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1 Introduction

Bootstrap solutions of two dimensional CFTs are known since longtime [1]. The existence
and the form of these solutions depend strongly on the value of the central charge ¢, that
parametrizes the current conformal algebra, the Virasoro algebra. When ¢ takes rational
values smaller than one, ¢ € Q and ¢ < 1, one finds the minimal models whose spectrum
contains a finite number of degenerate Virasoro representations [1]. For ¢ irrational, ¢ ¢ Q,
we have the generalized minimal models with a diagonal (i.e. with only spinless primary
fields) spectrum formed by a discrete but infinite number of degenerate representations [2].
The correlation functions of the minimal and of the generalized minimal models are built
from the solutions of Fuchsian differential equations and admit a (Coulomb gas) integral
representation. This property makes the analytic proof of the crossing symmetry relatively
simple. For central charge ¢ > 25, one finds the celebrated Liouville field theory that
describes the two-dimensional quantum gravity [3, 4] and that has been recently related
to the random energy models [5, 6]. The Liouville field theory has a continuous and
diagonal spectrum [7-9] and its crossing symmetry has been proved in [10]. We notice
also that the Liouville theory can be constructed by using a (mathematically rigorous)
probabilistic approach [11], thus setting the consistency of this theory on very solid ground.
The Liouville theory can be analytically continued to complex values of the central charge,
¢ € C— {—00,1}. The general understanding is that the analytic continuation of the
Liouville theory is the unique bootstrap solution with continuous and diagonal spectrum
in the region ¢ € C — {—o0,1} [12, 13].

Despite the success of the above mentioned CFTs, there are many examples of critical
points where a satisfying CFT description is lacking. We mention for instance the non-
unitary critical systems with central charge ¢ € R<; such as the critical percolation [14-16]
or the random critical points [17]. These models point out the existence of bootstrap
solutions still to uncover. Motivated by this and by the success of numerical bootstrap ap-
proaches in higher dimension CFT [18], the last few years have witnessed renewed efforts
in the search of new CFTs. The outcome of this research unveiled indeed new solutions:
some presenting a discrete and non-diagonal spectrum [16, 19, 20] and others with a con-
tinuous and diagonal spectrum [12]. We refer to these latter solutions as the Liouville type
solutions. In general, the crossing symmetry of these solutions is checked only numeri-
cally, mainly because the conformal blocks do not have integral representation nor satisfy
differential equations.

The central charge ¢ = 1 represents a particularly interesting case where many different
known CFTs exist. In this paper we consider in particular the Gaussian free field, the
Ashkin-Teller model and two different Liouville type solutions: one is the Runkel-Watts
theory [21] that can be found via a ¢ — 1 limit of the Liouville solution defined at ¢ €
C—{o0,1} [22]. The other Liouville type solution is the one proposed in [12] that is referred
in this paper as the analytic Liouville theory.

We will provide a derivation of the crossing symmetry of the ¢ = 1 theories by using
the relation between isomonodromic deformations and Virasoro conformal blocks [23]. In
this work we will fully exploit this connection to provide a unifying theoretical framework



to find a class of bootstrap solutions in ¢ = 1 theories. Among these solutions, we find
the analytic Liouville theory. This proves for the first time the crossing symmetry of this
latter theory.

2 Isomonodromic deformations — Virasoro algebra relation

We review here the connection between the theory of isomonodromic deformations of Fuch-
sian systems of differential equations and the ¢ = 1 Virasoro algebra conformal blocks.

2.1 Rank 2 Fuchsian systems and the associated T function

A rank 2 Fuchsian system is defined by the system of the ordinary first order differential

d¥(z) _ <A°+ A, A )Y(z), (2.1)

dz z z—1 z—-t

equations

where Y'(z) is 2x 2 matrix of fundamental solution and Ay, A, A; are constant 2 x 2-matrices
that, for simplicity, we consider semi-simple (i.e. diagonalizable). Moreover we can assume,
without loss of generality, the matrices A, to be traceless. Indeed, the addition operation,
sending (Ao, A1, A) — (Ao — %Ter ‘1,A; — %TrAl -1, A — %TrAt - 1), corresponds to the
gauge transform Y (z) — Y(z) - (z)féTer (z — 1)7%T“41(z - t)féTrAt for the system (2.1).
We can therefore assume that:

A, ~diag(0,,—0,), v=0,1,t,

where ~ is used for similar matrices. The residue matrix at z = oo is defined by
Aoo = —Ao — A1 — At Aoo ~ diag ((900, —900) .

The monodromy group of the above system is characterized, in addition to the four pa-
rameters @ = (0, 0y, 01,0 ), by the other two parameters that we denote as o and s. The
monodromy data (0,0, s) are considered as the coordinates on the monodromy manifold.
We will usually indicate a point of this manifold by P, P = (8,0,s). A precise definition
of the monodromy manifold as well as an explicit parametrization of all its elements, is
provided in section 4. The rank 2 system (2.1) with four singularities at z = 0,1,¢,00
is not rigid [24, 25|, i.e. the monodromy data do not fix its form: there is one accessory
parameter that one can deform by keeping the monodromy data invariant. Choosing the
singularity position t as the deformation parameter, isomonodromic deformations of the
system (2.1) are governed by the equation
Y (z) Ay

S ==Y (). (2.2)

Compatibility condition of the latter formula with (2.1) gives the Schlesinger equations
that describe the non-linear evolution of {A,} under the isomonodromic transformation:
Ao _ [Ar, Al 0A1  [A, Al 04, [Ai, Ao]  [As, A4

= s = s = — — . (23)
ot t ot t—1 ot t t—1




There is a statement that there exists tau function defined by formula

6 tI‘AoAt tI‘AlAt
—1 t) = . 2.4
5; o8 7(t) P | (2.4)

The existence of a 7 function is equivalent to the existence of a closed 1-form on the space

of the deformation parameters [26]. In the 4-singularities case, where there is one single
deformation parameter, this is a trivial statement. However, for more than four singulari-
ties, the existence of a 7 function becomes non-trivial. Since isomonodromic deformations
preserve monodromies, tau-function depends on ¢ and on monodromy data, 7(t) = 7 (P;t).

2.2 Virasoro ¢ = 1 conformal blocks

We refer the reader to [27] for the definition of the Virasoro algebra and its representation
theory. An important special function associated to the Virasoro representations is the
four-point conformal block. Once we fix the central charge to one, ¢ = 1, this is a function
of six parameters: the value of the cross-ratio t, the dimensions A,, v = 0,1,¢, 00 of the
four primary fields sitting at positions z = 0, 1, ¢, 0o, and the dimension A of the Virasoro
representation that flows in the internal channel. We recall that the internal field is the
field produced in the fusion of the primary at z = ¢ with one of the other primaries
sitting at z = 0,1,00. In the s—channel (t—channel) conformal block B®)({A,}; A;t)
(BD({A,}; Ast)), Ais the dimension of the representation appearing in the fusion between
the primaries with dimension Ay and Ag (A1): the corresponding conformal block is defined
in a ¢ expansion (1 — ¢ expansion). One has:

B(t) (A07 At7 Ala AOCM A? t) = (1 - t)A0+AOO_At_A18(S) (Ala Atv AOa A007 Aa 1- t)

Henceforth, we will drop the index of channel (s) or (¢) because we will always imply the
conformal blocks to be in the s—channel, B®)({A,}; Ast) — B({A,}; A;t). To make the
link with the isomonodromic transformations, one parametrizes the dimensions A of the
primary fields with the momenta @ such that A = 62:

B<A07 At7 Ala A()07 A? t) — 8(97 0, t):

2.5
with A, = 6%, (v =0,t,1,00), and A =2, (2:5)

From its definition, the B(@;0;t) is manifestly invariant under the change of sign of 6,
and of o.

2.3 7 functions in terms of Virasoro ¢ = 1 conformal blocks

The main result in [23] is that the isomonodromic tau-function (2.4) is a linear combination
of conformal blocks with appropriate coefficients. In particular, the 7(P,t) function can be
expressed as a series in ¢ via the function 7o (P, t):

T(P,t) = 10t(0, 001, Sot, t) = Z s0:C(0; 00t + n)B(O; 001 + 15 t) (2.6)
neL
where the constants C(0;0(;) are expressed in terms of the Barnes G—functions:
He,e’:i G(l =+ Gt + 690 + GIJOt)G(l + 91 + EHOO + GIUOt)
G(1 4 200¢)G(1 — 200:)G(1 + 2600)G(1 + 26,)G(1 4+ 201)G(1 + 205

C(0;00;) = (2.7)



Differently from the conformal blocks, the constants C(0;00:) are not symmetric under
the change of sign, 6, — —6,: this is reminiscent of the reflection coefficient in Liouville
theory [27, 28].

The form of the Fuchsian system (2.1) is preserved by global conformal (SL(2,C)) map
z+ (az +b)/(cz + d), and in particular by the map z — 1 — z, which permutes 0 with 1
and maps ¢t to 1 — ¢t. Using this map one finds another representation for the tau function
as a series in 1 —¢:

(P, t) = Z s14C(0; 011 +n)B(B; 011 +n; 1 — 1) . (2.8)
neEZ

In the above equation the point P:

P = (éaaltvslt)) 0= (0170157907900)7 (29)

is the image of P under the map z — 1 — z, P — P, see section 4.5. Since (2.4) defines
only logarithmic derivative of the tau function, it can get some non-trivial multiplicative
factors after analytic continuation. This is actually the case for 7o;(P,t) and 71,(P,t) that
are tau functions of the same system. The ratio

TOt(P, t)

———— = X01 2.10
Tlt(P,t) ( )

is called (up to some normalization) connection constant. Explicit formula for this constant
has been conjectured in [29] and then rigorously proven in [30].

In principle, functions 7o (P, t) for different values of monodromies contain all possible
¢ = 1 conformal blocks — for example, they can be extracted by the inverse Fourier
transformation. This procedure was used in [29] to obtain the fusion kernel for arbitrary
¢ = 1 conformal blocks from connection constant (2.10). In principle, this formula for the
fusion kernel could be useful for the study of crossing invariance in ¢ = 1 CFT. As a matter
of fact, this turns out to be an extremely difficult approach because the fusion kernels are
in general continous with a very subtle structure of singularities.

Before entering into details, let us first give the general sketch of the approach we will
use to solve this problem. We advocate a different point of view: the good basis in the
space of ¢ = 1 conformal blocks are not the conformal blocks B(0,0¢.,t) themselves, but
isomonodromic tau functions 1o¢(P,t) or T1¢(P,t). The main reason for this choice is the
much simpler formulas for the tau function crossing transformation (2.10). Another reason
is based on the fact that the tau functions are common eigenvectors of the Verlinde loop
operators that act on the space of conformal blocks and that commute in ¢ = 1 case [31].
The CF'T correlation function will be expressed in the tau function basis and the associated
bootstrap relations will be solved by exploiting the formulas for the connection constant
(actually even simpler consequence of it). We propose the four-point correlation function
Fo(t,t) to have this form:

Folt,?) — F(t,)ldpe(P)] /P Ao (P)rou(P: )0 (u(P), D),



where ¢(P) is the image of P under conjugation, z — Z, as explained in section 4.4. There-
fore, given a distribution! dug(P) on the monodromy data manifold, the correlation func-
tions are averages of the product 7o:(P;t)70:(¢(P), ) of holomorphic and anti-holomorphic
tau functions. The analytic continuations in the cross ratio ¢ can be translated into the
transformations of the monodromy manifold under the action of the braid group B4, which
exchanges the positions of the primary fields. This is the case for instance for the trans-
formation (2.9), see section (4.6), which is associated to the continuation ¢ — 1 —¢t. The
invariance of the four-point correlation function depends therefore on the transformation
properties of the distribution dug(P) under the braid group B,. As we will argue below, the
¢ = 1 crossing symmetry solutions correspond to distributions that are weakly invariant.
The precise definition of weakly invariant distributions, as well as the weak equivalence
between distributions, are given in (5.9) and in (5.8).

In this paper we present several examples of weakly invariant distributions: one of
them corresponds to the Runkel-Watts theory and another one to the analytic Liouville
theory [12], proving then conjecture about their crossing invariance for ¢ = 1. One more
example recovers particular correlation functions in Ashkin-Teller model, whose crossing
symmetry was already proven in [32] by using the properties of elliptic functions.

3 CFTsatc=1
In this section we briefly review some CF'T solutions at ¢ = 1.

3.1 Gaussian free field

The Gaussian free field (GFF) is described by a scalar field ¢(z) and the action S[p(z)] ~
[ d?z (Ve(z))?. Tt is the simplest example of CFT as it is a free theory and the correlation
functions can be computed via the Wick theorem. The primary fields are the exponential
fields Vy(z) = ¢%(®) with U(1) charge 6 and conformal dimension A = A = #2. One can
demand unitarity and consider therefore the representations with positive dimension. The
spectrum SCFF of this CFT is:
SCFF . (A A}, A=¢?
6 e R. (3.1)

For the four-point function, one obtains:

J:OGFF(t’a = <V90(O)V9t (t>V91(1)V9m (OO)> = 590+9t+91+9m,0

where the Kronecker symbol dg,4¢,+6,+6..,0 comes from the U(1) charge symmetry. Using
the fact that:

t[1000 1 — g 10 (3.2)

B(0o, 0¢, 01, —00 — 0y — 01300 + 01; 1) = > 900 (1 — )20
the correlation (3.2) can be factorized in the following way:

FTE (t,1) = Ggy 10,40, +80.0 B(O; 00 + 045 ) B(6; 00 + 04; 7). (3.3)

'We call by distribution some measure without positivity property and without normalization condition.

One can also consider dueg(P) as the element of the dual space to the (sub-)space of meromorphic functions
of P, and the integral as pairing between function and distribution.



3.2 The Ashkin-Teller model

The Ashkin-Teller model [33] is a lattice spin model that can be defined as two coupled
Ising models. The spin variables, sl(j) and s (;) are defined at each lattice site j = (Ja»> Jy)
and can take each two possible values 5172(5) = 0,1. In addition to the Ising couplings
5172(;’)51,2 (;+ €a), where j and j + €, are neighbouring sites, there is a four spin (energy-
energy) interaction of type s1(7)s1(j + €, )s2(7)s2(j + €). This model has a (self-dual) line
of critical points that are described by a one parameter family of CFT's with central charge
¢ = 1. We denote this parameter with N. The study of the correlation function in this
model has provided Virasoro ¢ = 1 solution [32] that we now briefly review.

The (untwisted) spectrum contains the representations with dimension:

SAT : {An,ma An,m}a n,m € Z

2 2
n - n
This spectrum is therefore discrete and non-diagonal, with fields with scaling dimension
(A4 A) =n?/(2N?%) + 2m?N? and spin (A — A) = 2mn. The values of N = 1/v/2 and
N =1 correspond respectively to two decoupled Ising model, and to the four-states Potts

model [34]. The (twisted sector of the) spectrum contains also fields that have dimension
A =1/16 for any value of N. The set of parameters:

1111
aPicard = <4a Za Za 4) ) (35)

corresponds to four A = 1/16 representations. These representations are used in the
computation of the magnetic correlations. There are four independent magnetic corre-
lations [35], that can be classified according to their behavior under operator position
exchange: the invariant magnetic correlation (s1515181) = (s2828252) and three magnetic
correlations of type (s1s182s2) which transform one into another under this operation.
The building blocks of such correlation are the functions B(Opicard; oo, t) that have been
computed exactly [32]:

2
_ 18 (16g(t)) 0t
B (Opicara; oo, ) =t /8(1 — ¢ 1/8(7, 3.6
( Picard; 00t ) ( ) 193(0|T/(t)) ( )
where 7(t) is a period of elliptic curve with branch-points 0,t,1, 00, ¢(t) = e is the
elliptic nome.
The four different functions labeled by (e, €') = (0,0), (0,1),(1,0), (1,1):

(nt5)*

Fomue e, = 3 (1) ™me) awr 2

OPicard

n,me”z

+ £ + £ B
x B <0Picard; ’,127]\[2 +mN, t> B <0Picard; n72 — Nm, t>

B ‘t‘—1/4‘1 . t’_1/4
[93(0In(t))[?

S (=) () s g(r) s, (3.7)

n,me”Z



were proposed to describe the invariant magnetic correlator (s1s1s1s1) (corresponding to
e = € = 0), and also three correlators that transform one to another under the crossing
transformations: (s1525251), (s1518282), and (s1s2s8182), corresponding to (e,€¢') = (1,0),
(0,1), and (1, 1), respectively [32]. The crossing symmetry of these functions can be proven
by using the transformation properties of the elliptic functions. Notice that a generalization
to any value of ¢ < 1 of the cases (1,0), (0,1), and (1,1) has been proposed in [16].

3.3 The Runkel-Watts theory

In [21], a new ¢ = 1 solution was found by taking, via a subtle procedure, the limit
p — oo of the unitary Virasoro minimal series M, ;,4-1. The spectrum SRW of this theory is
continuous and diagonal: it contains all the non-degenerate fields with positive dimension
A > 0. It can be parametrized via 6 such that:

ST {A A}, A=¢

hcR - %. (3.8)

The three point structure constant C®W (61, 6o, 03) factorizes into two terms:
C™W(01,6,,605) = RW (61,62, 03)D(0y,02,03). (3.9)
The term

H G(l + €101 + €965 + 6393)
(61,67, 05) = T

3 (3.10)
IT II G(1 + 2¢6;)
1=1e==%
is analytic in 6;, i = 1,2, 3 while the term
0 . sinﬂ(92+93791)sin7r(92+93+91) > O
B * sinw(#2—03—01) sinw(f2—03+01) ’
RW(Hla 027 93) - 1. Sinﬁ(92+03—01)SiHTF(92+93+91) < O (311)
: sin7r(92793701)sin7r(92793+€1) — 7"

is a step-function. The Runkel-Watts correlation function is:
V(0 = [ dow O™V (80,0000 O™ (001,00, 0)8 6 00 6)B (B0, 1) - (312

Notice that the integration domain is over all op; € R. This is the same as doing the inte-
gration over the spectrum (3.8) as the poles in oy € %Z are suppressed by the factor (3.11).

3.4 The ¢ = 1 analytic Liouville theory

Motivated by the study of the geometrical properties in random Potts model, a Liouville
type theory was proposed for ¢ < 1 in [12]. The spectrum SAL is continuous and diagonal.
For ¢ =1 one has

S {AA}, A=0?
0 €R. (3.13)



The structure constant C°S(fy,6s,603) is given in terms of product of Barnes double
Gamma functions [27]. At ¢ = 1 their expression simplify to

C1(01,62,03) = (61,02, 063) . (3.14)

Notice that, differently from the Runkel-Watts theory, there is no step function that sup-
presses the (non-integrable) divergences coming from the conformal blocks. The four point
correlation function has therefore being defined by moving the contour in the complex plane:

Fol(t, 1) = doos ®(6o, 0, 00t)® (001,01, 050) B (05 001, 1) B(0; 001, 1) (3.15)
ih+R
where h is an arbitrary constant. The property of the above integral will be discussed in
detail below.

4 Moduli space of flat connections

In this section we give self-contained description of the moduli space of SL(2, C) and SU(2)
flat connections on sphere with four punctures. Almost all content of this section can be
found as well in [23, 29, 30] and [36].

4.1 Definitions

Given some group G, the central object of our approach is the moduli space of G-flat

2 on sphere with 4 punctures: this is the space of all maps from the fundamental

connections
group of Riemann sphere with four punctures 71(CP! \ {0,¢,1,00}) to G, defined up to

overall conjugation. Henceforth we will denote this space as MOGA,
MGy = Hom (m1(CP'\ {0,¢,1,00}),G) /G. (4.1)

The above map can be seen as a monodromy map that sends each path v € 7 (CP!\
{0,¢,1,00}) to the monodromy of the solution of the Fuchsian system (equivalently the flat
connection) over this path [37]. The definition of ./\/184 can be formulated in an equivalent
and more explicit way in terms of the set of equivalence classes of monodromy matrices:

MGy = {Mo, My, My, M| M, € G, MoMM Mo = 1}/G.. (4.2)

Two sets of matrices belong to the same equivalence class if they are related by an element
g of the group G, via an overall conjugation: {M,} — {g7'M,g}, g € G.

We consider here two particular spaces, one for G = SL(2,C) and another one for
G = SU(2). Moreover, it is convenient to consider the submanifold MOGA(O) C /\/l((f 4 by

2mi0, —2mi0,
(es™% e )

setting M, ~ diag , 1.e. by fixing the conjugacy classes [0,] —

SL(2,C
Mz (6)
= { Mo, My, M1, M| M, € SL(2,C), tr M,, = 2 cos 270, Mo M, M; M, = 1}/SL(2,C).
(4.3)

2Since we work only with monodromies of the Fuchsian system, we will use only G' C GL(N, C).



In this way we get symplectic leaves of the Poisson bracket [38] on the moduli space of flat
connections. Notice that the condition det M, = 1 follows from the tracelessness condition
Tr A, = 0 for the residue matrices in (2.1). In the G = SU(2) the (special) unitarity
condition M, € SU(2) should also be imposed, so we have
SU(2 SL(2,C SL(2,C
M0,4( )(9) C Mo,4( ) (0) C M0,4( )

4.2 Explicit construction of the M(S,}i@) (@) and M(S,E(Q’C) (@) spaces

We give here explicit coordinate description of (the open charts of) M(S]H(Q) (0) and
Mﬁi@’@) (0). We suppose that My = MyM; is diagonalizable (by unitary matrix in the

unitary case):
2Tio0t )
MOMt _ (6 0 ) — 627r260t . (44)

0 6—27ri00t

The matrix M; and its inverse ]\4,5_1 can be represented as linear combinations of identity
matrix and rank 1 matrix:

—2mi6
w0 omify, _—2mig,) [ U1V1 U201
t = —2mib¢ + (e —€ )
0 e ULV2 UV

27104

_ € 0 _ 9 i U1vV1 UV

Mt 1_ ori + (e 2mify 627F19t) (4‘5)
0 e ULV2 UV

where ui,v1,u,v2 € C are complex numbers satisfying ujvy 4+ usve = 1. Using a

more compact notation, M; = e 2™0:] + (ez’rwi — e‘zmet) ul ® v, ]\/.I't_1 = 2mib] 4

(e=2mifr — e2mi00) 4T @ v, where u and v are row vectors, u = (u1,us) and v = (vq,v2).
We further constraint the four variables ui,us,v1,ve by imposing the condition My =
diag(e?™ ¢=2m00)  Using the formula My = My M; ' and det(1 + AB) = det(1 + BA)

we get:
det ()\ _ MO) _ ()\ _ 62m’00) ()\ _ e—27ri90>
— det (/\ _ o2mi(Sort0e) (ezm'et _ e—27ri9t> 2oty T o v)

— ()\ _ 627”'(9t+00t)) ()\ _ 627Ti(9t—00t)>

x (14 (20 — g=2mib: v—e%iem u” (4.6)
)\ — e2mi(Gor+0:) ’

Computing this expression near the fake singularities of the right side we get two relations:

2mi(0¢+oot) 27ifg 2mi(0¢+oot) —2mify
. e — € e — €
uvy = 6—277200,5 ( ) ( )

(627ri9t _ e—27ri9t) (627T’i(9t+0'()t) _ 627ri(9t—00t))

sin (6 + oot — Oo) sin (0 + oor + 6p)
sin 270, sin 2wo;
(627Ti(9t—00t) _ 627ri90) (627ri(9t—aot) _ 6—27ri90)

(e2m'49t _ 6—27r7§6’t) (627Fi(0t—0'0t) _ 62Wi(9t+00t))

)

627Ti00t

UV =

sin(6; — oot — 6p) sin (6 — oo + o)

sin 276, sin 2wog;



The four variables w1, us, v1, vo are defined modulo the transformation w, v — Au, \"1v. We
can thus set one of these coefficients to one, say vo = 1. The remaining three coefficients

satisfy two conditions: it suffices then to parametrize these four variables by one parameter

A.
Sot-

in (0 — bp) sin (6 4 :
v — sin(0; + oot — 6p) sin (b + oor + 0)6—27'(7,0'(%(8641:)_1’ vy =

SA ezﬂiUOt
sin 26, sin 27woq; 0

9

. . 4.8
w _sin (0y — oot — ) sinm(0; — oor + o) oo = 1 (4.8)
2 sin 270, sin 2mog; ’ 2 '

Now we check the unitarity condition for matrix M;: Mt_l = MtT. This leads to the

condition u;v; = u;v;“,g which gives nontrivial relation for i = 1,j = 2:

sin (6 + oot — 0o) sin (0, + oot + 6p)

sy 2 = == -
sinm (0 — oot — 0p) sin (0 — oot + 6p)

(4.9)

The above relation can give solutions for sé only when the r.h.s. is positive, which im-
poses non-trivial constraint on o, like spherical triangle inequality: the step function
RW (04, 001, 6p), defined in (3.11), should equal to one. Moreover, obviously all §- and o-
variables should be real: 6, € R, 0, € R. The same conditions should hold for the other
triple of matrices, so the manifold Mg}i(Q) (0) will be defined by reality constraints and
two conditions:

RW (6o, 0;,00:) =1 and RW(61, 000, —00;) = 1. (4.10)

The above conditions fix the fusion rules of the Runkel-Watts theory. In [21] these fu-
sion rules have been derived from a subtle limit of the minimal model fusion rules. It is
quite remarkable that the same conditions can be associated to the monodromy submani-
fold Mgy” (8).

So far we have constructed monodromy matrices (My, M;) only for one half of the
sphere with 4 punctures, which is sphere with 3 punctures. We see from this construction
that ./\/1315,(2’@)(0)7 as well as MSE(Q)(O), are just points: all monodromy matrices are
defined only by the eigenvalues of My, My, My, and sf)t can be removed by the overall
diagonal conjugation (in the SU(2) case its modulus is fixed, but phase can be removed).
In other words, we see well-known fact that the second order Fuchsian system with three
singulariries is rigid, i.e. the local exponents 60y, 6; and og; are enough to parametrize the
monodromy manifold.

Coming back to our problem, we can construct the remaining monodromies, M7, M
using the same method and by replacing 6y — 61, 6; — 0o, 00t — —oor (remember that

Mloo — — BeQﬂ'iUOt sin (0o —01—00t)

1y A : : )
ot ) Str — Sop (001 oo’ exactly as it was done in [30]:

M, = ¢ 2mifoq 4 (62m90<, _ 6—27ri000) il @5, Mj=e2m®pL (4.11)

3Which actually implies that u = av* for some o € R,
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= _Sinﬂ'(eoo + oot — 01) sin (0o — o0¢ + 61) (53)71 5 = 5B sin(0oe — 601 — o0t)
sin 20 sin 2wog; o) o 0t

. sin (0o + 00t — 01) sin (0o + oo + 61) R
2 sin 20, sin 2oy ’ 2T

sin(0oo — 61 + o0t)

(4.12)
Computing matrix elements explicitly we recover (up to simultaneous transposition) for-
mulas (3.32a-d) from [30]. All matrices are defined up to the overall conjugation, so the
point on monodromy manifold depends only on

A

s
Sot = . (4.13)

Sot
In this way we constructed explicit uniformization of M(S]a@’c) (0) by the two coordinates,

oot and sog;. It is important to observe that MSZ(IC) (0) is a holomorphic symplectic

manifold with holomorphic symplectic form dw obtained from Goldman bracket [38] (or
from Atiyah-Bott form), and o, log so; are its Darboux coordinates [39]:

1 d
dw = —doo N L (4.14)
211 Sot

From the (4.13) and (4.9), in the unitary case we have:
’30t|2 _ Runitary (O'Otv 0)

sin (6 + oot — 0o) sin (0 + oo + Op) sin (01 + oot — Ooo) sin (601 + oot + o)
sinm(60; — oot — 6p) sin (0 — oot + 6p) sin (01 — oot — Ooo) SIN (A1 — 00t + Oo0)

(4.15)
4.3 Algebro-geometric description
We have seen that the manifold M(S)Z(Q’C) is a six-dimensional space. This can be seen

also by considering the space of invariant functions on it, that are given by traces of
all possible products of matrices. Such products are associated to elements (paths) of
7 (CPY\ {0,t,1,00}). Working in this geometric representation we can use the relation
in SL(2,C)

A+ A =1-trA (4.16)

to reduce any path to a combination of non self-intersecting paths. It is possible because
this relation is actually a “skein relation” shown in figure 1, so one application of it reduces
the number of self-intersections by 1.

As a basis of non self-intersecting cycles first we should take cycles around one point
— they give four functions p, = tr M,. And second we should take cycles around pairs of
points: there are three such inequivalent cycles encircling 0¢, 1¢ and 01, and they give rise to
three functions p,, = tr M, M, for uv = 0t, 1t, 01, which are nevertheless not independent.
There is one non-trivial relation called Jimbo-Fricke affine cubic W = 0:

W = potprpor + iy + 0y + Py — por (Pope + P1Poo) — 1t (1Pt + PoPoo)

D oo (4.17)
—po1 (Pop1 + PitPoo) + PoPiP1Poo + Py + P; + T + Do — 4
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Figure 1. Geometric interpretation of A+ A~! =1 tr A.

So algebro-geometric description of our monodromy manifold looks as follows:

MS,IZ(Q’C) = Spec (Clpot, p1t, Po1, Po, Pes P1s Poo] /(W) (4.18)

Let us express the quantities p,,, in terms of the variables (oo, so¢) introduced in (4.4)
and in (4.13). We have:

pot = tr MoM; =2 cos2woq,

1 1 1
pie = tr MMy =——5—— | 5 (peP1 + PoPoo) — ~ (PoP1 + PiPoo) Dot
sin“ 2wog; \ 2 4
—4 Z Sf)/t H sin (el + 0; — €' oor) sin w(€loo + 01 — 6/0'0t)> ,
=+ e=+
1 1 1
po1 = tr MoMy =————( 5 (PoP1 + PitPoo) — ~ (PeP1 + PoPoo) Pot
sin“ 2wog; \ 2 4

+4 Z 5&6/ g2mioore’ H sin(efy + 0 + € oo;) sin w(els + 01 + e/agt)> .
€=+ e==+
(4.19)

One can verify that (4.19) and (4.33) are invariant under 6, — 6, + k,, 0 — 0w + K,
kyu, k. € Z. These are quite obvious symmetries since the monodromy properties of a
Fuchs solution depend on the local exponents (i.e. the eigenvalues of the residue matrices

A,) modulo an integer. There are also simple symmetries 6, — —6, for v = 0,00. Their

sin 7(efo—0¢+00t)
e=* sinw(efo+0:+o0t) "
Combining all such symmetries together we may construct transformation s

inm(6h — Ooo) Sin (6 — 6
2 (8, 00r, 501) = <_0,00t750t' H sin7(6h — oot + €loo) sin (0 — ot + € 0)) L (4.20)

analogs for v = t,1 are less trivial. For example, 0; — —60;, sor — so¢ [ |

Pt sin (01 + oot + €0s0) sin (6 + oo + €bp)

which will be used in the next subsection. Other symmetries will be discussed below, in
section (4.5).

4.4 Involutions ¢ and ¢/

The crossing symmetry of correlation function depends on the transformation properties
of the holomorphic and anti-holomorphic conformal blocks. Consider an analytic function
¢(z, P) whose monodromies are described by the point P € Mgi(z’c). It is therefore
natural to ask what are the monodromies of anti-analytic function ¢(z, P).

The involution of the loops under the map z +— Z is denoted by ¢, v — ~*. The

involutions of the generating elements of 71 (CP! {0,¢,1,00}) are shown on figure 2. One

- 12 —



Figure 2. Complex conjugation of loops.

can see that the base point is shifted, so to compare the monodromies one has to move it
to initial position over some path? drawn with dashed line in figure 2. Moreover, consider
for instance the loop ~; that is encircling the point ¢ and passes under the point 0. The
transformed loop v; is inverted and passes over the same point 0. Therefore, taking into
account the branch cut associated to the singularity in 0, the loops 7; and ~; live on different
sheets. The loop 7 is topologically equivalent to the loop product ~y, 1%— Lo.

SL(2,C)

Let us consider the action of the involution ¢ on the matrices in M, 4 . This action

(defined up to conjugation) will be denoted by ¢(M,) or, equivalently, by M/. On the basis
of the above considerations, one has:

My=My"t,  M;= MM, 'M;*', M} = MMM, M MGt

L (4.21)
MY, = MMM M M7 M MG

Now using the following identity in SL(2,C),>

) =) () ()

and the fact that the matrices M}, are defined up to overall conjugation, we can introduce

new involution ¢/, whose action is given by:

MY = NoMy Nyt M} = NoMoM;*M; Nyt MY = NoMoM;M; M, My Nyt
(4.23)

where we introduce

B 0 (Mo)2 B 0 (M)
No_<_(M0)21 : ) N1_<_(M1)21 ; ) (4.24)

Using (4.22) we get M} = My by definition, MM} = NoMy,'Ny ' = Moy by simple
computation. Therefore Mt‘/ = M,;, as well. It remains to compute the action on Mji:

M} = (NoMoe N7 Y)Y My (No Moy Ny 1)L (4.25)

“Different paths will give monodromies that differ by overall conjugation, so correspond to the same
point of the monodromy manifold.

5We use the conjugation by matrix with det # 1, but its determinant can be easily fixed by introducing
normalization factor, which obviously cancels.
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Matrix NoMoi N, ! is diagonal, so diagonal elements of M; remain unchanged. Compute
now one non-diagonal element:

(My)21 (Mog)22 (Mo)12

(M = (M . 4.26
(M2 = (Mo (M1)12 (Mog¢)11 (Mo)21 (4.26)
In other words it means that
/,/(1_“1_)2) = U102 - 647”'0(”%“102 ) (427)
U1V2 UV
or equivalently
, 1 sin (01 + oot + €s0) sin (6 + oot + €bp)
V(sot) = — , - . (4.28)
Sot - sin (01 — oot + €0o0) sin (0 — oot + €bp)

. . . . B SL(2,C) .
Resuming, under an involution ¢, a point P = (0,00t,504), P € Mg, is trans-
formed like:

P = (0,0’0,5,80,5) — L’(P) = (0,0’0,5, L/(S()t)) (4.29)

We may also check that «/(p,) = t(p,) = py, as well as ¢/(pos) = t(pot) = por and ' (p1z) =
t(p1¢) = p1t, but po1 changes:

(po1) = t(por) = tr My MM My = pipec + pop1 — potpi — Dot - (4.30)

This is noting but permutation of two sheets of Jimbo-Fricke surface (4.17). The same
results have been obtained in [29, p. 14]. Up to small misprint,® the reader can compare
the above formulas with the ones found in [29] (notice that in [29] the primed quantities
correspond to the ones transformed under involution. For instance, ¢(pp1) here corresponds
to p; in [29]). It is also interesting to notice that involution ¢ coincides with the y-generator
of extended modular group from the paper [40], and to get the whole modular group one
has to add two very similar generators.

Here during the construction of ¢ we have used the fact that in SL(2,C) matrix and
its inverse lie in the same conjugacy class (4.22), so we could keep 6 the same. In the
general case one should have @ — —8, so it is much more natural to combine / with the
transformation s from (4.20): ¢ = s> o/. Its action is much simpler:

U6, 001, 50:) = (=6, 001, 50, ) - (4.31)

We remind that both transformations have the same action on the invariant functions, the
only difference is the action on the ambiguously defined variables like 6,. We will use both

involutions: in some sense ¢ is simpler and more natural, but ¢/ is needed for compatibility
with [29].

5Tn [29] one has to replace wor with wor in this formula.
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Figure 3. Transformation of loops under z — 1 — z.

4.5 Transformation from s to t channel

We review here how to connect the tau-functions 791(¢) and 7i4(t), introduced in (2.6)
and in (2.8). In order to do that we study here the transformation of the loop v €
71 (CP1\{0,t,1,00}) under the map z ++ 1 — z, ¥ — 7. Figure 3 shows the transformation
of the generating loops v, v = 0,t, 1,00 under this map. The corresponding action on the
monodromy matrices M, will be denoted by M,, M, — M,, v =0,t,1,00. Consider two
monodromy points P = (0, o¢q, sot) and pP= (0,014, 511) (P,l’5 € Mgi@c)) that describe
respectively the monodromies of 7y (t) and 714(t). We show here how P and P are related
one to the other.

By evoking the same considerations as the the ones discussed previously for the invo-

lution ¢, the transformed monodromy matrices can be written as
Mo = MyM;M; ", M;=M,, M =My, M= M MyM,. (4.32)

As far the invariant quantities po; = tr MoMy, pir = tr MiM; and po1 = tr My Moo
are concerned, formulas strictly analogous to (4.19) should hold. In particular one expects
that the expressions for po;, p1 and po; are obtained from (4.19) by replacing 6y — 6y,
0o — 01, oot — o011, Sot — S1¢- This is true except a sign subtlety: from (4.32), por = p1s
and 1y = pot, Por = tr MoM; My M; = 1(po1), where t(po;) is defined in (4.30). Therefore
po1 = t(Po1), which effectively changes sign in the exponents. Using these results, we can
express the quantities in P in terms of the coordinates of P:

Py =208 2mw0o1;

por = tr My M,
1 1 1
= —5——| 5 (PtPo + P1Pc) — = (POP1 + PtPoo) P1t
sin® 2woq; \ 2 4
—4 Z sl_te/ H sin(efy + 0; + € o1y) sin (el + O + elalt)) ,
/=4 e=+

po1 =1 (tr ]\ZIOM1>

1 1 1
=—5—| 5 (Pop1 + PtPo) — = (DePO + P1Poo) D1t

 sin? 27wy \ 2 4
+4 Z 5;,6727”'””6, H sin(efy + 0; + €'o14) sin (€l + O + 6’0’1,5)) .
€=+ e==%
(4.33)
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Notice that (4.19) and (4.33) are symmetric under the sign inversion: (oo, Sor)
(—oot, s ), and (o4, 814) + (—o1s, 57, ). This means that each pair of coordinates,

(001, 801) or (011, s1¢) actually realizes the two-fold cover of Mgz@’@ (0):

(Uuuv Sul/) = (_UMW S;ul) : (4'34)

By comparing the (4.19) and (4.33), we can find the relation between the coordinates
(oot sot) and (014, S1¢), i.e. the relation between P and P. We proceed like follows: first we
use p1¢ in terms of og; and so; from (4.19), thus fixing the value of o1, = o1¢(o0t, So¢) using
the expression for py; in (4.33). Finally, using the following formula obtained from (4.33):

41 F2isin2mo1(por + T2 po,) — €T (popy + pipoo) + (PPO + P1Poo)

1 = 16 ] sinm(eb1 + 6 F o1¢) sin (€00 + O F 011) (4.35)
e=+

we can express the dependence of s1; on (og, Sot)-

4.5.1 Examples

As an example of application of these formulas we consider the case 8g = 0; = 61 = 05, = %,
which corresponds to quasi-permutational monodromy. We introduce for convenience

Sy = —eXTmy (4.36)

One can check that the following equality follows from (4.19): cos2mo1; = cos2mng:. As a
consequence we have either o1 = ng; or 014 = —ng;. Finally we get

(o1t, me) = (Mot, —oo0r) or (o1, me) = (—not, oot )- (4.37)

We easily see that transformations (4.37) preserve symplectic form (4.14). This property
holds also in the general case:

dw = dO'()t A ant = dO’lt A d’f]lt . (438)

In the general case transformation (oo, not) — (o1¢, m1¢) is quite complicated. However,
for our purposes, see subsection 6.4, we need to solve a simpler problem, namely the one
of finding how this transformation changes the topological type of the cycle

Chr = {o0t, not| Im ooy = h,Imng, = r}, (4.39)

where we consider the limit” |h| > A, |r| > A,|r — h| > A, A — co. First take this limit
in (4.19):

Por = e—27ri00t sign h + O(e—QwA) ,

D = 6727ri(770t+0t+91+%)5ign7" 4 O(e*QWA) , (4.40)

Po1 = 6*27”'(77015700t+9t+91)sign(rfh) + 0(6727“4) )

"For practical applications it is enough to take A > 1 and A > Im#6,,.
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Now one has to fix sign for oys:
1 : —27A
o1t = — 770t+9t+91+§ 81gn7“+0(e ) (4.41)

Then compute the limit of si; using (4.35):

Sittl _ O(e—Qﬂ'A)

:F€727ri(770t +0:+601+ %) signr (6*27”'(”]% —oot+60t+061) sign(r—h) 4 eiQﬂi(n0t+9t+91 +%) sign r—2mioo sign h)

+ 6747Ti(770¢+0t+00) sign rF2mi(0:+60)

(4.42)

Now there are two possible situation, sign h - signr > 0 and sign h - signr < 0. In the first

situation only the second term in (4.42) dominates in the formula for silz

8;&1 _ 6727”'00,5 sign r+4mi(6o—01) sign r—2mi(0¢+60) + 0(6727“4) ’ (443)
while in the second situation only the first term in (4.42) dominates in the formula for s7;':
Siktl — 62772'(70,5 sign r+4mi(60—01) sign r+2mi(0:+60) + 0(6_27“4) ] (444)

One can write these expressions in a unified way:
1
e = ogesignr — 2(6p — 01) sign h — <00 + 0; — 2> + 0(6727“4) . (4.45)

Notice that these limiting transformations (4.41) and (4.45) are very similar to (4.37),
and they also transform contour Cp, to contour C; - up to small perturbations of order
O(e=?™4), where

h = —|r| — (Im6; + Im 6) sign r,

(4.46)
7 = hsignr — 2(Im 6y — Im 6 ) sign h — Im 6y — Im 0, .
So at the level of homology classes we have transformation
[Ch,r] = [C,; ;} . (4.47)

4.6 Braid group By

More in general we consider the action of the braid group B4 on the monodromy manifold.
Indeed, the action of this group B4 on the tau-function performs the analytic continuation
of the tau-function in the variable ¢ and different re-expansions between different channels,
like s- and t-channels. In Artin representation, and element b of the braid group By is
generated by a product of three basic elements, (bot, bs1,b1,00). For instance the element
bot braids path passing through 0 below the path passing through ¢, as in this figure:

)
o

0 t 1 o0
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Studying the corresponding transformation on the loops, one can derive the action of the
generators (bo¢, b1, b1,00) on the matrices M,:

bot : (Mo, My, My, Moo) — (My, My Mo My, My, M)
ber : (Mo, My, My, My,) — (Mo, My, M7 M; My, M) (4.48)
bioo © (Mo, My, My, Mog) v+ (Mo, My, Mo, M My M) .

Let us consider for instance the element b = b2,:

J
;

0 t 1 00

2 .
bot.

Under the action of b3,, the monodromy matrices transform as:
b3, : (Mo, My, My, Moo) v+ (M Mo My, M, My My Mo M, My, M), (4.49)
that, from (4.4) and (4.5), implies:
bg: (8, a0t, s0) = (8, 0t s0:¢™ ™) (4.50)

Finally, one can verify that the s—channel to t—channel transformation (4.32) corresponds
to the element by € By,
bst = by1botby, (4.51)

)

associated to the following braid:

bst = b1boibi /

0 t 1 00

We have that:
bst ((0,00t, s0t)) = (0, 011, 51¢) (4.52)
where 8 = (01,6, 00, 0 ).
Let us now explain the relation between our description of crossing (fusion) and braid-

ing transformations and the Moore-Seiberg formalism [41]. In the case of general multi-
point conformal blocks one has the action of the Moore-Seiberg groupoid generated by the

~ 18 —



1-tU01
tl6, 1l6, 100
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Jprin door 0o 0, alt] 0 O 0 Ooe

Figure 4. Fusion transformation as the action of the braid group.

two transformations: braiding, which moves two colliding fields around each other, and
fusion, which performs local s—t channel transformation of conformal blocks, or changes
pants decomposition. In general, fusion changes topological type of the pants decomposi-
tion. However, it turns out that for 4 and 5 points all pants decompositions are the same
up to permutation of the external states (for 6 points we already have two inequivalent
pictures). This means that one can fix some particular pants decomposition, for which ¢
collides with 0 and 1 collides with co.® Then we relate all other decompositions to this
one by the action of the braid group permuting external states and acting on the complex
modulus ¢ by analytic continuation. So for the 4-point case we can consider By instead
of the Moore-Seiberg groupoid: for example, see figure 4 for the action of bg on 4-point
conformal block.

The most important and non-trivial element is bg, but there are also many elements
which do not change the channel of expansion. They give rise to nice non-trivial relations
between conformal blocks that can be found in [23]. For example, there is an identity
for b1eo:

B (60,9t,61,9oo;m; t_tl> = (=1)76:= %9 (1 — )29 B (60, 0y, 0o, 61 001 1) . (4.53)

Here —1 should be treated either as €™ or as e~ ™, dependently on the direction of analytic
continuation, and comes from the power of ¢ in the normalization factor.

We also have the same simple formula for b()tbl_o{):

B (0,00, 000, 01: 0015 1) = (1 — 1)1 0%~ 1=0 B (9, 6,,61, Oo0: o015 1) - (4.54)

8 At the level of braids this means that we add some extra structure describing pants decomposition.
Here we may say that strands are divided into two groups, (0,t) and (1, c0).
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Together these three elements by, byt b1oo generate the whole braid group. Notice also that
since this braid group acts on sphere, we have extra relation b3, = b3__, coming from the

27

overall coordinate rotation z — ze*™, so effectively this group almost reduces to Bg.

5 Crossing symmetric correlation function from tau functions

It is convenient to introduce the tau-function 7y that differs from the (2.6) only by a
normalization:

C(0;00t +n
Tot(Pst) Z 501 OOLOt) )8(0;00t+n;t), P = (0,00, s0t) (5.1)
neL

A CFT correlation function is obtained by gluing the holomorphic and anti-
holomorphic conformal block. We have shown before the transformation of the point P
under the conjugation z — z. Using (4.29) and (4.31), the corresponding tau function can
be written in two different forms:

(P =3 (0 (sm)"wsw;amn;a,

nes 0(9’ JOt)
0 oot + 1) (5:2)
ot
t —————~ B(6; 3 T) .
Tot(L(P), 1) = ,% (=0: 00r) B(0;00; + n;t)
then, using (2.7), (4.28) and the following property of the Barnes functions
G(l—-v+n) _ (_1)n<n271) G(l1+v—n) 7 (53)
G(1-v) G(1+v) sin v
we can show that these two functions coincide: 7ot(¢'(P),t) = 7ot (¢(P), ).
Taking into account the identity:
0(07 UOt)C(_oa O'Ot) = @(907 etu UOt)®(00t7 017 900)7 (54)

where ® has been introduced in (3.10), we define the non-holomorphic function 77 as:

TT(P,t,f) = TOt(P,t)T()t(L(P),E) = @(90,015,0'0,5)(1)(0'0,5,91,0 )T[)t(P t) ( a (5.5)

One of the good properties of 77(P,t,t) is that it is an actual function on the monodromy
manifold MSL(2 ©) (0), while 7o, (P, t) and 79(¢(P), t) are only sections of some line bundles.
Namely, their periodicity properties are given by 7o:(0, 00t + 1, sot; t) = so_tlrot(B, oot, Sot; t)
and 7ot (—6, 00 + 1, s&l;t) = sotTot(—0, oot, s&l;t), whereas functions on Moi@’c) () are

periodic under such shift.

5.1 CFT correlation function in terms of ./\/lSL(2 ©) averages

Using the 77(P,t,t) function, that contains a combination of holomorphic and anti-

SL(2 C)

holomorphic conformal blocs, and the properties of the manifold Mg, , we want to

define a function Fg(t,t) that satisfies the following properties:
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e To be single-valued in the variable t.

e To be crossing invariant, i.e. the two expressions, in terms of the s—channel and in
terms of the t—channel conformal blocks, are equivalent.

Let consider a general distribution dug(P) on Mga@,@) that is supported by

MO (), ve.:
dpg(P) =0 for P = (0',00t,50¢) and €' # 6. (5.6)

We will focus on the function F(¢,t)[dug], that is defined as the dug average of the function
77 (P,t,t) (5.5) over the space MSE(Z, ):

P00 = [ ey o P) (P11 67)
The main point of this construction is that the crossing invariance of F(t,t)[dug] can be
assured by properly choosing the distribution dpug.

5.2 Weakly equivalent and weakly invariant distributions

To be more concrete, let us first introduce the notion of weak equivalence between dis-
tributions on Mgi@’c) (0). We say that two distributions duy(P) and dug(P) are weakly

equivalent if their integrals with all reasonable? meromorphic test functions f(P) coincide:

din = dpy @ ¥F 5 [ din(PVF(P) = [ daPYA(P). (5.8)

We can now define a ¢

‘weakly invariant” distribution. Consider an element b of the four
strands braid group By, b € B4. A distribution pg(P) is weakly invariant if the transformed

distribution, b (dug(P))'° is weakly equivalent to the distribution with transformed 6:

b(dpe(P)) = duye)(P) (5.9)

The action of the element b on 0 is simply a permutation of indexes. On the other hand,
the action of the braid group on the distribution is highly non-trivial as the transformation
of the point P — b(P) is in general quite complicated, as we have seen in the previous
sections for some special braid action.

9To be rigorous, one should say that by reasonable functions we mean the space of 77 functions at all
possible t’s. This definition seems to be not very useful for classificational problems, so probably there
might be some simpler description: for example, functions whose singularities in the finite domain are only
oot = 0, % We don’t actually know what is the best definition, since we are using these distributions only
to average tau functions.

0By transformed distribution we denote the inverse of the pull-back:

v / b(du(P))f(b(P)) = / du(P)f(P).

Sometimes we also use another notation: du(b(P)) = b(du(P)).

- 21 —



5.3 Weakly invariant distribution and crossing invariance

If the distribution dug(P) is weakly invariant under B, action, then the function
F(t,t)[dpe], defined by (5.7), provides a crossing-invariant CFT correlation function
Fo(t,t) = F(t,t)[dpe]. In particular we show that the following theorem holds:

Theorem 1. Consider a weakly invariant distribution dug(P). The function F(t,t)[due],
defined by (5.7), is a single-valued function of t and satisfies the properties:

A) F(e¥™t, e ™) [dpe] = F(t,1)[dpel, (5.10)
B) F(t,t)[due] = F(1 —t,1—t)[dug
with: @ = (0y,0;,01,0s), 6= (61,0;,00,0s) (5.11)

The above theorem implies the crossing invariance of the CFT correlation function.'!

Proof. We start by considering property A, see (5.10). This property is related to the
transformation of the correlation function under the double braid action b%t that implements
the rotation of the position ¢ around 0. The action of b3, on Mgh(lc) is given by (4.50).
One verifies that

7(0; 00t so; 2™t e 2Tt) = 77(0; 001, Sor - €70 ¢, ). (5.12)

This is the consequence of two identities:

A oy A
701(0; 001, s0t; €2™t) = ™00 7,,(0; 5y, 501 - €270 1)

-1, —2mi —2mi(02,—0%2—62) —1 _—dmioos (5.13)
T0t(—0; 001, 504 5 € t)=e 00770 (=05 004, Sop - € it).

One can study the behavior of correlation function under such analytic continuation

]:(e%it, 6_27rif)[d/,69] = //vt dug(P) (P, et 6_2mf)

SL(2,C)
0,4

- / SL(2,C) d1i(P) Tr(bgt(P)7 2
ASLE.

0,4

- / dpe (b5, (P)) (b5, (P), 1) (5.14)
ASL2.0)

0,4

[ ey Aol P) (P10
Mo s”
= F(t,Dlduo]

In the above series of identities we have used (5.12) and the weak invariance of dug that
allows to replace dug(P) — dug(b3,(P)). Notice that if we set dug(P) to be given by the
closed differential 2-form (in Darboux coordinates):

dS(]t
dug(P) = dogt N ——, (5.15)
Sot
1YWe might also claim the stronger invariance under the half-rotation ¢ — e"ii that permutes 0y with

0 or 61 with 0, (4.53), (4.54), but for simplicity we do not focus on such finite symmetries.
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one can directly verify that the distribution is invariant under the change of coordinates
(9, o0t, SOt) — (9, oot, S()t€47ri00t), dug(P) = dug(bgt(P)).

We give a proof now of property B, see (5.11). In this case we consider the braid
element bg defined by (4.51). The action of bg on MSE(Z’C) is given by (4.52). We prove
below that:

17(01, 04,00, 0o 011, 5143 1 — t) = 77 (00, 0, 01, 00 001, S5 1) - (5.16)

The above identity, together with (5.9), implies the property B:

F(tvﬂ[dﬂe] = /M dNB(P) TT(P,t,ﬂ

SL(2,C)
0,4
- /Mgll(zc) dpe(P) mm(bst(P),1 —t,1 — f)
_ / bar(dpig(P)) 77 (b (P), 1 — t,1 — ) (5.17)
MELEO)

- /MSL(Q,C) d:ué(bst(P)) 77 (bst(P), 1 —t,1 — 1)
0,4

— F(L— 1,1 Bdug
To show (5.16), we use the definition (5.5)
77 (0; 001, S0t3 t, 1)
7(0; 014, 51431 — 1,1 — 1)
:<I>(90,9t,00t)‘1)(00t,¢91,900) 70t (05 oot, Sot; t) 7ot (05 oor, ' (s0t); F)
D (61,0, 011)P(011, 00, 0) %Ot(é; o1t, 81451 — t)ﬂ)t(é; o1, U (s1¢); 1 — 1)
:(D(907 gtu UOt)‘P(UOt,Gl, 900) _
(p(9176t70-1t)©(0-1t7007900

(5.18)

)X01(9;00t,U1t;p01)>201(9;00t,U1t;L/(P01)) =1.
During this computation we first used [29, formula 3.12] that defines connection constant:
700(8; ot 013 ) = Xo1(0; 00t, 7165 po1) Foe (05 01, 5151 — 1) (5.19)

and the most important relation [29, formula 4.9]:

D (61,0, 014)P(01t, 00, 00)
(I)(H(]; eta O'()t)q)(O'Ot, ‘917 900) .

X01(0; 001, o145 po1) Xo1(0; oot o143 ' (Po1)) = (5.20)

The latter relation is quite surprising, since connection constant for single tau function Yo
is quite involved function of monodromy parameters, but it turns out that the product of
two connection constants simplifies drastically, and we need only this simple part.'?

So now we can state that the problem of construction of the crossing-invariant functions
with ¢ = 1 given by the ansatz (5.7) is reduced to the problem of construction of weakly
. . AT SL(2,C)
mvariant distributions on M0,4 .

O

1214 is witten in [29] “A conceptual explanation of this intriguing coincidence is yet to be found ", and we

think that the application, which was found here, indicates that this coincidence is not accidental. We also
expect it to hold in more general cases.
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6 Examples of weakly invariant distributions

We do not have yet a criteria for classifying completely neither the weak equivalent distri-
butions, nor the weak invariant ones. On the other hand we know some special cases that
are shown below to provide non-trivial CFT solutions. These cases are:

1. The distributions that are invariant, b(dug(P)) = pye)(P). These distributions are
obviously weakly invariant. As examples of invariant distribution, we may take either
uniformly distributed measure on some invariant subset, or, more generally, invariant
measures on invariant submanifolds.

2. The distributions that are given by an invariant holomorphic 2-form concentrated

on two-dimensional submanifolds M C MS’IZ;(Q’C)

[M] € Ho (Mga(z,@’ Z) are invariant under the braid group action [b(M)] = [M].

, such that their homology classes

Below we show that, among the cases mentioned above, we can find important CFT
solutions.

6.1 The Gaussian free field

In [23] it was observed that the Riccati solutions of the Painlevé VI were related to the
conformal blocks appearing in the GFF. The parameters 0 are given by:

ORiccati = (00, 0¢, 61, —6p — 6, — 61) . (6.1)

The remaining two variables of the monodromy data, that we can choose to be (oo, 01t)
are also constrained to be:

oot =00+ 0:, o1 =0;+01. (6.2)
The corresponding tau function is simply given by [23]:
70t (Piceatis £) = B(ORiccati, 00 + 01, t) = 2900 (1 — £)*01% (6.3)
It is then clear that by taking as measure:
dpgaeisl (P) = 8(oor — 0o — 0:)8(01e — 61 — b), (6.4)
and using (3.3) and (4.28), one gets:
Fopiceans (1) = F(t, D) dpgrci] . (6.5)

6.2 The Runkel-Watts theory

We reviewed this theory in section (3.3). Now we show how this theory can be found in
our approach. Let us consider the real two-dimensional submanifold

M@ 68) ¢ MO (0) (6.6)
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which corresponds to unitary monodromies. This manifold is necessarily invariant with
respect to any transformation since the braid transformation (4.48) maps unitary mon-
odromies to unitary ones. Therefore we can construct invariant distribution by restriction

of invariant symplectic form to MSE(Z) () using (4.10) and (4.15)

i. oot N dor

211 S0t

X 5(Im O'Ot)CS(|80t|2 - Runitary(O'Ot, 0))RW(90, 915, O'Ot)RW(Ql, 000, —O'Ot) .
(6.7)

The theorem 1 assures the function F(t, f)[d,ugnitary], defined in (5.7), to be single-valued

and crossing invariant. We show now that this function corresponds to the correlation

function Fp* (¢,%) defined in (3.12):

dﬂznitary (P) _

F(t, 1) dpg™ ™) = Fg™ (¢,7). (6.8)
In order to compute the integral (5.7) we introduce the short-hand notation
R(og:) = R™% (50,.8),  RW(oor) = RW (6o, 0, 00 )RW (Ao, 01, 00z ) - (6.9)
First we take the integral over sg:

unitar, ! ds DWW
Feldsy™ ) = [Cdow [ S R (o)) o(P). D)
0 \80t|2=R(00t) 27TZ80t

1
dsot _
= dO'OtRW(O'Qt)/ : g sg; C(0,00 +n)
/0 |sot|2=R(c0t) 2miSor o ot

X C(—O, oot + m)B(G, oot +n, t)B(—O, oot +m, E)

1 —_——
= / dooy Z RW (0ot 4+ 1n)C(0, 0ot + 1n)C (=0, ot + 1) |B(8, 00 +n,t) |
0 nez
(6.10)

Now it remains to combine the sum into the integral over the real line and use (3.10), (5.4)
and (6.9):

f(t,f)[du;nitary] = / doo:RW (0o, ¢, 00t ) RW (000, 01, 00t) (6.11)
x ® (0, 01, 00t) ®(0o, 01, 001) | B(O, oor, )] .

Since the above expression reproduces the correlation function in the Runkel-Watts the-
ory (3.12), the identity (6.8) is proven.

6.3 Ashkin-Teller model

Let us consider now the submanifold M(S)}i(Q)(Hpicard) generated by the following matrices

0 ie?moo 0 —i 0 e 2o
Mo = <i6_2m00t 0 > , M= (—i 0) , M= (iegﬂiUlt 0 ) (6.12)
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+£2im/4 are associated to the set of param-

The above matrices, that have all eigenvalues e
eters (3.5). We already considered this case at the end of section 4.5. By conjugating all
the matrices by My, one has (oo, 01¢) — (—00t, —01¢), which is the same as (4.34).

It is convenient to represent a point Ppicara € M 4 2)(0picard) by using the variable
o1t instead of sqq,

Pricard = (Opicard, 0ot O1t)-

The relation between so: and o1; greatly simplifies for M(S)}i(z) (Opicara). From the expression
of p1i(= 2cos2moy;) as given in (4.19) and from (4.28), one obtains:

for 0 = Opicara : S0t = —€2™9, /(s0;) = —e ZTiOE (6.13)

Accordingly, the closed 2-form (5.15) in the new coordinates simply reads:

1 d
%dO’Qt VAN ﬂ = dO’Ot A dO’lt (614)
211 Sot

We focus first on the function 77( Ppicara, t, ), see the (5.5). The associated structure
constants take the simple form:

ct

_ 2 _ _ 2
C(Opicard; O0t) = mm %0, C(—6Opicard; 00t) = ¢ cos(mog) 1670t (6.15)

Using the above result, one can express 77(Ppicard, t, t) via the following double sum:

: C—:C_ e2mioiy(n—m) (oot+n)? *(U'Ot+m)27
ts (1 —t)s93(0|n(t))[? (nym)€Z2

7-7—(PPicard7 t, E) = q

q (6.16)

where the (3.6) and (6.13) have been used. Henceforth, we will neglect ¢*c™ factor.
We can study now the weakly invariant measures on M[S)}i@) (Opicard)- The action (4.48)

of the braid group on Mf;fi(?)(epicard) reads

€

0 :—2mi(o1t—00t)
bot(Mo) ~ Mo,  bot(Me) ~ My,  bor(My) ~ . (6.17)

i627ri(0'1t—0'0t) 0

Notice that to obtain the above equations we applied an appropriate simultaneous conju-
gation. A point Ppjcarq, under the action of by and by transforms in the following way:

bot (Ppicard) = (@picard; 00t, 01t — 00t ,

(6.18)
b1 (Ppicard) = (Opicard, 0ot + 011, 01¢).
These two transformations generate the SL(2,7Z) group
b b
Y e I R R (6.19)
o1t cd) \ou cd

We know two possibilities to construct distribution, invariant under these
transformations.
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6.3.1 Continuous spectrum: back to the Runkel-Watts theory

The first one is very universal: we just take duumtary given by (6.7):

d,uunitary = doy N doy - (Imog)d(Imoyy) (6.20)

ePicard

Using this distribution we get

F(t, D) [dug™™] = /dUOt A dote 77 (Ppicard; t, t)

0P1card
Z/ 27r(00t+n)21m n(t)

net TR (1= 03 05 (0ln(0) 2 (6.21)

/ —271‘0'21111 n(t)
= do—
oo £ (L= )5 050l (D)
= [t5(1 — £)303(0n(t))|2(2Im (1)) "2
The above correlation function, that can be found in [42], is a Runkel-Watts correlator, see

eq.45 in [21].

6.3.2 Discrete spectrum: Ashkin-Teller spin correlators

Let us consider some vector (wy,ws2) and its SL(2,Z) orbit, which we denote

Olur ) = SL(2,Z) - (w1, w2).- (6.22)
The second possibility to build an invariant measure is to define it as supported by Oy, w,):
dﬂo(wl,w2) = Z (5(0’0t — %1)(5(0’115 — 1’2) (623)

TEO (w1 wp)

We have the following

Proposition 1. All finite orbits Oy, u,) coincide with some O 1/p) = Oy, for p € Z,
which, in its turn, can be obtained by additions and set-theoretic subtractions of the finite
lattices

1
Lyjp = E(Z/pZ)2 C (Q/Z)* C (R/Z)?, (6.24)
so the basis of invariant measures is given by measures, supported by Ly ,.

Proof of this proposition goes in the following way. First we check that any vector
(w1, w2) is equivalent to (w,0). Actually, if there is (w1, w2) with |wi| < |wal, then we may
transform it to (w;,ws £ wi) — this procedure necessarily decreases min(|w;|, |wa|), and
finally we come to (w,0).!3 Then w should be rational number w = p'/p,'* otherwise we
get infinite orbit.

Obviously we have an inclusion O/, C Ly/,. Now we wish to describe the decom-
position of L;/, into the union of orbits. This is the same as to describe the orbits of

13described procedure is nothing but the Euclid’s algorithm.
144 and p’ are not necessarily prime.
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SL(2,7Z) x (pZ)? acting on Z?: (A, x,y) : %(a,c) — A %(a + px,c+ py). It is clear that
the number d = gecd(a, ¢, p) is invariant under such action. Now we show that it is the

Moreover, we show that

only invariant, so the point %(a, ¢) belongs the orbit O 1 ged(asc,p):

O /5= Oyp if d' /p is irreducible, so

Ly =[O (6.25)
plp
Actually, first we can map point %(a, ¢) to %(O, d') using SL(2,Z) action to perform
the Buclid’s algorithm. Here d’ = ged(a,c). Then we reduce fraction d’/p = d'/p. Since
gcd(cZ’,ﬁ) — 1, one can find such a, 8 € Z that ad’ — p = 1 and then construct SL(2,7Z)

matrix A: ~ B
(dp 0\ pd’
) (s e

In this way we have shown that any orbit in L/, is equivalent to Oy/5, where p is some
divisor of p, so we proved (6.25).
Now we introduce the invariant distribution

p—1
dut/? = Z 8(oot — a/p)d(oor — ¢/p) . (6.27)
a,c=0
Using (6.25) we write
AP =", (6.28)

plp
and then using Mobius inversion formula we get
D _
dpOr/e = Zu <p> dp'’?, (6.29)
plp
where ,u(g) is the Mobius function. Therefore any invariant measure can be expressed in

terms of dyu'/P. O
Now we start to study such measures, du!/?, and first we study du®, which gives

F(t,D)[dp] = 77 (Opicara; 0, 051, 8) = [¢] 5[1 — ¢| 5. (6.30)

So it is just the free field correlator.

Moving to the general case we make two updates: first, for the technical reasons we
can consider only even p = 2N, and second, we can consider three more measures which
are not SL(2,Z) invariant, but instead form its 3-element orbit:

2N—1
, 2 /2
dueed = 3 5<00t_ a+e/ >5<%_ c+é)/ > ’ (6.31)

2N

where €, € Z/27. We see that the measure d,uﬁ’o’o is invariant, but three other mea-

sures duﬁ’l’o =: duﬁ’l, d,uﬁ’o’l =: duﬁ’Q and d,uﬁ’l’1 =: duﬁ’?’ are permuted by
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SL(2,Z/2Z) = Ss. The two SL(2,Z) generators S = (91 (1)) and T = ((1) %) map to
permutations as follows:

S (12), T+ (23). (6.32)
To get correlation function first one has to compute the sum

2N—-1

Z Z c+€ /2 _ ) (a+€/2+n) _(a+e/2+m)2

m,n€Z a,c=0

2N-1
N B & a e Sty

n,k€eZ a=0 (6.33)
_ Z (_1)e’kq(%)zq(ﬁ+2Nk)2

n,kEZ

/ n+e/ n+e/

_ Z(_l) k("3 T2 | Nk)? g /2 NE)? /,.

n,k€Z

Using this sum the correlation function is rewritten as

1 1
1 e.c t T4 1 — t 1 ¢ nte/2y2 n+e/2
F(t, D]dpzv o] = | ’03(|(§|n(t)))|’2 S (1) (VR gk 2 (6.34)
n,k€Z

that corresponds to Fg,, . (¢, t) defined previously in (3.7).

6.4 Analytic Liouville theory

In the previous examples the weakly invariant distributions were actually just invariant.
Here we consider the situation where the second example of weakly invariant distribution is
realized: namely, in this case we take an integral over some 2-cycle, such that its homology
class is invariant under the braiding transformations. It turns out that so constructed
distribution provides the correlation functions of the analytic Liouville theory [12]. In this
way we prove crossing invariance of this theory, conjectured in [12].

Consider the distribution concentrated on the contour Cp, (4.39):

i 1 d _
e iehr) — oo, A 205 (Im ooy — h)S(|sor] — e 2T (6.35)
21 S0t
where h # 0 and the associated function:

ih—+1
F(t, D)™ = / dooy / S0 (ptE) (6.36)
|

ih SOt‘:672ﬂ'T 27T2$0t

Using the fact that nothing depends on |sy|, the integration over sy follows strictly the
one in (6.10). We obtain:

ih+1
t ZT/)[ analytlc (h,r) Z / ngt(I)(QO, O, 00t + n) (900, 01,00t + n)
nel

x B(6,00; + n,t)B(0, 00t + n, 1) (6.37)

:/ doot® (6o, 0, 00t) P (0sc, 01, 00¢) B(0, 00¢, 1) B(0, 00, 1),
ih+R
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that, comparing with (3.15) shows that:
F(t, B)ldug ™" ") = FL(2, D).

Note that the above formulas are very similar to the ones we saw in the case of
d,uznitary (6.7), since in the both cases we integrate the form dw over submanifold. However,
as we already said, there is an important difference: in the unitary case the submanifold
is invariant under the braid group action, while in the analytic case this is not true. Let’s
see this more in detail.

We want to prove crossing invariance and single-valuedness of ]-"é“L (t,t) by observing
that the homology class of the submanifold of integration in (6.35) is preserved by the
braid group. We use the following strategy:

e A: we check that the singularities of the integrand do not affect invariance of the
integral. Namely, even when we move contour (6.37) through the pole of the tau
function, integral does not change because corresponding residue vanishes. In other
words, one does not have to add extra cycles encircling singularities in the finite
domain. So the only thing that we have to check is that integration cycle lies in the
same homology class in Hy((C*)?,Z) = Z after the transformation, where by (C*)?
we denote a manifold with coordinates (€270t sq,).

e B: we check that homology class of the integration contour [C,,| is invariant.

Let’s consider the point A. The integrand is analytic in og; and so; everywhere except
for oo, € {0, 3} (or, considering the the real line, everywhere except for oo € 3Z). We
have to verify that moving the contour through these points does not change the value of
the integral: therefore, even if contour goes through the singular point, it can be correctly
defined by shifting in one of the two directions, i.e. with h < 0 or A > 0. One observes that
the two residues, at oo = 0 and at oo = 1/2, vanish due to the following relations:

Z ReSUOt:n @(907 9757 O'Ot)q)(eom 917 UOt)B(07 got, t)B(oa 00t, adUOt - O )
nez

> Res, i1 ©(00, 61, 000)(0sc, 01, 001) B8, 00, £)B(8, oo, D)oo = 0.
nez

(6.38)

To prove this we notice first that all the functions under the sum are even functions of
oot- This property is manifest in the definition of the constants (3.10) and, concerning
the conformal blocks B(8,00¢,t) and B(0, 00, t), we recall that they depend only on the
dimension ogt of the intermediate channel. Now suppose that there is some even function
f(o) = f(—0o). Then the two functions

@)= fo+n)  and  filo)= Zf(o fnt ;) (6.39)
nez nez
are Z-periodic and even: fo(o) = fo(—0), fi(o) = f%(—a). This implies automatically

1
2
that Resy—0 fo(0)do = Resy—0 f1(0)do = 0, and proves thus (6.38). In this way we actually

A~
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proved the point A above: singularities in the finite domain do not affect invariance of the
integral. We also proved actually that the analytic distribution does not depend on A and
r in a sense of weak equivalence:

dluznalytic(h,r) ~ d'uznalytic(h’,r’) ~ dluznalytic ) (640)

One interprets this fact as effectively we do not have holes in the finite domain, so [Cp ] =
[C_ns] =[Ch—r] = [C—p —r], and homology class does not depend on (h,7):

[Ch.r] = [Chr ] (6.41)

We can now pass to point B of the proof. We have already checked in section 4.5.1
that in the limit |h| — oo, |r| = oo,|h — 7| — oo homology class [Cp,] transforms to
[C;, -]. Because of (6.41), first, it implies invariance of [Cp, ] in the limit, and second, by

t15

the deformation argument ™ it implies invariance for all (h,r).

There is also simpler braiding transformation (5.12) acting by b2, : sor = sore™0t.
It maps Cp, to Cpri2n, so also preserves [Cp,]. The same also holds for half-braiding
bot (4.53). So all possible transformations preserve [Cp, ], and this completes the proof.

In this way we have proved that correlation function in analytic Liouville theory (6.37)

is h-independent, crossing-invariant and single-valued.

7 Conclusions

In this paper we discussed the construction of crossing invariant correlation functions in
¢ = 1 conformal field theories. Using the relation between isomonodromic deformations and
Virasoro conformal blocks, we proposed the tau functions instead of the conformal blocks
as a basis to construct crossing invariant correlation functions. The basic idea is that the
transformation properties of the tau function under the braid group are simpler than the
ones of the conformal blocks, in particular when a continuous spectrum is considered. We
proposed the ansatz (5.7) for crossing invariant correlation function according to which
the problem of constructing of a class of CFT solutions reduces to the definition of weakly
invariant distributions on the moduli space Mga(z@)' We presented four examples of
such distributions, given in (6.4), (6.7), (6.31) and (6.35). We showed that these four
distributions provide respectively the correlation functions of the free Gaussian, of the
Runkel-Watts, of the Ashkin-Teller and of the analytic Liouville theory.

We showed that our approach permits not only to recover very different theories by
using a common framework. More important, we could prove crossing symmetry for the
analytic Liouville theory, a case where other methods, based for instance on the Teschner-
Ponsot formulas [43] seem too complicated for this value of the central charge. Nevertheless,
there are crucial issues that need to be investigated further. We expect indeed that not all

50One can first pull initial contour to infinity, apply crossing transformation, and then pull it back.
Notice that in the previous version of the paper, we computed the effects on the transformations in a region
infinitesimal close to the Picard point Opicara and then we used an analytic continuation argument to extend
the result to all values of 6. As the referee pointed out, this proof actually was not completed.
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the possible ¢ = 1 CFT solutions are in the form (5.7); for instance, this form seems not
designed to describe correlations with non-diagonal external fields. And, even assuming
the form (5.7), we cannot characterize all its solutions as we do not know how to classify
completely the weakly invariant distributions on MS’IZL(Z’C).

There is also a series of questions and problems for future investigations:

SL(2,C)

1. One obvious way to construct invariant measures on M) 4 is to take sums of delta-
functions over the finite orbits of the action of the braid group: du(P) = Y. o(P, P’).
P'EO

All such orbits were classified in [40], corresponding solutions of Painlevé VI are
also known. Most of these finite orbits arise from monodromies corresponding to
finite subgroups G C SU(2) — conjecturally, these cases should correspond to ¢ =1
CFT’s on orbifolds, and we should be able to construct closed formulas for correlation
functions in such theories. More interesting question is what is the CFT meaning of
the orbits that do not come from the finite subgroups.

2. Despite the fact that the Ashkin-Teller correlation functions are known, this case
needs better understanding from the methodological point of view. At the moment
we are able to reproduce only the theories with integer parameter N by taking average
over the finite orbit: the question is how this procedure has to be modified in the
case of arbitrary N.

3. As in the Virasoro case, recent efforts have been focused in finding new boostrap
solutions in Toda theories [44]. Definitely, our construction should work for the
N x N case related to Wy algebras with ¢ = N — 1, since relation between higher-
rank isomonodromic deformations and W-algebras is also known [45]. We conjecture
that in this case there should be the analog of (5.20), stating that the product of two
connection constants equals to the ratio of 3-point functions. As a consequence, one
should get four types of ¢ = N — 1 theories with Wy symmetry: 1) analog of the
Runkel-Watts theory — the limit of Wi unitary minimal models with the fusion rules
governed by existence of solutions of equation M;MsMs = 1 with fixed conjugacy
classes of M,,; 2) analog of the analytic Liouville theory; 3) analog of the Ashkin-Teller
model; 4) analogs of the orbifold CFT’s. Theory of the first type already appeared,
for instance, in [46]. Some steps towards the study of the orbits of the braid group
were already done in [36], where the action of three involutions on the monodromy
data is written.

4. An approach worth to explore is the construction of weakly invariant distributions
from the study of the (linear) action of the braid group on cohomologies of Mﬁi@’c)

along the lines of [47] and [48].

5. The singularities of the tau functions at oo € %Z should be considered more in
detail. There might be some construction in which the integral is “concentrated”
around these submanifolds: we expect this mechanism to produce some correlation
functions in the logarithmic ¢ =1 CFT.
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6. There are several fundamental questions that arise concerning the general develop-

ment of our approach. At the moment we are able to give some functions that are
crossing invariant almost by construction. To guarantee that such functions are ac-
tual correlation functions in CFT, one should be able to represent them in a form of
bilinear combinations of conformal blocks with factors decomposed into products of
3-point functions, like (3.7), (3.12), (3.15). As a matter of fact, the functions we con-
structed in this paper turned out to fulfill this requirement. However it would be very
interesting to reformulate this factorization property as some additional property on
dpg(P).
There is also the question whether the ansatz (5.7) is the most general expression
that gives crossing invariant functions, or there can be some more complicated “non-
local” integrals. Finally, we stress that, in our approach, only diagonal fields are
allowed in the external channels (but arbitrary fields in the internal channel). So
the question is how one can modify this construction, and which properties of the
connection constant should be used to allow general fields in all channels.

If we wish to reformulate the problem of classification of ¢ = 1 crossing invariant
CFTs as some problem about weakly invariant distributions, all these questions have
to be answered.

We hope to return to these problems elsewhere.
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