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Introduction

History and motivation of RCD spaces

In the last decades there were several attempts to generalise Riemannian
manifolds with curvature bounds: the main reason is to find a set of struc-
tures which contains Riemannian manifolds with curvature bounded from one
side and is compact with respect to a reasonable convergence, the Gromov-
Hausdorff one, which is induced by a distance between metric spaces which
measures "how far two spaces are from being isomorphic".

The concept of metric space was enough to give a synthetic concept of
space with sectional curvature bounded from one side via Toponogov com-
parison theorem (see [BBI| and its references for an introduction about the
subject).

Theorem 0.0.1 (Toponogov). Let k € R and let M be a complete, connected
Riemannian manifold. Then the following are equivalent:

i) the manifold has sectional curvature always greater than or equal to k;

i) indicating with M the simply connected model space with constant sec-
tional curvature k, for every p € M and v : [0,1] — M geodesic the
following holds: let p,¥y, 71 € MF be such that the three edges of the tri-

angle pYoy1 are equal to the ones of pyoy1. Then dy(p, V) > dwe (P, F1)
for every t € [0, 1].

Condition (i) is purely metric and can be written in geodesic metric
spaces. We can define then "metric spaces with sectional curvature bounded
from below by k" (also known as Alexandrov spaces and denoted by CBB(k))
as the spaces for which condition (4i) holds.

In trying to approach in a similar way manifolds with a lower bound on
the Ricci curvature with essential stability properties we note that working
with metric spaces is not enough: taking the limit (in the Gromov-Hausdorff
sense) of a sequence of manifolds with Ricci curvature greater than K seen
as metric spaces might fail to have Ricci curvature greater than K.
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This first problem is solved taking metric measure spaces and considering
a variant of the Gromov-Hausdorff convergence (measured Gromov-Hausdorff
convergence) which takes into account the measures too.

The first generalization of manifolds with Ricci curvature bounded from
below is given by J. Cheeger and T. Colding in [CC96| (see also [CC97],
[CCO00al, [CCO0L] and [CN]), where they studied the theory of Ricci limits,
that are the measured Gromov-Hausdorff limits of sequences of Rimannian
manifolds with Ricci curvature uniformly bounded from below. This theory
has good stability properties, but it is based on an extrinsic argument: Ricci
limits can only be characterized (and studied) as limits of manifolds.

In searching an intrinsic approach, as the one used for spaces with bounds
on sectional curvature, ten years later, indipendently in the works [S06a] and
[S06b] by K.-T. Sturm and in |[LV] by J. Lott and C. Villani, it was introduced
the concept of Curvature-Dimension condition CD(K, N), where K € R is a
synthetic lower bound on the Ricci curvature and N € [1, +o0] is an upper
bound on the dimension.

In the class of CD(K, N) spaces several properties of manifolds with Ricci
curvature bounded from below hold, for instance the Bishop-Gromov volume
comparison ([S06b]), the Brunn-Minkowski inequality ([S06b|, |[BaSt]), the
Bonnet-Myers theorem (|K]), the Laplacian comparison ([G15], [CaMo20]),
the Lévy-Gromov isoperimetric inequality ([CaMol7|, [CMM]) and a weak
local (1,1)-Poincaré inequality (JR12b]), but it also contains non-Riemannian
Finsler manifolds. The definition of RCD(K, N) spaces, which stands for
Riemannian Curvature-Dimension condition, is given in [AGS14Db] (for N =
+00) and in [GI5] (for N € [1,400)) in order to exclude Finsler manifolds
and keep only CD(K, N) spaces with a "Riemannian structure": in addition
to the CD(K, N) condition, the RCD(K, N) condition requires that a sort of
tangent bundle (or equivalently a generalization of the Sobolev space W12
on metric measure spaces) is a Hilbert space.

The definition of RCD(K, N) spaces allows to introduce second order
differential calculus and to prove other important results such as a weak
formulation of the Bochner inequality and some rigidity theorems such as
the Cheeger-Gromoll Spltting Theorem and the "volume cone implies metric
cone" principle (see [G13al, [G13b] and [DPG]).

The aim of this work is to study splitting-type theorems in more gener-
ality: more precisely, we prove that if there exists a function with "good"
Laplacian and Hessian then the space is isomorphic to the product of the
real line R with another space. We talk in detail about these theorems in
the next sections, where we describe, as first thing, the known results of this
type, and then the new general splitting principle we obtained in [GMal and
a couple of applications.



Splitting-type theorems

In this section we see some splitting-type theorems proved in the non-smooth
setting.

The first one is the Cheeger-Gromoll Splitting Theorem.

Its first version on 2-dimensional surfaces with non-negative curvature was
proved by S. Cohn-Vossen in [C-V], and about twenty years later Toponogov
proved a version of the Splitting Theorem for manifolds with positive sec-
tional curvature in [T]. Short after that A. D. Milka proved it in Alexandrov
spaces (see [Mil]).

In [CG] J. Cheeger and D. Gromoll proved it for manifolds with positive
Ricci curvature, then J. Cheeger and T. Colding proved in [CC96] an Almost
Splitting Theorem, which leads directly to the Splitting Theorem for Ricci
limit spaces.

The CD(0, N) class of metric measure spaces is too big, indeed it contains
every space of the form (R, d), £?) where d| is a distance induced by a
norm || -||. It is easy to see that if d = 2 and the norm || - || does not come
from a scalar product then the Splitting Theorem cannot hold.

Its proof in the RCD setting is due to N. Gigli and can be found in [G13al
(see also |[G13b]). We recall here its statement in RCD(0, V) spaces.

Theorem 0.0.2 (Splitting Theorem for RCD spaces). Let (X,d,m) be an
RCD(0, N) space containing a line, i.e. such that there exists a map 7 : R —
X such that

d(i/s/iyt) - ‘t - S’

for every t,s € R.

Then (X,d,m) is isomorphic to the product of the FEuclidean line with
the Lebesgue measure (R, dgua, £') and another space (X', d’,m’) where the
product distance dpuq X d’ is defined by

dEucl X d/((t7 13/), (57 y/>>2 = d/(xla y/)2 + ‘t - 5’2
for every o',y € X' and for every t,s € R.
Moreover if N > 2 then (X', d’,m’) is an RCD(0, N — 1) space; otherwise,
if N €[1,2), the space X' is just a point.

The idea of the proof is, as in the smooth setting, to take the Busemann
function b : X — R defined as

b(z) ;= lim t—d(z, %),

t——+o0
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where 7 is a fixed line in X. In a certain sense, the modulus of the differential
of b is m-almost everywhere equal to 1, moreover Ab and Hess(b) are both
0.

Using these properties, it is proved that, denoting with Fl. the gradient
flow of b, the map (2',t) — Fl;(2") is a measure preserving isometry between
(X,d,m) and (R x X', dgua x d’, £ x m’), where X' is a level set of b, d’ is the
distance induced on X’ and m’ is the measure on the level set X' obtained
disintegrating m. The proof of the isomorphism is reached by proving that
the Sobolev spaces of X and the product space are isometric and passing to
the metric isomorphism thanks to the Sobolev-to-Lipschitz property.

The second rigidity theorem we recall is the "volume cone to metric cone"
principle: its proof in Ricci limit spaces is due to J. Cheeger and T. Colding
(see [CCY6|, they proved an "almost rigidity" result for this too, which we
do not recall here), while in the RCD setting it has been proved by G. De
Philippis and N. Gigli in [DPG.

Theorem 0.0.3 (From volume cone to metric cone). Let N € [1,+00) and
let (X,d,m) be an RCD(0, N) space with O € X and R > r > 0 such that

m (Br(0)) = (E)Nma«(o».

”
Then exactly one of the following holds:

i) the sphere Sg(O) contains only one point: in this case (X,d) is isomet-
ric to [0, diam(X)] ([0, +o0) if X is unbounded) with an isometry which
sends O in 0 and the measure m|p,0) to Nm(Bg(0))zN~'dz;

ii) the sphere Sg(O) contains exactly two points: in this case (X,d) is a
1-dimensional Riemannian manifold, possibly with boundary, moreover
there is a bijective local isometry (in the sense of distance-preserving
maps) from Br(O) to (=R, R) sending O to 0 and the measure m|p, o)
to the measure s Nm(Bg(0))|z|N~'dx, and such local isometry is an

isometry when restricted to Br(O);
2

iii) the sphere Sg(O) contains more than two points: in this case N > 2
and there exists an RCD(N -2, N —1) space (X', d’, m’) with diam(X') <
7 such that the ball Br(O) is locally isometric to the ball Br(Oy) of
the cone Y built over X', and such local isometry is an isometry when
restricted to Bg(O).

The strategy to prove this theorem is similar to the one of the Splitting
Theorem, but it requires a more sophisticated calculus with a more precise
concept of Hessian.



The Busemann function in this case is b(z) := $d(O, )% The modulus

of the differential of b is v/2b, and its Laplacian is constantly equal to /N on
Bgr(O). Moreover its Hessian is equal to the identity.

A variant of this result has been proved by N. Gigli and I. Y. Violo in
[GV].

Theorem 0.0.4 (From outer functional cone to outer metric cone). Let
(X,d, m) be an RCD(0, N) space with N > 2 and let U be an open subset of

X with OU bounded. Suppose that there exists a positive b € D(A,U)NC(U)
such that

-) Ab = N holds m-a.e. in U;
-) |DV2b|? =1 holds m-a.e. in U;
-) bg := limsup,_, 5y b(z) < +00;

-) {b>bo} # 0.
Then the following holds:

i) there exists an RCD(N — 2, N — 1) space (X', d",m’) with diam(X") <
7 such that, denoting with (Y,dy,my) the N-cone built over X' with

verter in Oy, there exists a bijective measure preserving local isometry
S:{b>bo} = Y\ B.(Oy) with r := /2by;

i) if diam(X') = 7 then (X,d,m) is isomorphic to (Y,dy,my), while if
diam(X’) < 7 then the local isometry S is an isometry between Y \

_ Ty oetween
B,(Oy) and {b > 3r}}, where 1’ := \/2bg (1 —sin <%)) ;

iii) the function b has the following explicit form:

b(z) = %dy(oy, S(2))? = %(d(x,a{b > bo}) + +/2bg)?

for every x € {b > bo}. In particular for every t > bg the level set
{b > %} 15 Lipschitz-path connected and isometric, with its induced
intrinsic metric, to (X', d’).

The main difference between the proof of Theorem [0.0.3] and Theorem
is the use of the theory of Regular Lagrangian Flows to build the flow
of the "gradient" of the Busemann function b.

A similar approach is used by C. Connell, X. Dai, J. Nuféz-Zimbron,

R. Perales, P. Suaréz-Serrato and G. Wei in [CD+| to prove the following
theorem.
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Theorem 0.0.5. Let (X,d,m) be an RCD(—(N — 1), N) space for a certain
N € (1,400). Assume that there exists a function b € D(Ay,.) such that
|Db| = 1 m-a.e. and Ab = N — 1, then (X,d, m) is isomorphic to a warped
product space R x,, X' with wyg = exp and wy, = exp™ L, where (X', d’,m’) is
an RCD(0, N) space.

Functions wq and w,, affect respectively the distance and the measure we
take on the product space R x X'. In the next section and in Section [1.7] we
see precisely their role in defining warped product spaces.

General splitting principle and applications
We state now the main result of this work (see [GMal) and a couple of
applications to spaces with positive spectrum of the Laplacian.

On a smooth manifold M, almost by definitions, the structure of warped
product emerges when one can find a function b : M — R satisfying

|Db| =1,
Ab =t ob, (0.0.1)
Hessb = ¢g o b(Id —e; ® e1) where e := %’

for suitable functions ¥n,1q : M — R. In this case it is easy to see that
M ~ R x,, N where:

-) the smooth manifold N is given by N := b~({0});

-) denoting with Pr(x) the point along the gradient flow trajectory of
b defined by v, = Vb(v), 70 = x such that Pr(xz) € N, the metric-
measure isomorphism sends x € M to (b(z), Pr(z)) € R x N;

-) the metric tensor on R X, N is given by dt? +wq(t)(dz’)?, where (dz’)?
is the metric on N and

) = [ vt )

-) the measure on R x,, N is given by dL!(t) ® wy(t)dvolx(z’), where voly
is the volume measure on N and

Wy (t) := exp (/Ot U ($) ds).
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As shown in the previous section, the strategies used to prove Theorems
0.0.2} 0.0.3] [0.0.4] and [0.0.5] are based on the same idea (with several non-
trivial technicalities):

-) in Theorem the function b satisfies (0.0.1)) with 1, = 104 = 0;

-) in Theorem and Theorem m the map v/2b satisfies (0.0.1)) with
Ya=1 and g = (N = 1);

-) in Theorem the function b satisfies (0.0.1)) with ¢, = N — 1 and
g = 1.

Our aim is then to prove that if there exists a function b which satis-
fies for suitable 14 and vy, then the space splits, i.e. X is isomor-
phic as a metric measure space to the warped product R x,, X with warp-
ing functions wy and wy,,, and the measure preserving isometry is given by
x — (b(x), Fl_p (x)), where Fl is the (Regular Lagrangian) flow of Vb. In
this sense, our splitting principle can be seen as a general tool that allows to
translate the analytic information encoded in into a geometric infor-
mation. The theorem can be roughly stated as follows.

Theorem 0.0.6. Let (X,d,m) be an RCD(K, N) space with K € R, N €
[1,4+00) and supp(m) = X. Assume that there exists a function b : X — R
in H22(X) N D(Ae) which satisfies for some g, Ym : R — R locally
Lipschitz.

Then X is isomorphic as a metric measure space to a warped product

space R X, X' for suitable warping functions wq, Wy,.

A main difference between our work and the previous similar results we
mentioned is that in studying how the gradient flow of b acts on vector fields
we have to (more) carefully distinguish between the component parallel to
Vb and the one orthogonal to it, since in the previous studies the specific
geometry of the problem provided some simplifications that are not present
here, see in particular Proposition [2.4.3]

In principle, one would like to obtain sharp informations about the RCD
property satisfied by the quotient space X’. This, however, seems tricky to do
in our generality and our results in this direction are sub-optimal: we prove,
under quite general assumptions on the warping functions, that if the original
space is RCD(K, N), then so is the quotient one. In particular, and in line
with [CD+|, we do not see an improving in the upper dimension bound. It
seems that to obtain this a more careful analysis of the Bochner inequality -
akin to that in [K] - on warped spaces is needed, but this is outside the scope
of this work.
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We conclude with two applications that in the smooth setting are due to
P. Li and J. Wang (see [LWO01] and [LWO02]): in those works they studied
complete manifolds with positive spectrum of the Laplacian, reaching two
splitting-type theorems depending on the number (and volume) of ends of
the space.

Roughly speaking, an end is a minimal unbounded connected component
of X\ K for a certain compact K: for instance, RY with N > 2 has only one
end, the line R has two ends, the space of lines on R? passing through the
origin with rational angular coefficient has infinite ends.

While the volume of an end obviously depends on the compact K, its
finiteness does not: if an end has infinite volume with respect to the compact
K then it has infinite volume with respect to every compact K’ D K.

The first theorem, whose smooth version can be found in [LWOI], is the
following. It states that if the first eigenvalue of the Laplacian is strictly
positive (more precisely greater or equal to N —2 with NV > 3) and the space
has more than one end with infinite volume then the space splits.

Theorem 0.0.7. Let (X,d,m) be an RCD(—(N — 1), N) space with N > 3
and supp(m) = X, and assume thal the first eigenvalue of the Laplacian A\
is > N — 2. Then one of the following holds:

i) X has only one end with infinite volume;

ii) X is isomorphic as metric measure space to a warped product space
Rx, X', where X" is a compact RCD(—(N—1), N) space and the warping
functions are

wy(t) := cosh(t) and W (t) := cosh™ ~1(t).
Moreover, in this case \y = N — 2.

The idea of the proof of this theorem is similar to its smooth version, but,
as usually happens, translating the proof in a more general case produces
some technical difficulties. The main differences between the two cases are
the following:

-) to construct a non-constant bounded harmonic function on X (see Sec-
tion [3.3) we need the Gauss-Green formula in the non-smooth setting
(proved in [BPS]), and this requires a cautious work on sets with finite

perimeter (see Theorem [3.3.6));

-) asin the smooth case the rigidity comes from an equality in the Bochner
inequality: in proving this Li and Wang use the fact that the Laplacian
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is the trace of the Hessian, and this is not true in a generic RCD(K, N)
space (as proved in [Han]|, this holds if and only if the dimension of the
space is equal to IV); this problem is solved using a more general Kato-
type inequality and an improved version of the Bochner inequality;

-) another key point is that, given d|du| || du, we have that locally |du| =
wou: in the smooth case this is pretty simple to see, in the non-smooth
setting the proof is much more involved;

-) in proving that the quotient space X' is RCD(K’, N’) our argument
does not provide the best constants K’, N'.

Let M be an N-dimensional Riemannian manifold with Ricci curvature
bounded from below by K < 0. Then Cheng’s Theorem states that the first
eigenvalue of the Laplacian \; satisfies \; < %. The same estimate
holds in RCD(K, N) spaces, so the second theorem we are going to prove (see
[ILW02| for its smooth version) studies the case in which A; is the maximum
admissible. Assuming that N > 3, from Theorem it follows that X has
only one end with infinite volume; the theorem states that if it has also (at

least) an end with finite volume then the space splits.

Theorem 0.0.8. Let (X,d,m) be an RCD(—(N — 1), N) space with N > 3
and supp(m) = X, and assume that the first eigenvalue of the Laplacian A\

s equal to M. Then one of the following holds:
i) X has only one end;

i) X is isomorphic as metric measure space to a warped product space R,
X', where X' is a compact RCD(0, N') space and the warping functions
are

wy(t) = €’ and wn(t) =€

Its proof is pretty similar to the proof of Theorem We note that in
this case we can, arguing as in [CD-|, improve the bound on the curvature
of the quotient space (but still not improving the bound on the dimension).

Plan of the work

In Chapter [1| we recall the definitions of all the instruments we need in order
to prove the general splitting principle (Theorem and their properties.

We start with some basic notations on metric measure spaces in Section
[L.I] In Section we see how to define Sobolev spaces in metric measure
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spaces via test plans and the modulus of the distributional differential of
Sobolev functions, the so called minimal weak upper gradient. The aim of
Section[L3lis to introduce a first order differential calculus on metric measure
spaces; to do that we rely on the concept of normed modules, using it to define
the cotangent module (equipped with a differential operator) and its dual,
the tangent module (equipped with the gradient). We conclude this section
defining the divergence operator as the adjoint of the differential and the
Laplacian as the divergence of the gradient. In Section we introduce the
concept of pullback of 1-forms and of speed of test plans.

In Section we give various definitions of RCD condition on metric
measure spaces: one based on the differential calculus built in Sections (1.2
and and others based on optimal transport (different concepts of CD
condition), then we see how all these are related to each other. In Section
[L.6l we see how the RCD condition allows us to define a second order calculus
on metric measure spaces, i.e. the space W22, the Hessian and the covariant
derivative.

Given that theory of differential calculus, we are ready to recall the two
main instruments that we are going to use in the proof of Theorem
warped product spaces and Regular Lagrangian Flows. In Section we
recall the definition of warped product spaces and see how the Sobolev space
of a product space behave with respect to the Sobolev spaces of the quo-
tient spaces. Then we see when the Sobolev-to-Lipschitz property passes to
the product. Section contains the definition and the main properties of
Regular Lagrangian Flows.

In Chapter 2] we prove Theorem and a result about the RCD condi-
tion of the quotient space X'.

In Section 2.1 we see how to construct a Busemann function b (a function
which satisfies (0.0.1))) starting with a regular enough function with a "good"
Hessian. This will be useful in the applications, since usually an equality in
the Bochner inequality gives a function with a "good" Hessian in that way.
In Section we fix the assumptions and the notations that we are going
to use in the course of the proof. In Section we study how the measure
changes if pushed forward with the flow of Vb and use it to deduce how
the disintegrated measure on the level sets of b behaves. In Section we
see how the flow of Vb changes the distances. From this follows a relation
between the Sobolev space of X and the one of X’. Using the results of the last
two sections, in Section we prove that the map T(z) := (b(z), Fl_yu)(2))
is a measure preserving isometry, and we conclude with a (less general and
sub-optimal) result about the RCD condition of X'.

Chapter [3| contains two applications of the general splitting principle:



15

Theorems [0.0.7 and [0.0.8]

We start with two more sections of preliminary facts: in Section we
define harmonic functions and a more general (but coherent with respect to
the one defined before) concept of Laplacian, and use it to state an improved
version of the Bochner inequality, while in Section we recall briefly the
theory of quasi-continuous functions and quasi-continuous vector fields in
order to state a Gauss-Green formula in the non-smooth setting.

In Section 3.3l we define ends and see how the volume of an end is related
with the existence of non-constant bounded harmonic functions on it. Using
this result we construct the two non-constant harmonic functions ("bounded"
assuming the hypotheses of Theorem [0.0.7] and "positive" assuming the hy-
potheses of Theorem that will lead to the proofs of the two main
theorems.

In Section we prove Theorem [0.0.7] starting, in Section proving
that the bounded harmonic function u constructed in Section B.3] satisfies

(0.0.1), then, in Section we prove that its minimal weak upper gradient
is a composite function of u, and in Section we conclude the proof using

Theorem [0.0.6]

Section contains the proof of Theorem which is pretty similar
to the one of Theorem but in this case our result about the RCD
condition of the quotient space does not apply. However this precise case has
been studied in [CD+], so we recall briefly their method in Section [3.5.2]
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Introduction




Chapter 1

Preliminaries

In this chapter we recall the definitions, notations and known results we will
use along all the work, starting with differential calculus in metric measure
spaces and the definition of RCD space and concluding with some properties
of warped product spaces and Regular Lagrangian Flows.

1.1 Notation on metric measure spaces

As we will always work with metric measure spaces, the aim of this section
is to fix some basic notation on them.

We start considering a metric space (X, d).

A curve on X is an element of C([0, 1], X), and for a curve v € C(]0, 1], X)
we will usually indicate with +; the point v(¢). The evaluation map e; on the
set of curves is defined as follows.

Definition 1.1.1 (Evaluation map). Let (X,d) be a metric space. For every
t € [0,1], we define the map e; : C([0,1],X) = X as e;(7) := 7.

We recall now the definitions of metric speed of a curve and absolutely
continuous curve.

Definition 1.1.2 (Metric speed). Let (X,d) be a metric space. For every
~v € C([0,1],X) and for every t € [0,1] we define the metric speed of v at the
time t as
li d(Yeyn, V1)
. im——"
|’7t| = h—0 h
~+00 otherwise.

if such limit exists;

Definition 1.1.3 (Absolutely continuous curve). Let (X,d) be a metric
space. We say that a curve 7y is asbolutely continuous (AC) if there exists

17



18 Chapter 1. Preliminaries

f e LY([0,1]) such that

d(ye,7s) < /:f(r) dr (1.1.1)

for every t,s € [0,1] with t < s.

It is possible to see that if ~ is absolutely continuous then its metric
speed is finite for a.e. ¢ € [0, 1] and it is an admissible function for (1.1.1)).
Moreover, for every other f satisfying it holds |¥| < f(t) for a.e.
t €10,1].

Other key instruments are the kinetic energy of a curve and the concept
of geodesic curve.

Definition 1.1.4 (Kinetic energy). We define the operator kinetic energy
KE : C([0,1],X) — [0, +o0] as

1 1
KE(y) := 5/0 [%|>dt  if v is absolutely continuous;

+00 otherwise.

Definition 1.1.5 (Geodesic curve). A geodesic is a curve y which satisfies

1
§d<707 '71)2 = KE(’}/)7

or, equivalently,
d(7e,7s) = |s — t[d(70,m)

for every t,s € [0, 1].
We indicate with Geo(X) the set of geodesics on X.

Let (X,dx) and (Y, dy) be metric spaces, we will indicate with LIP(X,Y)
the set of Lipschitz continuous functions (we omit Y if the codomain is R),
and for f € LIP(X,Y) we will denote with Lip(f) its Lipschitz constant
and with lip(f)(z) its local Lipschitz constant at x, given by the following
definition.

Definition 1.1.6 (Local Lipschitz constant). Let (X, dx) and (Y,dy) be met-
ric spaces and let f € LIP(X,Y). The local Lipschitz constant of f is the
function lip(f) : X — [0, +00) defined as

0 of x 1s an isolated point,

(). 7))
T )

lip(f)(z) ==

otherwise.
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Moreover we define the asymptotic Lipschitz constant lip,(f) : X — [0, +00)
as

0 iof x 4s an isolated point,

(). S )
i N

lip, (f)(x) :=

otherwise.

We will indicate with LIP;,.(X,Y) the set of locally Lipschitz functions
and with LIP,s(X,Y) the set of Lipschitz functions with bounded support.

Let now (X, m) be a measure space.
We indicate with L°(m) the space of measurable functions on X modulo
m-a.e. equality.

Definition 1.1.7 (Pushforward measure). Let (X, Ax) and (Y, Ay) be two
measurable spaces and let p : X — Y be a measurable function. Given any
measure 1 on (X, Ax), we define the pushforword measure p.pu on (Y, Ay)
as

(psp)(B) == pu (¢~ 1(B))

for every B € Ay.

Remark 1.1.8. For every f € L'(p.p) it holds the change of variable for-
mula

/fd(so*u) Z/fosadu. (1.1.2)

As we said, the "right" objects to generalize manifolds with Ricci curva-
ture bounded from below are metric measure spaces, which are complete and
measurable metric spaces equipped with a non-negative Borel measure finite
on balls.

Definition 1.1.9 (Metric measure space). A triple (X,d, m) is a metric mea-
sure space if

-) (X,d) is a complete and separable metric space;

-) m is a non-negative Borel measure on X which is finite on balls.
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1.2 Sobolev space on metric measure spaces

From the end of the last century several notions of Sobolev space on metric
measure spaces has been introduced.

The first approach is due to P. Hajtasz in [Haj|, who defined the Sobolev
space W'P(X) in the following way: f € W'?(X) if f € LP(m) and there
exists g € LP(m) such that for m-a.e. z,y it holds

|f(z) = f(w)] < d(z,y)(9(x) + g(v)).

The "module of the differential of f" is defined as the unique g with minimal
LP-norm that satisfies the previous inequality. This definition is consistent
with the classical definition of Sobolev spaces in R™, but that notion of dif-
ferential does not satisfy a locality property, i.e. it may depend not only on
the local behaviour of the function.

A different approach is given by J. Cheeger in [C]|, who defined Sobolev
functions using the concept of upper gradients introduced in [HeKo|: a Borel
function g is an upper gradient of f provided that for every absolutely con-
tinuous curve v : [0,1] — X the curve f o~ is absolutely continuous and
satisfies [(f o 7)il < g(7e)| -

Cheeger’s strategy is then to define an energy functional Ec, : L? —
0, +o0] as

S 9
Ecnh(f) := inf 1717,21-&:20:{‘5 /gn dm,
where the infimum is taken among all the sequences (g, )nen such that there
exists a sequence f, — f in L?(m) for which g, is an upper gradient of f,, for
every n € N. The Sobolev space W12 is defined as the space of L? functions
with finite Ecy, energy.

Inspired by Cheeger’s approach, in [AGS14a] is proposed a definition via
an "approximation with Lipschitz functions" argument: noticing that for a
Lipschitz function f the maps lip(f) and lip,(f) are upper gradients, one can
define the energy functional E, : L?(m) — [0, +00] as

E.(f) := infliminf% lip?(f) dm,

n—-+o00

where the infimum is taken among all the sequences (f,,)nen C LIP(X) such

2 m
that f, L), f, then the Sobolev space W1%(X) as the space of L*(m)
functions with finite energy E, (one can argue similarly with the asymptotic
Lipschitz constant lip, instead of lip in the definition of E,).
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In [Sha] N. Shanmugalingam gave a notion of Sobolev space based on
how functions behave on (a good class of) curves. This approach relies on
the concept of 2-modulus of a family of curves.

A similar approach, based on the concept of test plan instead of 2-moduli,
is given by L. Ambrosio, N. Gigli and G. Savaré in [AGS14a).

The approaches given by Cheeger, Shanmugalingam, Ambrosio, Gigli and
Savaré are consistent with the classical definition of Sobolev space in R™,
and their definition of "modulus of the differential" are "local" (Proposition
1.2.11)). Moreover, a consequence of a deep approximation result contained
in [AGS13| (which we recall at the end of this section, Theorem is
the equivalence between these approaches.

All our work relies on the definition of Sobolev space via test plan, so
the aim of this section is to recall the basic definitions and first properties of
Sobolev functions in this sense.

We start recalling the definition of test plans, which are probability mea-
sures on the space of absolutely continuous curves that, in a certain sense,
does not overlap too much.

Definition 1.2.1 (Test plan). Let (X,d,m) be a metric measure space. A
probability measure w € Z(C([0, 1], X)) is said to be a test plan on X provided
the following two properties are satisfied:

i) there exists a constant C' > 0 such that (e;).m < Cm for everyt € [0, 1];
ii) it holds that [ [ |3:]*dm(v) dt < +oo.

We are now ready to give the definition of weak upper gradient of a
function f via test plans, and with it the definition of Sobolev class S?(X),
which in the smooth setting is the class of functions with L? weak derivative.

Definition 1.2.2 (Weak upper gradient). Let (X,d, m) be a metric measure
space and let f : X — R be a Borel function. Then we say that a non-negative
function G € L*(m) is a weak upper gradient of f if for every test plan 7 on

X it holds
/|f 1) — f()|dm(y / / (Vo) || de () de

Definition 1.2.3 (Sobolev class). The Sobolev class S*(X) is defined as the
space of all Borel functions f : X — R that admit a weak upper gradient.

An easy consequence of this definition and Fatou’s Lemma is the lower
semicontinuity of weak upper gradients.
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Proposition 1.2.4. Let (f,), C S*X) and f : X — R Borel such that
fulz) = f(z) for m-a.e. x € X. For every n € N let G,, be a weak upper
gradient of f, and assume that G,, — G weakly in L*(m) for some G € L*(m).
Then f € S*(X) and G is a weak upper gradient of f.

A consequence of Proposition is that the set of weak upper gradients
of a function f € S*(X) is closed and convex in L?*(m), then there exists a
unique weak upper gradient with minimal L?(m)-norm.

Definition 1.2.5 (Minimal weak upper gradient). Let f € S*(X). Then the
unique weak upper gradient with minimal L*(m)-norm is called minimal weak
upper gradient of f and it is denoted by |Df| € L*(m).

The minimal weak upper gradient of an S map f is the map that be-
haves like the modulus of the distributional differential of f. Note that the
structures we have at this moment are not enough to give a definition of
differential of f, in order to do so we need the theory of normed modules
that we will introduce in the next section, but the modulus of the differential
of functions is enough to define the Sobolev space W12(X).

Definition 1.2.6 (Sobolev space). Let (X,d, m) be a metric measure space.
The Sobolev space W2(X) is the set of L*(m) functions that admit a weak
upper gradient, i.e. WH(X) := L*(m) N S*(X).

For f € WY(X) we define its Wh2(X)-norm as

1wz = /15 By + DS 13-
Remark 1.2.7. For every f € LIP;,(X) it holds f € S?(X) and
|Df| <lip(f) <lip,(f) <Lip(f)  m-a.e. in X. (1.2.1)

Remark 1.2.8. The Sobolev space W'?(X) with the norm | - [|y12x) is a
Banach space, but in general it is not a Hilbert space. For instance if X
is a smooth Finsler manifold then W12(X) is Hilbert if and only if X is a
Riemannian manifold. |

The previous Remark motivates the definition of infinitesimally Hilbertian
metric measure space.

Definition 1.2.9 (Infinitesimal Hilbertianity). The metric measure space
(X,d, m) is said to be infinitesimally Hilbertian if (W'2(X), | - [lnr2x)) is a
Hilbert space.
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Remark 1.2.10. In all this work we heavily rely on the infinitesimal Hilber-
tianity of the space since, as we said in the Introduction, it is the hypothesis
that allows to exclude Finsler manifolds and allows us to define a second
order differential calculus on metric measure spaces. |

The minimal weak upper gradient obeys to some natural calculus rules
such as a locality property, the chain rule and the Leibniz rule.

Proposition 1.2.11 (Locality for the minimal weak upper gradient). Let
f,g9 € S*(X). Then |Df|=|Dg| holds m-a.e. on {f = g}.

Proposition 1.2.12 (Chain rule for the minimal weak upper gradient). Let
f € S*X). If a Borel set N C R is L -negligible then |Df| = 0 holds m-a.e.

on f7Y(N).
Moreover, if ¢ € LIP(R), then po f € S*(X) and

[D(po f)l =& o fIDf] (1.2.2)
holds m-a.e..

Proposition 1.2.13 (Leibniz rule for the minimal weak upper gradient).
Let f,g € S*(X) N L>®(m). Then fg € S*(X) N L>®(m) and the inequality

ID(fg)l < |fl[Dg| + |g]|Df]
holds m-a.e. on X.

Thanks to Proposition (1.2.11} we can define the local Sobolev class SZ,
and, with that, the local Sobolev space W, (X).

loc

(X)

Definition 1.2.14 (Local Sobolev class). Let (X,d, m) be a metric measure
space and let f : X — R be a Borel function. We say that f € S?.(X)
provided that for every bounded Borel set B C X there exists a function
B € S*(X) such that fg = f holds m-a.e. in B.

For every f € S?.(X) we define its minimal weak upper gradient as the
function (unique up to m-negligible sets) |Df| such that for every bounded
Borel set B and every function fg € S*(X) which coincides with f on B it

holds |Df| = |Dfg|.

Definition 1.2.15 (Local Sobolev space). Let (X,d, m) be a metric measure
space. The local Sobolev space W22 (X) is defined as S7,.(X) N L2,.(m).

loc

Moreover, given U C X open, we define WOI’Q(U) as the closure in W12 (X)
of LIPy(U).
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We conclude this section with the following approximation theorem: its
proof can be found in [AGS13] (see also [AGS14a]).

Theorem 1.2.16. Let (X,d, m) be a metric measure space. Then Lipschitz
functions on X are dense in energy in W12(X), namely for every f € WH2(X)
there exists a sequence (fy), C LIP(X) N L*(m) such that

5 F and  lip,(f.) S DS (1.2.3)

An easy consequence of (1.2.1) and (1.2.3) (and the minimality of the
minimal weak upper gradient) is that, given f and (f,), as in Theorem

1.2.16], also the sequences (lip(f,,)), and (|Df,|), converge in L*(m) to |Df].

1.3 Normed modules and first order differential
calculus

In the previous section we recalled the definition of Sobolev space on a metric
measure space defining what the "modulus of the differential" of a function
is. In order to develop a tensor calculus on metric measure spaces we recall
now a definition of "tangent/cotangent bundle" in the non-smooth setting
given by N. Gigli in [G18b].

More precisely, it generalizes the concept of "space of L? sections of a
normed vector bundle", and the idea, inspired by [W], is to consider moduli
over the commutative ring L*°(X) with a pointwise norm operator.

Definition 1.3.1 (L?-normed L>-module). Let (X,d,m) be a metric mea-
sure space. An L*(m)-normed L™ (m)-module is a quadruple (A, ||-||.4,|])
with the following properties:

i) (A, -|.#) is a Banach space;
i) the multiplication by L*(m) functions - : L®¥(m) X A — M is a
bilinear map satisfying
f-(g-v)=(fg) v for every f,g € L=(m) and v € M,
Py

1 v for every v € M,

where 1 is the function identically equal to 1 on X;

i) the pointwise norm |- | : M4 — L*(m) salisfies
lv| >0 holds m-a.e. for every v € M,
|f v =|fl|v| holds m-a.e. for every f € L>(m) and v € A,

]z = [[|V]]] L2(m) for everyv € A .
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A variant of this definition which does not rely on integrability hypotheses
is the following.

Definition 1.3.2 (L°-normed L°-module). An L°(m)-normed L°(m)-module
is a quadruple (A°,1,-,|-|) with the following properties:

i) (M°,T) is a topological vector space;

i) the multiplication by L° functions - : L°(m) x A#° — .#° is a bilinear
map satisfying

f(g-v)=(fg)- v, and1-v=1o

for every f,g € L°(m) and v € .#°, where 1 is the functions identically

equal to 1;
i) the pointwise norm |- |: #° — L°(m) satisfies
lv| >0 m-a.e. for every v e MA°,
|f vl = |f||v]| m-a.e. for every f € L°(m) and v € .4°;

) the topology T is induced by the map d_yo : M°x M° — [0, +00) defined
by
d_go(v,w) ;= / v —w| Aldm’

for some m' € Z(X) withm < m’ < m.

The concepts of L*-normed L*-module and L°-normed L°-module are
strictly related, indeed they can be seen one as the restriction/completion of
the other thanks to the following propositions.

Proposition 1.3.3 (L*-restriction). Let .#° be an L°-normed L°-module
and let A be defined as

M={veH: |v]€L*(m)}.

Then A with the norm || - ||z := ||| - ||| z2(m) and the product and pointwise
norm induced by the ones of #° is an L*-normed L>®-module.

Proposition 1.3.4 (L°-completion). Let .# be an L*-normed L*°-module.
Then there exists a unique couple (#°,1) where #° is an L°-normed L°-
module and the map v : M — MA° is a linear operator with dense image that
preserves the pointwise norm.

Uniqueness s intended up to unique isomorphism .
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In a very natural way we define Hilbert modules and dual normed mod-
ules.

Definition 1.3.5 (Hilbert module). Let .# be an L*-normed L™®-module.
We say that A is a Hilbert module if (A ,|| - ||.«z,) is a Hilbert space, or,
equivalently, if the pointwise norm satisfies the parallelogram rule, 1.e.

v+ w4 v —w|* =2(Jv]* + |w]?)
holds m-a.e. for every v,w € A .

Definition 1.3.6 (Dual normed module). Let .# be an L?*-normed L>-
module. Its dual normed module A#* is defined as the set of linear and
continuous operators L : M — L'(m) such that L(fv) = fL(v) for every
ve M and f e L>®(m) endowed with the operator norm

IL]l == sup [[L(v)]| L1 (m)

vl <1

and the pointwise norm

|L|,:= esssup  L(v).

veAM,|v|<1 m-a.e.

It can be proved that the dual normed module just defined is an L*-
normed L*>-module.

Tangent and cotangent modules, that we will define in the next section,
will be the dual one of the other. Moreover their Hilbertianity will be related
to the infinitesimal Hilbertianity of the space.

1.3.1 Cotangent and tangent modules

Thanks to the next existence and uniqueness theorem we define the cotangent
module and the differential operator on a generic metric measure space.

Theorem 1.3.7 (Cotangent Module). Let (X,d,m) be a metric measure
space. Then there exists a unique couple (L*(T*X),d), where L*(T*X) is an
L?-normed L>®-module and d : S*(X) — L*(T*X) is a linear operator, such
that the following conditions hold:

i) |df| = |Df| holds m-a.e. for every f € S*(X);
i) L*(T*X) is generated by {df : f € S*(X)}.

We shall refer to L*(T*X) as cotangent module and to d as differential.
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We will indicate with L°(7T*X) the L%-completion of L?(T*X).

The differential just defined inherits from the weak upper gradient similar
calculus rules.

Proposition 1.3.8 (Locality for the differential). Let f,g € S*(X). Then
df = dg holds m-a.e. on {f = g}.

Proposition 1.3.9 (Chain rule for the differential). Let f € S*(X). If a
Borel set N C R is L'-negligible then df = 0 holds m-a.e. on f~1(N).
Moreover, if ¢ € LIP(R), then po f € S?(X) and d(po f) = ¢’ o fdf.

Proposition 1.3.10 (Leibniz rule for the differential). Let f,g € S*(X) N
L>®(m). Then fg € S*(X)N L>*(m) and d(fg) = fdg + gdf.

We define now the tangent module, which will be the space of "vector
fields", as the dual of the cotangent module (as in Definition |1.3.6)).

Definition 1.3.11 (Tangent module). Let (X,d, m) be a metric measure
space. The tangent module L*(TX) of X is defined as the dual normed module
of L*(T*X). Its elements are called vector fields.

Similarly to the definition of L°(T*X), we indicate with L°(TX) the L°-
completion of L*(TX).

In order to define the gradient of a Sobolev function we need to assume
that the space is inifinitesimally Hilbertian and combine the two following
results: the first is a Riesz representation theorem for normed modules, the
second is the anticipated relation between Hilbert modules and infinitesimal
Hilbertianity.

Theorem 1.3.12 (Riesz). Let A be a Hilbert L?>-normed L*°-module. Then
the map M — M* which sends v to (-,v) is an isomorphism of modules.

Proposition 1.3.13 (Infinitesimal Hilbertianity). Let (X,d,m) be a metric
measure space. Then X is infinitesimally Hilbertian if and only if L*(TX)
and L*(T*X) are Hilbert modules.

The gradient can then be defined, in infinitesimally Hilbertian spaces, as
the dual of the differential.

Definition 1.3.14 (Gradient). Let (X,d, m) be an infinitesimally Hilbertian
metric measure space. Then we denote by Vf € L*(TX) the element cor-
responding to df € L*(T*X) wvia the Riesz isomorphism. We call Vf the
gradient of f.
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Remark 1.3.15. Infinitesimal Hilbertianity is not really necessary to define
the gradient of a function, indeed given f € S?*(X) the gradient of f can
be defined as the set of vector fields v such that df(v) = |df|*> = |v|* holds
m-a.e.. Gradients defined like that obey to good calculus rules, but in general
they are not a singleton, and even if they are they may not depend linearly on
f. It can be proved that the space is infinitesimally Hilbertian if and only if
for every f € S?(X) the gradient of f is a singleton (whose element is denoted
by Vf) and for every f,g € W?(X) the formula V(f + g) = Vf + Vg holds
m-a.e. in X. In this case this gradient is equivalent to the one defined in
Definition [.3.14 |

From the calculus rules for the differential immediately follow the ones
for the gradient.

Proposition 1.3.16 (Chain rule for the gradient). Let X be an infinitesi-
mally Hilbertian metric measure space and let f € S? (X) and p € LIP;,.(R).
Then V(po f)=¢ o fV[.

Proposition 1.3.17 (Leibniz rule for the gradient). Let X be an infinitesi-
mally Hilbertian metric measure space and let f,g € SE.(X) N LS.(m). Then

loc
V(fg) = fVg+gVf.

1.3.2 Divergence and Laplace operators

We define the divergence operator as the adjoint of the differential.

Definition 1.3.18 (Divergence). Let (X,d, m) be a metric measure space,
U C X open and v € L°(TX). We say that v € D(divyee, U) provided there is

feL? (U) such that
/dg(v)dm:—/fgdm
for every g € Wy (U).

loc
In this case the function f, that is easily seen to be uniquely determined,
is denoted by div(v). In the case U = X we simply write v € D(divie,).

The divergence operator just defined satisfies a locality property and a
Leibniz rule.

Proposition 1.3.19 (Locality for the divergence). Let v,w € D(diviee, U)
and assume that v = w holds m-a.e. on an open set Q C U. Then div(v) =
div(w) holds m-a.e. on Q.
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Proposition 1.3.20 (Leibniz rule for the divergence). Let v € D(div,e, U)
and f € LIP(U) N L>®(U). Then fv € D(divie, U) and

div(fv) = df(v) + fdiv(v)

holds m-a.e. in U.

The Laplacian operator can be defined as the divergence of the gradi-
ent. We note that, in order to define the Laplace operator, infinitesimal
Hilbertianity is a necessary condition.

Definition 1.3.21 (Laplacian). Let (X,d,m) be infinitesimally Hilbertian,
U cC X open and [ € Wl’Q(X). We say that f € D(Ajoe, U) provided V f €

loc

D(diviee, U), i.e. if there is h € L} (X) such that

/(Vf,V(p) dm = —/gohdm

for every p € Wy (U).
In this case the function h is denoted by Af. In the case U = X we simply
write f € D(Ajoe).

The Laplacian operator obviously inherits the following calculus rules
from the ones of gradient and divergence.

Proposition 1.3.22 (Chain rule for the Laplacian). Let (X,d, m) be in-
finitesimally Hilbertian and U C X open. For every f € D(Aje, U)NLIP(U)
and ¢ € C*(R) with ¢" € L™(R) it holds o f € D(Aoe, U) and

Alpo f)=¢ o fAf+¢"o fIVF. (1.3.1)

Proposition 1.3.23 (Leibniz rule for the Laplacian). Let (X,d, m) be in-
finitesimally Hilbertian and U C X open. Let f,g € D(Aje, U) NLIP(U) N
L>(U). Then fg € D(Ape, U) and

A(fg) = fAg+ gAf+2(Vf Vg). (1.3.2)

Remark 1.3.24. In general the set D(A.) N LIP(X) could contain only
constant functions. However this does not happen in the RCD setting thanks
to the Bakry-Emery inequality and the regularizing properties of the heat
flow. For the details see for instance [AGS14b]. [ |
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1.4 Pullback of 1-forms and speed of a test plan

The aim of this section is to give a definition of speed of a test plan and a
chain rule for it.

All the proofs of this section (except where indicated otherwise) can be
found in [G18b] and [G18a].

We start defining maps of bounded compression, i.e. maps for which the
push-forward measure (Definition [1.1.7) does not concentrate the mass too
much, and pullback modules with respect to maps of bounded compression.

Definition 1.4.1 (Maps of bounded compression). Let (X, mx) and (Y, my)
be measured spaces. We say that o : Y — X is a map of bounded compression
if there exists C' > 0 such that p,my < Cmy.

The least such constant C' is called compression constant and is denoted
by Comp(yp).

The pullback module is defined via the following existence and uniqueness
theorem.

Theorem 1.4.2 (Pullback module). Let (X, dx, mx) and (Y,dy, my) be met-
ric measure spaces. Let M be an L*(mx)-normed L>(mx)-module and let
0 Y — X be a map of bounded compression. Then there exists a unique
couple (p* M ,[¢*-]) where o* M is an L*(my)-normed L>(my)-module and
(™| M — @* M is a linear and continuous operator such that

i) |[p*v]| = |v| o p holds my-a.e. for every v € M ;
ii) the set {[p*v] :v € A} generates p* M .

We note that for every test plan 7 the evaluation map e; has bounded
compression (by item (¢) of Definition [1.2.1)), then Theorem guarantees
the existence and uniqueness of the pullback module L?*(TX). We define the
speed of a test plan as follows.

Theorem 1.4.3 (Speed of a test plan). Let (X,d,m) be an infinitesimally
Hilbertian metric measure space and let 7 be a test plan on X. Then for a.e.
t € [0,1] there exists a unique 7, € ef L>(TX) such that for every f € WH%(X)
it holds

L)~ lim L2 TG g i)

Moreover |mi|(v) = || for (7w x LY)-a.e. (7,1t).
We shall refer to 7, as speed of 7 at time t.
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In order to write a sort of chain rule for the speed of test plans we need
to restrict to Lipschitz maps of bounded compression and say what their
differential is.

Definition 1.4.4 (Maps of bounded deformation). Given two metric mea-
sure spaces (X, dx, mx) and (Y,dy, my), we say that ¢ : Y — X is a map of
bounded deformation if it is both Lipschitz continuous and of bounded com-
pression.

Theorem 1.4.5 (Pullback of 1-forms). Let (X,dx, mx) and (Y,dy, my) be
metric measure spaces and ¢ 1 Y — X of bounded deformation. Then there
exists a unique linear and continuous operator p* : L*(T*X) — L*(T*Y) such
that

i) o df =d(f o) for every f € S(X);
i) p*(gw) = go p p*w for every g € L°(mx) and w € L*(T*X).

Moreover
|o"w] < Lip(p)lw| o ¢
holds my-a.e. for every w € L*(T*X).

Theorem 1.4.6 (Differential of maps of bounded deformation). Let X and
Y be metric measure spaces with X infinitesimally Hilbertian, and ¢ : Y —
X of bounded deformation. Then there exists a unique L (my)-linear and
continuous map dyo : L*(TY) — ¢*L*(TX) such that

[p*w](dp(v)) = ¢ w(v)

for every v € L*(TY) and w € L*(T*X).
Moreover, for every v € L*(TY) it holds my-a.e. that

|dp(v)] < Lip(e)]v].

In case ¢ is invertible with inverse of bounded compression we can express
the differential of ¢ as a function from L*(TY) to L?(TX) denoting with
dp(v) the map w — (p*w(v)) o o=t The precise statement is the following.

Proposition 1.4.7. Let (X,dx, mx) and (Y,dy,my) be two metric measure
spaces and let ¢ : Y — X be an invertible map of bounded deformation and
assume that its inverse has bounded compression. Then there exists a unique
linear continuous operator do : L*(TY) — L*(TX) such that

-1

w(dp()) = (¢*w(v)) o holds mx-a.e.
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for every v € L*(TY) and w € L*(T*X).
Moreover

|dp(v)| < Lip(p)|v] o holds mx-a.e.
for every v € L*(TY).

We conclude this section recalling the chain rule for speeds of test plans
(for its proof see [DPGL Proposition 3.28]).

With a slight abuse of notation we still denote with F' : C([0,1],Y) —
C([0,1],X) the map such that (F(v)); = F(v;) for every t € [0, 1] and every
v € C([0,1],Y). Given a test plan 7 on Y, assuming that F' is of bounded
deformation, it is easy to see that F,m is a test plan on X.

Let F': Y — X be of bounded deformation, invertible and with inverse
of deformation and let 7 be a test plan on Y. For every t € [0,1] the
differential dF : L*(TY) — L*(TX) defined in Proposition naturally
induces a map efL*(TY) — ¢; L*(TX), i.e. the unique linear and continuos
map, still denoted by dF’, such that

dF(ejv) = e (dF(v)) for every v € L*(TY),
dF(gV)=go FAF(V) for every V € ef L*(TY), g € L™ (m).

Proposition 1.4.8 (Chain rule for speeds). Let F : X — Y be a map of
bounded deformation, invertible and with inverse with bounded deformation.
Then, for every test plan ™ on X we have

(Fom), = (dF)(7}), for a.e. t € [0, 1].

1.5 RCD spaces

In this section we show the two main intrinsic approaches to define the Rie-
mannian Curvature-Dimension condition:

-) via optimal transport and convexity of the entropy;

-) via differential calculus and Bochner inequality.

For the second approach, due to L. Ambrosio, N. Gigli and G. Savaré (see
[AGST5]) we already recalled all the needed notions in the previous sections.

Definition 1.5.1 (RCD space via Bochner inequality). Let N € [1, +00) and
K € R. We say that the metric measure space (X,d,m) is an RCD(K, N)
space if the following properties are satisfied:
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-) the space (X,d,m) is infinitesimally Hilbertian;

-) there ezists a constant C' > 0 such that m(B,(z)) < e for every
r > 0 and for every x € X;

-) the Sobolev-to-Lipschitz property holds, i.e. every f € Wh2(X) with
|Df| < C admits a C-Lipschitz representative;

-) for every f € D(A) such that Af € W*(X) and every g € D(A) N
L>(m) such that g > 0 and Ag € L*>(m) the weak Bochner inequality
holds, 1i.e.

%/]Df]QAgdmZ/[(A]\];y +(Vf,VAf>+K\Df|2} gdm.
(1.5.1)

The same definition can be extended to the case N = 400 simply deleting
2
the term % in the right-hand-side of (|1.5.1)).
We talk about the first approach in the following section.

1.5.1 Wasserstein distance and CD conditions

In this section we recall some basic tools of optimal transport, use them to
give three definitions of curvature-dimension condition (CD/CD*/CD®) and
see how they are related. They were introduced by K.-T. Sturm, J. Lott
and C. Villani (CD) in [S06al, [SO6b], [LV], by K. Bacher and K.-T. Sturm
(CD*) in |BaSt] and by M. Erbar, K. Kuwada and K.-T. Sturm (CD®) in
[EKS]. The "R" to obtain RCD spaces were added by L. Ambrosio, N. Gigli
and G. Savaré in [AGS14b| in the case N = +oo and by N. Gigli in |GI15]
for the finite dimensional case, and it adds the requirement that the space is
infinitesimally Hilbertian.

We start defining the space of measures with finite second moment and
the Wasserstein distance on it.

Definition 1.5.2 (Measure with finite second moment). Let (X, d) be a com-
plete and separable metric space. We indicate with Po(X) the set of proba-
bility measures p € P (X) such that

[ ) duto) < o0

for some x € X (it is easy to see that if it holds for a point x € X then it
holds for every point). A measure p € Po(X) is said to have finite second
moment.
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Definition 1.5.3 (Wasserstein distance). Let pu, v € P5(X). Denoting with
7t and w2 the projections on the first and the second coordinate respectively,

7 (z,y) := z and 7*(z,y) ==y, we define

W2(p,v) = inf/dQ(x,y) dm(x,y), (1.5.2)

where the infimum is taken among all ®# € P(X?) such that wim = p and

2.0
TEw = V.

It turns out that the infimum in (1.5.2)) is always attained, i.e. it is actually
a minimum.

Proposition 1.5.4 (Wasserstein space). The map Wy : Po(X)x P5(X) — R
is a distance and (Po(X), W3), called Wasserstein space, is complete and sep-
arable. Moreover, if (X,d) is geodesic then the Wasserstein space is geodesic
too.

The Ricci curvature bound from below by K comes from a convexity
property (depending on the bound K) of the Boltzmann-Shannon entropy
along Wasserstein geodesics.

Definition 1.5.5 (Boltzmann-Shannon relative entropy). Let (X,d, m) be a
metric measure space such that there exist cy,co > 0 and x € X for which

m(B,(z)) < c1e?” for every r > 0. (1.5.3)

We define the Boltzmann-Shannon entropy for every u € P5(X) as

Bt (1) = {fxplogu)) dm if p = pm; (15.4)

400 otherwise.

Remark 1.5.6. Condition (|1.5.3)) is satisfied in every CD space, we introduce
this as further assumption here in order to give a good definition of entropy
for spaces with infinite mass too. |

Definition 1.5.7 (K-convexity). Let (X,d) be a metric space. We say that
a functional E : X — RU{+oo} is K-convez if for every x,y € E~1(R) there
exists a geodesic vy connecting them such that

B(y) < (1= 0B(w) + tBly) - 5 K1(1 ~ )d*(z, )

for every t € [0, 1].



1.5 RCD spaces 35

In the smooth setting, as proved in [SyR] (see also [OV] and [CEMS] for
preliminary results), K-convexity of the relative entropy is equivalent to the
lower bound on the Ricci curvature.

Theorem 1.5.8. Let M be a smooth, connected and complete Riemannian
manifold and let K € R. Then the following are equivalent:

i) for every x € M and v € T,M it holds Ric,(v,v) > K|v|?;
ii) the relative entropy Entye is K-conver on (P2(X), Wa).

Property (i7) can be formulated in any metric measure space, and this
motivates the following definition.

Definition 1.5.9 (CD(K, 00) condition). Let (X,d, m) be a metric measure
space and let K € R. We say that X is a CD(K, 00) space if the Boltzmann-
Shannon relative entropy defined in (1.5.4)) is K-convex on (P5(X), Wa).

The definition of CD(K, N) spaces with finite dimension bound N requires
more work. We recall three different definitions of it and see the relations
between them.

To begin we define the volume distortion coefficients 7 and the coefficients
0.

For every k € R and ¥ > 0 we denote by s, the solution of the Cauchy
problem

f"+rf=0, f(0)=0and f'(0) =1,

and can be written explicitly as
\/LE sin(y/k1) if kK > 0,
5.(0) =<0 it k=0,
\/%7 sinh(v/—xv) if k <O0.

Definition 1.5.10 (Volume distortion coeflicients). For t € [0,1], K € R
and N € (0, +00) we define

si /N (t0) ¢ K 92 K 92 2
o @) if 397 # 0 and {07 < 77,

o) =1t if B9? =0, (1.5.5)

+00 if $0? > 7’

and fort € [0,1], K € R and N € (1,400)

Tl({t,)N<79) —— (angl(ﬁD M (1.5.6)
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The CD(K, N) condition is a sort of convexity for the Rényi entropy
functional defined by

Smwm:—éwhm

where p is the density of the absolutely continuous part of p with respect to
m.

For the definition of CD(K, N) space we will focus on optimal geodesic
plans, which are geodesics connecting i and v with respect to the Wasserstein
distance.

Definition 1.5.11 (Optimal geodesic plan). Let p,v € P5(X) be such that
Wa(u,v) < +00. We say that w € P (Geo(X)) is an optimal geodesic plan
between p and v if (eo) 7 = u, (€)™ = v and

[@uan=[ [ asdnt) = Wi

We indicate with OptGeo(u, v) the set of optimal geodesic plans connect-
ng b and v.

Definition 1.5.12 (Curvature-Dimension condition). Let K € R and N €
[1,00). We say that a metric measure space (X,d,m) is CD(K,N) if for
every [, 1 << m with bounded support there exists ™ optimal geodesic plan
between po and py such that, indicating with p;m the absolutely continuous
part with respect to m of (e;).7, it holds

-5 — — 7
—/pt Mdm < _/Tl(é]\;’)(d(’)/Ov’Vl))pON (70)

1

+ 71w (d (0, 1)1 ¥ () dr ()

for every t € [0,1] and N' > N.

(1.5.7)

The following consistency result can be found in [SO6D].

Theorem 1.5.13. Let M be a complete connected Riemannian manifold with
Riemannian distance d and Riemannian volume m, and let K € R, N €
[1,400). Then the following are equivalent:

i) the metric measure space (M,d, m) satisfies the CD(K, N) condition;

i) for every x € M and v € T,M it holds Ric,(v,v) > K|v|* and M has
dimension at most N.



1.5 RCD spaces 37

In order to study a local-to-global property for the CD(K, N) condition,
K. Bacher and K.-T. Sturm in [BaSt] introduced a weaker notion of curvature-
dimension condition, the so called reduced curvature-dimension condition,
indicated with CD*(K, N).

Definition 1.5.14 (Reduced Curvature-Dimension condition). Let K € R
and N € (0,00). We say that a metric measure space (X,d, m) is CD*(K, N)
if for every po, 1 << m with bounded support there exists 7 optimal geodesic
plan between py and py such that, indicating with pym the absolutely contin-
uous part with respect to m of (e;).7, it holds

1

-3 - - N
_/pt ¥dm < —/a; t/)(d(%ﬁl))Po ¥ ()

1 (1.5.8)
+ oy (d(y0,m)pr Y () dre ()

for every t € [0,1] and N' > N.

The only difference between the definition of CD spaces and CD* spaces
is that in (|1.5.7) we used the coefficients 74 y as weights and in ([1.5.8) we
changed them with the coefficients o n.

From Definitions [1.5.12] [1.5.14] and [1.5.10] it follows easily that CD(0, N)
condition and CD*(0, N) condition are equivalent, indeed

(@) = ol () = .

From an easy computation we conclude that, for every K, € R and
N € (1,+00) it holds

oion (V) < Ty (), (1.5.9)

and if K > 0, defining K* := K%, it holds
Ty (0) < oy (). (1.5.10)
By Definitions [1.5.12} [1.5.14] and inequality (1.5.9) we conclude easily

that
CD(K,N) = CD*(K,N),

and for K > 0, using ((1.5.10)), that
CD*(K,N) = CD(K™,N).

We recall the definition of essentially non-branching space given in [RS].
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Definition 1.5.15 (Essentially non-branching space). A metric measure
space (X,d,m) is said essentially non-branching if for every u,v € Ps(X)
absolutely continuous with respect to the reference measure m any element of
OptGeo(pu, v) is concentrated on a set of non-branching geodesics, i.e. given
7 € OptGeo(p, v) there exists I' C C([0, 1], X) Borel such that w(I') =1 and
if v,n € T' coincide on the interval [0,t] for some t € (0,1] then v = .

In [CaMi| F. Cavalletti and E. Milman proved that the CD(K, N) con-
dition is equivalent to the CD*(K, N) condition for normalized essentially
non-branching spaces. A proof for spaces with infinite mass is still missing.

The third notion of curvature-dimension condition we recall here is due
to M. Erbar, K. Kuwada and K.-T. Sturm (see |[EKS]).

We indicate with 225(X,d, m) the set of probability measures on X with
finite entropy, and with Uy : Z2(X) — [0, +00] the map

Un(p) = exp (—% Entm(u)) :

We define CD®(K, N) spaces as the spaces for which the entropy satisfies
a (K, N)—convexity condition in the following way.

Definition 1.5.16 (Entropic Curvature Dimension condition). Given K € R
and N € (0,+00) we say that a metric measure space (X,d, m) satisfies the
entropic curvature-dimension condition CD®(K, N) if and only if for each
pair o, 1 € Ps(X,d, m) there exists a constant speed geodesic (fit)icjoa] C
P3(X,d, m) connecting uo to py such that for all t € [0,1] it holds

Un (1) > o5 (Wapto, 1)) Un (10) + 03¢ (Wapio, 1)) Un ().

In [EKS] it is proven that for essentially non-branching metric measure
spaces the CD*(K, N) condition and the CD®(K, N) condition are equivalent,
moreover, a major result from the same paper, is the equivalence between the

CD® condition and the weak formulation of the Bochner inequality (1.5.1)).

Theorem 1.5.17. Let (X,d, m) be a metric measure space. The following
are equivalent:

i) the space (X,d,m) is RCD(K, N), i.e. it satisfies the conditions of Def-
ination [1.5.1];

ii) the space (X,d,m) is infinitesimally Hilbertian and satisfies the entropic
curvature-dimension condition CD*(K, N).
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In [RS] T. Rajala and K.-T. Sturm proved that every infinitesimally
Hilbertian CD(K, 00) space is essentially non-branching. From this we con-
clude that, at least for normalized spaces, if we define RCD/RCD*/RCD®
spaces as "CD/CD*/CD+infinitesimal Hilbertianity" the three definitions
are equivalent. Given that, slightly abusing the notation, we will not distin-
guish between RCD, RCD* and RCD® conditions.

Remark 1.5.18. In [D] Q. Deng proved that RCD(K, N) spaces are non-
branching, i.e. if v, € Geo(X) coincide on the interval [0, t] for some ¢ € (0, 1]
then v =n. |

As anticipated in the Introduction, an important result holding true in
every CD(K, N) spaces is the Bishop-Gromov inequality. Its proof can be
found in [SO6D)].

Theorem 1.5.19 (Bishop-Gromov Inequality). Let (X,d,m) be a CD(K, N)
metric measure space with K € R and N € (1,400). Fiz p € X and let
p:=d(-,p).m. Then u = sL for some function s : [0,diam(X)] — R* such
that

—-N

T s(r)(sﬁ(r))l is not increasing on [0,diam(X)].  (1.5.11)

Also, the following integrated version of the monotonicity holds:

R m(BR(p))</O (5%(7"))]\7_1 dr)_l is not increasing on [0, diam(X)].
(1.5.12)

The Bishop-Gromov inequality for volumes (|1.5.12)) estimates the ratio of
the volume of balls, then an easy consequence is that every CD(K, N) space
is uniformly locally doubling.

Definition 1.5.20 (locally doubling space). We say that a metric measure
space (X,d, m) is locally doubling if for every x € X there are an open set
U > x and constants C, R > 0 such that

m(By,(y)) < Cm(B,(y))

for everyy € U and r € (0, R).
A space is said uniformly locally doubling if constants C' and R do not
depend on x.
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1.5.2 Convergence of (pointed) metric measure spaces
and stability

An important property of the class of CD(K, N) spaces is its stability. In lit-
erature several different convergences of metric measure spaces (and pointed
metric measure spaces) have been studied in this direction, for instance:

-) in [S06a] and [SO6b] Sturm defined a distance between normalized met-
ric measure spaces and proved that curvature-dimension bounds are
stable with respect to the convergence induced by that distance;

-) in [LV] Lott and Villani worked with proper pointed metric measure
spaces and pointed measured Gromov Hausdorff (pmGH) convergence
for CD(K, N) spaces (note that for N < +oo a CD(K,N) space is
always proper, but this is not true for N = +00) (see also [V]);

-) in |[GMS] Gigli, Mondino and Savaré introduced the so called pointed
measured Gromov (pmG) convergence to prove the stability in case the
space has infinite mass (and is not necessarily proper), so to cover also
the case CD(K,00). Then they proved that for uniformely doubling
spaces pmG and pmGH convergences coincide.

We recall the needed definitions and the compactness result for pmGH
convergence of CD(K, N) spaces (see [GMS] for the proof of the stability the-
orem and for more details about the convergence of metric measure spaces).

Definition 1.5.21 (Pointed metric measure space). A pointed metric mea-
sure space (X,d,m,x) is a quadruple where (X,d,m) is a metric measure
space (as in Definition and x is a fized point of supp(m).

Definition 1.5.22 (Pointed measured Gromov Hausdorff convergence). Let
(X1, dp, My, ) Jnen be a sequence of pointed metric measure spaces. We say
that ((X,,dp, My, ) )nen converges in the pointed measured Gromov Haus-
dorff sense t0 (X, doo, Moo, Too) provided that there exist two sequences R, 1
+00 and €, | 0 and Borel maps f, : X, = X such that the following hold:

-) fulTn) = Too;
-) Sup |dn(z,y) — deo (fu (), fu(y))| < en;

x,y€BR,, (zn)
-) the e,-neighborhood of f.(Bg, (x,)) contains Br, ¢, (Too);
-) for every ¢ € Cps(Xoo) it holds

n—oo

lim [ po f,dm, = / pdmg.
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pmGH

We denote this convergence with (X, dp, My, T,) — (Xoo, doo, Moo, Too)-

Theorem 1.5.23. Let ((X,,,dn, My, ) )nen be a sequence of pointed met-
ric measure spaces such that for every n € N the space (X,,d,,m,) is
CD(K,, N,) (resp. RCD(K,,N,)) for certain K,, € R and N, € [1,400).
Moreover assume that K, - K € R, N, = N € [1,+00) and
0< limlnfmn(Bl(xn)) < limsup m, (B (x,)) < +o0.
n—-+00o

n—-+o0o

Then (X, dp, My, ) )nen has a subsequence that converges to a CD(K, N)
(resp. RCD(K, N)) space (Xoo, doo, Moo, Too )-

1.6 Second order differential calculus

The goal of this section is to give the definition of Hessian and covariant
derivative in RCD spaces and see their calculus rules.

We start giving the definition of tensor product of Hilbert modules.

If 5" and 2 are the L°(m)-completions of two Hilbert modules 4
and %, we indicate with J4° ®4;, 74" the space of formal finite sums of
objects of the form v ® w with v € J£° and w € J4°, with (v,w) — v @ w
being bilinear. On 7’ ® 4, 7" we define a "scalar product” in the following
way: for every vy, vy € J4° and wy, wy € H4° we define

(V1 ®@ Wy, vy ® wa) 1= (vy, v2) (W, W) € Lo(m%

then we extend it by linearity.
The scalar product just defined is symmetric and the following hold:

(A,A) >0 m-a.e. for every A € H° @ a1, H;
(A,A) =0 m-a.e. on F if and only if XgA = 0;
f(A,B) = (fA,B) m-a.e. for every A, B € J° @u, 7 and f € L°(m).

Definition 1.6.1 (Hilbert-Schmidt norm). On J4° @4, 74 we define the
Hilbert-Schmadt norm as

| Alns == /{4, A).

Definition 1.6.2. We define the space H° @ 5 as the completion of
HE0 @ py A with respect to the distance

dg(A, B) =) 2im1(El-) /(|A — Blus A1) dm,

€N

where (E;)ien 18 a Borel partition of X in sets of positive measure.
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Definition 1.6.3 (Tensor product of Hilbert modules). The tensor product
4 @ A is defined as the subset of J° @ A, with L*(m) Hilbert-Schmidt

norm.

We observe that the space 4 ® 7 endowed with the norm

41 =/ [ 1A dm

is a Hilbert space. It easily follows that J# ® 745 is a Hilbert module.
We introduce now the following notation.

Definition 1.6.4. Let (X,d,m) be an RCD(K, 00) space. Then we define
L2((T*)#?X) := L}(T*X) ® L*(T*X).

Given A € L*((T*)®**X) we indicate with A(v,w) the function A(v ® w) €
L%(m) for every v,w € L*(TX).
Similarly, we define L*(T®*X) := L*(TX) ® L*(TX).

We observe that L2((T*)®?X) can be seen as the dual of L*(T%%X) via
the duality map
(w®n)(v@w) = wv)n(w)

for v,w € L?(TX) and w,n € L*(T*X).

In order to define the space I/Vlicz(X) and the Hessian of a function we
recall the definition of test functions, which are the most regular functions
we can consider in the non-smooth setting, and they will be used instead of
the C2° functions.

Definition 1.6.5 (Local test functions). Let (X,d,m) be an RCD(K, o0)
space with K € R. We define the set of local test functions as
Testioe(X) := {f € LIP(X) N L2 (X) N D(Ape) : Af € WA(X)}.

loc

From the weak Bochner inequality follows that for every function
f € Testyoe(X) it holds [Df| € W,2(X). A consequence of this fact is that
the set of local test functions is an algebra and it is dense in W,?(X).

The following result provides the existence of good cut-off functions (for
the construction see [MN], for similar results [AMS] or [GP20]).

Proposition 1.6.6 (Good cut-off functions). Let K € R, N € (1,+00)
and let X be an RCD(K, N) space. Then for every 0 < r < R < +o0,
every compact K C X and every open U C X such that diam(U) < R and
d(P,U¢) > r there exists a function n € Testy.(X) such that
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i) 0<n<1onX,supp(n) CU andn=11in P,

i) r|Dn| + r*|An| < C, where C' depends only on R, N, K.

We give now the definition of W;2*(X) and Hessian of a function f €
W2(X).

loc

Definition 1.6.7 (W;2?(X) space and Hessian). Let K € R and let (X,d, m)

be an RCD(K, o0) space. For f € Wif(X) we say that [ € I/VZQOCQ(X) if there
exists A € L ((T*)®?X) such that

2 / P ATy, Vi) dm = — / (V £, Vi) div(pVis) + (V £, Viba) div(o Vi)
V£,V (Vi Vo)) dm

for every 1,10 € Testy.(X) and ¢ € LIP,s(X).
Such tensor A is uniquely determined and it will be denoted by Hess(f).

Remark 1.6.8. This definition is justified by the following formula on Rie-
mannian manifolds: let M be a Riemannian manifold, then for every functions

[, € C(M) it holds

2Hess(f) (Y1, 12) = (V(V [, Vi), Vibo) + (V(V f, Vi), Viy)
- <V<V¢1, V%), Vf)

The existence of many VVif functions is given by the following inclusion
result proved in [G18b].

Proposition 1.6.9. Let (X,d, m) be an RCD (K, 00) space with K € R. Then
Testioe(X) € D(Ape) € W2AH(X).

loc

The set of local test functions is not dense in W,2%(X), then we define the

space H.2(X) as the closure of Testy,.(X) in W27 (X).

loc

Definition 1.6.10 (The space H>*(X)). Let (X,d,m) be an RCD(K, o)

loc

space with K € R. We define the space Hy:2(X) C W22(X) as the collection

of all functions f € VVif(X) such that the following holds: for any U C X
open bounded there is a sequence (fy,) C Test;oe(X) such that

an — fHLQ(U) + |den — dfl”LQ(U) + Hl Hess fn — Hess f‘HS”Lz(U) —0

as n — 0o, where here and in what follows we denote by | - |us the pointwise
norm in L2 (T%?*X).

loc
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We see now some calculus rules for the Hessian.

Proposition 1.6.11 (Leibniz rule for the Hessian). Let f,g € W2*(X) N
LIP;,e(X) N L3S (m). Then fg € W22(X) and

loc
Hess(fg) = f Hess(g) + gHess(f) +df ® dg + dg @ df
holds m-a.e. in X.

Proposition 1.6.12 (Chain rule for the Hessian). Let f,g € W22 (X) N

LIP,.(X) and let ¢ € C*(R) such that ¢’ and ©" are bounded and p(0) = 0.
Then po f € VV;?(X) and the following formula holds m-a.e.:

Hess(po f) = ¢’ o fHess(f) + ¢" o fdf @ df. (1.6.1)

Proposition 1.6.13 (Product rule for gradients). Let f,g € H2>(X) N
LIP;oe(X). Then (Vf,Vg) € W*(X) and
d(Vf,Vg) = Hess(f)(Vyg,-) + Hess(g)(V [, ") (1.6.2)
holds m-a.e. in X.
As we saw for the Hessian, thanks to an identity on Riemannian manifolds

we can define the covariant derivative on RCD spaces. On M Riemannian
manifold, for every v vector field and ¢, € C°°(M) it holds

<VV<PU> v¢> = <V<U7 Vw% VSO> - Hess(g[;) (Ua VSO)
We indicate with : the scalar product between two elements of L?(T%%X).

Definition 1.6.14 (Covariant derivative). Let (X,d, m) be an RCD(K, o0)
space for a certain K € R. The space Wé’Z(TX) s the set of vector fields
v € L2(TX) for which there exists T € L*(T®?X) such that for every o,, & €
Test(X) it holds

/ﬁT (Ve ®@ Vip)dm = — /(v, V) div(€Vp) + & Hess(¢) (v, V) dm.
Such T, which is uniquely determined, is called covariant derivative of v and
denoted by V.

Remark 1.6.15. The space W5*(TX) with the norm

%

lellwazersy = (IolZaer) + IV0lEgren )

is a separable Hilbert space. Moreover, denoting with f the Riesz isomor-
phism between L?((T*)®?X) and L*(T#?X), for every f € H*?*(X) N LIP(X)
it holds Vf € WH(TX) and V(Vf) = (Hess(f))*. |
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The covariant derivative satisfies the following Leibniz rule.

Proposition 1.6.16 (Leibniz rule for the covariant derivative). Let X be an
RCD(K, o0) space. Let v € W5(TX) N L=(TX) and f € WH2(X) N L®(m).
Then fv € WE(TX) and

V(fv)=Vf®uv+ fVo.
We conclude this section recalling the definition of test vector field.

Definition 1.6.17 (Test vector field). Let (X,d,m) be an RCD(K, o0) space
with K € R. We define the set of test vector fields as

TestV(X) := {Zgini :n € N and f;, g; € Test(X) fori=1, ,n} .

=1

Similarly to test functions and W??%(X), it holds TestV(X) is contained
W& (TX), but it is not dense in it. Then we indicate with H;*(TX) the
closure of TestV(X) in W5*(TX).

1.7 Warped product spaces

As we saw in the Introduction, all rigidity theorems state that, under certain
hypotheses, the space is isomorphic to a warped product space R x,, X’. In
this section we define warped products of metric measure spaces and see how
the Sobolev spaces behave on them. All these results can be found in |[GHI.

Definition 1.7.1 (Warped kinetic energy of curves). Let (X,dx) and (Y,dy)
be length spaces and let wy : Y — [0,+00) be a continuous function. For
every curve v := (7Y, ¥%) with v¥ € AC(Y) and v* € AC(X) we define its
wq-kinetic energy as

1
KE,[y] = / A + @l ) REP .
0

In a natural way we define the warped distance and the warped product
of metric spaces.

Definition 1.7.2 (Warped product of metric spaces). Taken two length
spaces (X,dx) and (Y,dy), let wq : Y — [0,400) be a continuous func-
tion. For every points p,q € X X Y we define the pseudo-metric d,(p,q)
as

dw(p, q)? == inf {KE,[y]},
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where the infimum is taken among the curve v = (v¥,~*) such that v¥ €
AC(Y), v* € AC(X), v =p and 1 = q.

We denote with (Y X, X, dy,) the completion of the quotient of Y x X with
respect to the equivalence relation induced by the pseudo-metric d,.

We indicate with 7 : Y x X = Y X, X the quotient map induced by d,,.

Definition 1.7.3 (Warped product of metric measure spaces). Assume that
(X,dx,mx) and (Y,dy,my) are two complete, separable and length metric
spaces equipped with non-negative Radon measures, and let wy,wy @ Y —
[0,00) be continuous functions. Moreover, assume that at least one of the
following holds:

-) myx is a finite measure;
-) wq is always positive.

The warped product space (Y X X, dy, my,) is defined as the warped prod-
uct of metric spaces (Y X, X, dy,) equipped with the Radon measure m,, defined
as

my, = 7, ((Wpmy) X mx) .

Remark 1.7.4. The alternative conditions in Definition [1.7.3] (mx finite or
wq never 0) are needed to ensure that the measure m,, is Radon. [ |

In all the work we indicate with (y,z) the elements of Y x,, X, omitting
the quotient map.

We introduce some notations and assumptions that we are going to use
along this section.

Assumption 1.7.5. Let (X,d,m) be a metric measure space and I C R
be a closed and possibly unbounded interval. Given wy, wy : I — [0, 400)
continuous functions, assume that at least one of the alternative conditions
in Definition[1.7.3 is satisfied. Then we indicate with (X, dy, my,) the warped

product space I X, X with warping functions wy and wy,.

The first result we recall from [GH] is the characterization of the Sobolev
space on warped product spaces. It relates the Sobolev space of X, with the
ones of the quotient spaces and tells us who the minimal weak upper gradient
of a Sobolev function in X, is.

Theorem 1.7.6. Given Assumption f e WH(X,,) if and only if the

following conditions hold:

i) for m-a.e. v € X the map f@ := f(-,x) is in W'2(R, dgyer, wnL1);
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ii) for L'-a.e. v € R the map f) = f(r,-) is in WH3(X,d, m);
iii) the identity

_ () 1
|Df|§<w(7’, z) = [DfPR(r) + w2 (r)

[DfO () (1.7.1)

holds for my-a.e. (r,x).

The proof of points (i) and (i) is an easy consequence of Theorem [1.2.16
and Fubini’s Theorem, while the proof of point (iii) follows from a nontrivial
comparison argument with the Cartesian product case (wy = wq = 1).

The second result we recall from |GH] studies the Sobolev-to-Lipschitz
property for warped product spaces.

In general it is not true that if X has the Sobolev-to-Lipschitz property
then the warped product space I x, X has it too. For instance it is triv-
ial to observe that if w, is 0 on some interval J C I which disconnects [
then m,, has disconnected support, and this violates the Sobolev-to-Lipschitz
property. Even assuming w,, strictly positive it is not clear if the Sobolev-
to-Lipschitz property passes to the warped product space or not. In order to
prove the Sobolev-to-Lipschitz property for the warped product space then
Gigli and Han introduced a variant of the length property which takes into
account the measure.

Definition 1.7.7 (Measured-length space). We say that a metric measure
space (X,d,m) is a measured-length space if there exists a Borel set A C
X whose complement is m-negligible with the following property: for every
xg,x1 € A there exists € > 0 such that for every 9,1 € (0,¢| there is a test
plan 7 such that

-) the map (0,€]? 3 (g9,€1) — w! is weakly Borel in the sense that for
any ¢ € Cy(C([0,1],X)) the map

(0,¢]* 2 (g0,€1) = /gpdﬂ-so’al
18 Borel;

-) for every q,£1 € (0, ] we have

1 1

€0.61 _ m o). r0et —
Bt (T = B )

m( Bz, (20))

(€0)sm

m Bgl (Il)’



48 Chapter 1. Preliminaries

-) we have

1
fimsup [ [ 5 dt a1 (3) < d(an, 1)
0

€0,£140

The measured-length property and the a.e. locally doubling property (a
variant of Definition [1.5.20|requiring that the property described in Definition
holds for every x € B with B C X with m-negligible complement
instead that for every x € X) both passes to the warped product space.
Notice also that in case wy and wy, strictly positive (as we have in Chapters
and [3) the locally doubling property pass to the warped product space.

Proposition 1.7.8. Consider assumptions and notations as in Assumption
moreover assume that wy 1s striclty positive in the interior of I and
that X is a measured-length space. Then the warped product space I X, X is
a measured-length space.

Proposition 1.7.9. Consider assumptions and notations as in Assumption
and assume that X is a.e. locally doubling. Then the warped product
space I X, X is a.e. locally doubling.

We conclude this section seeing how the last two definitions are related
to the Sobolev-to-Lipschitz property.

Proposition 1.7.10. Let (X,d,m) be an a.e. locally doubling measured-
length space. Then it has the Sobolev-to-Lipschitz property.

In particular, the following theorem holds.

Theorem 1.7.11. Consider assumptions and notations as in Assumption
moreover assume that X is an a.e. locally doubling measured-length
space and that wy s strictly positive in the interior of I. Then the warped
product space I X, X is an a.e. locally doubling measured-length space. In
particular, it has the Sobolev-to-Lipschitz property.

1.8 Regular Lagrangian Flows

As we stated in the Introduction, the strategy to prove rigidity theorems is
based on taking a "good" function and studying the flow of its gradient. In
Section [L.3] we defined the gradient of a function and the space of vector fields
thanks to the theory of normed modules. In this section we give the notion
of Regular Lagrangian Flow and some useful properties such as existence,
uniqueness and regularity. This theory is due to R. J. DiPerna and P.-
L. Lions (see [DPL]) in the Euclidean space (see also [A]) and generalized
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to the metric setting by L. Ambrosio and D. Trevisan in [AT14] (see also
[AT15]). We refer to [GR18| for a reformulation of the results in [AT14]
using differential calculus in RCD spaces.

As in the smooth setting, there are two approaches to this problem: La-
grangian and Eulerian.

The former studies the trajectories of particles: given v; time dependent
vector field, for x € X we want to find a curve ~ : [0,7] — X that in some

sense satisfies
’Yé = Ut(fyt)v
Yo = X.

The Eulerian approach studies how the mass changes in time in a fixed
point: as before, let v; be a time dependent vector field, then given a starting
measure i, the push-forward measure with respect to the flow u, := (Flg”t))*ﬂ
must satisfy, in a weak sense, the continuity equation

%Ht + div(vyp) = 0,
Ho = M-

In this section we recall the definitions of Regular Lagrangian Flow and
weak solution of the continuity equation in the non-smooth setting, we see
how the two approaches are related and we state an existence and uniqueness
theorem for the flow of a regular enough vector field. We conclude recalling
a regularity theorem (from [BS20b]), which states that if a vector field has
bounded (symmetric) covariant derivative then its Regular Lagrangian Flow
admits a Lipschitz representative, and some properties of flows of vector fields
that do not depend on time.

In this section we assume that (X, d, m) is an RCD(K, o0) space for some
K eR.

Definition 1.8.1 (Solution of the continuity equation). Let p : [0,T] —
P(X) and v : [0,T] — L°(TX) be Borel maps. We say that they solve the
continuity equation

d
E,ut + diV(Ut,LLt) =0 (181)
if the following conditions hold:

i) there exists C > 0 such that puy < Cm for every t € [0,T);

T
/ /|Ut\2d,ut dt < +o0;
0

ii) it holds
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i) for every f € WHA(X) the map t — [ fdu is absolutely continuous
and for a.e. t € [0,T] it holds

%/fd,utZ/df(Ut)dﬂt'

Existence and uniqueness of solutions of the continuity equation in the
sense of Definition can be established under suitable regularity assump-
tion on the vector field v;. Among other things, a control on the covariant
derivative Vv, is required.

Theorem 1.8.2 (Uniqueness of solutions of the continuity equation). Let
(v) : [0, T) — L*(TX) be Borel and such that vy € D(div) for every t € [0,T)].
Moreover, assume that |||v |2y € L'(0,T), ||div(vy)|lr2@m) € L'(0,T),
| div(v) " [[ree € L®(0,T), and ||[Vug||r2rezx)y € L'(0,T). Moreover, let
p € P(X) be such that i < Cm for a constant C > 0.

Then there exists a unique i : [0,T] — P(X) such that the couple (p,v)
s a solution of the continuity equation (L.8.1)) with py = f.

Passing now to the Lagrangian approach, we recall the definition of Reg-
ular Lagrangian Flow.

Definition 1.8.3 (Regular Lagrangian Flow). Let (v) : [0,T] — L*(TX) be
Borel. We say that a map Fl : [0,T] x X — X is a Regular Lagrangian Flow
associated to (vy) if the following are satisfied:

i) there exists C' > 0 such that

(Fl;)sm < Cm for every t € [0,T]; (1.8.2)

ii) for m-a.e. x € X the function [0,T] > t — Fly(x) is continuous and
satisfies Flo(z) = x;

iii) for every f € Test(X) it holds that for m-a.e. x € X the function
(0,7) >t — foFl(x) is absolutely continuous and

d
3 0 Fle(x) = (Vf. 1) o Fly(z) (1.8.3)

for a.e. t € (0,T).

Regualar Lagrangian Flows can be characterized via the following propo-
sition.
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Proposition 1.8.4. Let (v;) : [0,T] — L*(TX) be Borel and such that |v;| €
L>([0,T], L>(X)). Moreover, let Fl : [0,T]xX — X be a Borel map satisfying
(i) and (ii) of Definition[1.8.5 Then the following are equivalent:

i) Fl is a Regular Lagrangian Flow associated to (v;);

i) for every f € WH3(X) the map [0,T] > t — foFl, € L*(X) is Lipschitz

and
Flon — f o Fl
lim foFlun=foF _ df(v) oFly  forae t€[0,T], (1.8.4)
h—0 h

the limit being intended in L*(m);

iii) for every f € W,b3(X) the map [0,T] > t = foFl, € L} (X) is Lipschitz

and for a.e. t € [0,T] formula (1.8.4) holds with the limit being intended
in L7 (m).

As mentioned before, existence and uniqueness of Regular Lagrangian
Flows are related to existence and uniqueness of solutions of the continuity
equation.

Theorem 1.8.5 (Existence and uniqueness of Regular Lagrangian Flows).
Let (v;) be as in Theorem [1.8.9 Then there exists a unique Regular La-
grangian Flow Fl, associated to v,.

Uniqueness is intended as: if both Fl and F\ are two such flows, then for
m-a.e. z we have Fly(x) = Fly(x) for any t € [0,T].

Moreover, the following hold:

-) for m-a.e. x € X the curve t — Fli(z) is absolutely continuous and

ms(Fl.(x),t) = |v] o Fy(x) a.e. t €10, 1]; (1.8.5)

-) indicating with p; the unique solution of the continuity equation given

by Theorem [1.8.9, u; satisfies

ue = (FIL). .

We conclude recalling a regularity theorem about Regular Lagrangian
Flows. Its proof is due to E. Brué¢ and D. Semola and can be found in
[BS20b].

They introduced the notion of symmetric covariant derivative defined as
follows.
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Definition 1.8.6 (Symmetric covariant derivative). The space Wéi(T X) is
defined as the space of all vector fields v € L*(TX) for which there exists a
tensor S € L*(T®?X) such that for every ¢,1y,1y € Test(X) it holds

2 / oS (Viby, Vi) dim — / (o, Vi) div( Vi) — (v, Vo) div(pVe)
+ div(pv)(Vib, Vibg)) dm.

The tensor S s called symmetric covariant derivative of v and we denote it
with Vgymv. We endow the space Wéi(TX) with the norm
2 ) 2 2
||UHW£(TX) = HUHL2(TX) + ||vsymv||L2(T®2X)'

As noted in [BS20b], WA*(TX) Wéi(T X) and the symmetric covariant
derivative of a vector field is the symmetric part of its covariant derivative
whenever the latter exists.

Let (v;) be a time dependent vector field such that for every ¢t € [0,T] it
admits a symmetric covariant derivative. We define

L(v) == sup |[Vaymvelze.
t€[0,T]

Theorem 1.8.7. Let (X,d, m) be an RCD(K,N) space. Assume that (v;)
satisfies the hypotheses of Theorem and assume that L(v) < +oo. Then
the Regular Lagrangian Flow Fl of (v;) admits a Lipschitz representative and
for every x,y € X it holds

d(Fl,(z), Fl,(y)) < eHd(z,y).

Remark 1.8.8. In [BS20b| the authors assumed the space to be compact
in order to deduce Lipschitz regularity of the flow. This was needed as they
were using the main result in [GT18| that, at that time, provided a necessary
second-order differentiation formula on finite-dimensional and compact RCD
spaces. A subsequent improvement of this paper [GT21] established the
same second-order differentiation formula in the non-compact setting, thus
allowing Brué-Semola’s result to be extended to the non-compact setting. B

We consider now an autonomous vector field (v;), i.e. such that there
exists v € L*(TX) which satisfies v; = v for every t € [0, T].

Let v be as in Theorem [I.8.5] From Theorem follows easily that Fl
can be extended uniquely to a map [0,4+00) x X — X such that for every
t,s € [0,+00) it holds the group property

Flt o Fl5 = F|t+s m-a.c., (186)
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where, as in Theorem uniqueness is to be intended up to a negligible
set of trajectories.

Assuming that div(v) € L*°(m) (notice that before we only assumed
that its negative part was in L>°(m)) and denoting with FI™" the Regular
Lagrangian Flow of —v, it holds (see for instance [GR18| Lemma 3.18]) that
FI." o Fl; = Id for every ¢ € [0, +00), then, defining FI_; := FI,” for every
t € [0,400) we can extend the flow Fl on R x X and in this case the group

property ([1.8.6) holds for every t,s € R.
Moreover the following holds:

in (i) and (i) of Proposition we can replace "Lipschitz"

1.8.7
with "C'" and formula holds for every t. ( )
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Chapter 2

A general splitting principle on
RCD spaces

In this chapter we present the main result of |[GMa]: the general splitting
principle Theorem

2.1 Producing a coordinate function

In the practice of studying rigidity properties of spaces with lower Ricci
bounds, one often finds out a function u with somehow controlled gradient
and Laplacian and for which equality holds in the Bochner inequality, and
this in turn gives information about the structure of the Hessian of u. The
typical informations of u are the identities

|duf = pou,
Au=¢ou,
Hess(u) = ¢ o u|du|Id + C o u |du|e; ® ey,

where e; = |§—Z| on |Vu| > 0, for suitable functions ¢, ¢, ¢, ¢ : R — R.

As we shall see, when this occurs the space splits as warped product
R %, X" and the ‘R-coordinate’ of the isomorphism is the post-composition
of u with a suitable function n: R — R.

To have a better understanding of the warped product we will ultimately
obtain, it is convenient to identify right now who is such suitable post-
composition. This is the scope of the following lemma, whose proof only
relies in handling chain rules.

5)
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Lemma 2.1.1 (Producing a coordinate function). Let K € R, N € [1,+00)
and let (X,d,m) be a RCD(K, N) space. Assume that u € H2>(X) satisfies

loc
|dul =pou  m-a.e (2.1.1)
for some ¢ = u(X) — (0,00) in CLL. Put ¢; := % (this is m-a.e. well
defined as [Vu| > 0 m-a.e. as a consequence of our assumption on @) and
assume that for some locally Lipschitz functions ¢, : u(X) — R we have

Hessu = ¢ o u|du[ld + ¢ o u|dule; ® ;. (2.1.2)
Then 3
¢ =C+¢, (2.1.3)
any function 1 : u(X) = (0,00) in CL! such that ' = %0 is invertible and the
function b :=nowu is in Hp2(X) with
db| =1, (2.1.4a)
Hessb=(on 'ob(ld—e; ®e). (2.1.4b)

If moreover we have u € D(A,.) with Au = £ ou for some £ : u(X) - R
Borel locally bounded, then b € D(A,.) with

Ab=(5—¢)ontob. (2.1.5)
Proof. Since u € H2*(X) is with |du| € L2(X) (by (2.1.1)) we have that

loc loc

|du| € WE2(X) (recall (1.6.2)), thus we can write
¢ oudu = d|du| = Hessu(%) = (Cou+Cou)du
and since |du| > 0 m-a.e., property (2.1.3)) follows.

The fact that 7 is invertible follows directly from 7' = %p > 0 and the fact
that b € H.>(X) from the chain rule noticing that:
-) if w € Testo(X) and ¢ € C72 (u(X)), then @ ou € Test;(X) (by direct
computation);
-) formula (1.6.1)) shows that if w is also locally Lipschitz, then the Hessian
of p ou is locally in L2

Then (2.1.44)) follows from |db| = 1’ o u|du| = (') o u and the choice of 7.
For (2.1.4b)) we use the chain rule for the Hessian ((1.6.1) to compute

Hessb = 7' o uHessu + 1" o udu ® du
(by (2.1.1),(2.1.2)) =Could+(oue, ®e; — ¢ oue; ®e
by @13) =Coulld—e @e),

which is (2.1.4b)). The last claim is also a direct consequence of the assump-
tions and of the chain rule for the Laplacian (|1.3.1)). [
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2.2 Set up and statement of the splitting result

From now on we shall assume the following:

a)
b)

(X,d, m) is an RCD(K, N) space, K € R, N < oo, with supp(m) = X.

b: X — R is a function in Hfoc2 N D(Ay,.) such that
|db| =1, m-a.e. (2.2.1a)
Ab = 1), ob, (2.2.1b)
Hessb = t¢qob(Id —e; ® ;) where e; := Vb = %, (2.2.1¢)

for some ¥y, g : R — R locally Lipschitz. By (2.2.1a]) and the Sobolev-
to-Lipschitz property, b has a 1-Lipschitz representative and we shall
always identify it with such representative.

These assumptions have the following rather direct consequences:

)

The Regular Lagrangian Flow Fl : R x X — X of Vb is well defined.
Indeed, for n € LIPy(X) the vector field nVb admits a Regular La-
grangian Flow thanks to the properties . Then taking into ac-
count the finite speed of propagation of this flow (from and
(1.8.5)) it is easy to see that taking 1 equal 1 on a ball of radius R and
then letting R 1 oo and using the fact that div(Vb) = Ab is bounded
on the level sets of b we can find the desired flow (Fl;).

FI: Rx X — X has a continuous representative, still denoted by Fl, and
its Lipschitz constant on [—T,T] x X is bounded for every T" > 0. Such
Lipschitz regularity follows from the fact that the covariant derivative
of Vb is bounded on b~!([-T,T]), because of (2.2.1d), and Theorem
L3817

The formula
b(Fl(z)) = b(x) + ¢ (2.2.2)

holds for every t € R, z € X. Indeed, we know from that for m-
a.e. x the function ¢ +— b(Fl,(z)) is in W2 (R) (in fact locally absolutely
continuous, as b is Lipschitz) with derivative equal to |db|?*(Fl;(z)).
By integration and using (1.8.2) we see from that for given
t € R the formula holds for m-a.e. . The claim follows by the

continuity of Fl and b.
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-) For any two z,y € X with b(z) = b(y) there is a Lipschitz curve joining
them lying entirely on the same level set. Indeed, if v is any Lipschitz
path connecting x any y, say a geodesic, then t +— Fly)_p(y,) (7¢) is still
Lipschitz (by the above Lipschitz regularity) joins x and y and lies on

the same level set of z,y (by (2.2.2)).

We can now define the metric measure space (X', d’;m’) by putting X’ :=
b~1(0) and then defining

1
d(z,y)? = inf/ 1| dt, (2.2.3)
0

the inf being taken among all continuous curves 7 : [0, 1] — X’ C X joining
x and y and

1
m =t Pr*(m‘b—l([o,l}))7 for c:= /0 W dL, (2.2.4)

where Pr : X — X' is defined as Pr(z) := Fl_;)(z), and wy is a positive
function that we will define soon (see and (2.2.10)), for now it is
enough that ¢ is a positive constant). It is clear that d’ is a (finite) distance
on X' and, since clearly from the above Pr is locally Lipschitz, that it is
complete and induces the same topology on X’ as the one induced by d.
Then obviously m’ is a Borel measure and from below it easily follows
that it is finite on bounded sets (and thus Radon).

We also define
T: X — R x X',

v = (b(x),Pr(x)) (2.2.5)

and notice that
T is locally Lipschitz, invertible, with locally Lipschitz inverse,  (2.2.6)
where on R x X’ we are, for the moment, putting the distance
d((t ), (s,y) == d'(z,y) + [t — s].

Indeed, the local Lipschitz regularity of T is obvious. For the other inequality
notice that

d(z,y) < d(Flp)(Pr(2)), Flo@) (Pr(y))) + d(Flo@) b (), v) (2.2.7)

for every z,y € X, and use that ¢ — Fl,(y) is 1-Lipschitz (by (2.2.1a]) and
(1.8.5))), that FI, : X’ — X is Lipschitz uniformly on z € [—T,T] for any
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T > 0 (by Theorem applied to the vector field n o bVb with 7 smooth
cut-off function with bounded support) and that d < d’ on X’ (obviously
from the definition). Observe also that

the inverse of T is the map (¢, 2") — Fly(z') (2.2.8)
as it is easily seen from the definitions recalling also (2.2.2]).

With this said, we now want to equip the set R x X’ with a warped product
structure. To this aim, let us introduce the locally absolutely continuous
functions wy, wy : R — (0, +00) defined by

(log<wm)), = ¢m7 (2.2.9&)
(log(wq))" = v, (2.2.9b)

normalized in such a way that
Wy (0) = wqy(0) = 1. (2.2.10)

Then on R x X" we define the (Radon) warped product measure m,, by the
formula

/f(t,x) dm,, :z/(/f(t,m) dm’(:p))wm(t) AL (t) (2.2.11)

and the warped product distance d,, as

1
2 . . .
du ((t,2), (5,9)) =1Hf/ [ * + w3 () |3 dr, (22.12)
0

the inf being taken among all absolutely continuous curves v : [0, 1] — X" and
n :[0,1] — R joining x to y and ¢ to s respectively. Since wy is continuous
and strictly positive, it is clear that d, is locally equivalent to (i.e. up to
multiplicative constants controls and is controlled by) the distance d, used
above. In particular, it induces the product topology.

We can now state the main result of this chapter (which is, stated slightly
differently, Theorem .

Theorem 2.2.1. Under the assumptions (a,b) stated above, the following
holds.

The map T defined in s a measure preserving isometry from X to
R x,, X', the latter being the space R x X' equipped with the distance d,, and
the measure m,,.

The proof of this result will come as a result of the analysis in the following
sections, the conclusion being in Section
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2.3 Behaviour of the measure under the flow

Let us define the locally Lipschitz map R? 3 (¢, 2) — Uy 4(2) € R as

Uy (2) = L2l (2.3.1)
Then from ([2.2.9al) we get
OVmi(2) = —m(z — 1) Uns(2), and Uno=1 (2.3.2)
and
OV + 0,V + YV = 0. (2.3.3)

Lemma 2.3.1. With the same assumptions and notation of Section and

Jor Wy, defined as in (2.3.1)) we have

Proof. Recalling the simple implication "T,u = v implies T} (pu) = poT 10",
and by the finite speed of propagation of the flow, to conclude it is sufficient
to prove that for any Lipschitz probability density p with bounded support
we have (Fl;).(pm) = pym, where p, = (po Fl_;) (U, 0 b).

By the uniqueness result for the continuity equation (that is central for
the theory of Regular Lagrangian Flows, see Section , this latter claim
will follow if we prove that (p;) solves

Oypi + div(p,Vb) =0 a.e. t.

Notice that (t,z) +— p(z) is Lipschitz, thus the computations that we
are going to perform are justified. Now observe that letting h — 0 in

poFI,toFI’_Zh—PoFLt we see that 0,(po Fl_;) = —(V(po Fl_,), Vb), thus

Opr = —(V(poFl_y),Vb) Uypyob+4 (poFl_y)(0Wny)ob.
On the other hand

div(p,Vb) = (Vp, Vb) + p;Ab
= (V(poFl_,),Vb) ¥y, 0b+ (poFl_)(9.Vy,) ob|db]* + p,Ab,

thus recalling (2.2.1)) and adding up we conclude that

8tpt + le(ptVb) = (p © Fl—t) (atqjm,t + 8Z\I[m,t + 1/}m\11m,t) ob = 07

as desired. O
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For B C X’ Borel we define B C X as
B:=FI'(B)=JF;'(B) = {FW(B) : t e R}. (2.3.5)
teR

Clearly B is Borel. Then we have the following.

Lemma 2.3.2. With the same assumptions and notation of Section (re-

call in particular the definition (2.2.9a)) and the normalization (2.2.10)) the
following holds.

Let B C X" be Borel and put p = b*(m‘B). Then
(tr)apt = Win s 0, for every t € R, (2.3.6)
where try : R — R s the translation map sending z to z +t and moreover
p=m'(B)wy L. (2.3.7)

Proof. If m'(B) = oo the conclusion follows from the definition of m’ and

(2.3.4), thus we assume m'(B) < oo. By (2.3.4) and the invariance of B
under the flow it follows immediately that (F|t)*(m|]§) = Upyobm|,. Then

(2.3.6)) follows from
2.2.2))
(tr0).p = ()b (] ) B2 b (FL). (m )
= b*(qjm,t o bm‘B) = \Ijm,t b*(mlé) - \Ijm,t,ua

where the starred equality is justified by

/gpdb*(\Ifm,t o bm|B) = /(w\lfm,t) o bdm|B = /gp\Ifmvt db*(m|B).

Averaging ([2.3.6]) in ¢ we see that the left hand side becomes absolutely
continuous with respect to £', thus showing that pu < L', say p = pLl.

Then becomes: for any t € R we have p(z —t) = Uy4(2)p(2) for
L'-a.e. z. From this identity and 0, ¥n|,_; = —wm (that comes from (2.3.2))
it easily follows that the distributional derivative p’ of p satisfies p' = Yup,
thus ensuring that p is a multiple of wy,, say p = cwy,.

To find the value of ¢ notice that

b,(m[,)([0, 1)) = m(B N b~[0,1])) = w'(B) /0 W AL

by definition of m’, and also that

b.(omg ) (0.1) = p((0.1) = [ pac’ = [Cwqac’
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Let now B C X' be Borel as before and with m'(B) < co. Define B as in
(2.3.5) and notice that since p := b, (m|B) is o-finite (in fact Radon), we can

disintegrate m . along the map b, as the standard proof (see e.g. [Bl Section

10.6]) naturally carries over. Thus we obtain a weakly measurable family
2 + v, of probability measures on X such that v, is concentrated on b=*(z)
for p-a.e. z (equivalently by Lemma above: for L'-a.e. z) and so that

[, = [[oandue) B wm) [ ( [oan)uaedce
(2.3.8)

holds for every ¢ : X — R* Borel. Then we have:

Lemma 2.3.3. With the same assumptions and notation of Section [2.9 the
following holds.

Let B C X' be Borel with w'(B) < oo and B as in [2-3.5). Then the
disintegration {v,}.cr of m|, with respect to b satisfies: for any t € R it
holds

(Fl) v, = vy j-a.e. z. (2.3.9)

Proof. Fixt € R. We shall prove that the family {(Fl;).v,_,} is an admissible
disintegration of m| . with respect to b: this is (equivalent to) the claim. For

p-a.e. z we know that v, is concentrated on b=!(z), thus v._; is concentrated
on b™'(z —t) and therefore, by (2.2.2)), (Fl;),v,— is concentrated on b™*(z).
To conclude, with a density argument based also on (2.2.6)) it is therefore
sufficient to prove that for any Borel functions ¢ : X’ — R™ and h: R — R*
we have

/hobgoPrdm|B ://hobgoPrd(FIt)*VZtdu(z). (2.3.10)

We start claiming that it holds

/h(z)\lfm,t(z)</goPr dl/z,t) du(z) = /h(z)\lfmi(z)(/goPr duz) du(z).
(2.3.11)
Since Pr o Fl; = Pr, we have on one hand

/hObQOPrd(FIt)*m:/(\Ifmh)obgoPrdm

B B

_ / Wi (D) / goPrdv.) du(z)
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and on the other

/hobgOPrd(FIt)*m:/hOboFItgoPrdm
B B
(by (2:2.2)) :/h(Z—l-t)(/gOPrdl/z> du(z)

:/h(z)</goPrdl/Z_t> d(try).p(z)
(by @38) - / enel| / goPrdv._,) du(z).

thus proving our claim (2.3.11). Now notice that replacing h with hW,,,
(recall that Wy, > 0 everywhere) and using again that Pr o Fl, = Pr, from
(2.3.11)) we get

[re( [goPra@o)au) = [ne)( [gopran) dute)

To conclude we use again the fact that (Fl;).v,_; and v, are both concentrated
on b™1(z2) to deduce from the above that

//hobgoPrd((Flt)*uzt) du(z) = //hobgoPrdl/z du(2)
:/hobgoPrdm‘B,

that is the desired ([2.3.10]). O

Proposition 2.3.4. With the same assumptions and notation of Section
the following holds.

The map T : X — X' %, R (recall (2.2.5)) ) is measure preserving. In other
words and recalling , for any ¢ : X — R* Borel we have

/gpdm: / (/god(Flt)*m’>wm(t) dt

Proof. Letting B C X’ be arbitrary Borel with m’(B) < oo and letting ¢ be
0 outside B, we see that to conclude it suffices to prove that we can choose
v, :=m'(B)7(Fl.).(m'| ;) in the disintegration formula (2.3.8).

To see this, observe that from Lemmal2.3.3|above and Fubini’s theorem we
see that for a.e. z we have (Fl;),v, = v, for a.e. t. Fix z for which this holds
and for which v; is concentrated on b~1(z) and then define v, := (FI,_.).v;
for any z. Then v, = v, for a.e. z, and thus the 7,’s are admissible in formula
(2.3.8).
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To conclude it is therefore enough to show that 7y, = m’(B)*lm"B. To
see this, let C' C B be Borel, define C as in (2.3.5) and recall the definition
(2.2.4) of m’ to get

w(C) = ( /01 W d£1> (@b (0, 1))

= ( /0 wndc) () /0 7 (Chwn(t) ALY (1) = m'(B)n(C),

having also used the definition of 77 in the last equality. The conclusion
follows by the arbitrariness of C' C B. ]

2.4 Behaviour of the distance under the flow

We shall work under the same assumptions and notation as in Section

We start decomposing the tangent module L°(TX) into the submodules
VI VL of vector fields that are pointwise parallel/orthogonal to Vb. Thus
we put

V= {v e LYTX) : v= fVb for some f: X — R},
Vii={ve l’(TX) : (v,Vb) =0}

Given an arbitrary vector field v € L°(TX) it components v/, v+ in VI v+
respectively are defined as (recall that |db| = 1):

vl := (v, Vb) Vb and vt = — ol

To better understand the structure of VI, V- it is convenient to introduce
the following two classes of functions:

G:={goPr : ge LN W"*X') with bounded support},
H:={hob : he L*NW"(R) with bounded support}.

Notice that both G and H are algebra of functions. We shall typically use
letters g, h for functions on X', R respectively and g, h for go Pr, hob respec-
tively. It is clear that V§ € V* and VA € VI and thus that

V+ 5 sub-module of the tangent module generated by V§ with § € G,

VI 5 sub-module of the tangent module generated by Vh with h € H.
(2.4.1)
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We shall prove in a moment that these inclusion are actually identities. To
see this, it is convenient to introduce the algebra A of functions on X as

A := {algebra of functions on X of the form Zglfzi, with n € N}. (2.4.2)

i=1
We then have the following result:

Lemma 2.4.1. With the same assumptions and notation of Section[2.4 and
with the definitions just given, the following holds.

The algebra A is densely contained in W12(X). Similarly, the algebra
of functions f : X’ Xx R = R such that foT € A is densely contained in
W2(X' x, R).

Proof. The second claim follows directly from |[GH| Section 3]. Now recall
that, directly from the definition of Sobolev spaces, if T : (Xy,d;, my) —
(Xg,dy, my) is measure preserving and biLipschitz, then

L7 fllwrece) < I1f o Tllwracy) < LI fllwrzs),

where L is the biLipschitz constant. Thus the conclusion would follow if we
knew that T was globally biLipschitz, as the measure preserving property
comes from Proposition 2.3.4]

In general, it might be that T is only locally biLipschitz, but this is
sufficient to conclude, as with a cut-off argument we see that functions with
bounded support are dense in W'? and we can approximate functions in
Wh2(X x,,R) with bounded support with functions as in the statement with
uniformly bounded support. 0]

From this density result it follows that gradients of functions in A generate
the whole tangent module. Since for f =), giﬁi we have Vf =", hiV i +
giVﬁi, it follows that the sub-module generated by gradients of functions in
G and H is the whole L°(T'X). Hence improves into

V+ = sub-module of the tangent module generated by V§ with ¢ € G,
VI = sub-module of the tangent module generated by Vh with h € H.
(2.4.3)

In particular, we obtain:

ve L(TX) with (v,Vg§) =0 forevery j€g = veVl
(2.4.4)
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Let us now pick ¢ € C?(R) with globally bounded second derivative,
put b := ¢ o b and notice that the Regular Lagrangian Flow (Fl,) of Vb is
globally well defined (the uniform bound on ¢” grants, among other things,
that |[Vb| grows at most linearly, that in turn shows that Fl,(z) does not go
to infinity in finite time). We claim that for some ‘reparametrization map’
rep : R? — R locally Lipschitz we have

Iflt(x) = Fliep(t,b(2)) (@) for every t e R, x € X. (2.4.5)

Since T : X — X’ x R is locally biliipschitz, this will follow if we show that
ProFl, =Pr, onX, for every t € R, (2.4.6a)
b(Fly(x)) = fi(b(x)), for every t e R, z € X, (2.4.6Db)

for some locally Lipschitz function f : R? — R.

As for the flow (Fl;) of Vb, we have that for any ¢ € R the map Fl, : X —
X is Lipschitz, with a control on the Lipschitz constant locally uniformly
bounded in . For §j € G we can compute 0,(g o Fl,) = (Vﬁ,VB) oFl, =
¢ ob(V§,Vb)oFl, = 0, i.e. §oFl, = § m-a.e.. Then the arbitrariness of §
and a continuity argument give (2.4.6a)).

To prove we start noticing that with the same continuity argu-
ments used to deduce (2.2.2), we see that for any z € X the curve ¢ —
b(Fl,(z)) is C* and satisfies

Ib(Fly(z)) = ¢'(b(Fl,(z)))  for every t € R. (2.4.7)

In other words, the function g,(x) := b(Fl,(z)) solves the Cauchy problem
Orgr(z) = ¢'(g+(x)) with go(x) = b(x), hence its value at time ¢ depends only
on ¢t and b(z), as in (2.4.6b)). The local Lipschitz regularity of f then follows
by standard ODE estimates (recall that ¢ is C?).

Also, Fl, : X = X has bounded compression. Since this map is invertible
with inverse FI_, that is also of bounded compression, it admits a differential
dFl, : L%(TX) — LO(TX) (see Theorem characterized by

(dFl,(v),df) o Fl, = (v,d(f o FI,))  for every v € L°(TX), f e WH(X)
(2.4.8)
Arguing verbatim as for [DPGl Proposition 3.31] we obtain the following
result, whose proof we omit (see also [GV], Appendix Al).

Lemma 2.4.2. With the same assumptions and notation of Section[2.2 and
with b, (Fl,) as just defined, the following holds.

Let v € LA(TX) and put v, = dFl,(v). Then the map R > s
Husl? o Fly € LY(X) is C" and ils derivative, intended as limit of the dif-
ference quotients both strongly in L' and pointwise a.e., is given by

as(%|v5|2 o F~|S) = Hess B(vs,vs) o Fl, for every s € R. (2.4.9)
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The special structure of the Hessian of b allows for a more explicit compu-
tation of the above. Notice that the chain rule (T.6.1)) grants that b € H*(X)
with

Hessb = (1ha¢’) ob(Id —e; ® 1) + " obe; @ e (2.4.10)

Also, let us notice that
veVt = dFl,(v) e V* for every t € R, (2.4.11a)
v eVl = dFl,(v) € VI for every t € R. (2.4.11Db)

Indeed, for the first notice that
(dFl,(v), Vb) o Fl, B2 10, 9 (b0 F1) (0uf) o b (v, V) =0
while for the second we pick § € G and compute
(dFl,(v), V) o Bl 823 (0 (50 Ry BED () vy =0,

thus the arbitrariness of § and (2.4.4) give the claim.
We are now ready to state and prove the main result of this section.

Proposition 2.4.3. With the same assumptions and notation of Section[2.2
the following holds.

Let 7 be a test plan on X. Then for w-a.e. v the curve Pr() defined as
t — Pr(,) is absolutely continuous and

ms(Pr(v),t) < mms(%t) for a.e. t, (2.4.12)

where we are writing ms(y,t) for the metric speed of the curve 7 at the time
t.

Moreover, equality holds in (2.4.12)) provided t — b(vy;) is constant for
m-a.e. 7y i.e. if w is concentrated on curves lying on level sets of b.

Proof. We follow the line of thought used to prove [DPGl Proposition 3.23],
this time paying attention to the action of the flow on the parallel and per-

pendicular directions.
Let p(2) :== —12% v € L*(TX) and let vll, vt € L*(TX) be its components

in VI, VL, respectively. Put v, := dFl,(v), ol = dFl,(v1) and vl := dFl (vh).

Then by (2.4.9) and (2.4.10)) it follows that

i o Fly, = [oll] e, (2.4.13a)

vt o Fl, = o] exp (/ ~(btg o) o Fl,dr). (2.4.13b)
0
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Formula (2.4.7) gives b o Fl, = e~"b, thus we have

s s b
/ —(btyyg o b) o Fl.dr = / —be "Yg(be™") dr = / —1)4(2) dz
0 0 be—s
_ wqy(be™ %)
= log ( iud(b) )
and therefore
|vg| o Fl, = \/\U'S'P o Fl, + [u-[2 o Fl, < Ju| (€7 + “abe1) (2.4.14)

Now the inequality (2.4.12)) follows along the same lines used in [DPG,
Proposition 3.33:

-) the test plan admits a derivative 7} as an element of a suitable pullback
of the tangent module satisfying |7}|(v) = ms(~,t) for m-a.e. v and a.e.

t (see Theorem [1.4.3));

-) the classical formula 9, (Fl,(v,)) = dFl,(7}) admits a natural analogue
in this setting if one works with derivatives of test plans in place of
derivative of single curves (see Proposition [1.4.8));

-) coupling these two informations with (2.4.14)) we see that for m-a.e. v
we have

ms(Fly(7),t) < ms(7y,t)(e™* + %) for a.e. t;

-) the conclusion ((2.4.12)) follows letting s — oo in the above, noticing
that Fl; — Pr pointwise, recalling the normalization choice (2.2.10))
and using the lower semicontinuity of the metric speed.

For the equality case we argue along the following lines:

-) If the test plan 7 is concentrated on curves lying on level sets of b, then
its speed is orthogonal to Vb (as in the proof of Proposition [3.4.6));

-) formula (2.4.13b) and the link between derivatives of test plans and
metric speed recalled before ensure that for 7r-a.e. v we have

ms(Fly(7),t) = ms(v,t) wg:)(eb—)s) for a.e. t; (2.4.15)
-) recall that from Theorem if L := |||Hessbl|ps||z~ < oo, then we

have the bi-Lipschitz estimate
e~ "ld(z,y) < d(Fl,(2),Fly(y)) < "Pld(z,y) (2.4.16)
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valid for any =,y € X and s € R, for the flow of Vb; in our setting we
don’t know if Hessb is bounded, but with a cut-off argument based on
the fact that | Hessb|ps is bounded by a function of b, it is not hard
to see that still holds for s € [-1,1] and x,y € b~!([-1, 1]) for
some constant L;

-) we can assume that 7r is concentrated on curves lying on a bounded

set. Thus for s sufficiently big (F~Is)*7r is concentrated on curves lying
in b~ ([—1,1]);

-) we use the identity Pr(z) = FI_,-)(Fls(z)) and the previous item to
deduce that for all s sufficiently blg the estimate

E-1.16)

ms(Pr(y),t) = e 2" ms(Fl(v), )

E1T9) efLe*Sbmt)ms(»y,t) wiﬁ(@;) for a.e. t

holds for m-a.e. 7. Letting s T co and recalling again the normalization
(2.2.10) we get the equality in (2.4.12)).

]

Corollary 2.4.4. With the same assumptions and notation of Section
the following holds.

Let g € L} (X') be Borel and put, as before, g := go Pr. Then g €
WL2(X') if and only if g € Wb (X) and in this case

loc

|dg| = wdlob\dg\ oPr  m-a.e.. (2.4.17)

Proof. Tt is clear from Proposition that ¢ € L? (X') if and only if
g € L} (X). Now assume that g € W,;7(X’) and let 7 be a test plan on X
concentrated on curves lying on some bounded set. Then, since Pr is locally
Lipschitz and by Proposition we have that Pr,m is a test plan on X/,
where with a little abuse of notation we are denoting by Pr the map sending
the curve ~y to the curve t — Pr(v;). Since g is Sobolev we have

/\g 1) — g(y0)| d7 (y /’9 m) — g(mo)| dPr.7(n)
< / (dg| ()] dt dPr.7e (1)
0

Co=Pio) + @A) < [ Sy ldel P il dedm(y),
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thus proving, by the arbitrariness of 7, that § € W,2*(X) and that inequality

loc
< holds in (2.4.17)).

Now assume that g € I/VZ}JCQ(X) and let 7’ be a test plan on X’ concentrated
on curves lying on some bounded set. Fix 7' > 0, and consider the push
forward 7 of the plan 7’ x (%Ely 7TT}) via the map (z,t) — Fl(z). Then

from Proposition [2.3.4] identity ©.2.2) and the fact that FI : X’ x R — X is
locally Lipschitz we see that 7 is a test plan on X concentrated on curves
lying on level sets of b, thus since g is Sobolev we have

/‘9 m) — g(no |d7T /|g 1) — §(0)| dm ()

< [[ 1aleotdarant)
@D it m) = [[ (3 [ vl ds) i atn'n.

Since 7’ was arbitrary, we see that g is locally Sobolev with

T *
ol < 3 [ wals)ldal (Pl ds < fdgl(e!) e
-7

where the starred inequality comes from the already proven inequality < in
. Thus the starred inequality must be an equality, and this forces the
equality in to hold m-a.e. on b=!([-T,T]). The conclusion follows
by the arbitrariness of T O

2.5 Isometry and RCD condition of the quotient
space

Lemma 2.5.1. With the same notation and assumptions as in Section
the following holds.
The warped product space R x,, X' has the Sobolev-to-Lipschitz property.

Proof. The arguments used in [DPGlL Theorem 3.34| carry over. One first
proves that X’ is locally doubling (because X is and Pr is locally Lipschitz)
and has the measured length property, see Definition m (this follows from
the fact that X has such property and the estimate (2.4.12)).

Then Theorem [1.7.11] applies. O

The isomorphism between X and R x,, X’ is reached via duality with
Sobolev norms thanks to the following result (see [(G13al, Proposition 4.20]
for its proof).
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Proposition 2.5.2 (Isomorphisms via duality with Sobolev norms). Let
(X1,d1, my) and (Xa,d2, my) be two metric measure spaces with the Sobolev-
to-Lipschitz property and let T : Xy — Xy be a Borel map. Assume that
both m; and my give finite mass to bounded sets. Then the following are
equivalent:

i) up to a modification on a my-negligible set, T is an isomorphism of
metric measure spaces, i.e. T,my = my and do(T(z), T(y)) = di(z,y)
for any x,y € supp(my);

ii) the following two are true:

ii-a) there exists a Borel mi-negligible set N' C Xy and a Borel map
S: Xy — Xy such that S(T(z)) = x for every v € X; \ N;

ii-b) the right composition with T produces a bijective isometry of the
Sobolev space W'3(Xy) in WH2(Xy), i.e. f € WH(Xy) if and only
if foT € WH(Xy) and in this case || fllwi2xy) = |f o Tllwrzxy)-

Theorem 2.5.3. With the same notation and assumptions as in Section[2.2
the following holds.

The map T : X — R x, X' is a measure preserving isometry.

Proof. Since we already know that T is measure preserving (by Proposition
and both X and R x,, X’ have the Sobolev-to-Lipschitz property, ac-
cording to Proposition it is sufficient to prove that f € Wh?(R x,, X')
if and only if fo T € W*(X) and in this case

|dflgx,x o T=]d(foT)x  m-ae. (2.5.1)

By a density argument based on Lemma [2.4.1} it suffices to prove the above
for functions f such that foT € A.

Corollary [2.4.4] and (1.7.1)) ensure that holds if fo T € G, while
give that holds for foT € H (see also the arguments used in
[G13al Section 6.2]). The conclusion now follows exactly as in [G13al, Section
6.2| (see also [DPG Section 3.8]) using the fact that both X and R x,, X’
are infinitesimally Hilbertian (X is so because of identity (2.4.17), then the
property carries to warped products by Theorem and that functions
in G and H have orthogonal gradients. We omit the details. ]

Proposition 2.5.4. With the same notation and assumptions as in Section
the following holds.

Assume furthermore that for some z € R we have g < 0 on (—o0, z] and
g > 0 on [2,400) (thus in particular ¥4(Z) = 0). Then (X',d',w’) is an
RCD(#)K7 N) space.

wi(z
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Proof. As already noticed, by Corollary it easily follows that X’ is in-
finitesimally Hilbertian, so we need only to prove the CD(K, N) condition.
For z € R let X, := b™!(2) and equip it with the distance d’ defined as

d.(z,y)? mf/ 1, |% dt,

the inf being taken among all absolutely continuous curves v : [0, 1] — X, C
X. We also equip X, with the measure m’, := (Fl.),m’. Then using the
equality case in Proposition and using the fact that X’ has the measured
length property (briefly mentioned in the proof of Lemma above) it is
not hard to see that Fl, : X’ — X/ satisfies

d_ (Fl.(x),Fl.(y)) = wg(2)d'(x,y)  Va,y € X"

Thus if we establish that X, is RCD(K, N), taking into account how the CD
condition scales with the distance (see [SO6b, Proposition 1.4|) we conclude.
With this said, replacing b with b 4+ zZ we can assume that z = 0 and then
the goal is to prove that X’ is RCD(K, N).

The key geometric property that allows us to conclude, and for which we
shall use the assumption on 14, is the following:

Let 1o, 11 € Z(X) be < m and 7 so that W3 (uo, 1) / |4, |2 dt d7 (v)

Assume that supp(y;) C b~ ([-T,T)), i = 0, 1.
Then 7 is concentrated on curves lying on b~ ([=T,T)).
(2.5.2)

To see why this holds, let ¢ : R — R be C? with bounded second derivative,
convex, identically 0 on [T, T] and strictly positive elsewhere. Then the
Regular Lagrangian Flow (Fl,) of Vb with b = o b is the identity on the
strip b~!([=T,T]) and converges to the ‘projection on the boundary of such
strip’ outside of it, namely defining Pry : X — X as:

z, if b(z) € [-T,T],
Prp(x) :== ¢ Flr_p@) (@), if b(z) > T,
Fi_ T—b(z) ([E) if b(l’) < —T,

we have Fl (x) — Prp(z) as s 1 oo for any 2 € X. Then arguing exactly as
for Proposition we obtain that: for every test plan 7 we have that for
m-a.e. v it holds

wq(b(Pr
ms(Prp(y),t) < “OET0Mms(y,1)  for ace. t. (2.5.3)
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Now recall that by (2.2.9b]) we have log(- wd(z? f’zg g AL for every zy, z €
R, 21 < 2 and use the assumptlon on 1y (Wlth z = 0) to conclude from (2.5.3)
that for m-a.e. v it holds

ms(Prr(v),t) < ms(y,t) for a.e. t. (2.5.4)

It dlrectly follows from this that the total kinetic energy of the test plan
KE(m) := 3 ffo |4¢|? dt d7r () does not increase under the action of Pry. In
particular, this occurs for 7 as in (2.5.2), thus obtaining KE((Pry).mw) <
W3 (1o, ). On the other hand, we know from [GRS] that for o, 1 < m
there is exactly one plan 7 for which KE(7) < 3W2 (40, pt1), thus we conclude
that (Prr),m = 7, which is the claim (2.5.2)).

A direct consequence of and the very definition of CD(K, N) spaces
(see Section [1.5.1)) is that the space (Xr,dr, mr) given by XT = b_l([—T, T))

with dr being the restriction of the distance and my := T —m| is
T wm b= (~T,T)

CD(K, N) as a consequence of (X,d,m) being so (recall that a scahng of
the measure does not affect Curvature-Dimension bounds). Therefore by
the stability of the CD condition (see Theorem to conclude it suffices
to prove that for any fixed p € X’ the spaces (Xr,dr, mp,p) converge to
(X’,d",m’',p) as T' | 0 in the pointed-measured-Gromov-Hausdorff sense.

To see this, consider the map Pr : X; — X’ and notice that Pr(p) = p,
that Pr,my = m’ (by (2.2.4)) and that

[d(Pr(x), Pr(y)) — d(x,y)| < d(Pr(x),2) + d(Pr(y).y) <27 Va,y € Xr.

This suffices to prove that (Xz,dr, mp,p) pmGH-converge to (X', d, m’, p),
which therefore is a CD(K, N) space, so we are left to prove that d = d’ on
X’". To see this, notice that since (X', d,m’) is CD(K, N) and supp(m’) = X’
(as direct consequence of the assumption supp(m) = X), we have that (X', d)
is a geodesic space, i.e. given z,y € X’ there is a curve v : [0,1] — X’ with
fol [¥¢|? dt = d*(z,y). Tt follows by the very definition of d’ that d’ < d, and
since the other inequality is trivially true, the proof is complete. O
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Chapter 3

Applications to spaces with
positive spectrum

In this chapter, using the general strategy saw in Chapter [2| we prove The-
orems [0.0.7 and [0.0.8]

All we have to do is to construct functions with the properties required
in Lemma [2.1.1} use them to find the Busemann functions and conclude with
Theorem 2.2.11

In order to find the required functions we will need other preliminary
definitions and results that we show in the next two sections.

3.1 Preliminaries: harmonic functions and
Bochner inequality

The construction of the Busemann functions we need is based on the strong
maximum principle for harmonic functions. In this section we recall the
definition of harmonic function and the statement of the maximum principles
in the non-smooth setting. Moreover we use the notion of measure valued
Laplacian to state an improved version of the Bochner inequality.

We start recalling the definition of measure valued Laplacian, a gener-
alization of the notion of Laplacian that we have seen in Definition
given by Gigli in |GI15].

Definition 3.1.1 (Measure valued Laplacian). Let (X,d, m) be an infinites-
imally Hilbertian space, U C X open and f € WE*(X). We shall say that
f € D(Aye, U) provided there exists a Radon functional p such that

Jwrvean—— [ o

I6)



76 Chapter 3. Applications to spaces with positive spectrum

for every ¢ € LIP(X) with support bounded and contained in U.
In this case the measure | is denoted by Af. In case U = X we simply
write f € D(Aje).

Recall that a Radon functional is a linear functional L from the space
Chps(X) of continuous functions on X with bounded support to R such that
for every K C X there is Cx > 0 such that

|L(f)| < Cksup]|f] for every f € Cps(X) with support in K.

Thus Radon functionals should be thought of (and we shall do so) as signed
measures that have finite total variation on compact sets, but that in principle
might have both positive and negative parts of infinite mass, see also the
discussion in [CaMo20|, where it was observed that Radon functionals are
the correct object to use in place of the Radon measures used in [G15]. Notice
also that in the field of non-smooth analysis some authors use the term Radon
measure for what we are calling here Radon functionals, see for instance [AB|
Remark 2.12].

There are natural compatibility conditions between this notion of Lapla-
cian and the one in Definition in particular the following proposition
holds (see |[G15, Chapter 4]).

Proposition 3.1.2. Let (X,d,m) be an infinitesimally Hilbertian metric
measure space. Assume that f € D(Aj.) and Af = gm for a certain
g€ L} (X). Then f € D(Aje) with Af = g.

loc

Moreover, as the Laplacian A, the measure valued Laplacian satisfies
natural calculus rules.

Proposition 3.1.3 (Leibniz rule for the measure valued Laplacian). Let
f € D(Ae,U) and let g € LIP;,o(X) N D(Aoe, U). Then fg € D(Ape, U)
and it holds the following formula:

A(fg) = fAg+gAf+(Vf Vgm|,.

Proposition 3.1.4 (Chain rule for the measure valued Laplacian). Let f €
D(Ajoe, U) NLIP,(X) and let o € C*(R). Then po f € D(Aye,U) and it
holds the following formula:

Alpo f)=¢ o fAf+¢" o fIVf[my,. (3.1.1)

These concepts of Laplacian are linked to energy minimizers via Theorems
13.1.5{and [3.1.7] (see [G15], [GMo| and [GR19]).
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Theorem 3.1.5. Let (X,d,m) be a proper infinitesimally Hilbertian met-
ric measure space, U C X open and f € L2 _(U). Then the following are
equivalent:

-) £ € DA, U) and Af =0;
-) £ € DA, U) and Af =0;

-) for any g € Wol’Q(U) we have
[asram< [ 1+ o) am (51.2)
U U

Definition 3.1.6 (Harmonic function). Let (X,d,m) be a proper infinites-
imally Hilbertian space, U C X be open and f € L% (U). We say that f

loc

s harmonic if it satisfies any of the three equivalent conditions of Theorem
5. 1.5l

In a similar way we can define sub/super-harmonic functions. Indeed,
similarly to Theorem [3.1.5] the following holds.

Theorem 3.1.7. Let (X,d,m) be a proper infinitesimally Hilbertian met-
ric measure space, U C X open and f € L. _(U). Then the following are
equivalent:

-) € DA, U) and Af >0 (resp. <0);

-) (B-1.2) holds for every g negative (resp. positive) Wy (U) function.

Definition 3.1.8 (Sub/Super-harmonic function). Let (X,d, m) be a proper
infinitesimally Hilbertian, U C X be open and f € L2 (U). We say that f is

loc
subharmonic (resp. superharmonic) if it satisfies any of the two equivalent

conditions of Theorem [3.1.7]

We state now the weak and strong maximum principle in the non-smooth
setting. For their proof see [BB]| (see also [GR19] for a different proof).

Theorem 3.1.9 (Weak maximum principle). Let K € R and let (X,d, m)
be an RCD(K,00) space. Let U be an open bounded subset of X and let

feWrAU)nC(U) be subharmonic. Then

loc

sup f < sup f.
U oU



78 Chapter 3. Applications to spaces with positive spectrum

Theorem 3.1.10 (Strong maximum principle). Let K € R and N € [1, +00),
and let (X,d,m) be an RCD(K, N) space. Let U be an open and connected

subset of X and let f € Wo2(U) N C(U) be subharmonic and such that for
some T € U it holds

f(#) = max f(x).

zeU
Then f is constant.

In order to study the properties of specific harmonic functions we will rely
on the following regularity result for harmonic functions, that extend to the
RCD setting a classical gradient estimate due to Cheng and Yau (see [CY])
in the smooth setting. Its proof in the RCD setting can be found in [HKX].

Theorem 3.1.11 (Cheng-Yau type gradient estimate). Let (X,d,m) be an
RCD(K, N) metric measure space with K < 0 and N € [1,00). Then there
exists a constant C' depending only on N such that every positive harmonic
function u on any geodesic ball Bor C X satisfies

|dul < C’l + \/R—KR

u

in Bp. (3.1.3)

We conclude this introductory section recalling (a suitable version of)
the Bochner inequality. In order to state it, we need to recall the concept of
essential dimension dim(X) of a finite dimensional RCD space.

Theorem 3.1.12. Let X be an RCD(K, N) space with K € R and N €
[1,400). Then there exists an integer dim(X) € [1, N| such that the tangent
module L°(TX) has constant dimension equal to dim(X).

The proof of this result is highly non-trivial, and ultimately coming from
IBS20a] (but see also [G13al, [MN], [DPR], [DPMR], [KM]|, |[GP22], [GP21]).
We can now state the desired inequality.

Theorem 3.1.13 (Improved Bochner Inequality). Let X be an RCD(K, N)
space with K € R and N € [1,400). Then for any f € Test;,.(X) we have
|df]? € D(Ay,.) and

- H -+ Af—trHess(f))?

(Af—tr Hess(f))2

where N

is taken to be 0 in the case dim(X) = N.

This result was proved in [Han| (strongly based on the earlier [GKO],
[AGS14D), [EKS], [GISH)).
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3.2 Preliminaries: sets of finite perimeter and
Gauss-Green formula

In this section we recall the statement of the Gauss-Green formula for RCD
spaces proved by E. Brué, E. Pasqualetto and D. Semola in [BPS|. More
precisely, we give the definitions and results in [DGP| and [BPS| that allow
us to generalize in the non-smooth setting the formula

/div(v) dz :/ v-vduse, (3.2.1)
E OF

where E is a regular bounded subset of R*, v is a C! vector field on a
neighborhood of E, upp is the (n — 1)-dimensional measure on OF and v is
the outward normal vector field defined on OF.

With the structure we presented in the previous sections we are already

able to write the left hand side of (3.2.1]).
To define the measure on OF we recall the notion of perimeter of a set.

Definition 3.2.1 (Perimeter and sets of finite perimeter). Given a Borel set
E C X and an open set A C X we define the perimeter Per(E, A) as

Per(E, A) := inf {lim inf/ |du, | dm : u,, € LIP;.(A), uy, M) XE} .
A

n—-+00

We say that E has finite perimeter if Per(F) < +oo. In this case it can be
proved that the set function A — Per(E, A) is the restriction to open sets of
a finite and positive Borel measure Per(E,-) on X defined by

Per(E, B) := inf {Per(E, A) : A open and A D B}.

The measure Per(F), -) is usually denoted with |DXg|: this notation comes
from the fact that a set has finite perimeter if and only if its characteristic
function Xz has bounded variation, and in this case its total variation coin-
cides with the perimeter measure.

An important result about sets of finite perimeter is the coarea formula
that is well known to be valid even in the metric setting (see [BPS|, [BCM]|
and references therein, starting from the original |[Mir], where the first in-
stance of the coarea formula in the metric setting has been obtained).

Theorem 3.2.2 (Coarea formula). Let (X,d,m) be an RCD(K, N) metric
measure space with N < +oo and let U C X open. Let u € LIP;,.(U) be
positive and such that uw='([a,b]) is compact in U for every [a,b] C (0,1).
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Then {u < t} has finite perimeter for a.e. t € (0,1), and for any f : U —
[—00, +00] Borel and in L, (U, |Vulm|y) it holds that

loc

[ et slautam = [ oo [ rapertiu <y,

for every ¢ : [0,1] = R Borel with supp(p) C (0,1).

The other instrument we need is the outward normal vg to a set E with
finite perimeter. We note that the theory of L%-modules is not enough for
this, since vector fields as we introduced them are defined only m-a.e..

3.2.1 Capacity and quasi-continuous functions

In this section we introduce the concept of capacity of a set, and thanks to
that we define quasi-continuous functions. The results in this section are
classical (see for instance [EG]).

Definition 3.2.3 (Capacity). Let X be a metric measure space and fix E C
X. We indicate with g the set of WY2(X) functions f which satisfy flp =1
for some U open neighborhood of E.

The capacity of E, Cap(E) € [0, +00] is defined as

| 2 | |
Cop(2) = | 15 Wl 4 Fi 20
o0 if T =10

Proposition 3.2.4. The capacity Cap is a submodular (for every E,F C X
it holds Cap(E U F) + Cap(E N F) < Cap(FE) + Cap(F')) outer measure on
X. Moreover it is bounded on bounded sets and for every Borel set E C X it
holds m(E) < Cap(E).

Remark 3.2.5. Via Cavalieri’s formula we can define the integral with re-
spect to outer measures. In our case, for every function f : X — [0, +00] we
define

/deap = /O+OO p({f >t})dt. (3.2.2)

Since Cap is submodular then the integral defined in (3.2.2)) is subadditive,
and this is used to prove that the function dc,, below is a distance. [ |

Definition 3.2.6 (The space L°(Cap)). We say that two Borel functions
f,g : X = R are equal Cap-a.e. if it holds Cap({f # g}) = 0, and we
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indicate with L°(Cap) the set of all equivalence classes of Borel functions up
to Cap-a.e. equality.

Moreover, let (Ag)r be an increasing sequence of open subsets of X with
finite capacity such that for every bounded B C X there exists a k € N such
that B C Ay. We define the following distance on L°(Cap):

1
dcap ([ 9) ::ZQ’“(Cap(Ak)\/l) /Ak |f — gl A 1dCap.

keN

Proposition 3.2.7. The metric space (L°(Cap), dcap) is complete.

Definition 3.2.8 (Quasi-continuous function). A function f: X — R is said
to be quasi-continuous if for every ¢ > 0 there exists a Borel set 2 C X with
Cap(F) < € such that the function f‘X\E : X\ E — R is continuous.

Remark 3.2.9. By definitions easily follows that the set of quasi-continuous
functions (up to equality Cap-a.e.) is contained in L°(Cap). [

Theorem 3.2.10 (Quasi-continuous representative of Sobolev functions).
Let (X,d,m) be an infinitesimally Hilbertian metric measure space. Then
there exists a unique continuous map QCR : W3(X) — L%Cap) such that
for every f € WHA(X) the function QCR(f) is quasi-continuous and m-a.e.
it holds QCR(f) = f.

3.2.2 LY(Cap)-modules and quasi-continuous vector
fields

In this section we define the tangent L°(Cap)-module and see, similarly to
quasi-continuous functions, that Sobolev vector fields have a quasi-continuous

representative. The proofs of the results in this section can be found in
[IDGP.

Similarly to what we saw in Definition [1.3.2 we define L°(Cap)-normed
L%(Cap)-modules.

Definition 3.2.11 (L°(Cap)-normed L°(Cap)-module). Let (X,d,m) be a
metric measure space. We say that a quadruple (A ,7,-,|-|) is a L°(Cap)-
normed L°(Cap)-module over (X,d, m) if the following hold:

i) (A ,T) is a topological vector space;
i) the bilinear map - : L°(Cap) x M — M satisfies
f-(g-v)=(fg) v for every f,g € L°(Cap) and v € M,

l-v=w for every v € M ,

where 1 is the function identically equal to 1 on X;
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i) the pointwise norm |- | : .# — L°(Cap) satisfies

lv| >0 for every v € A, equality if and only if v =0,
v+ w| < |v|+|w| for every v,w € M,
lf o] =|fllv| for every f € LY(Cap) and v € A,

where all equalities and inequalities are intended in the Cap-a.e. sense;

w) taking (Ay)y as in Definition[3.2.6] the distance d 4, on M defined as

1
d_y (v, w) ':Z2R(Cap(Ak)\/1) /Ak lv — w| A 1dCap

keN

for every v,w € M is complete and induces the topology 7.

Definition 3.2.12 (Hilbert L°(Cap)-module). Let # be a L°(Cap)-normed
L°(Cap)-module. We say that it is a Hilbert module if the parallelogram rule

v+ wl* + v —wl* = 2(jo]” + [w]?)
holds Cap-a.e. in X for every v,w € A .
With the following theorem we define the tangent L°(Cap)-module.

Theorem 3.2.13 (Tangent L°(Cap)-module). Let K € R and let (X,d, m)
be an RCD(K,00) space. Then there exists a unique couple (L¢,,(TX),V)
where L,,(TX) is an L°(Cap)-module over X and V : Test(X) — L, (TX)
s a linear operator satisfying the following properties:

i) for every f € Test(X) the equality |V f| = | QCR(|Df])| holds Cap-a.e.
on X;

ii) the space

{Z X,V fu i (fa)nen C Test(X) and (E,)nen Borel partition of X}

neN

is dense in L¢, (TX).

Uniqueness is intended up to unique isomorphism.
The space Le,,(TX) is called tangent L°(Cap)-module, its elements are
the Cap-vector fields, and the operator V is called gradient.

Proposition 3.2.14. The tangent L°(Cap)-module L, ,(TX) is a Hilbert
module.
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We define, similarly to what we did for test vector fields and Hé’2 in
Section [1.6] test Cap-vector fields and the set of quasi-continuous vector
fields.

Definition 3.2.15 (Test Cap-vector fields). We define the set of test Cap-
vector fields TestV C L, (TX) as

TestV(X) := {Z QCR(g)Vfi:neN, (fi)iy, (g:)iy C Test(X)} :
=0

Definition 3.2.16 (Quasi-continuous Cap-vector field). The set of quasi-
continuous vector fields QC(TX) is defined as the closure of TestV(X) in
LY. (TX).

Cap

We conclude this section recalling the last result of [DGP], which prove
the existence of a (unique) quasi-continuous representative of H(ljz(X) vector
fields.

We indicate with Pr the natural projection from L, (TX) to L(TX),
i.e. the linear continuous operator such that

i) Pr(Vf) = Vf for every f € Test(X);

it) Pr(gv) = Pr(g)Pr(v) for every g € L°(Cap) and v € L, (TX), where
Pr is the natural projection from L°(Cap) to L°(m).

Theorem 3.2.17 (Quasi-continuous representative of Sobolev vector fields).
Let (X,d, m) be an RCD(K, ) space for some K € R. Then there exists a
unique map QCR : H5*(TX) — QC(TX) such that Pro QCR : H5*(TX) —
LY(TX) coincides with the inclusion H5*(TX) C LO(TX).

Moreover QCR s linear and for every v € H5*(TX) it holds | QCR(v)| =
QCR(Jv]).

3.2.3 Tangent module over 0F and Gauss-Green for-
mula

In this section we recall the main results of [BPS, Chapter 2|: the existence
and uniqueness of a tangent module over the boundary of a set with finite
perimeter and the Gauss-Green formula for RCD spaces.

In order to do that we observe that the following proposition holds.

Proposition 3.2.18. Let X be an RCD(K, N) metric measure space and let
E C X be of finite perimeter. Then |DXg| < Cap.
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We will indicate with m | the projection of L°(Cap) on L°(|DXgl).

Definition 3.2.19 (Trace operator over OF). We define the trace operator
over the boundary of E as the function trg : WH3(X) — L°(|DXgl|) given by

tre == Ty, © QCR.

Theorem 3.2.20 (Tangent module over OF). Let (X,d, m) be an RCD(K, N)
space and let E C X be a set of finite perimeter. Then there exists a unique

couple (LEH(TX), V) where L3,(TX) is an L*(|DXgl|)-normed L=(]DXgl)-
module and V : Test(X) — L%(TX) is a linear operator such that

i) the equality |V f| = trg(|Vf|) holds |DXg|-a.e. for every f € Test(X);

ii) the set
{Z Xg Vi (E)™, is a Borel partition of X, (f))", C Test(X)}
i=1

is dense in L%(TX).

Uniqueness 1s intended up to unique isomorphism.
The space LQE(TX) 15 called tangent module over the boundary of the set
E and the operator V is called gradient.

Similarly to how we defined the trace operator of functions over OF, we
define the trace operator of vector fields. To do that we indicate with 7 px |
the projection of L¢, (TX) on LY(TX), the LP-completion of LE(TX).

Definition 3.2.21 (Trace operator of vector fields). We define the trace
operator of vector fields over OF as the function trg : Hé’2 N L>®(TX) —
L2(TX) defined by

{I'E = ﬁ-|DXE| @) QCR .

Theorem 3.2.22 (Gauss-Green formula on RCD spaces). Let (X,d,m) be
an RCD(K, N) space and let E C X be a set of finite perimeter such that
m(E) < +oo. Then there exists a unique vector field vg € L%(TX) such that
lvg| = 1 holds Per(E, -)-a.e. and

/Ediv(v) dm = — /<t_1"E(U),VE> d Per(E, -) (3.2.3)

Jor every v € H5*(TX) N D(div) with |v| € L=(m).
A similar result for RCD(K, 00) space can be found in [BCM].
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3.3 Volume of the ends and harmonic functions

The concept of ‘end’” borns in the smooth category of Riemannian manifolds,
but it can easily be adapted to metric spaces.

Definition 3.3.1. Let (X,d) be a metric space and K C X compact. A set
E C X is called end of X with respect to K provided:

-) E is an unbounded connected component of X \ K;

-) for any K' O K compact the set E\ K' has only one unbounded con-
nected component.

Suppose that (X,d) is equipped with a Radon measure m > 0. Then we say
that an end E has infinite volume if m(E) = 4o00.

Notice that if F is an end of X with respect to K and K’ D K is compact,
then the only unbounded connected component E’ of £\ K’ is an end with
respect to K’. Also, in this case F has infinite volume if and only if E’ does.

Let E be an end of X with respect to K and let p € K. We indicate
with E(R) := E N Bg(p) for every R > dist(E,p). Moreover we define
OFE := 0K N E and OE(R) := Bgr(p) N E.

We indicate with Vg(R) the volume of E(R) and with Vg(co) the volume
of the end E.

We conclude defining the first eigenvalue of the Laplacian ;.

Definition 3.3.2 (First eigenvalue of the Laplacian). Let (X,d, m) be a met-
ric measure space. We define

df2d
A= inf{%:fewl’z()(), /f2dm7é0}.
X

Notice that the definition makes sense on arbitrary metric measure spaces,
regardless of the linearity of the Laplacian (but we shall only work on in-
finitesimally Hilbertian spaces).

In this section, following the steps used by Li and Wang, we prove that,
assuming A; > 0, an end has infinite volume if and only if there exists a
non-constant bounded harmonic function on it. In order to do this we begin
studying some decay estimates for a class of harmonic functions.

In |GV Section B.1| the following result has been established, the point
being the continuity at OK" (see also [BBJ). Below for K C X and r > 0 we
put

K" :={z:d(z,K) < r}.
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We consider such enlargements to gain sufficient regularity of the bound-
ary to be sure that the harmonic function given by the statement below is
continuous up to the boundary.

Theorem 3.3.3. Let (X,d,m) be an RCD(K, N) space with K € R and
N € [1,400), and fir K C X a bounded subset and r > 0. Let also B C X be
a ball containing K”. Then there is f € Wy*(B) N C(B) with 0 < f < 1 on
B that is harmonic on B\ K" and equal to 1 in K.

In particular, let £ be an end of X, say with respect to a compact set K.
Then

E is also an end with respect to the compact set K’ := KL (3.3.1)

This means that for p € K’ and R > 0 large enough we can apply the above
with B = Bp(p) with R > 0 big enough to find fz € Wy*(B) N C(B) with
0 < fr <1 on B that is harmonic on B\ K’ and equal to 1 in K'.

Thanks to the maximum principle (see Theorems and [3.1.10) the
functions fr generated above are pointwise increasing in R, thus we can

define:

Definition 3.3.4. The function fr : E\K' — [0, 1] is defined as the pointwise
limit of the fr’s described above.

It is easy to verify that fr depends only on F and K’, and not on the
particular p € K’ chosen, and that it is harmonic. The dependence of this
function on K’ is omitted from the notation for brevity. Also, in what follows
we relabel E to be E\ K.

Our first goal is to prove some key decay estimates for the function fg.

In all the following for a fixed point p € X we indicate with d, : X = R
the function d(-, p).

Lemma 3.3.5. Let (X,d,m) be an RCD(K, N) melric measure space and
E an end of it. Assume that A\ > 0. Then for the harmonic function fg
given by Definition there ezists a constant C' = C(E, K, \) such that
for every R large enough the following estimates hold:

/ f2dm < Ce VAR, (3.3.2)

E(R+1)\E(R)

/ IV f5|?dm < Ce 2VAE, (3.3.3)
E(R+1)\E(R)

/ V24 |7 fpl? dm < CR. (3.3.4)
E(R)
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Proof. Let K ¢ X be compact, put K’ := K! and, as before, say that E
is an end with respect to K'. Also, let p € X and Ry > 0 fixed so that
K’ C Bg,(p). Recall that we put E(R) := E'N Br(p) and that the function
fr € Wy N C(Bg(p)) has been defined after Theorem

Step 0. We claim that for every g € LIP;,.(X) be identically 0 on K" and
for every R large enough it holds

| ¥mPan= [ [vgPfidm 33
E(R) E(R)

Using the Leibniz and chain rules we compute
|9t dn= [ o grams [ g 9fnf dm
E(R) E(R) E(R)
+ / fr{(V(¢*),V fr) dm.
E(R)
Now we notice that the integration by parts in
/ fr(V(¢*),V[fr) dm = —/ ¢> div(frV fr) dm
E(R) E(R)
= —/ g*|V fr|* dm
E(R)

is justified by the fact that 9(E(R)) C (0K') U(0Bgr(p)) and the assumption
g=0onK and fz € Wy*(Bgr(p)). The claim (3.3.5) follows.
The same line of thought proves that

/ V(g /)| dm = / V272 dm (3.3.6)
FE E

if g is as above and moreover in W?(X).
Step 1. Let & := exp(yv/A1d,). We claim that for some C = C(E, K, \;)

we have .
/ Pfrdm < ———  forevery § € (0,1). (3.3.7)
B (1—10)2

Let ¢ € LIPNCy(X) be defined as ¢ := ¢ od,, where

0 if 2 S Ro,
P(z) = % if z € [Ro, 2Ry,
1 if 2z Z 2R0,
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and let R > 2R,. By (3.3.5) and the Cauchy-Schwarz inequality we have
that

/ V(e S| dm = / V()21 dm
E(R) E(R)
<(1+9) / FIVEP 2 dm
E(R)
+(1+§)/ 9 |\Vel? f2dm
E(R)
§(1+5)52)\1/ ©?€2 2 dm
E(R)

s [ £ [ dm.
® JE(2Ro)\E(Ro)

By definition of \; we have )\ fE( PP f2 dm < fE V(€0 fr)]? dm
and thus

A (1= (14¢)6%) /

P fpam < (14 b [ € dm,
E(R) * JE(2Ro)\E(Ro)

and choosing € = 152, recalling that 0 < fz < 1 we obtain

6
1
(1 — 5)2/ ©2E2 f2 dm < —2/ f2dm<C.  (3.3.8)
E(R) 15 JE@Ro)\E(Ro)

Since ¢ is positive and identically equal to 1 on E(R) \ E(2Ry), we have
that

| e tram— | Epdmet [ ¢ dm
B(R) B(R)\E(2Ro) B(2Ro)
38 (O C
< QP f2Adm+C < +C =
Jr P 0 e T Tap

and letting R — oo we get the claim (3.3.7)).
Step 2. Put for simplicity

F(R) = /E . Eftdm  for every R > Ry. (3.3.9)

Let Ry < Ry < R. We claim that for any ¢ € (0, R — R;) it holds

PO (F(R — 1) = F(Ry)) < 250825 (F(Ry) — F(Ry)) (3.3.10)

+ gy (F(R) = F(Ry)).
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To see this let ¢ € LIP(X) be defined as ¢ := Yo d,, where

A ]%%}330 if z € [RQ,Rl],
P(2) = ;fpfl if 2 € [Ry, R),
0 otherwise.

By definition of ;, and the identity V€ = vAEVd, we get
w [ weppan s [ @t dn= [ 9 @O f2dm
= [P erzans s [0 ftam
N /E YE(VY, V) f2 dm,
that can be rewritten as
RN /E GEA(T, V) f2 dm < /E VU €2 f2 dm.

Using the explicit expression of v, this can be further rewritten as

2/ M1 / 9 49
_oval R—d,)&f2dm
(R - R1)2 E(R)\E(Rl)( p) g
2V \1 / 2 2
< VAL d, — R €2f% dm
(Rl - R0)2 E(R1)\E(Ro) M E

(SRI_RO on E(Rl)\E(RU))
1

1
+—/ £2f2dm+—/ £ fzdm
(Ri = Ro)* Jempemy " (R R1)? Jompemy "

< Right Hand Side of (3.3.10)).
Then to get (3.3.10) notice that for ¢t € (0, R — R;) we have t < R —d, on
E(R —1t)\ E(Ry).

Step 3. We claim that there exists a constant C' = C'(F, K, A1) > 0 such
that

F(R) <CR for all R large enough and F as in ([3.3.9). (3.3.11)

To see this pick t =1, Ry = Ry + 1 and replace R with R+ 1 in (3.3.10]) to
get, after an easy manipulation, that

F(R)— F(Ry+1) < CR*+ (F(R4+1) = F(Ry+1))

1
2vA
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(observe that Ry depends only on E and K). By iteration we get

k
(R+1)?
F(R) - F(Ro+1) <C Z s T V) (F(R+ k) — F(Ro + 1))
< CR* + (2y/\) *(F(R+ k) — F(Ry + 1))
(3.3.12)
for every k € N, k& > 0.
Now notice that for any § € (0,1) we have
F(R+k) — F(Ro+ 1) < 2V EH(1-0) / £ 12 dm
E(R+k)\E(Ro+1)
O 2V (R+k)(1-6)

< -2

thus picking § so that 2/A;(1—6) < log(2y/A1), by letting k — oo in (3.3.12))
we conclude that

F(R) < CR*. (3.3.13)
To improve this, pick ¢t = % and Ry = Ry+1in (3.3.10) to obtain, after little
manipulation, that

(3.3.13)

L(F(Z) — F(Ry+1)) < C(1+ 5 (F(R) — F(Ro +1))) ~ <

for every R large enough. This is (equivalent to) our claim ([3.3.11)).

Step 4. We claim that 1' holds. To see this, in'3.3.10 pick t = W’
R+t in place of R and R — t in place of R;: with little manipulation we
deduce that

1

5 (F(R) = F(R—1)) < Z(F(R—1) - F(Ro))

<C by (B317)
1
+— (F(R+t)— F(R—1))

4t g
=(F(R+t)—F(R))+(F(R)—-F(R-t))

= Q

J/

and thus that F(R) — F(R—1t) < C+ 3(F(R+t) — F(R)). Iterating we get

F(R)— F(R—1t) < ci ; + 31k (F(R+kt) — F(R+ (k —1)t))

=0

for every k € N, k > 0.
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Recalling (3.3.11)) and letting £ — oo we conclude that F'(R)—F(R—t) <
fC’lfor all R large enough (recall that here ¢ = \/LAT) The claim -3.3.2 easily
ollows.

Step 5. We claim that (3.3.3) and (3.3.4) hold. A
Let R > Ry + 1 and ¢ € LIP,s(X) be defined as ¢ := { od,, where

z—(R—1) ifz€|[R—1,R]

" )R+2-2 ifze[R+1,R+2],
0 otherwise.

Then using that fr is harmonic we get the standard estimate
[ vt am =2 [ ¢folVCVz) dm
E E
1
< 5/ g2|VfE|2dm+2/ V(| 7 dm
E E

that gives [, |V fp[>dm <4 [, [V fEdm < 4fE(R+2)\E(R_1) f2dm. Thus

/ \VfE\zdm§/C2|VfE]2,dm
E(R+1\E(R) E
13.3.2)

§4/ fidm < Ce VAR
E(R+2)\E(R-1)

as desired. Then (3.3.4)) is a direct consequence of (3.3.3). O

These estimates allow us to deduce the following important dichotomy
result. In proving it we shall use the main results shown in Section 3.2} the
Gauss-Green formula (Theorem [3.2.22)) and the coarea formula (Theorem
3.2.2)).

Theorem 3.3.6. Let (X,d, m) be an RCD(K, N) metric measure space and
let E be an end of X. Assume that A\ > 0. Then exactly one of the following
holds:

i) there exists a bounded non-constant harmonic function on E and E has
exponential volume growth, more precisely

Vi(R) = Cexp (2\/A_1R) (3.3.14)

for every R large enough and some constant C > 0;
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ii) every bounded harmonic function on E is constant and E has exponen-
tial volume decay, more precisely

Vi(o0) — Va(R) < Cexp (—2\/)\1]%) (3.3.15)
for every R large enough and some constant C' > 0.

Proof.

Step 1. Assume that every bounded harmonic function on E is constant.
Then this is the case for the function fgz given by Definition [3.3.4. We have
then that fg is equal to 1 a.e. on E, and by (3.3.2)) follows that

Ve(R+1) — Vg(R) < Cexp (—2\/)\_1}%) .

Summing up we obtain

Ve(00) = VE(R) < C’iexp (—2\//\_1(R+ z)) < Cexp (—2\//\_1R> :

Step 2. Assume now that there exists a bounded non-constant harmonic
function v on E. By translation and rescaling we can assume that u > 0
on X, u > 1on K and u < 1 somewhere in E (recall (3.3.1)). Then by
the maximum principle and the construction of fg it follows that fg is not
constant as well.

Now notice that by the spherical version of the Bishop-Gromov inequality
we have that Bgr(p) has finite perimeter for any R > 0. It follows that for
any R > Ry the set E® := F\ E(R) has finite perimeter with Per(E%, ")
being the restriction of Per(Bgr(p),-) to E.

We claim that there is ¢ > 0 such that

/|VfE| dPer(E",-) >c¢  for every r > Ry, (3.3.16)

where here, with a slight abuse of notation, we are denoting by Vfgp €
LY(TX,Per(E"(+))) the trace of Vfr € Wé?OC(E) in the sense of Definition
3.2.211

Let us show how from (3.3.16) we can conclude. Denoting with P(r)
the perimeter Per(E", X), by and the Cauchy-Schwarz inequality we

immediately have % < 1 [|Vfgl*dPer(E",-) and therefore

R+1 R+l 4
1< P(r dr/ ——dr
DS P

!
C
(by @.3.3))  <C
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where in the starred inequality we used the coarea formula to deduce
Ve(R+1)—Vg(R)=m(E(R+1)\ E(R))

R+1
= / |Vd,| dm = / P(r)dr
E(R+1)\E(R) R

and the fact that, if we call V fp € L%ap(TX) the quasi-continuous represen-
tative of Vfp € Wél?oc(E) (set to 0 outside E, say) and tr, V fg the trace
of Vfg in L°(TX,Per(E", ")), then, by definition, tr, V fz is the equivalence
class of Vfg in in LO(TX, Per(E",-)) and thus we have |tr, Vfz| = |V fg|
Per(E",-)-a.e.. This and the trivial identity |V fg| = |V fg| m-a.e. justifies
the computation above.

Since (3.3.17) is equivalent to the claim, we are left to prove (3.3.16).
Since fg is harmonic, putting F(r) := [(V fp,vp)) dPer(E", ) for brevity,
by the Gauss-Green formula we have that, for every ro > r; > Ry it holds

F(r) = F(r) = [ (Vv ) dPer(B(ra) \ E(r). )

E(r2)\E(r1)

thus r — F(r) is constant on (R, +00) and since clearly

|ﬂMs/NMM%mwm

to get it suffices to prove that F(r) # 0 for some r > Ry.

To see this, fix R > Ry and notice that by the strong maximum prin-
ciple and the fact that fz is not constant, there must be a > 0 such that
supypr fe < 1 — a. In particular, taking into account the continuity of fg
and the Sobolev-to-Lipschitz property it easily follows that there is b € (0, §)
such that

/ |V fe|* dm > 0. (3.3.18)
ENBg(p)N{1—2b< fp<1-b}

Put p := ¢ o fg where
1, ifz<1-—2b,
p(z):=¢ 0, ifz>1-b,
affine and continuous on [1 — 2b,1 — b)].

and notice that we have

E(R)

E(R)

—~

) B313)

ENBg(p)N{1-2b< fp<1—b}

S|
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We now claim that there is a finite perimeter set E such that EAE(R) C
fz'((1 —=b,1)). Assuming we have such E, we conclude with

0> /E(R) div(pV fg) dm = /Ediv(prE) dm
= /p(VfE,VE) dPer(E, ) =—-F(R),

where in the last step we used the fact that p =1 on dE% = 9EN f5'((0,1—
b)) and p =0 on OE\ f5'((0,1—b]). Tt thus remains to show the existence of
such E. To see this, recall that balls have finite perimeter (by the spherical
version of the Bishop-Gromov inequality (1.5.11))) and that F is compact.
Then using the continuity of fz we can find r > 0 such that for any x € OF
we have B.(z) C {fr > 1 — b} and by compactness a finite number of
points z1,...,x, such that OF C U;B,(z;). It is then clear that the set
E = E\ U;B,(x;) does the job. O

As a direct consequence of the above result we obtain the following corol-
laries.

Corollary 3.3.7. Let (X,d, m) be an RCD(K, N) space with A\; > 0 and with
at least two ends with infinite volume.
Then there exists a bounded non-constant harmonic function on X.

Proof. Let Ey, Ey be the two given ends with infinite volume and consider the
associated functions fg,, fg, as in Definition m (possibly enlarging Ry we
can take K’ := Bg,(p)), which by Theorem are bounded non-constant
and harmonic functions. Recall that fp, = 1 on 0F; and essinf fg, = 0 for
i=1,2.

Then fix R > Ry+1 and let C; := {x € Bg(p) : d(z, E;N0Bgr+1(p)) > 1}.
Then a simple variant of Theorem gives the existence of a function
fr € (Wy*NC)(Brya(p)) with values in [0, 1] that is harmonic in Brys(p) \
(C1 U Cy) D Br(p), equal to 1 on C} and equal to 0 on Cs.

We claim that on Br N Ey we have fr < fp,. To see this notice that
the boundary 0(Bg N E,) is contained in the disjoint union of dE, and Cy
and by construction we have fg, =1 on 0F; and fr = 0 on Cy. Since both
functions have values in [0, 1], are harmonic in Br N Ey and continuous up
to the boundary of such set, by the maximum principle our claim follows.

Analogously we can prove that fr > 1 — fp, on BN Ej.

We now want to send R 1 +4oo and find, possibly after passing to a
subsequence, a limit harmonic function on the whole X. This is possibile
thanks to the Lipschitz estimates (3.1.3)), that grants that for some C(R) the
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Lipschitz constant of fr on Br/2(p) is bounded from above by C'(R) for any
R’ > R. By Arzela-Ascoli’s theorem, this suffices to find a limit function f
and it is then easy to see that this function is harmonic and bounded (in fact
with values in [0, 1]).

Also, a direct consequence of the construction and of the previous claims
is that f < fg, on Ey and f > 1 — fg, on E;. If we knew that infg, fz, =0
for ¢ = 1,2 the conclusion would directly follow, as inf f < infp, fg, = 0 and
sup f > supg, 1 — fg, = 1 —infg, fg, = 1, proving that f is not constant.

Thus it remains to show that infg, fg, = 0 (the argument for Es, fg,
being analogous). Say not. Then by construction a := infg, fg, > 0. Define

the new function fE1 =1- 11f’jl and notice that it is still harmonic and
continuous on E; with boundary value equal to 1 and that it is still positive.
Thus by the maximum principle the function fE1 bounds from above each of
the harmonic functions defined on Br(p) N E; that are used in the definition
of fg,. It follows by the definition of fg, that it would hold fr, < fEl. This,
however, contradicts the definition of fEl, as this ensures that fEl < fg, on

E;. ]

A similar argument allows us to find a non-constant positive harmonic
function on X in the case of one end with infinite volume and one with finite
volume.

Corollary 3.3.8. Let (X,d, m) be an RCD(K, N) space with Ay > 0 and with
at least one end with infinite volume and one end with finite volume.
Then there exists a non-constant positive harmonic function on X.

Proof. Let E; be an end with infinite volume and F5 be an end with finite
volume both with respect to a compact K C X, and fix p € K. Taking Ry > 0
large enough we can assume, as before, K’ := Bg, (p) D K.

Let fp, and fr be defined as in the proof of Corollary (we note that
the definition of fr does not depend on the volume of the ends, so the same
argument holds in this case too): fg, is defined as in Definition [3.3.4] and
for R large enough fr € (Wy> N C)(Bg(p)) is harmonic in Bg(p) identically
equal to 1 on OF,(R) and identically equal to 0 on 0F;(R) and on every
other eventual end OF;(R) with i > 2.

To be precise, we should modify Bg(p) near its boundary as in the proof of
Corollary to achieve the regularity needed to apply Theorem We
omit these technical details here referring instead to the proof of Corollary
B.3.71

We fix € > 0 and take (0F,)° := {p € X : d(p,0E>) < €}. Thanks to the
strong maximum principle, the compactness of (0F2)® and the continuity of
fr we have that cg := (Igﬁ))i fr > 0 for every R large enough. Moreover, by
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(3-1.3), the functions log(fr/cr) are locally equi-Lipschitz, and since they
are equibounded on (0F3)° (by the definition of c¢g) we conclude by Arzela-
Ascoli’s theorem that there exists a subsequence of (fr/cg)g that converges
uniformely on compact sets to a function u : X — R.

The function wu is clearly positive and harmonic. We observe that it is
also non-constant. Indeed, as in the proof of Corollary it is easy to see
that u < fg, on Ej, then infx u = 0, moreover, by the definition of cp we
conclude that u > 1 on (OF)°.

We also note that on every other end E; with ¢ > 2, thanks to the
maximum principle, fr < cg, then u < 1 on every end E; with i > 2 (if the
space has more than two ends). O

Corollaries [3.3.7] and [3.3.§| should be coupled with the following simple
and general result, stating that if A\; > 0 (an assumption that is present in
Theorems [0.0.7 and [0.0.8), then the space has at least one end of infinite
volume.

Proposition 3.3.9. Let (X,d,m) be a metric measure space with A\ > 0.
Then X has at least one end with infinite volume.

Proof. By the definition of A it follows immediately that if m(X) < oo then
A1 = 0, this means that m(X) = oc.

Assume by contradiction that X has no ends with infinite volume. Then
there exists a compact K which has positive volume and cuts the space in
ends with finite volume. Let {F;};cn be the set of the ends with respect to
K. Since m(E;) < oo for every i € N then for every £ > 0 there exist a couple
of radii 7, Ri. > 75 + 2 such that Vg, (R;.) — Vg, (ric) < &. Taking now
the function

1 for x € KU (U(Ei(riz))),
fs(x) = dgj’?%ﬂ”; for x € Ei(Ri75) \ Ei(ri,s)a
0 for x € E; \ Ei(R;.),

we conclude that

[ IVERam

[ Pdm = mE) w0
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3.4 Rigidity theorem for spaces with positive
spectrum

We focus now on Theorem which states that if a space with strictly
positive A\; has two ends with infinite volume then it splits (see Definitions
13.3.2| and [3.3.1] for the definitions of A; and ends in metric measure spaces).
We recall here its precise statement.

Theorem 3.4.1. Let (X,d,m) be an RCD(—(N — 1), N) space with N > 3
and supp(m) = X, and assume that the first eigenvalue of the Laplacian )\
1s > N — 2. Then one of the following holds:

i) X has only one end with infinite volume;

ii) X is isomorphic as metric measure space to a warped product space
Rx, X', where X" is a compact RCD(—(N—1), N) space and the warping
functions are

wqy(t) := cosh(t) and W (t) := cosh™ 1 (t).
Moreover, in this case \y = N — 2.

Given the statement of Theorem and remembering the results of
Section [3.3] let us fix the following notations and assumptions that we will
use along all the proof of this result.

Assumption 3.4.2. (X,d,m) is an RCD(—(N — 1), N) space with N > 3
and \y > N —2. We also assume that supp(m) = X and that X has two ends
with infinite volume.

Finally, we shall denote by u a fived bounded and non-constant harmonic

function on X. The ezistence of such u is granted by Corollary[3.3.7

3.4.1 Properties of the bounded harmonic function

We start with the following simple regularity statement.

Lemma 3.4.3. With the same assumptions and notation as in Assumption

the following holds.
The function u is in Test;,.(X) and globally Lipschitz.

Proof. By the Cheng-Yau gradient estimate (3.1.3)) and the fact that w is
bounded it follows that it is globally Lipschitz. This information together
with the fact that Au = 0 suffices to ensure that u € Test;.(X). O
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The rigidity result we are going to prove in this section is ultimately a
consequence, as customary, of the equality in the improved Bochner inequal-
ity (see inequality (3.1.4)). Before coming to that it is useful to recall the
following result, that in the RCD setting has been proved in [GV]. We pro-
vide anyway the complete proof because we shall be interested in the equality
case, that was not explicitly studied in [GV].

Lemma 3.4.4 (Generalized refined Kato inequality). Let (X,d,m) be an
RCD(K, N) space with K € R and N € [1,+00). Then for any u € H>(X)
it holds

t + dim(X)
t+dim(X) —1

tr Hess(u))’
|d|du|[* < | Hess(u)|fs + M m-a.e.  (3.4.1)

for every t > 0, where dim(X) € NN [1, N] is the (constant) dimension of
LY(TX) (recall Theorem . Equality holds m-a.e. for a given t if and

only if

Hess(u) = a(Id — (t + dim(X)) e; ® e1), (3.4.2)
for some function o € L} (X), where e; € L°(TX) is a pointwise unitary
vector that is equal to |¥—Z| on |[Vu| > 0.

Proof. We indicate with n the dimension dim(X). Let A be a symmetric
n X n real matrix. We claim that for every ¢ > 0 and every v € R™ we have:

t+n lv](tr A)?
— A < AR _ 3.4.3
Ao < AR + (3.43)
Indeed, by the spectral theorem there is an orthonormal base eq, ..., e, of R"

so that A is diagonalwith respect to such base, with diagonal entries aq, ..., ay,.
We can also assume that |ay| > |ay| for @ = 2,...,n. Then, applying twice
the Cauchy-Schwarz inequality we obtain

ag+oag+ ...+ ay)?
|v|2(( Lz ) +a§+a§+...+ai>

t
1) n)? n)?
Z|U‘2 (Oél—FOéQ—F +C¥) +(Oég+a3+ +Oé) —|—O{%
t n—1
(2) a?
> 2 1 2
L )
3) ¢
St |A-v)?

Y

T t4+n-—1

which is (3.4.3)). Equality holds in (3.4.3)) if and only if the inequalities above
are all equality. Equality in (1) holds if and only if ap = -+ = o, =: @,
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equality in (2) if and only if @ = a1(1 — (¢ + n)). Finally, equality in (3)
holds if and only if v is a multiple of e;. In other words, equality in (3.4.3)
holds if and only if

A=a(d—(t+n)e; ®ey).

We come to (3.4.1)) and its equality case and start noticing that d|du| =
X{|vu|>0} Hess u(IV ‘) (for u € Testo.(X) this follows from Proposition [1.6.13

and the chain rule - see also [DGP], Lemma 2.5|, then the general case comes
by approximation). Now the conclusion follows picking a suitable point-
wise orthonormal base ey, ..., eqmx) € LY(TX) of L°(TX) that diagonalizes
Hess u. [

Proposition 3.4.5. With the same assumptions and notation as in Assump-
tion the following hold:

Z) )\1:N—2;

ii) |du| is locally Lipschitz (i.e. it has a locally Lipschitz representative)
and strictly positive;

iii) Putting ey : \Vul (this is well defined by item (1)) we have
Hess(u) = a(Id — Ney ® eq), (3.4.4)
for some a € L} (X);

iv) we have ]du|N7:1 € D(Ayoe) with

N—-2

A(|du|¥=T) = —(N — 2)|du|~¥1; (3.4.5)

v) w is an open map, i.e. u(U) C R is open for any U C X open.

Proof. The required rigidity will follow by closely inspecting the proof of
|GV, Theorem 3.4]. Start noticing that since we know from Lemma [3.4.3]
above that u € Test;,.(X), we can apply the improved Bochner inequality
3.1.4] (say N > dim(X); the case N = dim(X) follows along similar lines
recalling that in this case tr Hessu = Au = 0 and that the last addend in
the Bochner inequality below is 0 - see [Han|) recalling that Au = 0 to get

(tr Hess u)?
N — dim(X))m

Kato’s inequality as in Lemma with ¢ = N — dim(X) can be written as

A@ > <] Hess ulfg — (N — 1)|dul* +

tr H 2
(tr Hess u) L F

2 e ——
[dldull” = 3= dim(X)

| Hess ulfis = for some F' > 0 m-a.e.

N -1
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and the equality case reads as

F =0m-a.e. = identity (3.4.4) holds. (3.4.6)
We thus have
u 2
A > (Nojd|dul)? — (N — 1)|duf® + F)m (3.4.7)

Now let us fix 8, > 0 and put ¢(z) := s.(2) := (2 +¢)”. Then (3.4.7) and
basic calculus rules (see also the proof of [GV) Theorem 3.4|) give

A(p(|dul?)) = (ﬁ(lW +e) 7 2F = 2(N — 1)|duf’)

2(8—1)|du|?
+2ﬁ|d|duu2(Nfi1 + ))m

|du|?+e

Now pick § := % and let € | 0: the rightmost addend goes to 0 and
N-—2
putting for brevity f := |Vu|~1 (and summing A; fm to both sides) we are

left with
Af+Mfm> (A —(N=2))f+ %ﬂdu\’%)m >0 (3.4.8)

(notice that the passage to the limit is justified also by the fact that f €
W2(X), as established in [(V], Theorem 3.4] - the proof of this follows from
the computations we are repeating here).

To deduce the desired rigidity from the above, start observing that for

any ¢ € LIP,s(X) we have

/ﬁffdAf:1/—¢ﬂdﬂ2—2ﬂm¢adﬁdm:=/74«¢ﬁﬁ#<PMmem

and thus using that \; [ f2o*dm < [ |d(¢f)]? dm we get

[eraarnm < [ Plagkan (3.4.9)

Notice that (3.4.8) and the assumption A; > N — 2 tell in particular that
Af+ A fm >0, then fix R > 0, let ¢ := (1— R7'd(-, Br(p)))" in the above
then let R 1 oo to get

/fd(Af + A1 fm) < liminf i? f?dm. (3.4.10)

R—+oo R? |, o)\ Br(p)



3.4 Rigidity theorem for spaces with positive spectrum 101

Let us prove that the right hand side is zero. Putting Ag := Bar(p) \ Br(p),
from Holder’s inequality we get

N—-2

f2 dm < </ |du|2€2\/ﬂdp dm> N-1
AR AR

</ e~ 2(N=2)vAudp dm)m
AR
2 1
Oy @30) < CRAF( [ e g, dm) ™
R
2 1
(by (1.5.11))) < CR%?(/ o(“2(N=2)VAT+N-1)d, dm> T < oR,
R

where in the last inequality we used the fact that —2(N —2)y/A\;+ N —1 <0,
that in turn follows from A\ > N — 2 and N > 3.

Therefore from ([3.4.10)) we see that [ fd(Af+ A fm) < 0 and thus from
(3.4.8]) we conclude that

(Al—(N—Q))/f2dm+/!du\_N21de§0.

Since A\; > N —2 and f is not identically 0 (as u is not constant), we deduce
that A\; = N —2, i.e. item (7) holds. Also, since |du]_% > LIP(u)_% >0,
we see that F' = 0 m-a.e., and thus by item (717) holds as well.

Now notice that we now know that

Af=—(N-2)fm (3.4.11)

and by the compatibility of the concepts of measure-valued and L2-valued
Laplacian (see Proposition[3.1.2)), item (iv) follows. Moreover, we also deduce
that Af < 0, hence f is superharmonic on any bounded open subset of X.
Since X is locally doubling and supports a local weak Poincaré inequality,
point (7) follows from the weak Harnack inequality (see e.g. [BBL Chapter
8]) recalling, once again, that f is not identically 0. Even more, knowing
and the Bochner inequality it is not hard to see that

AME > (df,dAf) = (N = 1)Jdf[* = —(2N = 3)dfP,

thus the same arguments just expressed tell that |df| is locally bounded from
above, i.e. that f is locally Lipschitz (by the Sobolev-to-Lipschitz property).
Hence the same holds for |du| = f%.

It remains to prove that u is open. Fix 7 € X, let £ : X — [0,1] be
a Lipschitz cut-off function with compact support identically 1 on By(Z).
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Let (Fl;) be the Regular Lagrangian Flow of {Vu, that is easily seen to
exists as [EVu| € L™, div(€Vu) = (VE,Vu) € L*® and €Vu € WE(TX)
by Proposition [1.6.16] By the defining property and the finite speed
of propagation that follows from (|1.8.5), we see that there is T" > 0 such
that dyu(Fly(z)) = |du|*(Fl;(z)) holds for m-a.e. z € By(z) and t € [-T,T).
For these x,t, recalling also item (ii), we see that dyu(Fl,(z)) > ¢ for ¢ :=
inf g, (z) |du|r > 0. Fix « for which this holds for a.e. t € [T, T] and use the
continuity of u to deduce that the image under w of {Fl,(x) : t € [-T,T|}
contains [u(z) — Tc,u(x) + Tc|. Picking x sufficiently close to £ we conclude
that u(B;(z)) contains a neighbourhood of u(x) and repeating the argument
with B,.(Z), r < 1, in place of By(Z) we conclude. O

3.4.2 |du| as a function of u

In this section we prove that the minimal weak upper gradient of u is of
the form ¢ o wu for a suitable smooth function ¢. Notice that from (3.4.4) it
follows that

d|du| = Hess u(‘Z—u“‘) =a(l - N)ﬁ_;jp

i.e. d|du| = hdu for some function h. In the smooth category, this suffices to
conclude that, locally, |du| is a function of u, a natural line of thought being:
let U be a small open set such that level sets of u are smooth-path-connected
in U (recall that |du| > 0), then pick x,y € U with u(z) = u(y) and find a
smooth curve « joining them, with values in U and with ¢ — u(v;) constant.
Then 0 = du(x) = du(+) and thus d;(|dul () = dldul () = h(y)du(+)) =
0, proving that |du| is also constant along v and thus that, on U, the value
of |du| depends solely on that of w.

We are going to prove an analogous statement in our setting: roughly
said, the underlying idea is the same just exposed, but the technicalities are
much more involved.

Proposition 3.4.6. Let (X,d,m) be an RCD(K, N) space and fiz two func-
tions f,g € LIP;,.(X) such that dg = hdf for some h : X — R.

Also, assume that f € D(ANpe) N W2A(X) is with ﬁ, |Af|,| Hess flus €

(X).

Then for every x € X there are a neighbourhood U and a Lipschitz func-
tion ¢ : R — R such that g =@ o f on U.

LOO

loc

Proof. Fix € X and let  : X — [0, 1] be Lipschitz, with bounded support
and identically 1 on Bs(Z). Then by direct computation we see that for the
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vector field v := 77% we have

o Af (VIVILVE (Y, V)
W) =G 2 VP
Ty = Hess(f)_2 VIVfleVf VneVf
B A EE T N

so that our assumptions on f and n grant that v has bounded divergence and
bounded covariant derivative. It follows from Theorem[I.8.7]that the Regular
Lagrangian Flow FI : R x X — X of v is Lipschitz in space and time. By
definition of Regular Lagrangian Flow and of v the equation 0;(f(Fl.(z))) =
n(Fli(x)) holds for m-a.e. x and a.e. ¢, but thanks to the continuity of 7, Fl
and f it is easy to see that in fact for any = € X the map t — f(Fl,(z)) is
C' with derivative equal to n(Fl,(x)).

Now consider the map H : X x R x R — X defined as H(z,t,s) =
Flits—f@) (x). Then this is clearly Lipschitz. Also, let B C X be bounded
and I C R be a bounded interval. We claim that for some C' > 0 we have

Hy(m|, x 6, x L) <Cm  forevery t € I. (3.4.12)

|1

Indeed, since f is Lipschitz there is T' > 0 such that |t +s— f(x)| < T holds
for any (z,t,s) € B x I x I. It follows that for any ¢ € C,(X) non-negative
it holds

[ttt sy = [ [ olFl o) dsing)
§/B/290(FI,,)drdm(x) < 2TComp(F|)/g0dm7

thus proving our claim (3.4.12)). Notice also that since |v| € L™, the estimate

(1.8.5) trivially ensures that

3t > 0 so that for any x € By (%) we have Fl,(x) € Bs(z) for any ¢ € [—t,1].
) (3.4.13)
Put 7 := min{3, é(LIP(f|B3(j)))_1}. We claim that

there is ¢ : R — R such that g = ¢ o f on By(%) (3.4.14)

and argue by contradiction. If not, there are zg,x; € Br(Z) with f(zg) =
f(z1) and g(xo) < g(z1). By continuity we can find neighbourhoods Uy, U; C
Bi(z) of xg,x, respectively such that infy, g > supy, g. Then we can find
other neighbourhoods V; C U; of x;, « = 0,1, and § € (0,%) such that
Fls(x) € U; for every z € V;, s € [-5,5],1=0, 1.
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Let p; == m(Vi)_lmh/i, i =0,1 and let 7 be the only (by |[GRS|) optimal
geodesic plan joining pg to p1. Then [R12a] ensures that 7 is a test plan and
clearly it is concentrated on geodesics taking values in Byr(Z) C By(Z). Also,
let G : C([0,1],X) x R — C([0, 1], X) be given by G(v, s); := H (v, f(xg), )
and put 7 := G, (7 X <%£1|[75,§]))' From the fact that H is Lipschitz and
(3.4.12)) it directly follows that 7 is a test plan as well and the construction
also ensures that (e;).7 is concentrated on V;, i = 0, 1.

We make now the intermediate claim:

7 is concentrated on curves along which f is constant. (3.4.15)

To see this, notice that 7 is concentrated on geodesics having endpoints in
Br(Z) and thus that it is sufficient to prove that for any such geodesic -, any
t €10,1] and s € [—5, 5] we have

F(Flyteoyts—r00) (1)) = f (o) + 5.

Since 7+ f(Fl,.(y;)) is C* with derivative n(Fl.(7;)), the claim follows if we
show that Fl.(v,) € Bs3(z) C {n = 1} for any |r| < |f(z0) + s — f(10)]. To
see this, notice that -y takes values in Byr(Z) C By(Z) and thus |f(y) + s —
f(w)| <5+ LIP(f’BS(j))d(%,%) <t forany t € [0,1] and s € [—5,5]. The
claim then follows from ((3.4.13]).

From and the definition of speed of a test plan (see Theorem

1.4.3) we have that
0= foe,— foe = / [eXd f](7]) dr T-a.e.
t

for every t,s € [0,1], t < s. By Fubini’s theorem this implies that for
a.e. t € [0,1] the identity [ejdf](7w}) = 0 holds 7-a.e.. Now we can use

our assumption dg = hdf (noticing that |h| € L;2.(X) as a consequence of
|dg], ﬁ € L. (X)) to deduce that

loc

1 1
goe, —goey= / leXdg|(7) dr = / hoe.[efdf](w!)dr =0 T-a.e..
0 0

This latter identity, however, is in contradiction with the fact that

/goeodfr:/gd(eo)*fr§supg<i‘r/1fg§/gd(el)*ﬁ':/goeldfr,
1

Vo

thus proving the claim (3.4.14]).
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Property defines the real valued function ¢ on the connected -
being the continuous image of a connected - set I := f(B:(z)) € R. To
conclude the proof it is therefore enough to show that ¢ : I — R is locally
Lipschitz, with a control on the local Lipschitz constant independent on the
chosen neighbourhood.

Thus let x € Bz(Z), put a := f(z) and notice that for || < 1 we have
Fl.(x) € B(z) as well with - by the above discussion - f(Fl;(z)) = o +t.
Conclude noticing that

lp(a+1) — ()] = [p(f(Fli(z))) — o(f(2))]
= |g(Fli(x)) = g(z)| < LIP(g|5 )0l [t],

where in the last inequality we used the fact that the speed of the curve
s+ Fly(x) is uniformly bounded by ||v|| . O

In general this last result cannot be globabilized. In our case, however,
this is possible thanks to the global properties of the function u we proved
in Section

Proposition 3.4.7. With the same notation and assumptions as in Assump-

tion the following holds.

There exists a function ¢ € Co.(I) such that |du| = ¢ o u, where I :=
uw(X), and it satisfies

e’ =1 - () (3.4.16)

Proof. For x € X let U, and ¢, be the neighbourhood and the function given
by Proposition above. By item (7) in Proposition we know that
. is strictly positive. Now suppose for a moment that we already know that
Oy 18 C’llo’c1 for every x € X.

We know that |du| = ¢, o u holds on U,, thus the regularity of ¢, and
its positivity justify the chain rules

A(|du| 1) = div(3=2 (0, ¥ ¢) 0 uVu)
N-2 N-2

_ N1 o 148=2
Gt = Rl CARE = s

having used also the fact that « is harmonic.

»

_ N-2

Since ([3.4.5) can now be written as A(\dul%) =—(N —2)p; ' ou we
conclude that ¢, satisfies (3.4.16|). It then follows by standard bootstrapping
that ¢, is C}., as in the statement.

The ODE (3.4.16)) also gives, by ODE uniqueness, the desired rigidity, as
it is clear that any two solutions ¢, ¢, defined on some intervals I, [,, C
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(0,1) that coincide in some non-trivial interval I C I, N I,» must coincide
on the whole I, N I, and that the natural ‘glued’ function defined on I, U
I, is still a solution. Thus fix ¥ € X, let ¢ be the maximal solution of
(3.4.16) extending ¢z and let A C X the set of those x’s such that ¢, is the
restriction of ¢ to some subinterval of its domain of definition. Since U, is a
neighbourhood of x and ¢, is defined on the open set u(U,) (by item (v) in
Proposition [3.4.5)), it is clear that A is both open and closed. Since it is not
empty and X is connected (being geodesic) we conclude that A = X.

We now prove that ¢, is Cllo’cl and to this aim we start claiming that
for n € W2?(X) with support compact and contained in U, the measure
@ := u,(nm) is absolutely continuous with respect to £! with density that is
also absolutely continuous. Indeed, let ¢ be a Lipschitz cut-off function with
compact support and identically 1 on a neighbourhood of supp(n) and let
(Fl;) be the Regular Lagrangian Flow of (Vu (whose existence and uniqueness
follow from |(Vu| € L=, div(¢Vu) = (V(¢, Vu) € L® and (Vu € WA (TX)
by Proposition . Then by Proposition we see that “OF'T““ —
|dul® in L?(supp(n), m) as t — 0. Notice also that item (#) in Proposition
3.4.5| yields that ﬁ € W2 N L2 (X) (for Sobolev regularity recall that

loc loc

u € H>*(X) and [GI8H], Proposition 3.3.22]), thus the following computation

loc

is justified for any £ € C°(R):

. EouoFly—&ou 7
— / — / e
/f du /5 oundm 11_1)%/ " du? dm

_/gou<d(ﬁ),du>dm_/gdu,

where v := u, ((d(ﬁ) , du) m).

This proves that the distributional derivative of i is a Radon measure, and
thus that u < £! with BV density. To prove that the density is absolutely
continuous it suffices to prove that v < £!. But this is obvious, as a direct
consequence of what just proved is that u,m < L.

We are now ready to show that ¢ = ¢, is C\.l (u(U,)). We know from
Proposition that it is locally Lipschitz and that in U, we have |du| =
@ou. Since we already recalled that |du| € W2 we see that d|du| = ¢'ou du.
Also, we know from and the chain rule for the Laplacian that in U,
we have A(|du|) = ¢ o u for some locally bounded function v, that we can
rewrite as div(¢’ o udu) = ¢ o u. Now we take n € Test(X) with support in

U, and £ € C*(R) and observe that

Ji€oun. o oudiyan =~ [@weoundm=- [vepac,
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where p is the density of u.(nm). On the other hand we also have

Ji€oun. o oudiyan= [(€)oulduPy+ () o uldy. du) dm
~ [¢om+edmac,

where py, py are the densities of u,(|du|*nm) and w,({dn, du) m), respectively.
By the arbitrariness of £ we proved that the distributional derivative of ¢'p;
is equal to ¢'ps +p € L} ., and thus that ¢'p; is (more precisely: has a
representative that is) absolutely continuous. Since |du|?n is in W?(X) and
has support in U,, what previously proved shows that p; is also absolutely
continuous.

We thus deduce that ¢’ is locally absolutely continuous on {p; > 0} =
u({n > 0}). Taking n = n, for (n,) such that of U, {n, > 0} = U, we

conclude. O

3.4.3 Proof of Theorem 3.4.1]

We are now ready to prove Theorem combining the results of Chapter
and Sections [B.4.1]and [3.4.2]

Proof of Theorem[3.4.1} Since \; > N —2 > 0, we know from Proposition
[3.3.9 that X has at least one end of infinite measure. Assume it has at least
two of these. Then Corollary gives the existence of a non-constant
bounded harmonic function u on the whole X and then Proposition [3.4.7]
that

|du| = pou (3.4.17)

for a positive smooth function ¢ on u(X) that satisfies

mxe?’ =1 = e (@) (3.4.18)

Ot

tells that |du| # 0 a.e., and that putting e, := Ig_z\

Then Proposition [3.4.
we have

Hessu = ¢ o u|du|ld — N¢ o u|dule; ® e for (=% (3.4.19)

We can therefore apply Lemma let 1 be so that ' = i (n is defined
up to an additive constant: the value of such constant will be chosen in a
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moment) and define the function b := o u. Then b € H;>*(X) with

|db] =1, (3.4.20)
Hessb = 14 0 b(Id —e1 ® el), for g :=Con! (3.4.21)

Ab = ¢y ob, for = (N - 1)< © 77_1 = (N - 1)¢d-
(3.4.22)

To find explicitly ¢4 and v, notice that

o LD oo BLIY | (o) 1—¢2 (3.4.23)

1-N (N—1)2

and thus
_ _ _, B423) _
Ya=(Con™ ) = () on " =(Ce)on S Y R

proving that ¢4(z) = tanh(z + ¢) for some ¢ € R. Since 14 07 is equal to the
given function (, we see that replacing n with 7 := 7+ o for a € R means
replacing 1q with thg = 14(- — ). Thus we can, and will, choose 7 so that
wd = tanh.

It follows by the defining properties (2.2.9b)), (2.2.10) that wq = cosh. By
(3.4.22) we also have ¢, = (N — 1) tanh and thus wy, = cosh™ .

Then Theorem gives the required warped product structure, where
the fiber is the space X' := b~!(0) equipped with the distance d’ and the
measure m’ defined in and respectively. Moreover, we can apply
Proposition [2.5.4 with z = 0 to deduce that (X’,d’,m’) is RCD(—(N —1), N).

It remains to prove that X’ is compact. Say not. We are going to prove
that in this case X has at most one end, thus contradicting the assumption
made at the beginning of the proof.

Let K C X be compact and let K’ := Pr~'(Pr(K)) N b~(b(K)). Since
T(K) = b(K) x Pr(K) € R x,, X’ we see that the ‘rectangle’ K’ is also
compact. Let zg,2; € X\ K. Then for ¢ = 0,1 either Pr(z;) ¢ Pr(K’) or
b(z;) ¢ b(K’) (or both). Say b(z;) ¢ b(K') for i = 0, 1 and use the assumption
that X’ is not compact to find z € X'\ Pr(K’). Then the curve t — Fl;(2)
(here Flis the flow of Vb) does not meet K’ and, moreover, there are tg,t; € R
with b(Fl;,(2)) = b(z;), i = 0,1. Recalling that the level sets of b are path
connected, we can find curves joining x; and Fl;,(z) lying entirely on level
sets. The assumption b(z;) ¢ b(K’) ensures that these curves do not meet
K’ thus the path obtained by gluing these curves and t — Fl;(z) produces a
curve from xg to 7 that does not meet K’, showing that g, z; belong to the
same connected component of X\ K’. Since an analogous construction can be
made if one, or both, of the z;’s are with Pr(z;) ¢ Pr(K’), we see that X\ K’
has only one connected component, providing the desired contradiction. []
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3.5 Rigidity theorem for spaces with maximal
spectrum

By Cheng’s Theorem the first eigenvalue of the Laplacian of an n-dimensional
Riemannian manifold with Ricci curvature bounded from below by —(n —1)

is bounded from above by @. The same result holds in the non-smooth
setting: it is a consequence of the following result proved in metric measure
space by Sturm (see [S94, Theorem 5]).

Theorem 3.5.1. Let v,(r) :=inf,ex mgi;('g)). If there exists k > 0 such that

1
liminf — log(v.(r)) < k,

r——+oo 71
then A\, € [O, %}

Theorem 3.5.2. Let (X,d,m) be an RCD(K,N) with K < 0 and N €
(1,400). Then
—(N-1)K

1 .

Proof. By the Bishop-Gromov inequality (1.5.12)) we can estimate v, (r) from
above with Ce"V~=DK  Theorem concludes the proof. O

Its proof easily follows combining the Bishop-Gromov inequality (|1.5.12))
with the following theorem (see [S94, Theorem 5]).

Theorem [3.5.2| motivates the study of the case \; =
in which )y is the maximum admissible.

A1 <

(N-1)?

T i.e. the spaces

3.5.1 Isomorphism with the warped product

The proof of Theorem is very similar to the one of Theorem saw
in the previous section. We recall the precise statement of the theorem.

Theorem 3.5.3. Let (X,d,m) be an RCD(—(N — 1), N) space with N > 3
and supp(m) = X, and assume that the first eigenvalue of the Laplacian )\

15 equal to (N;m. Then one of the following holds:

i) X has only one end;

ii) X is isomorphic as metric measure space to a warped product space Rx,,
X', where X' is a compact RCD(0, N) space and the warping functions
are

wy(t) == e’ and Wy (1) := Nt
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To begin we observe that A\;(X) > N — 2, then, by Theorem the
space has only one end with infinite volume. We fix then the following
assumptions.

Assumption 3.5.4. (X,d,m) is an RCD(—(N — 1), N) space with N > 3
and A\ = %. We also assume that supp(m) = X and that X has at least
lwo ends.

Finally, we shall denote by u the positive and non-constant harmonic

function on X given by Corollary[3.3.8

As we did in Proposition we prove that the positive non-constant
harmonic function u satisfies the equality in the Bochner+Kato inequality
with F' = 0, and from this we deduce its Hessian.

As in the proof of Proposition an inequality (the equivalent of
(3.4.8)) comes from the Bochner inequality, and the other follows by the

definition of \; and the estimates (3.3.14)) and (3.3.15)) (as in (3.4.10))). The

first inequality in this case has been studied by H.-C. Zhang and X.-P. Zhu
in |ZZ], where they proved a sharp estimate for the gradient of harmonic
functions.

Theorem 3.5.5 (Li-Yau gradient estimate). Let K <0 and N € (1, +00),
and let (X,d, m) be an RCD(K, N) metric measure space. Taking u positive
harmonic function on X it holds

|du| < /—K(N — 1)u.

Proposition 3.5.6 (Properties of the Busemann function). With the same
assumptions and notation as in Assumption [3.5.4] the following hold:

i) |du| = (N —1)u holds m-a.e., in particular |du| is locally Lipschitz and
strictly positive;

i) putting e := %, which s well defined by the above, we have

Hess(u) = —(N — Du(Id — Ne; ® ¢7). (3.5.1)

Proof. Also in this case it is easy to see, as in Lemma [3.4.3] that u €
Testoe(X) (since here u is not globally bounded we do not have the global
Lipschitzianity in this case).

Starting with item (7), the inequality |du| < (N —1)u is given by Theorem
so we only have to prove that the opposite inequality holds.

Let f := \/u. Then, by the chain rule for the Laplacian it holds

(N — 1)
4

1

Af = —Zu—%|du|2m > - fm, (3.5.2)
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which means that, as in the proof of Proposition [3.4.5] Af + A; fm > 0.
Moreover, repeating the same computations as in (3.4.9) we conclude that

/chf d(Af 4+ A fm) < /f2|d<,0|2dm. (3.5.3)

As in the proof of Proposition the aim is to choose a sequence of
functions (¢g) — 1 that sends the right hand side of to 0. We start
noticing that we can ignore every end with finite volume on which v < 1
(so every end with finite volume except for Fy), since we can choose ¢pr
similarly to what we did in the proof of Proposition [3.3.9 and see that their
contribution in the right hand side of is negligible.

In the following, for brevity and simplicity of the notation, we assume
that the space has only the two ends F; and F3 (noting that we can define
wr independently on every end, so the argument above is enough to conclude
in presence of other ends with finite volume).

Take ¢g defined as g := (1— R7'd(+, Br(p)))". Letting R 1 +00 we get

R—+o00

1
/ FA(AS + Aufm) < liminf — / £ dm. (3.5.4)
Bar(p)\Br(p)

We prove that the right hand side is zero. More precisely, we claim that
there exists a constant C' > 0 such that for every R > 0 large enough it holds

/ dem:/ udm < CR. (3.5.5)
Br(p) Br(p)

On the end with infinite volume F; we have that

2
/ udm < (/ u2dm) Ve, (R+1)
E1(R+1)\E1(R) E1(R+1)\E1(R)

N—-1 NflR

(3-32) + (3.3.14) <Ce 2z ez =,

and summing up on R

/ f*dm < CR. (3.5.6)
E1(R)

Focusing now on Es, we note that, by Theorem [3.5.5] and the Sobolev-to-
Lipschitz property it holds

u < C+ W=D m-a.e.,
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then for every R large enough

/ udm < / C + N1 qm
Es(R+1)\E2(R) E>(R+1)\E2(R)

(C 4 eWN-DEDY Ve (R+1) — Vg (R))
(C + N DED) (Vg (00) — Vg, (R))
(13.3.15)) < C(C + eV DR -(N-DR _ ¢

<
<

Summing up on R we obtain that

/ f?dm < CR, (3.5.7)
E2(R)

and this, together with (3.5.6) concludes the proof of (3.5.5).
We conclude that Af = —\; fm, then, since the equality holds in (3.5.2)),
we have that

du| = (N — 1)u. (3.5.8)

From an easy computation, we see that u satisfies an equality in the
Bochner+Kato inequality, i.e. (3.4.7) holds with F' = 0: indeed, using the

chain rule for the Laplacian (3.1.1), Au =0 and (3.5.8) we have

(N —1)?
2

AlE — A(w?) = (N = 1)*|dul*m

and

(rgldldul* = (N = D)jdul*)m = (N(N = Ddul* — (N = 1)|dul*)m

= (N —1)?|du*m.
Arguing as in the proof of Proposition we conclude that the Hessian
of u is of the form a(Id — Ne; ® eq) for ey := % and
(d|dul, du)
=—————=—(N-1)u.
= =Ny YD

]

We observe that in this case we do not need to repeat the argument of
Section [3.4.2) since we already have that |du| = (N — 1)u, then we can
conclude the proof of the "splitting" in Theorem [3.5.3] arguing as in Section
3.4.3l
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Proposition 3.5.7. With the same assumptions and notation as in Assump-
tion the following holds: the space X is isomorphic as metric measure
space to a warped product space R x , X', where X' is compact and the warping
functions are

wy(t) = €', and Wy () == NI,

Proof. The proof is identical to the one of Theorem [3.4.1] except for the
RCD condition for the quotient space X’ (we will talk about that in the next
section).

Fixing b := —%, from Proposition [3.5.6| follows that
|db| =1, (3.5.9)
Hessb =1d — e; ® ey, (3.5.10)
Ab=N — 1. (3.5.11)
Defining wy and wy, as in (2.2.9) and (2.2.10)), we have that wq(t) = €' and
Wy = eV,

From Theorem follows that X is isomorphic to R x,, X’ with X’ :=
b~1(0) and warping functions wg and wy,. Moreover X’ is compact since, if
it was not then the space R x,, X’ would have only one end (the argument is
identical to the one in the proof of Theorem [3.4.1). O

3.5.2 RCD condition of the quotient space

In this case Theorem [2.5.4] cannot be applied, so we have to argue differently
to prove the RCD condition of the quotient space X'.

This case has been studied in [CD+], we recall briefly their argument
since it is completely different from ours in Theorem

As seen in Section the first three properties of Definition are
satisfied in the space X’. We prove that the Bochner inequality holds
too.

The first step to prove it is to study how the Laplacian of the warped
product space R x,, X’ behaves with respect to the Laplacian in X'. We
denote by A the Laplacian in R x,, X" and by A the Laplacian in X'.

Lemma 3.5.8. Let p € C°(R) and f € D(A). Moreover assume that wy, €
CYR). Indicating with f,p : R x, X' — R the functions f(t,2') == f(a')
and p(t,2') == p(t), it holds fp € D(A) and A(fp) € WH2(R x,, X').
Moreover
A(fp) = pw > Af + (pwy) wy' f. (3.5.12)



114 Chapter 3. Applications to spaces with positive spectrum

Remark 3.5.9. In (3.5.12)) with a little abuse of notation we omitted the
right compositions with the projections 7 (t,2') :=t and mo(t,2') :=2'. N

Proof. We indicate with X,, the warped product R x,, X’. By Theorem
follows easily that function fp is in W1?(X,,) for every f, p as in the

assumptions.

Recalling nations ([2.2.5) and (2.4.2), let A be the set of functions f :
X, — R such that foT € A, and similarly we define G and H. By Lemma

we have that A is dense in W2(X,,).

Let ¢ € Test(X,,) N A given by ¢ = Y7 | a;h,g;, where a; € R, h; € H
and g, € Q~

Using the Leibniz rule and remembering the argument in Section we
have that

/ (V(/P), V) dm,, = Za / (79097, Vhi) + ph(VT, V5,) ) dm,

Noting that, by Theorem follows that
<V7, v§i>xw = wg2<vf7 Vgi>X' and <Vﬁ, in>Xw = p/h;7

we conclude that

> or [ (VT Vg dm, =30 [ fougtun [ (V5.Va)dn'ac
i=1 i=1 R X

= Z a; / phiwy *wy, AL / GAf, dm’
=1 /R X
and
> a; / f3,(Vp, Vhi)dm, =Y a; / P hwedLY [ fgi dm'/
i=1 i=1 R X!
= — Zai /(p'wm)'hi dct [ fg;,dm’.
=1 /R X
Then for every ¢ € Test(X,,) N A it holds

[0 Ve dm, == [ o(pug?ar+ Sz () dim, - (35.13)

where, as in the previous remark, we omitted the right composition with the
projections.
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Since Test(X,,) N A is dense in W'%(X,,), we have that (3.5.13) holds for
every ¢ € WH(X,,), then we conclude that fp € D(A) and

A(fp) = pwg? Af + (p'wn) wi f.
O

Starting from the weak Bochner inequality (1.5.1]) on the space R x,, X’
and using (3.5.12)) we can see that, in our case, the Bochner inequality holds
on X'.

Proposition 3.5.10. Assume that X' and R x, X' are as in Proposition
[3.5.1 Then for every f € D(A) such that Af € WY3(X') and all non-
negative g € D(A)NL®(X') such that Ag € L>(X') the following is satisfied:

%/ég[dﬂ%{, dm’ > %/g(éf)Qdm’Jr/g(Véf, V) dm'. (3.5.14)

Sketch of the proof. Let f € D(A) such that Af € Wh?(X’), and g € D(A)N
L>(X') such that g > 0 and Ag € L*(X').

Take p € C2°(R). Since f and g satisfy the hypotheses of Lemma [3.5.8|
we have that the following weak Bochner inequality holds for f5 and gp:

1

5 | AR dm, > [ ap(AFR) dm,

~V- [l An,  3515)
" / TV (A(TR), V(Fp)) dm,.

Using (3.5.12), (1.7.1) and the Leibniz rule all the terms of (3.5.15) can be
split in products of integrals on R and on X'. For instance:

/ Agp)|A(Fp)|? dm,, = / (w32 Ag + (') wzlo)
(PPwg*|df % + f2(p')?) dm,,
= / pPwy ey, dL! / |df % Ag dm’
R X/
+ / p(p ) witwadL [ fPAgdw
R X/

+ [ puunyact [ glaff am
R X’

N2( ./ ! 1 2 /
+ [ @GPy ac [ o aw.

(3.5.16)



116 Chapter 3. Applications to spaces with positive spectrum

and similarly for the other three terms of .
The idea to conclude is then to find a sequence of functions (p,) such
that all the "unwanted terms" go to 0 as n — +o0 leaving only (3.5.14).
Let po € C2°(R) be a cut-off function which is identically 1 on [—1, 1] and
0 outside [—2, 2] and let p,(¢) := po(t+n). Remembering that wy(t) = €' and
w(t) = ™Yt we can observe that all the "real integrals" in and in
the similar terms derived from goes to 0 faster than [ p3wy  wy dL:

—(n-1)
/p3wd4wmd£1 2/ eN=5)5 qs = Ce( "
(

—(n+1)
—(n—2)
/p wd 2wedL < C eN=3s s = Cem N3,
R —(n+2)
—(n—2)
/p w2 (p'wy) AL < C/ N335 dg = Cem N3,
R (n+2)
—(n—2)

/(p/>2(plwm)/d£1 < C/ 6(N—l)s ds = 06_(N_1)n,
R (

—(n+2)

and so on for the other terms. Dividing (3.5.15) by [ pw;*wy,dL! and
sending n to +0o we obtain (3.5.14)). ]

Thanks to Proposition [3.5.10 we conclude that the space (X', d’,m’) is
RCD(0, N), and this concludes the proof of Theorem [3.5.3
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