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An extension theorem from connected sets
and homogenization of non-local functionals

Andrea Braides*, Valeria Chiado Piat and Lorenza D’Eliaf

Abstract. We study the asymptotic behaviour of convolution-type functionals defined
on general periodic domains by proving an extension theorem.

Keywords: homogenization, perforated domains, non-local functionals, extension oper-
ators
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1 Introduction

In this paper we consider energies of convolution-type whose prototypes are functionals

of the form
1 Yy—T »
_ dr d 1
[ o (U0 ) - wopdeay )

where a is a non-negative convolution kernel, p € (1,+00), ¢ is a scaling parameter and
Q is a Lipschitz domain in R?. The kernel a : RY — [0, +00[, describing the strength of
the interaction at a given distance, satisfies

[ a0+ ey ds < o )

and
a(§) >c>0, if [£] <, (3)

for some ro > 0 and ¢ > 0.

Functionals of this form have been used as an approximation of the LP-norm of the
gradient as ¢ — 0 and as such give an alternative way of defining Sobolev spaces (see
e.g. [2, 10]). In the case p = 2 perturbations of such energies ([Il) arise from models
in population dynamics where the macroscopic properties are reduced to studying the
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evolution of the first-correlation function describing the population density u in the system
[11], and recently they have also been used in problems in Data Science [12]. Furthermore
discrete versions of such energies have been extensively studied in a general setting (see
e.g. [3 5] and related works).

A rather complete analysis of perturbations of functionals (II), more precisely, of func-
tionals that are dominated from below and above by functionals of type (), is presented
in [4]. In this paper we consider another type of perturbation of (I]) in the framework of
the so-called perforated domains, that cannot be reduced to the analysis in [4] since it is
‘degenerate’ on the complement of a periodic connected set.

In our analysis we consider a typical situation arising in the study of inhomogeneous
media with a periodic microstructure, when one sets the model in a domain obtained by
removing inclusions representing sites with which the system does not interact. Usually,
such a periodically perforated domain is obtained by intersecting 2 with a periodic open
subset B5 = 6F of R?, where E is a periodic set with Lipschitz boundary and § is the
(small) period of the microstructure. In the setting of energies (II) the relevant scale of the
period ¢ is of order €. Indeed, in the other cases we have a multi-scale problem that can be
decomposed into two separate limit analyses that fall within known results corresponding
to letting first § — 0 and then € — 0, or the converse (see [§]). Hence, we will consider
energies whose prototypes are of the form

1 Yy—x
F.(u) = / a( )ux—uypdyda:, 4
W= [ (P ) ) (1

where Q is a fixed domain in R<.

In order to study the asymptotic analysis of such energies, it is necessary to prove that
sequences with equi-bounded energy (and equi-bounded LP-norm) are precompact. For
the analog energy on Sobolev spaces

F5°P(y) :/ |VulPdy dz.
QneE

this has been done in [I] through the construction of suitable extension operators Ty :
LP(QNeE) — LP(2) which, for each ' compactly contained in 2, provide an embedding
of WHP(QY) in WP(Q N eF) uniformly for e small enough (below a threshold explicitly
depending on the distance between Q' and 992). The compact embedding of W1P()') in
LP(€Y) then provides the desired compactness property. In our case, since the energies are
non-local, a more complex statement is necessary. After noting that by condition (B]) it is
sufficient to prove compactness when a is the characteristic function of a ball centered in 0
and given radius 7o, we prove the existence of extension operators T, : LP(2NeE) — LP(Q)
with the property that R and C exists such that for each €' compactly contained in €2,

— X
[ o (y )|T5u<x>_T5u<y>|pdydx
Q' xQ

3

<C / X By, (y
(QNeE)x (2NeE)

2

) () — u(y)Pdy da. (5)



for e small enough, with C' and R independent of ¢ (here B, denotes the ball of centre 0
and radius p and y 4 is the characteristic function of the set A). The precise statement of
this result is given in Theorem 2.2l It provides a uniform bound for energies of the type
() on € in terms of energies (), which in turn allows to apply the compactness results
in [4] (see Section 2.2). Moreover, the asymptotic analysis of functionals (I]) ensure that
limits of functions with equibounded energies are in W1?(Q)) with a uniform bound and
hence they belong to WP(Q).

The case p = 2 in (@) and with compact perforations; i.e., with E of the form E =
R?\ (Ko + Z%), where K, is a compact subset of R? with Lipschitz boundary such that
(Ko+i)N(Ko+7)=0if4,j € Z% and i # j, has been studied in [§], together with some
variants that allow to consider random perforations [9]. The main feature of our paper
is the proof of the extension theorem under the only assumption that the periodic set E
is connected and with Lipschitz boundary, and holds for any p > 1. The construction of
T. is inspired by the arguments of [I], consisting in proving a local extension result on
cubes and then using a periodic partition of the unity. The non-locality of the energies
adds further technical difficulties to the possible non-connectedness or non-regularity of
the restriction of E to cubes, already present in the case of Sobolev functions, and forces
the introduction of the radius of interaction R in inequality ().

As an application, we study the asymptotic behaviour of energies of the form

Helw) = - [QQEE)Q " (E : M) oy

gd e e’

with u € LP(£2; R™), upon some structure hypotheses on h as those considered in [4], that
allow H. to be compared with F.. In Section [3] we obtain a homogenization theorem for
H. as e — 0 proving that the T-limit of H. is defined on W1?(Q; R™) and has a standard
local form

/ Pyom (Du)dz,
Q

with hpom characterized by non-local homogenization formulas and of p-growth by (2) and
(). The proof is obtained by a perturbation argument that allows to use homogenization
theorems proved in [4] for the corresponding energies defined on ‘solid’ domains, applied
to functionals of the form H, + §F.. The Extension Theorem provides uniform estimates
that allow to invert the passage to the limit as ¢ — 0 and 6 — 0. We note that a discrete
analog of this result can be found in [6], where the discrete setting allows easier extension
results from the discrete version of a perforated domain.

Before stating and proving the main result we gather some of the notation used in the
following.

Notation

e Q = (0,1)% denotes the unit cube in R
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e Y4 denotes the characteristic function of the set A.
e |t| denotes the integer part of ¢ € R.
o M™% is the space of m x d real matrices.

o if = ¢ M™“ and z € RY then Zx € R™ is defined by the usual row-by-column
product.

e For any open set Q C R? and for any A > 0, A denotes the A-homothetic set
AQ = {Az : x € Q},
and Q(\) is the retracted set

Q) == {x € Q : dist(x,00) > A} (6)

e For R > 0, Dy denotes the set of points in R? x R? whose distance is less than R;
i.€.,
Dp:={(z,y) e R xR : |2 —y| < R}.

e Given an open set with finite Lebesgue measure |A| < oo, the mean value of u over
A is given by

up = ﬁ/Au(az) dx. (7)

e We say that a set £ C R? is periodic (more precisely, Q-periodic) if E + e; = E for
every i = 1,2,---,d where (e;){_, is the canonical basis of R,

2 The extension theorem

In this section, we prove the existence of an extension operator for non-local functionals
defined on general connected domains. The main result of the paper is Theorem 2.2 from
which we deduce a compactness result in Section Before stating it, we recall the
definition of a set with Lipschitz boundary.

Definition 2.1. An open set E C R™ has Lipschitz boundary at x € OF if OF is
locally the graph of a Lipschitz function, in the sense that there exist a coordinate system
(Y1, ---,Ya), a Lipschitz function ® of d — 1 variables, and an open rectangle U, in the
y-coordinates, centred at x, such that ENU, ={y : yp < ®(y1,...,Ya—1)} and that OF
splits U, into two connected sets, E N U, and U, \ E. If this property holds for every
x € OF with the same Lipschitz constant, we say that E has Lipschitz boundary.
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Theorem 2.2. Let E be a periodic open subset of R® with Lipschitz boundary and let )
be a bounded open subset of R%. Then, there exist R = R(E) > 0 and ko > 0 such that for
all e > 0 there exists a linear and continuous extension operator T, : LP(QNek) — LP(QY)
such that for all v > 0 and for allu € LP(NNeE),

T:(u) =u ae in QNekE, (8)
/ T (u)|Pdx < ¢ / |ul? dz, 9)
Q(cko) QNeE
/ T (u)(z) — To(u) ()P dedy < cofr) / u(x) — u(y)l’ dedy, (10)
(Qeko))?NDer (QMeE)2NDe,

where we use notation ([@). The positive constants ¢; and co depend on E and d and, in
addition, co depends also on r, but both are independent of €.

The proof, which will be given in the next subsection, is quite technical and it is split
into several lemmas.

2.1 Technical lemmas and proof of the main result

In order to give an idea of the construction of the extension operator, we assume that
E N 2@ is connected and has Lipschitz boundary. Under these assumptions, there exists
a linear and continuous operator ® : LP(E N 2Q) — LP(2Q) satisfying, in particular,
an estimate analogous to (I0) (see Lemma [2.5). Then, we consider the family ®* of
the extension operator obtained by traslating ® by an integer vector a € Z?. Finally,
thanks to a periodic partition of unity, the construction of a global extension operator
is achieved glueing together ®* (see Lemma [Z7). Now, the assumptions that F N 2Q) is
connected and has Lipschitz boundary in general are not satisfied (unless the complement
of E is a disjoint union of compact sets, which is the case studied in [§]), so that the first
step consists to overcome the lack of connectedness of £ N 2@ and the regularity of its
boundary. To this end, we state a slightly modified version of [I, Lemma 2.3|, which is a
key tool for the construction of the extension operator. The proof remains analogous to
that of [Il Lemma 2.3] and is not repeated here.

Lemma 2.3. Let E be a connected open subset of R? with Lipschitz boundary. Then,
there exists k € N, k > 4, such that 3Q) N E is contained in a single connected component
C of kQ N E. Moreover, C' has Lipschitz boundary at each point of 0C N 3Q).

We denote henceforth by C' the positive constant given by C' := 2v/dk, where k is
defined as Lemma [2.3]
The next lemma is an easy consequence of the Holder inequality.

Lemma 2.4. Let A be an open subset of R%. Assume that A has finite and positive
Lebesgue measure |A| < oo. Then, for every u € LP(A), with 1 < p < oo,

P 1 u(x) —u(y)|Pdx
[ = u@par < [ ute) — utyPdeay (1)
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Proof. Denote by p’ the conjugate exponent of p. Thanks to Holder’s inequality, we

deduce
oo 1
J = at@ar = ] () = ataiy

|A|p/p
< \A|P |u — u(z)|Pdydx

Iu( ) — u(z)["dzdy,

p

dx

B ‘A| AxA

which concludes the proof.

The next lemma shows the existence of an extension operator ® on general sets of R
It is an adaptation of [I, Lemma 2.6].

Lemma 2.5. Let B, w, W' be bounded open subsets of RY. Assume that OB is Lipschitz-
continuous at each point of 0BNw and w' CC w. Then, there exist a positive real number
R > 0 and a linear and continuous extension operator ® : LP(B) — LP(w') such that, for
allu € LP(B),

O(u) =u a.e. in BN, (12)

/, |P(uw)|Pde < ¢y /Bm |ul? dz, (13)
L 00 - @) drdy<cs [ ) ) dedy, (14

(BNw)?

where ¢1 and ¢y are positive constant depending only on B,w',w and p.

Proof. Since OB has Lipschitz boundary at each point of B N w, there exist a neigh-
bourhood U of 0B Nw and a bi-lipschitz map R : U N B — U \ B such that, for any
X1, € Un B,

SIR(@1) = Rwa)] < |o — 2] < 2AR(w:) = Rea)].
For fixed t > 0 chosen below, we consider the set
Ay i={x € w\ B : dist(z,0B) < t}. (15)
We may fix t > 0 small enough such that
AN cU\B and R ' (4NW)CBNw. (16)

Let ¢ be a C*™ function such that 0 < p <1, p =1in Band ¢ = 0in {z € R?\ B :
dist(xz,0B) > t}. We define the operator ® : LP(B) — LP(w') as follows

u(z), r € BNw,
®(u)(z) :== { p(x)u(R(2)) + (1 — p(2))upnw, € AN, (17)
UBAw, rew \ A,



where upn, denotes the mean value of the function u over BNw (see (). It follows that
®(u) € LP(w') and ®(u) = u a.e. in BNw'; i.e., condition (I2) is satisfied.
We now show condition (I3]). To this end, note that w’ can be written as

Ww=(BNuw)UANW)U W\ A4).

This, combined with the Jensen inequality and the definition (I7) of ®, yields

/w [@(u)(2)"dz = /B W|<I>(u)(:c)\pdx+ /A tmwl\@(u)(:c)|pdx+ / 1B (u)(z)|Pde

UJ,\At

— /Bﬁ ,|U($)‘pdl’+/ lp(z)u(R1 () + (1 — () upne [PdE

Atﬁw’
+ o'\ Al [upno|?

< / () [Pdar + 21 / (R (z))Pdz
Bnw’ AN’
F |uprwP(2P o' N A + |\ Ad). (18)

Since R is a bi-Lipschitz map, the Jacobian }%(x)’ is a bounded function; 7.e., there
exists a positive constant cr such that

S CR, (19)

T

so that, thanks to the change of variables 2’ = R~!(x) and properties (I6)), we have

/Amw/ lu(R ™ (z))|Pdx < C’R/ () [Pda.

BNw

This, along with (I8]), implies that

[ 10 @Pd < (ex27 41) [ jule)Pde-+ e PR 0 4+ A

BNw'’
<o / ju(z) [Pd,
Bnw

where ¢; denotes a positive constant depending only on p,w’, B and R. Hence, condition

(I3)) is proven.

To conclude the proof, it remains to check condition (I4)). Fix R < t. For (z,y) €
(W X w') N Dg, it is enough to estimate the integral in the left-hand side of (I4) by

7



examining separately the sets

S;=((BNw') x (BNw') N Dg,

Sy =((BNW') x (A, Nw'))N Dg,
Sy = (A Nw') x (BN w’) N D,

83 = ((ArNw') x (A Nw') N Dg,
Sp=((ANw) x (o \At))ﬂDR,
Sy = ((W'\ A) x (A Nw') N Dp,
S5 = (W' \ Ap) x (w \At))ﬂDR.

Note that the other cases do not occur since the distance between the points is grater
than R. Indeed, take, for example, (z,y) € (BNw') x (A; \ &'). Due to definition of A,
and since R < t, the distance |z — y| is greater than R.

Now, we evaluate the left-hand side of (I4]) on the set S; defined above. In view of the
definition (7)) of ®, we have

[@(u)(2) — @(u)(y)[" dedy = [ |u(z) — u(y)]” dzdy
S S1

<[ ) - @) dudy
(BNw)?

Here, we used the fact that S; C (BNw')? C (BNw)>.
Due to definition (I7) of ®, an application of Jensen’s inequality yields

g |@(u)(2) — @(u)(y)|["drdy = s u(z) —uw(R™H(y) + (1 — (W) (u(R™(y)) — upnw) [Pdrdy

<2t . u(x) — w(R™(y))|P dedy
P /5 11— o) [u(R\ () — upnn|” dedy  (20)

Using the change of variables ' = R~!(y) and properties (I6) and (I9), the first integral
in the left-hand side of (20)) can be estimates as

) =R sy < [ ([ jute) = uR )y ) o

<on [ fula) ()P dady
(BNw')?

Sa

< en /() Ju() — u(y)l? dedy. (21)



By applying Lemma 2.4] and taking into account condition (I9]), the second integral in
the right-hand side of (20]) can be estimated as

11— o) |u(R™(y)) — upnw|” dady < |BNW| [W(R™(y)) — uprw|” dy
SQ Atﬂw’
< cr|BNW| lu(y') — uprel” dy’
Bnw
|BNW|

<c u(x) —u(y)|? dedy.
g MCC )

Combined with (20)) and (21]), this implies

/ Bu(z) — Buly)Pdedy < c / () — uly) Pdedy,
Sa

(BNw)?

where ¢ is a positive constant depending on p, B,w,w’ and R. Similarly, we have that

Bu(z) — Buly)Pdedy < c / () — uly) Pdedy.

S5 (BNw)?
Now, consider (z,y) € S3. From the definition (I7)) of ®, we have

where Fi(z,y) and Fy(z,y) are given by

Fi(z,7) = (w(R™(2)) — upnw)(p(z) — ¢(y)),
Fy(z,y) = ¢(y) (wW(R™(z)) — u(R7}(1)))

Thanks to Lemma [2Z4] and due to properties (I6) and the estimate |¢o(x) — p(y)| < 2, we
deduce that

|Fy(z,y)|P dedy < 2”/ [W(R™(z)) — uBmw‘p dxdy
S3 (Atmw,)2
= 2P| A, N [W(R™(z)) — upno|” dz
(Atnw’)
< 2P|Ai N w’\cR/ lu(z') — upn,|” da’
Bnw
P ‘At N w,‘

< 2P¢

<P ot [ luta) o) dody (23)
Nw

On the other hand, using the changes of variables 2/ = R~!(z) and 3y’ = R™(y), we get

Baley)Pdedy < [ JulR @) - u(R ) dedy
S3 (Atﬁwl)2
<ch w(z') —u(y)|’ da'dy’. 24
<k [ ) )P iy (24)



In view of (22)), an application of Jensen’s inequality combined with (23) and (24]) leads
to

| (u)(2) = @(u)(y) [’ dedy < 277 ( | Fy (2, ) [P daedy + | [Fa(x, )7 dwdy)

Ss3 Ss S3

<c [ Ju) - )l dody, (25)
(BNw)?
where ¢ denotes a positive constant depending only on p, B,w,w’ and R.

Take now (z,y) € S;. Applying Lemma[2.4and using the change of variables 2’ = R~!(z),
from the definition (I7) of ®, we deduce that

| (u)(x) — (u)(y)]” dedy = |w"\ Ay (R (%)) — upnw|” da
Sy AN’
< crlw\ Ay lu(z") — upno|” da’
BNw
'\ Al

p
u(z) —u(y)|” dedy

Similarly, we also get

D)) — B(u) (o) dady < e 0]

p
u(x) —u(y)|” dredy.
. Bno (Bmw)Q\() ()]

Now, take (z,y) € S5. Hence, we have that ®(z) —®(y) = 0 for a.e. z,y € '\ A;. Finally,
gathering all the previous estimates, we conclude that

/( o, P~ B = 5 [ 1@(e) = o) pardy
+ /S’uS’ |(I)(U)($) — q)<u)<y)‘pdxdy

<o Jule)— uy)Pdsdy
(BNw)?

where ¢ is a costant depending on p,w’,w and B. This shows (I4]) and concludes the
proof. _

The reflection argument that we used to construct the operator ® cannot be used to
prove the existence of a map ® : LP(B) — LP(w) since estimate (I4]) may not hold with
w’' = w, as showed in the following example.

Example 2.6. Let B be the ball in R? centered at 0 and of radius 1 and let w be the set
of R? defined by

wi={(z,y) ER*:ze(-1,2), —r+1<y < —w+2}

10



We define v € LP(B) as
1, r € B\w,

u(z) ==
0, r € BNuw.

If ®(u) is the extension of u out of B by reflection, then we have

/ |Pu(z) — Pu(y)[Pdzdy > 0,
w?NDpr

since u is not identically constant in the neighbourhood of the points (1,0) and (0,1), while
[ uta) = uty)pdedy =
(BNw)2NDg

so that the condition ([I4]) is not satisfied.

Lemma 2.7. Let E be a periodic, connected open subset of R? with Lipschitz boundary.
Let Q,Q be open subsets of R? such that ' CC Q and dist(Y,0Q) > C. Then there exist
R = R(FE) >0 and a linear and continuous operator

L:IP(QNE) — LP(Y)

such that for all v > 0 and for all w € LP(2 N E),

Lu = u, a.e. in QU NE, (26)
| Lu|Pdzx < cl/ |u|Pdx, (27)
Q/ QNE
/’ wmm—mwww@s@m/ﬁ u(x) — u(y)Pdedy,  (28)
(Q'xQ)NDg (QNE)2ND,

where ¢; and co are positive constants depending on E and d and, in addition, co depends
also on r. The constant R depends only on the set E.

Proof. In view of Lemma 23] there exists £ € N, k > 4, such that 3Q) N E is contained
in a single connected component C' of kQ) N E. Since C has Lipschitz boundary at each
point of C'N 3Q, we can apply Lemma with B = C, W' = 2Q and w = 3Q). Hence,
there exist R > 0 and a linear and continuous operator ® : LP(C) — LP(2Q)) defined by
(I7) such that, for any u € LP(C'),

O(u)=u a.e. in C'N2Q, (29)
/ B(u)Pdz < o / lufPdz, (30)
2Q cN3Q
/ | (u)(z) — (u)(y)[Pdzdy < Cz/ ju(z) — u(y)[Pdzdy,  (31)
(20%x2Q)NDg (CN3Q)x(CN3Q)

11



where the positive constants ¢; and ¢y depend on C' and 20).
Let (Q%)acze be the open cover of R? obtained by translating the cube 2Q) by the vector
a € Z2. For every set 2 C RY, for every a € Z? and for every real number h > 0, we use
the notation

Qy == a + hS. (32)

For h = 1 we simply write Q% = Q¢, while, for a = 0, , = Q). For every set A C R?
we define the set

I(A) :={aecZ: Q5NA+#D}

Since dist(Q, 09) > C' = 2v/dk, for every a € I(Q'), we have that Q3, C Q.
For any o € I(§Y'), we define the extension operator ®* : LP(C*) — LP(Q%) by translating
the operator ® by the integer vector a. In other words, for any u € LP(C?),

" (u) = (®(uo 7)) 0 7, (33)
where, for every o € Z¢ and for every real number h > 0, we use the notation
mh(x) == a+ hx for € R% (34)

If h =1, we write 7* = 7{ and if @ = 0, we set mj, = 7p. For simplicity, for u € LP(QNE)
we denote by u® the function

u = 8 (o) € LP(QS). (35)

From (I7) and (B3]), the explicit expression of u* is given by

Ul ca (LL’), T e <2Qﬂc>aa
u(z) = { oz — )u(R Nz —a) +a) + (1 — o(x — @))upgncy, = € (2Q N A%,
UB3Qn0)e r € (2Q\ (CUA))",

where A, is given by ([13]) with B = C%, w = 3Q“, and u3gnc)« is the mean value of |,
over (3Q N C)%; i.e.,

UEQRc)e = /(3ch)a Ujpo (2)d.

We now define the global extension operator L : LP(2 N E) — LP(§Y). To this end, let
(1*) 4eze be a partition of unity associated to (Q$)aez¢ such that ¥% = ¢®o7®=# for any
a, 3 € Z% Then, the map L : LP(QN E) — LP(Y) is defined by

Lu := Z u®”,
acl ()

where u® is given by (BH). Note that L is a linear and continuous operator from LP(2NE)
to LP(€)) and that condition (26]) is satisfied. Indeed, in view of (35]) and due to (29), we

have
Lu(z) = Y u@)y®(x) = > w(@)y(x) = u(x)

acI(Q) acl(QY)

12



forae. x € ¥ NE.

Now, we show condition (7). To this end, fix 3 € I(Q') and note that, for any a € I(Q5),
we have Q% C Q5. Combined with estimate (B0) and Jensen’s inequality, this implies
that, for any u € LP(Q N E),

/ﬁ|Lu|pda: < NP Z / lu®Pda < ¢, NP~ Z / |u|Pdx
Qs

8
acl(QY) ©2NQ2 acl(QF) (ens@)
< o NP Z / |u|pda:§cle/ |ulPdz,
wer(@l)’ GRNE Q5.nE

where N denotes, henceforth, the cardinality of the set [ (Qg ). Taking the sum over
p € 1(€) in the previous inequality, we deduce that

|LulPdx < Z / | Lu|Pdx
Q/

BEI(Y)

NP > d/

ﬁEI(Q’ QQkﬂE

IN

|u|Pdx < Np(Qk)dcl/ |u|Pdzx.
QnE

The factor (2k)? is due to the fact that each point z € R? is contained in at most (2k)?
cubes of the form (ng)ﬁezd.

To conclude the proof, it remains to show condition (28). To this end, we state the
following estimate whose proof is given in Lemma below: for all » > 0 there exists a
positive constant ¢ = ¢(r) such that

/ () — uly)Pdedy < c(r) / u(e) — u(y)Pdedy.  (36)
(CNQR3)™) (Q¥NE)2ND,
Fix 8 € Z*. Since

Lu(w) = Lu(y) = Y (u*(z) —u*(y))e*(@) = Y u(y)@(y) - (@)

acl(QY) acl(QY)

for a.e. x,y € Qg , an application of Jensen’s inequality leads to

/ Lu(z) — Lu(y)Pdrdy
(@5)2nDg

<ot [ S e - ) ) Pedy
(@FNPr oers)

+2p*1 a o L Pdrdu. a7
/(Q§>2mDR‘a€%§)u (W) (W (y) — ¢ (2))Pdady (37)
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Due to Jensen’s inequality and in view of (B1) and (B6]), the first integral is estimated as
follows

u®(x) = u®(y))¥* (x) P dzd
/@g)m‘ S () — u ()¢ (2) Pdady

a€l(Q5)
< Nty / u () — u(y) dady
aEI(Q’B 20@2 QHDR
< NP |u®(x) — u(y)|"dedy
acl(QF) (QExQ$)NDR
< vt Y u(z) — u(y)Pdady
acl(Q2) ((Q3nC)«)?
< ee(r)NTTH Y / — u(y)["dzdy
O‘OE)QHDT
aeI(Q2
< C2€<T>Np/ lu(z) — u(y)|Pdxdy. (38)
(Q% NE)2ND,

We evaluate the second integral. Since supp(¢®) C Q% for any a € Z¢, we have that, for
any z,y € Q3
> (W @) —v () =0
acl(Qf)
which implies that

Yo w @) — @) = Y wt W) @(y) - (@) — @) Y (@%(y) — ¢ (=)

ael(Q) ael(Qf) acl(@F)
= Y (w(y) - (@)@ (y) — v (2),
acl(QF)

for a.e. x,y € Qg . Thanks to the Jensen inequality, we obtain that

u®(x) (Y (y) — v*(x))|Pdxed
S ] X @) @)y

acl(Q5)

<Nt S [ ) - @) - o) Pdedy
aci(@f) " (NAENNDn

< NP Z [u®(y) — u®(x)|Pdxdy. (39)
acr(Qf) (@NArNDs
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In order to estimate the integral on the right-hand side of (39), we perform computations
analogous to that of Lemma The difference is that u® and u” are extensions of u
which belong to two different translated cubes Q% and Qg . Hence, we separately evaluate
the integral on the right-hand side of (B9) on the following sets, which take into account
the fact that u® and u” are the extension of u € LP(¥’ N E) on different translated cubes,

St = (@3 N Q5 NC)* N Dp;

S5? = ((2QNC)* N QL) x (@5 N (2Q N Ay)”)) N Dy;

S57 = (((2Q N A)* N QL) x (@3N (2Q N C)")) N D;

S = (((2Q M A)* N Q) x (@5 N (2Q N Ay)*)) N D

S = (((2Q M AN N QF) x (Q5 N (2Q \ (C'U A))?)) N D;

Se? = ((2Q\ (CUA))*NQ3) x (Q5 N (2Q N A)”)) N Dp;
S2P = (((2Q \ (CUA))* N @Q5) x (Q5 N (2Q\ (CUAy)?)) N Dp.

Note that, as in Lemma 2.5 the other combinations do not occur since R is chosen such
that R < t.
Consider the case (z,y) € S™°. Since u® = u? a.e. in Q3 N Q5 N C and due to estimate

([36), we have

L@ =t wpdzdy = [ uta) = uly)Pdzy

1 1

</ ) —u(y)"dady
(2QNC)B x (2QNC)~

/ — u(y)Pdrdy

((QsNC)P

< / [u() - u(y)Pdady
(QPNE)2ND,

o(r) / () — u(y)Pdady.
(Q5.NE)2ND,

Here, we have used the fact that S™” c (2Q N C)? x (2Q N C)°.
Now, take (z,y) € S, Hence,

IN

u(z) —u’(y) = u(x) — oy — B)u(R™(y = B) + B) — (1 — ¢y — B))u@onc)s

= [u(r) — u@gne)e] + [UEene)e — wEone)s)
ey — B)[uR "y — B) + B) — ueanc)s),

15



which implies that

/ [ (2) — u (y)[Pdudy < 372Q 1 A () — ugney Pd
Ci (20nC)a
+37712Q N C112Q N Adllugoncye — taney|”
+3712QNC) oy = B)P|w(R™(y = B) + B) — ugsqney:Pdy.
(2Q0At)/8
(40)
Taking Lemma [[T] and estimate (B8] into account, we immediately deduce that
[ lule) - wsarorPdn < [ fula) = uagrye P
(2QN0) (3QNC)«
1
() = u(y)["dedy
=BQna (QanC))?
_cr)
u(z) = uly)["dzdy
|3Q N C| (QeNE)2NDy
c(r
o ue) —uly)Pdrdy. (41

< 7
~1BRNC] J@2 nep2nb,

By ([9), we already know that R has bounded Jacobian and R~*(2Q N A;) C (3Q N C).
Then, in view of (B0 and Lemma [IT] it follows, after the changes of variables y' =y — 3
and then 3" = R™!(y) + 3, that

[ o= AR = B)+ B) ~ ugancy Iy
(2QNAL)P
— [ e )PR )+ ) - wsarcyIPdy
20QNA:

< CR/ [u(y”) — u@gneys [Pdy”
(3QNC)

CR
< R ju(z) — u(y)Pdady
3QNC| /<<an0>6>

CrR
< ——¢(r w(x) — u(y)|Pded
_‘3QQC‘<>/(Q£QE)%DT|<> (9)Pdady

&1
< ——¢(r w(x) — u(y)|Pdzdy. 42
<morer® [, ., ) —utidy (42)
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In order to estimate the term |u@gnoye — Ugneys [P, note that

p

1
Uloa () — Uy, (y)dady

_ p__ -
|U(3QmC) u(3QﬁC’)5| |3Q A C|P
: /
S N
13Q N CP J50nc)e x (30nc)?

/(3QmC)a x(3QNC)~

|tjea () = w4 (y) Pdacdy.— (43)

Since u|,, = u|_, a.e. on (5N Qg N C', the last integral can be estimated as follows

cB
/ e () = 1 () Py
(3QNCY>x (3QNC)A
1
- U () = w(2) +u(z) —u_, (y)|[Pdedydz
Q5 N Q5 N C| Jogrnaine Jaancyx(zancy @ oo
27~ 13QNC
< | Qﬁ | U (7) — u(2)|Pddz
Q5 N Q3 N C| J@gn@ino)x3enc)e
2 13Q N C

luy s (y) — u(2)|Pdydz.
Q5 N Q5 N C| Jgsnatnoxsancy? lo?

Since Q¢ N QY N C' is contained in (3Q N C)?, an application of estimate (36) leads to

U)o (7) — u(2)[Pdadz < / lu(z) — u(z)|Pdxdz

/<Q§0Q§00>x<3czmc>a ((QsnC)=)?

< c(r)/ lu(z) — u(z)[Pdxdz
(QYNE)2ND,
< c(’r’)/ |u(z) — u(z)|Pdxdz.
(Q5.NE)2ND,
Similarly, we also deduce that

05 () = ()P < o) [ uly) — u(=)Pdyd

/(QgﬁQgﬁC)x(?,QﬁC)/-’ (Q5,NE)2ND;
Finally, from (@3] we get

< 2Pc(r)
T 3QNCPQy N Q5 N C| Sk neprnD,

[u(3one)e —U3QnC)B8 P [u(x) —u(y)[Pdzdy. (44)

Gathering estimates (A1), ([@2]) and (@4]), from (@0Q) we conclude that

/S @) =’ )P dady < () / u(x) — u(y)|Pddy,

(Q5.NE)2ND,
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where c¢;(r) is a positive constant depending on p, £ and r. The same arguments also
show that

| @)~ w)dady < tr) | u(z) — u(y)|Pdedy.
53

(Q5.NE)2ND,
Now consider (z,y) € S¢°. We have that

u(z) —uP(y) = oz — ) [u(R™!(z — @) + @) — uEgney] + (Usene) — teancys)
oy — B) Ry — B) + B) — uaane)s)-

In view of inequalities (42)) and (44]), we obtain that

/ [u®(z) — u(y)|dedr < 3P7H2Q N A, lp(z — ) Plu(R™(z — @) + a) — u@onoye|Pde
508 (2QN A,
37712Q N Ayl luienoys — wsoneys P
37 2Q N Ay lo(y = B)Plu(R™Hy — B) + B) — u@onoy: [y
(2Q0At)/8

<at) [ [uz) - u(y) Pdedy,
(Q.NE)2ND,

where ¢; is a positive constant depending on p, £ and r.
Now, consider (z,y) € S, Hence,

u(z) —u’(y) = p(z — ) [u(R™(z — @) + @) — uggncye] + (UEanc)e — UEono)?):

which, thanks to (42)) and (44]), implies that

[ @) = ) deds < c(r) | [u(z) — uly)Pdedy.
52

(Q5.NE)2ND,

Similarly, if (x,y) € S, we have

| @) = ) deds < c(r) | [u(z) — uly)Pdedy.
5

(Q5.NE)2ND,

If (z,y) € 57, then (@) shows the desired inequality on S2°. Finally, gathering all the
previous estimate on Sf’ﬁ, i=1,...,7, from (39) it follows that

u” Yx) — YP© Pdedy < cor u(z) — u(y)|Pdzedy,
/(Q§>2nDR| D, W) — v y)Pdedy < ()/ u(x) — u(y)Pdxdy

B
0c1(@}) (@znEVNDr
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where ¢, denotes a positive constant depending on E, p and r. In view of (37), the
previous estimate combined with (B8]) leads us to

/ Lu(z) — Lu(y)Pdedy < c(r) / () — uly)|Pdady,
(Q5xQ5)NDR

(Q5.NE)2ND,

with ¢,(r) being a positive constant depending on p, E' and r. Finally, summing up over
p e I(£)) in the last inequality, we conclude the

/ Lu(o) - Lu()Pdsdy < 3 [ | Lu(z) — Lu(y)Pdedy
(U xQ)NDg )/ BxQ5NDg

BeI(SY
<o) Y [ [u(x) — uly) Pdady
Bel(Y) (Q5,NE)2ND;
< (2k)ey(r) / () — uy)|Pdzdy,
(QNE)2ND,

where c(r) denotes the positive constant depending on p, E and r and the factor (2k)2
is due to the fact that each point (z,y) € R? x R? is contained in at most (2k)?? cubes of
the form (Qzﬁk X ng) geza. This concludes the proof. -

The next result proves estimate (36]).

Lemma 2.8. Let C' be the connected component of kQNE, k > 4, such that 3Q NE C C
and C' has Lipschitz boundary at each point of 0C N 3Q. For any r > 0 there exists a
constant c(r) > 0 such that the following inequality holds

/ () — uly)Pdzdy < c(r) / u(x) — uly)Pdedy.  (45)
(3QNC)2

(kQNE)2ND,

Proof. We adapt the proof of [§, Lemma 3.3].
Note that for any function u the integral on the right-hand side of (43]) is an increasing
function of r. Hence, it is sufficient to prove (&) for » > 0 small enough. For fixed
r > 0, there exists r; € (O, %r) and v € (0, 1] which depends on the Lipschitz constant of
0C N 3Q such that for any two points 7/, 1" € 3Q N C there exists a discrete path from 7’
to n’; i.e., a set of points

M0 =115 NS IN41 =1
such that

1) |7]j+1—77j|STl,fOI'jZO,]_,...,N;

ii) for any j =1,...,N the ball B, (n;) = {n € R?: |p—mn;| <wvr} is contained in
kQ N,

iii) there exists N = N(r;) such that N < N for all /,7" € 3Q N C.
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Let & € B, (n;), for j = 1,...,N. Hence, thanks to the Jensen inequality and the
condition i7) above, we deduce, for ', n" € 3Q N C,

/ [u(&o) — w(Eng1) [PdEodé N 11
(BRNC)NBur (1) X (3QNC)NByry (n')

= calvr) N / / (o) — u(€r) + (&) —
Byry (m) Bury (nn) Y (3QNC)NByry ()% (3QNC)NByry (1)

—u(én) Fuléy) — ulén)|Pdéodéndén - . . d&

N+1
< (N + 1)p’lcd(m’1)’dN

NN+1) =1
N+1

N+1plz/

(kQNE)NBuyry (1) % (EQNE)NByry (nj—1)

[u(&5) — u(&j-1)|PdE;dE; 1. (46)

In view of assumption (i), for {;_; € (kQ N E)N B,,,(nj—1) and &; € (kQ N E)N By, (n;)
we have

&5 — &l <& —mil + | —mjal + 1njr — &l < 2w+ <oy

which implies that («QNE)NB,,, (n;) X (kQNE)NB,,, (n;-1) is contained in (kQNE)*ND,..
In view of (4€]) and due to item (iii), we get

N+1
(N 4 1Pt / (&) — ul(€y) P d
=3 J(QNE)NBor, (1) X (RQAE)NByry (1 1)
N+1
<N+ / () — uln) Pdédn
(kQNE)2ND,

j=1

< (N 4 1) / (&) — u(n)Pdedn

(kQNE)2ND,
< oW+ 1) / (&) — uln) Pdedn.
(kQNE)2ND,

This implies that

/ [u(&o) — u(Eng1)[PdéodEn
(3QNC)NBury (1) % (3QNC)NBury (1)

< o(N 4 1) / (&) — u(n)|Pdedn.

(kQNE)2ND,

Covering 3¢) N C' with a finite number of balls of radius vr; and summing up the last
inequality over all pairs of these balls gives the desired estimate (28]).
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Now, we may prove Theorem 2.2

Proof of Theorem 2.2l The proof follows the lines of that of Theorem 2.1 in [I].

Fix e > 0 and set kg = 2C. First, let us show that there exist R = R(E) > 0, independent
of ¢, and a linear and continuous extension operator L. : LP(QNeE) — LP(Q(cko/2))
such that, for all » > 0 and for any v € LP(Q2 N eE),

L.(u)=u ae.in Qeko/2) Nek, (47)
/ |Le(u)[Pdx < cl/ |u|Pdx, (48)
Q(eko/2) QNeE
/ L)) — Le(w))Pdody < ) [ Julw) — uly)Pdody. (49)
(Q(eko/2))>NDer (QNeE)2NDe

To this end, note that for every u € LP(Q2NeE), we have uon, € LP(e 1QNE), where we
use the notation (34) for the map 7.. Moreover, dist(e~'Q(cko/2),d(e7'Q)) > ko = 2C.
Hence, we can apply Lemma 2.7 so that there exist R = R(FE) > 0, independent of ¢,
and a linear and continuous operator L : LP(e'QN E) — L?(e7'Q(eko/2)) such that, for
all 7 > 0 and for all u € LP(e'Q N E),

L(u) =u, ae in £ 'Q(cko/2)NE,

/ L@)Pdz < o1 / lulPdz,
e~ 1Q(eko/2) e 1ONE

| L(u)(x) = L(u)(y)[Pdrdy < ca(r) / |u(x) — u(y)|Pdedy,

/(6—19(614:0/2))20DR (e~1QNE)2ND,

where the constants ¢; and ¢y are given by Lemma (27) and they are, in particular,
independent of . Hence, we set L.u = (L(uom.))om . Note that L.u € LP(Q(cko/2))
and (A7), (48]), [@9) are satisfied.

Now, we define the extension operator T : LP(QNeE) — LP(Q2) by To(u) := L.(u) a.e. in
Q(eko) and extended by zero out of Q(cky). Hence, we have that T.(u) € LP(2) and (8),
@) and (IQ) follow directly from ([4T), (48)) and (49) and this concludes the proof. _

2.2 Compactness

In this section we prove a compactness result which in particular implies the equi-coerciveness
of families of non-local functionals as those in the homogenization result in the next sec-
tion. The proof is based on the extension Theorem and on the following compactness
result proved in [9] for the case p = 2 and in [4] for general p > 1.
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Theorem 2.9. Let ) be an open set with Lipschitz boundary, and assume that for a
family {w.}eso, we € LP(QY), the estimate

oo

is satisfied with some k > 0 and R > 0. Assume moreover that the family {w.} is bounded
in LP(QY). Then for any sequence €; — 0 as j — +oo, and for any open subset ' CC
the set {w,,}jen is relatively compact in LP(Q) and every its limit point is in W'P(Q).

W, x—l—f we(x)[?

dé¢dx <c (50)

Corollary 2.10. Let u. be a family of functions in LP(Q N eFE) such that there exists
c>0 and r > 0 such that ||uc||trner) < ¢ and

/ / ue(r + £§) — ue(x)|P
{lgl<rt J@ne)e(©)

foralle > 0, with (QNeE)(§) = {x € QNeE : x+c& € QNeFE}. Then, for any sequence
gj — 0 as j — +o0, and for any open subset ' CC Q the set {T.,u.,}jen is relatively
compact in LP(SY) and every its limit point is in W1P(Q).

dx dé < c, (51)

Proof. Let u. be such that ||u.||zrnep) < ¢ and (EI)) hold for every € > 0. From Theorem
2.2 the extended functions T,u, satisfy the estimates

/ Tou P dz < ¢ (52)
Q(eko)

and

: /
|Teu:(y) — Teue(z)|” dy dx
e Joer)2nn, o

us(x +€€) —u(z) [
= r) /|§|§7" /(QQE)s(E)

for some R > 0 independent of €. The latter, after the change of variables y = x + £, is

equivalent to
/Q(Eko) /5 I<R

which corresponds to (B0), for w. = T.u.. Using Theorem for w. = T.u. and (52),
(B3)), we can conclude that for any sequence ¢; — 0 as j — +o00, and for any open subset
Q' cc Q, T.,u,, is relatively compact in LP(Q') and every its limit point is in W'?(Q).

dedé < c,

Tou(x + ) — Touc(x) |7
19

dédx < ¢, (53)

Remark 2.11. The limit u in the previous corollary does not depend on the choice of
the extension. In fact, if 0. is another extension of u. and v is its limit, then for any
NMcc Y cc

/ \u—v|pd:v§c/ \u—&€|pd:c+c/ |0 — v|P dx
ek o o
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Passing to the limit as ¢ — 0, one gets

1(0,)'NE| | |Ju—vPdr<0
QII

and concludes that v = v, by the arbitrariness of 2”.

3 An application to homogenization

In this section we present an application of the Extension Theorem to the homog-
enization of non-local functional. Specifically, we consider a periodic integrand h :
R x RY x R™ — [0, +00); i.e., a Borel function such that h(-,&,2) is [0, 1]%-periodic
for all £ € R? and z € R™ and satisfies the following growth conditions: there exist
positive constants cg, ¢1, 79 and non-negative function v : R¢ — [0, +00) such that

(. €, 2) < B(O)(el? +1) (54)
h(w.62) 2 eoll= =1) ViEl < o (55)

with
| v+ vas < (56)

Let © C R? be an open set with Lipschitz boundary. For any £ > 0, we introduce the
non-local functional H, : LP(Q;R™) — [0, +o0] defined as

B r, u(r+ef) - u(a:))
H.(u) = /Rd /(ngE)g(g) h <€,§, . dz d€, (57)

where for each set B, € > 0 and ¢ € R?, we use the notation

B.(¢§)={r e B:x+e € B} (58)

Note that the integration in (57)) is performed for z, £ such that both = and x + £ belong
to the perforated domain Q2 NeFE. Conditions (54)—(56) guarantee that functionals H, are
estimated from above and below by functionals of the type (@).

Thanks to Corollary .10, our functionals H. are equi-coercive with respect to the
LY (Q)-convergence upon identifying functions with their extensions from the perforated
domain. More precisely, from each sequence {u.} with equi-bounded energy H.(u.) we
can extract a subsequence such that the corresponding extensions converge in L} = to
some limit u € W1P(Q). This is implied by Corollary .I0 applied with r = ry to each
component of the vector-valued functions u., upon noting that (B5) implies (51I).

We now may state the homogenization result for the functional H. with respect to the
LY (€;R™) convergence.

loc
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Theorem 3.1. The functionals H. defined by (57)) I'-converge with respect to Li, (€; R™)-
convergence to the functional

/ hnom(Du(z)) dz if u € WP(0; R™)
_ Q

Hhom(u) - (59)
400 otherwise,
with hyom satisfying the asymptotic formula
hhom(Z) = lim — f - dzr dy :
(@) = i it [ Wy ) o) dedy
v(x) = Zx if dist(z, 9(0, T)%) < ko} (60)

for all 2 € M™4. Furthermore, if h is conver in the third variable, the cell-problem
formula

Phom(Z) mf / / z,y —x,0(y) —v(z))drdy :v(x) — Zx is 1-pem’0dic} (61)
0,1)¢NE

holds.

Proof. In [4] this theorem is proved when E = R¢. We will prove Theorem .1 reducing
to that case by a perturbation argument. For every § > 0 we set

hé('rv g? Z) = XE('T)XE<'T + g) h(ﬂ?, g? Z) + 5XBR0 (£>|Z‘p7

where Ry > 0 is fixed but arbitrary, and

is defined for u € LP(€2;R™), where we use the notation in (58) for the set 2.(£). Note
that H? > H., and for § = 0 we have H? = H.. In the following, for any open set A and
0 > 0, we also consider the ‘localized’ functionals

(v, A) = /Rd/ < x+5§€) ()>dxd§,

where we use the notation in (58) for the set A.(£). If 6 = 0 we write H.(v, A) in the
place of H?(v, A).
The homogenization theorem in [4] ensures that for all § > 0 there exists the I'-limit

Hgom( ) F—ll_l)%Hg(U)
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with domain W1?(Q; R™), on which it is represented as

Y, () = / B (D) de.

The energy density h?_ satisfies

1
h5 o i L f{/ / h5 Y — T, — dr dy :
S (@) Jlim 5 in or Sy (v,y —z,0(y) —v(z)) dv dy
'U(.T) = Ex‘ lf dlSt(.T, a<O7T)d> < T} )
for any fixed r > 0, and

(|2 = 1) < Mo, () < a1+ [E])
with ¢, ¢y independent of §, for 6 € [0,1]. Note that the independence of ¢; from § is an
immediate consequence of the Extension Theorem. Indeed, let ul — Zx be such that

Mo (Z) = lim H2(uZ, (0,1)°).

e—0

Applying Corollary with © = (0,1)¢, we deduce that T.ul converge to Zx locally

in (0,1)¢ (in particular the convergence is strong e.g. in (i, %)d). Hence, using (55, the

Extension Theorem, and the liminf inequality of the I'-limit (see e.g. [7]) we have

lim H(u?,(0,1)%) > liminf H.(u?, (0,1)%)
e—0 e—0
1
> ¢ liminf( / ul(z) — ul(y)[Pdedy — 1)
e—0 Ep-l—d ((071)dﬁ5E)20Dr0| ( ) ( >|

1
0 i inf<m / | Toul(x) — Toul (y) [Pdady — 1)
) € ((3,2)42nDp

Co (TO e—0

>

1
> “ min{—cR,l}ﬂEp—l),

CQ(’I"()) 2d

where in the last inequality we have used that

1
T-li — v(y)|Pdxdy =
557 [ 3, P8~ Oy = |

3
14

|VoulPdz,
)d

where cg = f{IEISR} &1 PdE (see [4]).
Since kY is increasing with §, we may define



and deduce (here we use the usual notation for the upper I'-limit) that

/ ho(Du) dx > T-lim sup He(u) . (62)

e—0

If u € WHP(Q; R™) and u. — u with sup, H.(u.) < +o0o then for all fixed €' compactly
contained in €2, if Ry < R, upon identifying u. with its extension given by the Extension
Theorem, we obtain that,

/{§§R0} /( e (8)

lim inf H,(u.) > liminf H_(u., Q) > lim inf H?(u., Q) — dc.
e—0 e—0

e—0

ue(r + €) — u(x)
€

p
dx d¢ < c,

so that

From this inequality we obtain (in terms of the lower I'-limit)

[-liminf H.(u) Z/ho(Du)dx
e—0 Q

by the arbitrariness of 6 and €)' CC 2. Hence, recalling (62)), we have proved that

e—0

I’-limHa(u):/ho(Du)dx,
Q

and in particular that the I-limit exists as € — 0 (no subsequence is involved) and it can
be represented as an integral functional with a homogeneous integrand. Note moreover
that the lower-semicontinuity of the T'-limit implies that hg is quasiconvex (see [7]).

We now prove that hy coincides with hyoy, given by the asymptotic formula. First,
note that

- . I
ho(Z) > limsup T mf{/ / h(z,y —z,v(y) —v(x)) dedy :
(0,7)enE J(0,1)¢nE

T—+o00

v(x) = Zx if dist(x, (0, T)%) < r} : (63)

If we take r = kg, we obtain a lower bound for hq.

To prove the opposite inequality, for any diverging sequence {7} we can consider
(almost-)minimizers v; of the problems in (63) with r = ko and 7" = 7. By Lemma 2.7
(applied componentwise) with Q@ = (0,7)% and ' = (£, T; — £2)4_ recalling that ko = 2C,
we can consider U; = L(v;) € LP((%,T; — %)% R™) with 0; = v; on Q = (0,7)? N E and

]{ [3(€) — T (n) Pdedn

k, k,
3 Tj—3)'NDr

<) [ 03(6) — v0n)Pdgdn < e T2 + 2P)
(0,73)?NE)2NDy,

26



for some ¢ > 0 independent of j. Upon choosing a larger ky > 2 we may suppose that
|52 | +1 < ko so that we may consider w; € LP((0,T; — n)%; R™), where n = 2[% | + 2,
defined by

w;(z) = L(vj)<x+ (L%J +1)(1,...,1)) - (L%J +1)

Having set ¢; = T; — n we can consider the scaled functions

uj(x) = ejwj(f).

€j

(1]

(1,...,1).

By the boundedness of the energies above and noting that there exists ¢ > 0 such that
wj(z) = Exif z € E and dist(x, d(0, Tj —n)?) < ¢, upon extracting a subsequence, we may
suppose that u; — v and u € E:E+W01’p((0, 1)4,R™). We may then use the quasiconvexity
inequality for hg to obtain

(0,1)¢

< liminf H? (uj, (0,1)%)
j J

< liminf ., (uy, (0,1)%) + ¢6
J
.. d
< lln’ljll’lf mHl<wj7 <O7CFJ - n) )+ co
1
< liminf ————H, (v, (0, T)%) + ¢b
< HIllel @ ) 1(vy, (0,75)%) + ¢

-n
= liminf _ inf{/ / h(z,y —z,v(y) —v(x))dedy :
J (TJ —n)d (0,T;)4nE J(0,T;)4NE
v(w) = Za i dist(z, 0(0, T5)%) < ko } + 5
= liminf % inf{/ / hz,y —z,v(y) —v(z))drdy :
7 j (0,7)4NE J(0,T5)4NE
v(x) = Za if dist(z, (0, Tj)?) < k:o} + o,

By the arbitrariness of ¢ and of the sequence T; we obtain the desired upper bound for
ho, which, together with (G3), proves the asymptotic formula.

In the convex case, again by the homogenization results in [4], we may repeat the
arguments used to get (63) to obtain the lower bound for hy

ho(Z) > inf{/ / h(z,y —z,v(y) —v(x))drdy : v(x) — Zx is 1—peri0dic}. (64)
(0,1)inE JE
Note that this implies that the right-hand side is bounded from above by c3(1 + |Z|P).
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Now, let v be an (almost) minimizing function for (64), and set v.(z) = ev(%). After
applying Theorem to any set Q compactly containing (0,1)¢ to possibly redefine v,
outside € F, we can suppose that v, converge in LP((0,1)% R™) to Zz and that

1 —
= 0e(0) — v (y)P” dedy < (1 + [EP).
€ ((0,1)4x(0,1))NDe g

We then estimate

=
=
o
2
w

A

hm mf H!(v.)

/0 . de/ z,y —x,0(y) —v(z)) dedy + cd(1 + |E]).

IA

Taking the limit as 6 — 0, we obtain the converse inequality of (64]), and conclude the
proof. _

Remark 3.2. The function hyom obtained in the asymptotic formula (60) also satisfies

hhom(2) = lim — 1nf / / hz,y —z,v(y) —v(x)) dedy :
T—+oo T 0,7)¢nE J(0,1)iNE

v(z) — Ezis (0,T)* — periodic} .

Remark 3.3. An example is given by the convolution functional

1 Yy—x
R == [ (155 uto) - )y
e J onp)x(@nE.) £

Since the integrand function h(x,&, z) = a(§)|z|P is convex in z, then Theorem Bl and
(©T)) ensure that the integrand of the I'-limit (59) of F. is given by

inf {/ / a(é)|lv(z+ &) —v(x)|Pdédr : v(x) — Zx is 1—periodic} :
0,1)NE J E—{z}
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