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Chapter 1

Introduction

Nonlinear wave equations model the propagation of waves in a wide range of
physical systems, from acoustics to electromagnetics, from seismic motions
to vibrating string and elastic membranes, where oscillatory phenomena oc-
cur. Because of this intrinsic oscillatory physical structure, it is natural,
from a mathematical point of view, to investigate the question of the exis-
tence of oscillations, namely periodic and quasi-periodic solutions, for the
equations governing such physical systems. This is the central question of
this Thesis.

In particular, our new results concern forced and autonomous' wave
equations

U — Uy = fx,t,u), Uy — Ugy = f(2,0)

and forced Kirchhoff equations

(1.1) Ut — Au(l + /Q |Vu|2d:6> = g(z,1),

both with space-periodic and Dirichlet boundary conditions.

These equations belong to the family of nonlinear PDE having the struc-
ture of an infinite-dimensional Hamiltonian dynamical system. Many PDE
of physical significance belong to this large family, for example the nonlinear
Schrodinger equation, the Korteveg-de Vries equation, the Burgers equation,
the Boussinesq equation, the nonlinear beam equation, the Euler equations
for hydrodynamics and, including also lattice models, the Fermi-Pasta-Ulam
system.

Regarding PDE as Hamiltonian systems, it is natural to pose for them
a question which is typical in the study of dynamical systems, that is the
description of the principal structures of phase space which are invariant
under the flow, complementing the theory of the initial value problems.

! Autonomous, or free, is meant with respect to time.



In this approach to PDE the natural guide is the theory of finite-dimen-
sional Hamiltonian systems, and main efforts have been devoted to develop
extensions of known results from finite-dimensional to infinite-dimensional
Systems.

Given the vastness and the far origin of this area of analysis, we devote
this introductory chapter to give a sketch of its history. The presentation of
our results is in Chapter 2.

1.1 Historical preface

In the past, the study of periodic and quasi-periodic orbits for finite dimen-
sional Hamiltonian systems was mainly motivated by celestial mechanics
and the problem of the planetary system. To this purpose at the end of the
19th century Poincaré devised both perturbation and topological methods.
However, periodic solutions forms an exceptional set in phase space, namely,
as Poincaré explained in [94], the probability is zero for the initial conditions
of a motion to be precisely those corresponding to a periodic solution.

In spite of this, Poincaré was convinced that periodic solutions play a
fundamental role in the dynamics of Hamiltonian systems, and he conjec-
tured that for every solution of the problem, for every time 71" and every
small € there is a periodic solution such that the distance between the two
solutions remains less than ¢ for all t < T.

This density conjecture was the main motivation for the systematic study
of periodic orbits, started by Poincaré himself and then continued by Lya-
punov, Birkhoff, Moser, Weinstein, Rabinowitz and many others.

The first existence result was the hundred-years-old Lyapunov Centre
Theorem [79], a bifurcation result for periodic orbits near an equilibrium
(“centre”) based on the Poincaré continuation method. It proves the exis-
tence of periodic solutions of a dynamical system & = f(z) near its equi-
librium z = 0, assuming a non-degeneracy hypothesis and a non-resonance
condition on a pair +iwj of purely imaginary eigenvalues of the matrix
17(0) with respect to all other purely imaginary eigenvalues +iws, . . ., *iwy,
of f'(0), that is

(1.2) wil—wj#0 YI€Z, j=2,...,n.

Moving in the direction of the conjecture of Poincaré, in the Thirties
Birkhoff and Lewis [36] proved that “sufficiently nonlinear” Hamiltonian
systems have infinitely many periodic solutions with large minimal period
in any neighborhood of an elliptic orbit.

Then in the Seventies Weinstein [111], Moser [85], Fadell and Rabinowitz
[57] extended the Lyapunov Centre Theorem to Hamiltonian systems which
violate the non-resonant condition (1.2) (resonant case). By variational



methods in bifurcation theory they proved existence and multiplicity of
periodic solutions having fixed energy (Weinstein-Moser) or fixed period
(Fadell-Rabinowitz)?.

After periodic solutions, the simplest orbits of a dynamical system are
quasi-periodic motions. They are given by generalised Fourier series of the
form

(1.3) x(t) = Z Cj eIt w= (w1, w2, ..., wa)
JEZI
where the frequencies w1, wo, . .., wy are rationally independent real numbers

(that is, the only j € Z% such that j-w = 0is j = 0).

Perturbation theory of classical mechanics led to such series expansions
for solutions of equations of motion already in the 19th century. However,
the convergence of these series became early a notorious problem. The
difficulty is due to the so-called “small divisors”, which are powers of terms
of the form j - w, j € Z%\ {0} entering in the coefficients as denominators.
Since the frequencies are rationally independent these expressions are not
zero, but they become arbitrarily small (and the corresponding terms in the
series arbitrarily large).

This convergence problem — which would lead to the existence of quasi-
periodic solutions — has been of central interest at the end of the 19th cen-
tury?, when Poincaré indicated small divisors as the main source of chaotic
dynamics, due to very complex resonance phenomena®. The problem re-
mained unsolved until the work of Kolmogorov [72], Arnold [6] and Moser
[83] (KAM) on “nearly integrable” Hamiltonian systems in the Fifties and
Sixties.

A Hamiltonian system is “completely integrable” if there are canonical
variables in which the equations of motion are explicitly integrable. In this
case, all solutions are periodic or quasi-periodic. However, many important
physical systems of classical mechanics are not completely integrable, but
only “nearly integrable”, that is, they may be written as a small perturbation
of a completely integrable system.

KAM theory showed that for a set of initial conditions of positive mea-
sure, the motion of a sufficiently smooth nearly integrable Hamiltonian sys-
tem remains similar to that of the unperturbed, completely integrable one;

2This historical review of periodic solutions in finite-dimensional systems follows [23].

3In 1878 Weierstra8 wrote to S. Kovalevskaya that he found a series expansion for
the solutions of the 3-body problem, and tried, though in vain, to prove its convergence.
He was aware of a remark made by Dirichlet to Kronecker in 1858 that he had found a
method to approximate solutions of the n-body problem successively. Dirichlet died soon
afterwards, and no written records were found. Later Weierstrafl suggested this problem to
Mittag-Leffler as a prize question. This prize was awarded to Poincaré although actually
he did not solve this problem. (From [86]).

“See [94].



in particular, for these initial conditions, the motion is quasi-periodic. In
other words, a positive measure subset of the phase space consists of quasi-
periodic solutions (KAM tori).

These solutions are constructed by an iterative procedure which gen-
erates canonical change of variables. In the new variables, the Hamilto-
nian of the system is written in a normal form for which the existence of
quasi-periodic solutions is proved directly. The iterative process is a sort
of Newton’s method. At each step of the iteration certain initial conditions
for which the inverse of the linearised operator could not be controlled are
excluded. These exclusions correspond to the small divisors in the pertur-
bation series and are the reason that one can only prove that the perturbed
system behaves like the unperturbed one on some subset of all possible initial
conditions.®

1.2 Hamiltonian PDE

At the end of the Sixties it begun the investigation of periodic orbits also for
Hamiltonian PDE. Periodic solutions, interesting per se, was also viewed as
a first step toward the understanding of the dynamics of infinite-dimensional
Systems.

The first breakthrough was the pioneering paper of Rabinowitz [99] on
nonlinear wave equations. He considered one-dimensional equations for
forced vibrating strings with Dirichlet boundary conditions, namely

(1.4) Ut — Ugg +f(x,t,u) =0, u(0,t) = u(m,t) =0

where the nonlinearity f is 2m-periodic in time. By variational methods, he
found bifurcation of 2w-periodic solutions of the problem.

Then 2m-periodic solutions of nonlinear wave equations, and more gen-
erally T-periodic solutions where 27/T = w is a rational number, have
been studied by Rabinowitz himself [101, 102], by Brezis, Coron, Nirenberg
[43, 44] using variational methods, and by many other authors, for example
[53, 109, 20, 25|, proving both perturbative and global results.

These proofs work only for rational frequencies. Indeed, suppose we
are looking for solutions u such that w(0,t) = u(w,t) = 0 and u(z,t) =
u(z,t +T), where T = 27 /w > 0. Decomposing in Fourier series

u(x,t) = Z Gy €™ sin ja
j>1, lez

shows that the spectrum of the d’Alembertian 0y — 0., =: L is the set

o={-wPP+j%:1€Z, j=1,2,...}.

This very clear description of the KAM method is drawn from: C.E. Wayne, Mathe-
matical Review MR1668547 of [39] on AMS MathSciNet.
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The nature of ¢ depends in a crucial way on the arithmetical nature of the
number w:

e if w is rational, w = p/q for some positive integers p, ¢, then —w?I? +
42 = 0 for all infinitely many pairs (j,1) such that ¢j = p|l|, while for
all other pairs there holds

| —pll| + qj| (1] + q7)
q2

1 .
2 7).

(1.5) | — W%+ 5% = >

e If w is irrational and it has the “badly approximation” property that

(1.6) 3y >0 such that ]wl—j|>|7—| VieZ\{0}, j=1,2,...,

then all eigenvalues —w?I? + j2 are far from zero, because

A

(L.7) | =452 = |-l +j] (W]l +3) > ]

wl]=yw>0 VI#0

(obviously for I = 0 the eigenvalues equal 52 > 1)5.

e If w is irrational and it does not satisfy the special property (1.6), all
eigenvalues —w?l? 4 j2 are not zero, but they accumulate to zero. This
is the typical situation, that is, for almost every real number w zero is

an accumulation point for the spectrum?.

When w is a rational p/q, the functional space where the problem is set, for
example the space

X = {u(x,t) = Zﬂjl elsinjr : ||lu)? = Z i) < oo},
Jl gl

is split into two subspaces: the infinite-dimensional kernel V' of the d’Alem-
bertian (corresponding to pairs (j,[) such that ¢j = p|l|) and its orthogo-
nal subspace W = V+ (corresponding to all others (4,1)). The restricted
d’Alembertian Ly is invertible, and its inverse is compact thanks to the
growth condition (1.5) for the eigenvalues as |(j,1)| — oco. This compactness
property is a key ingredient in the proof of works mentioned above.

Conversely, when w is irrational the d’Alembert operator has kernel zero,
and the inverse operator L™! is defined by its spectrum

(1.8) :leZ,jzl,Q,...}.

ol = {71
w22 + 42

51t is easy to prove that, conversely, if there is a positive constant ¢ such that | — WA+
2| > cforalll € Z, j > 1, then w satisfies (1.6).

"Numbers satisfying the badly approximation property (1.6) form a set of continuum
cardinality and zero measure. This is proved in Appendix A by the aid of the continued
fractions theory (see Remark 26).
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Any growth condition like (1.5) is violated, and there is no hope to recover
compactness properties.

For irrational frequencies, the more fortunate situation is when w satis-
fies the badly approximation property (1.6). In this case the inverse L~! is
a bounded operator thanks to the separation property (1.7) of the spectrum
o from zero. This makes it possible to apply the standard implicit func-
tion theorem in functional settings, and to prove perturbative results. For
example, problem (1.4) can be reformulated as the fixed point problem

U= 6L_1f(£1?,t,u),

so that it is easy to find small amplitude solutions u. for all e sufficiently
small. Non-resonance conditions of the type (1.6) are used, for example,
in [2, 81, 76, 52, 21, 18, 26, 27, 97, 11]. Moreover, we mention the work
[16] of Bambusi, where it is given a simple proof of an infinite-dimensional
extension of the Lyapunov Centre Theorem. Non-resonance conditions of
badly approximation type on the eigenvalues of the linearised system are
imposed, so that the proof can make use of the implicit function theorem.

On the other hand, as remarked above, almost every real w is neither
rational nor badly approximable. In this typical case, the spectrum o of the
d’Alembertian contains arbitrarily small eigenvalues, which become small
denominators in the spectrum (1.8) of the inverse operator. As a conse-
quence, L~! is unbounded, and it cannot map a functional space in itself.
For this reason it is impossible to apply the standard implicit function the-
orem.

We note an important distinction between finite- and infinite-dimensional
systems: in finite dimension small divisors appear only in the construction
of quasi-periodic solutions, while in infinite dimension, and in particular in
PDE, they appear also in the construction of periodic solutions.

The first existence results solving these small divisors difficulties have
been obtained by Kuksin [73] and Wayne [110]. They proved independently
that it is possible to use the KAM theory to construct both periodic and
quasi-periodic solutions of autonomous nearly-integrable Hamiltonian PDE,
extending the KAM method to infinite-dimensional systems. However, both
of these approaches seemed to work only for Dirichlet boundary conditions.

To avoid this restriction, Craig and Wayne [49] developed a new method,
based on the Lyapunov-Schmidt decomposition and Nash-Moser theory.
They proved the existence of a positive measure set of periodic solutions
for autonomous wave equations of the form

(1.9) Ut — Uy + f(2,u) =0, f(z,u) = ar(2)u + az(z)u® + ...

for all f in an open, dense set of nonlinearities.
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These results can be considered as infinite-dimensional extensions of the
Lyapunov Centre Theorem. Indeed they impose some restrictions on the
first term a1 of the nonlinearity to obtain non-resonance conditions similar
to (1.2) on the eigenvalues of the linearised problem at u = 0. However, in
the infinite-dimensional case nonzero conditions like those in (1.2) are not
sufficient: the imaginary parts w; of the eigenvalues form a sequence tending
to infinity, so that in general nonzero terms of the form w;l—w; accumulates
to zero. For this reason nonzero conditions (1.2) are replaced by stronger
non-resonance conditions of “Diophantine” type, that is

Wil — wj| > % VieZ, j#1
where v > 0 and 7 > 1. Diophantine conditions are strong enough to control
small divisors, at least for semilinear nonlinearities, and at the same time
they are weak enough to be satisfied by the majority of real numbers®.
Beyond these Diophantine conditions, infinitely many other non-resonance
conditions, depending on the nonlinearity, have to be imposed®.

The Nash-Moser theory has its origin in a paper of Nash in the Fifties
[89] on isometric embeddings, whose main ideas were revisited and extended
by Moser in the Sixties [82, 84].1 The strategy is essentially based on a
modified Newton’s iterative method in scales of Banach spaces. Its aim is
the inductive construction of a sequence of approximate solutions converging
to a solution of the problem. In the version of the method developed by
Craig and Wayne to deal with wave equations, at each step of the iteration
some non-resonance conditions on the parameters are imposed, in order to
control small divisors. For these non-resonant parameters one can invert the
linearised operator, which is essentially a perturbation of the d’Alembertian.
The inverse operator is not bounded, and it loses some amount of regularity.
This loss of regularity, which occurs at each step of the iteration, is overcome
thanks to suitable smoothing operators and to the high speed of convergence
of the quadratic scheme.

Because of the exclusion of resonant parameters corresponding to small
divisors, the method holds on some subset of all possible values for the
parameters, which has the structure of a Cantor set. Given the presence
of these “gaps” in the set of parameters, a non-degeneracy condition in
the bifurcation equation is usually assumed'!. Its analogous in the KAM
method is called Arnold condition.

8See Appendix A.

9To see a concrete example of these further restrictions, we refer to (6.16), (5.14) and
(5.38).

19Gee [23, Ch. 3] for a historical review of the Nash-Moser theory and its application
in a wide range of areas of mathematics. See also [107, 116, 117, 66, 64, 67, 3, 48] and
Appendix B.

1See Remark 1.
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The Nash-Moser method for PDE has been widely extended by Bourgain
to construct quasi-periodic solutions [37, 39], to deal with PDE in space-
dimension higher than one [38, 39, 42] and also to non-Hamiltonian PDE
[40], proving the flexibility of this method with respect to the standard KAM
technique. Further improvements have been obtained by looss, Plotnikov
and Toland [91, 68] extending the Lyapunov Centre Theorem to nonlinear
equations arising in the water wave problem, and by Berti and Bolle [28,
29, 30] for wave equations (1.9) when a; = 0 (“completely resonant” case),
extending the Weinstein-Moser and Fadell-Rabinowitz Theorems to infinite
dimension.'? The Nash-Moser method used in [28, 29, 30] is different from
that of Craig, Wayne and Bourgain, and it makes it possible to deal with
more general nonlinearities, for example with low regularity and without
oddness assumptions.

Recently also the Birkhoff-Lewis Theorem has been extended to infinite-
dimensional systems [17, 33, 34, 35].

At the same time, the infinite-dimensional version of the KAM method
has been improved by Pdschel [95], Chierchia, You [46], Eliasson, Kuksin
[56] and Yuan [115].

We mention a third tool to control small divisors, the Lindstedt series
method. It is essentially based on writing solutions as series expansions in
the perturbative parameter, and finding suitable bounds on the series coeffi-
cients to prove their convergence. Such bounds are obtained by highlighting
some delicate cancellation properties involving terms which are huge because
of the presence and repetition of small divisors, see for example [61].

Currently Nash-Moser, KAM and Lindstedt series are the only three
available methods to overcome the small divisors difficulty in PDE analysis.
The extension of these methods to cover the largest possible range of appli-
cation is a challenging area of research presenting many open directions.

One of these open questions is the study of degenerate cases, where non-
degeneracy conditions in the bifurcation equation are violated. This is an
extremely difficult problem. For some results in this direction see [29].

Another open question deals with the study of quasi-linear or, more
generally, full-linear equations, where the nonlinearity depends on partial
derivatives of the unknown having order not less than that of the linear
part. For these equations, indeed, the perturbative effect of small divisors
is in general so strong that it is very difficult to find a strategy to control
them. We cite the work of Iooss, Plotnikov and Toland [68] for full-linear
equations arising in water wave problems. Also, we believe that it could be
interesting our results concerning quasi-linear Kirchhoff equations (1.1).

We point out that, despite the Kirchhoff equation is a Hamiltonian PDE,
up to now it has been never studied from the point of view of periodic so-

'2An intermediate, “partially resonant” case has been studied in [50].
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lutions, but only as an intial value problem, with techniques completely
different from those described here. We think that an Hamiltonian perspec-
tive could stimulate new ideas in the study of this equation.

The sources we have used in writing this Introduction are [49, 4, 86,
48, 23] and the mentioned Review by Wayne on MathSciNet. In particular,
our historical presentation follows the thread of the Introduction of [23].
For a history of nearly-integrable Hamiltonian PDE, see also the mentioned
Review.
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Chapter 2

Results and outline of the
Thesis

This Thesis is essentially divided into two main parts.

In the first part, corresponding to Chapters 3 and 4, we deal with bifur-
cation problems for autonomous completely resonant nonlinear wave equa-
tions. The main difficulties solved in this part are in the analysis of the
infinite-dimensional bifurcation equation.

In the second part, corresponding to Chapters 5 and 6, we study forced
nonlinear wave and Kirchhoff equations, where perturbative results for pe-
riodic solutions are obtained via Nash-Moser techniques.

After a short description of the problem of completely resonant wave
equations, we will give a presentation of our main results.

2.1 Completely resonant autonomous equations
We consider the autonomous equation
(2.1) Utt — Ugy = f(x7u>

with Dirichlet u(0,t) = u(m,t) = 0 or space-periodic u(z,t) = u(x + 27, t)
boundary conditions. If

f(:C,O) = auf(xv 0) =0,

the equation is called “completely resonant”. The reason is that the lin-
earised equation at u = 0 is the homogeneous d’Alembert equation

(22) Uit — Ugpgy = 0,

16



whose solutions are all periodic in time with period 27. This is easily verified
by decomposing v in space-Fourier series, that is

u(z,t) = Zuj(t) sinjx or wu(z,t)= Zuj(t) e
j=1

JEZ

according to Dirichlet or periodic boundary conditions. Then u solves (2.2)
if and only if
By (t) + 5% (6) = 0 V5,

that is h;(t) = a; cos jt + b; sin jt for all j. All h; are 27-periodic, then also
U.

In the language of dynamical systems, the eigenvalues of the linearised
system are all purely imaginary, and in particular they are all of the form ij
for some integer j. With respect to the non-resonance hypothesis (1.2) of the
Lyapunov Centre Theorem, here we are in a completely opposite situation:
all eigenvalues are resonant. If we were in finite dimension, this case would
be considered by the Fadell-Rabinowitz and Weinstein-Moser Theorems.

Compared with non-resonant cases (1.9), we encounter an additional
difficulty beyond small divisors, that is an infinite-dimensional bifurcation
equation.

Periodic solutions of completely resonant wave equations have been found
first by Lidski, Schulman [76], Bambusi and Paleari [18] for nonlinearity
f =3+ O(u*), where the bifurcation equation is solved by an ODE analy-
sis suitable for the cubic term. The monotonicity of the leading term u? is
used to prove a non-degeneracy condition in the bifurcation equation.

Then the existence and multiplicity of periodic solutions have been proved
by Berti and Bolle [26, 27] for general nonlinearities, solving the bifurcation
equation via variational methods.

In these four papers badly approximation conditions are imposed on the
frequencies, forming sets of zero measure.

Recently these results have been extended to positive measure sets of
frequencies by adapting the Nash-Moser technique [28, 29, 30, 13] and the
Lindstedt series method [61] to completely resonant cases. These results can
be considered as an infinite-dimensional extension of Weinstein-Moser and
Fadell-Rabinowitz theorems. Also, we mention [62] where related results are
proved for completely resonant nonlinear Schrédinger equations.

2.2 Contents of Chapter 3

In Chapter 3 we present results obtained in [11], where we prove a bifur-
cation theorem for quasi-periodic solutions with two frequencies of a class

17



of completely resonant nonlinear wave equations. In particular, we consider
the problem

Vit — Vg = _U?) + f(’U)
(2.3) { v(z,t) = v(z + 2m,t), (x,t) € R2

where f: R — R is analytic near v = 0 and f(v) = O(v?) as v — 0.
Since all solutions of the linearised problem

(2.4) Uy — Vg = 0,  v(x,t) = v(x + 2m,1)

are periodic, it is a primary problem to understand which solution of (2.4)
quasi-periodic solutions bifurcate from.

In the recent paper [97], Procesi proved the first existence result for quasi-
periodic solutions of completely resonant wave equations. In particular, she
proved the existence of small-amplitude quasi-periodic solutions of (2.3) of
the form

(2.5) v(x,t) = u(wit + z, wat — x),

where u is an odd analytic function, 27-periodic in both its arguments, the
frequencies w1, ws are close to 1 and belong to a Cantor set of zero Lebesgue
measure, assuming that f is odd and f(v) = O(v®). These solutions corre-
spond — at the first order — to the superposition of two waves, travelling
in opposite directions:

v(z,t) = Ve r(wit + ) + s(wat — z) + h.o.t.]

where wi,ws =1+ O(e).
On the contrary, in [11] we prove the existence of quasi-periodic solutions
of (2.3) having a different form, that is

(2.6) v(z,t) = u(et, (1+ be? )t + ),

where u is 2m-periodic in both its arguments, (b,¢) are close to (1/2,0) and
the ratio (1 + be?)/e is irrational. Moreover, we do not assume that f has
to be odd.

We perform a Lyapunov-Schmidt reduction, leading to the usual system
of a range equation and a bifurcation equation.

The small divisors problem in the range equation is avoided imposing
badly approximation conditions on the parameters, see (3.12).

The delicate part of the proof is the study of the bifurcation equation,
which is infinite-dimensional because the equation is completely resonant.
To solve the bifurcation equation we use an ODE analysis. We cannot
directly use variational methods as in [26, 27, 32] because we have to ensure

18



the non-trivial dependence of u on each of its arguments, in order to prove
that the solution v is genuinely quasi-periodic.!

First, we find an explicit solution of the bifurcation equation by means
of Jacobi elliptic functions (following [90, 97, 61]), see Lemma 1.

Next we prove its non-degeneracy (Lemma 4). These computations are
the heart of the proof. Instead of using a computer assisted proof as in [97],
here we employ purely analytic arguments. See also [90] for some related
computations.

The solutions we find turn out to be, at the first order, the superposition
of a travelling wave (having velocity greater than 1) and a modulation of
long period, depending only on time:

v(z,t) = e[r(et) + s((1 + be?)t + z) + h.o.t.],

see Theorem 1.
Finally we show that our arguments can be also used to extend results
of [97] to non-odd nonlinearities, see Theorem 2.

We mention that recently the existence of quasi-periodic solutions with
n frequencies has been proved in [114]. Solutions found in [114] belong to a
neighborhood of a solution wu(t) periodic in time, independent of z, so they
are different from those found here.

2.3 Contents of Chapter 4

In Chapter 4 we present results obtained in [13], where we prove the bifur-
cation of periodic solutions for completely resonant equations of the form
(2.1).

In the recent paper [28] it is proved the existence and multiplicity of small
amplitude periodic solutions of (2.1) with Dirichlet boundary conditions
for a Cantor set of frequencies having asymptotically full measure at w =
1. Given the presence of small divisors, a crucial step in the study of the
bifurcation equation is to prove that the “zeroth order bifurcation equation”
has a non-degenerate periodic solution?. Such key property has been verified
in [28] for nonlinearities of the form f = asu?+0(u?) or f = az(z)u®+0(u?).

In Chapter 4, using the ODE techniques developed in Chapter 3, we
prove this non-degeneracy property for a new class of nonlinearities, that is

(2.7)  f(z,u) = agu® + az(x)u® + O(u?) and f(z,u) = aqu® + O(uP),

extending the results of [28], see Theorem 3.

LQuasi-periodic solutions with two frequencies are found via variational methods in
[32] for forced nonlinear wave equations.
2See Remark 1.
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We underline that our proof is purely analytic — it does not use numer-
ical calculations. It is based on the analysis of the variational equation and
properties of the Jacobi elliptic functions.

Remark 1. In presence of small divisors, the range equation can be solved
only on a Cantor set of parameters. This set has a very complicated struc-
ture, being the final result of infinitely many excisions which correspond to
the small divisors one encounters at each step of the iteration.

Then a difficulty appears in solving the bifurcation equation, because the
unknowns have to lie in the Cantor set. In other words, the problem is to
ensure an “intersection property” for the solution sets of the two equations.

By assuming a non-degeneracy condition on the nonlinearity, the bifur-
cation equation can be solved by the classical implicit function theorem.
At the same time, the non-degeneracy assumption ensures that the smooth
path of solutions we have obtained intersects “transversally” the Cantor set,
at least in the vicinity of the bifurcation point. As a consequence, one ob-
tains solutions for a positive measure set of parameters. This is the classical
argument used in [49, 39]; see also [28].3

2.4 Contents of Chapter 5

In Chapter 5 we present results obtained in [14], where we prove the existence
and regularity of periodic forced vibrations of a nonhomogeneous string with
fixed endpoints, both in the case when the forcing is small and in the case
when the string vibrates very rapidly. In particular, we consider the problem

(2.8) {P(x)utt — (p(@)ug)e = puf (z,wt, u)

u(0,t) = u(m,t) =0

where p(z) > 0 is the mass per unit length, p(z) > 0 is the modulus of
elasticity multiplied by the cross-sectional area (see [47] p.291), u > 0 is a
parameter, and the nonlinear forcing term f(z,wt,u) is (27/w)-periodic in
time, that is f(x,-, u) is 2w-periodic.

Equation (2.8) is a nonlinear model also for propagation of waves in
non-isotropic media describing seismic phenomena, see for example [15].

Looking for (27 /w)-time periodic solutions, we note an interesting differ-
ence between the d’Alembert operator 0y — 0., and the differential operator
L,, = p(x)0y — 0z (p(x)0,) for nonhomogeneous models. Indeed, if the den-
sity p(x) and the elasticity p(x) are not constant, the eigenfrequencies w;

3In problems where the bifurcation equation exhibits a variational structure, it would
be natural to make use of critical point theory. The main obstacle to its application is the
“intersection problem” described above. For an adaptation of variational methods to this
difficult situation and a first result for degenerate cases we refer to [29].
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of the string are no longer integer numbers. They have the asymptotic
expansion®

(2.9) w§:£+b+0<;)

with ¢, b are constants depending on p and p. The spectrum of L, is
Tpp i= {—w212+w]2- e, j=1,2,...}.

If w = p/q is rational, good separation properties of the spectrum can be
recovered when p(xz) = p(z) (so that ¢ = 1) and assuming the extra con-
dition b # 0. Indeed in this case o,;, contains at most finitely many zero
eigenvalues, while its remaining part is far away from zero, see [19, 105].

On the other hand, if b = 0, the eigenvalues corresponding to gj = p|l|
tend to zero, even if w is rational. As a consequence, if we are not assuming
any special hypothesis on p, p, we cannot avoid small divisors in the spectrum
of L,p.

Existence of periodic weak solutions for the nonhomogeneous string equa-
tion has been proved by Acquistapace [2] for p = 1, u small, for a zero mea-
sure set of forcing frequencies w for which the eigenvalues —w?1? + wJQ- are
far away from zero. These frequencies are essentially badly approximable
numbers.

For the homogeneous string p = p = 1, existence results for rational
frequencies have been mentioned in the Introduction.

Here we recall a work of Plotnikov and Yungerman [92] where classi-
cal periodic solutions are found for a positive measure set of Diophantine
frequencies, for small u, assuming that f is monotone in w. This mono-
tonicity condition makes it possible to control the constant coefficient in the
asymptotic expansion of the eigenvalues (like b in (2.9)) of some perturbed
linearised operator.

Recently Fokam [58] has proved the existence of periodic solutions for
large frequencies w in a set of asymptotically full measure, in presence of a
potential term, for g = 1 and for nonlinearities of the form f = u3 + h(z,t)
with h a trigonometric polynomial odd in time and space.

In Chapter 5 we prove existence of classical periodic solutions of (2.8)
for every p(x),p(x) > 0, for general nonlinearities f(x,wt,u), and for (u,w)
belonging to a large measure Cantor set By, when the ratio p/w is small.
Our Theorem 4 covers both the case p — 0 (weak forcing) and the case
w — +oo (rapid forcing). Moreover, no monotonicity condition on f is
assumed.

As p/w — 0, the solution we find tends to a static equilibrium v(z) plus
smaller, zero average oscillations w(z,t) of amplitude O(u/w).

4See (5.65).
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The problem is attacked by performing a Lyapunov-Schmidt decompo-
sition, splitting the functional space in a subspace V of time-independent
functions and its orthogonal W.

The limit equilibrium v(x) is selected by the nonlinearity through the
infinite-dimensional V-equation (“bifurcation equation”), under natural as-
sumptions on f which ensure a non-degeneracy condition (see Remark 1).
Note that this problem is not present in [58] where, thanks to the symmetry
condition for f, there is no bifurcation equation.

In the W-equation (“range equation”) a small divisors problem arises.
We solve it with a Nash-Moser type iterative scheme. The inversion of the
“linearised operators” — which is the core of the Nash-Moser method — is
obtained adapting the techniques of [28] to our time-dependent case.

In the range equation there is an interaction between the forcing fre-
quency w and the normal modes of oscillations of the string linearised at
the different positions which approximate better and better the final string
configuration.

The set B, of “non-resonant” parameters (u,w) for which we solve the
range equation is constructed avoiding these primary resonances. In partic-
ular the forcing frequency w must not enter in resonance with the normal
frequencies of oscillations of the string linearised at the limit solution. This
could be considered as a sort of non-eigen-resonance condition.

At the end of the construction we obtain a large measure Cantor set B,,.
Outside this set the effect of resonance phenomena could in general destroy
the existence of periodic solutions like those found in Theorem 4.

Remark 2. We emphasize that proving the existence of periodic solutions
for wave equations, both for rational and for irrational frequencies, is more
difficult when the nonlinearity is non-monotone in the unknown u. Indeed,
as remarked in [23], in this case there is no “confinement effect” due to the
potential.

Periodic solutions of forced wave equations for a large class of non-
monotone nonlinearities have been found in [25] for rational frequencies via
variational methods (see also [23]). The results of Chapter 5 hold for non-
resonant frequencies, so that they are complementary to those of [25].

In the autonomous case, periodic solutions for non-monotone nonlinear-
ities have been found in [26, 28].

On the other hand, a non-existence result has been obtained in [32]
for even power nonlinearities and space-periodic boundary conditions. This
indicates that the existence results obtained for non-monotone nonlinearities
and Dirichlet boundary conditions are due to a “boundary effect”.
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2.5 Contents of Chapter 6

In Chapter 6 we present results obtained in [12], where we prove the existence
and regularity of periodic solutions of the forced Kirchhoff equation

(2.10) Ut — Au(l +/ ]Vu|2d$> =eg(x,t)
Q

both for Dirichlet and for space-periodic boundary conditions, for a large
measure set of parameters.

First of all, we remark some differences between this equation and those
studied in the other chapters. In the nonlinear wave equations of Chapters
3, 4 and 5 the nonlinear dependence on the unknown is of composition type,
that is, the nonlinear term is of the form f(x,¢,u(x,t)) where f is a given
real-valued function f(z,t,§) of real arguments (z,t,£). In the Kirchhoff
equation, on the contrary, the integral term makes the nonlinearity nonlocal.

Moreover, the Kirchhoff nonlinearity is quasi-linear, because the coeffi-
cient (1+ [, [Vu|?dz) of the higher order term Au depends (quadratically)
on lower order derivatives.

In addition, in Chapter 6 we set the problem in any dimension d > 1.

In (2.10) g is a given time-periodic external forcing with period 27 /w
and amplitude ¢, and the displacement u : 2 x R — R is the unknown. We
consider both Dirichlet boundary conditions

(2.11) u(z,t) =0 Vxeo, teR

where Q € R? is a bounded, connected open set with smooth boundary, and
periodic boundary conditions on R?

(2.12) u(z,t) = u(x +2rm,t) YmeZ zcRY teR

where Q = (0, 2m).
(2.10) is a Hamiltonian integro-partial differential equation, with time-
depending Hamiltonian

v? |Vul? |Vul? | 2
H(u,v :/dx +/ dx + / dx /5gudx.
(u,v) Q 2 Q 2 ( Q 2 ) Q

It describes nonlinear forced vibrations of a d-dimensional body (in partic-
ular, a string for d = 1 and a membrane for d = 2).

This model has been proposed first in 1876 by Kirchhoff [71] in dimension
one, without forcing terms, with Dirichlet boundary conditions, namely

(213) Ut — Ugy (1 + / Ui dl‘) = 0, U(O,t) = u(’ﬂ',t) =0
0
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to describe transversal free vibrations of a clamped string in which the de-
pendence of the tension on the deformation cannot be neglected. Indepen-
dently, Carrier [45] and Narasimha [88] rediscovered the same equation as a
nonlinear approximation of the exact model for the stretched string.

Kirchhoff equations have been studied by many authors from the point
of view of the Cauchy problem

u(z,0) =up(z), u(zr,0)=ui(x)

starting from the pioneering paper of Bernstein [22]. Both local and global
existence has been investigated, for initial data having Sobolev or analytic
regularity, mainly by using energy estimates. See for example [54, 93, 77, 9,
10, 80] and the rich surveys [8, 108]. We remark that the global existence
in Sobolev (or even C'*°) spaces is still an open problem, except for special
cases (for example for Q = R? [63, 51]).

In spite of the wide study for the Cauchy problem, to the best of our
knowledge nothing is known about the existence of periodic solutions of
Kirchhoff equations, except for the normal modes.

Kirchhoff himself observed that equation (2.13), thanks to its special
symmetry, possesses a sequence of normal modes, that is solutions of the
form w(z,t) = w;(t)sinjz, j = 1,2,... where u;(t) is periodic. In gen-
eral, normal modes are solutions of the form w;(t)p;(x) where ¢;(x) is an
eigenfunction of the Laplacian on (.

In presence of a forcing term g(z,t) this symmetry is broken and normal
modes do not survive (except in the one-mode case g(z,t) = g;(t)p;(x)).
Indeed, decomposing u(z,t) = >, u;(t)p;(x) shows that all components
u;(t) are coupled in the integral term [, |Vu|?dz, and problem (2.10) is
equivalent to a system of infinitely many nonlinear coupled ODE, namely

wf(t) + M) (14D M) = g5, j=1,2,...
k

where g(z,t) = 3, g;(t)p;(z) and )\? are the eigenvalues of the Laplacian
on (2.

In Chapter 6 we prove the existence of periodic solutions of (2.10). We
consider the amplitude ¢ and the frequency w of the forcing term g as pa-
rameters of the problem. We prove that there exist periodic solutions of
order € and period 27/w when € is small and (g,w) belong to a Cantor set
which has positive measure, asymptotically full for ¢ — 0. We prove reg-
ularity estimates for the solutions, both in Sobolev and in analytic classes,
and local uniqueness, see Theorem 7, Remark 18 and Theorem 8.

We point out that, to the best of our knowledge, solutions we found are
the first examples not only of periodic, but also of global in time solutions of

24



forced Kirchhoff equations with Sobolev regularity (except for special cases
like 2 = RY mentioned above).

There are two main difficulties in looking for small amplitude periodic
solutions of (2.10). The first one is a small divisors problem: the spectrum
of the d’Alembert operator d; — A in spaces of 27 /w-periodic functions is

{-?P+ X 1 1€eN, j=1,2,..},

and, as we have already remarked, it accumulates to zero for almost every
w.

The other difficulty is the presence of derivatives in the nonlinearity.
Little is known about periodic solutions of quasi-linear wave equations. For
local nonlinearities, the problem has been studied by Rabinowitz [100] in
presence of a dissipative term, namely

Ut — Ugy + auy = gf(xa tv Uy Uy, Uty Uggy Uat s ’I,Ltt),
for the frequency w = 1; by Craig [48] for pseudodifferential operators
Utt — Ugy = CL(CL')U + b(l‘, |am‘/8u) =0, B<1;

by Bourgain [40] in cases like uy — gz, + pu +u? = 0 and, for quasiperiodic
solutions, [37] uy — Uze = a(z)u + aai/Q(h(x,u)). However, the Kirchhoff
nonlinearity is not covered by these results.

Our proof overcomes these two difficulties by means of a Nash-Moser
scheme. We emphasize that, because of the presence of derivatives in the
nonlinearity, usual KAM and Lindstedt series methods seem not to apply
to the problem.

Since we deal with not only analytic, but also finite order regularity, the
scheme we use here differs from those of Craig, Wayne, Bourgain, and also of
[28] and Chapter 5, because it does not rely on any analyticity assumption.
Such a procedure goes back directly to ideas of the original methods of
[82, 84, 116] and it is developed in [23, Ch. 3]. Recently [30] this technique
has made it possible to prove the existence of periodic solutions of nonlinear
wave equations for nonlinearities having only C* differentiability. We point
out that some of the difficulties of [30] are not present here, thanks to the
special symmetry of the Kirchhoff nonlinearity.

Moreover, the roles played here by space and time are inverted with
respect to [30, 28, 14].

We remark that small divisors problems become more difficult in higher
dimension. For this reason, not many works deal with such problems when
the dimension is larger than one; see for example [38, 39]. In that case,
indeed, A; have a sub-linear growth, A\; ~ Y4 as j — oco. In general this
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causes further difficulties in the inversion of the linearised operators. In our
case, however, the structure of the Kirchhoff nonlinear integral term makes
possible the inversion in any dimension.

Finally, we note that in case of periodic boundary conditions (2.12) zero
is an eigenvalue of the Laplacian. As a consequence, we have to solve a
space-average equation which is not present in the Dirichlet case (2.11).

2.6 Contents of the Appendices

Appendix A is a self-contained presentation of some classical results of num-
ber theory concerning the approximation of irrationals by rationals, the con-
tinued fraction theory and measure properties of number sets.

In Appendix B we prove an abstract Nash-Moser theorem, which is
proper to applications dealing with spaces of finite regularity functions.

In Appendix C we report the classical proof of the algebra property for
spaces of periodic functions.
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Chapter 3

Quasi-periodic solutions of
the equation

'Utt — Ugjx ‘I_ Ug — f(’U)

We consider completely resonant nonlinear wave equations of the type

{ Vit — Vg = _U3 —i—f(?))

(3.1) v(t,x) = v(t, v + 2m)

where f is analytic in a neighborhood of v = 0 and f(v) = O(v?) as v — 0.
Motivated by the existence result in [97] for solutions of the form (2.5), we
start our study looking for solutions of the form

(3.2) v(t,z) = u(wit + x, wat + x).

where u is 2m-periodic in both its arguments and the frequencies wy,wsy are
close to 1. Solutions v(t,x) of this form are quasi-periodic in time if u
depends genuinely on both its arguments and the ratio between the periods
is irrational, that is wy/wa ¢ Q.

We set the problem in the space H, defined as follows. Let T := R/27Z
and ¢ = (1, p2) € T2, For doubly 27-periodic u : T? — R, we develop in
Fourier series

(3.3) u(p) = Z T, €P1 92
(m,n)eZ?

Let 0 > 0, s > 0. We define ‘H, as the space of the even 2mw-periodic
functions u : T?> — R such that

Sl [L4 (m* - 02)] VI ]} < o
(m,n)eZ?

Elements of H, are even periodic functions which admit an analytic
extension to the complex strip {z € C: [Im(z)| < o}.
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(Ho,||-|l,) is a Hilbert space. For s > 1 it is also an algebra, that is,
there exists a constant ¢ > 0 such that

[uvll, < ellully [loll,  Vu,v € Ho,

see Appendix C. Moreover, the inclusion Hy s+1 — Ho,s is compact.
We fix s > 1 once and for all.

We note that all solutions of the form (3.2) can be written in the form
(3.4) v(t,z) = u(et, (1+be?)t + )
where (b, e) are close to (1/2,0) if we set
(3.5) wi=1+4e+0b?, wy=1+be

Forms (3.4) and (3.2) are equivalent (see Section 3.5). Thus there is no loss

of generality in studying the problem for solutions of the form (3.4). The

condition wy /we ¢ Q of genuine quasi-periodicity writes as (1 + be?) /e ¢ Q.
For functions (3.4), problem (3.1) becomes

{s [e02, +2(1+be?) 2, +be(2+ be?) 02,] (u) = —u® + f(u)
u € H,.

We define

My =82 +2(1+be%) 02, + be(2+ b%) D2,

we rescale u — eu and denote f.(u) = e73 f(eu), so that the problem writes

(3.6) { My c[u] = —eu® + & fo(u)

u € H,.

The main result of this chapter is the existence of solutions u, ) of (3.6)
for (b,¢) in a suitable uncountable set (Theorem 1).

Remark 3. If we consider a first-order relation between the amplitude and
the frequencies, that is w; = 1+ ¢, wa = 1+ ae as in [97], we obtain
a bifurcation equation different than (3.11). More precisely, there is zero
instead of —b(2 + be?) s” in the left-hand term of the Qs-equation in (3.11).
With this choice, we do not find solutions which are non-trivial in both its
arguments, but only solutions depending on the variable ;.
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3.1 Lyapunov-Schmidt reduction

The operator M, . is diagonal in the Fourier basis e, = eime1einez ith
eigenvalues —Dy, (m, n), that is, if u is written in Fourier series as in (3.3),

(3.7) Myelu] = = > Dype(m, n) tiynn €™ %2,
(m,n)€Z2

where the eigenvalues Dy .(m,n) are given by

Dyo(m,n) =em? + 2(1 + be?) mn + be(2 + be?) n?

_ 2 €
(3.8) —(2—|—b€)(2+b82m+n)(m+bsn).
For ¢ = 0 the operator is My = 28371992. Its kernel Z is the subspace

of functions of the form wu(p1,¢2) = r(p1) + s(p2) for some r, s € H,
one-variable functions,

7 = {u € Hy : tlipn =0 Y (m,n) € Z2, m,n # 0}.
We decompose H,, in four subspaces setting
C={ueHys: ulp) =10} =R,
Ql = {u € Hy: U(SO) = zm;é(] am,O el = r(@l)}a

Q2 = {u € Ho: U((p) - Zn;ﬁo ﬂo’n einwz — 3(@2)}7
P={u€ Mty :ulp) =3, 00 lmn €™ €92 = pp1,02)}.

Thus the kernel is the direct sum Z = C' & Q1 ® Q2 and the whole space is
H, = Z @ P. Any element u can be decomposed as

(3.9)

u(p) =10 + (1) + s(p2) + p(p1, p2)
(3-10) — 2(0) + pl9)-

We denote ( -) the integral average: given g € H,,

(9) = <9>w = (271r)2 o27r 027r 9(p) dprdepa,
2T 27
(Der = 5= Jo 9@V do1, (9 ps = 5= J3 " 9() depa.

Note that % fozw et dt = 0 for all integers k # 0, so

<7"> = <r><,01 =0 <r><,02 =T
() =(8)p =0 ($)pr = s

for all r € @1, s € @2, p € P, u € H,, and by means of these averages we
can construct the projections on the subspaces,

HC’:<'>7 HQ1:<'><P2_<'>7 HQ2:<'><P1_<'>'



Let u = z + p as in (3.10). We split v® as u® = 23 + (u® — 23) and
compute the cube z3 = (9o + r + s)3. Clearly the diagonal operator M, .
maps every subspace of (3.9) in itself, and

Mb75[’l”] = 87‘”, Mb75[8] = b€(2 + b€2)5”, Mb75[a070] =0.
Then project problem (3.6) on the four subspaces gives
0 =43, + 3to0 ((r?) + (%) + (r®) + (%) +

+e [(u? = 2%) = fo(u)] [C-equation)]

—r = 371%707“ + 310 (r2 — <7’2>) + 13— (r3) + 3(s?) r+

+llg, [(U3 - 23) - fa(u)] [@Q1-equation]

(3.11)
—b(2+be?) " = 3af s + Bio (7 — (s%)) +5° — (%) +3(r?) s+
+g, [(u® —2%) — fe(u)] [Q2-equation)
My [p] = ellp [—U3 + fa(u)] . [P-equation]

Now we study separately the projected equations.

3.2 The range equation
We write the P-equation thinking p as variable and z as a “parameter”,
Mye[p] = ellp [~ (2 +p)* + fe(2 +p)] .

Our aim is to invert the operator M .. In Section 3.5 we prove that, fixed
any v € (0,1/4), there exists a non-empty uncountable set B, C R? such
that for all (b,e) € B, there holds

| Dy c(m,n)| >~ Vm,n € Z, m,n # 0.

In particular, the Cantor set B, is
(3.12)

B, = {(b,e) e R?:

<
4’ €

2
€ 9 ’ € ‘ 9, 1 14be }
2+b€2’b5 EW’W 2+b€2’| | ¢Q )

where W, is the set of badly approximable numbers defined by

(3.13) WV::{J:GR:|m+n:c|>ﬁ Vm,nEZ,m#O,n#O},
n
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see Appendix A. Therefore M p is invertible for (b,¢) € B, and by (3.7)
it follows

_ hmn m in
(Myeip)H[h) = =) s elmer et

for all h = Zm,n;ﬁo izmn e'mP1 einv2 ¢ P Thus we obtain a bound for the
inverse operators, uniformly in (b,e) € B,:

Applying the inverse operator (M p)~', the P-equation becomes

(3.14) p+ 8(Mb75|P)71HP [(z +p)® — fo(z +p)] =0.

We would like to apply the Implicit Function Theorem, but the inverse
operator (M, p)~" is defined only for (b,c) € B, and in the set B, there
are infinitely many holes, see Section 3.5. So we fix (b,¢) € B,, we introduce
an auxiliary parameter p and we consider the auxiliary equation

(3.15) P+ My 1p) " 'p [(24p)° = fu(z +p)] = 0.

By the standard Contraction Mapping Theorem, there exists a positive con-
stant ¢; depending only on f such that, if

(3.16) (,2) ERX Z, ul|2lls < eryy

equation (3.15) admits a solution p.)(i1,2) € P (see also Lemma 2.2 in
[97]). Moreover, there exists a positive constant co such that the solution
P(be) (1, 2) Tespects the bound

C2 3
(317) Hp(b,s)(,uﬂ z)HU < ; HZ”O.‘,U,‘
Than we can apply the Implicit Function Theorem to the operator

RxZxP—2P
(1, 2,0) — p+ (M p) "' p [(z 4+ p)° = fulz +p)]

at every point (0, z,0). By local uniqueness we recover the regularity, and
P(b,e), as function of (u, 2), is at least of class c.

Notice that the domain of any function p(, .y is defined by (3.16), so it
does not depend on (b, ) € B,.

In order to solve (3.14), we will need to evaluate p.) at p = ¢; we will
do it as last step, after the study of the bifurcation equation.
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3.3 The bifurcation equation
We consider auxiliary Z-equations: we put f, instead of f. in (3.11),

0= o+ 3o ((r*) + (s%) + () + (s*)+
e [(u? = 23) = fu(uw)] [C' — equation)]

—r'" = 34§ or + 3ioo (r* — (r?) + 3 — (%) + 3(s?) r+

(3.18) +g, [(u? = 23) — fu(u)] [Q1 — equation]

—b(2 4 be?) 5" = 30§ g5 4 3iop (s* — (7)) 4+ 5% — (%) + 3(r?) s+
+HQ2 [(u -z ) - f,u(u)] . [Q2 — equation]
We substitute the solution p(, .y (u, 2) of the auxiliary P-equation (3.15) in
the auxiliary Z-equations (3.18), writing v = 2z +p = 2z + pp <) (i, 2), for
(1, z) in the domain (3.16) of p( ..

We have p.y(p,2) =0 for p =0, so the term [(ud = 2%) = fu(uw)]
vanishes for © = 0 and the bifurcation equations at u = 0 become

0= @ +3io0 ((r2) + (s2) + (r¥) + (%)
(3.19) —r" = 363 yr + oo (r2 — (r2)) + 75 — (r¥) + 3(s?)r
—b(2 4 be?) 8" = 3345 + g (52 — (s?)) + 8% —

We look for a non-trivial solution z = g9 +r(¢1) + s(¢2) of (3.19). We
rescale setting

=Z ﬂ()’o:C

2
(3.20) b(2 + be?) y A= Ape = b(2+ be?),

so that the equations become

&+ 3c((z?) + Ay?) +<x3>+)\3/2< 3y =0
(3.21) "+ 3cx + 3c(a? — (2%)) + 2% — (&%) + 3A(y*) 2 =0

y" + 3c?3 y+3c S (v (y2))+y — () +33(2?) y =0.
In the following we show that, for |A—1| sufficiently small, the system (3.21)
admits a non-trivial non-degenerate solution. We consider A as a free real

parameter, recall that Z = C' x Q1 X Q2 and define G : R x Z — Z setting
G(\, ¢, z,y) as the set of three left-hand terms of (3.21).

Lemma 1. There exist ¢ > 0 and a non-trivial one-variable even analytic
function By belonging to H, for every o € (0,7), such that G(1,0, B, Bo) =
0, that is (0, 5o, Bo) solves (3.21) for A =1.
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Proof. We prove the existence of a non-trivial even analytic function Gy
which satisfies

(3.22) B0+ 83 +3(85) Bo=0,  (Bo) = (B3) =0.

For any m € (0,1) we consider the Jacobi amplitude am(-,m): R — R as
the inverse of the elliptic integral of the first kind

I(-,m):R—R,

® dv
Hpam) = [T
0 v1—msin“?v
We define the Jacobi elliptic cosine setting
en(§) = en(§,m) = cos(am(g, m)),

see [1, Ch.16] and [113]. The elliptic cosine is a periodic function of period
4K, where K = K(m) is the complete elliptic integral of the first kind

w/2 Ao
K(m) :/ ——
0 vV 1—msin“J

Jacobi cosine is even, and it is also odd-symmetric with respect to K on
[0,2K], that is cn(é + K) = —cn(§ — K), just like the usual cosine. Then
the averages on the period 4K are

{cn) = (cn®) = 0.

Therefore it admits an analytic extension with a pole at iK', where K’ =
K(1—m), and it satisfies (cn’)? = —men? + (2m — 1) en? + (1 —m), then
cn is a solution of the ODE

cn” 4 2men® 4 (1 —2m)en = 0.

We set (p(§) = Ven(Q€, m) for some real parameters V, > 0, m €
(0,1). Bp has a pole at i%, so it belongs to H, for every 0 < o < Kﬁ
0By satisfies

QZ
"y (mw) B3+ 02(1 — 2m) B = 0.

If there holds the equality 2m? = V2, the equation becomes

"+ 65+ Q%(1 —2m) Gy = 0.

Bo is %(m)—periodic; it is 2m-periodic if €2 = %(m) Hence we require
2K
(3.23) om? = V2, o= 2K
T
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The other Jacobi elliptic functions we will use are

sn(&) = sin(am(,m)), dn(§) = /1 —msn?(§),
see [1, 113]. From the equality mcn?(¢) = dn?(¢) — (1 —m), with change

of variable x = am({) we obtain

K(m) )
/0 men?(€) de = E(m) — (1— m)K (m),

where E(m) is the complete elliptic integral of the second kind,
w/2
E(m) :/ V1 —msin? ¥ do.
0

Thus the average on [0, 27] of 82 is

VZ
2\ _ (11—
(38) = gy [Em) = (1= m) K ().
We want the equality 3(82) = Q2(1 — 2m) and this is true if
8m — 7
6

The left-hand term (m) := E(m) + % K(m) is continuous in m; its
value at m =0 is —(7w/12) < 0, while at m = 1/2, by definition of F and

K,
1 1 [7/2 cos? ¢
w<2>:2/0 (1—%sin219)1/2d19>0'

Moreover, its derivative is strictly positive for every m € [O, %],

(3.24) E(m) + K(m) =0.

dy

(m) = /”/2 8 — %sin219+3msin419—8msin219
vim) = 0 6(1 — msin?19)3/2
/2
2/ / 3+COSQﬁd19 >0,
0 6
hence there exists a unique m € (0, %) which solves (3.24). Thanks to the
tables in [1, p. 608-609], we have 0.20 < m < 0.21.

By (3.23) the value m determines the parameters 0 and V, so the
function By(¢) = Ven(Q€,m) satisfies (3.22) and (0, B, Bo) is a solution
of (3.21) for A = 1. Therefore fy € H, for every o € (0,5), where ¢ =
(%)\m:ﬁr U

The next step will be to prove the non-degeneracy of the solution (1,0,
Bo, Bo), that is to show that the partial derivative 0,G(1,0, 5y, 5o) is an
invertible operator. This is the heart of the present paper. We need some
preliminary results.
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Lemma 2. Given h even 2mw-periodic, there exists a unique even 2m-periodic
w such that

w” + (365 + 3(63))w = h.
This defines the Green operator L : Hs, — H,, L[h] =w.

Proof. We fix a 2m-periodic even function h. We look for even 27-periodic
solutions of the non-homogeneous equation

(3.25) 2" + (365 + 3(65))x = h.
First of all, we construct two solutions of the homogeneous equation
(3.26) 2 + (362 +3(63))x = 0.

We recall that (g satisfies ) + 85 + 3(33) Bo = 0, then differentiating with
respect to its argument £ we obtain

o+ 353080 + 3(85) 8 =0,

so 3 satisfies (3.26). We set

_ 1 1 e =
thus @ is the solution of the homogeneous equation such that w(0) = 0,

@' (0) = 1. Tt is odd and 27-periodic.
Now we construct the other solution. We indicate ¢y the constant
co = (Bo). We recall that, for any V,Q, m the function y(§) = Ven(Q€, m)
satisfies
Q2
v+ (Zmﬁ) Y2+ Q%1 —2m)y = 0.
We consider m and V' as functions of the parameter 2, setting

1 3
(3.28) m=m(Q) = - ng V = V(Q) = V2 — 3¢

We indicate yo(£) = V(Q) cn(Q¢, m(2)), so (yo)o is a one-parameter fam-
ily of solutions of
Y6, + o, + 3coye = 0.

We can differentiate this equation with respect to €2, obtaining
(Oaya)" + 3yd(Daya) + 3co(daya) = 0.

Now we evaluate (Jqya) at Q = Q, where Q correspond to the value m
found in Lemma 1. For Q@ = Q it holds yg = [, so (8ng)|Q:Q satisfy
(3.26). In order to normalize this solution, we compute

(Oaya)(€) = (0aV)en(Q€, m) + VEen' (26, m) + VOnen(QE, m)(Oam).
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Since cn(0,m) = 1 Vm, it holds 9,,cn(0,m) = 0; therefore cn’(0,m) = 0
V'm. From (3.28) we have 0qV = %, so we can normalize setting

_ 1%

v(§) = ol (aﬂyﬂ)m:@(g)'

v is the solution of the homogeneous equation (3.26) such that ©(0) = 1,
?'(0) = 0. We can write an explicit formula for ©. From the definitions it
follows for any m

3
Omam(§,m) = —dn(f,m)l/ M dt.
0

2 dn?(t,m)
Therefore cn’(¢) = —sn(€) dn(€); then we obtain for (V,Q,m) = (V,Q,m)
ey v: o, 2m —1 [¢ sn?(Ot)
329)  a(e) = en(9) + (@) [ €+ 2 [ 2Tl

By formula (3.29) we can see that v is even; it is not periodic and there
holds

V2

(3.30) M§+2ﬂ)—@@):4?70ﬂﬁk):—Jﬂkﬂ@L
where

o 2m —1 (% sn?()
(3.31) k= 2m+ = /0 2 (00) dt.

From the equalities (L.1) and (L.2) of Lemma 3 we obtain

—1 + 16m — 16/m2
3.32 k=2
(3:32) T m—m)

so k > 0 because m € (0.20,0.21).

We have constructed two solutions @, v of the homogeneous equation;
their wronskian #'v —uv’ is equal to 1, so we can write a particular solution
w of the non-homogeneous equation (3.25) as

o= ([ 5 wo)ate) - (| 5 h) of6).

Every solution of (3.25) is of the form w = Au + Bv + w for some
(A,B) € R2. Since h is even, w is also even, so w is even if and only if
A=0.

An even function w = Bv 4+ w is 2w-periodic if and only if w(§ + 27) —
w(§) = 0, that is, by (3.30),

</££+27r hv)U(f) + K/Oé hu) - B] V() =0 Ve

36



We remove (), derive the expression with respect to £ and from (3.30) it
results zero at any £&. Then the expression is a constant; we compute it at
¢ = 0 and obtain, since hw is odd and 2m-periodic, that w is 2w-periodic if
and only if B = ﬁ fo% ho.

Thus, given h even 2m-periodic, there exists a unique even 2w-periodic
w such that w” + (343 + 3(83))w = h and this defines the operator L,

(3.33) L[] = </0§ hv)u(§)+ Kvl% /:W hv> - /05 hu] 3(8).

L is linear and continuous with respect to || - || ;; it is the Green operator
of the equation z” + (333 + 3(33))x = h, so, by classical arguments, it is
a bounded operator of H, s into Hy sy2; the inclusion Hy o0 — Hy s is
compact, then L : H, — H, is compact. U

Lemma 3. There holds the following equalities and inequalities.
(L.1)  (en?) =122 form=m. (Recall: cn=cn(-,m))

2

(L.2)  (25) =L (n?) for any m.

dn? 1
(L3)  m(en?32) =1 —2(cn?) for any m.
(L4)  (gL[n]) = (hL[g]) Vg,h even 2m-periodic.
(L.5) 1= 3(AL[L]) = 3(B3)(L[1]).
(L-6)  (BFL[Bo]) = —(B3)(L[Bo))-

(L.7)  3(BRLIARD = (83) (1 - 3(LIARD).

(B3 LIBol) = (BoL[BF]) = (L[Bo]) = 0.
Ao = 1-3(B3L[1]) # 0.

o~~~ o~

Co = 1+6(BoL[Bo]) #0 .
Ao £ 1, (LI #0.

Proof. (L.1) By construction of By we have Q2?(1 — 2m) = 3(3) =
3V2{cn?(-,m)) and V? = 2mO?, see Proof of Lemma 1.

)
)
(L.10) By:= 1-6
)
)

(L.2) We observe that
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then we can integrate by parts

/041( K (¢ d[ (5)] d§:1_1m/041<cn2(§)d£.

—1.d¢ [dn(¢)
(L.3) We compute the derivative

d [CH(S) sn(¢)
dg | dn(¢)

and integrate on the period [0,4K].

sn’(€)en?(€)

] =200~ 1hm = 5

(L.4) From the formula (3.33) of L we have

oninh k) = G ([ 0) ([ o)) = G [( [ ) ([ on)])

+ ﬁ o [(ho){(gD) — {gv) (hD)] = 0.

(L.5) By definition, L[1] satisfies L[1]” 4+ (383 4+ 3(63))L[1] = 1, so we
integrate on the period [0, 27].
(L.6),(L.7) Similarly by definition of L[], L[33]; recall that (3) = 0.

(L.8) By (L.6) and (L.4), it is sufficient to show that (L[F]) = 0. From the
formula (3.33), integrating by parts we have

i) = ~or( [0 4 [ son)e) + g ([ o) @0

From the formulas (3.27), (3.29) of @,, recalling that (p(¢) = Ven(Q€),
we compute

3 _
(3.34) /0 u = —% (en(Q€) — 1), / Pou = —72 (CHQ(QO —1).

Observe that f cn Qf) Sn Q g) d¢ = 0 by odd-symmetry with respect to

5 on [0,7] and perlodlclty So, recalling that V2 = 2m?, we compute

(v) = £ We can resume the computation of (L[G]) obtaining

3V 5~ Vimk
Q) — —.
(L{fo]) = o (0(Ehen*()) — ot
Since (cn?®) = <cn3(sii> = 0 by the same odd-symmetry reason, by (3.29)

we have (9(¢)en?(Q€)) = ’?—:, and so (L[fG]) =
Moreover we can remark that by (L.4) there holds also (GyL[1]) = 0.
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(L.9) By (L.5), it is equivalent to show that (L[1]) # 0. From the formula
(3.33), integrating by parts we have

e AL

We know that (7) = Z£_ so by (3.34)

(L)) = g5 (0(6) (26m(06) — 1))

From the equalities (L.1) and (L.3) we have (9(£)en(Q€)) = 2(1—2m) + mk

27 ?
thus
(3.35) oy = 2

and this is strictly positive because m < %

(L.10) From (3.33) integrating by parts we have

3 Vs
(BoL[Bo]) = —2<5017</0 5071>> + %(ﬁo@z

Using (L.3), integrating by parts and recalling the definition (3.31) of k& we
compute

Vmk V(1 —2m)

(Bov) = Vinfen®) + ——=+ ——
and, by (L.1) and (3.32),
. V(7—8m)
(3.36) (Bov) = m

By (3.34), <ﬁoﬂ(f0€ ﬁoﬂ)> = % (Bov cn?) + % (Bov). The functions [y
and v satisfy B + 33 +3(82)80 = 0 and " + 3330 + 3(B%)v = 0, so that

(3.37) v" By — v + 26830 = 0.

Deriving (3.30) we have v/(27) — 9/(0) = —V 2k, so we can integrate (3.37)
obtaining B

V?’k“

4’

(Bav) =

since (830) = V2(Byv cn?), we write
0

<ﬁov</0£ ﬁoﬂ>> = —%: + 2};2 (Bov).
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Thus, by (3.36) and (3.31), we can express (BpL[3]) in terms of m only,

32m*—32m—-1 1 1

12(16m2 —16m +1) 6  4(16m2 — 16m + 1)’

(3.38)  (BoL[Bo]) =

The polynomial p(m) = 16m? — 16m + 1 is non-zero for m € ( 4\/5 2+4\/§)

and m € (0.20,0.21); so By = W # 0, in particular By € (—1,—0.9).

(L.11) From (3.38) it follows that Cp # 0, in particular 2.9 < Cp = 2 —
3

YWY 3.

ap(m) <

(L. 12) By (L.4) and (L.5), it is sufficient to show that Ag # 1, that is
3(B83) (L[1]) # 1. Recall that, by construction of m, 3(83) = Q?(1 — 2mn).
So from (3.35) it follows

35%) (Ll = 5 (01— 2m)?

and %(1—2m)? = 1 if and only if 16m? — 16m + 1 = 0, while m €
(0.20,0.21), like above; in particular 0.4 < 3(33) (L[1]) < 0.5. O

Remark 4. Approximated computations give

n € (0.20,0.21) & € (2.10, 2.16) Q € (1.05, 1.06)
V2 € (0.44,0.48)  (cn?) € (2.85,2.90) (B3) € (1.27, 1.37).

Lemma 4. The partial derivative 9;G(1,0, Bo, o) is an invertible operator.
Proof. Let 97G(1,0, S0, 5o)[n, h, k] = (0,0,0) for some (n,h,k) € Z, that
is

6n(B5) + 3(B3h) + 3(Bgk) =
(3.39)  3n(63 — (B3)) + 1"+ (365 + 3(B3)) h — 3(33h) + 6(Bok) Bo = 0
3n(85 — (83)) + K" + (365 + 3(35)) k — 3(B3k) + 6(Boh) Bo = 0.

We evaluate the second and the third equation at the same variable and
subtract; p = h — k satisfies

(3.40) P+ (363 +3(85)) p — 3(B3p) — 6(Bop) o = 0.

By definition of L, see Lemma 2, (3.40) can be written as

(3.41) p = 3(63p) L[] + 6{50p) L[5o)]-

Multiplying this equation by 32 and integrating we obtain

(B3p) (1= 3(B5LI])) = 6(Bop) (S5 L[Bol)-
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In Lemma 3 we prove that (1—3(83L[1])) = Ay # 0 and (B3L[B]) =0,

then (33p) = 0.
On the other hand, multiplying (3.41) by Gy and integrating we have

(Bop) (1 — 6{BoL[Bo])) = 3(Bsp) (BoL[1])-

In Lemma 3 we show that (1 — 6(8yL[3])) = Bo # 0 and (ByL[1]) = 0,
then (Bop) = 0. From (3.41) we have so p = 0. Thus h = k and (3.39)

becomes

n(B3) + (B3h) =0
30(53 — (B2)) + 1" + (362 + 3(B2) ) h — 3(B2h) + 6(Boh) Bo = 0.

By substitution we have

h = —3nL[B3] — 6(Boh) L[Go].

Multiplying, as before, by Bg and by [y and integrating, we obtain
(Boh) = (B3h) = 0 because (14+6(BoL[B])) = Co # 0, (BoL[B3]) =0, and
(B3) — 3(BFLIA]) = 3(5) (LIA3]) # 0, see Lemma 3 again. Thus h = 0,
n =0 and the derivative 97G(1,0, o, Bp) is injective.

The operator Z — Z, (n,h,k) — ((6(8%))"1n, L[h], L[k]) is compact
because L is compact, see Lemma 2. So, by the Fredholm Alternative, the
partial derivative 07G(1,0, (o, Bp) is also surjective. O

By the Implicit Function Theorem and the regularity of G, using the
rescaling (3.20) we obtain, for |[b — 3| and e small enough, the existence of
a solution close to (0, 5o, fy) for the Z-equation (3.11).

More precisely: from Lemma 1 and 4 it follows the existence of a C'-
function g defined on a neighborhood of A =1 such that

G(Ag(V) =0,

that is, g(A) solves (3.21), and g¢(1) = (0, o, 50). Moreover, for |\ — 1|
small, it holds

(3.42) lg(X) = g(Dle <A -1

for some positive constant ¢. In the following, we denote several positive
constants with the same symbol ¢.

We set @, : (to,0,7,8) — (c,z,y) the rescaling map (3.20) and H, ) :
R x Z — Z the operator corresponding to the auxiliary bifurcation equation
(3.18), which so can be written as

H(b,e) (M) Z) =0.
We define

zEkb,e) = ‘I)(b,le) [Q(A(b,s))]a
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thus it holds H, (0, zi“b E)) =0, that is, zZ‘b 0 solves the bifurcation equa-
tion (3.18) for u = 0.
We observe that p,)(0,2) = 0.pp)(0,2) = 0 for every z and so, in

particular, for z = zz‘b o) it follows that

(3.43) 0:Hp0) (0, 26,00) = (24,5)° 0:G (Abe)s 9N b)) Poe)-

G is of class C', so 9zG(), g(\)) remains invertible for A sufficiently
close to 1. Notice that A is sufficiently close to 1 if [b — 3| and ¢ are
small enough. Then, by (3.43), the partial derivative 9,H (0, szb,s)) is
invertible. By the Implicit Function Theorem, it follows that for every u
sufficiently small there exists a solution z(,.)(p) of equation (3.18), that is

Hp oy (11 2(b,0) (1)) = 0.

We define zg = (0, 8o, Bo). The operators (8ZH(b7€) (1, z))_1 and 0, H, ¢
(1, z) are bounded by some constant for every (u,z) in a neighborhood of
(0, zp), uniformly in (b, ), if [b — 1/2|,e are small enough. So the implicit
functions z(;, ) are defined on some common interval (—uo, o) for [b—1/2],
¢ small, and it holds

(3.44) 12.6) (1) = 200y o < €]

for some ¢ which does not depend on (b, ¢).

Such a common interval (—po, po) permits the evaluation 2.y (n) at
u = ¢ for € < pg, obtaining a solution of the original bifurcation equation
written in (3.11).

Moreover, HCD(_ble) —Idzlle = [\/b(2+be2) — 1] < [b— 3| + €2, so, by
(3.42) and triangular inequality,

(3.45) 120, 0y — 20lle < E(Jb— 5| +€2).
Thus from (3.44) and (3.45) we have
12(6,6)(€) = 20lle < &(b— 5] +¢),
and, by (3.17),
(e, 2.0 () llo < ce.

Remark 5. Since the solutions z,.)(e) are close to 29 = (0, fo, fo), they
actually depend on the two arguments (1, p2). This condition is necessary
to obtain a genuine quasi-periodicity.

We define uge) = 2(b.0)(€) + P(p,e) (e, Z(b,e) (¢)). Renaming po = g9, we
have finally proved:
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Theorem 1. Let 5 >0, By as in Lemma 1, W, as in (3.13) with~ € (0, 1).
For every o € (0,5), there exist positive constants &y, €9, ¢1, ¢a2 and the
uncountable Cantor set

1 1 € 1+ be?
BA/:{(b,E)G (5_607 §+50>X(0,€0) m,bEQGWA/, - ¢Q}

such that, for every (b,e) € B,, there exists a solution u, ey € Ho of (3.6).
According to decomposition (3.10), upe) can be written as

Uy ($1,2) = U0 + (1) + 8(p2) + p(p1, P2),

where its components satisfy
I = Boll, + 15 = Boll, + ool < er(lb—3l+e),  [pll, < cee.

As a consequence, problem (3.1) admits uncountable many small am-
plitude, analytic, quasi-periodic solutions v, .y with two frequencies, of the

form (3.4):
Ve (b, 1) = ug ) (et, (14 be?)t + )
= ¢ [top + r(et) + s((1 + be?)t + z) + O(e)]
=c[Bo(et) + Bo((1 + be?)t +z) + O(|b— 3| +¢)].

3.4 Waves travelling in opposite directions
In this section we look for solutions of (3.1) of the form (2.5),
v(t,z) = u(wit + x, wot — x),

for u € H,. We introduce two parameters (a,c) € R? and set the frequen-
cies as in [97],
w1 =1+¢, w9y =1+ ae.

For functions of the form (2.5), problem (3.1) is written as
Loelu] = —u® + f(u)
where

Loc=¢e(2+¢€)02, +2(2+ (a+1)e+ac®) 02, +as(2+ ac) 02,

We rescale u — +/eu and define f.(u) = ¢3/2 f(\/eu). Thus the
problem can be written as

(3.46) Loc[u] = —eu® + e fo(u).

)
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For ¢ = 0, the operator is Ly = 4(9?01@2; its kernel is the direct sum
Z =C®Q1d Q2 see (3.9). Writing u in Fourier series we obtain an

expression similar to (3.7),

Lyelul = — Z Do (m,n) fpy, €™ 92,
(m,n)ez?

where the eigenvalues D, .(m,n) are given by

Doc(m,n) = e(2+¢&)m? + as(2 4 ag)n® + 2 (2+(a+1)e+ a52) mn

= (24¢)(2+ ae) <m+2(f€n)<2ja€m+n).

By Lyapunov-Schmidt reduction we project the equation (3.46) on the
four subspaces,
0= a4+ 3ioo ((r?) + (%)) + (r*) + (s*)+
+e [(u? = 2%) — f-(u)] [C' — equation]

—(2+e)r" = 3agor + 3doo (r* — (%)) +1° — (%) + 3(s?) r+
+1g, [(US — %) — fs(u)] [Q1 — equation]

—a(2+ag) s” = 30§ g5+ 3iop (2 — (7)) + 5 — (%) + 3(r?) s+
+1g, [(US —2%) — fa(u)] [Q2 — equation]

Loclpl = elp [—u? + f-(v)] . [P — equation]

We repeat the arguments of Section 3.5.1 and find a Cantor set .4, such
that |Dgc(m,n)| > v for every (a,e) € A,. Then L,. is invertible for
(a,e) € A, and the P-equation can be solved as in the section 4.

We repeat the same procedure already shown in section 5 and solve the
bifurcation equation. The only differences are:

1

e the parameter a tends to 1 instead of b — 3;

e the rescaling map is W, .y : (to,0,7,5) — (c,z,y), where
r=+2+cz Upp = V2+ec
s

a(2+ag) y A= Nag) = “(gigs),

instead of @) defined in (3.20).

We note that by means of the rescaling map ¥(,.) we obtain just the
equation (3.21). Thus we conclude:
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Theorem 2. Let 5 >0, By as in Lemma 1, W, as in (3.13) with~y € (0, 1).
For every o € (0,5), there exist positive constants &y, €9, ¢1, ¢a2 and the
uncountable Cantor set

ac € igé@}

776)/\)7
24¢" 2+ae T 14 ae

A, = {(a,s) € (1—80, 1480) % (0, 20) :

such that, for every (a,e) € Ay, there exists a solution ue € Hy of
(3.46). According to decomposition (3.10), u, .y can be written as

U(q,) (1, p2) = To,0 + 7(p1) + s(p2) + plp1, p2),
where its components satisfy
I = Bollg + lls = Bollg + |0l < er(fla—1[+e),  |pl, < e

As a consequence, problem (3.1) admits uncountable many small amplitude,
analytic, quasi-periodic solutions v(q¢) with two frequencies, of the form

(2.5):
U(a,e) (tv x): \/‘Eu(a,s) ((1 + E)t +z, (1 + CLE)t - .’L’)
= e (a0 +r((1+e)t+z)+s((1+ae)t —x) + Oe)]
= Ve [Bo((L+e)t+2)) + Bo((1+ae)t —z) + O(|a — 1| +¢)].

3.5 Some calculations

We prove that (3.2) and (3.4) are equivalent.

Lemma 5. Let A,B € Maty(R) be invertible matrices such that AB~!
has integer coefficient. Then, given any u € H,, the function v(t,x) =
u(A(t,z)) can be written as v(t,x) = w(B(t,z)) for some w € H,, that is
{uoA:ueH,} C{woB: weHy}.

Proof. Let u € H,. The function uo A belongs to {wo B :w € H,} if
and only if wo Ao B~! = w for some w € H,, and this is true if and only
if wo AB™! is 27 periodic; since AB~! € Mato(Z), we can conclude. [

Lemma 6. The set of the quasi-periodic functions of the form (3.2) is equal
to the set of the quasi-periodic functions of the form (3.4), that is,

{U cu(t, ) = w(wit + z, wat + ), (wi,ws) € R?,

w1 £ 0, wy #£0, ZL¢qQ, uEHg}
w2

= {v :o(t,z) = u(et, (L+be?)t + ), (be) € R?,

1+ be?
€

e£0, (1+0e2) #£0, ¢Q,ueHU}.
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Proof. Given any wi,ws,b,e, we define

(o) ()

Let v(t,z) be any element of the set of quasi-periodic functions of the
form (3.2), that is v = uoA for some fixed wy,ws # 0 such that &L ¢ Q and
u € H,. We observe that v belongs to the set of quasi-periodic functions
of the form (3.4) if v = w o B for some (b,e) such that ¢ # 0, # ¢ Q
and some w € H,. By Lemma 5 this holds true if we find (b,e) such that
AB~! € Maty(Z). We can choose

wy — 1

b= 2T
(w1 — w2)?

E =W —wy,

so that AB~! = (}1). We note that # ¢ Q if and only if 2 ¢ Q.
Conversely, we fix (b, ¢) and look for (w1, ws) such that BA™! € Maty(Z).

This condition is satisfied if we choose the inverse transformation, w; =

1+e+4be? and wy = 1 + be?. O

3.5.1 Small divisors

Fixed v € (0, %), we have defined in (3.13) the set W, of badly approximable
numbers as

W, :{xER:|m+naE|>% Vm,nEZ,m#O,n#O}.

W, is non-empty, symmetric, it has zero Lebesgue measure and it accu-

mulates to 0. More, for every 6 > 0, both W, N (=6,0) and W, N (0,6) are
uncountable, see Appendix A.

Lemma 7. Let v € (0,3) and 6 € (0,3). Then for all z,y € W, N (—6,5)
there holds

|(m +na)(my +n)| >~y(1-6—06%) Vm,n€Z mn+#0.

Proof. We set shortly D = |(m + nz)(my + n)|. There are four cases.
Case 1. |m+nz| > 1, |/my+n| > 1. Then |D| > 1.
Case 2. |m+nz| < 1, |my+n| > 1. Multiplying the first inequality by |y|,

lyl > |my +nay| = |my +n—n(l—azy)|
> [|n(1 —zy)| — [my +n|| > |[n(1 - zy)| — |my +nl,

so that |my +n| > |n|(1 —zy) — |y| and
1D > g [Inl(1 = zy) —|yl] = 7[(1 —ay) -

> 9[(1-0%) —4].
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Case 3. |m +nzx| > 1, |my + n| < 1. Analogous to case 2.
Case 4. |m + nz| < 1, |my + n| < 1. Dividing the first inequality by |n|,
for triangular inequality we have

1
7+5’

7]

m m
ol = 5 el vt <
n n

and similarly ‘%‘ < A +4. So

m|

i)+ 21

If |n|, |m| > 2, then (ﬁ +5) (i +(5> < 1, a contradiction. It follows

[m]
that at least one between |n| and |m/| is equal to 1. Suppose |n| = 1. Then
|m +nx|=|m*z| > |m|—46 and

D> L (iml = 8) = (1 ) =41 9).

~
m| m|
If |m| =1 the conclusion is the same. O

Fixed v € (0,1) and 6 € (0,3), we define the set

B(y,é):{(b,a)eRQ: e£0, 14+be2£0, 24 b2 £0,

1+ be? €

S Ey =

be? GWVH(—&(S)}
and the map
) 2 _ € 2
g:B(v,6) = R, g(bvﬁ)—(2+b52,bs>-

g'(b,e) is invertible on B(v,§). Its imagine is the set R(g) = {(z,y) € R?:
T,y € WyN (=6,6), L —y¢Q} and its inverse is

g @ y) = (y(lgxxy), 1 %’ny) _

Thus B(v,6) is homeomorphic to R(g) = {(z,y) € W2 : |z|,|y| <9, 1
y ¢ Q}. We observe that, fixed any z € W,N(—9,6), it occurs %—y € Q only
for countably many numbers y. We know that W, N (—6,0) is uncountable
so, removing from [W, N (—4,4)]? the couples {(z,y) : y = % —q Jq € Q},
it remains uncountably many other couples. Thus R(g) is uncountable and
so, through g, also B(v,9).

Moreover, if we consider couples (z,y) € [W,N(—4d,d)]* such that z — 0
and (x/y) — 1, applying g~ we find couples (b,¢) € B(7,d) which satisfy
e — 0, b— 1/2. In other words, the set B(y,d) accumulates to (1/2,0).
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Finally we estimate Dy, .(m,n) for (b,e) € B(v,d). We have

2 - 2
1—axy| = 14 6%

|2 + be?| =

so from Lemma 7 and (3.8) it follows

2
1442

‘Db,s(man” = ’D‘ ’2 + b62| > 7(1 5= 52)

The factor on the right of v is greater than 1 if we choose, for example,
d =1/4; we define B, = B(y, 6)‘5:% so that there holds

|Dyc(m,n)| >~ V(b,e) € B,.

We can observe that the condition lij ¢ Q implies 14 be? # 0, that

Hﬁ € W, implies € # 0 and |be?| < & implies 2 + be? # 0, so that we
can write

€ € 1 1+0be?
B:{b, cR?: ,bQEW,‘i’, 2 <= }
K (b,€) 2+ b2 " 712 4 be? b7 4 £ £Q

We notice also that, for |[b— %] and e small enough, there holds auto-
matically |555] < 1, |be?| < 1. So, if we are interested to couples (b, )

1

close to (%,0), say |[b— | < 0o, |e] < o, We can write

1 1 € 1+ be?
B, = {(b,s) e (5—50, §+50)><(0,50); e, ¢Q}.
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Chapter 4

Periodic solutions of wave
equations for asymptotically
full measure sets of
frequencies

In this Chapter we prove existence and multiplicity of small amplitude pe-
riodic solutions of the completely resonant wave equation

d =0
u(t,0) =u(t,m) =0
where [ := 0y — Oy is the D’Alambertian operator and
(4.2) f(z,u) = agu® + az(x)u® + O(u?) or f(z,u) = agu* + O(uP)

for a Cantor-like set of frequencies w of asymptotically full measure at w = 1.
Normalizing the period to 2w, we look for solutions of
{wQUtt — Ugy + f(z,u) =0
u(t,0) = u(t,m) =0
in the Hilbert algebra (for s > 1/2, o > 0)

Xos 1= {u(t,x) = Zcos(lt) w () ‘ u € HY((0,7),R) VI €N,
>0

lul2 := 3 exp (200)(1 + 1) |3 < +oo}
>0

It is natural to look for solutions which are even in time because equation
(4.1) is reversible.
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We look as well for solutions of (4.1) in the subalgebras
2
Xosn = {u € Xos | uis i-periodic} CXss, neN
n

(they are particular 27-periodic solutions).
The space of the solutions of the linear equation v¢ — v, = 0 that belong
to H}(T x (0,7),R) and are even in time is

Vo= {v(t,x) = Zcos(lt)ul sin(lx) ’ u €R, Zl2|ul|2 < +oo}

1>1 1>1
= {v(t,x) =n(t+z)—n(t—x) ‘ n € H'(T,R) with n odd} .
Theorem 3. Let

(4.3) f(z,u) = agu® + as(z)u’® + Z ar(z)u®
k>4

where (az, (a3)) # (0,0), (ag) := 7" [ a3(x)dz, or
(4.4) f(z,u) = agu® + Z ag(z)u®

k>5
where ag # 0, as(m — x) = —as(x), ag(m — ) = ag(x), ar(r —x) = —ay(z).
Assume moreover ag(z) € HY((0,7),R) with >, |la|| 1 p* < +o00 for some
p > 0.

Then there exists ng € N such that Yn > ng there is 6o > 0, 6 > 0 and
a C*-curve [0,60) 3 0 — us € X595, with the following properties:
o (i) [jus— (5@”“5/2737” = 0(4?) for some v, € VN X555 \ {0} with
minimal period 2w /n;

e (i) there exists a Cantor set C, C [0,d0) of asymptotically full mea-

sure, i.e. satisfying
C,N(0
(4.5) lim 28N 08)
e—0t £

such that, ¥ § € Cp, us(w(0)t,x) is a 27 /(w(d)n)-periodic, classical
solution of (4.1) with

V1 —2s%62 if f s like in (4.3)

V1 — 246 if [ s like in (4.4)

w(d) =

and*
-1 if (a3) > n?a3/12

s*=q41  if 0< {(a3) <7w%a3/12
1 if <CL3> <0.

!Note how the interaction between the second and the third order terms azu?, as(z)u®

changes the bifurcation diagram, i.e. existence of periodic solutions for frequencies w less
or/and greater of w = 1.
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By (4.5) also each Cantor-like set of frequencies W,, := {w(d) | 6 € C,}
has asymptotically full measure at w = 1.

Corollary 1. (Multiplicity). There exists a Cantor-like set W of asymp-
totically full measure at w = 1, such that Yw € C, equation (4.1) possesses
geometrically distinct periodic solutions

Ung s+ sUn .- UN,, , N, eN

with the same period 27 /w. Their number increases arbitrarily as w tends
to 1:

lim N, = +o00.

w—)l

Proof. The proof is like in [28] and we report it for completeness. If §
belongs to the asymptotically full measure set (by (4.5))

Dy, :=CpyN...NCy, n > nyg

there exist (n —mng+ 1) geometrically distinct periodic solutions of (4.1) with
the same period 27 /w(d) (each u, has minimal period 27/(nw(d))).
There exists a decreasing sequence of positive €, — 0 such that

meas(Dy, N (0,e,)) < e,27".

Let define the set C = D,, on each [e,,11,£). C has asymptotically full
measure at 6 = 0 and for each 0 € C there exist N(§) := max{n e N: 4§ <
en} geometrically distinct periodic solutions of (4.1) with the same period
2 /w(d). N(§) — 400 as § — 0. O

Remark 6. Corollary 1 is an analogue for equation (4.1) of the well known
multiplicity results of Weinstein-Moser [111]-[85] and Fadell-Rabinowitz [57]
which hold in finite dimension. The solutions form a sequence of functions
with increasing norms and decreasing minimal periods. Multiplicity of so-
lutions was also obtained in [27] (with the “optimal” number N, ~ C/
\/|w — 1]) but only for a zero measure set of frequencies.

The main point for proving Theorem 3 relies in showing the existence
of non-degenerate solutions of the Oth order bifurcation equation for f like
in (4.2). In these cases the Oth order bifurcation equation involves higher
order terms of the nonlinearity, and, for n large, can be reduced to an
integro-differential equation (which physically describes an averaged effect
of the nonlinearity with Dirichlet boundary conditions).

Case f(x,u) = agu* + O(u®). Performing the rescaling

u — du, 0>0
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we look for 27 /n-periodic solutions in Xy s, of

(4.6) WUy — Uy + 63g(8,2,u) =0
‘ u(t,0) =u(t,m) =0
where
g((s’ x, u) = f(a;,fu) = a4u4 + 5&5($)U5 + 52a6(:v)u6 +....

To find solutions of (4.6) we implement the Lyapunov-Schmidt reduction
according to the orthogonal decomposition

Xosn=VaNXosn)®WNXosn)
where
Vo = {v(t,m) =n(nt +nz) —n(nt —nx) | n € H(T,R) with 7 odd}
and
W= {w = Zcos(lt) wy(z) € Xos | /Oﬂ wy(z) sin(lx)de =0, VI >0 } :
1>0

Looking for solutions v = v 4+ w with v € V,, N X5, w € W N X5, p, and
imposing the frequency-amplitude relation

(w2 -1)
2

we are led to solve the bifurcation equation and the range equation

= -4

(4.7) {AU = 5511y, (6, 7, v + w)

Low = 81y, g(8, 2, v + w)
where
Av 1= Vg + vy, L, = _w28tt + Oza

and Iy, : Xosn — Vo N Xoon, w, : Xosn — W N X, denote the
projectors.
With the further rescaling

w — &w

and since v* € W), [26, Lemma 3.4, a5(x)v°, ag(x)v8, a7(z)v” € W, because
as(m — x) = —as(x), ag(m — z) = ag(z), ar(m — x) = —ay(z) [28, Lemma
7.1], system (4.7) is equivalent to

(4.8) Av =TIy, <4a4v3w + r (6, x, v, w))
‘ Low = agv* + 6y, 7(5, 2, v, w)
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where 7(8, 7, v, w) = ag(z)v®+5a5(x)viw-+O0(8) and 7(3, x, v, w) = as(z)v>+
0(9).

For § = 0 system (4.8) reduces to w = —as0 'v* and to the Oth order
bifurcation equation

(4.9) Av + 4a3Tly;, (U3D_1v4> =0

which is the Euler-Lagrange equation of the functional &y : V,, — R

el a3

41,4
O
5 5 Qv v

(4.10) B (v)

where Q :=T x (0, 7).

Proposition 1. Let agy # 0. 3 ng € N such that Vn > ng the Oth order
bifurcation equation (4.9) has a solution v, € V,, which is non-degenerate in
Vi, (i.e. KerD?®¢ = {0} ), with minimal period 2m/n.

Case f(z,u) = agu® + az(x)u® + O(u*). Performing the rescaling u — du
we look for 27 /n-periodic solutions of

WUy — Uy + 69(8,z,u) =0
u(t,0) =u(t,m) =0

where

g((sj x, u) = f(x5,26u) = a2u2 + (5@3(.’,12‘)?13 + (SQU4(.’L‘)U4 S

With the frequency-amplitude relation

where s* = +1, we have to solve

(4.11)

—Av = —s*§ 1y, (5, 7, v + w)
Low = 6y, g(8, z,v + w).

With the further rescaling w — dw and since v? € W, system (4.11) is
equivalent to
(4.12)

—Av = sy, ( — 2avw — azdw? — az(x)(v + dw)® — dr(8,z,v + 5w))
Low = agv? + 6y, (2ang + Sagw? + az(x) (v + 6w)? + ag(x)vddr(s, =z, v + 5w)>

where 7(8, z,u) := §4[f(z,0u) — agd?u? — §3az(z)u?] = as(x)u* + ...
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For § = 0 system (4.12) reduces to w = —as[~'v? and the Oth order
bifurcation equation

(4.13) —s*Av = 24311y, (v~ 10?) — Ty, (a3(x)v?)

which is the Euler-Lagrange equation of &g :V,, — R

ol a3 2-1,2 1 4
(4.14) Qy(v) =5 5 |V O v + 1 az(x)v®.
Q Q

Proposition 2. Let (az, (a3)) # 0. Ing € N such that Yn > ng the Oth order
bifurcation equation (4.13) has a solution v, € V, which is non-degenerate
in Vi, with minimal period 2w /n.

4.1 Case f(z,u) = aqu' + O(u’)

We have to prove the existence of non-degenerate critical points of the func-
tional
®,:V-R, O, (v) :== Po(Hnpv)

where @ is defined in (4.10). Let H,, : V' — V be the linear isomorphism
defined, for v(t,z) =n(t+z) —n(t —x) € V, by

ag(x)v® (Hpv)(t, 2) := n(n(t + x)) — n(n(t — z))
so that V,, = H, V.

Lemma 8. (See [27]). ®,, has the following development: for v(t,x) =
nt+z)—nt—z)ecV

(4.15) ,(Bn'/v) = 4m 7% [‘11(77) + OCRTE;] )]

where = (3/(7%a3))Y/%, a := a3 /(87),

(4.16) W)= [ de= 3 (") +3002)

() denotes the average on T, and

(4.17) R(n) == —/szv451v4 dtdx + 7;44(@74) + 3(772>2)2.

Proof. Firstly the quadratic term writes

1 n?
(418) Pl = Flolfy =n2n [ (0.
T
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By [27, Lemma 4.8] the non-quadratic term can be developed as

(419) [ a0 0yt = Ty - B

n2

where m : T2 — R, m(sy, s2) := (n(s1) — n(s2))?, its average is denoted by
(m) == (2m)~2 Jp2m(s1, 52) dsidsz, and

4
(4.20) R(n) = —/91)4D1v4 + F<m>2

is homogeneous of degree 8. Since 7 is odd, we find

(4.21) (m) = 2((n") +3(n)?),

where ( ) denotes the average on T.
Collecting (4.18), (4.19), (4.20) and (4.21), we find out

4

™ (12
B (0) = 2m® [ (0 dt = Tad (1) + 30)7) + R

By the rescaling  — 3n'/3n, we get the expressions (4.16) and (4.17). O

By (4.15), in order to find for n large enough a non-degenerate critical
point of ®,,, it is sufficient to find a non-degenerate critical point of W (n)
defined on

E= {77 e HY(T), 5 odd},

namely non-degenerate solutions in E of

(4.22) i+ A B +n*) =0, A(n) = (") + 3(n*)>.

Proposition 3. There exists an odd, analytic, 2mw-periodic solution g(t) of
(4.22) which is non-degenerate in E. g(t) = Vsn(Qt,m) where sn is the
Jacobi elliptic sine and 'V >0, >0, m € (—1,0) are suitable constants
(therefore g(t) has minimal period 27 ).

We will construct the solution g of (4.22) by means of the Jacobi elliptic
sine in Lemma 13. The existence of a solution g follows also directly applying
to ¥ : E — R the Mountain-Pass Theorem [5]. Furthermore such solution
is an analytic function arguing as in [28, Lemma 2.1].
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4.1.1 Non-degeneracy of ¢

We now want to prove that g is non-degenerate. The linearised equation of
(4.22) at g is

h+3A(g) [<92)h + 92h] +6A(g)g(gh) + A'(g)[h] (3<g2>g + 93)
= h+3A(g) [(9°) + ¢°] h + 6g(gh) (<g4> + 3(92>2)

+49((g°h) + 3(g°) (gh)) (3(g*) + %)
=0,

which we write as
(4.23) h+3A(9) ({(9*) + ¢°) h = —(gh) [, — (¢*h) Iz,

where

(4.24) {h = 6(9(g%)2 + (g%)g + 12(g%)g",

I == 12g(g”) + 4¢°.

For f € E, let H := L(f) be the unique solution belonging to E of the
non-homogeneous linear system

(4.25) H+3A(9) ((¢*) +¢*) H=f.

An integral representation of the Green operator L is given in Lemma 11.
Thus (4.23) becomes

(4.26) h=—(gh)L(I1) — (g°h) L(I) .
Multiplying (4.26) by ¢ and taking averages we get
(4.27) (gh) [1 + (gL(I1))] = —{g°h) (gL (I2)),
while multiplying (4.26) by ¢* and taking averages
(4.28) (g°h)[1 + (¢°L(L2))] = —{gh) (¢°L(10)).
Since g solves (4.22) we have the following identities.

Lemma 9. There holds

(4.29) 2A(9)(g°L(g)) = (g°),
(4.30) 2A(9)(9°L(g°)) = (g").
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Proof. (4.29) is obtained by the identity for L(g)
? 2 2
2 (L9) +34(9) ((9°) +97) L) = g
multiplying by g, taking averages, integrating by parts,

(GL(9)) + 3A(g) [(9*)(L(9)9) + (¢°L(9))] = (¢°)

and using that g solves (4.22).
Analogously, (4.30) is obtained by the identity for L(g®)

d2

2 (L(97) +34(9) ({*) + ¢°) L(g") = ¢°

multiplying by ¢, taking averages, integrating by parts, and using that ¢

solves (4.22). O
Since L is a symmetric operator we can compute the following averages

using (4.24), (4.29), (4.30):

=6 <<g4> + 9(92>2) {9L(g)) +6 A(g)~" (¢*)?

)
(4.31) ; =12(¢*) (9L(g)) +2 A(g)~" (9%
)

Thanks to the identities (4.31), equations (4.27), (4.28) simplify to

(432) {<gh> [A(9) + 6(6%)] Blg) = —2(4?) Bg) (g°h)
‘ (°h) = =3(g?) (gh)

where

(4.33) B(g) :==1+6A(g)(9L(g)) -

Solving (4.32) we get
B(g){gh) =0.

We will prove in Lemma 12 that B(g) # 0, so (gh) = 0. Hence by (4.32)
also {(g®h) = 0 and therefore, by (4.26), h = 0. This concludes the proof of
the non-degeneracy of the solution g of (4.22).

It remains to prove that B(g) # 0. The key is to express the function
L(g) by means of the variation of constants formula.
We first look for a fundamental set of solutions of the homogeneous
equation
i+ 3A(g) ((g%) + g% h = 0. (HOM)
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Lemma 10. There exist two linearly independent solutions of (HOM), @ :=
g(t)/g(0) and v, such that

u is even, 2w periodic v is odd, not periodic
w(0)=1, u(0)=0 v(0) =0, v(0)=1
and
(4.34) o(t +2m) — o(t) = pu(t) for some p > 0.

Proof. Since (4.22) is autonomous, §(t) is a solution of the linearised
equation (HOM). g(¢) is even and 27-periodic.

We can construct another solution of (HOM) in the following way. The
super-quadratic Hamiltonian system (with constant coefficients)

(4.35) i+ 3A(9){(g*)y + A(g)y® =0

possesses a one-parameter family of odd, T'(F)-periodic solutions y(FE,t),
close to g, parametrized by the energy E. Let E denote the energy level of
g, i.e. g=y(E,t) and T(E) = 2.
Therefore I(t) := (Opy(E, 1)) p=f is an odd solution of (HOM).
Deriving the identity y(FE,t + T(E)) = y(E,t) with respect to E we
obtain at £ = F

It +2m) —U(t) = —(OT(E)) p=£ 9(t)

and, normalizing o(t) := I(t)/i(0), we get (4.34) with

(4.36) p = —(05T(E))p_p (jf((g))) .

Since y(F,0) = 0 VE, the energy identity gives £ = %(y(E, 0))2. Deriving
w.rt E at E = E, yields 1 = ¢(0)i(0) which, inserted in (4.36), gives

(4.37) p=—(05T(E)) p=p (9(0))*.

p > 0 because (GET(E))‘E:E < 0 by the superquadraticity of the potential
of (4.35). It can be checked also by a computation, see Remark 7. U

Now we write an integral formula for the Green operator L.

Lemma 11. For every f € E there exists a unique solution H = L(f) of
(4.25) which can be written as

(438
/f ds+/0fvv /fv )ds)a(t) € B.
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Proof. The non-homogeneous equation (4.25) possesses the particular so-

lution
‘/f Ja(s) ds) /f’ Ja(t)

as can be verified noting that the Wronskian a(t)v(t) — u(t)v(t) = 1, Vt.
Notice that H is odd.
Any solution H(t) of (4.25) can be written as

H(t) = H(t) + ati + bv, a,beR.

Since H is odd, @ is even and v is odd, requiring H to be odd, implies a = 0.
Imposing now the 27-periodicity yields

0 = (/OtwT fu) (t+2m) — (/;HW fﬁ)ﬂ(t+27r)

t t
—(/0 ]:a)@(t)+ (/0 fo)a(t) + b(o(t +27) - o(1) )
(b+/0 fﬂ) <17(t+27r)717(t)> ﬂ(t)(/t

using that @ and fu are 27-periodic and (fu) = 0. By (4.39) and (4.34) we
get,

(4.40) p(b—l— /Ot fu) - /tt+27r fo=0.

The left hand side in (4.40) is constant in time because, differentiating w.r.t.
t

(4.39)

pfu(t) = f(t) (o(t +2m) = 0(t)) =0

again by (4.34). Hence evaluating (4.40) for ¢ = 0 yields b= p~* [; 2T £,
So there exists a unique solution H = L(f) of (4.25) belonging to E and
(4.38) follows. O

Lemma 12. There holds

BN SV T
L) = s+ g ([ o) >0
because A(g), p > 0.

Proof. Using (4.38) we can compute
1 27

W) = o= [ ([ omppwwa + 5o ( [ o)’

1 2w

== (/Otg@)a(t)g(t)dt

1 2

(4.41) = 2% ; (/Otgﬂ)ﬁ(t)g(t) dt +27T1p</27rgz7)2
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because, by fo% gu =0,

Now, since u(t) = ¢(t)/¢(0) and ¢(0) =0,

i 027r (/ot ) o(t)o(t) = 2WQ1(0) /02# </ot ddfg?) ar)o(t)g(1)

1 27
4.42 = / °T.
(4.42) 790) Jy
We claim that

27 .

— pg(0)
4.43 / ¢ =2
(4.43) 0 2A(g)

By (4.41) and (4.42), (4.43) implies the thesys.
Let us prove (4.43). Since g solves (4.22) multiplying by © and integrating

21
(4.44) / B(0)i(t) + 3A(9) (g¥)g(t)o(t) + Alg)g®(£)o(t) dt = 0
Next, since v solves (HOM), multiplying by ¢ and integrating

2
(4.45) /0 g(£)5(1) + 3A(g)(g2)0(t)g(t) + 3A(g)g(t)B(t) di = 0.
Subtracting (4.44) and (4.45), gives

27 2
o()g(t) — g(t)v(t) = 35.

(4.46) /0 (1)ii(t) — a()3(t) = 2A(g) /0 g

Integrating by parts the left hand side, since g(0) = g(27) = 0, u(0) = 1
and (4.34), gives

(4.47) /0 “u(0i(0) — 9(0i) = §(O)(2m) — v(0)] = pi0).
(4.46) and (4.47) give (4.43). O

4.1.2 Explicit computations

We now give the explicit construction of g by means of the Jacobi elliptic
sine defined as follows. Let am(-,m) : R — R be the inverse function of the
Jacobi elliptic integral of the first kind

o+ F(p,m

® dd
);:/ U —
0 V1—msin2d

60



The Jacobi elliptic sine is defined by
sn(t,m) := sin(am(t,m)) .

sn(t,m) is 4K (m)-periodic, where K (m) is the complete elliptic integral of
the first kind

K(m) :=

w/2 do
p(5m) = / @
2 0 V1—msin%d
and admits an analytic extension with a pole in iK (1 —m) for m € (0,1)
and in iK (1/(1 —m))/v/1 —m for m < 0. Moreover, since

dyam(t,m) = /1 — msn2(t,m),
the elliptic sine satisfies
(4.48) (sn)? = (1 —sn?)(1 — msn?).

Lemma 13. There exist V > 0, Q > 0, m € (—1,0) such that g(t) :=
Vsn(Qt, m) is an odd, analytic, 2w-periodic solution of (4.22) with pole in

iK(1/(1—=m))/(Q2v1—m).

Proof. Deriving (4.48) we have sh + (1 4+ m)sn — 2msn® = 0. Therefore
9vam)(t) == Vsn(Qt,m) is an odd, (4K (m)/Q)-periodic solution of

2 2 4
(4.49) g+Q (1+m)g—2mwg =0.

The function g(y,qm) Will be a solution of (4.22) if (V,Q,m) verify

(1 +m) = 3A(9v.m)) {90y am))
(4.50) —2mQ? = V2A(gv.a.m))
2K(m) = Qmn.

Dividing the first equation of (4.50) by the second one

(4.51) LM n2(m)).

6m

The right hand side can be expressed as

K(m) — E(m)

(4.52) (sn?(-,m)) = ()

where E(m) is the complete elliptic integral of the second kind

/2 K(m)
E(m) ::/ \/1—msin219d19:/ 1 —msn?(€,m)dé
0 0
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(in the last passage we make the change of variable ¥ = am(§, m)).
Now, we show that system (4.50) has a unique solution. By (4.51) and
(4.52)

(4.53) (7T+m)K(m) —6E(m)=0.
By the definitions of E(m) and K(m) we have

™21 4+ m(1 + 6sin0)
(1 — msin219) 1/2

(4.54) Y(m):=(T+m)K(m) —6E(m) = /0

For m =0 it is ¢(0) = 7/2 > 0, and, for m = —1, ¢(—1) = — Sr/zﬁsin219

(1 +sin®9)~Y/2dd < 0. Since 1 is continuous, there exists a solution m €
(—1,0) of (4.53). Then the third equation in (4.50) fixes €, and finally we
find V. Hence g(t) = V sn(Q2t,m) solves (4.22).

Analyticity and poles follow from [1, 16.2, 16.10.2, pp. 570, 573].

m is unique because 1)'(m) > 0 for m € (—1,0), as it can be verified by
(4.54). One can also compute that m € (—0.30, —0.28). O

Remark 7. We compute explicitly the sign of dT'/dE and p of (4.37) in the
following way.

The functions g(y,qm) are solutions of the Hamiltonian system (4.35)
imposing

(4.55) {92(1 +m)=a

—2mO? =V?p

where a = 3A(g) (¢%), B := A(g) and g is the solution constructed in
Lemma 13.

We solve (4.55) w.r.t m finding the one-parameter family (y,,) of odd
periodic solutions y,,(t) := V(m)sn(Q2(m)t, m), close to g, with energy and
period

E(m) = %V2(m)(22(m) _ —;mQ4(m), T(m) = £

It holds
dT(m) _ AK'(m)Q(m) — 4K (m)Q' (m)

dm 02(m)

because K'(m) > 0 and from (4.55) Q'(m) = —Q(m)(2(1 + m))_1 < 0.
Then

>0

d?igl) - _; Q*(m) — ;m“m(m)@’(m) <0,
SO
dT  dT(m) (dE(m)\-!
d7E T dm ( dm ) <0
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as stated by general arguments in the proof of Lemma 10.
We can also write an explicit formula for p,

2T sn?(Qt, m) dt]
0 dn2(Qt,m) .

(4.56) p= % |:27T +(14+m)

From (4.56) it follows that p > 0 because —1 < m < 0.

4.2 Case f(r,u) = au® + az(x)u® + O(u?)

We have to prove the existence of non-degenerate critical points of the func-
tional @, (v) := ®o(H,v) where Py is defined in (4.14).

Lemma 14. (See [27]). ®,, has the following development. For v(t,z) =
0t +x) —n(t—z) €V,

2
(4.57) ®,(fnv) = 4w Fnt [\If(n) - %(

\If(n):zf/qrﬁ%f;[a / 2) 4+ /
as)  m=-G] [oe T ( [

mwwzilj%<><%»0mw

Ra(n)

n2

+ Ra(n))]

where

o= (9ag) — 7%a3) /12, v :=7(a3)/2, and

ﬁ_{@wrﬂ2ﬁa¢m
@/ ifa=o0.

Proof. By [27, Lemma 4.8] with m(s1,s2) = (n(s1) — 77(32))2, for v(t,z) =
n(t + x) — n(t — x) the operator ®,, admits the development

7202 2 42 B
®,(v) =27ms™n 2/11‘ 2(t)dt — 122</T772(t)dt) _27§2</QUZD L2

2

~F(Lroa) )+ qa [ ot g [ @ - @)t
/Qv‘*:Qw/Tn‘*JrS(/Enz)Q,

Since
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we write
o, (v) = 27Ts*n2/qr772(t)dt—7rjg%(/1T772>2+i<a3> [2ﬂ/1r774+3(/?1"772>2}

+ RZ(QU) + Ry(n),

where Rj, R3 defined in (4.58) are both homogeneous of degree 4. So

o, (v) :27rs*n2/T?'72+a(/T772>2+’y[E7}4+ Ba0) 4 g

n2

where «, v are defined above. With the rescaling n — nfn we get decom-
position (4.57). O

In order to find for n large a non-degenerate critical point of ®,, by
(4.57) it is sufficient to find critical points of ¥ on E = {n € H*(T), n odd}
(like in [28, Lemma 6.2] also the term R3(7n) tends to 0 with its derivatives).

If (a3) € (—00,0) U (72a3/9,+oc), then a # 0 and we must choose

s* = —sign(«), so that the functional becomes

\P(n)zsign(a)(—;/Tﬁ%r;r[(/qrng)erZ/Tn“D-

Since in this case 7/a > 0, the functional ¥ clearly has a mountain pass
critical point, solution of

.. 2 3 Y

(4.59) i+ (n7)n+An” =0, )\—%>0.
The proof of the non-degeneracy of the solution of (4.59) is very simple using
the analytical arguments of the previous section (since A > 0 it is sufficient
a positivity argument).

If {(a3) = 0, then the equation becomes 7j + (n%)n = 0, so we find again
what proved in [28] for az(x) = 0.

If (a3) = 7%a2/9, then a = 0. We must choose s* = —1, so that we

obtain ) )
‘I’(U):—z/ﬁ2+4/7747 i+ = 0.
T T

This equation has periodic solutions which are non-degenerate because of
non-isocronicity, see Proposition 2 in [32].

Finally, if (a3) € (0, 72a3/9), then a < 0 and there are both solutions
for s* = +1. The functional

V(n) =

v | % o] %
S~
=
no
+
Fl-
L—
|
/N
S~
=
[\v]
N—

)
_l_
2=
=
=
e



where

2
" _ (an2)
-—m>0, Q(U)'—W

possesses Mountain pass critical points for any A > 0 because (like in [27,
Lemma 3.14])

inf Q(n)=0, sup Q(n) =1
neE\{0} ) neE\{0} )
(for A > 1if s* = —1, and for 0 < A < 1 for both s* = +1).
Such critical points satisfy the Euler Lagrange equation

(4.60) —s*i— (*)n+ A’ =0

but their non-degeneracy is not obvious. For this, it is convenient to express
this solutions in terms of the Jacobi elliptic sine.

Proposition 4. (i) Let s* = —1. Then for every A € (0,+0c0) there exists
an odd, analytic, 2w-periodic solution g(t) of (4.60) which is non-degenerate
in E. g(t) = Vsn(Qt,m) for V.> 0, Q@ > 0, m € (—oo,—1) suitable
constants.

(ii) Let s* = 1. Then for every A € (0,1) there exists an odd, analytic,
2m-periodic solution g(t) of (4.60) which is non-degenerate in E. g(t) =
Vsn(Qt,m) for V>0, Q>0, me (0,1) suitable constants.

We prove Proposition 4 in several steps. First we construct the solution
g like in Lemma 13.

Lemma 15. (i) Let s* = —1. Then for every A € (0,+00) there exist
V>0 Q>0 me (—oo,—1) such that g(t) = Vsn(Qt,m) is an odd,
analytic, 2m-periodic solution of (4.60) with a pole in ﬁ K(ﬁ)

(ii) Let s* = 1. Then for every A € (0,1) there exist V> 0, Q > 0,
m € (0,1) such that g(t) = Vsn(Qt,m) is an odd, analytic, 27-periodic
solution of (4.60) with a pole in iK (1 —m)/Q.

Proof. We know that gy, m)(t) := Vsn(Q%,m) is an odd, (4K (m)/Q)-

periodic solution of (4.49), see Lemma 13. So it is a solution of (4.60) if
(V,Q,m) verify

Q21 +m) = s*V%(sn?(-,m))
(4.61) 2mO? = s*V32\
2K(m) =Qmn.

Conditions (4.61) give the connection between A and m:

2m

4.62 A=
( ) 14+m

(sn?(-,m)).
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Moreover system (4.61) imposes

m € (—oo,—1) if s*=-1
m € (0,1) if s*=1.
We know that m ~ (sn(-,m)) is continuous, strictly increasing on (—oo, 1),
it tends to 0 for m — —oo and to 1 for m — 1, see Lemma 19. So the right-
hand side of (4.62) covers (0, 4o00) for m € (—00,0), and it covers (0, 1) for
m € (0,1). For this reason for every A > 0 there exists a unique m < —1
satisfying (4.62), and for every A € (0,1) there exists a unique m € (0,1)
satisfying (4.62).
The value m and system (4.61) determine uniquely the values V, Q.
Analyticity and poles follow from [1, 16.2, 16.10.2, pp.570,573]. O

Now we have to prove the non-degeneracy of g. The linearised equation
of (4.60) at g is

(4.63) h+s*((g%) — 3\g®)h = —25™(gh)g.

Let L be the Green operator, i.e. for f € E, let H := L(f) be the unique
solution belonging to E of the non-homogeneous linear system

H+ 8*((92> — 3)\g2) H=f.
We can write (4.63) as
(4.64) h = —2s"(gh)L(g)
Multiplying by g and integrating we get
(gh)[1+25"(gL(g))] = 0.

If Ap :=1+2s5"(gL(g)) # 0, then (gh) = 0, so by (4.64) h = 0 and the
non-degeneracy is proved.

It remains to show that Ap # 0. As before, the key is to express L(g)
in a suitable way. We first look for a fundamental set of solutions of the
homogeneous equation

(4.65) h+s*((g%) — 3Ag*)h = 0.

Lemma 16. There exist two linearly independent solutions of (4.65), 4
even, 2m-periodic and ¥ odd, not periodic, such that u(0) = 1, u(0) = 0,
7(0) =0, v(0) =1, and

(4.66) o(t+2m) —o(t) = pu(t) VYt
for some p # 0. Moreover there hold the following formulae for u, v:

(4.67) ult) = g(t)/9(0) = sn(Qt,m),
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m m Qtsm
E(t):%sn((lt)—i— (Q)[t+1+ / 2 Z ))dg.

Proof. g solves (4.60) so ¢ solves (4.65); normalizing we get (4.67).
By (4.49), the function y(t) = Vsn(2t, m) solves

(4.69) i+ s (g>)y — s P =0

if (V,Q, m) satisfy

QQ 1 — o*¥(2
2mS)® = s*V 2.

We solve (4.70) w.r.t. m finding the one-parameter family (y,,) of odd peri-
odic solutions of (4.69), Y, (t) = V (m)sn(2(m)t,m). So I(t) := (Om¥Ym)jm=m
solves (4.65). We normalize o(t) := I(t)/i(0) and we compute the coefficients
differentiating (4.70) w.r.t. m. From the definitions of the Jacobi elliptic
functions it holds

1 x
Omsn(z,m) = —s'n(:r:,m)/ o1 (57 m) d¢;
2 Jo dn*(¢,m)
thanks to this formula we obtain (4.68).
Since 2m() = 4K (1) is the period of the Jacobi functions sn and dn, by
(4.67),(4.68) we obtain (4.66) with

sn?
277(1 +(1 +m)<dn2)> .
If s* =1, then m € (0,1) and directly we can see that p < 0. If s* = —1,
then 7m < —1. From the equality (sn?/dn?) = (1 —m)~! (1 = (sn?)) (see
Lemma 3, (L.2)), it results p > 0. O
We can note that the integral representation (4.38) of the Green operator
L holds again in the present case. The proof is just like in Lemma 11.

p:
m— 1

Lemma 17. We can write Ay := 1+ 2s*(gL(g)) as function of X, m,

_ A1 =m)*q = (1= N)*(1 +m)* + mg?
(4.71) Ay = YT )Qq :
qg=q(A\m):= 2—)\(1;LWT)

Proof. First, we calculate (gL(g)) with the integral formula (4.38) of L.
The equalities (4.41),(4.42) still hold, while similar calculations give

/27]— g3 *g(O)p
A 2\

> 0.

Sl
Il
[
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instead of (4.43). So

(4.72) (9L(9)) = —s" 105 + 271rp </027r 91—’)2

and the sign of Ay is not obvious. We calculate fo% gv recalling that g(t) =
Vsn(Qt,m), using formula (4.68) for v and integrating by parts

/ T n@sn@eu() dt = — L [ (@)t de
0 29 Jo

where u(t) := t + (1 + m)Q~! OQt sn?(€)/dn?(€) d¢. From (L.2),(L.3) in
Lemma 3, we obtain the formula

sn* 1+ (m — 2)(sn?)

! =

{

m(1l —m)

and consequently

27 7T7
(4.73) /0 gv = (V (14 m — 2m(sn?)).

Q1 —m)?
By the second equality of (4.61) and (4.72) we get
2 p ™ _ _ 2

4.74 Apg=1 7[—— — (1 -2 2 ]
(4.74) 0 +l 47r+p(1—m)4( + m — 2/m(sn”))
both for s* = £1. From the proof of Lemma 16 we have p = —2wmg (1 —
m)~2, where q is defined in (4.71); inserting this expression of p in (4.74)
we obtain (4.71).

Finally, for m < —1 we have immediately ¢ > 0, while for m € (0,1) we
get ¢ =2 — (1 +m)(sn?) by (4.62). Since (sn?) < 1, it results ¢ > 0. O

Lemma 18. Ay # 0. More precisely, sign(Ag) = —s*.

Proof. From (4.71), Ag > 0 iff A\(1 — m)%q — (1 — A\)?(1 + m)? + mq® > 0.
This expression is equal to —(1 — m)?p, where

(1+m)?

A2 +1
4m T

p= p()‘a m) =
so Ap > 0 iff p < 0. The polynomial p(l) has degree 2 and its determinant
is A = —(1 —m)%/m. So, if s* = 1, then m € (0,1), A < 0 and p > 0, so
that Ay < 0.
It remains the case s* = —1. For [ > 0, we have p(l) < 0 iff | > x*,
where z* is the positive root of p, z* := 2R(1 + R)~%, R := |m|'/?. By
(4.62), 1 > a* iff

R—-1

(4.75) (sn?(-,m)) > BIDR
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By formula (4.52) and by definition of complete elliptic integrals K and E
we can write (4.75) as

"2, R
(4.76) / (L - sin219> U
AN

R+1)R V1 + R2sin?9

We put 0 := R—1/(R+ 1)R and note that o < 1/2 for every R > 0.
o —sin?Y > 0 iff ¥ € (0,9%), where 9* := arcsin(,/0), i.e. sin®9* = 0.
Moreover 1 < 1+ R?sin?9 < 14 R? for every 9 € (0,7/2). So

v /25 — sin%y

sm
(4.77) / o — sin%9 d19+/ —
\/1+R281n ( ) « /14 R?

Thanks to the formula

b _ : L
/ sin?d 49 — b . a  sin(2b) ; sin(2a)

the right-hand side term of (4.77) is equal to

Sinfﬁ*) [(20 B 1)(sin2(1;:9*) + \/1_1+_7R2 ;Zn_(QQQ;i;) * (1 B \/1_1|_7]{2>} )

Since 20 — 1 < 0 and a > sina for every a > 0, this quantity is less than

Sinfﬂ*) [(20_1)<1+\/1}|—7R2)+<1_\/1—1{—7f52)}'

By definition of o, the last quantity is negative for every R > 0, so (4.76) is
true. Consequently A > z*, p < 0 and Ag > 0. (]

Finally, we show the properties of the function m ~ (sn?(-,m)) used in
the proof of Lemma 15.

Lemma 19. The function ¢ : (—00,1) — R, m + (sn?(-,m)) is continu-
ous, differentiable, strictly increasing, and

lim ¢(m) =0, lim1 w(m) = 1.

m——00

Proof. By (4.52) and by definition of complete elliptic integrals K and F,

o(m) = K(m)—E(m)  [™? sin?9dv ( dv )—1
mK (m) 0 V1—msin? 0 V1—msin?9 7

so the continuity of ¢ is evident.
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Using the equality sin?4 cos? = 1 and the change of variable ¥ — 7/2 —¥
in the integrals which define K and E, we obtain the formulae

1 m m
(4.78)  K(m)= dem— 1), E(m) = ME<m)
for all m < 1. We put pu :=m/(m — 1), so that
(4.79) o(m) =1 i + ﬁéé‘j) .

Since p tends to 1 as m — —oo, F(1) = 1 and lim,; K(u) = +oo,
(4.78),(4.79) give lim,, o ¢@(m) = 0. Since E(m)/K(m) tends to 0 as
m — 1, (4.52) gives lim,,—1 ¢(m) = 1.

Differentiating the integrals which define K and E w.r.t. m gives

) E(m) — K(m ) 1 /2 do
EB(m) = ( )2m ( )’ K<m):2m(/0 (1 — msin?4)3/2 —K(m)),

hence the derivative is
) 1 /”/2 v )
=—— __ |E - K .
@(m) 2m2K?(m) { (m) o (1 —msin?9)3/2 (m)}

The term in the square brackets is positive by strict Holder inequality for
(1 — msin?9)~3/* and (1 — msin?9)'/4, O
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Chapter 5

Forced vibrations of a
nonhomogeneous string

We consider the nonhomogeneous string

{p(m)utt — (p(@)tz) = pf (w, wt, )

(5:1) uw(0,t) = u(m,t) =0

where p(z) > 0 is the mass per unit length, p(z) > 0 is the modulus of
elasticity multiplied by the cross-sectional area, p > 0 is a parameter, and
the nonlinear forcing term f(x,wt,u) is (27/w)-periodic in time, that is
f(z,-,u) is 2m-periodic. We look for (27 /w)-time periodic solutions u(x,t)
of (5.1).

After a time rescaling we look for 27-periodic solutions of

{W20($)Utt - ( ( ) :Jc)ac = ,uf(:n,t,u)

(5:2) u(0,t) = u(m,t) =0

where p € [0, iz] for some given i > 0, under the 27-periodic forcing term

(5.3) flat,u) = filz,w)e™ = fo(z,u) + f(a,t,u)
leZ
where
flz,t,u) = Zfla:u i
10

We suppose that f is analytic in (¢,u), more precisely

l€Z,keN

where fi,(z) € H'((0,7); C), f—1x = [, (the symbol z* denotes the complex
conjugate of z € C) and we assume the following hypothesis on the decay of
the coefficients || fix|| g1-
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Hypothesis (F). There exist og > 0, 7 > 0 such that

+00
Z | fue 7 (1 + 12)eo02ll .= C2(f) < 00 and ch(f) < o0,
lez k=0

For example, trigonometric polynomials in ¢ and polynomials in u, namely

(5.4) flz,t,u) = Z Fe(@) uF eitt

I|<LO<k<K
for some L, K € N, satisfy hypothesis (F) for every o, r.

Remark 8. We notice that if f(z,t,0) = 3,c; fio(z) €' # 0 equation (5.2)
does not possess the trivial solution u = 0.

We look for periodic solutions of (5.2) in the Hilbert space

Xy i= {u: T — HY((0,7);R), u(w,t) = > wlz)e™, w € HY((0,);C),
leZ

ey =l = falln (14 2 < o}
leZ

of functions 27-periodic in time, valued in H*((0,7); R), which have a boun-
ded analytic extension on the complex strip [Imt| < o, with trace function
on |Imt| = o belonging to H*(T; H'((0,x);C)).

For s > 1/2, X, is a multiplicative Banach algebra:

(5.5) |luv]los < csllullosllvllo,s Vu,v € Xog
with

1 1/2
(5.6) e =2 (X 1)

neL

see Appendix C. We shall use the notation X, resp. || ||, for X, 1, resp.
[ ERE
5.1 The Lyapunov-Schmidt reduction

To find solutions of (5.2) we implement the Lyapunov-Schmidt reduction
according to the decomposition

Xos=VaeWnXs,)

where ‘
V= H}0,7), W= {w = Zwl(az) el ¢ X07S}
140
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writing every u € Xo 5 as u = ug(x) + >4 wi(z) e,
Projecting equation (5.2) with

u=v+w, veV, weWW,
yields
(57) {—(pfu/)’ = plly f(v 4+ w) bifurcation equation
Low = plly f(v + w) range equation
where Iy, Iy denote the projectors, f(u)(x,t) := f(x,t,u(z,t)) and
Lyu = w?p(a)ug — (p()ug)z -

We shall find solutions of (5.7) when u/w is small. In this limit w tends to
0 and the bifurcation equation reduces to the time-independent equation

(5.8) —(pv') = pfo(v)

because, by (5.3), for w =0

Iy f(v) = Iy fo(z, v(x)) + Iy f(z, t,v(z)) = fo(v).

The infinite dimensional “0-th order bifurcation equation” (5.8) is a sec-
ond order ordinary differential equation, which, under natural conditions on
fo, possesses non-degenerate solutions satisfying the boundary conditions
v(0) =v(m) = 0.

Hypothesis (V). The problem

(5.9) {—(p(w)v’(x))’ = pfo(z,v(x))
v(0) =v(m) =0

admits a solution v € Hg(0,m) which is non-degenerate, namely the lin-
earised equation

—(pl') = p fo(v)h
possesses in H}(0,7) only the trivial solution h = 0.

We note that, for = 0, the trivial solution ¥ = 0 is non-degenerate, so,
by the Implicit function Theorem, hypothesis (V) is automatically satisfied
for p small. We deal also with the case p not small, see for example Lemmas
21 and 22.

By the Implicit function Theorem, hypothesis (V) implies the existence
of a smooth map

(11,0) = v(j1, w) € V

such that v(u, w) solves the bifurcation equation in (5.7), see Lemma 23.
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Remark 9. For a discussion about the difficulties caused by a degenerate
solution we refer to [29].

Let A; denote the eigenvalues of the Sturm-Liouville problem
(5.10) —(p(2)y'(z))" = Ap(z)y(x)
y(0) = y(m) =0

and w; = \/E These are the frequencies of the free vibrations of the
string (note that all the eigenvalues \; are positive). Physically, it is the
sequence of the fundamental tone w; and all its overharmonics wo,ws, ...
which compose the musical note of the string.

For v € (0,1) we define

(5.11) Ay := {(;L,w)e(,ul,,ug)x(%—}—oo) : g<C/ > |wl—wj\>llT
Vi=1,...,No, jz1}

where w; are given by (5.10), and (p1, 12), No € N, C’ > 0 shall be fixed in
the next theorem.

Theorem 4. (Ezistence). Suppose p(z), p(z) > 0 are of class H3(0, ), f
satisfies (F) and hypothesis (V) holds for some po € [0, fi].

Fiz 7 € (1,2), v € (0,1). There exist a neighborhood (1, p2) of po,
Ny € N, positive constants C,C" (depending on p,p, f, i, v,7), a map

W e CF(Ay, Xpp 2 NW)
and a Cantor set By, C Ay of positive measure such that, for all (u,w) € B,
(5.12) a(p,w) = v(p, W(p,w)) +0(p,w) €V & (W N Xgy/2)
is a classical solution of (5.2) and satisfies
a(-,t) € H3(0,m) N H}(0,7), VteR.

The Cantor set B is defined in (5.14) and satisfies the measure estimate
(5.55).
Furthermore, ¥(p,w) € A, the following estimates hold

~ I - I
(513) ||w(ﬂaw)H0'o/2 < C% ) Hv(lu’v w(,u,w)) - U(/J'v O)HHl < C%
and |[v(p,0) = vl < Clp = pol-
The neighborhood (u1, p2) of pg is fixed in Lemma 23, the integer N is
fixed in Lemma 28 and the constant C’ in Lemma 32.

Estimate (5.13) shows how close is the solution @ to the static configu-
ration v(u,0).
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Remark 10. We underline that the function w(u,w), as well as u(p,w), is
defined for all the values of the parameters (p,w) € A, and not only on the
Cantor set By (w(p,w) is introduced in Lemma 30). What is true is that,
if (1, w) € By, then w(p,w) solves the range equation, see Theorem 6. As a
consequence, if (1, w) € By, then u(u,w) solves equation (5.2).

The Cantor set B, is explicitly defined by

(5.14)
9 :
B, = {(u,w) € (1, p2) X (27, +00) = |wl—wj| > TZ =l N g 1
oo, |w=2|>2 wi-gme)>2 vij>1}
w c ZT lT
where

(5.15) c:= % /OW <ZIZE;E3;> 2 dx

and \j(p1,w) := &f (1, w) denote the eigenvalues of the Sturm-Liouville prob-
lem

(5.16) {—(p?/)' — iy f(@(p,w) y = Apy

y(0) = y(m) = 0.

Note that B, is constructed by means of the function @(x, w) which is defined
for all (u,w) € Ay, see Remark 10.

Remark 11. If some \j(u,w) is negative, then &j(u,w) = ir/|N;(u,w)]| is
a purely imaginary complex number and the non-resonance conditions in
(5.14) are trivially satisfied.

The Cantor set B, is large in a measure theoretical sense, see section
5.7. In particular, for all p € (u1, p2),
S(p) = {w: (1,w) € Uyeo,1yBy }
has asymptotically full measure at w — 400, i.e.

(5.17) lim [S(p) N (w,w+1)]=1.

w——+00
Analogously,
S(w) = {p: (1,w) € Uyeo,1By }
satisfies Vw' > 0, V4 € (0,1),
(5.18) lir%’{we(w’,w'—i—l): WZ(O’M) 21—7’}’:1.
n—

Finally we discuss the regularity of the solution u(x, t) found in Theorem
4 with respect to x (by construction @ is analytic with respect to t).
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Theorem 5. (Regularity) Assume the hypotheses of Theorem 4. In addi-
tion, suppose that, for some m > 3,

(519) p(JI) € Hm(ovﬂ-)a p(x) € Hm+1(077r)7 flk(x) € Hm(ovﬂ-) vzak
and, for some rp, > 0,

(5.20) S llfwllamrk, < 4oo.
1€Z, k>0

If ||a(- )| gart is small enough then
(5.21) a(-,t) € H™2(0,7) N H} (0, 7).

This conclusion holds true, for example, when fo(x,0) = dy fo(z,0) = 0 and
w/yw is small enough.

Note that the regularity (5.21) requires no skewsymmetry assumptions
on f and requires just a smallness condition for the H' norm of (-, t).

Remark 12. If f(x,t,u) is a trigonometric polynomial in t and a polyno-
mial in u like in (5.4), then the series in (5.20) is a finite sum. Therefore
the conclusion (5.21) is true without smallness conditions for .

In particular, if p(z), p(x), fi(x) are C (for example f = cosx cost (1+
u?)) then the solution @ is also C* in the variable x (the above f does not
satisfy the skewsymmetry assumption (5.23)).

The subtle problem to prove Theorem 5 is that, because of Dirichlet
boundary conditions, the Sobolev regularity of a function with respect to
x is not characterized by the rapid decaying properties of the Fourier co-
efficients (unless assuming skewsymmetry assumptions on the nonlinearity
and restricting to solutions u(x,t) odd in x, see Remark 13). Theorem 5 is
proved in section 5.8 via bootstrap arguments.

5.2 Outline of the proof

In section 5.3 we prove that, under assumption (F’), the composition oper-
ator induced by the nonlinearity f on X, is an analytic map.

In section 5.4, we find a solution v(u,w) of the infinite dimensional bi-
furcation equation in (5.7). Thanks to assumption (V) (which is verified on
several examples in Lemmas 21-22), v(p, w) is obtained in Lemma 23 by a
standard Implicit function Theorem.

In sections 5.5, 5.6 and 5.7 we solve the range equation by means of an
iterative Nash-Moser Implicit function Theorem. The final Theorem 6 is
proved in several steps.
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In section 5.5 we find inductively a sequence of approximate solutions
wp (1, w) defined on smaller and smaller subsets A,, of the parameters (u,w)
(see (5.38)). The reason of these “excisions” is to avoid resonance phenom-
ena in order to prove the invertibility of the linearised operators obtained
at each step of the iteration, see conditions (5.32)-(5.33) in Lemma 26.

In section 5.6 we extend these approximate solutions wy,(u,w) to C°-
functions Wy, (u,w) defined for all the values of the parameters (u,w) and
converging (super-exponentially fast) to a C°° map w defined for all (u,w),
see Lemma 30. It is to prove the regularity of w, with respect to the pa-
rameters (p,w) that we find convenient to define the approximate solutions
wy, as exact solutions of the equations (5.40) (with £ = n), see Remark 16.

In Lemma 31, we prove that the Cantor set B,, defined in (5.14) by
means of W, is contained in A,, (which depends on w,_1) for each n. This
is a consequence of the super-exponentially fast convergence of w,, to w, see
(5.51).

In section 5.7 we prove that B, is a large set in a measure theoretical
sense.

In all the previous steps we have to assume smallness conditions for p/w.
The most restrictive one is u/w < C’¥° in the definition (5.11) of A,.

In section 5.8 we conclude the proof of the existence Theorem 4 and we
prove the regularity Theorem 5.

In section 5.9 we study the key step for the inversion of the linearised
operators. Lemma 26 is obtained by a variant of the techniques developed
in [28]. In particular, the key estimate on the small divisors of Lemma 37 is
reminiscent of the method of Kuksin explained in [41], pp. 90-94.

Notations.  The symbols K, K;, K| shall denote positive constants de-
pending only on p, p, f, i, 0, T.
5.3 Regularity of the composition operator
We first prove the analyticity of the composition operator
u(z,t) — f(x,t,u(x,t))

induced by f on X, .
By the Banach algebra property (5.5) of X, s the composition operator

w— uP, Vk e N

is an analytic map from X, , into itself. Thanks to the rapid decay of the
coefficients || fix|| 1 assumed in hypothesis (F'), this property holds true also
for the composition operator f(u) .
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Lemma 20. Let f satisfy assumption (F). For every o € [0,0¢], s > 1/2,
the composition operator f is analytic on the ball {u € Xo s : ||u|ss < 1/cs}
where cs is defined in (5.6).

Proof. First note that

/ /
5 o < 4[5 3 s < \/i(lz ol (1+2) (2 )

leZ leZ IEZ

50 ||ullee < cslltllos, Vu € Xos, 0 > 0, s > 1/2, and f(z,t,u(z,t)) is
well-defined.
By definition of the norm || |5, there exists C' := C(o9, s) > 0 such that

Vo € [0,00], Vk € N,

| Zflk(x)em e <€ Zflk(ﬂc)eiltu%o,l'

IEZ lEZ

Next

I fu@)e™|5, 0 = D il (14 12)e@72M = C2(f) < +oo

leZ leZ

by the assumption (F). Therefore Y., fu(z)e™ € X, s and

(5.22) I Z fuc(x)eiltﬂoys < CC(f).

leZ

Using the algebra property (5.5) of X, s and (5.22)

f@)llos < SN finl@)e™)ut]|

k=0  leZ
o .
< el e, I
k=0 leZ
o o
< O Crlf) (callullos)® < CY Cr(f) " < +oo
k=0 k=0
for ¢sl|ulls,s < 7, by (F) again.
The analyticity of the composition operator f with respect to || ||s.s
follows from the properties of the power series as explained in [96, Appendix
Al O

We underline that the analyticity of f as a map in X,  is not an as-
sumption but it follows from (F).
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Remark 13. If f(x,t,u) admits an analytic extension, which is 27-periodic
in x and skewsymmetric, namely

(5.23) f(=z,t,—u) = —f(x,t,u),

then the Dirichlet problem on [0, 7| is equivalent to the 2w-periodic problem
within the space of all functions odd in x. In this case also the spatial
reqularity is characterized by the decay properties of the Fourier coefficients.
Therefore we could look for analytic solutions of (5.2)

u(x,t) = Zul(:c)e“t
leZ
which are periodic and odd in x, more precisely with
w(@) €Y i={y(z) = Y yysin(io) | Y exp (2a)2 sl < +oo}
Jj=1 J=1

for some a >0, b > 1/2. Without the oddness assumption (5.23) the compo-
sition operator f does not map this subspace into itself. It is for this reason

that we consider the space X, s of functions valued in HZ(0,7): also without
(5.23), f sends X, s into itself (Lemma 20).

Throughout this paper we shall use the spaces X, with o € [09/2, 0]

and s € S:={1,1 -3 1+ (72117)7}. So we choose ¢ := maxgcsCs as a

multiplicative algebra constant for all the spaces X, . By Lemma 20, f is
analytic in the ball

;
{u € Xyt ||tllos < Ro := E}

and f, ', f”,... are bounded, uniformly in o, s.

5.4 The bifurcation equation

Now we give some examples in which hypothesis (V') holds.

Lemma 21. Suppose fo(z,u) = u™ form > 3 odd and p(x) = 1. Then, Vu,
there exists an unbounded sequence of non-degenerate solutions vy, of (5.9).

Proof. All the solutions of the autonomous equation —v” = pv™ are peri-
odic and can be parametrized by their energy

Ezlva—l- K Uerl
2 m+1 ’

Let T denote the period of the solution vg. We can suppose vg(0) = 0, so
v(0) = V2E. The other boundary condition vg () = 0 is satisfied iff

T,
(5.24) k?E =7 for some k € N.
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By symmetry and energy conservation vg(Tg/4) = [(m + 1)E/u]m#+1 So

)]

[(m+1)E] ﬁ

"

7524/" P(E
0

4(m+1//lj)ml+1/1 dy _ . C(m,p)
E2m 0 V2(1—y™t)  piam
by the change of variable y = z [E(m + 1)/#]_ﬁ, and (5.24) is satisfied at
infinitely many energy levels. Let E > 0 such that T = 27 /k and denote
the solution v := vg.

Let us prove that © is non-degenerate. Any solution h of the linearised
equation at v,

(5.25) —h"(x) = pm o™ (x) h(z),

can be written as h = Av' + B, A,B € R, because ¢'(z) and ((z) :=
(OpvE)|p=p(z) are solutions of (5.25); they are independent because v'(0)
# 0 while 5(0) = 0. If h(0) = 0 then A = 0. We claim that () # 0; as a
consequence, if h(m) = 0, then B = 0, and so h = 0, i.e. ¥ is non-degenerate.
To prove that 3(r) # 0, we differentiate at E the identity vg(kTg/2) = 0,

B(m) + 0" (7)(06TE) |p—p = 0.
Since ¥'(7) = (—=1)FV2E # 0 and 9pTE # 0, we get f(m) # 0. O

1

pamt
C om+1

Lemma 22. If fy(x,0) = dyfo(z,0) = 0, then v = 0 is a non-degenerate
solution of (5.9) for every p.

Proof. The linearised equation —(ph’)’ = 0, h(0) = h(7w) = 0 has only

the trivial solution. [J

When hypothesis (V) holds at some (ug, ), we solve first the bifurcation
equation in (5.7) using the standard Implicit function Theorem. We find,
for every w small enough and g in a neighborhood of pg, a unique solution
v(p, w) of the bifurcation equation.

Lemma 23. (Solution of the bifurcation equation). There exist 0 < R <
Ry, a neighborhood |1, u2] of po and a C*>° map

(1, ] x {fw e WN Xos : wllos <R} =V, (p,w) — v(p,w)
such that v(p, w) solves the bifurcation equation in (5.7).

Proof. The linear operator

hi—= —=(ph')' = podyIly f(v)[h] = = (pl)" — po fo(v) h

is invertible on H{(0,7) by hypothesis (V). Then we apply the Implicit
function Theorem. [
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Remark 14. The solutions of the Oth order bifurcation equation (5.9) found
in Lemmas 21 and 22 are non-degenerate for every u, so, in that case, we
can continue v(p,w) for all [pu1, pe] = [0, @]

We denote by \;(u, w) := wjz(u, w) the eigenvalues of the Sturm-Liouville

problem

(5.26) {_(Py')' — Iy ' (v(p, w) + w) y = Apy

y(0) = y(m) = 0.
Lemma 24. The eigenvalues of (5.26) satisfy the continuity property
(5.27) (s w) = X (', w")] < K (= 1| + o = ')
for some constant K > 0 independent of j.
Proof. In Section 5.10. U

The non-degeneracy of © = v(jo,0) means that X\;(uo,0) # 0, Vj. By
(5.27),

(5.28)  gp:= inf{‘)\j(u,w)’ 23> 1 € [pr,pel, [[wlle e < R} >0

taking, if necessary, |u2 — pi1| and R smaller in Lemma 23.
Note also that the index 7y of the smallest positive eigenvalue is constant,
independently on (u,w).
5.5 The Nash-Moser recursive scheme
It remains to solve the range equation

(5.29) Low = pIlyw F(p, w)

where
f(/"aw) = f(v(lu’a w) + w) :

By Lemmas 20 and 23, F is C'°° and bounded, together with its derivatives,
on [p1, po] X Bg where B :={w € WN Xy, : |w]ss < R}
We define the sequence of finite-dimensional subspaces

wr = {w = Z wl(x)eilt} cw

where
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and Ny € N will be fixed in Lemma 28. We also set

Wt = {w = Z wy(z)e™ € W}
[1|>Np

and denote by P,, resp. P, the projection on W™ resp. WML Note
that P, oIy = P,.

Lemma 25. (Smoothing estimate). For w € WL if 0 < ¢ < o,
(5.30) [wllgn,s < exp[—(0" = o")Nu] [w]lor,s -

()L gee

Proof. It follows from the definition of the norms || |5, and W
e.g. [48, 28]. O

The key property for the construction of the iterative sequence is the
invertibility of the linear operator

(5.31) Lp(w)h:= —Lyh + pPy[dyF (@, w)h]
= —Loh + pPu[f (v(p, w) + w) (h + dyv(p,w)[h])] Yhe WM.

Lemma 26. (Inversion of the linear problem). Let 7 € (1,2), v € (0,1),
o € (0,00]. Assume w >~y and the “Melnikov” non-resonance conditions:

(5.32) )m-%h% Vi=1,2,...,N,, ¥Vj>1
where ¢ is defined in (5.15), and

(5.33) WP = M) > 2 VI=12 Nay 21

where \j(p, w) are the eigenvalues of (5.26).
Let u := v(p, w) + w. There exist Ky, K| such that, if

)2
(534) 737 |’HWf,(u)HO',1+T(2T_71) < Ki )

then Ly (w) is invertible and

KlNgil
YW

(5.35) 1L (w) " Rl < |hll,  Yhe W™,

Proof. In section 5.9. OJ

Remark 15. Condition w > v > 0 means that equation (5.1) is non-
autonomous. Indeed, if w = 0 the nonlinearity f(z,wt,u) = f(z,0,u) is
independent of t.
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For ¥ := 30¢/m? we define the sequence

v %
0.

(5.36) Un+1::an—m, 09> 01> 09> ...>

Let Ay denote the open set

Ag = {(M,W) € (p1, p2) X (77, +00) & |wl—wjl >llT Vi=1,...,No, j = 1}

where w; are defined by (5.10).

Lemma 27. (The approximate solution). There exist Ko, K} such that,
if (u,w) € Ay and uNJ ' /yw < K}, then there exists a solution wy :=
’LU()(,U,OJ) € W(O) Of

Lowo = pPoF (1, wo)

satisfying | wolloo < pKa2Ng ! /yw.

Proof. By definition of Ay, the eigenvalues of (1/p)L,, satisfy

w22 — \;| > lZfl Vi=1,2,...,Ny, j>1,

so L, is invertible on W and, for some K,

—1
KNJ
YW

(5.37) L5 oy < Ihlloy — YheW O,

Then we look for a solution wg € WO of wy = pL; Py F (e, wo). The right-
hand side term is a contraction in {||wolls, < R} if pNJ ' /yw is sufficiently
small. [J

Given w, € W™, ||lw,|ls, < R and A, C Ay, we define

(5.38)  Apt1:= {(u,w) € Ap |wl — wj(p, wy)| > llT’ ’wl — % > %
Vi=1,2,...,Nps1, j > 1} C A,
where \;(p, wy,) = w?(u,wn) are defined in (5.26) with w = w,,.
In Lemma 27 we have constructed hg := wg for (p,w) € Ap. Next,

we proceed by induction. By means of wg we define the set A; as above,
and we find wy := hg + hy € W for every (u,w) € A; by Lemma 28
below. Then we define Ao, we find wy € W®) and so on. The main goal
of the construction is to prove that, at the end of the recurrence, the set of
parameters (p,w) € Ny A, is actually a large set (see Lemmas 31 and 32).
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Lemma 28. (Inductive step). Fiz x := 3/2. There exist Ny € N (depending
only on p,p, f, i, 0,7) and Ky < Kj/N5 ™" with the following property.
Suppose that hy € WO ¥i=0,...,n, satisfy

pK3NG

(5.39) [illo: < exp(—x')

where K3 := eKy and K5 is the constant in Lemma 27; Yk = 0,...,n, let
wy = ho + ... + hy satisfy ||wglls, < R and

(5.40) Lowg = pPpF (1, wy)

and suppose that (p,w) € Ay, where Aj1 is constructed by means of w; as
showed above.

If (u,w) € Apy1 and p/v’w < K}, then there exists hpyy € WD
satisfying

pK3Ng !
Yw

n+1)

(5.41) 1Pnt1llons < exp(—x

such that wpq1 = Wy + hpy1 verifies |[wpitllo,,, < R and
(542) wan+1 = ILLPn_t,_lj:(,LL, wn+1) .

Proof. In short F(w) := F(u,w) and DF(w) := d,F(p, w). Equation
(5.42) for wp41 = Wy + hpy1 18 Ly[wn + hpy1] = pPpi1 F(wpn + hpt1).

By assumption, wy, satisfies (5.40) for k = n, namely L,w, = uP,F(wy,),
so the equation for h,;1 can be written as

(5.43) Lopy1(wn)hpy1 + p(Poyr — Po)F(wn) + pPr1Q =0

where, as defined in (5.31), Ly 41(wp)hnt1 := —Lyhpt1+ pPos1 DF (wp) i1,
and () denotes the quadratic remainder

Q = Q(wm hn+1) = }-(wnJrl) - f(wn) - Df(wn)hn+1 .

Step 1: Inversion of L,i1(w,). We verify the assumptions of Lemma
26. By definition of A, 1, w satisfies (5.32). If \;(u, wy) < 0, then |w?I? —
Nj(py wy)| > w22 > qw/I771 because w > v. If A\j(u, wy,) > 0, we have
Yw

w212 — N ()| > |wl — wj (1, wp)|wl > = Vi=1,...,Npt1
because (u,w) € Ap41. In both cases the non-resonance condition (5.33)
holds.

To verify (5.34) we need an estimate for w,. Let n:=7(1t —1)/(2 —7)
and a > 0. Using the elementary inequality

1+ 204m)  g2(e—a)ll| 2121

2n
: < < 2,20y _ (1)
1412 e20lll = e2all] — 22513‘8((21 € ) 2 ae ; Vi 7é 0,
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we deduce

Cy
Oi — Ont1)"

where C), := V2(n/e)". Since o; — opy1 > 05 — 0441 for every i < n,

WPillona1m < ¢ 173l

[[Pill o pKsNg
||wn”0n+1,1+77 Z [hi ”U'n+171+77 = C Z 0 — Oi1)1 S T
using (5.39) where S, := (C,,/97) 3555 (i + 1) exp(—x*) < +o0. If
-1
S77 /LKgNg <R
yw
then

“f,(UN)”0n+1,l+n S K

for some K, where u, := v(u, wy,) + wy. Hence hypothesis (5.34) is verified
for p1/y3w sufficiently small.

Analogously we get |wp s, < R if uNj~'/yw is small enough.

By Lemma 26 the operator £, 4+1(ws,) is invertible on W+ and

K NT*l
G4 [Lar ()bl € = Bl YhE WO,

Equation (5.43) amounts to the fixed point problem
hnt1 = _N£n+1(wn)_1 [(Pn+1 - Pn)]:(wn) + Pn—l-lQ] = g<hn+1)

for hy,1 € WD,
Step 2: G is a contraction. We prove that G is a contraction on the
ball Byy1 := {|Allops < Tnt1} where rypq i= (uEK3N] ! /yw) exp(—x" 1),
implying (5.41). By (5.30)

[(Pat1 — Po)F(wn)llopys < [1F(wn)llo, expl—(on — ont1)Na] -
Since |[wp|e, < R, we have |Q|ls,., < K||hnt1])2 ...~ Hence, by (5.44),

T—1

uN.
Hg(hn—l-l)”dnﬂ < K#—H <exp[—(an — 0ng1) N + th-i-ngnﬂ) :
Therefore G(By+1) C By if
/LKNT_I r ,LLKNT 1 r
(5.45) “——"HL expl—(0p — 0ps1)Na < "2“ , W““ 2 ”2“

By the definition of o, in (5.36) and N, := Ny2", the first inequality is
verified for every n > 0 if o¢gNy is greater than a constant depending only
on x, K, K3. The second inequality is verified for every n > 0 if pNg 1w
is small enough.

The estimate for |Gh — Gk||, h,k € Byt is similar. The Lemma now
follows from the Contraction Mapping Theorem. [
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Remark 16. In the previous scheme hypy1 is found as an exact solution of
equation (5.43). We find this convenient to prove the regularity of hyy1 with
respect to the parameters (u,w) in Lemma 29. However other schemes are
possible. For example, we could define hn+1 as a solution of the linearised
equation L1 (wn)h + w(Pry1 — Pp)F(wy) = 0.

Corollary 2. (Ezistence) Suppose Aoo := Np>04n # 0. If (1,w) € Aco
and p/y3w < K}, then

Woo (W) 1= Z b (p,w) € WN Xoo/2
n>0

is a solution of the range equation (5.29) satisfying | Weo||gy/2 < Koopt/yw
for some K.

Proof. Since w, solves (5.40) for k = n,
—Lown + plly f(un) = pPy f(un) € WO
where u,, := v(u, w,) + wy,. By (5.30)

lim | — Lyw, + ,uf(un)HUO/Q < lim Kexp|—(o, —00/2)N,] =0.
n—-4o0o

n—-4o0o

Since wy, — Woo in || [|4,/2 also f(un) — f(ue) in the same norm, while
L,w, — L,ws in the sense of distributions. So ws, is a weak solution of
the range equation (5.29). O

Remark 17. We shall prove, as a consequence of Lemma 31 and section
5.7, that Ay is actually a positive measure set. A possible way to prove it
uses the Whitney extension of we, of section 5.6.

5.6 Whitney C* extension

The functions h,, constructed in Lemmas 27 and 28 depend smoothly on the
parameters (u,w).

Lemma 29. There exist K4 and K) < K4 such that the maps
hit Ai 0 {p/yPw < K1} —» Wt
are C*° and

Kyp i K, i
(| Owhi (1, W)y < e exp(=x0):  [[Ouhi(p, w)llo; < o exp(—xo)

where xo := (14 x)/2 =5/4.
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Proof. Since wg = uL,'PyF(u, wp), by the Implicit function Theorem the
map wo is C. Differentiating the identity L, (L, h) = h w.r.t.w, by (5.37)
we get 9,5 hlloy < (K/2%w) [llog. For 1/ small,

Kp

2

ol < 5

Differentiating w.r.t. u we get ||9,wollo, < K'/yw for some K'.
By induction, suppose that h; depends smoothly on (u,w) € A; for every
i=0,...,n. For (u,w) € Ap41, by (5.42), h,41 is a solution of

(5.46) —Lyhny1+pPoi1[F(wn+hngp1) = F (wn)]+p(Pogy1—Pp) F(w,) = 0.

By the Implicit function Theorem h,41 € C* once we prove that
L1(wn1)[z] == =Lz + Pt DF (wn + hny)[2]

is invertible. By (5.44), L£,+1(wy,) is invertible. Hence it is sufficient that

’ 1

‘Cr_wlrl (wn)(Lnt1(wnt1) = Lnt1(wn)) <5
which holds true for ;2 /yw small enough; indeed, by (5.41),

M
oper 2

271 ATT—1
wK'N,
[ L1 (wWnt1)—Lnt1 (wn)Han+1 < KN||hn+1”Un+1 < TO eXp(*Xn—H)'

Finally (5.44) implies
2K1N;

(5.47) H‘CTL+1(wn+1)_1||0n+l < yw

Differentiating (5.46) w.r.t. w

(5.48)
L1 (wny1)[0uhni1]= 2wp(x) (hpy1)i — (Pas1 — Pr) DF (wy) 0wy,
— pPry1 [DF (wn + hng1) — DF(wp)]Oown

and, using (5.47) and (5.30),

Ol < =2 (N2l “owa
Juhnsrllon < =8 (Nl + G S0 Ry

1l s 10st0alls, )

We note that ||Ouwn|la, < >oig |0uhille,. Using (5.45) the sequence ay, :=
|0uhnls, satisfies

KN 1 wyr - -
n+1 2 n+l
ant1 < w (WNn+lrn+1 + NT—l Z Qi + HTn41 Z ai)
g n+l =0 i=0

IN

n
K
bpi1 (1 + Zai> where by,.1:= 'yg% Ngj_‘ll exp(—x"“),
i=0

87



recalling that 7,11 = (K /yw) exp(—x"*1). By induction, for Ku/wy? < 1,
we have a, < 2b, and

K,:U’ n+1

(=x6")
ex
2, OPXG

”8whn+1Han+1 < %NnTj—_ll exp(_Xn+1) <

where o := (1 + x)/2. It follows that ||0,wnt1 e, < Kp/vw.
Differentiating (5.46) w.r.t. © we obtain the estimate for 9,hn,41. O

Define, for vg > 0,

n

(5.49) A {(,u,w) € Ay : dist((p,w), 0A,) > V074}

Ay = {(,u,w) € A, : dist((p,w), 0A,) >

Lemma 30. (Whitney extension). There exists a C* map
~ 1% ’
w:AgN {(,u,w) : o < K4} - WnX,

satisfying
- Ksp - C(vo)p
(550) Hw(uﬁw)HUo/Q < 777 ||8ww(:uvw)”ao/2 < W

C(vo)
Yow

9

Hauﬁ)(:u’vw)Hao/Q <

Y

for some K5 and for some C(vg) > 0, such that, for (i, w) € Ase = Np>0An,
w(p,w) solves the range equation (5.29).
Moreover there exists a sequence of C*° maps

~ 12 ’
Wyt Ag N {(,u,w) : e < K4} — W
such that Wy, (p,w) = wy (1, w) for (u,w) € A,, and
- - Ksp
(5.51) [0, w) = Wi, )l 2 < e exp(—x")-
Proof. Let ¢ : R?> — Rt be a C™ function supported in the open ball

B(0,1) of centre 0 and radius 1 and with [z, ¢ = 1. Let ¢, : R — R be
the mollifier

on(x) = N ( N :c)

vgr® T\t
Supp (¢n) C B(0,07*/N2) and g, ¢n = 1. We define 1, : R* — R as
nla) = (pux3) @) = [ only = @)z () dy
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where x 4x is the characteristic function of the set Aj,. 1, is C°°,

3

N,
(5.52) | Db ()] < /R [Deon(@ = y)ixaz(w)dy < 725 €

where C':= [, |Deg| dy,
0< %(90) <1, Supp(”tﬂn) C Ap, %(37) =1 Vze An .

We define, for (u,w) € Ag, the C* functions

7 L wn(ﬂvw)hn(:u’w) if (:U’vw) € An
hn(uvw) T {0 lf (:U’aw) ¢ An
and "
W (@, w) = hi w(p,w) = Z hi

=0 i>0
which is a series if (y,w) € Ao 1= Np>04n.

The estimate for ||w||, /2 follows by 1hillo, < llhills; (because 0 < ¢ < 1)
and (5.39). The estimates for the derivatives in (5.50) follow differentiating
the product h; = ¥;h; and using (5.52), (5.39) and Lemma 29. Similarly it
follows that @ is in C'°, see [28] for details.

For (p,w) € Ap, n(p,w) = 1, implying @, = w,. As a consequence, for
(p,w) € Ay = ﬂnzgfin, by Corollary 2, w0 = wy, solves (5.29).

Finally, using (5.39),

K'u
Yw

exp(=x") .

- = Ku A
||,w_u}nH0'0/2§ Z ||hl||al < Z %exp(—xl)g

i>n+1 i>n+1

In the next Lemma we fix the constant vy introduced in (5.49).

Lemma 31. There exist vg > 0 and K < K} such that if u/vy3w < Ki then
B,CA,CA, Yn>0
where B, is defined in (5.14) taking C' < KJ.

Proof. By induction. Let (u,w) € B,. Then (u1,w) € Ag if Ay contains the

closed ball of centre (u,w) and radius 2vpy*/Ng. Let (', it’) belong to such
a ball. Then, VI =1,..., Ng,

2y 2wty
W'l = wj| > |wl —wj] = Jw =Wl > = = ———1> —
r NS T

if vy < 1/2.
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Suppose now B, C A,, and let (u,w) € B,. To prove that (1, w) € A,11,
we have to show that the closed ball of centre (p,w) and radius 2v9y* /N2,
is contained in A,41. Let (¢/,w’) belong to such a ball. The non-resonance
condition on |w'l — j/c| is verified, as above, for 1y < 1/2. For the other
condition, we denote in short wj(p',w') := w;(p', wa(p',w")) (see (5.26) for
the definition of w;(u, w)). It results, VI = 1,..., Nyy1,

W= ()] = ol = ()] — o — w1 — | (0 — @511, w)|

2y 27l -
> 2 BT ) - ()
n+1
3y neotoJ ~
(5.59) > D)~ ayw)

if vy < 1/4. Now we estimate the last term

_ L) = (kW) PRLVICALS = (kW)
@ (ks W) + [ (W', ) Vo

Wi (1, w') = @j(p, w)]
by (5.28), both for j < jo and for j > jo. By the comparison principle (5.27)

5o PN W) = A (s w)] < Kl — 1)+ K () = @1ty 0) gy 2 -

By Lemma 29, [|0,wnllsy/2, 0pwnllsy/2 < K/v*w for some other K, and
being w,w’ > 7,

K" vy <
ok N3+1 817"

KHU)TL(/LI,WI) - wn(lu’ﬂw)HOQ/Q < Vil = 17 s 7Nn+1

if 1y is small enough (1 < 7 < 2). On the other hand, since (u,w) € A, we
have wy, (¢, w) = Wy (¢, w) (Lemma 30) and, by (5.51),

!

1 5y
exp(—x")

Y <8?7VZ:17"'7N7H—1

Kljwn(p,0) = (g ) llog 2 <

for p1/v2w sufficiently small. By (5.53), collecting the previous estimates,

W'l — Wi (', W) > %_, Vi=1,...,Npq1

and (y/,w’) belongs to A,41. O

5.7 Measure of the Cantor set B,

In the following R := (¢, 1) x (w',w") denotes a rectangle contained in the
region { (i, w) € [u1, o] x (27, +00) : p < Ky’w}. Furthermore we consider
W’ —w' as a fixed quantity (“of order 17).
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Lemma 32. There exist K¢ and K¢ < K[ such that, taking C" < K{ in the
definition (5.14) of B, Yu € (p1, u2) the section

Sy(p) =={w: (n,w) € By}
satisfies the measure estimate
(5.54) 15,() 1 (") > (1= Ken)(o” — o).
As a consequence, for every R := (p/, 1) x (W', w")
(5.55) IB,NR| > |R|(1- K¢).

Proof. We consider the inequalities |wl —@;(p,w)| > 27v/1" in the definition
of B,. The analogous inequalities are simpler because j/c and w; do not
depend on (u,w).

The complementary set we have to estimate is

C .= U le
l

g1
where Ry; = {w € (W, ") 1 |lw —@j(p,w)| < 2v/17}.
We claim that

- Ku
(5.56) ‘&uwj(ﬂaw)‘ < ,}/57 .
Indeed, by the same arguments as in the proof of Lemma 31 and the com-
parison principle (5.27) we have

Kp

@ (1, @) = @5 (1, )| < Klb(pt, w) = (1, )12 < 5, 1~ o’
using (5.50). As a consequence of (5.56)
- Kupu 1
&u(lw—wj(,u,w))z —%25 Vi>1

for y1/~°w small enough; we deduce |R;| < 4v /171
Furthermore the set R;; is non-empty only if

2v 2
W'l — 7 < @j(p,w) <l + i

So, for every fixed [, the number of indices j such that R;; # 0 is
. 1 " / 4")/ " /
1 < 5 (1" =) + ) +1 < KW' =)

i
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where
6= inf { D510 w) = 5( )| = 21, (1w) € By}

For [|[w]|5y/2 < K'p/yw < R we have § > 01 where
(5.57)
1 1= inf { w1 (i, w) = @i w)] G2 1, p € sl wlogp < R} >0

as proved in Section 5.10.
In conclusion, the measure of the complementary set is

]C]<Zl Kl —uw) < K'(W )y

and (5.54) is proved. Integrating on (¢, u”) we obtain (5.55). O
By Fubini’s Theorem also the section S, (w) is large, for w in a large set.

Lemma 33. Let
Sy(w) :={p: (n,w) € By}.
For every R = (!, 1) x (o',0"), 7' € (0,1),
(5.58)
Sy (w) N (¢ 1)
Hw € (W,w"): = P

Proof. Consider

OF = {we (W, W) Sy (W) n (W 1" > (W' = 1)1 =)},
Q_ — {w c (w/’w//) . ‘S»Y(LU) N (M’»MN” < (/.L”—/,L/)(l _71)} .

Using Fubini’s theorem

1!

B0 Rl = [ 18,0 ()] d

(A)/

= [ 1S @n Gt [ 18,600 6] do
(5.59) < (W' =)+ (1" = 1)1 =97
By (5.55), |ByNR| > (" — ) (1" — 1')(1 — Kg7y) and therefore, by (5.59),
(5.60) (W' —w)(1—Key) <|Q7|+ (1 -0 = ('~ ) =127
because |QF|+ Q7| =w” —&'. Then

07 < (W' - w’)K(;%
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and, by the first inequality in (5.60), |Q27| > (w” — &) (1 — K¢v/7'), which
is (5.58). O

Inequalities (5.54) and (5.58) imply the measure estimates (5.17)-(5.18).

The main conclusions of this section are summarized in the following
theorem which follows by Lemmas 30, 31 and 32.

Theorem 6. (Solution of the range equation). There exist W € C™(A,,
WX, /2) satisfying (5.50) and the large (see (5.55)) Cantor set B, defined
in (5.14) such that, for every (u,w) € B, the function w(u,w) solves the
range equation (5.29).

5.8 Proof of Theorems 4 and 5

Proof of Theorem 4. By Theorem 6 for all (u,w) € B, the func-
tion w(p,w) € X, /9 solves the range equation (5.29). By Lemma 23,
v(p, w(p,w)) solves the bifurcation equation in (5.7) and therefore

U= /U(/'va(:u‘vw)) + 11)(/1,(4)) € Xao/2

is a solution of (5.2). Estimates (5.13) follow by (5.50).
Since @ solves

(5.61) —(p(2)liz)z = pf (z,t,0) — w?p(x) Tz

we deduce
—(p(2)is(t, 7)) € H'(0,7),  VteR.

This implies, since p(x) € H3(0,7), that
a(t,z) € H3(0,7) N H3(0,7) € C%(0,7), VteR.
(]

Proof of Theorem 5. For every fixed t, by the algebra property of H™

£ sty wla, ) <D L fir@)u® @) < K funllrn [

Lk Lk

for some K > 0.
Using the Gagliardo-Nirenberg type inequality

k k—
[z < (Conlluall o)~ Hlull g

valid for every u € HE N H™ (see e.g. [99]-[59]), we get

(5.62) 1F @t ) o < Kllullzm S ol (Conllll )"
N
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which is convergent for ||u| g1 < 7m/Ch by (5.20).

The solution @ satisfies (5.61) and a(-,t) € H3(0,7), Vt.

By assumption ||@|| g1 < 7m/Cr. By induction, assume a(-,t) € HF
for k = 3,...,m. Hence y(-,t) € H* and p(x)ay(-,t) € H* because
p € H™. Furthermore, by (5.62), f(z,t,4) € H*. We deduce, by (5.61),
that p(z)i, € H*'. Finally @ € H**? because p € H™ !,

If fo(x,0) = dyfo(x,0) = 0 then, by Lemma 22, we can take v(p,0) =0,
V. Therefore, by (5.13),

2Cu
Yw

a(t, M < sy < vt,

and, for p/yw small enough, we deduce the regularity in (5.21). O

5.9 Inversion of the linearised problem

Here we prove Lemma 26. Decomposing in Fourier series

Py =3 ap(a)e™,

kEZ

we write, for h =32, <, hy(z)et € W),

—Lyh + pPy[f'(u)h] = Z [w2l2phl + 0y (p@xhl)]eilt+
1<[l]<Nn

PP (S ae™) (Y me)]

keZ 1<|I|< Ny,

= Z [w21?phy + 0y (p Ouhy) + paghy] ™
1<[l1<Nn

bu S aen
U], | K+ €{1,....Nn}, k0

Hence £, (w) defined in (5.31) can be decomposed as

(5.63) Lp(w)h =p (Dh + Mih + Mgh)
where
1 .
Dh := p Z [w2l2p hi+ (p h;)/ + pao hl}edt
=1
(5.64) Mih := L Z ap—1 hy ekt

U] |kl€{1,.... Ny } 1K
Msh = %Pn [ (1) duyv (g2, w) [R] -

94



Note that D is a diagonal operator in time Fourier basis. To study the
eigenvalues of D, we use Sturm-Liouville type techniques.

Lemma 34. (Sturm-Liouville). The eigenvalues \j(p, w) of the Sturm-
Liouwille problem (5.26) form a strictly increasing sequence which tends to
+o00. Every A\j(p,w) is simple and the following asymptotic formula holds

-2
j K
(5.65) Aj(p,w) = S ot M (p,w) + 15(p, w), 7 (p,w)| < 7

\V/j > ]-7 (:ua U)) S [Mla/'LQ] X BR; where

1 [ 1/2 1 (7 11
c:=— / (B) dx, b:=— [ (pp) ] ——dx
T Jo \p dme Jo Lp /PP ) /PP

T AR R
M(p,w) := Cﬂ_/o N dz .

The eigenfunctions @;(u, w) of (5.26) form an orthonormal basis of L*(0, )
with respect to the scalar product (y,z)Lg = ¢! fOTr yzpdx. For K big
enough

1 s
(Ys 2w = /0 py'Z + [Kp— plly f'(v(p, w) + w)] yz dx

defines an equivalent scalar product on HJ(0,7) and
(5.66) K[yl < yllpw < K" lylg Yy € Hy .

©j(p,w) is also an orthogonal basis of Hg(0,7) with respect to the scalar
product (, )uw and, fory = ijl 5 @5 (1 w),

2 ) 2 o)
(5.67) lZs => a5, yliw =D 55 (N w) + K).
Jjz1 Jjz1
Proof. In Section 5.10. U
We develop

Dh= Y Dihe"
1<|I|<N,
where 1
Dz = p [wQZsz + (pz')l + uaoz] , Yze H0,7)

and ag = Iy f(v(p, w) + w).
By Lemma 34 each D is diagonal w.r.t the basis ¢;(u, w):

+oo oo
2= gemuw) e HYO,m) = Diz=3" (@22 A, w)) 05, w).
j=1 j=1
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Lemma 35. Suppose all the eigenvalues w?I*> — \;(u, w) are not zero. Then

D 1/22 _ Z] QOJ M7 )
i Z < /TP — (s w))

satisfies

K
—1/2 1
(5.68) 120722y < el Y2 € HY(0,m)

where oy == min;>1 [w?l? — \;(u, w)| > 0.
Proof. By (5.67) || |Dl\*1/2z|]27w < (1/ay) ||2]3,.,- Hence (5.68) follows by
the equivalence of the norms (5.66). O

Lemma 36. (Inversion of D). Assume the non-resonance condition (5.33).

Then |D|~Y2 : W™ — W) defined by

‘D|71/2h:: Z ‘Dllfl/th eilt

1<|I|ISNy
satisfies
—1
_ K KN, e
NP bl < e Whllgsy 2t < = hllos, Vh W,

Proof. By (5.68) and a_; = oy > yw/|I|7!

D22, = 2 D02 Rl (1 + 292l
1<[I| <N,
KQZT—I
< > |LthH§{1(1+l2s)eQ‘”
1<\l|<Nn
-

because |I|77H(1 +12%) < 2(1 + [I|>*+7=H), V|i| > 1. O
To prove the invertibility of £, (w) we write (5.63) as
(5.69) Ly(w) = p|D|V*(U + Ty + To) | D|*/?
where
U:=|D|"'2D|D|7/?

(5.70)
Ti=|D|"V2M; [DI7V2, i=1,2.
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With respect to the basis ¢;(u, w) e the operator U is diagonal and its
(1, 5)-th eigenvalue is sign(w?/? — \;(u, w)) € {£1}, implying that the oper-
ator norm is

(5.71) Uy := sup ||Uh|s=1.
Ihllo<1

The smallness of T requires an analysis of the small divisors. Formula (5.65)
implies, by Taylor expansion, the asymptotic dispersion relation
j K
5.72 [ s — o< —
(5.72) ) - 2| < =
and there exists K such that, for every = > 0,

(673 =N (ww)] =minfe? -\ w)| = = Ka.

Lemma 37. (Analysis of the small divisors). Assume the non-resonance
conditions (5.82)-(5.83) and w > ~. Then V|k|,|l| € {1,...,N,}, k#1

K~y3w 2
oqag > <M>
lk—1| 2=
where oy = min;>1 [w?l% — \;j(u, w)|.

Proof. Since a_; = ¢4, VI, we can suppose [, k > 1.
We distinguish two cases, if k,[ are close or far one from each other. Let

B:=(2-71)/7€(0,1).
Case 1. Let 2|k — | > (max{k,1})?. By (5.33)

(yw)? (yw)? C(yw)?
(k)71 = (e, 70D = | e

apoy >

Case 2. Let 0 < 2|k — 1| < (max{k,(})?. In this case 2k > > k/2. Indeed,
if £ > I, then 2(k —1) < kP, so 21 > 2k — k% > k because § € (0,1).
Analogously if [ > k.

Let 4, resp. 7, be an integer which realizes the minimum ay, resp. oy,
and write in short A;(p) := A\j(p, w), w;j(p) = w;(p, w).

If both A;(pe), Aj(p) <0, then oy > W22, g > W2, ogag, > wt > WP

If only A;(u) <0, then agay > w312 /k7—1 > 217 Tyw3 > 21774202,

The really resonant cases happen if A\;(1), A;(p) > 0.

Suppose, for example, max{k,(} = k. By (5.72), |w;(n) — (j/c)| < K/j,
and, by (5.73), i > Kwk, j > Kwl. Hence, using also (5.32),

[(wk — wi(p)) — (@l — wj ()] = Jwlk = 1) = (i) — ()]

> k—1)— —2| - = - —
- ’w( ) c wl  wk
ol _3K>2Tfy 3K

> -
(k=07 wk T KT Wk
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because 2(k — 1) < k%, 21 > k. Since ST < 1 and k < 21,

|(wh — wi(p)) — (Wl — w;(u))] > %(k% + ﬁf) Vi > (5)1% =k

The same conclusion if max{k,l} = [. It follows that, for max{k,l} >
k*, there holds |wk — w;(1)| > 7/2k°™ or |wl — w;(u)| > ~/21°7. Suppose
|wk — w;i ()| > ~/2k5. Then

o = |w?k? — W (p)| > |wk — wi(p)|wk > %kkm.

Since [ < 2k, for a; we can use (5.33),

WO qw  Pe? s W

>
QpQp = 2 lT*l - 9T 97

because 2 — 7 — g7 = 0.
On the other hand, if max{k, [} < k* = (K/wy)"/("=Y we can use (5.33)
for both k&, I:

w)? w)?
aray 2 (2)7)—1 > (kg:)yQ(Z—l) (yw)* (

2(r—1) 6,,2
uw) e
K K?
(using w > ). Since v < 1, taking the minimum for all these cases we

conclude. [J

Lemma 38. (Estimate of 71). Assume the non-resonance conditions (5.32)-
(5.53), w >, and Iy f'(u) = 37, 4 aj(z)el € X SRR There exists K

such that

K[L n
ITihlls < S50 W 7o)y e [l € WO,

Proof. Yh ¢ W, Tih = 21<k<n, (T1h)k e where

(Tvh)x = |Dy|7"*(My|D|7V/?h),

=D Y D )
1<|[|<Nn, £k

Setting A, := ||am/p|| g1, using (5.68) and Lemma 37,

Ak Kp
(5.74) (Thklm <Kp Y ———|lhllm < = Sk
V<l SN 1k VRV 7w

where

S = Z Ap_ l|/{7

U< N, Ik
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By (5.74) we get, defining S(t) := Zfzrzl Sy, etkt

Ny,
IT3h2 = > I(Tih)klFn (1 + k2)e*

k=1
Nn,
< (55)7 3 st mne = (SR sz,

k=1

Since S = P, (p¢), with p(t) 1= Y07 Afl] 2 €t and 9(t) := Zflv‘”zl || prre™,
Kp Kp /

ITitlo < 52 Iellolivlle < S50 [T s @] oy 101

because ||¢|lo < 2[[TTw f(u)]

oa+7g=n and [[Yle = Al O

Lemma 39. (Estimate of Ty). Suppose that Ty f'(u) € X, 1. Then
) 2

Kp n
[Tohlle < =2 IMw £ ()l 1m0 [1Bllos Vhe W

for some K.

Proof. By the definitions (5.70),(5.64) and Lemma 36,

K ~1/2
[Tohll < N 1M DI~ 2h]l 1 21
K'n _
< Fllﬂwf( Mgzt |dwo (s w) [ |DI7/2h] [
K'n _
= g M ()l gt (s w) [IDI20] |
because dy,v (i, w)[|D|~1/?h] € V. By Lemmas 23 and 36
K
~1/2 “1/2
[ dwv(, w) [[DIT2R] || o < K D172,y _ron < N 12l

implying the thesis. [

Proof of Lemma 26. By (5.71), |U||, = 1. If

1
(5.75) 1T1 + Tl < 5
then by Neumann series U + T} + Ty is invertible in (W) || ||,) and

(U + Ty 4+ T2) 7Y, < 2.
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By Lemmas 38 and 39, condition (5.75) is verified if

K,u 1
(5.76) Tl < S M P 2 <
and
Ku Kp / 1
G.77) [ T2fo < ,Twllﬂwf( )] PR S i Hw F ()l 1 ren <

(we recall that v € (0,1) and (7 —1)/2 < 7(1 — 1)/(2 — 7) because 7 > 1).
Both conditions (5.76)-(5.77) are satisfied if

H 1
Tw ||HWf/(u)Ho.71+T(27'_le) < E = Ki

which is condition (5.34). Hence, inverting (5.69)
_ h
Lo(w) " h = |D["V2(U + Ty + ) '|D|7V/? (;)
which, using Lemma 36, yields (5.35). O

5.10 Sturm-Liouville problems

Proof of Lemma 34. Let a(x) € L?(0,7). Under the “Liouville change
of variable”

618) a0 & E=g. g = [ (40) e,
we have that (\,y(x)) satisfies

(5.79) {—(p(sc)y'(x))'_+ a(z)y(z) = Ap(@)y(x)

if and only if (v, z(£)) satisfies

(5.30) {—Z”<€> + [a6) + al€)] 2(6) = v2(€)
2(0) = z(m) =0
where
v = 02/\, T(x) = ¢ p(x) p(x), (g) ( ( ))T(¢(§))
YIC3) . oy
©=¢Te)  1O=dewon  e=IT+5(0) ]
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By [96], Theorem 4 in Chapter 2, p.35, the eigenvalues of (5.80) form an
increasing sequence v; satisfying the asymptotic expansion

v=it 41 [Tarards - [ eos(2i€)(a(€) + a(©) de i, Il < S

where C' := C(]|g+ a|12) is a positive constant. Moreover every v; is simple
([96], Theorem 2, p.30).

Since p, p are positive and belong to H?, if a € H' then q,a € H'.
Integrating by parts | [1 cos(25€)(q + o) d€| < |lqg + || 1 /j and so

9 1 U , , Cl
y=Prs [Cavadeed i< S

for some C’ := C'(||qg+ || 1). Dividing by ¢ and using the inverse Liouville
change of variable we obtain the formula for the eigenvalues Aj(a) of (5.79)

(5.81)
-2 s ™
Jj 1 Q\/p 1 a C
N@) ==+ — [ Zde + — | ——dz + rj(a), |rj(a) <=

for some C(p, p, ||a]|z1) > 0. Then (5.65) follows for a(z) = —ully f'(v(p, w)
+w)(z) and some algebra.

By [96], Theorem 7 p.43, the eigenfunctions of (5.80) form an orthonor-
mal basis for L2. Applying the Liouville change of variable (5.78) in the
integrals, the eigenfunctions ¢;(a) of (5.79) form an orthonormal basis for
L? w.r.t. the scalar product ( , )L%.

Finally, since ¢; := ¢;(a) solves

—(pe)) + (Kp + a)e; = (Aj(a) + K)pp; ,

multiplying by ¢; and integrating by parts gives
(@5, Pi)pw = 0i,j(Nj(a) + K)
and (5.67) follows (note that A\;j(a) + K > 0, Vj, for K large enough). O

Proof of Lemma 24. Let a,b € H'(0,7) and consider « := c2a(v)/p(1),
B = c2b(1))/p(1)) constructed as above via the Liouville change of variable
(5.78). By [96], p.34, for every j

1 1
(5:82) |Aj(a) = Aj(0)] = S lvj(a) — v (B)] < Slla = Blleo < Klla — bl

and (5.27) follows by the mean value theorem because plly f(v(p, w) + w)
has bounded derivatives on bounded sets. [

Proof of (5.57). By the asymptotic formula (5.72)
; ) . > _ 27 —
min fwjy1 (4, w) —wj(p, w)] 2 = = —= >

101



if j > 4Kc¢, uniformly in u € [u1,p2], w € Br. For 1 < j < 4Kc the
minimum

m; ‘= min Wi (1, W) — wi(p, w
’ (va)e[u1,uz]xBR| I+ (1, w) J(N )|

is attained because a — Aj(a) is a compact function on H ! by the compact
embedding H'(0,7) — L*(0,7) and by (5.82) (see also [96], Theorem 3
p.31 and p.34). Each m; > 0 because all the eigenvalues \; are simple. [J
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Chapter 6

Periodic solutions of forced
Kirchhofl equations

We consider the Kirchhoff equation
(6.1) Uy — Au(l +/ |Vu|? d:n) =eg(x,t) re, teR
Q

where g is a time-periodic external forcing with period 27 /w and amplitude
¢, and the displacement u : 2 x R — R is the unknown. We consider both
Dirichlet boundary conditions

(6.2) u(z,t) =0 Vxeo, teR

where Q C R is a bounded, connected open set with smooth boundary,
d > 1, and periodic boundary conditions on R¢

(6.3) w(z,t) = u(x +2mm,t) YmeZ zeRY teR
where Q = (0, 27)¢. We look for solutions u with period 27 /w.

Normalising the time t — wt and rescaling u — £'/3u, (6.1) becomes
(6.4) wuy — Au = ,LL(AU/ |Vu|? dz + g(x, t))
Q

where 1 := £2/3 and g, u are 2n-periodic.

6.1 Case of Dirichlet boundary conditions

Assume that 9Q is C*°. Let A?, @j(z), j = 1,2,... be the eigenvalues and
eigenfunctions of the boundary-value problem

—Ap; = )\? @j inQ
pj =0 on 0f)

103



with fQ go? dr =1 and A\; < Ao < .... Weyl’s formula for the asymptotic
distribution of the eigenvalues gives A; = O(j 1/d) as j — oo, thus

(6.5) citd < a; <Y wi=1,2,...

for some positive C, C’ depending on the dimension d and on the domain 2
(see e.g. [104, Vol. IV, XIII.15]).
By expansion in the basis {¢;(z)}, we define the spaces

Vos(§) = {v(m) - Zvj‘pj(x) : Z ’%’\2)\?5 2N < oo}

J

for s > 0, 0 > 0. Spaces Vs with ¢ = 0 are used in [10]. They are the
domains of the fractional powers A%/2 of the Laplace operator. See [10, 60
for a characterisation. For instance, Vpo = H?(Q) N H}(2). We note that if
u € Vo s(Q) then AFu € HH(Q) for all 0 < k < (s —1)/2.

Spaces V5 with s = 0 are used in [9], where it is proved that Uy~oVy 0
is the class of the (—A)-analytic functions, that is, by definition, the set of
functions v(z) € H}(2) such that

1/2
AFv e HE(Q) and ‘/vAkvdm‘ < CAFE! Vk=0,1,...
Q

for some constants C, A. In [9] it is observed that an important subset of
Us>0 Vo0 consists of the functions v(x), analytic on some neighbourhood of
Q, such that

AFy =0 on 90 Vk=0,1,...

This subset coincides with the whole class of (—A)-analytic functions when
0 is a real analytic manifold of dimension (d — 1), leaving € on one side
[78], or when () is a parallelepiped [7].

Clearly Vs = {u € Voo : A%?u € V, 0} and V, 9 C Vyr g C Vi for all
s >0, 0 > ¢ > 0. Moreover, all finite sums >,y vjp;(z) belong to Vo
for all o, s.

We set the problem in the spaces X,, = H LT, Vo.s) of 2m-periodic
functions u : T — V5, t — u(-, ) with H! regularity, T := R/27Z, namely

KXo 1= {u(m,t) =3 ui(t)p;() : uj € H(T,R),

j>1
2oi= D gl e < oo,
j>1

I

Theorem 7. (Case of Dirichlet boundary conditions). Suppose that g €
Xo.sy for some o >0, so > 2d. Let s1 € (14+d,1+ s0/2). There exist
positive constants 6, C with the following properties.
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For every v € (0, A1) there exists a Cantor set Ay C (0,+00) x (0,67) of
parameters such that for every (w,pn) € A, there ezists a classical solution
u(w, 1) € Xp6, of (6.4)(6.2). Such a solution satisfies

0 u
|u(w, p)lo,s; < 50, |u(w, )ttl]o,s1—2 < Wc

and it is unique in the ball {||ullss, < 1}.

The set A, satisfies the following Lebesque measure property: for every
0 < @ < Wy < 0o there exists a constant C independent on v such that in
the rectangular region R~ = (w1,w2) X (0,07) there holds

Ry N A, s
T ol S - Oy,
IR|

We recall that (6.4) is obtained from (6.1) by the normalisation ¢t — wt
and the rescaling u — £'/3u. Hence, going back, the solution u(w, ) of (6.4)
found in Theorem 7 gives a solution of (6.1) of order £ and period 27 /w.

Remark 18. Theorem 7 covers both Sobolev and analytic cases:

e (Sobolev regularity). If g belongs to the Sobolev space X g,, then the
solution u found in the theorem belongs to the Sobolev space X, .

o (Analytic regularity). If g belongs to the analytic space Xs, 0, then
g € Xg, 5, for all o1 € (0,00). Indeed,

£

expl(og — o1

009 — 01

S0 S0 .
i = (—ae) =€ ve20
therefore

2 2 250 201, €00 20 112
S o 1
91,50 = D_ 3117 2570€* ™Y o < Cllgl5,0-
J
Since g € X4, 5., the solution u found in the theorem belongs to the
analytic space Xy, 5, C X4, 0-

Remark 19. If g(z,-) € H"(T), r > 1, then the solution u of (6.1) found
in the theorem satisfies u(z,-) € H"+2?(T) by bootstrap.

Remark 20. (Nonplanar vibrations). We can consider the Kirchhoff equa-
tion for a string in the 3-dimensional space

(6.6) up — Ugy (1 + /07r |1z |2 dx) = eg(z,t), g= (91>7 u = (m)

92 uz

where the forcing g and the displacement u are R2-vectors belonging to the
plane orthogonal to the rest position of the string, see [45, 88]. In this case
nonplanar vibrations of the string are permitted.

Setting [|lu;[|3, = |lui;|%n + lluz;ll3, in the definition of the spaces
X5, Theorem 7 holds true for problem (6.6) as well.
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6.2 Case of periodic boundary conditions

The eigenvalues and eigenfunctions of the Laplacian on T¢ are |m/|?, /™

for m € Z®. We consider a bijective numbering {m; : j € N} of 7% such that
|m;j| < |mjq1] for all j € N={0,1,...}, and we denote

5\? = |myl?,  @j(z) =™ VjeN.

We note that Ao = 0, ¢o(z) =1 and :\j > 1 for all j > 1. Weyl’s estimate
(6.5) holds true for \; as well, because the number of integer vectors m € Z¢
such that [m| < X is O(\?) for A — +o0 (see [104, Vol. TV, XIIL.15]).

We define

Xy = {u(:):,t) - ;uj(t)@(x) . uj € H'(T,R),

|2 5 == lluoll 7 + Z s ][50 A3 €27 < OO}-
j>1

Theorem 8. (Case of periodic boundary conditions). Suppose that g €
X5 for some o >0, so > 2d, and

(6.7) / g, t) dadt = 0.
(0,27)d+1

Let s1 € (1 +d,1+ so/2). There exist positive constants 6,C with the
following properties.

For every v € (0,1) there exists a Cantor set Ay C (0,400) x (0,07) of
parameters such that for every (w,n) € A, there exists a classical solution
w(w, 1) € Xg, of (6.4)(6.3) satisfying

/ u(w, p)(z,t) dedt = 0.
(0,27)d+1
Such a solution satisfies

(6.8)  [lu(w, )

p 1 a
<t (1+=)C N mulos -2 < 2 ©

and it is unique in the ball {f(o o)+l u(z,t)dedt =0, ||ullss, <1}.
The set Ay satisfies the same measure property of Theorem 7.

Remark 21. If u(w, p) is a solution of (6.4)(6.3), then also u(w,p) + ¢,
¢ € R, solves (6.4)(6.3).
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6.3 Outline of the proof

The rest of the paper is devoted to the proof of the theorems. In Sections
6.4, 6.5, 6.6 and 6.7 we develop the details for the proof of Theorem 7, then
the same calculations are used to prove Theorem 8 in Section 6.8.

In Section 6.4 we perform the Nash-Moser iteration to construct the
approximating sequence (uy), for p small and (w, ) belonging to smaller
and smaller “non-resonant” sets A,. Avoiding resonances allows to invert
the linearised operator at each step of the iteration.

In Section 6.5 we prove that u, converges to a solution of the Kirchhoff
equation if (w,u) € A, for all n. Local uniqueness of the solution is also
proved.

In Section 6.6 we prove that the intersection of all A,, is a nonempty set,
which is very large in a Lebesgue measure sense.

In Section 6.7 we prove the invertibility of the linearised operator for
(w, ) € A, and we give an estimate on the inverse operator.

In Section 6.8 we complete the proof of Theorem 7 and we prove Theorem
8.

6.4 The iteration scheme

We fix ¢ > 0 once for all. In the following, we write in short X := X, g,
llulls == ||ulls,s. We remark that all the following calculations holds true
both in the Sobolev case ¢ = 0 and in the analytic case o > 0. Indeed, the
only index used in the present Nash-Moser method is s.

We set the iterative scheme in the Banach spaces X endowed with the
smoothing operators P,, defined in the following way. We consider a con-
stant x € (1,2) and denote

(6.9) Ny = exp(x")

for all n € N. We define the finite-dimensional space

W= {u@ = Y wlt)e(@) }

A]SN’VL

and indicate P, the projector onto W () (truncation operator). For all
s, > 0 there holds the smoothing properties

(6.10) |Pottlsta < NYJulls Yu € X,
(6.11) I = Poulls < Ny [luflsta Vu € Xspa

where [ is the identity map. We denote

Ly =w?dy — A, f(u) :=Au [, |Vul* dz,
F(u) := Lyu — pf(u) — pg
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so that (6.4) can be written as
(6.12) F(u)=0.

Note that f is not a composition operator, because of the presence of the
integral. The map f is cubic: indeed f(u) = Afu,u,u] where A is the three-
linear map Afu,v,w] = Au [, Vv o Vw dx. Moreover, since the integral
term [, [Vu|?dz depends only on time, there holds

flw)y e w vy ewm,
The quadratic remainder of f at u is
(613)  Q(uyh) == Fluth) — f(u) — /()]
= Au/Q |Vh|*dz + Ah /Q(ZVroh—l— |Vh|?) d.

We observe that, if a(t) depends only on time, then
la(t)u(z, t)lls < llall g llulls

(we omit a factor given by the algebra constant of H'(T)). As a conse-
quence, by Holder inequality it is easy to estimate || f(u)l|s, || f/(u)[h]]|s and
1Q(u, h)ls-

We adapt the Newton’s scheme with smoothing operators P, to the
special structure of problem (6.4). We will construct a sequence (u,,) defining

(6.14) g :=0, Uit :=Un — F () [Lottn — pf (un) — uPni19]
provided the linearised operator
F'(up) : hw— Loh — pf(un)[h)]

admits a bounded inverse F'(u,)~! on X+ In this inversion problem a
small divisors difficulty arises. We will prove (Lemma 40) that F’(uy) can
be inverted if the parameters (w, p) belong to some “nonresonant” set 4,41,
defined as follows. First,

Ap = (0,400) x (0,1).
By induction, suppose we have constructed A, and u,. We denote
(6.15) an(t) == /Q |V, |? dz,
we consider the Hill’s eigenvalue problem

{y” +p? (1 + pay(t)) y =0
y(t) = y(t + 2m)
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and indicate (pl(n))2 its eigenvalues, | € N. For

T>d, v€(0,\)
we define

(6.16) Apiq = {(w,u) € Ay ¢ wp™ — N > % YAj < Npiq, L€ N}.

J

Remark 22. Note that for all u,n the set A, (u) := {w: (w,u) € A,} is
open. Indeed, for every 0 < w; < we < oo the intersection (wy,ws) N Ay, (1)
is defined by means of finitely many strict inequalities (see (6.5) and (6.50)).

We fix a positive constant R such that, if u € X; and |Jull; < R, then
a(t) :== [ |Vul? dz satisfies ||a|| ;1 < 1 and [lalle < 1/2.

Lemma 40. (Inversion of the linearised operator). There exist two uni-
versal constants K1, K| with the following property. Let u € X with
lullh < R. Let (w,p) € Apy1. If

"
(6.17) 5 740 < K7

T

then F'(u) is invertible, F'(u)~ : X("+D) — x4+ 44

K
(6.18) | F'(u)2ho < 71 |hllr—1 VheXx®H),

Proof. In Section 6.7. |

Lemma 41. (Construction of the approximating sequence). Let g € Y,
so > 2d. Let T € (d,s0/2). There exist a choice for x in the definition (6.9)
and positive constants K, b, 6y, with b(2—x) > 7+ 1, satisfying the following
properties.

(First step). If (w, ) € Ay and /v < o, then there exists u; € X O defined
by (6.14), and there holds

(6.19) MNO<K%@®FMJ

(Induction step). Suppose we have constructed uy,...,u, by (6.14) for
(w,p) € Ay, n > 1, where each Agiq is defined by means of uy by (6.16),
and u, € X% Suppose that w/y < dg. Let

hi41 = Ugt1 — ug.
Suppose that for all k =1,...,n there holds

(6.20) Hm%<K§mmwﬁy

If (w, 1) € Apyy then there exists hpy1 € X defined by (6.14) and there
holds

(6.21) [hnt1llo < K% exp(—bx"*").
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Proof. (First step). Since ug = 0 and (w, ) € A, by Lemma 40 F'(0) is
invertible and (6.14) defines

(6.22) ur = —F'(0) 7' [F(0) + p(I — Pr)g] = pL' Prg.
By (6.18), the inequality (6.19) holds true provided

(6.23) Ki||gllsy < Kexp(=bx), 7—-1<sg.

(Induction step). To define h,41 by (6.14), we have to verify the hy-
potheses of Lemma 40. By (6.10) and (6.20)

(6:24)  [[Bwllrar < NI Agllo < K% expl(—b+ 7+ 1)x"]

because hy, € X&) Then
n [ —+00

(6.25) funllrsn < 3 [ellesr < K2 37 expl(-b+ 7+ 1))
k=1 k=1

which is finite for b > 7 4+ 1. Thus condition (6.17) is verified provided

3
(6.26) b>7+1,z@(%)cﬁ<1q, Co =3 expl(~b+ 7+ 1)x"].
E>1

Since ||un |1 < ||un||++1, by (6.25) we have ||uy|1 < R provided

(6.27) K%%<R.

Since (w, ) € Ap+1, we can apply Lemma 40 and we define hy,41 ac-
cording to the scheme, namely

(6.28) hnt1 i= = F'(up) " [F(un) + (I = Poy1)g) -

By (6.18) we have

K,
(6.29) [ntallo < - 1 (un) + p(I = Poy)gllr—1 -
By construction (6.14), u,, satisfies

F/(un—l)hn = —Lyup—1 + :U'f(un—l) + pulhg.

By Taylor expansion F(uy,) = F(up—1) 4+ F'(un—1)hn — pQ(tun—1, hy), where
@ is defined in (6.13). Thus

(6.30) Fup) = —p[(I = Pn)g + Q(un—1,hn)]
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and (6.29) gives

Kip

(6-31) ||hn+1H0 < T ||(Pn+1 - Pn)g + Q(un,l, hn)H‘rfl .

Now (Pn41 — Pn)g = (I — P,)Py+19, then by (6.11)
1 1
[(Pr1 = Pa)gllr—1 < NP [Prs1gllr—145 < NP 19llso

for
T—14+06<s9, [>0.

To estimate ||Q(un—1,hy)||-—1, we note that
1Aty | [VhaPlem1 < Nun—illrlBal? < K2 Co 12
Q v

by (6.24), and ||h,|li < Npl/hnllo by (6.10). For the second term, recalling
that 2 <7+ 1,

HAhn/ V(2un—1+ hn) o Vhnllr—1 < |[hnllr+1llbnllo][2un—1 + hnll2
Q

< 2K§co||hnuf+l||hnuo

by (6.24), and ||hy|l-+1 < NI |Ry|lo by (6.10). Then

1Q(tn—1, hn)|l+—1 < 3K 5 CoNg |12

As a consequence, (6.21) holds true provided

1 1
(6.32) K1 —5 llgllso < 5 K exp(=bx""")
Ny, 2
and
1
(6.33) 31, % Co N7 Ihall§ < 5 exp(~bx™™).

Condition (6.32) is satisfied for

2K1glls
exp[(3 — bx)x|

and, by (6.20), condition (6.33) is satisfied for

(6.34) B> bx,

B _ o gexpl(b(2 —x) =7 —1)x]\1/3
633)  b2-0>THL C< { } .

6K,1CyK?
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Since 27 < sg, we can fix x € (1,2) so close to 1 that
T—1+(7'—|—1)L < 8.
2-x
Now we fix b such that
b(2—x)>T1+1, T—1+bx < so

and then we fix § as
B=syg—71+1.

So (6.34) and (6.23) are satisfied for K big enough, and we fix K in such a
way. Then (6.26),(6.27) and (6.35) are satisfied for p /v small enough. O

6.5 The solution

Lemma 42. (Existence of a solution). Assume the hypotheses of Lemma
41 and suppose that (w,e) € A, for all n € N. Then the sequence (uy)
constructed in Lemma 41 converges in X,;y1 10 U = Zk>1 hi. Us 8 a
solution of (6.12) and -

(6.36) oo |41 < gc

for some C. Moreover, (up)y converges to (teo)u in Xr—1,

7
(6.37) [[(too)stllr—1 < el

50 Uso s a classical solution of (6.4).

Proof. By (6.24), the series >, ||hg|/~+1 converges, u, converges to us in
X:41 and (6.36) holds true.
By (6.22) there holds w?(hy)y = Ahy + puPog. By (6.10) and (6.20)

Kp
[AR1]|7—1 + pl[Pogllr—1 < 7 exp[(=b+ 7+ 1)x] + pllgllso,

so that

"
. <0
(6.38) [(h1)etllr—1 < C o

for some C' (recall that v < A1). For n > 1, by (6.28) and (6.30)

(6.39) F'(up)hnt1 = pl(Pog1 — Po)g + Q(un—1, hn)],

thus
WQ(hn-‘rl)tt = Ahn—i—l + N(fl<un)[hn+1] + (Pn - Pn—l)g + Q(un—ly hn))
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By (6.24),(6.31),(6.32) and (6.33) we get

(6.40) (Bns)ellr—1 < C ﬁ expl(—b + 7 + 1)x" .

It follows that (uy)y; converges in X-_1, (uso)u € Xr—1, so that us has
regularity H® C C? in time and (6.37) holds true. As a consequence F(u,)
converges t0 F'(uso) in X;_1.

On the other hand, by (6.30),(6.32) and (6.33)

K
1F () 1 < 2 exp(=bx™*),
1

and F(up,) — 0in X;_1 . Then F(us) = 0. O

Remark 23. We will prove in Lemma 45 that the set {(w, ) € A, ¥n € N}
is nonempty and has positive, large measure. As a consequence, the sequence
(up) of Lemma 42 is defined for all (w, 1) in that large set.

Lemma 43. (Uniqueness of the solution). Assume the hypotheses of Lemma
42. There exists 61 € (0,00] such that, for p/y < 01, uso 1S the unique
solution of (6.12) in the ball {v € X1 : ||[v|lr+1 < 1}.

Proof. Suppose v is another solution of (6.12), with |[v||-+1 < 1. Let
vy, := P,v. Projecting the equation F(v) =0 on X gives

m%zwmm+mmwfwxzww:A%Awwme.

Since u,, solves (6.14), that is
F'(un)hnt1 = —Loun + pu(f (tn) + Prt19),
the difference w,, := v,, — u,, satisfies
Lown — p(f(vn) = f(un)) = pRu(v) + p(Prt1 — Pn)g = F' (un)hin1 -
Since f(vn) — f(un) = f'(un)lwn] + Q(un, wy), applying F'(u,)~"
(6.41) Wy = hpg1 + pF (un) 7 Q(un, wn) + Ry(v) — (Pay1 — Po)gl
Now, by (6.18)

- u
HMF/(Un) 1Q(Umwn)H0 < Ky 5 HQ(Umwn)HT—l .

By assumption and (6.36)

[wnlls < lwallr41 < flollrsr + lucollrsr < €
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and by (6.24) ||unll2 < |Jun|lr+1 < C, so that ||Q(un, wn)||r—1 < Cllwy||o and
/ -1 7] 1
|1E" (un) ™ @, wn)[lo < Ky §C\|wnllo < 5 llwallo
provided /v is small enough. Thus (6.41) gives
1 %
5 lwnllo < [|hnallo + K1 5 [Rn(v) = (Pat1 = Pa)gllz—1 -

By (6.21) and (6.11) the right-hand side tends to 0 as n — oo, so that
||lvn — unllo — 0. Since v, converges to v and uy, to U in Xy, it follows that
V= Uso- O

6.6 The Cantor set of parameters

Lemma 44. (Regular dependence on the parameter w). Assume the hy-
potheses of Lemma 41. There exist d2 € (0,081] such that all the maps

I = A 0 {(w, 1) s p/y < 2} = XM (W, 1) = i (w, )

are differentiable w.r.t. w and

W
(6‘42) Hawun”o < C%

for some C.

Proof. u; = h; € X is defined for (w, ) € Ay and it solves w?(hy)y =
Ah1 + uPyg. Recalling Remark 22 and Lemma 40, by the classical implicit
function theorem it follows that h; is differentiable w.r.t. w. Differentiating

w.r.t. w gives
2w(h1)tt + L, [8wh1] =0.

We apply L' and by (6.18) and (6.38)

|0uhillo < C ——
YW

for some C.
Assume that for n > 1

(6.43) 18Tk ]lo < Cv?% expl(=b+7+1)x"] Vk=1,...,n.

hp+1 solves (6.39), then it is differentiable w.r.t. w. Differentiating (6.39)
gives

F/(Un)[awhwrl] = —2w(hng1)e + Mf”(un)[awuna hn+1] + 10, (Q(un—1, hn)).
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We apply F’(u,)~! and observe that

_ Kiw C n
I/ () s )allo € = (s ell—r < g7 expl(=b 47+ DX

by (6.40). To estimate
(6.44) Klg 1" () Oty 1] + 0o (Q(tn—1, ) 1

we write all the integral terms and apply (6.10) and (6.43) to each of them.
We write here the calculations for two terms, the other ones are analogous.
First,

(6.45) ‘A(awun)/ﬂvun o Vhntillr—1 < ||Owtn|lr+1lunll2hnt1llo

and [|0,un|lr+1 < [|Owtinllo NI,

C'u
7w

)

& K ky _
HawunHO < 1; Hawhk”O < C % I;GXP[(_Z) +7+ 1)X ] -

||unH2 < HunHTJrl < C,UJ/’}/ by (624),
K
N hagallo < 7“ exp[(=b+ 71+ 1)x" ] by (6.21),

so that (6.45) < C(u/v)%(n/7*w) exp[(=b+7+1)x" . As second example,

| AR s / Vit 0V (@ustin)llr—1 < I o NI+ |21 Butin o -
Q
At the end we have

B3 1
6.44) < C(—) — exp[(=b+ T+ 1)\
(0.44) £ € (1)’ enp N
for some C, so that (6.43) holds true for £ = n + 1 provided p /v is small

enough, independently on n.
Finally, ||Ouunllo < > p_q [|0whrllo and (6.43) implies (6.42). O

Lemma 45. (The Cantor set). There exist 03 < 02 such that the Cantor
set Ay = Ao N {(w, ) - p < 037}, v € (0, A1), has the following measure
property.

For every interval I = (w1,2) with 0 < w1 < we < oo there is a
constant C' depending on I such that, denoted by R the rectangular region
RW =1 x (0,537),

Ry N Ay

>1-Cr.
Ry

115



Proof. We fix p, we recall that A, (u) :== {w: (w,u) € A,} and define
Ep:=An(p) \ Ant1(p), neN.

We have to prove that U,cnFE, has small measure. As a consequence, its
complementary set Aoo(pt) := NpenAn(p) will be a large set. Let

n n Y
G= {w : \wpl( )(w,u) -7 < F}
J

We note that (2}, = () for all j,n because v < A1 and pl(n) =0 forl = 0.
Suppose that w € Q7. Then C); < wl < C'\; for some C,C" by (6.50).
Moreover

100" < 20ull0uan oo

by (6.51). Recalling the definition (6.15) of a,, by (6.42) and (6.24)
2
outnlis = 12 [ T o T(Outa) dollr < 2nlall|Outall < € %

for some C, so that

3
ap™M <1t
‘ pl‘— ")/3(,0

By (6.50) it follows that
u? l

(6.46) 0(wp™ (w, ) > p ()—wCl > 7

provided p/v is small enough, say u/vy < d3. Fix 0 < @1 < wy < oco. If
Q;L’l N (w1, w2) is nonempty, then

8y ~y ! ol B .
(6.47) 7] < L < Cy le (w2 A W—IAJ) —: A(j)

l)\T )\TH ’

for some C, ", C". Since Ey = Uy, <n, 1>19Y,, we have the estimate

gl

(6.48) |Eon (@n,a2) < > > 100 <4C Y x

A <N IEA(H) A <Ny T

for some C depending on (@;, ws).
To estimate |Ey, N (w1,w2)|, n > 1, we notice that

E.= U Qunauw.

AjS<Npt1,12>1
For the sets 7, with N, < A; < Np41 we use (6.47) and we get
~ 1
U oun (@1@2)‘ <qC > oA
J

Nn<Aj<Npi1 Np<Aj<Npit1
leA(d)

116



where C is the constant of (6.48). To estimate the remaining sets, suppose
that w € QF, for some A; < Ny, [ > 1. Then by (6.51)

n—1 n n n—1
A —wp" < Dy -l wlp - g

lT + 2wlpl|an — an—1||co -
Aj

IN

Since wl < CAj and ||lan — an—1]|gr < ||hnllo]|2un—1 + hn|l2, by (6.20),(6.24)
we have

3
A —wp" V| < % + O\ 55 exp(=bx™).
j Y
Thus
3
NN AL () Ciw s —= <|Aj—wp | < 7 +CN\j— exp(—bx")
7, { )\] J l )\] ]72 }

and by (6.46)
3
1927, N Ap(p)] < C’u—)g% exp(—bx").
It follows that
3
U Q7 N A () N (@1,@2)‘ < ’yC'u—g Z Aj exp(—bx™)

leA(5)

for some C depending on (@;,w2). Now, by (6.5) A\; < N, implies j <
(Nn/C)d, then

(Nn/C)*
Z )\] S Z C/jl/d S C/// gl/ddg S C/l/Ng—‘,-l
0

Aj<Nn J<(Na/C)

for some C"". As a consequence

Z Ajexp(—bx"™) < Cexp[(—=b+d+1)x"].
AjSNn

Then

Ban@.a) <a0( Y g el(-b+d+1)x7)

Nn</\j§Nn+1 J

for some C', and

| BN (@1,@)] < 70(2 % + > expl(—b+d+ 1);(1]) .

neN i>179  neN
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The first series converges because by (6.5)
1 1
g1 j=1

being 7 > d. The second series converges because b > d + 1. Thus

| Enn(@1,m9)] < Cy
neN

and the relative measure of A (u) in (w1, w2) satisfies

| Ao (1) N (w1, @2)]
Wo — W1

>1-Cy

for some C.
Finally, we integrate in p in the interval where p/v < Js,

I3y
|AOOmR7\=/O [ Ao (1) N (@1, w2)| dpe .

6.7 Inversion of the linearised operator

In this section we prove Lemma 40. Let u € X h € X+ The linearised
operator is

F'(u)h = Lyh — pf'(u)[h] = Dh + Sh

where we split F’(u) in a diagonal part
Dh = w?hy — Ah(l + u/ |Vul? dg;)
Q
and a “projection” part

Sh = —,uAu/ 2VuoVhdx.
Q

We recall here some results on Hill’s problems. The proof is in Section 6.9.

Lemma 46. (Hill’s problems). Let a(t) be 2m-periodic and ||af|so < 1/2.
The eigenvalues p* of the periodic problem

¥/+ﬁﬂ+a@»y=0

(6.49)
y(t) = y(t + 2m)

118



form a sequence {p?}ien such that

(6.50) I<p <2 VIeEN.

Wl

For «, 8 2m-periodic, ||a|co, [|8]|co < 1/2,

(6.51) pu(a) =pi(B)] < 2lla - Bl VIEN.

The eigenfunctions 1y (t) of (6.49) form an orthonormal basis of L*(T)
w.T.t. the scalar product

2m
(woly = [ un(l +a
0

and also an orthogonal basis of H'(T) w.r.t. the scalar product

2m
(u,v) 1 = / u'v' dt + (u,v) 2.
0
The corresponding norms are equivalent to the standard Sobolev norms,

1 1
(6.52) o llee < yllzz < 2lyllee, 5 Iyl < lyllay < 21yl

Lemma 47. (Inversion of D). Letu € X, a(t) := [, |Vul[*dz € HY(T),
lall g < 1, ||alleo < 1/2. Let p? be the eigenvalues of the Hill’s problem

(6.53) {y” +p*(1+ pa(t)y =0

y(t) = y(t+ 2m).

If (w, p) satisfy the non-resonant condition

wpr =Xl > 3= YAy < Nagr, LEN,
7

then D is invertible, D=1 : X(nt1) — x(nt1) gng
C
(6.54) 1Dl < = o Vb e X0
for some constant C'.
Proof. If h =) h;(t) ¢;j(z), then Dh =) D;h;(t) pj(x), where
Dja(t) = w22 (8) + X2(B)p(t),  p(t) i= 1+ palt).
Using the eigenfunctions 1(t) of (6.53) as a basis of H(T),

Djz(t) =Y (N —o®p)atu(t) p(t), 2= A(t),

leN leN
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and K; := (1/p)Dj is the diagonal operator {)\? — w?p?tien. Since |)\]2 -
wip?| > ’y/A;*1 for all A\; < N,41, we have that K is invertible and

2(r—1)

12 2 22 Aj 2
I8 2y, = 3 (W) Il < g leliy,
€

By (6.52) HKflzqu < 4()\;71/7) |z|lg1. Since D;lz = K;l(z/p) and
|1/p|| g is smaller than a universal constant,

7—1
1D} 2]l < 7] 12| -

Since D~ h = 3. D> 'h;(t)p;(z) we obtain (6.54). O
g3 " J

Lemma 48. (Control of S). For all s >0, if u € Xs12 then S : Xog — X
18 bounded and

[Shlls < pllulls2llull2llpllo VA € Xo.

Proof. Since fQ Vu o Vhdx does not depend on z,

/VrohdxH o
Q HI(T)

Joy Vo Vhda = 3, A2u; (0)hy (1), 50 | fy, Vuo Vhdall ey < llullzllhllo by
Holder inequality. U

HAU/ VuoVhdz
Q

< [|Aulls
S

Proof of Lemma 40. F'(u) = D+ S = (I + SD~!)D where I is the

identity map. Since D~! satisfies (6.54), we have to prove the invertibility

of I+SD™! in norm || ||;—;. By Neumann series it is sufficient to show that
1

(6.55) |ISD~th||,—1 < 5 llhll—1 Vhe X+,

By Lemmas 47 and 48

_ _ Cu
ISD™ hllr—1 < pllullr—142/lull2[[ D Allo < ~ [ull 741 l1All7—1

because ||u||2 < ||u|l7+1. Thus the condition

H 2 1 .
5 [ull741 < 0 K

implies (6.55) and by Neumann series ||(I + SD~Y) 7 h|,—1 < 2||h|;—1. O
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6.8 Proof of the theorems

Proof of Theorem 7. Let g € X, 5, and 2d < 2(s1 — 1) < sp as assumed
in the theorem. We apply Lemma 41 with

T:=8 —1.

The construction of the sequence (u,) is possible provided the parameters
(w, 1) belong to A, for all n € N. Lemma 45 assures that, for u /7 sufficiently
small, the set A, of parameters satisfying this property is a nonempty set,
which is very large in a Lebesgue measure sense. Lemmas 42 and 43 complete
the proof. O

Proof of Theorem 8. Let g € X, 5, with 2d < 2(s; — 1) < 59 as assumed
in the theorem. We consider a Lyapunov-Schmidt reduction splitting the
space ng in two subspaces X,,s =Yoe(Wn XUS)

Y= {y(t) e HATR)}, Wi={we Koo : wie,t) =3 wj(t)g;(x) } -
Jj=1
We denote Iy, I}y the projectors on Y, W, and observe that Ily is the map
u u(z,t) dz.
(0,2m)d

We define

g90(t) :=1Ilyg, g(z,t) :=lwyg.
We decompose u(z,t) = y(t) + w(z,t), y € Y, w € W, and note that
)= fly+w) = flw)eW.
(

Then projecting equation (6.4) on Y gives

fu

(6.56) w2y (t) = pgo(t) (Y equation)
while projecting it on W
(6.57) Low = p(f(w)+g) (W equation).

Equation (6.56) is an ODE. With direct calculations (or by Fourier series)
we see that (6.56) admits 27-periodic solutions if and only if

2m
(6.58) / go(t)dt = 0
0
and (6.58) is just assumption (6.7). We note that, if y(¢) solves (6.56), then
also y(t) + ¢ solves (6 56) for all ¢ € R. Moreover, the unique solution y(t)
of (6.56) such that fo t) dt = 0 satisfies

m
yller <yl < 2 llgoll e -
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To solve (6.57), we consider all the calculations in Sections 6.4,6.5,6.6,6.7
replacing X, s with X, s "W and Aj, p;(x) with A;, ¢;(x), j > 1. It follows

the existence of a unique solution w € X, 5, N W of (6.57) satisfying
H H
[wllos, < 507 [wit]los1—2 < WC"

Then u = y + w solves (6.4)(6.3). Since

2

lull?.s, = IyllE + ] ;

3,517 ||utt||a,sl—2 = Hy”H%Jl + HwttH(QT,Sl—Q’

we obtain estimates (6.8). O

6.9 Hill’s problems

Proof of Lemma 46. The proof follows from classical results in [55, 69].
First, if " + p?(1 + a)y = 0, then

21 21
/ Yy dt =p2/ (14 a)y* dt,
0 0

so that p> > 0 because 1 + a is positive. p(g) = 0 is an eigenvalue, the
corresponding eigenfunctions are the constants, and all the other eigenvalues
are positive.

By [55, Theorem 2.2.2, p.23], for every k € N both poxy1 and pogi2
satisfy

2
S+ D)2 <p* <2k +1)°

and (6.50) follows.

The equivalence (6.52) and the orthogonality of (¢1) w.r.t. (, )1 can be
verified by direct calculations.

To prove (6.51), we define

q(9)(t) = q(t) :== 1+ a(t) + I(B(t) — (b)), ¥ €[0,1]

and the “Liouville’s change of variable” ¢t — &

t
=10 e gm0 [ Vi e=g [ Vi
We note that p?, y(t) satisfy

{ww+m%@ww=o

(6.59)
y(t) = y(t +2m)
if and only if p?, z(&) satisfy

Y%@+3WQUQMAOZO

(660 2(6) = =(e + 2m)
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where

5d®)*  14"(t)

A9 =y OV, QU =—15 5 + 1 ae

The operators T'(¥) : z — —2" + 2Q(f)z are selfadjoint in L?(0,27). We
apply [69, Theorem 3.9, VIL.3.5, p.392] to the holomorphic family {7'(¢) :
¥ € [0,1]} (see [69, Definition VIL.2.1, p.375, Example 2.12, VIL.2.3, p. 380
and Example 6.13, I11.6.8, p. 187] to verify the hypotheses of the Theorem in
the present case) to prove that the eigenvalues and eigenfunctions of (6.60)
are analytic in 1. As a consequence, the eigenvalues and eigenfunctions of
(6.59) are analytic in ¥ as well. This allows us to differentiate the equation

()" + pu(9)* (1 + a +9(8 — a))a(¥) = 0
w.r.t. 9. Recalling that f027r qy? dt = 1, multiplying by (1) and integrating

1

27
om(9) = 5 (@) [ (8= cpn(0)*ar.

Since p;(9¥) < 21 and ¢(v) > 1/2,

2m _
o) <1 [ a2 de < 211 - ol

and

1
(8) — pule)| < /O 109m (9)] d9 < 218 — o .
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Chapter 7

Perspectives

We mention some natural problems related to the results we have proved in
this Thesis.

Regarding results of Chapter 3, an interesting direction would be to
study the bifurcation of quasi-periodic solutions with two frequencies via
variational methods. This would make it possible to deal with more general
non-linearities, and hopefully to remove the hypothesis of monotonicity on
the leading term of the nonlinearity (in Chapter 3 such a term is u3). A
first study could assume non-resonance conditions of badly approximation
type, and focus on the variational analysis of the bifurcation equation.

Another direction would be the extension to positive measure sets of
parameters, that is to prove a Nash-Moser version of Chapter 3.

Up to now, no existence result has been proved for quasi-periodic solu-
tions of completely resonant wave equations with Dirichlet boundary con-
ditions. Then it is a completely open question — possibly very difficult —
the study of the equation of Chapter 3 with Dirichlet boundary conditions,
that is

Uy — Ve + 05 = O, 0(0,t) = v(m,t) = 0.

A general problem in the study of nonlinear wave equations is the pres-
ence of derivatives in the nonlinearity. We have mentioned the few known
results in Section 2.5. We think that this wide, open question is important
both from a purely mathematical point of view in the study of PDE and
with respect to applications, because in careful models of physical systems
it arises often a nonlinear dependence on partial derivatives. In this difficult
direction, in fact, almost every question is open.

However, the results of Chapter 6 on the quasi-linear Kirchhoff equation
indicate that for equations where the nonlinearity has a special structure
some existence results can be proved with currently available techniques.
Then it seems not completely unreasonable to hope to extend results like
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those obtained in Chapters 4 and 5 to (which?) nonlinearities depending on
derivatives.

Another general problem for nonlinear wave equations is the study in
dimension higher than one. Because of the sub-quadratic asymptotic be-
haviour of the eigenvalues of the Laplacian, small divisors difficulties are
heavier than in dimension one. Some results for periodic and quasi-periodic
solutions with space-periodic boundary conditions have been obtained by
Bourgain and Yuan, see for example [38, 42, 115], but the study is far from
being concluded.

In this direction, it could be interesting to extend results of Chapter 5
to forced nonlinear wave equations in higher dimension.

Regarding the Kirchhoff equation, a natural question is to find periodic
solutions for more general forcing term depending also on the displacement
u, that is

Ut — Au(l +/ |Vul? da:) =eg(z,t,u).
Q

Another interesting question is to find solutions of (6.1) which are per-
turbations of a nonzero normal mode v of the free Kirchhoff equation. The
problem is not a mere corollary of results we have proved. Instead of the
d’Alembertian, the unperturbed operator is

U = U — Au(l —|—/ ]Vv|2d:c> — 2AU/ Vu - V.
Q Q
In wave equations with a dissipative term like for example

utt_ua:$+aut:f($7t7u)7 CL#O

the term au; eliminates all small divisors. Indeed, the effect of the dissipation
on the eigenvalues of the problem is to add a purely imaginary part which
is always far from zero, so that, even if real parts can be arbitrarily small,
the spectrum is far from zero.

For the Kirchhoff equation, instead, a small divisor problem appears
even in presence of a dissipative term, because of the interaction with the
derivatives in the nonlinearity. Here resonances involve the “spectral gaps”
of the associated Hill’s problem. As a consequence, it seems interesting to
study this problem by the Nash-Moser method.
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Appendix A

Diophantine approximation
and measure theory of
numbers

This Appendix is a self-contained presentation of some classical results of
number theory, based on Khinchin [70], Schmidt [106] and Hardy-Wright
[65]. See also [18, 23].

Notation. Given a real number x, we denote [[z]] its integer part, which
is the greatest integer < z, and {z} = = — [[z]] its fractional part.

Definition. Numbers w such that

(A.1) 34 >0 such that |wq—p|>1 Vp,q€Z, g >1
q

are called badly approrimable. We denote B the set of such numbers and
define

Byzz{weR:!wq—pD% Vp,q€Z, q>1}, B::UBW'

>0
The reason for this name is that badly approximable numbers are “the most
far” from rational numbers (see Corollary 4). In general, it is possible to
describe how well rational numbers approximate a given irrational number
w by studying the validity of the “Diophantine inequality”
e
qT

(A.2) wg —p| > Vp,q€Z, ¢>1

with v,7 > 0.

Definition. Irrational numbers satisfying (A.2) are called (v, 7)-Diophantine.
We denote D, , the set of such numbers, namely

Y
Dy ;= {weR:\wq—p\>q—T Vp,q € Z, qu},
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and define
Dr =Dy

¥>0

For 7 = 1 we have D, ; = B, and D; = B. Note that D, NQ = () for all
positive v, 7. We recall the following classical results.

Theorem 9. (Dirichlet 1842). Let w € R and Q > 1. Then there ewist
integers p,q such that

1
lwg—pl <=, 1<¢<Q.
Q
Proof. Suppose that Q) is an integer. We consider the following Q) + 1
numbers

07 17 {W}, {2("}}7 R {(Q - 1)&1} .
They all lie in the unit interval [0, 1]. We divide [0, 1] into @) subintervals

O

At least one among such subintervals contains two (or more) of the @ + 1
numbers above. Hence there are integers 71,19, 81,2 with 71,72 € [0,Q)
and rq # ro such that

|(riw — $1) — (row — s2)| < —.

If, say, r1 > ro, we put g =71 —ro and p = s1 —s3. Then 1 < ¢ < Q-1
and |wqg — p| < 1/Q, proving the theorem when @ is an integer.
Next, suppose @ is not an integer. We apply what has already been
proved to @ =[[Q]] + 1. Then 1 < ¢ < Q' —1=[[Q]], whence 1 < ¢ < Q.
O

Remark 24. There is no loss of generality assuming that p, g in Dirichlet’s
Theorem are relatively prime. If not, we have p = ma and ¢ = mb for some
integer factor m > 1, then 1 <b < Q and |wb—a| < 1/Q.

Corollary 3. Suppose that w is irrational. Then there exist infinitely many
distinct rationals p/q such that

1
(A.3) lwg —p| < .

Proof. Fix Q; > 1. By Theorem 9 and Remark 24 we find p1, q; relatively
prime such that §; := |wg1 — p1| < 1/Q1 < 1/¢1. Since w is irrational,
51 > 0. Fix Q2 > 1/61. We find py, g2 relatively prime such that dy :=
lwgz — p2| < 1/Q2 < 1/q2. Now, suppose that pa/q2 = p1/q1. Then p; = py
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and g1 = ¢2 because p;, ¢; are relatively prime, therefore §; = do. However,
d2 <1/Q2 < 01, a contradiction. It follows that p1 /¢ and pa/ge are distinct.
Since w is irrational, d5 > 0 and we can go on inductively. O

Note that Corollary 3 is not valid for w rational. Indeed, suppose that
w=k/heQ. If p/q # k/h, then

| | ’k ’ |kq — ph| - 1
wqg — = |[— — = - —_
q—0p h q—7p h =
and therefore (A.3) can be satisfied by only finitely many rationals p/q.

Corollary 4. D, = 0 for all T € (0,1), for all v > 0. In other words,
T = 1 is the smallest possible exponent in (A.2), and badly approximable
numbers are those achieving the largest possible distance from Q.

Proof. Suppose w € D, ;. Then w is irrational. By (A.3)

e
q’T

<

| =

for infinitely many integers ¢, and this is impossible for 7 < 1. O

Also, by Corollary 3 By = 0 for all ¥ > 1. However, this bound can be
improved:

Theorem 10. (Hurwitz 1891). (i) For every irrational number w there exist
infinitely many distinct rationals p/q such that

1
wg —pl < —=—.

V54q
(ii) This is not true if % s replaced by a smaller constant v < %

For a proof see for example [106, p.6]. As a consequence,

1
By=0 Vy>—%=.
Y 7—\/5

A special family of badly approximable numbers are irrational algebraic
numbers of degree two, that is irrational roots of quadratic polynomials with
integer coeflicients.

Theorem 11. (Liouville). Let a,b,c be integers, a # 0. If w ¢ Q satisfies
aw? +bw+c=0,

then w € B.
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Proof. We define P(z) := ax?+bx+c. Suppose that a rational p/q satisfies
lw—p/q| < 1. Then

()] =1P(5) - P < /wp/q P/(€)]de < Ml

where

M = max P > 0.
L PO

Moreover

2 2
‘P<2>‘ _ Jap +bp2q+cq S %
q q q
because ap? +bpg +cq? is an integer and, if it would be zero, then p/q would
be a root of the polynomial P. But w is irrational, then both the two roots
of P are irrational, so ap? + bpq + cq® # 0. It follows that

P 1
_ P s )
’w ql — Mg?

On the other hand, for rationals p/q such that |w — p/q| > 1, we have
immediately |w —p/q| > 1/¢* for all ¢ > 1. Then for all p € Z, ¢ > 1

Pl 1 g1
‘w—g‘>?, 7.—§m1n{M,1},
that is w is badly approximable. O

To investigate how large are sets B, namely to estimate their cardinality
and measure, we need the continued fractions theory.

A.1 Continued fractions

Let (ag, a1, as,...) be a real sequence with ag € R and ay, € [1,+00) for all
k > 1. We define

lao] = [ | = L [ | = L
a ap, |aog,a ap+—, l|ag,a1,a ag +
0 0 0, a1 0 . 0,41, a2 0 4

a2

Y

and we call

ap,...,a = a —’-7
[0) 3 n] 0 al + _&L

n

the (finite) continued fraction of order n.
We define a “canonical representation” of all [ag,. .., a,] as fraction p/q
by induction. For the continued fraction of order zero [ag] = ag we put

p=ag, q=1,
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so that [ag] = p/q. Suppose now that the canonical representation is defined
for continued fractions of order < n — 1. Let p/¢’ the canonical representa-

tion of [a1,...,a,]. Then we define p, ¢ setting
(A4) p=ap +q, q=p".
[ag, .. .,an] = p/q because [ay,...,a,] =p'/q¢ and
[ag ap] = ap + _
e O e, an]
We denote py,/qn the canonical representation of [ay,...,a,] and we call it

its convergent of order n.

Lemma 49. (Rule for the formation of the convergents). For all n > 2

(A.5) Pn = AnpPp—1 + Pn—2
(A.6) In = Andn—1 + dn—2 -
Proof. For n = 2 the formulas are easily verified directly. Suppose that
they are true for all £ < n—1. We consider the continued fraction [ay, . .., ay]

and we denote p} /g, its kth convergent, 0 < k < n — 1. By definition (A.4)
of canonical representations we have

DPn = aOp;L—l + Q;zfl 9 n = pngl .

By hypothesis

Pho1 = P o+ Ph 3, Gno1 = Anly o+ 3

(here we have a,, rather than a,_; because the fraction [ay,...,a,] begins
with a; and not with ag). It follows that

Pn = ao(@npy_s + Ph_s) + (angy_o + q5_3)
= an(aopy_2 + Gn—2) + a0Py_3 + dn_3
= GpPn—1+ Pn-2,

Gn = nPh_o + Phog = Gnn-1 + Gn—2

by (A.4). O

As a consequence, since any continued fraction coincides with its con-
vergent of the same order,

Pn Pn—10n + Pn—2
[ag,...,ap] = — = ————=.

dn Gn—10n + Gn—2
Also, we note that p,_1,Pn—2,Gn—1,qn—2 depend only on the elements ayg,
a, ..., anp_1, then

_ pn—l)\ + Pn—2

AT a1, N = VA > 1.
(A7) [ao an-1, Gn—1A + qn—2
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Moreover, since ¢ = 1, ¢1 = a1 and a, > 1 for all n > 1, by (A.6) it
follows

(AS) l=gp<gag<gp<g<...
Lemma 50. For alln >1
(A.9) @nPn-1 — Pnn-1 = (=1)".

Proof. Since pg = ag, g0 = 1, p1 = apa1 + 1 and ¢; = a1, the formula is
verified directly for n = 1.

Next, we multiply (A.5) by ¢,—1 and (A.6) by p,—1. Subtracting we
obtain

dnPn—1 — Pndn—-1 = _(QH—lpn—2 _pn—lQn—2)-

As a consequence,

(A.10) Dot P _ (21"
dn—1 qn qndn—1

(A.8) and (A.10) imply that even-order convergents form an increasing and
odd-order convergents a decreasing sequence. Also, every odd-order conver-
gent is greater than any even-order convergent. These two sequences con-
verge because they are monotone, and their limits coincide by (A.10) (note
that gngn—1 — 0o by (A.8)). So the entire sequence (p,/q,) converges. Its
limit w is “the value” of the infinite continued fraction

1

[ao,al,. . ] = ap +
ay +

1
az+...

Also, w is greater than any of its even-order convergents and is less than any
of its odd-order convergents,

(A1) 20 P2 P2k B B8 P
q0 q2 a2k q2k+1 q3 q1

Lemma 51. The value w = [ag,ay,...| satisfies

1
(A.12) S ‘ _Pn ¥n € N.

Qn(Qn + Qn—‘rl) gn qndn+1

Proof. By (A.11) and (A.10)

‘w _Pa| [Pl Pn|_ 1

an dn+1  Gn Anqn+1

To prove the other inequality, we note that

Pn
- —

an

> Dni+2  Pn
qn+-2 qn
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Now, by (A.11) and (A.10)

Pn+2 Dn

An+2 qn

Pn+1 DPn

n+1 dn

Pnt1 Pny2|_ 1 1

gn+1 qn+2 B qndn+1 gn+1Gn+-2 '

We use (A.6) to substitute g,+2 and we obtain

1 1 Gp+2

Andn+1 An+149n+2 In(Anr2qns1 + qn) ‘
Finally Qn(an+2Qn+1 + Qn) < Qnan+2(Qn+1 + QH) because apt2 > 1. U
We note that
(Al?)) Ont1qn < Qni1 < (anJrl + 1)‘]11 Vn € N.

For n = 0 this can be verified directly. For n > 1 it follows from (A.6) and
(A.8). Then (A.12) and (A.13) imply the following estimate.

Corollary 5. The value w = [ag,a1,...] satisfies
1 1
(A.14) 27<w—p—n <—5—— VneN
qn(an+1 + 2) dn qn On+1

From now on, we will consider continued fractions where all elements a,,
are integer numbers,

ag €Z, an €ZN[l,4+00) Vn>1.

As a consequence, all p, and ¢, are integers and by (A.9) all convergents
Pn/qn are irreducible fractions.

Lemma 52. (Representation of real numbers as continued fractions). To
every real number w there corresponds a unique continued fraction with value
equal to w. This fraction is finite, i.e. w = |ay,...,ay], if w is rational, and
it 1s infinite, i.e. w = [ag, a1, ...], if w is irrational.

If w is rational, the last element a, is greater than 1, unless the trivial
case when w is an integer < 1.

Proof. Fix any real number w. We define ag = [[w]] its integer part. If w
is integer then simply w = [ag]. If w is not an integer, we define 1 by the
relation

1
(A.15) w=ag+ —
1
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and we note that r; > 1. We define a; = [[r1]]. If r is integer then
w = [ag,a1]. If 71 is not an integer, we go on. In general, we set a, = [[ry]]
and, if r,, is not an integer, we define r,1 by

(A.16) Ty = Qp +
Clearly 7,41 > 1.
Equation (A.15) shows that w = [ag, r1]. Suppose that, in general,
(A.17) w=[ag,...,apn-1,Tn].
Then from (A.16) we have
w=1[agy...,0n-1,0n, Tn+t1]

and (A.17) is valid for all n (in case 71,79, ...T,—1 are not integers).

If w is rational, all the 7, will be rational. Then our process will stop
after a finite number of steps. Indeed, suppose r, = a/b € Q\ Z (if r,, is
integer we have finished). Then

. — a—ba, c
n n — b = b
and 0 < ¢ < b because r, — a, = {rp} € (0,1). Equation (A.16) then gives
b
Tn+1 = —
c

and so rp41 has a smaller denominator than does r,. It follows that if we

consider r1,72,... we must eventually come to an integer r, = a,, and so
w=lag,...,any].

Note that a, > 1, except for the trivial cases when w is an integer < 1.
Indeed, if n > 1 and a, = 1 were such a last element, we would have

Tp—1 = Gp—1 + 1 and a,_1 # [[Tn—l]]-

If w is irrational, then all r,, are irrational. Then our process is infinite
and it defines a sequence (ag, a1, ...) of integers with a,, > 1 for all n > 1.
We consider the infinite continued fraction [ag,a1,...] and its convergents
Pn/qn. For all n > 2, by (A.17) and (A.7)

w = Pn—1Tn + Pn—2
An—1"Tn + qn—2
By (A.5) and (A.6)
Pn _ Pn—10n + Dp—2
dn Qn—10n + qn—2

so that
Pn (pananQ - QRflpn72) (rn - an)

dn (anlrn + an2) (QHflan + anZ)
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and consequently

1 1

Pn < =
(Qn—lrn + QR—Q) (Qn—lan + Qn—2) Q?L

-2
an

Thus py/¢n — w as n — oo, namely w = [ag, a1, .. .].
It remains to show the uniqueness of of the expansion. Suppose that

w = [ag,a1,...] = [ay,ay,.. ]

where the two continued fractions may be either finite or infinite. Since
both ag and af, are defined as the integer part [[w]] of w, obviously ay = aj,.
Furthermore, if a; = aj, for all k =1,...,n, then (in analogous notation)

PE=Dk =4q, Vk=1,...,n.
By formula (A.7)

W= PnTn+1 + Dn—1 _ p;zT;z+1 +p;z—1 _ pn"';H_l + Pn—1
GnTn+1 + gn—1 Q;LT;I.H + Q;L_l Qnr;H_l + Gn—1

so that 7,41 = 77,,;. Since anq1 = [[rn41]] and a;, . = [[r],,]], we have
ant+1 = G, . As a consequence the two fractions coincide completely. O

Definition. A rational a/b is called a best approzimation of the real number
w if

lwb — a| < |wd — ¢
for all rationals ¢/d # a/b with 0 < d < b.

We can assume without loss of generality that best approximants are
irreducible fractions. Indeed, if a/b = p/q, a = mp, b = mq, then obviously

lwb — al
wg —pl = ——— < |wb—al.
m|

Lemma 53. Every best approximation is a convergent.

Proof. Let a/b be a best approximation of the number w = [ag, a1, ...,
and let pg/qx be the convergents of w. If a/b < ap, since ap = [[w]] < w and
b > 1 we would obtain

lwb — al

2 < |wb — al

a J—

lw — ap| < ’w— b} =

so that |w -1 —ag| < |wb — a| and a/b would not be a best approximation.
Thus, a/b > ag.

Suppose w is an integer, w = ag. If a/b would be greater than ag, we

would have 0 = |w- 1 —ag| < |wb — a|, so that, as above, a/b would not be a

best approximation. It follows that a/b = ag = po/qo and we have finished.
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Thus, let w be not an integer. Then, if the fraction a/b does not coin-
cide with one of the convergents, recalling (A.11) there are three possible
situations:

(1) a/b is between two convergents px_1/qrx—1 and pgy1/qr+1 for some
k>1;

(13) w = [ag,...,an|, n > 1 and a/b is between the last and the last but
one convergents py, /g, and pn—1/qn—1;

(73t) a/b > p1/q1.

In the case (1),

’g 3 Pk—1‘ _ lagg1 —ppab| 1

b gk bak—1 ~ bk
and

@ _ Pho1| _|Pk _pr‘: 1

b gk % Q-1 QkQE—1
so that b > ¢x. On the other hand,

1
o= 9] 2|t 9]
b T )

and hence |wb —a| > 1/qi41. Since |wagr — pr| < 1/qx+1 by (A.12), we have
wae — pr| <lwb—al, 0<b<g,

that is a/b is not a best approximation.
In the case (ii), w coincides with its last convergent p, /gy, so that

o e s L
b qn b qnb
and )
a —
P TP
b dn Gn—1 qndn—1

It follows that ¢,—1 < b and

Pn Pn-1 1
|WQTL71 _pn—1| = d4n—1 = - L‘ =— < |Wb - CL|,
an n—1 dn
that is a/b is not a best approximation.
In the case (7i7), since w < p1/q1 < a/b,
1
-]z ogfs L
b au bl @b
so that |wb —a| > 1/¢;. On the other hand, w may be either the fraction
[ap, a1] or a number [ag, 1] with 71 = [a1,...] > a;1. In any case,
1
lw—ag| < —.
ai
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Since q1 = a1, we have
1
w-1—ap|<— <|wb—a|, 1<
q1

which again contradicts the definition of a best approximation.

O

Lemma 54. (Legendre). Let a/b be an irreducible rational fraction such

that
b 202

Then a/b is a convergent of w.

Proof. By Lemma (53) it is sufficient to show that the fraction a/b is a

best approximation of w. Suppose that

1 c a
d—c| < |wb-— — d - £ —.
wd—c| <lwb—al <o, d>0, S £T
Then
’ _f L
d 2bd
and, consequently,
c_9 . E_w’+‘w_2‘<i+i_ﬂ
d bl Id b 20d 202 2b%d

On the other hand, since ¢/d # a/b, we have

c a‘_|cbfad| < 1

d b bd ~bd’
Therefore
i - b+d
bd = 2b2d’°

so that d > b. Thus a/b is a best approximation of w.

O

Theorem 12. (Characterization of badly approximable numbers). An ir-
rational number w is badly approximable if and only if the elements a,,
n > 1 of its expansion [ag, a1, ...] in continued fractions are bounded. More

precisely, for all positive ~y
1
weB, = |an|<; Vn>1

and for all M > 1

1
M +2

lap| <M Vn>1 = webB,, v
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Proof. Let w € B, for some «y. Then

_Pn
Gn

> 1 VneN.
an

o
By (A.14) it follows immediately
1
An+1 < - Vn e N.
Y
Conversely, suppose a, < M for all n > 1. For all rationals a/b such that
b-il2 3
w _ — JE—
bl = 2b2

we have immediately |w — a/b| > v/b? because 1/2 > v = 1/(M +2). On

the other hand, if

a

b-il<a
wo 8l L
b

2027
by Lemma 54 a/b = p,, /gy for some n. Then by (A.14)

1 1 ot

> > = L.
(any1+2)q2 — (M +2)q2 b2

O
Corollary 6. For every 0 < v < 1/4, the set By has continuum cardinality.

Proof. Taking M = 2 in Theorem 12, the set B, with v < 1/4 =1/(M +2)
contains all numbers w = [ag, a1, . ..] with a, € {1, 2} for all n > 1. O

Theorem 13. (B has zero measure). For almost all w the elements a, are
unbounded, that is, the Lebesque measure of B is zero.

Proof. Let ky € Z. We consider n fixed positive integers kq,...,k, and
define J,, = J,(ko, k1, ..., k) as the set of numbers w such that

(A.18) apo=ko, ar=ki, ..., ap=ky.

Except for the finite fraction [ko,k1,...,kn] = Pn/gn, all other numbers
w € Jp can be written as

(A].g) W = [k07k1a"'aknvrn+1]

where 7,41 = [an+1, -..] takes all possible values in (1,+4o00). Conversely,
every number w of the form (A.19) with r,41 € (1, +00) satisfies (A.18) and
so it belongs to J,,. Then by (A.7) elements of J,, are

PnTnt+l + Dn—1
w=-—"r" 7"

(A.20)
AnTn+1 + qn—1
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where 7,41 runs through (1,+400) and py, Pn—1, Gn, gn—1 remain fixed be-
cause they depend only on kg, k1, ..., k,. It follows that J, is the interval
of endpoints

Pn + Pn—1 DPn
—_ and —,
n + Gn—1 dn
and by (A.9) its measure is
PR S Y Pndn—1 — Pn-1Gn| _ !
SR A n (Gn + Gn—1) n (Gn + Gn—1)

Now for any positive integer s we define J &) Jn as the set of w such that

n+1
a :k‘o, aj :/{1, ey an:kn, anp+4+1 = S.

Every w € Jfl‘il satisfies (A.19) with [[r,+1]] = s and hence

§<rps1 < s+ 1.

Conversely, among all the points (A.20) of the interval J,,, those for which

s < 1rpy1 < s belong to Jﬁi’zl. It follows that Jr(izl is the interval of endpoints

Pos+ Pt Pa(s+ D) 4 P
qnS + qn—-1 (s 4+ 1)+ gn-1
and by (A.9) its measure is
(5) | _ |PnS+Pn-1 pa(s+1)+pa1| 1

J = = .
‘ et nS + qn-1 Qn(s + 1) + qn-1 (Qns + Qn—l)(Qn(S + 1) + Qn—l)

Since 0 < ¢p—1/qn < 1 and s > 1, there holds

_ _ 1 _
1+Qn121+Qn1’ 1+7+Qn1§3
qn SQn S Sqn
so that
(s) 2 qn—1
(A.21) neal _ a1+ %) > 1

[ Tal 52(1%(1—#%)(1—#% +qﬂ7—1) = 342

54n

We note that sets Jr(izl form a partition of .J,, that is

(A.22) TN J7(Lj,-)1 =0 Vs#s, U T =
SEZN[1,+00)

(with a little abuse of notation, we are ignoring the question if either end-
points are excluded or included in the intervals because in any case that
does not change the measure of those intervals).
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Now we fix a positive integer M. We denote Ey; = Ejy(ko) the set of
numbers in the interval (ko, ko + 1) all of whose elements aj, ag, ... are less
than M. We consider a set J,, as defined in (A.18) where all k1, ..., k, are
less than M. By (A.22) and (A.21) we have

U= iz Y 5> | & o
s>M M

s>M s>M
By (A.22)
s<M
so that
s) 1
(A.23) ’UJn+1‘<W\ pi=l-o <l
s<M
We denote

E(Mn) :{w:aozl{?o, a; <MVj:1,...,n}.
Clearly all J,(ko, k1, ..., ky) having ki,..., ky less than M form a partition
of E](\:[L), so that
B = S alko k. k).

ki, skn <M

Analogously all J,,11(ko, k1, ..., kn,s) having ki1, ..., k,, s less than M form
a partition of E(nH) Then by (A.23)

< | U (U At h)]

kiyokn<M — s<M

< ¥ pil T (ko ey k)| = p BV,
k1, kn <M

Successive application of this inequality gives
+1 1
(A.24) |EGY| < wn| B

so that ]EJ(\Z)\ — 0 as n — oo, being p < 1. Since Ejf C E](\Z)

for all n,
|En| = 0.
Now the set of all numbers in (ko, ko + 1) with bounded elements is the

countable union
= |J Em(ko)
M>1
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so that |E(ko)| = 0. Finally, we take the union of all E(kg) for ky € Z and
we obtain that |B| = 0. O

Now we define

(A2) W= {weR: [wg-p|> ] VgL pA0 g1}

Sets W, have been introduced in [18]; we have used them in Chapter 3.

Lemma 55. For all 0 <~ <1/4,
(i) Wy has zero measure,
(1) Wy 1 (0,6) has continuum cardinality for all 6 > 0.

Proof. (i) We note that if w € W, and |w| > v then |wq| > 7/q¢ for all
g > 1, so that w € B,. In other words,

Wy O {lw] > v} = By N {lw] > 7} = B,

It remain to study the intersection W, N [—~,~]. We note that 0 € W,. We

define

In:{wzni+1 <]w\§%}, n>1

so that (I,) is a partition of 0 < |w| <. Now, if w € W, N I,, then for all

g>1

wlg> ——g> —— =T Yo 1= —
n+1" 7 (n+1)q q’ T n41

Since v, < 7, there holds

lwq — p >%" VpEeZ, q=1,
and we have proved that
w,nlI, CB,,.

Since B,, C B, by Theorem 13 |B,,| = 0 for all n. Thus W, is union of
countably many sets having zero measure, so that |W,| = 0.
(1) First, we show that W, contains all irrationals of the form

(A.26) w=[0,k,az,as,...], k>1, a,e{l,2} VYn>2.

Let w be a number of this form. For all rationals p/q such that

we have immediately |wg — p| > ~v/q because v < 1/4. On the other hand,
if p# 0 and ¢ > 1 satisfy



then by Lemma 54 p/q = p,/qn for some n € N. Since py/qo = a9 = 0 while
p/q # 0, the index n has to be at least 1. Then by (A.14) and (A.26)

Pn
n

- 1 S 1
QrZL(anJrl +2) ~

Y]

i
42 ~ ¢?

o=gl=]
w—=|=|w-—
q

We have proved that all irrationals (A.26) belong to W,.

Now, given any 6 > 0, we fix an integer k > 1/4. All irrationals (A.26)
lie between their zero-th and first convergents, that is w € (0, 1/k) C (0, 9).
Then

W, n(0,9) D {w =[0,k,as,as3,...] : a, €{1,2} VYn > 2}
so that W, N (0,6) contains a subset of continuum cardinality. O

Remark 25. W, is symmetric, that is w € W, iff —w € W,. As a conse-
quence, also (—d,0) N W, has continuum cardinality for all 6 > 0.

Remark 26. Since W, C W,/ for all v > 4/, there holds

1
n+1°

W::UW ZUW%, Y =

v>0 neN

W is the union of countable many sets of zero measure, then |W| = 0.

A.2 Diophantine numbers

We have seen that D, is empty for all 7 < 1, while for 7 = 1 Dy is the
set B of badly approximable numbers, which is an uncountable set of zero
measure. Now we prove that, for 7 > 1, D, is a set of full measure, that is,
almost every real number belongs to D,. The proof does not need continued
fractions.

Lemma 56. Let 7 > 1. Then:

(i) For every interval (a,b) with a < b there exists a positive constant C,
depending only on the length b — a and on T, with the following property:
for any v € (0,1)

|DyrN(a,b)] >b—a—CHr.

This means that as smaller is v, as larger is the portion of the interval (a,b)
occupied by Do ;.
(ii) Almost every w € R belongs to D;.

Proof. (i) Let 7 > 1, v € (0,1) and a < b. For all integers p,q with ¢ > 0
we define

L ) p Y
prq.—{wER.‘w—a‘quT}

141



so that the complementary D5 . of D, - is the union of all R; 4, and

D, N (a,b) =] RpqN(a,b).

P,q
Now, R, 4 N (a,b) is nonempty only if
Y Y
aq—q—T <p<bq+q—7.

It follows that, for any fixed positive integer ¢, the number of integers p such
that R, 4 N (a,b) is nonempty satisfies the bound

tH{p€Z: RpgN(a,b) #0} < (b—a)q—kzz + 1.

Every R, 4 has measure

2y
Rpal < 175
q
Then
— 27 2y
DC, N (a,b)] < ZF ((b—a)q+q—T +1) <Oy
q=1
where -
1
C=20b-a+3)) — <o
q
q=1

The series converges because 7 > 1.
(ii) We fix m € Z and we apply (7) to the interval (m, m + 1). Since the

complementary D7 of D; is contained in all DY _, there holds

D0 (mym+ )] < D5, 0 (mym + 1)] < Co
for all v > 0, so that |DSN (m,m+1)| = 0. Taking the union for all integers
m gives

’,Df" =0,

that is almost every real number belongs to D.. O
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Appendix B

A Nash-Moser theorem for
finite regularity spaces

In this Appendix we prove an abstract Nash-Moser theorem which is mod-
eled for applications to spaces of finite regularity functions. It is drawn from
[23, Ch. 3], which we refer to for a very rich bibliography on the topics and
its many applications. See also the two papers of Moser [82, 84] where he
developed the core of the method, Zehnder [116] where a Nash-Moser the-
orem for low regularity cases is proved, and [107, 117, 66, 64, 67, 3, 48] for
further developments.

We consider a Banach scale (Xs), s > 0, that is a one-parameter family
of Banach spaces such that

0<s<s = XgCXs;CXy and |ulls <|ully Vue Xy,

and define Xo = [, Xs. We assume that the scale admits a family of
“smoothing operators”

S(t): Xo— X, t>0

such that
(B.1) HS(t)uHS-&-p < CsyptpHu”s Vu € X
(B.2) 1= SWulls < CoptPllullesy Vu € Xepy

for some positive constants C; p,, where I is the identity map.!

We have in mind, as a concrete example, spaces

Xs 1= {“ => uipi() uy € Hy luf? =) |uy|*AF < oo}

j=1 j=1

where H is a Banach algebra (in Chapter 6 is H = H{(R2)). These spaces form a Banach
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Let a,d, K be positive constants, and consider a mapping F' with the
following properties.

e (H1) (Tame estimate). F' maps Xsi, into X for all s > 0 and there
holds
[E(W)lls < K1+ Jlullsta) Yu € Xsta-

e (H2) (Taylor estimate). F': Xs1o — X, is differentiable for all s > 0
and

IF (w)[P]lls < K[[Als+a-
Moreover, denoting
Qu,h) = F(u+h) = F(u) = F/(u)[A

there holds
1Q(u, h)[|s < K[|A]Z, 4

e (H3) (Right inverse losing d). For every u € X there exists a bounded
linear operator L(u) mapping X4 into X for all s > 0, that is

L) [A]lls < Kllhllsys Vh € Xops,

such that
F’(u) oL(u)[h] =h Vh e Xsis.

Theorem 14. Let F satisfy (H1), (H2), (H3), and fix any sp > o+ 6. If
| F'(0)||so+s @s sufficiently small (depending on o, 0, K, sq) then there exists
a solution u € X, of the equation F(u) = 0.

Proof. We consider two constants A > 0 and x > 1. We define
(B.3) N, :=exp(Ax"), Snp:=S(Ny,)

and the modified Newton’s scheme

(B.4) ug =0, Upt1 = up — SpL(up)F(uy).

We define hg := 0 and denote hj,y1 := upy1 — un. By construction, the
difference h,, belongs to X, for all n > 1, and also hg = 0 € X,. Since
Uy = hg + ...+ hy, also u, € Xy for all n > 0.

scale, and truncation operators

St):iu=Y ujpi(x) — SHu= Y u;p;)

i>1 Aj<t

satisfy (B.1),(B.2) with constants Cs , = C independent on s, p.
Another example of Banach scales is the class of Holder functions. Smoothings can be
constructed via convolution with mollifiers [107] or diadic decomposition [3].
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By (B.4) and (B.1) we have
1nt1llso = [[SnL(un) F(un)llso < Csg—a—s,a+s Nr?Jra”L(un)F(un)”SOfaf&

and by (H3)
HL(un)F(unMSOfaf& < K| F(un)llso—a-

By Taylor expansion, for all n > 1
1E ) ls-a < 1 (tn-1) + F' ()l lsa—er + 1QCtn—1, ) s
Now, by (B.4) the linear part is
F(un-1) + F'(un-1)[hn] = F'(un-1) (I = Sn-1) L(un—1) F(un-1),
so that by (H3) and (B.2)

| F(un—1) + F/(Unfl)[hn]HSOfa K||(I = Sn—1) L(un—1) F(un—1)|s,

<
< KCi 5N, Buos

where
Bp1 = || L(un—1) F(tn-1)llsp+ -

The quadratic part can be estimated by (H2)

HQ(un,l, h’n)HSO*OZ < Kllhn\lio-

Then we have
(B.5) il < C1 NS (N By + [hall?,).

where
C1 1= K? Cyy—a—s,ats max{l, Cy, 5}

and # > 0. In estimate (B.5) we have the quadratic part, which is typical

of the classical Newton’s scheme, plus an additional part B,_1 which is due

to the presence of the smoothings in the scheme. Our goal is to ensure

that B,, goes to zero so rapidly that it does not affect the super-exponential

convergence of the Newton’s scheme. The key ingredient to prove it is to

give an a-priori estimate for the divergence of the B,, independent on .
By (H3) and (H1)

By, = ||L(un) F(un)H80+ﬁ < KHF(un)HSOJrﬂJrJ < K2(1 + HunH80+ﬁ+5+a)

for all n > 0. For n > 1, since u, = > 1_; h,

n n
tnllsorprora < D IPkllsgsseora < D I1Sk—1 L(ur-1) F(k—1)lso+p+6+0
k=1 k=1
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by (B.4). Then by (B.1)

1Sk—1 L(ug—1) F(up—1)lso+ 1640 < Csorp.ora NOTUL(ur—1) F(up—1)|so+5
= Cogsp,0+a NJT¢ By,

As a consequence,

n—1
(B.6) B, < (72(1 + 3 Nt Bk) Vn > 1
k=0

where
CQ = K2 max{l, CSO+[3, 5+a}.

Now, given a positive constant v, we study under which conditions we are
able to prove the following properties:

(n;1) B, < N} = exp(Avx™)
(i) Nlhntallso < Np¥ = exp(=Avx").

Since by (H3)
Bo = [ILO)F(O)]15 < KIIFO) 1545,

for n = 0 the first condition holds true if
(B.7) K| F(0)llso+8+s < exp(Av).
To verify condition (0;4i), we note that

1Pallso = 150 L(O)F'(0) |5y < Cso 0l L(O)E(0)[lsp < Cso o K[ F(0) |+
by (B.4), (B.1) and (H3). Then (0;4¢) is verified if
(B.3) Cap 0 K[ F(0) 1055 < exp(—Av).

Now, let n > 0 and suppose that the conditions (k;1), (k;é¢) hold true

for all £ <n. By (B.6), (B.3) and (k;i), k =0,...,n we have

But < Co(14 3 N B ) < G (143 expl(6 +a+ v,
k=0 k=0

By induction, it is easy to prove the general fact that given any a > 0, x > 1,
if we take a constant M such that

M > 1,

< esplalx — 1),
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then there holds
Zexp(axk) < M exp(ax™) Vn > 0.
k=0

We fix M taking a = § + « (so that M depends on «, 4, x). We assume that
A > 1, so that (6+a+v)X > (6+«). Then there exists a constant C3 which
does not depend on v, A such that

S expl(6+ a+ )] < Chexpl(6 +a +1)Ax"] Yn > 0.
k=0

It follows that
Bpi1 < Cyexp[(0 +a+1v)AX"] Yn>0

where Cy depends on 9, «, sg, 8, K and it does not depend on v, A. Thus,
(n+ 1;4) is verified provided

(B.9) Crexp{[(0 + o —v(x — 1)]Ax"} < L.
We prove (n + 1;4i). Using (B.5), (B.3), (n;4) and (n;ii) we obtain

||hn+2”80 < Cl €xXp {)‘Xn[X(a + 5) - B + V]}
+ C1 exp[AX" [x(a + ) — 2v)].

Then condition (n + 1;4i) is verified provided

B10)  Crem {MW'x(a+d) - f+]} < 3 ep(-don™)
and
(B.11) Cyexp[AX"[x(a+0) —2v)] < % exp(=Avy™ ).

Now, conditions (B.9), (B.10) and (B.11) are satisfied if
vix—1)>d+a, B>v(l+x)+x(a+d), v(2-x)>x(a+d)

and A is large enough. All conditions are satisfied with the choice

B:=15(a+96), v:=4a+6), x:= 3
A larger than a constant depending on K| sg, «,d, and at last ||F(0)||sy+s
small by (B.8).
We have proved, by induction, that (n;i), (n;ii) hold for all n > 0.
Condition (n;ii) implies that (u,) is a Cauchy sequence in X, so that it
converges in Xy, to some u € X,,.
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In addition, by previous inequalities it follows that
| F (un)llsg—oc < K Cg, 6N, *y ot + K| I3,

Then (n;4) and (n;ii) imply that ||F(uy)||sy—a — 0. By the continuity of F'
we have F'(u) = 0. O

Remark 27. The scheme we have used in Chapter 6 to deal with Sobolev
regularity spaces is a simpler version of Theorem 14. Indeed, the Kirchhoff
nonlinearity

u Au/ \Vul|? dz
Q
has a special symmetry, a sort of “diagonal” structure. As a consequence,

using the truncations P, as smoothings operators, the general Newton’s
scheme (B.4) can be written in the special form (6.14).
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Appendix C

Algebra property for spaces
of periodic functions

Let H be a Banach algebra, that is (H, |- |z) is a Banach space and there
exists a positive constant C'y such that

hkeH = hkeH, |hkly<Culhlylkly.

Let d be a positive integer and s > d/2. Consider a sequence (w;) ez of
positive numbers (“weights”) such that

(C.1) Wik < wjwy Vi, k € 7.
We define X, s as the space of periodic functions
w:T — H, u(p)= Zujeij“’, uj € H Vj
jezd

such that
D ulE 1+ 137) wy = [[ull3,s < o0
jezZd
where jop = jig1 + ... + japa and |j|* = ji + ...+ j3. In this way we are

dealing with simultaneously several important spaces:

w; =1 Sobolev spaces
_ 2l5]e
w; =e 91" Gevray spaces

w; = >l Abel spaces (analytic functions)

where 0 < a <1 and o > 0.

Lemma 57. (Algebra property). Let s > d/2 and let (w;) satisfy (C.1).
Then

uw,v€ Xy, = w € Xys, |uv|ws<Clul

w,s U”w,s
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where

\ 1 1/2
€=z CH(gz:dH,k‘zs) |

We note that the algebra constant C' does not depend on the weights w;.

Proof. Let u,v € X, s. The product uv is
=5 (Sm)

so that its norm in X, g, if it converges, is

|uvH Z‘Zu] kvk) —|—|j|25)w

We define a;, > 0 as

2 (L+ 17— k) (1 + [K]*)
" (1+141%)

Given any (xy)r C H, by Holder inequality
1
(C.2) ‘Zl’k‘ < (Zfagk|xk|H> éC? Za?kmkﬁf’
k

where
=Y o
- 2
o Yk
We recall that, fixed p > 1, there holds

(a+b)P <2071 (a® + V) Va,b>0.

Then
L 32 < 1+ (15 — Kl + [K)™
S 1 + 223—1 (’] o k|2s + ‘k|2s)
< 22371 (1 + ’j o k|2s 414 |]€‘28)
and . ) .
— < 2% < . + )
a L [f— kPP T [k
The series
1 1
ZHW (“ d1+|x|pd:”)
kezd R
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converges for p > d. By assumption s > d/2, then

1 1
2 251
< (Y )
€ Zl+|j—k\25 +Zl_’_|k‘25

k k
1
_ 92 .2
72521+7|k]25 =:c" < .
kezd

Since ¢; < ¢ for all j, taking xj, = uj_pvy in (C.2) gives
2
’ Zujfkvk’H (1+1i1*) < ¢ Zagk’%’—kvk’%{ (14 151)
k k

= Y Jujowopli (L 17— k%) (1+ k%)
k

by definition of aj;. Then

. 25y
S|, (1) wy
PR

ZCQ ZC%]uj,k\%\vk\%{ (L1415 — K1) (1 + |&**) wj—wy,
j k

]z, s

IN

= CH Y <Z luj k7 (1+ |5 — B*) wj—k) okl (1 + [k[**) wy,
J

k
= ZCflul

w11l

O

Lemma 57 applies, for example, to the spaces H, defined in Chapter
3 taking d = 2 and H = R. Elements of H, are real analytic functions

u(p1, p2) which are 2m-periodic in both their arguments (@1, p2).

Lemma 57 applies also to the spaces X, s defined in Chapter 5 taking
d=1and H = H}(0,7). Elements of X, are functions u(z,t) satisfying

Dirichlet boundary conditions in space and periodic in time, that is
u(0,t) = u(m t) =0, wu(z,t)=u(z,t+2mr) VY(z,t) € (0,7) xR,
defined by series

u(z,t) = Zu](x) et uj € Hy(0,7) V5,
JEZ

having regularity H' in x and analytic in ¢ given by
2 125y 20]j
S 1By oy (1 1P%) 271 < o,

JEZ
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