected and subsets belonging to the previous case h = 0.

(I1.2.1) LEMMA: Let (wy,w’y) and (wq,w’s) be two couples in T' made of points of
A
If Jwy, w1 [MJwe, w’s[# 0, then wy and wy are T-cyclically connected.

PROOF. It is an easy consequence of the definition of I'-cyclically connected set. |

(I1.2.2) COROLLARY: If H'—a.e. point of p1T' N ZL N {t = 1} have just one optimal
ray, they are not I'-cyclically connected.

PROOF. Consider points with more than one optimal rays. These points can be partitionate
according to the direction of these two rays, without loss of generality we can assume that for
every € > 0 there are two point dq,ds € {t = 1} such that for almost every w € Z: N {t =1}
there are wy, ws € T'(w) such that

max{|w —wy —di|, |lw —wi —di|} <e.

Moreover, we can assume |d; — da| > 3p.
By Lemma m it is easy to see that two different points in Z! N {t = 1} with more
than one ray can not be closer than p without being I'-cyclically connected. |

(I1.2.3) LEMMA: Assume that H'—a.e. point in p1I' N ZL N {t = 1} has an relative
inner optimal ray. Then the Lebesque points of Z2 N {t = 1} are I'-cyclically connected.

PROOF. Let us suppose w € Z} N {t = 1} and w'd~¢(w) N poI" such that Jw,w'] is a
relative internal optimal ray. We claim there is p,, > 0 such that w is I'-cyclically connected
with every point in B?(w, p,,). By the o-continuity of T' there is p > 0 such that for almost
every u € B%(w, p), T'(u) N (w — FY) # 0. On the other hand it is not restrictive to assume
(B*(w,p) N{t =1}) C (v’ + inteCL) and therefore w’ € u — F.

By the compactness of Z} N {t = 1} we obtain the thesis of the Lemma. |

It remains to prove that conditional probabilities are absolutely continuous:

(I1.2.4) LEMMA: Let {[aa,ba] : o € A} be a family of segments in R? and d € S* be
a direction such that:



1. (bo — aq) - d < 1|ba — aal, for every a € A.
2. there is h > 0 such that an -d < —h and by, - d > h, for every a € A.
3. [aa,ba]N]ag, bg[= 0, for every distinct o, B € A

Define S = {z € R? : |z -d| < h} and §(z) = ﬁiﬁ for oo € A such that © €]aq, b [. Then,
6 s locally Lipschitz on S.

PROOF. Let ¢ > 0 and consider S := {z € R? : [z -d| < h —¢}.
For every x1, x5 € R? there are y1, 2, € R? such that

J)i-i-(S(J?i):yi, fori=1,2.

|0(x1) — 0(z2)| < |1 — x2] + |y1 — y2

Since two segment can not cross in S, it means that there is a constant k£ depending only
on h and ¢ such that:

ly1 — y2| < klzy — 22|
This means that in S., ¢ is Lipschitz. |

Previous Lemma let us to apply Theorem 9.4 of [1] and prove the following Proposition:

(I1.2.5) PROPOSITION: Let U be a relative open subset of {t = 1} and {Z!}4cq a
family of segments in {t = 1} N U such that for H?-almost every z € U there is a such that
z € Z) and

for every a,d’ € a, int,wZiNZL #0 = a=4d.

Then, H2y = [, [51 na&(da) and for every a € a, ng < H'.

I1.2.3. h =2 CASE

Now we deal with the case h = 2. In this case the conclusion it is not trivial as in the
case h = 0 and it cannot be done directly as in the case h = 1. Our strategy is to reduce
again our argument the Proposition

Therefore, the key point of this argument will be the analysis of the cyclical monotone
relation generated by transference plans with finite cost. For this purpose and in order to
simplify the notation we will fix a three dimensional subspace of Dz, Z. Since the problem
admits only a countably infinite number of three dimensional subsets, it is not restrictive.



I1.3. REDUCTION OF Z?

In this section we apply the theory developed in Section to refine the sets Z2 in the
union of irreducible subsets and lower dimension subsets. For the sake of completeness we
repeat the statement without proofs.

By the regularity of Dy we have proved, we can fix an arbitrary point z in the internal
part of Z and define C := R - DT ¢(2).

Define the transference cost € as

, 0 ifz—2 €C,
&(z,2) =
oo otherwise.
From the straightforward geometric property of a convex cone F
zeC = z+4+CCC,

one deduces that
&(z,2),8(2,2") <00 = &(z,7") <o0.
Consider two probability measures p and v in R? and their relative embedding i = 6; ® p
and 7 = dg @ v in D.
We denote by I'(%) be the family of o-compact carriages I' of 7 € I/ (fi, ),

(7)) = {rc {e<oo}n({t=1}x {t=0}): () = 1},

and set

I1.3.1. A LINEAR PREORDER ON Z

Let T' € I'. The following lemma is taken from [, Lemma 7.3]: we omit the proof because
it is just an easier version.

(I1.3.1) LEMMA: There exists a sequence {wp tnen i Z such that

Vn €N, w, € p1I' and clos {wy }neny D p1l
Where p;T is the projection of T on {t = 1}.
(11.3.2) DEFINITION:

(a) Wo = Wy,
H, = {w € Z : there are N € N and {(wi,wg)};;o C T such that (b) w41 € Wi+ F }
() wewy+F



This set represents the points which can be reached from w,, by means of axial path of
finite costs.

(I1.3.3) PROPOSITION: The set H, is o-compact in [0, +00) x R?, and moreover,
there exists a Borel function h, : R* — [0, +00) such that

vz, 2’ € R? (h,(2') < hy(z) + co(2’ — x))
{(t,z) :t >hy(x)} C Hy C {(t,x) : t >hy(2)}.

The above statement is the analog of Proposition 7.4 of [§], and we omit the proof.
The function h,, is given explicitly by

h,(z) = inf {cop(z—2'),2’ € i(H,N{t = 0})} = min {COF(Z‘fl‘/),l‘/ € clos (i(H,N{t = O}))}
The separability of R? and the non degeneracy of the cone F yields the next lemma.

(I1.3.4) LEMMA: There exists countably many cones {w}+F }ien, {w}}ien C p2I'NH,,
such that
intH, = U w; + intF,
ieN
and the set OH, N{t =1t} is (k — 1)-rectifiable for all T > 0.

Construction of the linear preorder <y

Denote with W = {w,, }nen the sequence constructed in the previous section.
Define first the function

bgr + D — [0,1]
w oo 9{1,1‘(“’) ‘= max {O, don2- 37(n+1)XHn (w)}

It is fairly easy to show that 0y . is Borel. The dependence on I' occurs because the set W is
chosen once I' has been selected.

Since we are interested only in the values of the functions on p;I', and the measure p is
a.c., then once the function 0y 1 has been computed we define a new function fyr by

{w:byr(a,w)>71} = U w' + F, T €[0,1].

w’ €poT
e,{,yr(w/)zr

Since pol is o-compact, it is standard to prove that 6y r is Borel if 6} 1. is.

(I1.3.5) LEMMA: The functions 60 ., Oy r are locally SBV on every section {t = t},
and
(w,w) el = Op(w)=0;p(w)=0yr(w) = byr(w)



Hence the function 6y r has the same values of 06171“ on p1I'Upol.
A completely similar argument shows that 6 ., 0y r are SBV also in [0, +00) x R?.
Define the function ¥ r as the upper semicontinuous envelope of 6y r.

(I1.3.6) LEMMA: For all T > 0 it holds
HQ({x Pyt x) > Oyt x)}) =0.

An analogous computation shows that @ coincides with its l.s.c.-envelope up to a H?2-
negligible set in each set {t =}, £ > 0.

(I1.3.7) COROLLARY: For everyt >0 and 7 € [0,1] the set
Mbur >7)N{t =1} (a{ew,r >rynf{t= ﬂ)

is rectifiable, with total variation uniformly locally bounded by r?/t +r in each ball of radius
T.

In particular we deduce that for the level sets of 6y r of positive H?-measure satisfies

n

T

— +r.
t

Ofbur =7} n{t =} N B(z,r)] ~

(I1.3.8) REMARK: We observe here the relation with the Lax formula for Hamilton-
Jacoby equation (with inverted time). In fact, if we define the Lagrangian

L(w) = 1r(w),
then formula can be rewritten as
ur(w) = sup {0 p(w') = L(w - w),w' € {t = 0} }.
Moreover, from the definition of ¥y r yields that
Yy,r(w) = max {ﬁw’r(w’) —Lw—w),w e{t= 0}}

1t thus follows that Uy r in some sense replaces the potentials ¢, ¢ for a transport problem.
The advantages of using Uy instead of Oy r will be clear in the following sections.

We notice here only that the disintegration of the Lebesgue measure E?’L{t:l} w.r.t. the
equivalence classes of 8 or of ¥ are equivalent, because the two functions differ on a negligible
set.

The pull-back of < by 8y r is the linear preorder <y r defined by

<wri= (Ou,r ® byr) _1(§_1),

and the equivalence relation on [0, +00) x R?

Eyr :==<urnN -4;’11“: {(w,w’) DOy (w) = GW,F(w’)}.



II. A STUDY CASE

(I1.3.9) LEMMA: Assume that w,w"” € p1T" can be connected by a closed azial path of

: 1
finite cost. Then, w ~g, . w".

A consequence of Lemma is thus that I' € Eyp. If IV is another carriage contained
in {¢ < oo}, then
(w,w') el = w=xyrw,
because
wr(w' + F) > 6y p(w')
by construction. In particular from Theorem (A.2.2]) we deduce the following Proposition.

(I1.3.10) PROPOSITION: [f 7 € I/ (i,7), then T is concentrated on Fyr.

Construction of a o-closed family of equivalence relations

The linear preorder <y r depends on the set W: by changing the cp-cyclically monotone
carriage I' € I' and the family W dense in I', we obtain in general different preorders.

We can easily compose linear preorders <y, r,, 8 < a countable ordinal number, by using
the lexicographic preorder on [0,1]*: in fact, define the function

e{wﬁvrﬁ}ﬁ<a : D — [0, 1]*
wo = Oy, (W) = {Psbsrs (W)} p<a

As in the previous section Oy, r,},., is Borel.
If < is the lexicographic preorder in [0, 1]%, then set

-1

- - -1
S{Us Tatpca= (G{W&Fﬁ}ﬁ@®9{Wﬁ,1“ﬂ}6<a) (9), Eligrotpce == usla}pca N 4{w5,rg}ﬁ<a :

Clearly T(Eqy, rs}5-.) = 1, since @(Ey, r,) = 1 for all 3 < a. To be an equivalence relation
on D, we can assume that I C Fy, ry1, .-

The next lemma is a simple consequence of the fact that a countable union of countable
sets is countable. It proof can be found in [§], Proposition 7.5.

(I1.3.11) LEMMA: The family of equivalence relations

&= {E{WB,FB}B<a7wﬁ = {w”ﬁ}neN’a < Q}

is closed under countable intersection. Moreover, for ever Ey, 1,3, . there exists rer
and W such that
Eqr C B,

Pglpcar

I1.3.2.  PROPERTIES OF THE MINIMAL EQUIVALENCE RELATION
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Let E{wf;,fg},;@ be the minimal equivalence relation chosen as in Lemma |[1.3.11| after
a minimal equivalence relation of Theorem in Appendix has been selected. Let
0 : R2" x ([0, +00) x R") — R2~" x [0, 1] be the function obtained through with the
set T' and the family of functions W, and let 6 be the function given by (L.48).

Let T' € I" be a o-compact cyclically monotone set, and let &y : [0,00) x RZ — [0, 1]N be
constructed as before.

By Corollary it follows that there exists a fi-conegligible o-compact set B C D
and a Borel function s : [0, 1] — [0, 1] such that f; = s 0§ on B. The set B depends on 0y r.

Applying this result to the equivalence classes of positive fi-measure, we obtain the

following proposition.

(I1.3.12) PROPOSITION: For all T € [0,1], it holds:
ﬁ((é/)_l(’]’)) >0 = 37’ €][0,1], ﬁ((é/)_l(T) \ éwjllﬂ(T/)) =0.

Notice that by Corollary it follows that the set
int (é—l(T) N éwj;(r’))

has topological boundary rectifiable.

11.3.3.  AREA ESTIMATE

We have proved that the sub/super differential of ¥ enjoys of the same property of the
one of ¢. In particular every point Since ¥ has the same property of ¢, we can repeat the
same analysis made in subsection [[T.1.2]

Let 0 < ¢1 < tg be two different real numbers and S a subset of {¢ = t3} such that
H?(S) < +o0. Let us assume that for every w € S there exists an optimal ray that reaches
t.

(I1.3.13) DEFINITION: Take ¢; <t < t2 a real number. With the previous notation
we define the following sets:

Yy o(Siti,t2,t) :={w € §: 0" I(w) N {t =1} does not contain any segment },

Yy (S, t1,t2,t) :={w e S : 0" Y(w)N{t =t} contains a segment but any two dimensional convex },

)

Yy o(S,t1,t2,t) :={w e S : 079(w) N{t =t} contains at least a two dimensional convex },

)

(I1.3.14) DEFINITION: Let w € [0, +00) x R? and w’ € 8~ 9(w)\ {w}. We can define
the time-fized normal to w — F

Ny r(w') = {n ef{t=tw)}:n- (v —e) <0foreverye€ (w—F)N{t= t(w’)}}.



(I1.3.15) LEMMA: Fiz w € [0,+00) x R?. Let assume t €]0,t(w)[, h > 0, and assume
there are two points wy and wy in O~ (w) N (w — AF) N {t =t} such that

inf{|ny — na| : n1 € Ny p(w1) and ng € Ny, p(ws) } > h.
Then, there is 6 > 0, h > 0, and a cone C C {t = t(w)} such that if
1. w' € B*(w,8) N (w + int,e1C),
2. there exists w'y € 07 9(w') N (w — F)N{t =t},
3. sup{|n —n/| : n € Ny p(ws) and n’ € Ny p(w'2)} < &,

then w € ¥ o(w, t,t(w), s) for every s €]t,t(w)].

PROOF. Let us assume there is a point {w’s} as in the hypothesis. It is easy to prove that
there are 71 € Ny, p(w1) and Nz € Ny, p(w2) such that

|71 — fig| = inf{|n1 — na| : n1 € Ny, p(w1) and ne € Ny, p(w2) }.
Without loss of generality in the following we can assume that
|1 — ng| < inf{|n1 — na| : n1 € Ny p(wy) and ng € Ny p(w'2) }.
Since there is w € (w—0C)N{t =7} and 7 € N, p (@) such that
dist (111, [[wl,wg]]> >0 and min{|n —ny|, |7 —na|} > 0.

Cousider C' as the cone of {t = 0} generated by the convex combination of the projections
on {t =0} of W — wy and wy — ws. [ |

Figure I1.4: Proposition [[1.3.15

(I1.3.16) COROLLARY: The subset of X (S, t1,t2,t) U Xy (S, t1,t2,1) made of w
such that

there are wy, w1 € 0~V (w) N {t =t1} and dist g (N w(w1), distg(Ne o (w2))) > 0,

is H*-rectifiable.



PROOF. Similarly to Proposition we would like to apply Theorem First of
all we need to partitionate the space according to the distance between the normal in w;
and the normal in ws. Precisely, we can assume that the reference distances w; and ws are
greater than h and every optimal ray has direction belonging to a ball centred in w; — w or
wy — w and with time-fixed normal near to N, r(w1) or Ny, p(w2) less than % in the mean
of Lemma

Once we have partitionate the space we can apply Lemma and obtain the thesis. H

(I1.3.17) COROLLARY: For any t €|ty ta| there exists a set S’ C {t =t} such that:

1. there exists a surjective function o from S to S’,

2. (a) for every w € ¥y ,(S,t1,12,1), o(w) € 079 (w),

(b) for everyw € Xy (S, t1,t2,1) there are two different point wi, w2 € 9~ (w)N{t =
t} such that
o(w) € intyeJwy, wa],

(¢) for every w € Xy ,(S,t1,t2,t) there are three different and non align point
wy,we, and ug € 0~ (w) N {t =1t} such that

o(w) € intygconv{ws, wa, uz},

3. the following formula holds:

H2(S') > (t_tl )27-[2(5).

to — 11

PROOF. The proof is the same of Corollary of the Subsection except for the
sequence used to prove the area estimate.

Since ¢ is Lipscitz, a dense sequence is used to approximate the potential and find the
formula. In this setting this is not possible. Therefore, to overcome this difficulty we apply a
very similar analysis applied in [§].

We can find a cone approximation considering the map T that associate to every point in
S the point in S’ founded by the scheme of the Corollary In this way, the map T is
well defined and we can push the mass the measure H?g to TyH?g supported in {t = 0}. As
in [§] we can find a cone approximation and prove the estimate. |

When S is a sub set of {t = ¢;} and for every w € S there exists an optimal ray that
reaches t5 we can state the following definition and prove very similar results:

(I1.3.18) DEFINITION: Take t; < ¢ < t2 a real number. With the previous notation
we define the following sets:

Eg’o(&thtmf) = {w e S: 9 I(w) N {t =7} does not contain any segment },



231(5, t1,t2,1) == {w € S : 9TY(w)N{t =t} contains a segment but any two dimensional convex },

ng’z(S’, t1,t, 1) == {w € S : dTY9(w) N {t =¥} contains at least a two dimensional convex },
(I1.3.19) PROPOSITION: For any t €)t1,ta| there exists a set S’ C Dy such that:

1. there exists a surjective function o from S to S’,

2. (a) for every w € E;O(S, t1,t2, 1), o(w) € 0TI (w),

(b) for every w € 21;1(5, t1,t2,t) there are two different point wi,wy € [079(w)]z
such that
o(w) € intyeJwy, wa],

(c) for every w € 2149')3(5’, t1,t2,t) there are three different and non align point
wi,wa, and ug € [0TY(w)|z such that

o(w) € intygconv{wy, wa, uz},

3. the following formula holds:

I1.3.4. NEGLIGIBILITY OF NON REGULAR POINTS
(11.3.20) LEMMA: If9(t,z) = 0(t,x), then 0~ 0(t,x) C 0~ I(t,x) fort > 0.

PROOF. Let (s,y) € 0760(t,z). The inclusion d~0(t,z) C 0~ 9(t,x) follows from the
estimate:

0(s,y) < I(s,y) < I(t,x) = O(t, ).

Being 0(s,y) = 0(t, ) we conclude. u
(I1.3.21) PROPOSITION: H2—almost every point of {t = 1} is reqular for 6.

PROOF. Since 0+ have the transitive property stated in Proposition as 0% ¢ have and
9 reach {t = 0} as ¢ does, the proof is the same if ¥ coincided with 6.

Therefore notice for instance in the backward regularity that since the area estimate
selects an inner direction in a maximal dimension component, Qy(w,w’) C Qy(w,w’)and
that the dimension of 9~ ¢(w) coincides with the dimension of 9~ 6(w), where w is the point
of the optimal ray selected at t =1+ and w’ at t = 7 > 0. |



11.4. TRANSLATION OF THE RESULT IN THE ORIGINAL PROBLEM

In this section we state the main Theorem of this work.

The first directed locally affine partition D of Section has been refined following the
scheme of Section [[L21

In particular in Subsection we noticed Z? are irreducible and give naturally a map.

In Subsection we showed how to refine directly each subset in the case h = 1.

The remaining case is described in Subsection and analysed in the Section

At the end of this procedure we obtain a refinement {Zg’fl, C:f’f:}h’a’g,yb/ of Dz where the

subsets {fo, are cyclically connected. Applying the same argument of Subsection [[1.2.2[ to

each Z g ’;, of this new partition we obtain the following theorem:

(I1.4.1) THEOREM: Given a directed locally affine partition {Z",C}y, o and a trans-
ference plan 7 € II(f, v) such that

T = Z/ﬁgmh(da), /]lcg (x —2)7h < oo,
h

then there exists a directed locally affine partition {Z[}f’f, Cg’f}hya,gyb such that

1. Zg)’f C Z" has affine dimension £+ 1 and C’Z’f is an (£ +1)-dimensional extremal cone
of C¥;

2. ﬂ(Uh,a,e,bZ:,’f) =1

3. the disintegration of HQL{tzl} w.r.t. the partition {Zf}z,c is regular, i.e.

M1y = Z/ﬁfne(dc), &8 < H gemimrys
4

4. if # € (i, {v"}) with v = porh, then 7 satisfies iff

7= Z/ﬁfml(dc), /ﬂcg (x — 2')7t < oo;
¢

5. if £ = h, then for every carriage T of & € TI(fi, {V]'}) there exists a fi-negligible set N
such that each Zg’g” \ N is 1 n.n-cyclically connected.
? a,b

Being the problem recasted in [0, +00) x R? as , we have proved also the following
Theorem:

(I1.4.2) THEOREM: Let 7 € II(u,v) be an optimal transference plan, with u < L£2.
Then there exists a family of sets { S, O"Y noo. 4 in R? such that the following holds:
ae

ah



1. S" is a locally affine set of dimension h;

2. O is a h-dimensional conver set contained in an affine subspace parallel to aff S? and
given by the projection on R? of a proper extremal face of epic;

8. L2(R?\ Up,aSt) = 0;
4. the partition is Lebesgue regqular;

5. if m € I, {v"}) then optimality in is equivalent to

>/ | [ 1oy - eymhtdeds!) | (dm) < o,

where m =Y, [y ThmP (da) is the disintegration of m w.r.t. the partition {S? x R?}, q;

6. for every carriage ' of m € I(u, {v?}) there ewists a pu-negligible set N such that each
Sh\ N is Lon-cyclically connected.

Notice this is the Theorem [[I.4.1| rephrased in the original setting.
By Theorem and Proposition we prove the following Theorem:

(I1.4.3) THEOREM: Let p,v € P(RY), u < L% Then, there exists an optimal
transport map T for the Monge problem (IL.1).



Appendix - Equivalence relations,
disintegration and uniqueness

The following theorems have been proved in Section 4 of [6]. For a more comprehensive

analysis, see [19].

A. 1 . DISINTEGRATION OF MEASURES

Let E be an equivalence relation on X, and let h: X — X/F be the quotient map. The
set 20 := X/E can be equipped with the o-algebra

A= {A cA:nl(A) e B(X)}.

Let p € P(X), and define £ := hyp.
A disintegration of p consistent with E is a map 2 3 a — u, € P(X) such that

1. for all B € B(X) the function a — uq(B) is &-measurable,
2. forall Be B(X), AcA

u(BNR(A)) = / Ha(B)E(da).
A

The disintegration is unique if the conditional probabilities 114 are uniquely defined £-a.e..
It is strongly consistent if pq(Eq) = 1.
(A.1.1) THEOREM: Under the previous assumptions, there exists a unique consistent

disintegration.
If the image space is a Polish space and h is Borel, then the disintegration is strongly

consistent.
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A. 2 . LINEAR PREORDERS AND UNIQUENESS OF TRANSFERENCE

PLANS

We now recall some results about uniqueness of transference plans. Let A C X x X be a
Borel set such that

1. AUA™! = X, where
A7 ={(z,2) : (2/,2) € A};

2. (z,2), (@, 2")e A = (z,2") € A

We will say that A is (the graph of) a preorder if Condition holds, and a linear preorder
if all points are comparable (Condition . It is easy to see that

E:=AnA™!
is an equivalence relation. Let h : X — X/FE be a quotient map.

(A.2.1) THEOREM: If u € P(X), then the disintegration of p w.r.t. E is strongly
consistent:

= /Muf(da)v £ :=hypu, pa(Eq) = 1.

Let 7 € P(X x X) such that 7(E) =1, and let i := (p1)47, 7 := (p2)47 be its marginals.
Consider the disintegration

= /ﬁaé(da% £ = (hopi)T.
Let fiq, 74 be the conditional probabilities of g, 7 w.r.t. E:
= [ pulda) = [eoimaétda). v = [ vaé(de) = [ (pa)imatilda),
(A.2.2) THEOREM: If 7 e Il(ji,7) satisfies

/]lAw< 400,

then w(E) = 1, and moreover the disintegration of m on E satisfies

T = /ﬂ'ag(da), Ta € U(fig, a)-



A . 3 . MINIMALITY OF EQUIVALENCE RELATIONS

Consider a family of equivalence relations on X,
Ez{EeCXxX,eeQE}.
Assume that £ is closed under countable intersection

{Eei}iEN cé€& = ﬂ Eei S 5,
€N

and let p € P(X).
By Theorem we can construct the family of disintegrations

,u:/ Hae(da), e€ €.
Qle

(A.3.1) THEOREM: There exists £z € € such that for all E., ¢ € &, the following
holds:

1. if A, A¢ are the o-subalgebras of the Borel sets of X made of the saturated sets for E.,
E; respectively, then for all A € A, there is A’ € A s.t. u(AnA)=0

2. if &, & are the restrictions of p to A, Az respectively, then A, can be embedded (as
measure algebra) in Az by Point : let

&= [ Geatild)
be the disintegration of & consistent with the equivalence classes of A, in As.

3. If
N:/Ne,afe(da)v H= /Mgvﬁ&(dﬁ)

are the disintegration consistent with F., E; respectively, then
Me,a = /#E,bfé,a(db)-
for &.-.a.e. a.
In particular, assume that each F, is given by
E.={0.(z) =0.(z")}, 6.:X — X', X' Polish, 6, Borel.

(A.3.2) COROLLARY: There exists a p-conegligible set F' C X such that 0, is constant
on FNO; (), for all 2’ € X'.



PROOF. Consider the function ¥ := (6., 65): by the minimality of 65, it follows that

&= /ﬁz,(x',a;")éﬁ(dﬂl/d%"), §o = Vyp.
Since (p2)s&y = &, then also
§o = /Eﬁ,x/&(dl’/),
and thus
o= [ | [ €eoranontiran’)| o).
This implies that &-a.e. 2’
/SE,(z’,x”)gﬁ,w’ (dtds) = 6w’7

or equivalently that

gﬁ’ajul - 6X(1,’”’),x”(1}”’)? 55,(}(/(93”/),}(”(93/”)) == 693111.

Hence &y is concentrated on a graph: by choosing 2’ = 2’| there exists s = s(z’) Borel such
that £y = (I, s)3&e. This is equivalent to say that there exists a p-conegligible set F' such
that ., =sof; on F. |
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