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ABSTRACT: Infrared observations of Sgr A* and M87* are incompatible with the assump-
tion that these sources have physical surfaces in thermal equilibrium with their accreting
environments. In this paper we discuss a general parametrization of the energy balance
in a horizonless object, which permits to quantify how close a horizonless object is in its
behavior to a black hole, and analyze the timescale in which its surface can thermalize. We
show that the thermalization timescale is unbounded, growing large for objects that mimic
closely the behavior of a black hole (and being infinite for the latter). In particular, the
thermalization timescale is proportional to the time that energy spends inside the horizonless
object due to propagation and interactions with the bulk. Hence, these observations can be
used to quantitatively restrict the dynamical behavior of horizonless objects, without being
able to discard the existence of a physical surface.
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1 Introduction

While black holes have been for a long time a central topic in gravitation theory, the fast-
pacing advances in gravitational-wave detection and very-long-baseline interferometry (VLBI)
observations have revived the interest in the possibility of probing the inner structure of these
purely gravitational objects. Among the most striking consequences of these developments is
the possibility to test deviations from the standard solutions of general relativity describing
black holes, which are singular and are therefore expected to be regularized by quantum-
gravitational effects.

Quite remarkably, the viable resulting geometries endowed with an outer horizon were
found to belong to basically two families of solutions [1, 2]. Both these families admit as
limiting cases horizonless ultracompact configurations (see [3] for details). Similar static
solutions for ultra-compact quasi-black hole configurations can be found in the literature
independently from the aforementioned limiting procedure (see e.g. [4-9] and references
therein), and as such they appear to be a rather generic class of black hole mimickers and
an interesting case study for observational constraints.

While there is by now a rich literature concerning the theory, phenomenology and viable
constraints in different classes of black hole mimickers (see e.g. [10, 11] for comprehensive
reviews on this subject), for what concerns constraints on ultra-compact horizonless objects
with a physical surface, a special role has been recently played by VLBI observations of
supermassive black holes (Sgr A* and M87*) [12, 13]. Here, we will focus on complementary
arguments that constrain the possible existence of a surface using infrared observations of
Sgr A* and MS8T* [13-18].

The arguments in the aforementioned papers were groundbreaking in demonstrating that
constraining the existence of a surface was within reach with available data from infrared



observations. In particular, these papers indicate that observations are incompatible with a
physical surface in thermal equilibrium with its environment. Nonetheless, our understanding
of black hole mimickers has strongly advanced in recent times, and it is not clear whether
thermal equilibrium is reached within a sufficiently short timescale. In what follows we shall
show that a more accurate characterization of the physics involved in these exotic objects
has a profound impact on the implications of these early analyses, resulting in more complete
physical models and thus refined constraints.

The present authors have pursued this line of research in previous works, in particular [10]
and [19] (see also [20, 21] by other authors). These works have shown that updating the
assumptions in [14-18] can result in sizeable changes in the associated constraints, thus
reaffirming the necessity for a critical revision of the underlying assumptions on which the
latter are based.

We want to stress here that the most critical aspect for the evaluation of these constraints
is an adequate parametrization of the energy exchange between the horizonless object and its
environment. More specifically, equilibrium requires that incident energy onto the horizonless
object is re-emitted, which will generally occur only after a certain re-emission timescale.
It is essential to account for this re-emission timescale in analysis that determine whether
or not reaching equilibrium is possible. In this work, we study this problem for the first
time, building a general parametrization of this energy exchange that includes a temporary
absorption coefficient and timescale, and analyze how the equilibrium timescale depends
on these parameters.

2 Energy balance in a horizonless object

When a black hole is surrounded by matter, all energy that moves across the horizon is absorbed
by the black hole, which adjusts dynamically by changing its mass and angular momentum (and
possibly electric charge, though this is not particularly relevant in astrophysical situations).
Of course, semiclassically black holes can in principle re-emit part of this energy back in the
form of Hawking radiation over long times, however for most astrophysical black holes the
cosmic microwave background is hot enough to counterbalance this tendency and induces
further black hole growth (measured in terms of the horizon area) even in the absence of
matter fluxes [22].

For horizonless objects the physics is more complex. In the most general situation, the
net absorption associated with a black hole can be replaced by the following channels:

1. Absorption. A fraction x of the incident energy can be permanently absorbed by the
internal degrees of freedom of the object, changing the intrinsic state of the latter.

2. Temporary absorption/Delayed re-emission. A fraction & of the incident energy can be
re-emitted (inelastically) after a certain amount of time 7z, with the delay caused by a
combination of propagation and interaction effects in the bulk.

3. Instantaneous re-emission. A fraction I' of incident energy can be re-emitted (inelasti-
cally) almost instantaneously, after interaction with surface degrees of freedom.



4. Reflection. A fraction I' of incident energy can be reflected (elastically) without being
absorbed by the object.

5. Transmission. A fraction T of the incident energy can travel freely across the object
without any interactions taking place.

Conservation of energy implies k + % +1 + T + T = 1.

Note that the coefficient & can either describe absorption or instantaneous re-emission in
the limits 7z — oo and 7z — 0, respectively. Hence, it can be understood as a more physical
realization of these two (idealized) channels. In previous work [10], when applying this
parametrization to a discrete model of energy exchange, we only considered these idealized
channels (also, we implicitly set T — 0), but here we want to go a step forward.

The specific behavior of a given horizonless object is model-dependent. In fact, our
knowledge of the dynamics of these objects is not detailed enough to determine which of the
channels above is dominant for a given model. Hence, from a phenomenological perspective
it is reasonable to consider all of them as equally possible, and cast constraints on the
different parameters involved.

Given the above five parameters k, &, I', I and T, respectively introduced for the five
items listed above, we can easily see that they are sufficient for characterizing a broad class
of horizonless black hole mimickers. One of such objects with only x # 0 will be the closest
in behavior to a black hole. On the other hand, a horizonless object with only & # 0 will
behave like a black hole for a certain timescale 7z that can be very long depending on the
model. The remaining limiting cases, only I # 0 and only T' # 0 respectively, display more
stark deviations with respect to black holes, and could be potentially constrained in VLBI
observations [13, 23]. A similar comment applies to objects with only T # 0 [24, 25].

Now that we have introduced our parametrization, let us dwell in the next section in
the discuss previous works that have explored the role of these parameters in infrared and
VLBI observations of supermassive black holes.

3 Relation to previous work

The parametrization introduced in the previous section aimed at being complete regarding
the possible types of interactions between the incoming energy and the horizonless object.
Previous works in the subject consider a subset of these behaviors, which we briefly review
in the following, together with the reasons behind such choices.

Most of the works below assumed spherical symmetry (except when otherwise noted
below). Hence, we can introduce an effective radius of the object R, together with a
dimensionless measure of compactness, u = (R — 2M)/2M.

o The original works [14-18] assumed an instantaneous remission by the ultra compact
object of the incident radiation, i.e. k = & = ' = T = 0, and only I # 0. In the
argument provided by the authors this follows from the consideration that, in thermal
equilibrium, Kirchhoff’s law implies that all energy received by the horizonless object is
instantly re-emitted. On general grounds this would imply that, if energy is initially
distributed among the other channels for a given model of horizonless object, it is the



dynamical evolution towards equilibrium that progressively re-distributes it until the
energy balance can be adequately described by kK = kK = I' = T = 0. The authors
showed then that thermal equilibrium is incompatible with infrared observations.

o A further step was taken in [20, 26] with the analysis of the timescale required for
equilibrium to be reached, still under the assumption Kk = £ = I' = T = 0 so that
only T' # 0. This analysis showed that gravitational lensing plays an important role
in attaining thermal equilibrium, a role previously unaccounted for. Indeed, with
increasing compactness there is a closing escaping angle A€ for rays leaving the object
surface: for i < 1 one can show that AQ/27 ~ 27u/8 4+ O(i?) [10] (in the following, we
will define A = AQ/27). In turn this implies that the timescale in which equilibrium is
reached must scale at least as 1/u. Thus, the equilibrium assumption fails to hold for
p small enough. This means that the incompatibility between thermal equilibrium and
infrared observations can be translated into a constraint on u (or, equivalently, R).

o The timescale to reach equilibrium was re-analyzed in [10], together with the introduction
of non-zero coefficients £ # 0, I' # 0 and T’ # 0 (the coefficient % was implicitly
considered in the general parametrization introduced, but put to zero for the analysis of
equilibrium, together with T = 0). For this more general situation, the constraints are
now formulated as (generically nonlinear) combinations of the available parameters. Of
particular importance is the absorption coefficient, being the constraints very sensitive
to non-zero values of the latter.

o Once rotation is included [27], re-emission is not uniform throughout the surface. This
effect increases with spin, and makes previous calculations of the timescale in which
equilibrium is reached inapplicable. In particular, the re-emission pattern of equilibrium
in the presence of rotation, and the timescale in which this pattern can arise, are
unknown.

o In [13], an updated account of the original works [14-18] is provided, also taking
into account the aforementioned effect of gravitational lensing [20, 26]. This updated
discussion still has Kk = # = I' = T = 0 and only ' # 0, as it focuses on the
equilibrium state. That neglecting absorption is questionable was stressed in the follow-
up paper [19] stressing again the profound impact that taking it into account can have
on the obtainable constraints.

As it is apparent in the brief review above, the arguments [14-18] have generated
widespread interest, and further refinements have been published by different groups. A
possible point of contention is whether or not a non-zero value of k is physically reasonable.
Let us discuss this in some detail in the next section.

For completeness, before focusing on the role of x and %, we include a list of works that
have used (part of) the parametrization above to model VLBI observations of alternatives to
black holes. VLBI observations provide complementary constraints to the infrared constraints
that are the subject of this paper. The parametrization introduced in [10], which does not
include the transmission coefficient, was used in [23] to determine the image features associated
with reflection and re-emission, providing an exhaustive exploration of the parameter space



spanned by R, I' and I'. Complementary models in which only non-zero transmission
coefficient T was included were the focus of [24, 25]. On the other hand, [13] also discussed
the features associated with reflection for specific values of the parameters R and I'.

4 The interplay between absorption and thermal equilibrium

It is clear that k # 0 prevents equilibrium, in the sense of perfect balance between received
and instantaneoulsy re-emitted energy, to be reached. The same comment holds true for any
of the other channels (delayed re-emission, reflection and transmission) discussed in section 2.
Indeed, any energy deposited in any of these channels cannot go into the instantaneous
re-emission channel, thus always resulting into a deficit in the re-emission channel with
respect to the incident energy.

Hence, a possible objection is that assuming that k # 0 is incompatible with equilibrium.
Note, however, that this is actually what happens if the central object is a classical black hole.
A classical black hole can never be in equilibrium with its accreting environment, due to its
purely absorptive nature (k = 1), and the fact that all incident energy is stored in internal
degrees of freedom. The same comment applies to semiclassical black holes (|x — 1| < 1), as
the features of re-emission of energy in the form of Hawking radiation are constrained as a
function of the black hole mass, and cannot be arbitrarily adjusted to achieve equilibrium
with the accreting environment.

Horizonless objects are expected to mimic closely the behavior of black holes. Even
though the mimicked behaviors are model-dependent, it is reasonable to expect that at least
part of the incident energy will be transferred to internal degrees of freedom, and that not
all this energy can be re-emitted in arbitrary amounts to achieve equilibrium. A simple
argument in this sense consisting in the fact that ultra-compact object must be able to
convert at least some of the incident energy in expansion so to avoid to form a trapping
horizon as a consequence of the accreting energy [28].

These aspects are certainly dependent on the dynamics of specific models, which is not
well understood. It is therefore completely unknown whether it is reasonable to assume that
a horizonless object must reach equilibrium with its accreting environment. It may well be
that not being able to reach equilibrium with its accreting environment (or not being able to
do so on astrophysical relevant timescales) is a feature of horizonless objects.

Even if we assume that x = 0, there is still the issue that, while all incident energy in
this case will be radiated away, the amount of time it takes for the re-emission to take place,
Tz, is unknown and also dependent on model-dependent dynamics. Again, for a classical
black hole this time is infinite, so one can expect that a good black hole mimicker will
have a relatively long timescale for delayed re-emission. This leads to the natural question
about how this delay in re-emission impacts on the achievement of thermal equilibrium, in
particular on the associated timescale.

As the role of absorption « has been studied in previous papers, we will focus on the role
of temporary absorption for the rest of the paper. For the sake of comprehensiveness, we
will discuss the energy exchange between a horizonles objects and its accreting environment
in full generality, and then focus on the situation in which k =T =T =T = 0 but & # 0,
and analyze amount of time that it takes for a horizonless object to achieve equilibrium



with its environment as a function of the timescale of energy release. We will discuss how
this model reproduces the behavior analyzed previously in suitable limits (very short and
very long re-emission times, respectively), and the new insights that it provides into the
problem of equilibrium.

5 A discrete model of energy exchange

In this section, we introduce a discrete model to describe the energy exchange between a
general horizonless object and its environment.

Let us consider a discretization of time such that we use the set of integers {1,...,n}
to denote different moments in time. All time intervals have the same size At, which we
take to be roughly proportional to the light-crossing time 7g = rg/c. We assume that there
is a uniform energy injection z in each interval. Also, {x;}? ; will be the incident energy
(that is, the energy that reaches the object from its environment) at different moments, and
{ei}l_, the energy released by the object at the same time.

In appendix A we discuss the energy balance for different time intervals in order to derive
recursion relations, while figure 1 provides a schematic summary. It follows that we can write
the total incident energy X, and the total escaping energy FE, in the interval n < N as

n n
Xn=> ak, E.=) e, (5.1)
k=1 k=1

where
ep = Al'my, 1<k<N, (5.2)
while
T =, xo = (1— A)fxl, (5.3)
and
a1 =T+ (1—-A)0z,, 2<k<N. (5.4)

Due to temporary absorption, eqgs. (5.1)—(5.4) must be completed with the following mod-
ifications for n > N + 1:

€ = A(ka + ﬁxk,N), k>N+1, (55)

and

T = [F + (1 - A)F}:L’k_l + (1 — A)Rl‘k_]\[_l k>N-+1. (5.6)

Let us now take a closer look to the physics in these recursion relations.

6 Role of temporary absorption

The recursion relations discussed in the previous section allow to study general situations for
arbitrary values of the five parameters &, &, [, T and T. However, as we want to understand
the role played by temporary absorption in the achievement of thermal equilibrium, we
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Figure 1. Schematic proof of egs. (6.1) and (6.2), with time in the vertical direction. The quantities
€r and zj are the released energy and the incident energy in the interval k, respectively. These
quantities can be related to each other and also to the corresponding quantities in the previous time
interval k — 1, as shown in the figure (see also appendix A for a complementary discussion).

will focus here on the simplified case in which only x and & are non-zero. The recursion
relations are then reduced to

ex = A[(1 — k — R)z + Reg—n], k>N+1, (6.1)

and
T = (1 — A)(l — K — /%)l'kfl + (1 — A)fixk,]\[,l k>N+1. (62)

These expressions cannot be summed analytically. Numerical evaluation is always possible,
though we have also been able to find an analytical approximation as discussed in the following.

For the purposes of finding a suitable analytical approximation, let us consider for a
moment % = 0 (no temporary absorption), for which the recursion relation can be summed
analytically leading to [10, 19]:

E(Ff=0)  A(l-k)
M K+ AL - k)

{1-(=rtsa-na)yst. (6.3)
From this expressions, it follows that for timescales longer than

t 2 min (K,_l, A_l) TS, (6.4)



the outgoing flux reaches a steady state:

E(k=0) . A(l-k)

M steady k+A(l — k)

(6.5)

Let us now come back to the case in which & # 0. Delayed re-emission introduces a delay
between two successive bounces on the surface for a fraction of the energy. It is then reasonable
to conjecture that considering the expression without re-emission, and replacing the timescale
Tg with the average timescale between to consecutive bounces for the fraction of energy that
eventually escapes the gravitational field, could provide a good analytical approximation. A
fraction & of the energy takes a time 79 4+ 7z = (N + 1)7g between two consecutive bounces,
whereas the remaining energy takes a time 7q. Therefore, the average time is given by

F=&(N + 1)1+ (1 — &)rg = (RN + 1)75, (6.6)

and we can make the following analytical guess:

Euess o A(l - k) 7 t/7
o _K+A(1_H){1_(1_K)t/ (1-a)"7}. (6.7)

It is straightforward to check numerically whether this provides a good approximation for the
flux of energy; figure 2 shows that this is indeed the case. We can therefore use eq. (6.7) as a
very good approximation of the outgoing flux of energy. From this result, we can infer that
the presence of delayed re-emission does not alter the asymptotic value of the energy flux
once the steady state is achieved; rather, it prolongs the time it takes to reach the steady
state. In fact, the steady state is now reached for timescales

t 2 min (/(1, A*1> (RN + 1)7g (6.8)

We can see that N plays an important role in the thermalization timescale. While & is
by construction bounded from above by 1, N can be unbounded. In fact, taking the limit
N — oo recovers the behavior of a black hole, which means that larger values of N yield
better black hole mimickers. In fact, even in the absence of absorption, the presence of
temporary absorption can significantly weaken the constraint. For instance, in the case of
Sgr A*, if we assume k = & = 0 the observational constraint [13]

]\Z <1073, (6.9)

(note that [13] provides a tighter constraint of 1073 instead of the 1072 in the original
paper [14]) implies

E T

— ~p— <1073, 6.10

R (6.10)
where we have used the Eddington timescale 7" ~ 3.8 x 10® yr to provide an estimation of

the typical timescale for the variation of its accretion rate. Note that the argument above
requires the stationary of the source to be strictly applicable. Source variability can disrupt
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Figure 2. The left panels show the numerical evaluation of the outgoing flux of energy, while the
right panels show the difference AFE /M between the numerical evaluation and the analytical guess

given in eq. (6.7). The top panels are obtained fixing A = 107%, & = 1072, N = 10? and varying x.
The bottom panels are obtained fixing A = 107%, k = 107¢, N = 10? and varying &.

equilibrium or delay its onset in a way that is difficult to estimate using the formalism above.
In some cases (e.g. [26]), the Hubble time is used instead of the Eddington timescale, which
changes the bounds below but can also lead to an overestimation of these constraints due to
the non-equilibrium nature of the source. Another aspect to take into account is that the
accretion rate used in the equations above is also changing in time and likely higher in the
past. Hence, there is some ambiguity on the precise numerical values of these constraints;
a definitive solution for these ambiguities would require a more thorough understanding
of the evolution of the coupled system composed by the horizonless central object and its
accreting envinroment.
Equation (6.10) implies

<1078, (6.11)

On the other hand, when & # 0, we get

T

TS (6.12)

o<
This constraint can be much weaker than the one given in eq. (6.10) for N large enough.
A fundamental question to answer is therefore the value that N typically takes for specific
models such as gravastars [4-6] or semiclassical relativistic stars [7-9]. Unfortunately, the
dynamics of these models is not yet understood well enough to extract the value of N.
Nevertheless, it is possible to illustrate that N can become very large for black hole mimickers,
due to gravitational time delay associated with propagation effects.



Let us consider a very simple toy model, constructed in spherical symmetry by demanding
that the Misner-Sharp-Hernandez mass [29, 30] for each sphere is an € away from its critical
value which would yield the formation of a horizon [31]. The interior of such a stellar
structure [32-34] is approximately described by the metric

1
ds? = —edt? + —dr? + r?dQ?, (6.13)
€

where dQ? is the usual line element on the unit 2-sphere. The re-emission timescale for
incident energy can be split as the sum of the time of propagation inside the structure, plus
the interaction with the latter. From eq. (6.13), we can see that just propagation effects
imply for this model that

a | =

(6.14)

For ¢ <« 1, we then have

- 99~
F o grs ~ 10 - r (Aj‘f@) TH, (6.15)
where 1 is the Hubble time and Mg the mass of the Sun. Hence, it is not difficult to
have ultracompact objects for which the thermalization timescale becomes comparable or
even larger than the Hubble time, which means that thermalization is not possible for these
objects in practice if € < 10722(M/Mg)i. Let us stress that using the Hubble time is a
conservative estimate, and a more realistic estimate would be provided by the variability
timescale for a particular astrophysical system (e.g. Sgr A*), which should be several orders
of magnitude lower than 7.

7 Conclusions

Modeling the interactions between horizonless objects and their accreting environments is
essential to cast constraints on these alternatives to black holes. In this paper, we have
presented a general parametrization of these interactions, and focused on understanding the
role that temporary absorption plays in reaching steady state.

Temporary absorption is necessary for the horizonless object to be adapt dynamically
to its environment and be eventually be able to reach a steady state. This is in particular
necessary to avoid the formation of horizons. Hence, a non-zero value of & seems to be
unavoidable based on known physics.

The second parameter necessary to describe temporary absorption is the re-emission
timescale, which we have parametrized in terms of N. We have shown that this parameter has
an important impact on the thermalization timescale and that it can become arbitrarily large,
preventing the latter from happening altogether for relatively compact horizonless objects.

In summary, that equilibrium is not observed in systems such as Sgr A* and M87*
can be used to place constraints on horizonless objects, ruling out models in which this
thermalization timescale is short enough so that expecting equilibrium is reasonable. How-
ever, we have shown that simple arguments indicate that ultracompact objects would have

,10,



thermalization timescales that are too long for equilibrium to be feasible in our universe.

Hence, it is possible that supermassive horizonless objects, not in equilibrium with their

accreting environments, exist in nature.

A

Let

Discretized energy exchange

us discuss in detail the different components at play in the energy exchange between

a horizonless objects and its environment, within the discretized model used in the paper.

This provides a derivation of the recursion relations in section 5.

For

For the first interval, the energy balance is as follows:

There is an injection of energy x onto the horizonless object.
The total amount of incident energy is x1 = x.
A fraction of energy kxp is permanently absorbed by the object.

A fraction Rx is temporarily absorbed by the object, and will be re-emitted after a
time 7z = N7g.

A fraction I'z; is re-emitted instantaneously. From this fraction, an amount ATz,
where A = AQ /27, escapes the gravitational well of the object, while the remaining
amount (1— A)f 1 is gravitationally lensed back to the object. Let us define e; = AT'z.

A fraction I'zq is reflected, escaping the gravitational well of the object.

A fraction Txq travels across the object without interaction.
the second interval:

There is an injection of energy x onto the horizonless object.

A fraction of energy (1 — A)l'z; returns to the surface after being re-emitted in the
first interval.

The total amount of incident energy is x1 + x2, where zo = (1 — A)fq:l.
A fraction of energy k(z; + x2) is permanently absorbed by the object.

A fraction R(z; + x2) is temporarily absorbed by the object, and will be re-emitted
after a time Nrg.

A fraction I'(z; + x2) is re-emitted instantaneously. From this fraction, an amount
Af(ml + x9) escapes the gravitational well of the object, while the remaining amount

(1 — A)'(z1 + z2) is gravitationally lensed back to the object. Let us define €2 =
Af:pg =(1- A)f‘q, so that the total energy that escapes is €; + €.

A fraction I'(x; + x2) is reflected. From this fraction, an amount I'z; escapes the
gravitational well of the object, while the remaining amount I'zs is gravitationally
lensed back to the object.

A fraction T(z1 + x2) travels across the object without interaction.
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For

(]

the third interval:
There is an injection of energy x onto the horizonless object.

A fraction of energy (1 — A)T(z1 + x3) = 3 + (1 — A)T'zy returns to the surface after
being re-emitted in the previous interval.

A fraction of energy I'zo returns to the surface after being reflected in the previous
interval.

The total amount of incident energy is x1 + x5 + 3, where 3 = [[' + (1 — A)Txs.
A fraction of energy k(z1 + x2 + x3) is permanently absorbed by the object.

A fraction &(z1 + x2 + x3) is temporarily absorbed by the object, and will be re-emitted
after a time N7g.

A fraction f‘(:L‘l + z9 + x3) is re-emitted instantaneously. From this fraction, an amount
AT (1 + x5 + x3) escapes the gravitational well of the object, while the remaining

amount (1 — A)I'(z1 + x2 + x3) is gravitationally lensed back to the object. Let us
define €3 = ATxg = (1- A)feg, so that the total energy that escapes is €1 + €2 + €3.

A fraction I'(x1 4+ x2 + x3) is reflected. From this fraction, an amount I'zy escapes the
gravitational well of the object, while the remaining amount I'(z9 + x3) is gravitationally
lensed back to the object.

A fraction T(z1 + x2 + x3) travels across the object without interaction.
For the (N + 1)—interval:
There is an injection of energy x onto the horizonless object.

A fraction of energy (1 — A)T Zé\[:l T, returns to the surface after being re-emitted in
the previous interval.

A fraction of energy I' Z{cvﬂ Ty, returns to the surface after being reflected in the previous
interval.

The total amount of incident energy is X1 = >0 ,' 2y, where zj, = [[+(1—A)zy_;.
A fraction of energy kX1 is permanently absorbed by the object.

A fraction £X 1 is temporarily absorbed by the object, and will be re-emitted after a
time Nrg.

A fraction £z is re-emitted after being temporarily absorbed by the object, while
a fraction T'X N+1 is re-emitted instantaneously. From these fractions, an amount
A(T'Xn41 4 Rxy) escapes the gravitational well of the object, while the remaining
amount (1—A)(I X414 &z1) is gravitationally lensed back to the object. Let us define
ENt1 = A(f’a:NH + Rx1), so that the total energy that escapes is Eni1 = Z,]cvjll €L
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e A fraction I'X vy is reflected. From this fraction, an amount I'z; escapes the gravi-
tational well of the object, while the remaining amount I" Z,]cvj?l Ty is gravitationally
lensed back to the object.

e A fraction TX 41 travels across the object without interaction.
For the (N + 2)—interval:
e There is an injection of energy x onto the horizonless object.

o A fraction of energy (1 — A)T ZkN:Jrll x) returns to the surface after being re-emitted in
the previous interval.

o A fraction of energy FEQS’; xk returns to the surface after being reflected in the
previous interval.

o The total amount of incident energy is X492 = ZkN:Jrf xy, where xp, = [['+(1 —A)f]xk_l

for k< N+1land ayio=[+ (1 —A) ey + (1 — A)Rx;.
e A fraction of energy kKXo is permanently absorbed by the object.

e A fraction KXo is temporarily absorbed by the object, and will be re-emitted after a
time Nrg.

e A fraction Kzs is re-emitted after being temporarily absorbed by the object, while
a fraction T'X N+2 is re-emitted instantaneously. From these fractions, an amount
A(T'Xn42 4 Rxa) escapes the gravitational well of the object, while the remaining
amount (1—A)(I' X o+ Axo) is gravitationally lensed back to the object. Let us define
ENto = A(f‘xN+2 + Rxa), so that the total energy that escapes is Enio = Z]kvjf €L
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