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Abstract

In this thesis we explore and exploit the relationships between black hole physics, the
mathematics of Heun’s equation, Liouville conformal field theory and 4d supersymmetric
gauge theories. We study the modular properties of a class of degenerate conformal blocks,
including the recently introduced irregular or confluent conformal blocks, computing their
connection matrices. In a certain limit, these connection matrices descend to the connection
matrices for Heun functions, which are a generalization of the hypergeometric functions.
We give explicit formulae, computable in terms of the Nekrasov partition functions of a
class of 4d supersymmetric gauge theories. The above study is motivated by the frequent
appearance of Heun’s equation in physics, one interesting example being the perturbations
of black holes. Using the connection formulae that we have obtained, we analytically solve
the equations governing the perturbations of the 4d Kerr black hole and of the 5d AdS-
Schwarzschild black hole.






Acknowledgements

I want to thank Giulio Bonelli and Alessandro Tanzini for being the best supervisors I could
have ever hoped for, both on an academic and on a personal level. I also want to thank
my friend and colleague Cristoforo lossa, without whom this thesis would not have been
possible.






Contents

Abstract
Acknowledgements
Introduction

1 Kerr black hole perturbations and instanton counting
1.1 Perturbations of Kerr black holes . . . . . ... ... ... ... .. .....
1.2 The confluent Heun equation and conformal field theory . . . . . ... ...
1.2.1  The confluent Heun equation in standard form . . .. .. ... ...
1.2.2  The confluent Heun equation as a BPZ equation . . . .. ... ...
1.2.3 The radial dictionary . . . . . . . . .. ... L
1.2.4  The angular dictionary . . . . . . . ... ... L
1.3 The connection problem . . . . . . . .. ... 0L
1.3.1  Connection formulae for the irregular 4 point function . . . . . . ..
1.3.2  AGT dual of irregular correlators and NS limit . . . . ... ... ..
1.3.3 Plots of the connection coefficients . . . . . ... .. ... ... ...
1.4 Applications to the black hole problem . . . . . ... ... ... ... ....
1.4.1 The greybody factor . . . . . ... ... . ... ... .. ... ...
1.4.2 Quantization of quasinormal modes . . . . . . . . ... ... ... ..
1.4.3  Angular quantization . . . . . . . ... L
1.4.4 Lovenumbers . . . . . . . .. . L
1.4.5 Slowly rotating Kerr Love numbers . . . . . . .. ... ... .. ...

Appendices
1.A The radial and angular potentials . . . . . . ... .. ... ...
1.B CFT calculations . . . . . . . . . .. .
1.B.1 The BPZ equation . . . .. ... ... ... ... ... ... ...
1.B.2 DOZZ factors . . . . . . . . .
1.B.3 Trregular OPE . . . . .. ...
1.C Nekrasov formulae . . . . . . . ..

11

19
20
21
21
22
25
27
27
28
31
32
37
37
41
43
44
45



8 CONTENTS
1.C.1 The AGT dictionary . . . . . . . . . ... 57
1.C.2 The instanton partition function . . . . .. ... ... ... ... .. 57
1.C.3 The Nekrasov-Shatashvili limit . . . . ... ... ... ... ..... 59

1.D The semiclassical absorption coefficient . . . . . . .. .. .. ... ... ... 60
2 Irregular Liouville correlators and Heun functions 65
2.1 Warm-up: 4-point degenerate conformal blocks and classical special functions 70
2.1.1 Hypergeometric functions . . . . . . .. ... ... L. 70
2.1.2  Whittaker functions . . . . .. ... o oo 71
2.1.3 Bessel functions . . . . . . ... L L 74

2.2 5-point degenerate conformal blocks, confluences and connection formulae . 76
2.2.1 Regular conformal blocks . . . ... ... ... .. 0 0L 7
2.2.2  Confluent conformal blocks . . . . .. ... ... ... ... ..... 85
2.2.3 Reduced confluent conformal blocks . . . . ... ... ... ... .. 96
2.2.4  Doubly confluent conformal blocks . . . . ... ... ... ... ... 101
2.2.5 Reduced doubly confluent conformal blocks . . . ... ... ... .. 105
2.2.6  Doubly reduced doubly confluent conformal blocks . . . . . .. ... 108

2.3 Heun equations, confluences and connection formulae . . . . . . .. .. ... 112
2.3.1 The Heun equation . . . . . . .. ... .. ... ... ... 112
2.3.2  The confluent Heun equation . . . . .. ... ... ... ....... 116
2.3.3  The reduced confluent Heun equation . . . . .. .. ... ... ... 121
2.3.4  The doubly confluent Heun equation . . . . . .. .. ... ... ... 123
2.3.5  The reduced doubly confluent Heun equation . . .. .. .. ... .. 125
2.3.6  The doubly reduced doubly confluent Heun equation . . . . .. . .. 127
Appendices 129
2.A° DOZZ factors and irregular generalizations . . . . . . . . . .. ... ... .. 129
2.A.1 Regularcase . . . . . . ... 129
2.A2 Rank 1 . . . . .. 130
2A3 Rank 1/2 . . . .. .. 132

2.B TIrregular OPEs . . . . . . . .. 133
2.B.1 Rank 1 . ... .. 133
2B.2 Rank 1/2 . . . . . . . 137

2.C Classical conformal blocks and accessory parameters . . . . ... ... ... 139
2.C.1 Theregular case . . . . . . . . . ... 139
2.C.2 The confluent case . . . . . . . . ... 142
2.C.3 The reduced confluent case . . . . ... ... .. ... ... ... . 143
2.C.4 The doubly confluent case . . . . . . ... ... ... ... ... ... 144
2.C.5 The reduced doubly confluent case . . . . .. .. .. ... ... ... 144
2.C.6 The doubly reduced doubly confluent case . . . . . . ... ... ... 145

2.D Combinatorial formula for the degenerate 5-point block . . . . . . . . .. .. 145



CONTENTS

3 Holographic thermal correlators from supersymmetric instantons

3.1 Holographic two-point function at
3.1.1 Blackhole . . .. ... ..
3.1.2 Black brane . . . ... ..

3.2 Exact thermal two-point function

finite temperature . . . . . ... ... ..

3.3 Relation to the heavy-light conformal bootstrap . . . . . . . .. ... .. ..

3.4 Small g expansion . . ... ...

3.4.1 Exact quantization condition and residues . . . . . . . ... ... ..

3.4.2 Anomalous dimensions and

OPEdata . . ... ... ... ... ...

3.4.3 The imaginary part of quasi-normal modes . . . . . . ... ... ..

Appendices
3.A Conventions . . . ... ... ...
3.B From black hole to black brane .
3.C The Nekrasov-Shatashvili function

3.D O(u?) OPE data of double-twist operators . . . . . . .. ... ........
3.E  The imaginary part of quasi-normal modes . . . . . . ... .. .. ... ...

3.F The large ¢/large k, fixed w limit
Conclusions

Bibliography

147
148
148
150
151
155
157
158
159
160

161
161
162
164
166
167
167

169

171






Introduction

Overview

This thesis deals with a chain of interconnected topics, graphically depicted as

Black hole perturbations

lin. Einstein eq.

Heun functions ‘

BPZ eq.

Liouville CFT

AGT correspondence

4d SUSY gauge theory ‘

The remaining pages will be an elaboration of the above diagram. Let us try to give an
overview of its elements and its interconnections.

11
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Black hole perturbations

The recent experimental verification of gravitational waves [1] renewed the interest in the
theoretical studies of General Relativity and black hole physics. A particularly interest-
ing aspect is the development of exact computational techniques to produce high precision
tests of General Relativity. From this perspective, the study of exact solutions of differential
equations rather than their approximate or numerical solutions is of paramount importance
both to deepen our comprehension of physical phenomena and to reveal possible physical
fine structure effects. Many interesting properties of black holes are already encoded in
their perturbations equations, i.e. the Einstein equations linearized around a black hole
background. In this thesis we study two particular examples, with different motivations:
in chapter 1 we study the four-dimensional Kerr black hole, ubiquitous in astrophysics. Its
perturbation equation gives rise to the so-called Teukolsky equation [2], which we solve
exactly and from which we extract analytical formulae for physical observables such as its
quasinormal modes, greybody factor and Love numbers. Then, in chapter 3 we study the
5d AdS-Schwarzschild black hole, which is interesting both as a black hole and from a dual
holographic perspective. Studying its perturbation equation, we obtain an exact expression
for the thermal two-point function of the dual 4d CFT which encodes a wealth of fascinating
physics related to the richness of the black hole geometry. For example, two-point functions
encode the transport properties of the system, see e.g. [3, 4], the approach to equilibrium
[5], as well as chaotic dynamics via pole-skipping [6, 7]. Thermal four-point functions serve
as an important diagnostic of quantum chaos [8, 9]. Thermal correlators have also been
used to formulate a version of the information paradox [10], as well as to look for subtle
signatures of the black hole singularity [11-14].

Heun functions

Heun’s equation [15] is the most general second order linear differential equation with four
regular singularities on the Riemann sphere. It is the next case in the Fuchsian series af-
ter the hypergeometric equation, which displays three regular singularities [16]. The Heun
equation — along with its confluences — enters many problems in theoretical and math-
ematical physics, geometry and other branches of quantitative sciences' (see for example
[17, 18]). For this reason, many studies appeared in the literature about it, see for example
[19] for a general introduction and [20, 21] for studies on the connection problem. By its
very definition, the Heun function also solves the classical Poincaré uniformisation problem
of a Riemann sphere with four punctures [22, 23]. We also remind that Heun’s equation
arises from the linear system whose isomonodromic deformation problem is described by
the Painlevé VI equation [24-26].

It turns out that the equations that one obtains from studying black hole perturbations

!For a huge bibliography take a look at https://theheunproject.org .
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often fall into the class of Heun equations. This is true for many types of black holes in dif-
ferent backgrounds and in particular for the 4d Kerr and 5d Ads-Schwarzschild black holes
mentioned above. Therefore, solving the physical black hole problem reduces mathemati-
cally to solving Heun’s equation. In chapter 2 we study Heun’s equation and its confluent
variants, arriving at an exact solution.

Liouville CFT

Liouville conformal field theory is a two-dimensional conformal field theory related to many
physical systems and integrable models. Recent developments, including its relation with
supersymmetric gauge theories, equivariant localisation and duality in quantum field theory
produced new tools which are very effective to study long-standing classical problems in the
theory of differential equations. Indeed, it has been known for a long time that the study
of two-dimensional Conformal Field Theories [27] and of the representations of its infinite-
dimensional symmetry algebra provide exact solutions to partial differential equations in
terms of conformal blocks and the appropriate fusion coefficients. The prototypical example
is the null-state equation at level 2 for primary operators of Virasoro algebra which reduce,
in the large central charge limit, to a Schrédinger-like equation with regular singularities,
corresponding to a potential term with at most quadratic poles. In this way one can engineer
solutions of second-order linear differential equations of Fuchsian type by making use of the
appropriate two dimensional CFT?. While under the operator/state correspondence the
vertex operators in the above construction correspond to primary (highest weight) states,
one can insert more general irregular vertex operators corresponding to universal Whittaker
states. The latter generate irregular singularities in the corresponding null-state equation
and therefore allow engineering more general potentials with singularities of order higher
than two. Schematically, given a multi-vertex operator Oy (21, .. ., zn) satisfying the OPE

T(z)Ov(z1,...,2Nn) ~ V(z;2:)Ov(z1,...,28) as z~z (0.0.1)
one finds the corresponding level 2 null-state equation

202+ V(22)[0(2) =0 W(2) = (P21(2)Ov (21, ..., 2n)) (0.0.2)

satisfied by the correlation function of the multi-vertex and the level 2 degenerate field
®91(2). If the multi-vertex contains primary operators only, the OPE (0.0.1) and the
potential in (0.0.2) contain at most quadratic poles, while the insertions of irregular vertices
generate higher order singularities in ). V(z; 2;). Actually, V(z; 2;) is a function in z and
in differential operators with respect to the z;. The dependence on the latter is removed

2Qur analysis is here limited - for the sake of presenting the general method - to second order linear
differential equations, but all we say can be generalized to higher order equations by considering higher
level degenerate field insertions, as already considered in [27].
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by the semiclassical limit b — 0 of Liouville CFT?3, corresponding to large Virasoro central
charge ¢ — oco. In this way, one finds a Schréodinger-like equation

2 d*V(z2)
bodz2

+ Vorr(2)¥(z) =0, (0.0.3)

where €; is a parameter which stays finite in the large central charge limit and plays the
role of the Planck constant. The advantage of this approach is that the explicit solution of
the connection problem on the z-plane for equation (0.0.3) can be derived from the explicit
computation of the full CFTy correlator (1.3.5) and from its expansions in different inter-
mediate channels.

In chapter 2 we perform a detailed study of irregular correlators in Liouville Conformal
Field Theory, of the related Virasoro conformal blocks with irregular singularities and of
their connection formulae. Upon considering their semi-classical limit, we provide explicit
expressions of the connection matrices for the Heun function and a class of its confluences.
These result from the semi-classical limit of Virasoro conformal blocks for the five-point
correlation function of four primaries and a degenerate field and a class of its coalescence
limits to irregular conformal blocks. While the five-point correlator satisfies a linear PDE,
namely the BPZ equation [27], its confluences satisfy a PDE obtained by an appropriate
rescaling procedure. As we will discuss in detail, BPZ equations reduce in the semi-classical
limit to ODEs. For the particular five-point correlation function mentioned above, this gets
identified with Heun’s equation upon a suitable dictionary. Following a class of coales-
cences of the singularities and/or specific parameter scalings, from the configuration of four
regular points one naturally obtains a set of confluent irregular blocks satisfying the corre-
sponding confluent BPZ equations. The Heun functions and its confluences are solutions
of the resulting semiclassical reduced equations. Crucially, the language and the properties
of Liouville CFT, in particular crossing symmetry allow us to determine the connection
coefficients for Heun functions using the known three-point function of Liouville CFT and
conformal blocks, thereby solving Heun’s equation. Let us also mention that the method we
use can be generalised to general Fuchsian equations and their confluences upon considering
the relevant conformal blocks.

The mathematical interest of Liouville quantum field theory has been highlighted by A.M.
Polyakov who proposed to interpret it as a quantum extension of the Poincaré uniformisa-
tion problem [28]. A consequence of the above interpretation is that one can make use of the
classical limit of Liouville theory to obtain new exact solutions of classical uniformisation
[29]. This inspired the work of several authors [30-33] and received a renewed interest after
the discovery of AGT correspondence [34-40].

3This is not to be confused with the semiclassical approximation of the Schrédinger equation.
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4d SUSY gauge theory

A crucial ingredient to accomplish this program outlined above, namely solving Heun’s
equation using techniques from 2d CFT, is a deep control on the analytic structure of reg-
ular and irregular Virasoro conformal blocks. This has been recently obtained after the
seminal AGT paper [41], where conformal blocks of Virasoro algebra have been identified
with concrete combinatorial formulae arising from equivariant instanton counting in the
context of N/ = 2 four-dimensional supersymmetric gauge theories [42, 43]. The explicit
solution of the instanton counting problem has been decoded in the CFT language in terms
of overlap of universal Whittaker states in [44-47|. More precisely, the wave function ¥(z)
in 0.0.2 corresponds to the insertion of a BPS surface observable in the gauge theory path
integral [48]. The specific case studied in chapter 1 corresponds to a surface observable in
the SU(2) N = 2 gauge theory with Ny = 3 fundamental hypermultiplets, while in chapter
2 we extend the analysis to all Ny < 4. The relevant gauge theory moduli space in these
cases is the one of ramified instantons [49]|, with vortices localised on the surface defect, the
z-variable providing the fugacity for the vortex counting. In the simplest cases the latter
is indeed captured by hypergeometric functions [50].

An important consequence of the AGT correspondence between CFT correlation functions
and exact BPS partition functions in A = 2 four dimensional gauge theories has been the
discovery of the so called "Kiev formula" in the theory of Painlevé transcendents [51], which
established the latter to be a further class of special functions with an explicit combinato-
rial expression in terms of equivariant volumes of instanton moduli spaces [42, 52|. This
correspondence between Painlevé and gauge theory has been extended to the full Painlevé
confluence diagram in [53], used in [54] to produce recurrence relations for instanton count-
ing for general gauge groups and studied in terms of blow-up equations in [55-57|. These
results are related via the AGT correspondence to the ¢ = 1 limit of Liouville conformal
field theory. On the other hand, it is well-known that a direct relation exists between the
linear system associated to Painlevé VI equation and the Heun equation [58]. Further stud-
ies on this subject appeared recently in [37, 59-61]. This perspective has been analyzed
in the context of black hole physics in [62-65] where it was suggested that some physical
properties of black holes, such as their greybody factor and quasinormal modes, can be
studied in a particular regime in terms of Painlevé equations. Numerical checks appeared
in [66, 67]. A decisive step forward about the quasinormal mode problem has been taken
in [68], where a different approach making use of the Seiberg-Witten quantum curve of an
appropriate supersymmetric gauge theory has been advocated to justify their sprectrum
and whose evidence was also supported by comparison with numerical analysis of the grav-
itational equation (see also [69, 70| for further developments). This view point has been
further analysed in [71], where the context is widely generalized to D-branes and other
types of gravitational backgrounds in various dimensions. From the CFTy viewpoint, the
gauge theoretical approach corresponds to the large Virasoro central charge limit recalled
above.
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According to the Alday-Gaiotto-Tachikawa (AGT) correspondence [41], a precise gauge
theoretical counterpart of Liouville CFT is given by the BPS sector of four dimensional
N =2 SU(2) gauge theory in the so-called Q-background [43|. In particular the four-point
conformal block of Liouville primary fields on the Riemann sphere gets identified with the
Nekrasov partition function [42| of SU(2) gauge theory with four fundamental hypermulti-
plets. In this context, the confluence procedure is interpreted as the decoupling of massive
hypermultiplets [44] or the limit to strongly interacting Argyres-Douglas theories [47, 53]
in the SU(2) Seiberg-Witten theory. Degenerate field insertions in the CFT correlator cor-
respond to surface operator insertions in the gauge theory [48]. The latter therefore satisfy
BPZ equations and their confluent limits. The importance of the AGT correspondence is
that it maps more complicated aspects of one side to easier ones of the other, basically
it provides a proof of gauge theory dualities once reinterpreted as modular properties in
CFT [27]. Moreover, it provides an explicit combinatorial expression for Virasoro conformal
blocks in terms of Nekrasov partition function. We exploit this correspondence to provide
concrete formulae for the connection matrices for the relevant conformal blocks and their
confluences. The semi-classical limit of CFT coincides via AGT correspondence with an
asymmetric limit in the Q-background parameters known as the Nekrasov-Shatashvili (NS)
limit [72]. This provides a quantization procedure of the classical integrable systems as-
sociated to the Seiberg-Witten theory [73]. From this viewpoint Heun equations can be
interpreted as Schrodinger equations for these quantum systems. All in all, the connec-
tion problem for (confluent) Heun equations can be restated as a connection problem for
semi-classical conformal blocks. The latter can be computed in very explicit terms via
AGT correspondence by equivariant localisation in supersymmetric gauge theory in the NS
limit. Let us here notice that the classifying group of the solutions of the Heun equation
[74] is the D4 Coxeter group, generated by the permutations of the four regular singular
points and by the swaps of each couple of indices of the local solutions but a reference one.
This concretely realises in the NS limit the action of the Dy group on the vevs of surface
operators in the Ny = 4 SU(2) gauge theory.

Structure of the thesis and original contributions

This thesis is based on three of my publications. Chapter 1 is based on [75], where we
study the 4d Kerr black hole. We solve its perturbation equation which reduces to the
confluent Heun equation, for which we obtain the previously unknown connection coeffi-
cients in terms of the Liouville three-point function and the Nekrasov partition function.
This result allows us also to give a new, exact expression for the greybody factor of the
black hole, which in some approximation limits reduces to previously known formulae [76,
77]. We also provide a proof of the quantization conditions for the quasinormal modes and



CONTENTS 17

spin-weighted spheroidal harmonics conjectured in [68]. Finally, we discuss the use of the
precise asymptotics of our solution to determine the tidal deformation profile in the far
away region of the Kerr black hole and compare it to recent results on the associated Love
numbers in the static [78] and quasi-static |79, 80| regimes.

Chapter 2 is based on [81]. We extend the study of irregular Liouville correlation functions
and Heun functions initiated in the previous chapter and obtain exact expressions for the
Heun functions and its connection coefficients for all of its confluence diagram up to rank
1 singularities. This extends the range of validity of our formulae to a vast number of
applications.

Finally, chapter 3 is based on [82] where we study the 5d AdS-Schwarzschild black hole and
its holographically dual thermal CFT. We provide the first explicit result for the thermal
two-point function in this dual CF'T based on the results for Heun functions of the previous
chapter. In the large spin limit this exact formula produces the solution to the heavy-light
light-cone bootstrap [83, 84]. We also reproduce the available perturbative results from the
literature [85-99] and make new predictions.

A final word of warning: between the three independent chapters there are some slight
discrepancies in notation due to convenience and pre-existing conventions in the topics that
are treated. Each chapter is of course consistent in itself, and the notation and conventions
are explained in the beginning of each chapter and in its appendices.






Chapter 1

Kerr black hole perturbations and
instanton counting

In this chapter, for the sake of concreteness and with a specific application to the Kerr
black hole problem in mind, we study equation (0.0.2) for Ny = 3 in the case of two regular
and one irregular singularity of rank 1. In Sect.1.1 we review the relativistic massless
wave equation in the Kerr black hole background, giving rise to the Teukolsky equation,
whose solution can be obtained by separation of variables. In Sect.1.2 we recall how both
the radial and angular parts reduce, under an appropriate dictionary, to (0.0.2) with an
irregular singularity of rank 1 at infinity and two regular singularities, which is the confluent
Heun equation [19]. We provide the explicit exact solution of the connection coefficients
in Sect.1.3. The efficiency of the instanton expansion in the exact solution against the
numerical integration is demonstrated by a detailed quantitative analysis in Subsect.1.3.3.
In Sect.1.4 we apply these results to Kerr black hole physics. We perform the study of
the greybody factor of the Kerr black hole at finite frequency for which we give an exact
formula. This reduces to the well-known result of Maldacena and Strominger [76] in the
zero frequency limit and in the semiclassical regime reproduces the results computed via
standard WKB approximation in [77]. By using the explicit solution of the connection
problem, we also provide a proof of the exact quantization of Kerr black hole quasinormal
modes as proposed in [68]. By solving the angular Teukolsky equation, we also prove
the analogue dual quantization condition on the corresponding parameters of the spin-
weighted spheroidal harmonics. Finally, we discuss the use of the precise asymptotics of
our solution to determine the tidal deformation profile in the far away region of the Kerr
black hole and compare it to recent results on the associated Love numbers in the static
[78] and quasi-static [79, 80| regimes. We observe that our method naturally distinguishes
the source and response terms in the solution without needing analytic continuation in the
angular momentum [100, 101] and provides an alternative regularization procedure for the
computation of static Love numbers.

19



20 CHAPTER 1. KERR BLACK HOLE

1.1 Perturbations of Kerr black holes

The Kerr metric describes the spacetime outside of a stationary, rotating black hole in
asymptotically flat space. In Boyer-Lindquist coordinates it reads:

2.2 2, N2 A2 2
ds? = — (Aasme> dt2+§dr2+zd02+ <(T Ta7)” — Aa7sin 9>sin29d¢2

by by
B 2asin? O(r? + a? — A)dtd¢,
Dy
(1.1.1)
where

Y =72 +a’cos’d, A=r>—2Mr+a’. (1.1.2)

The horizons are given by the roots of A:
ry =M+ M?—a2. (1.1.3)

Two other relevant quantities are the Hawking temperature and the angular velocity at the

horizon:
Ty —Tr_ a

- 8tMry :2Mr+‘
Perturbations of the Kerr metric by fields of spin s = 0,—1,—2 are described by the
Teukolsky equation [2], who found that an Ansatz of the form

TH

(1.1.4)

By = MG, (0, aw) R(r) . (1.1.5)

permits a separation of variables of the partial differential equation. One gets' the following
equations for the radial and the angular part (see for example [102]| eq.25):

d’R dA dR K? —2is(r — MK
A—>v- 1)—— —A 4q =
22 T+ ) < A s T zswr>R 0,
, (1.1.6)
0x(1 — 20,5 + [(cav)2 +A+s— (m1+5§) - 20355] Sy=0.
-z
Here x = cos#, ¢ = aw and
K=(?*+a%)w—am, Ay,=\+a%w?—2amw. (1.1.7)

A has to be determined as the eigenvalue of the angular equation with suitable boundary
conditions imposing regularity at § = 0, 7. In general no closed-form expression is known,
but for small aw it is given by A = ¢({ + 1) — s(s+ 1) + O(aw). We give a way to calculate
it to arbitrary order in aw in subsection 1.4.3.

!Dropping the . subscript to ease the notation
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For later purposes it is convenient to write both equations in the form of a Schrodinger
equation. For the radial equation we define

r—r_ s+1

c= T ) = AW RO (1.18)
Ty —T—
With this change of variables the inner and outer horizons are at z = 0 and z = 1,
respectively, and r — oo corresponds to z — co. We obtain the differential equation
d*(z
;/;(2 ) +Vi(2)Y(2) =0 (1.1.9)
with potential
4
1 .
Vi(z) = MZ;AZTZZ. (1.1.10)

The coefficients /lf depend on the parameters of the black hole and the frequency, spin and
angular momentum of the perturbation. Their explicit expression is given in Appendix 1.A.
For the angular part instead we define

- 1;””, y(x) = V1-a 2. (1.1.11)
After this change of variables, 8§ = 0 corresponds to z = 1, and # = 7 to z = 0. The
equation now reads

B2y

z

d*y(z)
1.2 + Vang(2)y(2) =0, (1.1.12)
with potential
4
1 10
Ving(2) = M;Aiz . (1.1.13)

Again, we give the explicit expressions of the coefficients flf in Appendix 1.A. When written
as Schrodinger equations, it is evident that the radial and angular equations share the same
singularity structure. They both have two regular singular points at z = 0,1 and an
irregular singular point of Poincaré rank one at z = oo. Such a differential equation is
well-known in the mathematics literature as the confluent Heun equation [19].

1.2 The confluent Heun equation and conformal field theory

1.2.1 The confluent Heun equation in standard form

The confluent Heun equation (CHE) is a linear differential equation of second order with
regular singularities at z = 0 and 1, and an irregular singularity of rank 1 at z = oco. In its
standard form it is written as

d*w 5 ) dw  «az—q
— = —+——w=0. 1.2.1
d22+<z+z—1+6> dz+z(z—1)w 0 ( )
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By defining w(z) = P(z)~"/?y(z) with P(z) = e%27(z — 1)?, we can bring the standard
form of the CHE into the form of a Schrédinger equation:

d2
V) 4 Vi (2)(2) =0 (122
where the potential is
4
1 .
eun = AH ¢ s 1.2.
Vi (Z) 2’2(2 — 1)2 ; i ? ( 3)

with coefficients A; given in terms of the parameters of the standard form of the CHE by

m_12=7)
A = 25
Af=q+%(v+5—6—2),
2 2

H_ o, Y8 (- v, 1.2.4
Ay =—g-a-r+5 T T (l—d+2), (1.2.4)
AH:oc—g(v—i—d—e),

2
H_ _¢
Af =

1.2.2 The confluent Heun equation as a BPZ equation

In this section we work at the level of chiral conformal field theory/conformal blocks, which
are fixed completely by the Virasoro algebra. Throughout this chapter we work with confor-

mal momenta related to the conformal weight by A = %2 — a?. The representation theory

of the Virasoro algebra contains degenerate Verma modules of weight A, ; = %2 - a% s with

Qg = —%T — 55, Where Q@ = b+ % and b is related to the central charge as ¢ = 1 + 6Q>.
At level 2, the degenerate field @5 ; has weight Ag; = —% — %b2 and satisfies the null-state
equation

(b2L%, + L _5) ®y1(2) =0. (1.2.5)

When this field is inserted in correlation functions, equation (1.2.5) translates into a dif-
ferential equation for the correlator called BPZ equation |27]. Consider then the following
conformal block with a degenerate field insertion, which by a slight abuse of notation we
denote by

\I’(Z) = <A,A0,m0|¢271(2)‘/2(1)‘A1>. (126)

®9 ;1 is the degenerate field mentioned above, V(1) is a primary operator of weight Ay =

%2 —a?2 inserted at z = 1 and |A;) is a primary state of weight A; = %2 —a? corresponding
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via the state-operator correspondence to the insertion of V3 (0). The state (A, Ag, mo|, called
an irregular state of rank 1, is a more exotic kind of state, defined in [103] as:

(A, Ao, mo| = ZZ (A|Lyml TP A QL (127, 1YV 1-27) y) (1.2.7)

The first sum runs over Young tableaux Y, |Y| denotes the total number of boxes in
the tableau and @ is the Shapovalov form Qa(Y,Y’) = (A|LyL_y/|A’). The notation
(2P, 11Y1=2P] refers to a Young tableau with p columns of two boxes and |Y| — 2p columns
of single boxes. p then runs from 0 to |Y|/2. All in all this implies the following relations,
derived in [103]:

0
(A,Ao,m0|L0 = <A + AO&A ><A,A0,m0| y
(A, Ao, mo|L_1 = moAo(A, Ag, mol , (1.2.8)

(A, Ao, mo|L_2 = AF(A, Ao, mo|,
(A, Ay, mo|L_, =0 forn >3,

so it is a kind of coherent state for the Virasoro algebra. The investigation of these kind
of states in CFT was motivated by the AGT conjecture [41] according to which they are
related to asymptotically free gauge theories [44, 46, 47|. Indeed, this state can be obtained
by colliding two primary operators mimicking the decoupling of a mass in the gauge theory
[47, 103]. The result of the collision, understood as a scaling limit of an OPE, naturally has
nonzero overlap with any Verma module. This gives a so-called Whittaker state [47] [104]
[105], denoted by (Ag, mo| that makes no reference to any Verma module and is completely
characterized by the following action of the Virasoro generators:

0
(Ao, mo| Lo = AO@A (Ao, mo],
(Ao, mo|L—1 = moAo{Ao, mol , (1.2.9)
(Ao, mo|L_g = A3(Ag,mol,
(

Ao,mo|L_,, =0 forn >3,

The state introduced here is the projection of a Whittaker state onto a specific Verma
module. Indeed, inserting explicitly the projector gives back the series (1.2.7):

(A, Ao, mo| = Ag® (Ao, mol 3 QXM (Y, Y ) Loy | ANAILy = 37 S (AlLymy "2AL QR (122, 1V12), Y) |
Y)Y’ Y »p

(1.2.10)
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where the overlap of the Whittaker state with a primary is defined as (Ag, mg|A) = A5
This correlator satisfies the following BPZ equation (see Appendix 1.B for details):

0 =(A, Ag, mo|(b202 + L_g - ) ®2.1(2)Va(1)|V1) =
_ b728§—162—ZaZ_AOaA°+A2’1+A2+A1_A Ao _l_ﬁ_l_mvo
z 2(z—1) (z—1)2 22

+ A%)\I/(z).

(1.2.11)
We now take a double-scaling limit known as the Nekrasov-Shatashvili (NS) limit in the
AGT dual gauge theory [106], which corresponds to the semiclassical limit of large Virasoro
central charge in the CFT. This amounts to introducing a new parameter f, and sending
€2 = hb — 0, while keeping fixed

z

€1 = h/b>
A=1A Ay =12A1, Ay = B3N, (1.2.12)

A= 2’571/\0, ms3 = %hmo .

Furthermore, arguments from CFT [107] and the AGT conjecture tell us that in this limit
the correlator exponentiates and the z-dependence appears only at subleading order:

U(z) ox exp L (F™(e1) + eaW(z€1) + O(€3)) - (1.2.13)

€1€2

Introducing the normalized wavefunction ¥ (z) = lim.,—,0 U(z)/(A, Ao, mo|Va(1)|A1) and
multiplying everything by #2, the BPZ equation in the NS limit becomes

~ ~

11 : A A A Ar mgA A?
292 inst 2 1 3
= ——(—A Ao+ A1 — A ——— = — .
0 <6182 zz—l( ONF Aot B )—I_(z—l)Z_i_z2 z 4)11}(2)
(1.2.14)
All other terms vanish in the limit. It takes the form of a Schrédinger equation:
d*(z
e ;ig )4 Verr(2)(z) =0 (1.2.15)
with potential
1 4
V. = ) A2 1.2.16
CFT(Z) ZQ(Z o 1)2 ZEZ; ”Lz ( )

Written in this form it is clear that the BPZ equation for this correlation function takes the
form of the confluent Heun equation. Using conformal momenta instead of dimensions we

write Al = %—a?, where we have used Az = h2A;, hQ = €1+ €2 = €1 and defined a; := hoy.
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Defining furthermore E := a? — Ady F™!, the coefficients of the potential are

2
Alz—e—l—i—E—f—a%—a%—mgA,

4
€ A2
Ay =L —E4+2msA — —
2 A + 2mg 47
A2
Ag——mgA‘F?,
A2
A4——Z.

(1.2.17)

Comparing with the coefficients AX of the CHE in (1.2.4) and setting €; = 1 to match the
coefficient of the second derivative, we can identify the parameters of the standard form
with the parameters of the CFT as:

’7:1—1—20(11,
5:1—1—20,(12,
e=0"A,

4

a=0"A1+0a;+ 60 as +60"m3),

¢g=FE— 1 (Bay + 0'az)? — (Bay + 0'az) + 0" A (; + 0a; — 0"m3> :

(1.2.18)

for any choice of signs 6,6’,0"” = +£1. These 8 = 23 dictionaries reflect the symmetries of
the equation, which is invariant independently under a; — —a3, as — —az and (ms, A) —

—(ms, A).

1.2.3 The radial dictionary

We see that the BPZ equation takes the same form as the radial and angular equations of
the black hole perturbation equation if we set ¢ = 1. We will do this from now on. This
implies b = h. Comparing with the coefficients A} we find the following eight dictionaries
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between the parameters of the radial equation in the black hole problem and the CFT:

1
E=-4+X+s(s+1)+a%w? —8M%*w? — (2Mw2 +isw) (ry —r-),

4
w — mf) s
—o( =i "™ it D
a ( “iry 7 °"+2>’
_y w—mN s (1.2.19)
=Y\ Ty, 2)

mg = 0" (=2iMw + s) ,
A=-2i"w(ry —r_),

where 60, 6',0” = £1. We will make the following choice for the dictionary from now on:

1
E=>+X+s(s+1)+a%w? — 8M3w? - (2Mw2 +isw) (ry —7r-),

4
w — mf) s
__emm o s
al ) inTh + 21 w+2,
 w—mf) s (1.2.20)
oy 2

mg = —2tMw + s,
A= —2iw(ry —r_),

which corresponds to # = ¢ = #” = +1. Using AGT this dictionary gives the following
masses in the gauge theory (see Appendix 1.C for details):

— mf)
ma :a1+a2:_i&+2iMw’
27TTH
mg =az — a1 = —2iMw — s, (1.2.21)

mg = —2tMw + s.

This is the same result as the one found in [68] except for a shift in E, which is due to
a different definition of the U(1)-factor. For s = 0 the values are purely imaginary and
correspond to physical Liouville momenta. For s # 0 the conformal block gets analytically
continued. Note that in the supersymmetric gauge theory the masses are naturally complex
parameters.
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1.2.4 The angular dictionary

Comparing instead (1.2.17) with the A? in (1.A.4) we find the following eight dictionaries
between the parameters of the angular equation in the black hole problem and the CFT:

1
E:Z+02+s(s+1)—2cs+)\,

(1.2.22)
=0/ (_m+s> ’

where again 6,6’,0” = +1 and our choice from here on will be § = ¢ = 0" = +1, i.e.:

1
E:Z—l—cQ—i—s(s—l—l)—ch—i-)\,
m—s
ay = — 92 ’
m+ S (1.2.23)
az = — ’
2
mg3 = —S,
A =4c

Using AGT this dictionary gives the following masses in the gauge theory (see Appendix
1.C for details):

mi; =a;+ax=—m,
me =ag —a; = —S§, (1.2.24)
m3 = —S.

Again we note the discrepancy with [68] due to the different U(1)-factor.

1.3 The connection problem

Exploiting crossing symmetry of Liouville correlation functions we can connect different
asymptotic expansions of the solutions of BPZ equations around different field insertion
points. The DOZZ formula can be obtained exploiting the known connection formulae for
hypergeometric functions [108, 109]. Here we do the reverse, namely knowing the DOZZ for-
mula we reconstruct connection formulae for irregular degenerate conformal blocks. Asymp-
totic expansions are computed via OPEs with regular and irregular insertions. To this end,
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we recall that the OPE of the degenerate field of our interest and a primary field reads
[27]:

Do (2 2) = Y Caalz — 0P (Vo) Ol —w) . (131
where a4 == a; + 3 ,and b+ = Ay, — Ay, — Agq is fixed by the Ly action. The OPE
coefficient Cqs? o, is computed in terms of DOZZ factors [110] [111] (see Appendix 1.B.2),
namely

—b—
TQ’ ). (1.3.2)
The OPE with the irregular state is constrained by conformal symmetry, and the leading

behavior is fixed by the action of Ly, L1, Lo instead of just Ly. The overall factors are again
given in terms of DOZZ factors (see Appendix 1.B.3). One finds

Cost ai = G o) Cli,

<A067 A07]\07 mo‘q)ll(z?z) -

= 9+ Z Aa+7m0i (:tA)f%img+boz+Z%(beli2mg)ei/\z/227k<Aour7AO7 Mo k‘ +

Q,02 1
+.k
2
Cgaﬂ ZAa mOi (£A) —1d+mg—ba_ %(bQ 1£2m3) ,+Az/2 —k<Aa , Ao, mos; k|
(1.3.3)

Here the irregular state depending on Ag, Ag denotes the full (chiral®antichiral) state, and
the modulus squared of the chiral states (depending only on Ag) also has to be understood
as a tensor product. The coefficients A are given by

ot F(% +m3 —bay)’ o= I‘(% —m3 —bay)’ (1.3.4)
(1 + 2ba_) (1 + 2bar_) a
»Aa_,ngr = s Aa_,mo, =

I'(3 +ms3 + ba_) (3 —mg+ba_)’

Since the results presented in this section are formulated purely in a CFT context, they
will be written for finite b unless otherwise specified.
1.3.1 Connection formulae for the irregular 4 point function
Let us consider the irregular correlator
\I/<Z, Z) = <Aa, Ao, AO, m0|<I>271(z, E)VQQ(L i)|Aa1> . (135)

The physical, crossing symmetric correlator has to be built using the Whittaker state (1.2.9)
introduced before which makes no reference to A,. Here instead we use the state projected
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onto the Verma module A, which provides us with the explicit expression (1.2.7). In
particular, the Ag — 0 limit is simple: it is just a primary state with the usual normalization.
In any case, we still expect (1.3.5) to be crossing symmetric and we will exploit this in what
follows. In the next chapter (2) we will show that the result presented here is consistent
with crossing symmetry of the physical correlator. The asymptotics of ¥ for z ~ 1,00,
respectively t,u—channels, are given by the OPEs. Due to crossing symmetry, the two
expansions have to agree, therefore

U(z,2) = K§) o \F P+ K)oy £ ()17 = K& 119 ()17 + K8 o (S U)((f:)s'z)
where
KC(QJr,aH =Casta,Clas ang an), K ., = =Cas 10, Cla, a0, 11), (1.37)
K(Si),oz+ - Cg;laC(a_,_, a2, Ckl) ) Kéu_),a = ng_lac(a—7 ag, 041) ’

are the DOZZ factors for the two fusion channels in the ¢ and u-channel OPEs and

§g>+<z> = (D Aoy mo|Vay, (D Aa,)(z = 1) 72 (14 0(z - 1)
D (2) = (Day Aoy molViy_ (D] Aa)(z = 1) 7 (14 Oz — 1)) (14 O(= — 1)) ,
gf(z) =3 (Ao Moy M0 Vi (1)] Ay ) Aay gy €55 (£A) 73 Em+b0s 5 3(0Q-122m3) (1 4 (71 |
+
F9() = 3 (Ao, Mgy ot Vag (D] Aoy ) o moy €% (£A)~3Ema—ba— ;300-182m0) (1 4 0(;71)) |
) (1.3.8)

give the expansions of the conformal blocks in the two fusion channels of the ¢t and wu-
channels. Here and in the following the chiral correlators have to be understood as conformal
blocks, we have extracted the DOZZ factors and they appear in (1.3.7). Note that in line
with the definition (1.2.7), the irregular state contributes to the DOZZ factor the same as

a regular state. Here, as noted in section 1.2.2, f} () i) the NS limit are (up to a rescaling
by one of the correlators, to keep them finite) the two linearly independent confluent Heun
functions expanded around 1 and oo, respectively. We remark that due to the presence of
the irregular singularity the a4 channels at infinity contribute with two different irregular
states each, corresponding to mg+. This is consistent with the fact that the irregular state
comes from the collision of two primary operators [47]. The two expansions are related via
a connection matrix M by

19() = My (=), i = 0ox, = s (1.3.9)

This equation, combined with the requirement of crossing symmetry (1.3.6) gives the con-
straints
t
KMy My = K. (1.3.10)
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Equations (1.3.10) give 3 quadratic equations for the 4 entries M;;. Other constraints come
from noticing that the M;; have to respect the symmetry under reflection of the momenta.
The sign ambiguity inherent in the quadratic constraints (1.3.10) is resolved by imposing
that for A — 0 they reduce to the known hypergeometric connection matrix, since

(An, Moy Mo, mo| P2.1(2,2)Vay (1,1)|Any ) = (Aa|P21(2,2)Vay (1,1)|Ag, ), asA — 0,
(1.3.11)
and conformal blocks of the regular degenerate 4 point functions are hypergeometric func-
tions. This gives

D(—2ba)T(1 + 2bas)

Messos = T a1+ ag — )@+ b(—ar +az =)
. _ ['(2ba)T(1 — 2basy)
P T(g +b(ar —ax+a)P(5 +b(—ar —az+ )] (1.3.12)
y _ I'(2ba)I(1 + 2baz) B
Qz4,a— F(% + b +042+C¥))F(% +b(—o + az + @)) 7
. I'(=2ba)I'(1 — 2bay)

ot F(% + b(ozl — 9 — a))l“(% + b(—Oél — 9 — a)) '

Note that M;; is given by the hypergeometric connection matrix even for finite A, since all
A corrections are encoded in the asymptotics of the functions (1.3.8). Proceeding in the
same way we can find connection coefficients between 0,1. Using crossing symmetry we
have

U(z,2) = K8 o IS ()2 4+ K& an 11 ()12 = K, £ )2 + K8 o £ (2)12,
(1.3.13)
where

bQ+bay

£ (2) = (Ao, Aoy mo|Vag (1) Aay )z 2

o o (1.3.14)
fal,(z) = <AOHA0’m0’V042(1)|AOC1—>Z 2

Imposing again

£z = Ny 1(z) (1.3.15)



1.3. THE CONNECTION PROBLEM 31

substituting (1.3.15) in (1.3.13) and imposing that f(5*) reduce to hypergeometric functions
as A — 0 we find (see Appendix 1.B.2)

I'(—2ba2)I'(1 + 2bay)

Nasseas = T G — a2 + )T+ bas — a2 — @)
N _ T'(2ba2)T(1 — 2bay)
@102 = R0 ap — a))T(h + b—a1 +az + ) (1.3.16)
Na1+ a2 P(2ba2)r(1 T 2ba1) |
= T LG+ b + a2 — a))L( +b(or +az +a))
Nos o I'(—2bas)T (1 — 2bay)

D(3+b(—a1 — a2+ a)L(5 +b(—a1 —az —a))

1.3.2 AGT dual of irregular correlators and NS limit

The irregular correlators appearing in the asymptotics of the functions (1.3.8) can be effi-
ciently computed as Nekrasov partition functions thanks to the AGT correspondence [41].
In particular, the irregular conformal block is identified with [103]

<Aa,A0, mO‘Va2<1)’Aa1> = ZinSt(A, a,mi, ma, mg) s (1317)

where Z"'(A, a, m1, ma, m3) is the Nekrasov instanton partition function of SU(2) N = 2
gauge theory in the Q-background (see Appendix 1.C). While the analysis in the last section
was completely general, in order to apply the obtained results to the Teukolsky equation,
one needs to take the NS limit e — 0, e = 1 as discussed in section 1.2.2. In this limit
the correlators diverge, but rescaling the functions in (1.3.8) by one of the correlators, the
resulting ratios are finite. In a slight abuse of notation, we write the connection coefficients
in the NS limit as

. I(~2a)1(1 + 2a5)
T TGt artag—a)l(3— a1 +az—a)’
M _ I'(2a)L'(1 — 2ay)
T Pl ta—aa+a)l(E —a—az+a)’
1—ag 5 — a1 — a2 (1.3.18)
L F2a)r(1 +2as)
T T e ta+a)T(3 —a1 +az+a)’

M B I'(—2a)T'(1 — 2a2)
G2tk F(% +a;—as — a)F(% —a;—as—a)’
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and similarly
I'(—2a2)I'(1 4 2a;)

Naryans = I(3+a1—ay+a)l(3+a—ay—a)’
o I'(2a2)T'(1 — 2a;)
; F(%_a1+a2—a)f‘(%—&1+a2+a)’ (1.3.19)
Nayyas- = I'(2a)0(1 + 2a1)
: L(z+a1+az—a)l(3+a+a+a)’
N _ ['(—2a2)I'(1 — 2a1)

a1—,a24 F(% —a; —as + a)F(% — a1 — a2 — (I) >

where a; = ha; = ba; for € = h/b=1.

1.3.3 Plots of the connection coefficients

In the following we illustrate the power of the connection coeflicients obtained above by
comparing our analytical solution to the numerical one. Furthermore this illustrates how
to evaluate the connection coeflicients. For simplicity we focus on the connection problem
between z = 0 and 1. The confluent Heun function w(z) solving the CHE in standard form
(2.3.24) can be expanded as a power series near z = 0 as

q OH+(I(C]—Y—5+€)2 3
w(z)=1— =z + 22+ 0(2°). 1.3.20

We are interested in analytically continuing this series toward the other singular point at
z = 1. This problem is solved by our connection coefficients, we just need to identify the
functions and parameters: in terms of the function v (z) solving the CHE in Schrodinger
form (1.2.2), we have around z = 0:

¥(2) = e/ (2 = 1) 2w (z) = 23%0 (14 0(2)) = f§5),(2), (1.3.21)

10

where we have introduced the normalized s-channel function, related to the s-channel
function defined before by féfl{, (2) = <Aa,Ao,m0|Va2(1)|Aa10)ﬁ§iL(z). Similarly, we de-
fine the normalized t-channel function, related to the one defined before by fég)e,(z) =
(Aa; Ao, mo|Va,, (1)|Aay) A(S;)g,(z). It is a solution to the CHE given as a power series
around the singular point z = 1 which can be obtained by the Frobenius method:

1/4—a?—a}+E
1+29’a2

7,6 = - 9heoe (3 1-9+0(1-2P). (32
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The s- and t-channel solutions are related by fi(s) = N;j f;t), with the coefficients IV;; given
before, which we now give more explicitly:

f(S)( ) = ['(—2a2)T'(1 + 20a,) <AaaA07m0’Va (1 )‘Aa1> (z)_|_
o (% +0a1 — ag + a))F(l + 0a; — az — a)) (Aa, Ao, mo|Vay, (1)|Ad,,) O‘”
i (2a2)F(1 + 290,1) <AQ,A0,TI’L0’V@2 ( )|Aa1>f (z)
( +0ai +az +a))l’ ( +0a; + az — a)) (Ao, Mo, mo|Vay (1)|Aayy)

(1.3.23)

for § = +. A further complication arises from the fact that the parameter in the CHE is F,

but in the connection formula the parameter a appears which is related to E in a nontrivial

way and has to be obtained by inverting the Matone relation? [112, 113] (See Appendix
1.C for details):

E = a? — Aoy F™*, (1.3.24)

Everything has to be computed for general €1, €2 using Nekrasov formulae and then spe-
cialized to the NS limit by setting e; = 1 and taking the limit e — 0 in the end. To work
consistently at one instanton one also needs to expand the Gamma functions since they
contain a which is given as an instanton expansion. We get

['(—2a2)T'(1 + 20a;)
I'(3 +0a; — ay + VE))I'(3 + 0a; — az — VE))
i fai+as  §—E+ai—a3
S e
I 1-2FE VE (1 —4E)
F(Zag)l—‘(l + 29(11) HO)
I'(3 +0a1 + a2 + VE) (& + 0a1 +ap — VE)) >
_1(9a1a2 i—E—&—a% a

&) = 8, (2)x

[q/;(o)(%—\/i—i— fay — az) — 1/)(0)( +VE + 6ay —a2)]> msA| +

+

(2)x

X %—ZE \/E(174E) [w(o)( \F+9a1+a2) 1/)(0)( +\F+6a1+a2)]>m3A
+ O(A?).
(1.3.25)
Here () (2) = d%log I'(z) is the digamma function. The higher instanton corrections

to the connection coefficients can be computed in an analogous way. We have identified
fo(j)e (2) = e#/227/2(z — 1)%/2w(z) by using the power series expansion near z = 0. We can
then use the connection formula given above to obtain the power series expansion near z = 1
in terms of f&) . (2), and compare it to the numerical solution. In the following we illustrate
the power of the connection formula by giving random values (in a suitable range) to the
various parameters and plotting the confluent Heun function numerically versus the three-
term power expansion at z = 1, computed analytically by using the connection formula

2From the gauge theory viewpoint ¢ € C parametrizes the Cartan flat direction of the potential for the
scalar field component ¢ of the N/ = 2 vector multiplet. The parameter E in the gauge theory is the gauge
invariant co-ordinate (Try?) of the Coulomb branch.
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from 0 to 1. Here we use the dictionary between the parameters of the CHE in standard
form and the CFT parameters given in (2.3.25), with § = +1,0' = —1,6" = —1.

Real part, 0 Instantons Imaginary part, 0 Instantons

Figure 1.1: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at zero instan-
tons. The validity of the series expansion around z = 1 (orange) is limited to a neighborhood
of z = 1, but going to higher orders in the expansion to extend the validity is straightforward.
The values of the parameters are: a; = 0.970123 + 1.369814, as = —0.386424 — 2.99783i, E =
5.41627 4 6.408714, mz = 1.68707 — 0.707722¢, A = 1.96772 + 1.804141.

Real part, 1 Instanton Imaginary part, 1 Instanton

02 foa 06

Figure 1.2: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at one instanton.
The validity of the series expansion around z = 1 (orange) is limited to a neighborhood of z = 1, but
going to higher orders in the expansion to extend the validity is straightforward. The values of the
parameters are: a; = 0.970123+1.36981i, ay = —0.386424—2.99783i, F = 5.4162746.40871i, mg =
1.68707 — 0.707722i, A = 1.96772 + 1.80414s.
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Real part, 2 Instantons Imaginary part, 2 Instantons

Figure 1.3: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at two instantons.
The validity of the series expansion around z = 1 (orange) is limited to a neighborhood of z = 1, but
going to higher orders in the expansion to extend the validity is straightforward. The values of the
parameters are: a; = 0.970123+1.369814, as = —0.386424—2.99783i, F = 5.41627+6.40871i, mg =
1.68707 — 0.707722i, A = 1.96772 + 1.80414s.

Real part, 0 Instantons Imaginary part, 0 Instantons

Figure 1.4: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at zero instan-
tons. The validity of the series expansion around z = 1 (orange) is limited to a neighborhood
of z = 1, but going to higher orders in the expansion to extend the validity is straightforward.
The values of the parameters are: a; = 0.5 + 1.240314, ao = —0.5 + 1.55419¢, £ = 5.52396, m3 =
0.92039 + 1.367657, A = 1.60238 + 1.259413.
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Real part, 1 Instanton Imaginary part, 1 Instanton

Figure 1.5: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2a(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at one instan-
ton. The validity of the series expansion around z = 1 (orange) is limited to a neighborhood of
z = 1, but going to higher orders in the expansion to extend the validity is straightforward. The
values of the parameters are: a; = 0.5 + 1.24031i, as = —0.5 + 1.55419i, £ = 5.52396, mz =
0.92039 4 1.36765¢, A = 1.60238 4 1.259415.

Real part, 2 Instantons Imaginary part, 2 Instantons

Figure 1.6: Real and imaginary parts of the rescaled confluent Heun function e®*/227/2(z —
1)%/2(2) (blue, dashed), computed numerically, and of the three-term power expansion near z = 1
(solid, orange), obtained analytically using the connection coefficients computed at two instan-
tons. The validity of the series expansion around z = 1 (orange) is limited to a neighborhood
of z = 1, but going to higher orders in the expansion to extend the validity is straightforward.
The values of the parameters are: a; = 0.5 + 1.240314¢, as = —0.5 + 1.554194, E = 5.52396, m3 =
0.92039 + 1.367657, A = 1.60238 + 1.259413.

As a concluding remark, we notice that already the first instanton correction significantly
improves the approximation.
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1.4 Applications to the black hole problem

There are several interesting physical quantities in the black hole problem which are gov-
erned by the Teukolsky equation. Having the explicit expression for the connection coeffi-
cients allows us to compute them exactly. We turn to this now.

1.4.1 The greybody factor

While all our analysis has been for classical black holes, it is known that quantum black
holes emit thermal radiation from their horizons [114]. However, the spacetime outside of
the black hole acts as a potential barrier for the emitted particles, so that the emission
spectrum as measured by an observer at infinity is no longer thermal, but is given by

o) where o(w) is the so-called greybody factor. Incidentally, it is the same as

exp w;mﬂ —_1?

the absorption coefficient of the black hole, which tells us the ratio of a flux of particles
incoming from infinity which penetrates the potential barrier and is absorbed by the black
hole [114] [115]. More precisely, the radial equation with s = 0 has a conserved flux, given
by the "probability flux" when written as a Schrédinger equation: ¢ = ImvT(2)0,4(2)
for z on the real line. The absorption coefficient is then defined as the ratio between the
flux ¢aps absorbed by the black hole (ingoing at the horizon) and the flux ¢y, incoming
from infinity. For non-zero spin, the potential (1.1.10) becomes complex, and the flux is
no longer conserved. In that case the absorption coefficient can be computed using energy
fluxes [116], but for simplicity we stick here to s = 0.

The exact result

On physical grounds we impose the boundary condition that there is only an ingoing wave
at the horizon:

_sw—m&
R(r—ry)~(r—ry) " (1.4.1)
so the wavefunction near the horizon is given by
_ £ — i,
¥(z) = fay, (2) = (2 —1)272 (1+ O0(z - 1)) , (1.4.2)
with ag = —z“jl;’T”I? and recall that the time-dependent part goes like e~*?. This boundary

condition is independent of whether w — mfQ is positive or negative: an observer near the
horizon always sees an ingoing flux into the horizon, but when w — mf) < 0 it is outgoing
according to an observer at infinity. This phenomenon is known as superradiance [117]. In
any case, this gives the flux

Gabs = Imag (143)
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ingoing at the horizon. Using our connection formula, we find that near infinity the wave-
function behaves as

MOL2+,OL, (gt,li) (Z) Ma2+,a+ O(LZ)(Z)

+ g
(Aq, Ao, m0|Va2+(1)|Aa1> (Aq; Ao, m0|Va2+(1)|Aa1>

1 Az Aa—, Ao, mo+|Va, (1)|Aq,)
=My, o A727¢ E Ao etz (Az)Tms < = :
2+7 T e ( ) <Aa7A07m0‘Va2+(1)|A0¢1>

() =

(1 + (’)(271)) +

+(a— —a).
(1.4.4)
At infinity, the ingoing part of the wave is easy to identify: recalling that A = —2iw(r;—7r_)
it corresponds to the positive sign in the exponential. So the flux incoming from infinity
is

A 1 arm (Bass Ao, o [Vay (1] Ay) ’
in =Im—= My, o Aa_m, A2 0Tms 270 D o2 1 _ —
1 o v e o
2
1 T'(1+2a)T(2a)T(1 + 2a2)A=4t™s  (Ay—, Ao, mos |V, (1) A, )
=-—z T T + (a — —a)
2| (Q + mg3 + a) Hi T (5 +a;+a+ Cl) <AaaA0am0|Vo¢2+(1)‘Aa1>
(1.4.5)
The minus sign comes from the fact that we have simplified A and we have ImA = —|A].

Note that also the flux at the horizon is negative (for non-superradiant modes). So the full
absorption coefficient /greybody factor, defined as the flux going into the horizon normalized
by the flux coming in from infinity is:

o= Pabs __ _Im2a2
- in - 2
D 2P or( + 208 (A Ao Voo (VA0 | ()
r (% +m3 + a) H:t r (% +a+a+ CL) <Ao¢; AO; m0|Va2+(1)|Aa1>
(1.4.6)

This is the exact result, given as a power series in A. The correlators have to be understood
as computed in the NS limit with ¢y = 1. The ratio of correlators can be written in terms
of the NS free energy (see Appendix 1.D), and substituting the dictionary (1.2.20) we get

Gaps W — mS2
o= = X
¢in 271'71H
. . o rinst —2
P(1+2)T(20)0(1 = 422 (~2ieo(ry — 7)) 70 2Muemivler exp ()|
X + (a — —a)
T(3=2iMw+a)T (- %282 + 2iMw +a) T ( - 2iMw + )
(1.4.7)

Here FSY(A, aq,as,m1,m2, m3) is the instanton part of the NS free energy as defined
in Appendix 1.C computed for general @ = (a1,a2) and after taking the derivative one
substitutes the values @ = (a, —a) appropriate for SU(2). The same holds for the second
summand but one substitutes @ = (—a, a) in the end. To write this result fully in terms of
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the parameters of the black hole problem using the dictionary (1.2.20), one has to invert
the relation £ = a? — A9y F™' to obtain a(E), which can be done order by order in A.
In the literature, the absorption coefficient for Kerr black holes has been calculated using
various approximations. As a consistency check, we show that our result reproduces the
known results in the appropriate regimes.

Comparison with asymptotic matching

In [76], the absorption coefficient is calculated via an asymptotic matching procedure. They
work in a regime in which aw < 1 such that the angular eigenvalue A\ ~ ¢(¢ + 1), and solve
the Teukolsky equation for s = 0 asymptotically in the regions near and far from the outer
horizon. Then one also takes Mw < 1 such that there exists an overlap between the far and
near regions and one can match the asymptotic solutions. For us these limits imply that also
|A| = 4wV M? — a? < 1, so we expand our exact transmission coefficient to lowest order in
aw, Mw and A. Since from the dictionary (1.2.20) E = a?+0O(A) = $+£((+1)+0(aw, Mw),
in this limit we have a = £+ 1. Then the second term in the denominator of (1.4.6) which
contains A% vanishes for A — 0 while the first one survives and passes to the numerator.
The instanton part of the NS free energy also vanishes, F"*(A — 0) = 0. (1.4.7) then
becomes

w — mf
o~ —

2
s w—mnf)
s -2 T((+1)T (e +1 i ) T(0+1)

9T (2 4 2)0(2¢ + 1) (1 — i)

(1.4.8)

IF((;Z:Q)) = 5w +1\1<7(7£+ 5 (and sending ¢ — —i inside the modulus squared)

we reduce precisely to the result of [76] (eq. 2.29):

Using the relation

2
w—mQ (ry — T_)2z+1wze+1 r¢+1r (E +1+ Z’g;;n}i?)
2T 22041 D0+ 3) T+ (1+is32) |

o=

(1.4.9)

27TTH

which is valid for Mw, aw < 1.

Comparison with semiclassics

We now show that the exact absorption coefficient reduces to the semiclassical result ob-
tained via a standard WKB analysis of the equation

E0%(2) + V(2)9(2) = 0. (1.4.10)

where we have reintroduced the small parameter ¢; which plays the role of the Planck
constant to keep track of the orders in the expansion. For the Teukolsky equation (which
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has €1 = 1) the semiclassical regime is the regime in which ¢ > 1. Following [77], we
also take Mw <« 1 and s = 0 such that there are two zeroes of the potential between the
outer horizon and infinity for real values of z which we denote by z; and zo with 29 > 21,
between which there is a potential barrier for the particle (V(z) becomes negative, notice
the "wrong sign" in front of the second derivative). Without these extra conditions, the
potential generically becomes complex, or does not form a barrier. The main difference
with the regime used for the asymptotic matching procedure in the previous section is that
there we worked to leading order in Mw, aw. Now we still assume them to be small but
keep all orders, while working to first subleading order in ;.

-V(2), Mw=0.01 -V(2), Mw=1

. . . .
05 0 s o
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soft
-s00f
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-a00f
150
—soof
200
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Figure 1.7: Forms of the potential =V (z) for M =1,a=10.5, A\ =10, m =0,s =0, and w = 0.01
(left) and w = 1 (right). We see that for Mw not small enough, the potential does not form a
barrier.

The standard WKB solutions are
(2) x V(2)"1exp (il/ \/V(z’)dz’> , (1.4.11)
€1 /.,

where z, is some arbitrary reference point, usually taken to be a turning point of the poten-
tial, here corresponding to a zero. The absorption coefficient is given by the transmission
coefficient from infinity to the horizon and captures the tunneling amplitude through this
potential barrier. It is simply given by

o~ exp <ZZ /j Wdz’) = exp <—621 /: \/W(T)|d2’> : (1.4.12)

On the other hand it is known that in the semiclassical limit the potential of the BPZ
equation reduces to the Seiberg-Witten differential of the AGT dual gauge theory [41],
which for us is SU(2) gauge theory with Ny = 3: V(2) — —¢%;;-(2). The integral between
the two zeroes then corresponds to half a B-cycle, so we identify

o~ exp <€21/ i quW(z')dz') = exp <611 ﬁ quW(z')dz') =: exp (ijlj) .| (1.4.13)
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where we have chosen an orientation of the B-cycle. Our exact absorption coefficient reduces
to this expression in the semiclassical limit e; — 0. The detailed calculation is deferred to
Appendix 1.D.

1.4.2 Quantization of quasinormal modes

With the explicit expression of the connection matrix (1.3.12) in our hands we can extract
the quantization condition for the quasinormal modes. The correct boundary conditions
for quasinormal modes is only an ingoing wave at the horizon and only an outgoing one at
infinity (see e.g. [102], eq. (80)), that is

_sw—m
Roxm(r = rq) ~ (r—ry) 7w
—1—25+2iMweiwr )

s

(1.4.14)
Ronm(r — 00) ~ 7

In terms of the function (z) satisfying the Teukolsky equation in Schrodinger form:

danu(z = 1) ~ (2= 13702, (1.4.15)
Ponm(z — 00) ~ e M2 (AZ) ™™ 4.

However, imposing the ingoing boundary condition at the horizon and using the connection
formula, we get that near infinity

YoNm(z — 00) ~

<AOL+7 AO) m07|Va2(1)|A0¢1>
~ AaMoz a Aa mo—
( A o <Aa7A07mO‘VOt2+(1)|A061>

% efAz/Q (Az)7m3 4

+A_aMa2+,a,Aa,m0, <Aa77A07m07|Va2(1)|Aa1>)

<Aa7 A07 m0|V042+ (1)|A041>

<Aa+7 A07 m0+|Vaz(1)|A0¢1>
<Aom A07 m0|V02+(1)|A041>

" (AaMa2+ s04 Aa+Mo+

% eAz/Q (Az)mg ,

Aa—aA7 az (1 Aa

<Aom A07 m0|Va2+(1)|A0¢1>

(1.4.16)
which contains both an ingoing an an outgoing wave at infinity. In order to impose the
correct boundary condition (1.4.15) we need to impose that the coefficient of the ingoing
wave vanishes:

<Aa+7 AOv Mo+ ‘VCVQ (1) |A(¥1>
A®M,
a2+,a+Aa+mo+ <Am A07 7710“/&24r (1) |Aa1>

Mag+,o¢,Ao¢,mU+ <Ao¢73 A07 m0+|voé2 (1) ‘A(Jﬂ)
Ma2+,a+Aoc+m0+ <Ao¢+7 A07 mo+ ‘VOZQ (1) |A011>

<A(1—7 AOv m0+‘VOt2 (1)|A(¥1>

=0
<A047 A07 m0|V042+ (]‘)|A041>

+ AiaMoé2+ SO — A@—m0+

= 1+A2 =0.

(1.4.17)
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Identifying in the NS limit
(Aa—s Mo, Moy |Vay (D]Agy) _ Z(Aat G ma,mo,ms + F)

(Aat, Aoymot [Va,(D[Aay) — Z(Aa— G ma,ma,ms+ )

1 : .
=exXp —— (]:HlSt(Aaa—i_ %7m17m27m3 + 9) _]:IHSt(Aaa_ 6727’n,Ll)’rnQ?Tn‘S + 9)) —

€1€2 2 2 2
8 ’FinSt A7 ) ) )
— exp — (A, a,m1,ma mg)_
€1
(1.4.18)
Moreover,

4 a2+60117a) r (% 4 0«2*211*0«) T (% 4 mgfa)

1

2a 2a
Masea Aomse _ T (2)T(14%) _
4 a2+a1+a) r (% 4 az—a1+a) T (% + m3+a)

r
Moy, o Aaimos - T (_@) T (1 - 2*(1) r

) F(z—f)r(wf—f) ﬁ

€1 €1
1 mi;—a 2a
(bem5) (F(” %)
2
r(i-%)
) 3 T (% + w)
)+Zlog“ |

-1 T (% + L'H““)

€1

(1.4.19)
Including also the A factor (restoring the factor of €1), we identify the exponent with (see
Appendix 1.C)

2a 3 1 m;—a

. A r(1+2) r(§+m=e)

— —iwe1—2alog—+26110g7;1+61 logi—el+
mi;Ta

i ) T R T ()

(1.4.20)

The instanton and one loop part combine to give the full NS free energy, and hence (1.4.17)
can be conveniently rewritten for ¢; = 1 (as required by the dictionary), as

1—e%" =0= 9,F =2nin,nel. (1.4.21)

To solve for the quasinormal mode frequencies, we need to invert the relation £ = a® —

AONFt to obtain a(E). Then the quantization condition for the quasinormal mode fre-
quencies that we have derived reads

1
= —im 4 — Qg Filoop
€1

w — mf$
27TTH

OuF <—2iw(r+ —r_),a(E),—1 +2iMw, —2iMw — s, —2iMw + s, 1) =2min,n€Z,

(1.4.22)
with B = 14+ A+ s(s+1)+a?w? —8M%*w? — (2Mw? 4 isw) (r4 —r_). This gives an equation
that is solved for a discrete set of w,,, in agreement with [68]3.

3In order to match with [68], it is important to notice that they use the variable —ia instead of a, have
a different U(1) factor as previously noticed, and a sign difference in the definition of the free energy F.
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1.4.3 Angular quantization

Yet another application of the connection formulae is the computation of the angular eigen-
value A. To this end, we impose regularity of the angular eigenfunctions at z = 0, 1.
According to the angular dictionary (1.2.23),

1+ 2aq 1 m-—s 1+2a9 1 m+s
1 _ 1 1.4.23
2 2T T T 2 2 T T3 ( )

therefore, according to (1.1.11) the behavior of Sy as z — 0 is given by

m—s

Sx(z = 0) ox 272 (1.4.24)

Since Ag., = A;_m, Asm = Asm + 25 [118], we can restrict without loss of generality to
the case m, —s > 0. Regularity of Sy as z — 0 requires the boundary condition

Yms (2 = 0) = f) (2) 2 22775 (1.4.25)

Therefore near z — 1,
Ymss(z = 1) =

<Ao¢7 AO: m0|VOé2— (1)|Aa1>
<Aa, A07 m0|Va2(1)|A0¢1—>

<Aa,AO,mO|Va2+(1)|Aa1> A(t) (Z) ~
(Aa, Mo, mo|Viy (1)|Ag, )02+

= Na1_,a2_ f(gtg)_ (Z) + Nal—,a2+

~ F(—m — S)F(l +m — 8) <Aa,Ao,mo‘Va27(1)|Aa1> (1 B Z)%+m24»s+
[(3 —a—s)(5+a—s) (Ba, Ao, m0|Vay (1)[Aa, )
C(n+ (L4 m=9) (A Do molVo, (DIAe) 3 e

I'(3 —a+m)(5+a+m)(Da, Mo, mo|Vay (1)|Aa, )

(1.4.26)

Let us start by assuming m + s > 0. Then the second term in (1.4.26) has a pole at z =1

for generic values of a, and the first gamma function is divergent as it stands. However
both divergences are cured by imposing that

1

— -,
a + 5
for some positive integer £ > m > —s. Analogously if m + s < 0, regularity is ensured by

imposing a = £ + % with £ > m > —s. Therefore in general the quantization condition for
the angular eigenvalue is

(1.4.27)

1
a(A, E,;mi,ma,m3) =€+ 3 > max(m,—s). (1.4.28)

As before, a is obtained by inverting the expression E = a? — AOAF™* order by order in
A. Let us denote by
M=AA=0)=Ll+1)—s(s+1). (1.4.29)

Moreover, their 9,F is shifted by a factor of —im with respect to ours.
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Then the above quantization condition for the angular eigenvalue A can be more conve-
niently written as

: (1.4.30)

) 1
/\_AO:QCs—CZ—AaA.FmSt A,g‘i‘*a_ma -5, =S
2 A=4c

which is the result already obtained in [68].

1.4.4 Love numbers

Applying an external gravitational field to a self-gravitating body generically causes it to
deform, much in the same way as an external electric field polarizes a dielectric material.
The response of the body to the external gravitational tidal field is captured by the so-called
tidal response coefficients or Love numbers, named after A. E. H. Love who first studied
them in the context of the Earth’s response to the tides [119]. In general relativity, the
tidal response coefficients are generally complex, and the real part captures the conservative
response of the body, whereas the imaginary part captures dissipative effects. There is
some naming ambiguity where sometimes only the real, conservative part is called the Love
number, whereas sometimes the full complex response coefficient is called Love number.
For us the Love number will be the full complex response coefficient. For four-dimensional
Kerr black holes, the conservative (real part) of the response coefficient to static external
perturbations has been found to vanish |78, 80]. Moreover, Love numbers are measurable
quantities that can be probed with gravitational wave observations [120, 121|. Using our
conformal field theory approach to the Teukolsky equation we compute the Love number of
a slowly rotating Kerr black hole at linear order in the frequency of the perturbation. The
extension of our computation to higher orders is straightforward.

Definition of Love number and the intermediate region

For the definition of Love numbers we follow [80] and [78|, to which we refer for a more
complete introduction. In the case of a static external perturbation (w = 0), one imposes
the ingoing boundary condition on the radial part of the perturbing field at the horizon,
which then behaves near infinity as

R(r— o0) = Ar* (1 + O 1))+ Br 711+ O(r™1))

= Art=s

—20-1
(1401 + k) (mih) (1+ (’)(r_l))] (1.4.31)

for some constants A and B. The Love number kéfrz is then defined as the coeflicient of

(r/(ry —r_))"2~! (note that this differs from the definition in [80] where they define it
as the coefficient of (r/2M)~2¢=! instead). In the non-static case however, the definition
of Love number is less clear, since the behaviour of the radial function at infinity is now
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qualitatively different from (1.4.31): it is oscillatory (cf. (1.4.4)) due to the term oc w? in

the potential (1.A.3). For small frequencies we can however define an intermediate regime
r > M, rw < 1 in which the multipole expansion (1.4.31) is still valid and we can read
off the Love numbers in the same way as in the static case. Recall the Teukolsky equation
written as a Schrodinger equation:

d*(z)
dz?

+ Verr(2)(z) =0 (1.4.32)
with the potential (1.2.14)

. . N . A A msA A2
o inst _ 2 1 _ 3 _
(—AONF™ +Ag+ A1 —A) + o2 . 1 (1.4.33)

1 1

VCFT(Z) - a2z —1

The intermediate regime corresponds to z > 1, Az <« 1. Expanding in these variables the
potential reads: )
+—F

ché(z) =t (14+0(="1A2)) . (1.4.34)
We see that in this regime the leading term in the potential is the one oc 1/22, and the
multipole expansion holds. In a sense we are taking z to be big enough to be far from the
horizon, but not so far as to reach the oscillatory region at infinity, as already mentioned
in [79]. In the static case this intermediate region where the multipole expansion is valid
extends all the way to infinity. On the CFT side, the conformal blocks in this regime
are computed by expanding the irregular state as in (1.2.7) and doing the OPE of the
degenerate state near infinity term by term. This gives an expansion in Az and z~!

1.4.5 Slowly rotating Kerr Love numbers

Let us compute the Kerr Love numbers up to first order in Mw ~ M. In order to do this
we have to consider only the first instanton correction since A o« Mw. The wavefunction
up to one instanton can be derived from the conformal blocks in the intermediate regime.
Schematically,

(A, Ao, molo(2)Va(1)| A1)  ((A] + TR (A[L1) ¢(2)Va(1)|Ar)
(A, Ao,mo[Va(L)] A1)~ ((A] + meRe(A[Ly) Vo(1)|A1)

b(2) ~ (1.4.35)

Imposing the ingoing boundary condition at the horizon, this gives the following wavefunc-
tion in the intermediate regime:

1
msA 1 1 g 1\ 27
1+1—2a2<( )5‘1/z—|—z—> ZM‘IH‘W ( - X
2

1 1
X oy <+a2—|—9a—a1,2+a2+9a+a1;1+29a;) +0(A?) .
z

(1.4.36)
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Note that the first instanton contributes at this order only if s # 0 since for zero spin
maA ~ O(M?w?). For a slowly rotating black hole the connection coefficients start with
O(Mw)?) = O((MQ)?) terms. Indeed substituting the dictionary we find

D(—1— 20— 2A0T(1 — 2i4=m2 _ o)

M _ 47T'TH _
azyat — o—mQ) : ; =
(=0 — Al = 2i4 7> + 2iMw)D (=4 — Al — 2iMw — )
: s w—mS2 ;
:zx@+@%_)H4@Mﬂ®Fﬂimn{+%NM0+C%Mw) (1.4.37)
(2¢+1)! 2A/0 ’

T +20T(1-5s)
Mazya- = F(+ 1) —s+1)

+O0O(Mw),

where a = £+ 1/2 + A¢. It turns out that the first correction to a vanishes, so Al ~
O(M?w?). Also note that all the Gamma functions are finite since s < 0. Plugging in the
dictionary and expanding the hypergeometrics gives

1 1 1
2 F1 (2+a2+a—a1,2+a2+a+a1;1+2a;z> ~

—mQ
~ o F) (1+€—5—2iMw,1+€—2iw4}n

1
+ 2iMw; 2 + 2/, > ,
Ty z

1 1 1
oFi | =+ax—a—a,=+a—a+a;1 —2a;— | ~
2 2 z

2 (L= 5 = 2iMw) ) (—0 — 25 4 2iMw) )z (1.4.38)
= n;) (200 T

[(=20 = 2A0T(1 4 £ — 5 — 2iMw)T(1 + £ — 2472 + 2iMw)

D(— — 5 — 2iMw)T (=0 — 2i422 + 2iMw)T'(2€ + 2)

—20—-1 %

—mQ 1
W oy (146 —5—2iMw, 1402 """ L oipMw: 2420~ ) .
4Ty z

Note that

D(=20 = 2807 (1 + £ — 5 — 2iMw)T (1 + € — 2i475 + 2i Mw)

. o—mQ) A Ma2+a_
D(=l— s = 2iMw)l'(—€ = 2t + 2iMw)'(2¢ + 2)

= —Mauy,a,+0 (Mw)?) ,

(1.4.39)
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therefore at this order the hypergeometrics simplify one against the other up to a finite
polynomial, hence

m3A 1 1
1+%_2a2<<1—z>81/z+2—2)‘| X

P(z2) =

tar 2L (0 — 5 — 2iMw) () (—€ — 215782 4 2iMw) ) 27
z o (_26)@) n:
(1.4.40)
The radial wavefunction is given by
R(r) = A% (n)o(2). (1.4.41)
where
s+1
p= O (MPQ2) A() T = (- )T (1 5y = (1.4.42)
o 7 e ; . 4.

To find the Love numbers, we need the ratio between the coefficient of ==~ (the re-
sponse) and the coefficient of 7/~ (the source). The term coming from the first instanton
in (1.4.40) will not contribute at this order. Indeed this term gives

—4iM?ws 1 1 , 1\ 7 (- 8) ) (=) 27"
—— = ((1-= — ) My, 0 (12 " DN
v = 0 +1) (( Z> Ozt 2 2) e~ ( Z> nz:% (=20)(m) nl
+ O(M*W?) =
) 1—s l+s —
B —4iM3ws o1 1)\ 2 20+ s 1 (=0 — 5)(n)(*£)(n) z "
T ) Moare? (1 - > (Z” T T <1 - ) 31/2) 2 e, at
+ O(M?w?).
(1.4.43)

After taking into account the factor of A from (1.4.41), one sees that this contribution to
R(r) does not contain the power that we are interested in. Focusing on the zero instanton
contribution, the (1 — 1/z) prefactor has an O(Mw) term in the exponent that has to be
expanded, resulting in

—mQ My, .. —s oM 1) /2M\?
R(r) >it = a (1 +s—+ sstl) <> ) X
T

dnTy (ry —r_)sH ((2M)EH1 2 r

o ) (1.4.44)

(== ) (=Ow) (357
2> (=20) () ok

k=1n=0
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This term contains the correct power, with coefficient

R(r) D

Ma2+a_ TZ_S w — mf2 o\ 201 & (—E - S)(n)(_g)(n)
(av7) (Z ( i

(ry — r_ )+ (MY 4nTy \2M —20)(myn! (20 + 1 — n)

s (—Ow) | s(s+1) e 8)m) (=D w)
+SZ 2e—n) e 7;)(—25)@)”’(%_1_"))

(1.4.45)
A surprising identity reveals that

{45 (

€= 5) ) (=) (n) +S§(—5—5)(n)(—5)(n) N (S+1)Z (=€ = 38)(n) (=) (n)
(-2

;) (20 (mn!20+1—n) " & (=20)n!(2l —n) 2 O)mynl(20 —1 —n)

() (- s) () e
T+

therefore

M, rt=s

a24a—

R(r) D (ry — r_ )5+ (2M)F+1

w—mQ ;=21 (L4 8) (£ — s)! (£))? .
L T, (W) ez Y

Noticing that 1/47n Ty ~ 2M finally gives the Love number

L+ ) (0 —s)! ()2

2.2 212002 772
20120+ 1)! + O(M w”, M*Q°, M*wQ). (1.4.48)

kg = 2iM (w — mQ) (—1)°

This result matches with formula (6.17) in [80]. Note that the Love number remains purely
imaginary for a small frequency perturbation, and that it vanishes in the case of a static
perturbation of a Schwarzschild black hole.



Appendix

1.A The radial and angular potentials

Both the radial and angular part of the Teukolsky equation can be written as a Schrodinger

equation:
d2
w(j) FV()(z) =0 (1.A.1)
dz
with potential
1 SN

For the radial part, the coefficients are given by

dr— a?(1 —m?) — M2 + damMw(M — /M? — a2) + 4AM%*w?(a® — 2M?) + 8M3/M? — a2w2+
0 4(a2 — M?)
+ (is) amy/M? — a2 — 2a’ Mw + 2M?*w(M — /M? — a2) s
2(a2 — M?2) 4’
o 4a2X —4AM2X 4 (8amMw + 16’ Mw? — 32M3w?)VM? — a2 + 4a*w? — 36a? M3w? + 32M*w? N

T

! 4(a2 — M?)

2a%w — am)vV/M?2 — a2
+ (is) (—i—k(aw a;m_l)M2 a>+827
A = =X — 5a%w? + 12M%0? — 12Mw?/ M2 — a2 + (is) (i — 6w/ M2 — a2) — %,
Al = 8a2w? — 8M2w? + 8Mw?/ M2 — a2 + (is)dwy/M? — a2,
A = 4(M? — a%)w?,
(1.A.3)
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while for the angular part they are
- 1
Ab = —1(FlEm=s)(1+m—s),

A§:02+s+2cs—ms+32+)\,

Al = —s—(c+5)(5c+s) — A, (1.A4)
A% = 4e(2¢ + s),
AZ = —4c2.

1.B CFT calculations

1.B.1 The BPZ equation

To calculate the BPZ equation for the correlator (1.2.6) we first evaluate the correlator with
an extra insertion of the energy-momentum tensor:

(A, Mo, mo| T (w)P2,1(2)Va(y) V1) =

1 A A
=D e (A Ao mo|[Ln, @21(2)Va(w)] Vi) + (w— e A%) (A, Ao, mo| @21 (=) Va(y)| Vi) =
n>0
_ i 1 AZ,I g 1 AQ é mvo 2
= (w 0+ CEE + o yay + L toa Tt AO) (A, Ao, mo|P2,1(2)Va(y) V1) -
(1.B.1)
Now we can simply compute
dw
(A, Ao, mo|L—2 - ®21(2)V2(y)[V1) :7{ o 8, Ro, mo|T'(w) @2,1(2)Va(y) Vi) =
c, W—

1 y 1 AQ Al moAQ 2
_(_2 y L 00 L AZ)ALA ) .
( P e A pepn R B (A, Ao, mo|®2.1(2)Va(y)| V1)
(1.B.2)

Using the Ward identity for Lg:
(zaz +y0y — NoOpy + A1 + Ao+ Ay — A) (A, Ao, mg|P21(2)Va(y)|Vi) =0  (1.B.3)
we can eliminate d,. Then setting y = 1 we obtain

(A, Ao, mo| Lz - @21 (2)Va(1) V1) =

1 11 Ay Ay moly 2
= - -9, — - L, — A A Ao +A—A)+ — -+ — Af |
( 20 zzfl(za 09 + Az1+ A2+ A )+(z71)2+22+ + A5 )¥(2)
(1.B.4)
which gives the BPZ equation
0 =<A, Ao,m0|(b*26§ + L,Q . )(13271(2)‘/2(1)“/1) =
_ 1 11 Ay A mohy
:(b 292 — ;62 — oo 1(zaz — A0y + Dop + Ag + Ay —A) + o2 + e + ; +A3)\I/(z)
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1.B.2 DOZZ factors

We normalize vertex operators so that the DOZZ three-point function[110, 111] reads

1
C(a17a27a3) = ?
To(ar +az +az + $)Tolar + a2 — az + §)Ty(az + ag — ay + $)Ty(as + a1 —az + )
(1.B.6)
where 1
Ty(x) = ,
O TG ) .
o (x[b,b7") (LB.7)
Dyfa) = 220 )
La(5[b,071)
and 'y is the double gamma function. T satisfies the shift relation
Ty(z 4 b) = v(bx)b 2221y () . (1.B.8)
Moreover (z) = I'(z)/I'(1 — x), and satisfies the following relations
1
Yahle) =
Y +1) = —a?y(x), (1.B.9)
1
~v(x) = .
D= i)
The two-point function normalization is given in terms of the DOZZ factors, that is
(AalAa) = C(0) = Clor,~ 2, ) : (1B.10
alRa) = Q) = o, ——, ) = . b.
2 T(0)Y5(0)Yp(20) Ty (20 + Q)

The regular OPE coefficient appearing in section 1.3 can be explicitly computed in terms
of DOZZ factors, that is

(677} — _b - o
Cast . = G iz ) O, 5 Qvai) = (=) (F2bay b2 E2FQ) (1.B.11)
Another relevant ratio is
M:b*%asn (1_’_[)(:}:0[ + a4 a3)) (1.B.12)
Clay,as, as ) ii’Y B 1 2 3)) -B.

that is readily computed from the shift relation (1.B.8). With these relations at our disposal,
we can evaluate ratios of the K's appearing in equations (1.3.10). In particular,

1
= —= = Y(=+b(tata;—a3)),
G_l(a2+)c(a2+7 %,O[Q)C(a,ag_ha]) 7(_2()042) 4,4 2

K s G Hap-)Claa—, 59, a2)Cla, ao—,a1)  y(2ba) H
K(t)
Q24,0024

(1.B.13)
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and similarly
K&? ay  Y(—2ba) 1
— = ||’yf—|—b0¢:|:a + ag)). 1.B.14
Ko (2ba) e (2 ( 1) | )

1.B.3 Irregular OPE

Following [47] let us make the following Ansatz for the OPE with the irregular state
2

(Aq, Ao,[_\o, m0|<I>271(z, z) = Zéﬁ ZA@HOZCA()]\@’YAO'ZZ*]C(AB,A(), wos k||, (1.B.15)
B

,021
1o,k

with all the parameters to be determined. Here (Ag, Ao, 10, k| is the k-th irregular descen-
dant, that schematically has the form

|A/3, Ao, po; k) ~ Z L,JAakuaﬁUAlg, Ao, o) (1.B.16)

where the sum runs over all ¥, k¥, J such that k'+k"+|J| = k, with appropriate coefficients
that can be determined from the Ward identities. Note that in principle the parameters
(, A,y depend both on 8 and pg. The first constraint comes from comparing with the
regular OPE, namely

<Aa,Ao,Ao,m0|q)271(Z,2)‘A/3> ~ <Aa7A07A07MO‘A,Bi> = <AQ‘A/3:E> = ,Bi = . (1B17)

The other coefficients can be fixed by acting with the Virasoro generators on the left and
right hand sides of the Ansatz (1.B.15). Focusing on the chiral correlator and comparing
powers of A and z we have

(A, Mo, mo|P21(2) Lo = (Aa + AoOny — D21 — 202)(Aq, Ao, mo|P21(2) =
= 2FAGE™O Ay = Ay — CH K+ A+ Aoy (Ag, Ao, o3 k| =
k

= 2FAGEO (Ag + k + Agy) (Ag, Ao, o3 K
k
(1.B.18)

that gives the constraint
)\—C:AB—AQ—{—AQJ. (1.B.19)

Now let us consider the action of L_;. We have
(Aq, Ao, mo| P21 (2)L_1 = (moAo — 02)(An, Ao, mo| P21 (2) =
= 2Ae™ 0% ((mo — )Moz F + (k — Q)2 " )(Ag, Ao, o k| =
k

= ZCASGWAO'Z (<A,3, Ao,,u,o“Lvo + Z_1<A5,Ao, Ho; 1|L71 + .. ) .
(1.B.20)
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Comparing powers,

O(z%) = mo — v = po,

- (1.B.21)
O(2°7") = poAo(Ag, Ao, po; 1| — ¢(Ag, Ao, o] = (Ag, Ao, po3 1| L1
The first irregular descendant is of the form?
(Ag, Mo, po; 1| = A(Ag, Ao, po| L1 + BOa, (Ag, Ao, ol (1.B.22)

therefore equation (1.B.21) gives

polo (A{Ag, Ao, pio| L1 + BOay(Ag, Ao, po|) — C{Ag, Ao, o] = A{Ag, Ao, po|L1L_1 + By (Ag, Ao, po|L—1 .
(1.B.23)
The RHS gives

A(2A8 4+ 2M00h,)(Ap, Ao, o] + ApoAo(Ag, Mo, pol L1 + Brio(Ag, Ao, po| + BroAoOa, (Ag, Ao, po| =
= (2AA5 + Buo)(Ag, Ao, po| + (2AAg + BroAo)Oa, (As, Ao, po| + ApoAo(As, Ao, po| L1 -

(1.B.24)
Comparing term by term, we obtain equations for A, B
2AAop + BuoAo = BuoAo, (1.B.25)
=A=0,B= _L .
Ho

Another constraint comes from the action of Ly. We have
(Aa, Ao, mo| @1 (2)Log = (Af — 2710: + Ag1272)(Ag, Ao, mo| P21 (2) =
= Z A (A227F — Aoz ™F T 4 (K — ¢+ A1) 2R (Ag, Ao, pos k| =
k
= 2600707 ((Ag, Ao, pol A3 + 271 (Ag, Ao, pio; | L_a + ... ) =
= 26 A)evho? <<A5, Ao, pio| A3 — 2‘1%(2/&0 + A20r,)(Ag, Ao, o] + - - )

(1.B.26)
The previous equation is trivially satisfied at order O(z¢), and comparing at order O(z5~1)

gives
(_A‘%pfo% — 7o) (Ag, Ao, ol = —50(2/\0 + A30a, ) (Ap, Ao, o (1.B.27)
that finally gives
y—2b (1.B.28)
Ho

4The term ~ A~! cannot be determined at this order. Luckily, it doesn’t play any role in the following
discussion.
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The last constraint we need is most easily obtained by looking at the null-state equation
satisfied by the irregular 3 point function (1.B.17). We have

(B, Do, 10T () ®2,1()| A ) = (A, Aoy mo| (290 + AF + S5 + D2 4 229, ) By (2)|An)

(1.B.29)
therefore
1 A A
<b—2a§ -0+ ZL; 4 1020 A2> (A, Ao, mo|®21(2)[ A ) = 0. (1.B.30)
Substituting the irregular OPE and looking at the leading term as z — oo gives
Ao\
<b> +A2=0=~=+ib. (1.B.31)
Putting all the constraints together yields, for a fixed channel 5 = ay, 0 = +,
v = +ib,
1, 1
(= 3 (b° £ ibmg) = 5(bQ—1i2m3) ,
(1.B.32)

1
A==~ 50Q + Bbag
po = mo+ = mq £ (—ib).

Finally, the irregular OPE reads
2

<Aom Ao, [_\07 m0‘¢’2¢1(z7 2)

CYOQI

Z'AOH— mo:tA_EbQ+ba+ (AZ) (bQ 1i2m3) +Az/2 _k<Aa+aA07mOiy k‘|
+,k

2

+C2-

@,02,1

Z‘AaﬂmOiA—%bQ—ba, (Az)%(bQ—1i2m3)€j:Az/2Z—k<Aa7’AoymOi; k\

(1.B.33)
where we absorbed a 2ib factor in the OPE coefficients for later convenience, A = 2ibAy and
ms = ibmo Here the irregular state depending on Ag, Ag denotes the full (chiral®antichiral)
state, and the modulus squared of the chiral states (depending only on Ag) has to be un-
derstood as a tensor product. Now we can fix the OPE coefficients Ca 4 1> Aay mey making
use of the NSE for the full irregular three point function. Namely,

1 A moA
—242 1 a+ 0o
(o, B

+ A2) <Aa,A0,l_\0,m0‘®271(275)|Aai> =0. (1.B.34)

_ > 2
If we define (A, Ag, Ao, mo| P21 (2, 2)| Mgy ) = ]e—% (Az)2(0Q+2002)|" G (2 %) then G(z, 2)

will satisfy

A
(zﬁg + (1 + 2bay — A2)0, — 5(1 + 2mg + 2bai)> G1(z,2)=0. (1.B.35)
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Note that we can rewrite the previous equation using the natural variable w = Az, and
obtain

(w@i + (14 2bay — w)dy — %(1 + 2ms3 + 2bai)> Gi(w,w)=0. (1.B.36)

Equation (1.B.36) is the confluent hypergeometric equation, therefore®

2

1 2 1
Gi(w,w) = K(il) 1F1 (5 + mg + bay, 1+ Qbai,w>‘ + K(ﬁ) w2t By <§ +ms — bat,1 — 2bas,w

(1.B.37)
Expanding the correlator near zero and comparing the solution (1.B.37) with the regular
OPE near zero,

2 2 2
KO (A3t k(42307 = G(a)CE, g, |#819T0 (1.B.38)
and hence
1 2 « -1 ' 2
K(+) =0, KJ(r) = G(a)ca2,1a+ A Zb@tbay
(1.B.39)

2
K = Gla)eg, o |43 0=|" k¥ 0,

a0 -

Now expanding the confluent hypergeometric near infinity and matching with the OPE we
can finally fix all the coefficients. Recall that as w — oo

1 I'(1+2b
1Fy <—|—m3+bo¢i,1+2bo¢i,w> ~ 1( + 2boit) eww_%+m3_bai+
2 F(§ + m3 + bag)
F(l + 26041) _1>f%7m3*bai (w>*%fm3*bai
F(% —ms3 + bai) ’
1 I'(1—-2b
w2 By ( +m3 — bag, 1 — 2ba, w) ~ ( o) eww_%+m3_bai+
2 F(§ +m3 — bai)
(1 —2bay) 1 1

(_1>7§7m3+bai w>7§7m37bai.
F(% —m3 — bay) (
(1.B.40)

5Note that in principle also mixed terms could appear. However, they cannot be there in order to
correctly match the behavior near zero.
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Let us concentrate on the a channel. Expanding the full correlator and matching z powers
gives

A Sb@tba |

G(a)Cq, 1y X
1;(1 L + 1;(1 —2ba) (= 1)~ matbat o =w/2 () 55 =5 —ms 2 =
I'(5+m3—bay) (3 —m3—bay)
_ G(a+)C~f{fo¢211 ZAa%mOiA*%bQ%M (Az)%(beling)eiAz/Q i
) (1.B.41)

Finally from equation (1.B.41) we can read off the coefficients (the coefficients for the a_
channel are obtained simply sending oy — —av_)

éai — ot

a,02 1 az o
A . F(l — 2[)04+)

GO T DL 4+ mg — bay)
A — —1) 2~ mstbay ,

o = [T b)Y (1.B.42)
1 _ T(1+2ba)

a_ , Mo+ 1—\(% + ms +b06_) )

I'(1+ 2ba—

»Aa,,mo, _ 1( « ) (_1)f%fm37bo¢_ ]

F(§ — ms + bOé_)

Two remarks about equations (1.B.42): first of all, the OPE is symmetric in « — —a, as it
should be. Moreover, we expect the full irregular 3 point correlator to be symmetric under
the simultaneous transformation A — —A, m3 — —mg. Under this transformation

Aa+’m3+A—%(bQ—2ba+)e% (Az)%(bQ—H_ng) -

Ly (1) Emmatbas P —2bay) \ —1(bg-2bay) Az (Az)z0Q-1=2ms) — (] B 43)
(3 —ms — bay)

A—30Q—2bay) — 42 (Az)%(belﬂms)

= Aa+,m3_ )

and the same happens for the other channel. This suggests that the (—1)_%_’”’i”ﬂ""i factor
naturally multiplies A in the irregular OPE. Therefore, after this minor change we obtain
formulae (1.3.3), (1.3.4).
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1.C Nekrasov formulae

1.C.1 The AGT dictionary

The irregular conformal blocks of the form (Ay, Ao, mo|Va, (1)|Aq,) can be efficiently com-
puted as a gauge theory instanton partition function thanks to the AGT correspondence
[41]. Concretely, we have

(Aq, Mo, mo|Vay (1)|Ag,) = Zisnﬁb) (A, a, m1, ma, m3) (1.C.1)

where Z"t is the Nekrasov instanton partition function of N' = 2 SU(2) gauge theory
with three hypermultiplets. The Nekrasov partition function contains a fundamental mass
scale h = ,/e1e2 which sets the units in which everything is measured. The mapping of
parameters between CFT and gauge theory is then

€g=—, €=h, e=€e+e — Q:%,

ArL = 4 a; h2 s a; . FLO{Z, (102>
A =2iNg, m3= %hmo,
mp =a;+az, M2=—a1+az.

The factors of ik in A and ms3 do not appear in [103] where the irregular state is defined
because they drop terms of the form /—ejeo.

1.C.2 The instanton partition function

The SU(2) partition function is given by the U(2) partition function divided by the U(1)-
factor:

Zgn[s]t@) (A, a,mi,ma,ms, €, 62) = Zl;(ll) (A, mi,ma, €1, 62)2(1}1(85) (A, a,mi,ma,Mms, €1, 62)
(1.C.3)
where the U(2) partition function is given by a combinatorial formula which we review now.
We often suppress the dependence on €1, €5. We mostly follow the notation of [41].

Let Y = (A1 > A2 > ...) be a Young tableau where \; is the height of the i-th column
and we set \; = 0 when i is larger than the width of the tableau. Its transpose is denoted
by YT = (A} > M\, > ...). For a box s at the coordinate (i,;) we define the arm-length
Ay (s) and the leg-length Ly (s) with respect to the tableau Y as

Ay(s) =X —j, Ly(s)= )\;- — 1. (1.C.4)
Note that they can be negative when s is outside the tableau. Define a function E by

E(a,Y1,Ya,s) = a— €1 Ly,(s) + e2(Ay, (s) +1). (1.C.5)
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Using the notation @ = (a1, az) with a; = —ag = a and Y = (Y1,Y3) the contribution of a
vector multiplet is

1
€1 + €9 — E(aj — CLl',}/j,Y;,t)

2
Zveetor (@ Y) Hf}[/ a],E,ﬁa,s)H (1.C.6)

€Y

and that of an (antifundamental) hypermultiplet

2
~ > 1 1
Z;;lgiter(av Y>m) = H H <(I +m+e€r (Z - 2) + €3 <] - 2>> . (107)

=1 s€Y;

This is different from the formula given in [41] because our masses are shifted with respect
to theirs by €/2. Finally, the U(2) partition function is given by

3

ZP (A, a,my, mg, mg) = ZAIYI mst (@ Y) ]zt (@Y, mn), (1.C.8)

vector
n=1

where ]}7| denotes the total number of boxes in Y7 and Y5.
The U(1)-factor on the other hand can be obtained by decoupling one mass from the
U(1)-factor for Ny = 4. Before decoupling, the third and fourth masses are given by

m3=a3+aq4, M4g=a3— a4 (109)

where a3 and a4 are related to the momenta of the two vertex operators that collide to form
the irregular state. The U(1)-factor is

ZV=h (1 g eate/(aste/D/ae (1.C.10)

The decoupling limit is given by ¢ — 0, mgy — oo with ¢gm4 = A finite. This gives the
Ny =3 U(1)-factor
Zyq = ¢ tmtmatI2ae (1.c.11)

For reference, we give the one-instanton partition functions:

[ (—a+mi+§), TI. (a+mi+§)

Zinst A -1 A— A ) A2
U(2)( 8217, 2, ) " 2a€1€2(—2a + ¢€) 2a€1€2(2a + €) + O
. 2 4 2 4

Zhet o (N aymy,ma,mz) = 1 — S 2 8 4 0(A?)

2e1ea(e + 2a) (e — 2a) (1.C.12)
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1.C.3 The Nekrasov-Shatashvili limit

While the above formulae are valid for arbitrary €, €2, in the context of the black hole we
work in the Nekrasov-Shatashvili (NS) limit which is defined by e2 — 0 while keeping €;
finite [106]. Furthermore we set €5 = 1. The conformal blocks (A, Ag, m0|Va, (1)|Aa,)
then need to be understood as being computed as a partition function in the NS limit.
This is done by computing it for arbitrary €1, €2 and taking e; = 1 and €2 — 0 in the end,
because the partition function itself diverges in this limit, while the ratios appearing e.g.
in the connection formulas remain finite. Furthermore, we define the instanton part of the
NS free energy as

J—_-inst(A7 a,mi, ma, ms, 61) =€ 11{[}10 €9 log Zén(;?z) (A, a,mi,mz,ms,e€y, 62) : (1C13)
€2

One also uses the Matone relation [112]
E = a? — Aoy F™st (1.C.14)

which can be inverted order by order in A to obtain a(FE). For reference, we give some
relevant quantities computed up to one instanton, with ¢; = 1 and the leading power of
€9.

1 2
7 — a® —mimg maA

Zot (A a,ma,ma,mg) = 1 — +OoW?
sU @) 1,m2, M) 3 — 2a? €2 ()
1 2
_ L _a? —mm
FU(A, a,my,my, m3) = —4— 2a21 “mgh -+ O(A%)
I
1 2 2
! _E+al—a
) =B = ) A O
. 9’ 0’
250 (A a,my — 52,my — 52, mg) L O —ma) + 0+ ma) O(A%)
2B (a5 %) 1= 3 |
(1.C.15)

Finally, we define the full NS free energy, including the classical and the one-loop part by

A r(i+2) 8 p(44mee)
OuF (A, a,m1,ma, m3,€1) = — 2alog — + 2¢; log ——— + €1 Zlog —+
) B )
= 2 €1
+ 0. F ™ (A, a,m1, ma, m3, €1) -

(1.C.16)
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1.D The semiclassical absorption coefficient

We give the detailed reduction of the full absorption coefficient in the semiclassical regime
to the final result o = exp —ap/e;, with

ap ::?{ dsw(z)dz = lim Oq F (1.D.1)
B e1—0

where ¢gy(2) is the Seiberg-Witten differential of the N' = 2 SU(2) gauge theory with
three flavours and F is the full NS free energy introduced in the previous section. First we
restore the powers of €; which were previously set to one in the exact absorption coefficient
and substitute the AGT dictionary (see Appendix 1.C):

—Imml + mg
7= —atmg 61 2
P(1+2)0 (2) 0 (14 mgme) (8) 0 zimt (A at Gomy,mo,ms + ) R
I, T (4 + e Zi (Namn — Foma = Gomg)
(1.D.2)

In the regime where we have two real turning points and where we have obtained the
semiclassical transmission coefficient we have |A| < 1. Then a can be obtained order
by order in an expansion in A, starting from a = ¢ + % + O(A) by using the relation
E = a? — AOAF™t. Since AOAF™t is real for real a, we see that all terms in the expansion
and therefore a itself are real. We anticipate that in ¢ the term surviving in the semiclassical
limit will be the first term in the denominator. This can be seen quickly by approximating
I'(z) =~ e*1°8% for large z. In the semiclassical limit a > m; and the contribution of
log >

the five Gamma functions containing a in the first term goes like et "~ €. Extracting

a

the term €; * cancels the explicit power of €; outside, and the rest of the exponential
blows up. On the other hand the behaviour of the second term in the denominator of the
transmission coefficient can be obtained by sending a — —a, so we see that in this case the
exponential vanishes, and indeed the dominant term is the first one. The Gamma functions
give the correct semiclassical one-loop contributions using Stirling’s formula, and the ratio
of partition functions gives the correct instanton contribution to ap.

More in detail, we can split the contributions to ap as
3 3
_ 1-loop inst _ _1—loop 1—loop inst inst
ap = ap + ap = aD,vector + E aD,matter + aD,vector + E 4P matter - (1D3)
=1 =1

We take all matter multiplets to be in the antifundamental representation of SU(2). The
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vector and matter multiplet one-loop contributions to ap are

1—loop
D,vector

abttom) = a—m [1 1o (Y] ot 1o ()] (1D.4)

These are antisymmetric under a — —a as they should be. On the other hand, in the
absorption coefficient we have several Gamma functions, which we can expand in the semi-
classical limit using Stirling’s approximation logI'(z) = (z — 1/2)logz — 2z + O(27!). We
neglect the constant factors of 27 since we have the same amount of Gamma functions in
the numerator and denominator and they will cancel. We have for the vectormultiplet

2 -2
(a) = —8a + 4alog Xa + 4alog Ta

2 24\ |2
ellog‘l“ <a>F<l+a> — 8a — 8alog2a + 8alog ey
N “ A (1.D.5)
= —alD_"llggfor(a) — 4mia — 8alog — ,

€1
for the matter multiplets

r<1+m+a> 2
2 €1

— (a —m)log(a —m) + (a +m)log(a +m) — 2a(1 +loger)

€1 log

= —ap, 1% (a,m) + im(a —m) + 2alog .
’ 1
(1.D.6)
and there is one more Gamma function:
2
P14 ZAEme 2 i) fer, (1.D.7)
€1 €1
The last contribution is ,
2a_€m3 Ei . _atm
Al (A) LA (1.D.8)
€1 €1
Putting it all together we have
a—m3g 2
3 1 m;+a A €1
(3 =) ()
mytmg | iU+ 767) (G b e (DY)

€ 2 2 +
U r (14 2) (2 (14 st
Now let us look at the instanton partition functions:

inst inst ~ ~
2ty (Ma,mi — $.ma = G,mg) 2B, (Ma—G.m = F,m — $m3— §)

Zis*nl?t@) (A a+ G mi,ma,ms + F) Ziqnﬁt(g) (A, a,mi,ma,m3)
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where we have defined a = a+% and m3 = m3+%. Now, looking at the explicit expressions
for the U(2) Nekrasov partition functions, we see that the part corresponding to the gauge
field depends only on a; — ag, and the part corresponding the the hypermultiplets only on
a1 +m; and as + m;. So we see that

Zinst <A :N_eﬁ — _ 7 9 _Ej _9~ _672>:
U(2) ,a1 = a 2,a2 a+ 2,m1 2,m2 2,m3 5 A.D.11)
:Zgl(sg) (A?al =a— €,a2 = —a, M1, M2, M3) .

The U(1) part behaves as

€ €
Zl;(ll)(A’ my — 527m2 _ 52) — e(m1+m2*€2)A/26162 _ e*A/QGIZ(;(ll)(A,ml,mQ), (1.D.12)
therefore
2500y (A a,my — §,may — F,ma) _ A2 Z& oy (N a — €2, —a,my, ma, m3) B
Z55) (Asa+ G mi,ma,ms + F) Z55e) (N, @, =a,my, ma, ma)
_ 1 ~ ~ - - ; . -
= e M2 exp P, {flnSt (A, @ — e, —a,my1, mg, m3) — F™ (A, a, —a, my, ma, m3)} —
B 10 i
= e M2 exp — — —FU (A, a1, as, m1, M2, M3) a1 =a, as=—a -
€1 80,1

(1.D.13)
Now there are no more factors of 1/e3 so we can safely drop the tildes. On the other hand,
by symmetry considerations which are most easily seen in the expression as a conformal
block, and using the fact that A and the three masses are purely imaginary while a is real,
we have

ngnﬁt@) (A,a,my — Z,mg — 2, m3) ngnﬁt@) (=N a,—my + %, —mg + 2, —mg3)

255 (Ma+ G mume,ms+ F) 285, (FAa+ G, —ma, —mg, —ms — )
inst * * * €2 * €2 *
_ ZSU(Q) (A ;@MY + 5, my + 7,m3)

" zinst % % | €2 % ook ook €2
ZSU(Q) (A @7+ My, My, M3 — 7)

(1.D.14)
And therefore, repeating the same steps as above,
ZinSt A7a7m1_23m2_27m3 - 1 a .
fngt@) ( €2 - - 62) = 6A/2€1 exp — —Fist (A7 ai, az,msi, msa, m3) ‘a1=a7 az=-—a
ZSU(Q) (A,a+5,m1,m2,m3+ 5) €1 Oag
(1.D.15)
Now using 04 F = 04, F — Oq, F we have:
inst __ €2 __ €2 2
Zii (Mam = gma = Fims) ° e (1.D.16)
Zgl[;t(Q) (A, a+ 6527 my, mg, m3 + %)




1.D. THE SEMICLASSICAL ABSORPTION COEFFICIENT 63
which combined with the one-loop part finally gives
o~ e/ (1.D.17)

This result is valid for £ > 1 and Mw, aw < 1, while keeping all orders in Mw, aw.






Chapter 2

Irregular Liouville correlators and
Heun functions

We perform a detailed study of a class of irregular correlators in Liouville Conformal Field
Theory, of the related Virasoro conformal blocks with irregular singularities and of their
connection formulae. Upon considering their semi-classical limit, we provide explicit expres-
sions of the connection matrices for the Heun function and a class of its confluences. Their
calculation is reduced to concrete combinatorial formulae from conformal block expansions.
The technique that we implement here has already been developed for the confluent Heun
function for linear perturbations of Kerr black holes in the previous chapter (1) and is fur-
ther refined and generalised here.

This chapter is organised as follows. In section 2.1, as a warm-up, we recall the relation
between four-point conformal blocks with the insertion of three primary fields and one level
2 degenerate field and hypergeometric functions and we study in detail the confluences to
irregular conformal blocks and the related special functions. We obtain the connection
formulae for the latter as solutions of the constraints imposed by crossing symmetry. In
section 2.2 we systematically study the five point conformal blocks with the insertion of four
primary fields and one level 2 degenerate field. We focus on the explicit computation of the
connection formulae as solutions of the constraints imposed by crossing symmetry for the
regular case and a class of its confluences. In each case, we also compute the semi-classical
limit. In section 2.3 we provide a dictionary between semiclassical CFT data and Heun
equations in the standard form, we apply the results of the previous section identifying the
relevant semiclassical CF'T blocks with Heun functions and provide the connection formulae.
Few technical points are relegated to the Appendices. A list of symbols should help the
reader in following our computations.

The accompanying table collects the dictionary between (irregular) conformal blocks,
supersymmetric gauge theories and the corresponding Heun functions.
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CHAPTER 2. IRREGULAR LIOUVILLE CORRELATORS

CFT - CB SU(2) Gauge Theory | Heun

5 Regular Ny = HeunG

15 Confluent Ny =3 HeunC

1 $ | Reduced Confluent Ny = 2 asymmetric HeunRC

191 | Doubly Confluent Ny = 2 symmetric HeunDC

1€ 1 Reduced Doubly Confluent Ny = HeunRDC

! ¢ 1 Doubly Reduced Doubly Confluent | Ny = HeunDRDC
§

N

§

N
N[

e
N,

Figure 2.0.1: Confluence diagram of conformal blocks.



CFT symbols

b

Q

Liouville coupling constant

Liouville background charge Q = b+ b1

Qoo, 1, ¢, g Liouville momenta of non-degenerate primary insertions

Aso, A1, Ag, Ag Scaling dimensions of non-degenerate primary insertions, A; = % — o}

Hio

|1, A)

|A%)

zgy

Q? 2
(A

Intermediate momentum, with corresponding scaling dimension A

_ 2b+b7 !
2

Degenerate Liouville momentum ap 1 = , with corresponding scaling dimen-

sion Ag g
Momentum shifted by —0% with 0 = 41, namely a;9 = a; — 9%
Primary operator of momentum «; inserted at x

Primary state, corresponding to a primary operator of dimension 4A; inserted at zero
(at infinity if (A])

Li—momentum of an irregular insertion of rank 1
Intermediate L1 —momentum

Li—momentum shifted by 70% with § = £1

Irregular state of rank 1 with eigenvalues pA, —ATZ) inserted at zero (at infinity if

(1, AJ)
Irregular state of rank § with eigenvalues —ATQ inserted at zero (at infinity if (A?|)

Conformal block (CB) expanded around regular insertions, with an insertion of rank!
x resp. y at oo resp. 0

'Here and in the following, if = or y are zero we drop the label for simplicity.
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+®, CB with at least one variable expanded around an irreg. singularity of rank 1, with
an insertion of rank x resp. y at oo resp. 0

+€,  CB with at least one variable expanded around an irreg. singularity of rank %, with
an insertion of rank x resp. y at oo resp. 0

m§y, mf)y, x@y CB without classical part, i.e. normalized as 1+ ...
Ga Liouville two point function

Cayasas Liouville three point function

Clua  Pairing of a primary and a rank 1 irregular state

Ca Pairing of a primary and a rank % irregular state

Cg3,, OPE coefficient involving three primaries

Bﬁ; OPE coefficient involving one primary and two irregular vertices of rank 1

B OPE coefficient involving a degenerate field and two irregular vertices of rank 1/2

Qg1
CFT symbols - semiclassics

G0, G1, at, ag Semiclassical Liouville momenta

a Semiclassical intermediate momentum

ag Semiclassical momentum shifted by —9% with 8 = £1

m Semiclassical L1 —momentum

m Semiclassical intermediate L; —momentum

me Semiclassical L;—momentum shifted by —9% with 6 = +1

L Semiclassical highest eigenvalue of irregular states

«Fy  Semiclassical CB expanded around regular insertions, with an insertion of rank x
resp. y at oo resp. 0

+Dy  Semiclassical CB with at least one variable expanded around an irreg. singularity
of rank 1, with an insertion of rank z resp. y at oo resp. 0

&y Semiclassical CB with at least one variable expanded around an irreg. singularity
of rank %, with an insertion of rank z resp. y at oo resp. 0

F Logarithm of a classical conformal block
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w Logarithm of a semiclassical conformal block

U Log-derivative of a classical CB, up to constants

r]::y, mﬁy, xgy Semiclassical CB rescaled so that they start as 1+ ...

Heun symbols

a, B, 7, d, ¢ Parameters of the Heun equations

q Accessory parameter of the Heun equations

w(z) Solutions of the Heun equations in standard form

P! (2)w(z) Solutions of the Heun equations in normal form

HeunG General Heun function

HeunC Confluent Heun function expanded near a regular singularity

HeunC,, Confluent Heun function expanded near the irregular singularity
HeunRC Reduced confluent Heun function expanded near a regular singularity
HeunRC, Reduced confluent Heun function expanded near the irregular singularity

HeunDC Doubly confluent Heun function expanded near an irregular singularity

HeunRDCy Reduced doubly confluent Heun function expanded near the irregular singular-
ity at zero

HeunRDC,, Reduced doubly confluent Heun function expanded near the irregular singu-
larity at infinity

HeunDRDC Doubly reduced doubly confluent Heun function expanded near an iregular
singularity
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2.1 Warm-up: 4-point degenerate conformal blocks and clas-
sical special functions

We start reviewing standard facts about four-point degenerate conformal blocks on the
sphere and their confluence limits. In particular we review their relation to the hypergeo-
metric function and its confluent limits, namely Whittaker and Bessel functions.

The hypergeometric function is the solution to the most general second-order linear ODE
with three regular singularities. On the CFT side it arises as the four-point conformal block
on the Riemann sphere when one of the insertions is a degenerate vertex operator.

2.1.1 Hypergeometric functions

Consider the four-point conformall block on the sphere with one degeznerate field insertion
P9 1 of momentum g = —% (corresponding to Ag 1 = —% — %):
(Ao | V(1) P2 1(2)|A0) - (2.1.1)

In the following we will drop the subscript 2,1 and just denote by ®(z) this degenerate
field. The corresponding BPZ equation takes the form

<b283 - < - i) T T B Tk T AO) (Ao VA (1)®(2)]Ag) = 0.

z—1 (z—1)2 22 2(z—1)

(2.1.2)
This equation has regular singularities at 0,1,00. As mentioned above, the correspond-
ing conformal blocks should therefore be expressed in terms of hypergeometric functions.
Indeed, the above differential equation by definition is solved by the conformal blocks cor-
responding to the correlator (2.1.1), which in turn are given in terms of hypergeometric

functions. In particular, the conformal block corresponding to the expansion z ~ 0 is

5 (al o 012,1; z) - Z%”"ao(l — z)%“’“uﬂ (% +b(0ap+ a1 — ax), % +b(0ap+ a1+ as), 1+ 2b9a0,z) ,

(€7 (7))

(2.1.3)
where 6§ = + and op+ = ap = %b are the two fusion channels allowed by the degenerate
fusion rules. Similar formulae hold for the expansions around z ~ 1 and co. Conventionally,
this conformal block is denoted diagrammatically by

aq Q21
| (2.1.4)

[07%) o

Qo0

We now want to expose the interplay between crossing symmetry, DOZZ factors and the
connection formulae for the hypergeometric functions. To this end, let us expand the
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3 aq 08 Q21 .
oo Y g’
« (6

3( 00419/ 2’1;1—2:)
Ao (&3]

Here C,g, are the DOZZ three-point functions, and C’g7 = G;lCam are the OPE coeffi-
cients (see Appendix 2.A.1). Equation (2.1.5) is just the statement of crossing symmetry,
due to the associativity of the OPE. The two expansions are related by the connection
matrix Mgy as follows

(0% (07 (0% «
3( ! Qg 21, Z) Z Mg@/ ba(],bOél, baoo)g <O¢0 a1/ 0217 1-— Z> . (216)

[070%) %] 0=t 00

correlator once for z ~ 0 and once for z ~ 1:
2

(Aco|V1(1)@2,1(2)[Ao) = ZCSS%O acaagg

) (2.1.5)

(02w}
_ 16
- E CY042,1041 Caooalglao
0'==+

Plugging the latter into (2.1.5) determines Mgy to be

I'(—26'bay )T(1 + 260bay)
T (1 +0bag — 0'bar + base) T (3 + Obag — 0'bag — bars)

M@g/(bao,bal;baoo) = y (217)

which is indeed the connection matrix for hypergeometric functions. Diagrammatically, we
can express the connection formula as

= > Moy
(&%) 0'==+ Qoo
Qpp Qg

a1 Q21
1
1
1
1
1

o
S
Q
L---- S

aq

(2.1.8)

2.1.2 Whittaker functions

Colliding the singularities at 1 and oo of the hypergeometric functions we obtained the
Whittaker functions, which are simply related to the confluent hypergeometric function.
They have a regular singularity at 0 and an irregular singularity of rank 1 at co. To
describe the confluence of two regular singularities in CF'T we introduce the rank 1 irregular
state, denoted by (u, A|. Tt lives in a Whittaker module and it is defined by the following
properties

</j’7 A‘LO = A8A<:U’? A‘
(b, AlL—y = pA{p, Al
A2 (2.1.9)
<N7A‘L—2 = _Z<:u’7 Al
(u, A|[L_p, =0, n>2.



72

Note that the action of Ly is not diagonal, and hence (u, A| makes no reference to any
Verma module. Equivalently, one can describe this state by a confluence limit of primary
operators:

(p, A| o nli_)lgotAf_A(AM(t) (2.1.10)
112
v Q> (p+n\ Q> (p—n\ "

We fix the normalization of the irregular state by giving its overlap with a primary state,
namely

(1, AJA) = [APACa (2.1.12)
with

o e ATY(Q + 2a)
pno — .
Ty (§+u+a) T ($+n-a)
The A-dependence is fixed by the Lg-action, and C),, is a normalization function that only

depends on p and «, and is calculated in Appendices 2.A.2, 2.B.1. The notation reflects
the fact that C' can be interpreted as a collided three-point function [47]. The correlator

(2.1.13)

(e, A|®(2)|A) (2.1.14)
satisfies the BPZ equation
1 A pA A2
—2q2 1 T _
<b 0: 282 + =2 ~ 1 > (, A|®(2)|A) =0, (2.1.15)

that has a rank 1 irregular singularity at z = oo and a regular singularity at z = 0. Cor-
respondingly, we expect this correlator to be given in terms of confluent hypergeometric
functions. Indeed, for z ~ 0 one finds by solving the differential equation that the cor-
responding confluent (or irregular) conformal block is given by a Whittaker function. In
particular, the two solutions are Z%Mb#,iba (bAz), where the Whittaker M-function has a
simple expansion around z ~ 0:

1

My pa(bA2) = (bAz)210 (1 + O(bA2)) . (2.1.16)

We can compute the confluent conformal block as
2,1, V.V —1_gpa B2
15 | oy 0 s Az | = AT9(bA) 2 22 My, pva (DA 2) . (2.1.17)

by expanding the OPE between ®(z) and |A) and projecting on (u, A|. Comparing this
with the expansion of M one obtains the prefactors written above. Here the subscript 1

2Note that this procedure mimics the decoupling of a mass in the AGT-dual gauge theory.
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indicates the presence of a rank 1 irregular singularity at infinity. We represent this block
diagramatically by

(2.1.18)

Q
F----

(20 -

H ®
&%)
The double line denotes the rank 1 irregular state, and the fat dot the projection onto a
primary state. For z ~ oo we get an intrinsically different kind of confluent conformal
block since we are now expanding z near an irreqular singularity of rank 1, dubbed in [104]
confluent conformal block of 2nd kind. We denote such a conformal block by the letter ©
and find

1 A 2 A
D <,U a2 [ A) _ AA+A2’1€_Zﬂbubbu(Az)%W_bu,ba(e_“rbAZ) 7
z
; i (2.1.19)
o <“ e A> = BRI (A 2) T Wy (DA2),
z
where W is the Whittaker function with a simple asymptotic expansion around z ~ ©o.
This block is obtained by doing the OPE between the irregular state and the degenerate
field, which is derived in Appendix 2.B.1, and then projecting on |A). Once again, the
prefactors are fixed by comparing with the expansion of W. We represent this conformal
block diagramatically by
Q21
a1 1 :
) T L , 2.1.2
1 (u 11 cv; Az) | (2.1.20)
Iz ' o o
He

Crossing symmetry now implies

(o)

2

a 1
19D (u 2 g o Az)

(2.1.21)
Here B is the irregular OPE coefficient arising from the OPE between the irregular state
and the degenerate field. We calculate it in Appendices 2.A.2, 2.B.1, and it is given by

2
(1, M@ (2)|A) = CR2 | Cay = > B uCya
0=+ 0/ =+

(1 b2
BH+ o e”(iib‘”_T)
Q1,0 :

(2.1.22)

As for the hypergeometric function, we can make an Ansatz for the connection formula for
these irregular conformal blocks of the form

/ 1
b‘%o‘lS <,u (07:) aé’l; AZ> = Z b_%_e b”Neg/(ba, bM) 1@ <,LL @21 Mo O AZ) . (2123)
0'=+
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The constraints coming from crossing symmetry (2.1.21) are solved by the irregular con-
nection coefficients

['(1 + 20ba) eiw(l_Te,)(%—b;H-@ba)
T (3 + 0ba — 0'bu) '

Nogr (ba, b) = (2.1.24)
These are just the connection coefficients for Whittaker functions. In fact, in Appendix
2.B.1 we argue the other way around, namely we determine the normalization function C),q
and the irregular OPE coefficient Bg;hu by using the known connection coefficients Ny
for Whittaker functions. This shows the consistency of our approach. Let us emphasize
for latter purposes that the functions Ny solve the constraint (2.1.21), which will appear
later in a different context. We represent this connection formula diagrammatically by

1

Qg1 g,
1 1
1 1
1 1
1 1
. .

= Z Ng@/
o 0'=+ 7

e % Hor

@ (07

(2.1.25)

2.1.3 Bessel functions

There is a natural limiting procedure which reduces a rank 1 irregular singularity to a rank
1/2 one. To describe the latter in CFT, let us introduce the rank 1/2 irregular state (AZ%|
via defining properties

(A%|Lo = A%0p2(A?|
(A?|L_y = ——(A?] (2.1.26)

(N*|L_, =0, n>1.
It can be obtained from the rank 1 irregular state via the limit?
A% = i —-—. 2.1.27
(A% = lim (= (2.1.27)

We see that reducing a rank 1 to a rank 1/2 singularity corresponds to further decoupling
a mass in the AGT dual gauge theory. We normalize the rank 1/2 state as

(N2|A) = [A2PA0,, Ch=2"%Re AT (Q + 20). (2.1.28)

This normalization function is calculated in Appendices 2.A.3, 2.B.2. Consider the following
correlation function involving the rank 1/2 state:

(A%[®(2)]A) . (2.1.29)

3Note that this limit corresponds to the well known holomorphic decoupling limit of a massive hyper-
multiplet in the AGT dual gauge theory.
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which correspondingly displays a rank 1/2 singularity at infinity. This is reflected in the
BPZ equation

A A2
22 4z
Solving this differential equation one finds that the corresponding rank 1/2 irregular con-
formal block is given by a modified Bessel function I,,(z) as

<b—2a§ - %az + ) (A%|®(2)|A) = 0. (2.1.30)

1
2

F (g o AVz) =T(1 + 20ba) A2Ae (2> Z§Igeba(bA\/g) ) (2.1.31)

Here the subscript % indicates the presence of a rank 1/2 singularity at infinity. This
conformal block is obtained by doing the OPE between ® and |A) and then projecting the
result on (A2|. The prefactors are fixed by comparing this with the following expansion of
the Bessel function

(b A \/2 /2)2€ba

Lgpa(bDAVZ) = T+ 206a) (1+ O(bAV?)) . (2.1.32)

We represent this conformal block diagramatically by

(2.1.33)

Q
F---=- 10

F (s o AVz) =

NNNN@

1
2

a9

Here the wiggly line denotes the rank 1/2 irregular state, and the fat dot represents the
pairing with a primary state. For z ~ oo we get a different kind of irregular conformal
block, since we are now expanding for z near an irregular singularity of rank 1/2. We
denote such a conformal block by the letter &

1 2b _ix _82 b -
%(’EH) <a271 o W) =4/ —e e (A2)A=T 272 Kopo (e7™bAVZ)

_ 1 2b _b2 bQ
e <a2’1 “ A\/E> —V ?(A2)A T27 Kopa(bAVZ)

where K is the modified Bessel function of the second kind, which has a nice asymptotic
expansion for z ~ oo. This block is obtained from the OPE between the irregular rank 1/2
state and the degenerate field which we derived in Appendix 2.B.2, and then by taking the
scalar product with |A). We represent this block diagramatically by

(2.1.34)

[

1

)

(635
: (2.1.35)

1
e <a2 10 )
’ Avz ANNNNANANN—— O
0



76

Crossing symmetry implies that

2
0’ 1
L G~
(2.1.36)
Here B, , is the irregular OPE coefficient arising from the OPE between the irregular rank

1/2 state and the degenerate field:

2
(A% @(2)|A) = 30—y €82, aCay |18 (ag a1 a3 AVZ)| = 35—y Bay, Ca

Ba,, = 2"e"7" . (2.1.37)
These functions are derived in Appendix 2.B.2. We can now make an Ansatz for the
connection formula for these irregular conformal blocks:

b F (g g1 03 Ay/Z) = Z b2 Qyy (bar) %(’3(9/) <042,1 o; (2.1.38)

1
2
0'==+

1
AzZ)
The crossing symmetry condition (2.1.36) gives constraints on the irregular connection

coefficients, which are solved by

20ba

Ver

These are of course nothing else than the connection coefficients for Bessel functions, in-
cluding the relevant prefactors. Similar constraints of the form (2.1.36) will reappear later.
We represent the connection formula by

D (1 + 20ba)e™ (537) (+2000)

Qe (bar) = (2.1.39)

Q21
: (2.1.40)

Qg 9’

2.2 5-point degenerate conformal blocks, confluences and con-
nection formulae

In this section we consider the relevant CFT correlators obeying the BPZ equations which
reduce to Heun equations in the appropriate classical limit. Notice that for more than three
vertix insertions BPZ equations on the sphere are richer than the corresponding ODE due
to the presence of the corresponding moduli. This implies that a suitable classical limit (NS
limit), engineered to decouple the moduli dynamics, is needed to recover the corresponding
ODE.

We derive explicit connection formulae for the relevant conformal blocks by making use
of crossing symmetry of the CFT correlators. In the classical limit, these generate explicit
solutions of the connection problem for the Heun equations.
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2.2.1 Regular conformal blocks
General case

The five-point function with one degenerate insertion in Liouville CFT satisfies the BPZ
equation

A1 A 0+ A+ 20; + Do + Ag — Ay Ay 3

+ + ) o
(z—1)2 z2(z—1) (z—1)?2  2(z—1)

22

(17202 + - Lo+ 22 ) @umunOREIA) ~0.
(2.2.1)

The five-point function can be expanded in the region z < t < 1 as follows

(Ao VI(D) V() ®(2)|Ag) = 02; / da ngiangt%eCawalag (s:o a Qo9 aoi,)l; t, ;)3’(5; a® oY) 62(;1; t, %) .

(2.2.2)
As usual the conformal blocks can be computed via OPEs. The result is naturally an ex-
pansion in the variables t and z/t. Conformal blocks are usually denoted diagrammatically
as

2

8

Q

F----

[0 (6 71):)

An explicit combinatorial formula for this conformal block is given in Appendix 2.D. The
same correlator can be expanded for z ~ ¢t and small ¢ after the Mobius transformation
x — f—j, yielding

AV TOREI80) = |1 - 3> 283n30 R 4wy (1 ) o (F57) 1 -

1 1-—-1¢
2

t t—
— Z /da Cgéelatcg()atgcaooala (1— t)Aoo—Al—At—AQ,I_AOS( a1 Qo g 042,1; o z>

— ) (075%) ap 't—1 t

(2.2.4)
Diagramatically, this conformal block is
aq p Q21

: _z g aa0a9a2’1' t t—=z

N : N Qoo Yat—1 t )
0 L t
(0% (e77]

(2.2.5)
We notice that the diagrams just represent the order in which the OPEs are performed, ne-
glecting factors such as Jacobians that arise from the Mobius transformations. By crossing
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symmetry the two expansions should agree, so that

2

(5] Qi 04271 z
3 a agg it —
[0 [0

9] 0 t

apg «
§ / dO[ Caz,lao Cataogcaooala
0=+

t t—=z
1—¢ Aco—A1—Ar—Az1—Ag a1 aao o O‘271; ’
( ) 3 (6% o t— 1 t

— (e?77:) (67
- § :/daCa;.latCaoateCaooala
0=+

which can be conveniently recast as

2
(03] O a9 1 z
S< a Tagg it > ‘ +

(78S oo t

/dOé Cozoooqa Z (ngiaocgtaoe
6=+

— X0 o (1 o t)Aoo_Al_At_AZ,l_AO_S( ai aao Qg1 t t— Z)

a2, 10¢ Qg Qtp )

2
=0.
Olso Qi t— 17 t )
(2.2.7)
By imposing the vanishing of the integrand we get a constraint analogous to (2.1.5), which

analogously to (2.1.6) we solve as*

a1 O Q21 , 2
a it — | =
g( 06 an’ ’t)

Qoo 0

= 02 Mg (barg, ba; ba)e ™A~ Ro=Ban=Ae) (] t)A”_Al_At_AQ’l_A(’S(S; a® ay Oz;; %, ttz> )
(2.2.8)

where Myg: are the hypergeometric connection coefficients defined in (2.1.7). Note indeed

that in (2.2.8) the functional form of the connection coefficients depends on the local prop-

erties of the conformal block in the vicinity of the degenerate vertex insertion as can be

seen form the factorized form of (2.2.7). Diagrammatically, the connection formula (2.2.8)

reads

=g+ Moo

(&%) Qoo
« (a7} o Qipgr

2
&
Q
F---=-
2
o
fe=}
Q
F---- 8

[67%) ay

(2.2.9)

4The phase appearing in the RHS of equation (2.2.8) is fixed imposing that the overall leading powers
of

to [P a—

(1705‘&7A17At7A2Y17A0%,(OC;1 aaoa ajl' - t -, t;z) ~ efm(AfAthQJ7A0)tA7A07At9 (tiz)AtG*AZl*Az,l (1 4
[ee} t -

agree with the leading powers of the OPEs of the full correlator, where no explicit phase appears.
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Conformal blocks for small z can also be connected to the expansion for z ~ 1,z ~ o0
passing through the region t < z < 1. The conformal block in that region is

1 Q21 (a7
1
1
1
1
1

[075%) o

o oy
Then, crossing symmetry relates this block to the expansion for z ~ 0 via
(Aco[Vi(1)Vi(1)2(2)|A0) = (Ao |Vi(1)®(2)Vi(1)|A0) , (2.2.11)

therefore, by comparing (2.2.11) with (2.2.3) we get

3 Oélaoéta9042,1,tf
o 0 an

apg «
§ / da Cagﬂlaocataog Caooala
0=+

o0 0 t
N (2.2.12)
[0 (6] (67
= E /daCSQ 1000350400&000410( S'( 1 e 271 a0 t;Z) ) 9
i ) QAo (67 z

and following the same argument as for the previous case we find

t
3<a1 o™ Qo9 ag’l;t, Z) = Z Mg (b, ba; bat)3<a1 o %1 o at;z, > . (2.2.13)
z

(6759 o t Pt (073%) &)

Now we can connect expansions in the intermediate region to expansions for z ~ co again
invoking crossing symmetry. Performing the transformation  — ¢/ on the LHS of (2.2.11)
we get

t
<AOO|V1(1)(I)(Z)%(t)‘A0> _ ‘tAoo+A1+A2,l*AO*At272A2,1‘2 <A0]Vt(1)V1(t)<I> (Z> |AOO>,

that implies

6 [e7’)
Z/da Cataoacagﬂagcaoocm
0=+

o1 ogq oyt
3 Qg X oi?

Qoo Q@

2

oo’ s Uy T

@ Qoo

)

tAoo+A1+A2,1AoAt22A2,1S<at aal o 04271.15 1)

— Z /da Catagacggo‘ilaaoocgoo9a1
0=+
(2.2.15)
and finally

ap Q21 Qp oy . Aco+A1+As 1 —Ag—Ay ,—2A Qp Qi 2,1, 1
S( o a 'z, ;) =Yy Mo (bar, baog; ba )tReetAITA21=R0= A ;=282 % o Qg it ).
(6% @Q @Q 679

(2.2.16)
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Combining equations (2.2.13) and (2.2.16) we can write

a1 oy a1 , %
S( a g, o) =

(a7 [o7)) t
1
= Z M9192 (bao, ba; bat)M(—Qz)f)% (bav baoo; bal)tAOO+A1+A2’1_AO_Atz_QAz’IS<at g, “ Aoob O‘Q,l; t, 7) .
: (o)) Qo z
6203
(2.2.17)
Diagrammatically, this reads
Qi Qg @21 ay ay Qa1
= 20205 Mo10: M~ 020,
(6755 (o %)) Q (679
@ Qpp,; g, Qoofl3
(2.2.18)

The diagrams provide a straightforward way to generalize the connection formula to an
arbitrary pair of points. Indeed, writing down the diagram it is immediate to guess the
correct Mgy factors and the conformal blocks that will enter the connection formula. As
an example, the connection formula for the expansions for z ~ 1 and z ~ oo with £ < 1 are
given by

£
Q
8
Q
F----
=
&
2
Q
N )

=29 Moo

aq Qo
« Qg « O’

Qo

[67%)

(2.2.19)
that is

Aot A1+As1—Ar—A AcotAo+As 1 —As—A —2A Qg Qoo oy, 2—1
t +A1+Ag1 t 0(1—t) +Ao+A21 t I(Z—t) 2,1S<ata a1 o 7t’z_t —

CAn— _ oy oq a1 1
= E Mggz(bozl,baoo;ba)tA“+A1+A2'1 Aoty =2Roaz (T o T 0 Tl 2
0’ a Ao z

(2.2.20)
Note that combining all the previous formulae we manage to analytically continue the
expansion in z ~ 0 of the conformal block in all the complex plane for t <« 1. It is
straightforward to generalize the previous formulae for ¢t ~ 1,t ~ oco. All in all, for any
value of ¢ we can connect all the possible expansions in z. The analytic continuation in the
t—plane is more involved and can be done via the fusion kernel. As a concluding remark,
note that there is a Md6bius tranformation in each region of expansions of the correlator,
say z < t < 1 for reference, that only exchanges a,, and a; and that does not change
the region of validity of the expansion. This transformation is usually called braiding. This
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gives, up to a Jacobian,

Qoo Qi Q21
: . g Oéooa()éta Q1. t Et—l
E o1 % o t—1tz—1)"

(2.2.21)
Braiding changes the expansion variables in the conformal blocks according to the new
positions of the insertions and as such can be used to generate other expansions and the
related connection coefficients.

(65} ‘

Semiclassical limit

Let us consider the semiclassical limit of Liouville theory, that is the double scaling limit
b— 0, a; — 00, boy; = a; finite. (2.2.22)

In this limit the conformal blocks and the corresponding BPZ equation greatly simplify.
The divergence exponentiates and the z dependence becomes subleading, namely®

1
M a®ag P, ) = $A-Ai=hog 5 +bbag exp | (F(t) + B*W(z/t,t) + O(bY)| .
Qoo (e7y) t b2
(2.2.23)
Here F'(t) is the classical conformal block, related to the conformal block without degenerate

insertion via
b
O Op

3 <a1 N at,t> _ A DD b2 (F()+O(?)) (2.2.24)

The divergences in the conformal blocks can be cured by dividing by the conformal block
without the degenerate insertion. We denote the resulting finite, semiclassical conformal
block by the letter F:

H2

5( a7 o at;t)
oo
(2.2.25)

Note that the conformal block with the degenerate insertion and z,t ~ 0 contains a clas-
2

sical conformal block depending on agy = ag — 0%. Dividing by the four-point function

without the degenerate insertion, which depends on ag, gives an incremental ratio that in

« . (6%
3< L0, o2, .

) = ¢~0a0,3+000= 3000 F (1) (1 4 O(t, 2/t)) .

SHere and in the following we do not indicate the dependence of F' and W on the rescaled momenta.
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the limit (2.2.22) becomes the derivative 0,,F (t). The BPZ equation (2.2.1) simplifies in
the semiclassical limit as well. The t—derivative acting on the conformal block gives

tatg(of‘l ot o aQ’l; t, %) =p2 (f% —a*+a} + ad + 10 F(a;,a,t) + (9(62)) S(Otjl o Qo @21, t, %) ,

00 &7y} [} o7y} ’
(2.2.26)
therefore the t—derivative becomes a multiplication by a z-independent factor at leading
order in b? and the BPZ equation becomes an ODE. Defining

u® = lim b%to, log & <a1 « at;t) , (2.2.27)
b—0 o

oo Qo

where the superscript indicates that the block is expanded for ¢ ~ 0, the BPZ equation
(2.2.1) in the semiclassical limit reads

524 %—a% _%—a%—af—aﬁ+a§o+u(0)+ %—a% N w0 +%—a% F aq aataogall'ti _
2 (z—1)2 2(z—1) (z—=1t)?%  z(z—1) 22 (oo ap’ Ut

The solution of the previous ODE for z ~ t is given by the semiclassical block

t t—
(t—l)%]:<a1 aaoat0a2,1,7 Z):hm(t—l) -

Uoo ar 't—1" t b—0 o) o g
§ @
Qoo O
; A _ co—A1—Ap— _ a1 (675} Q21 ¢ t—
eZﬂ'(A Ao AQ’]_ At)(l _ t)A Al At A271 Aog a CYtG ’ ﬁ? TZ
i Qoo Qi
= l1im 5
b—0 o [e%
Qoo
(2.2.29)

therefore the connection formula (2.2.8) descends to the semiclassical blocks to be

t t-—
]__<a1 0 agp M1 1, Z) _ ZM(;@'(ao,at;a)(t— 1)é]__<a1 0% g, 021, Z) _
t o a

Uoo ao oo ap't—1" ¢t
(2.2.30)
Note that the intermediate momentum a can be computed as a function of the parameters
appearing in the semiclassical BPZ equation inverting the relation (2.2.27). Similarly,
keeping ¢ ~ 0 we can analytically continue the solution to the other singularities, that
is for z ~ 1 and z ~ oco. In particular, we can directly connect z ~ 0 and z ~ oo passing
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though the intermediate region. The semiclassical block for z ~ oo reads

_1 a a a 1
t 2zf( ta 1a009 2’1;1&,7) =
a a z

0 [es)

[0 (0% (0% « [0 0%

tAOO+A1+A2’17A07At272A2’13(a; a 1 ooy Of,l; t, %) tA271272A2,1%'(a; a 1 ooy a2,1; t, %)
o0 o0

= lim

b—0 ap oy - b—0 Qp 0q
§ (aooa a07t> § (aoa aoo7t>
(2.2.31)

The connection formula (2.2.17) from z ~ 0 to z ~ oo involves a conformal block with two
shifted momenta, that is

500w Mo St L) = 2o den ()T o [ (a0 0) 4 W (a - 05.0) + O]
(2.2.32)

At first order in b2

/7.2

5 OaF(a,t) + bW (a,t) + O,

(2.2.33)

_o¥ o (a0 1) = _
Fla 02,75 + bW | a 02,25 = F(a,t)

therefore in the semiclassical limit

(673 a7 01271 1
3( Qg Qoop it

o Y o« « 1
)~ Ve 0 g Ty D oos 2’1;t,f , asb—0.
(&) [075%) z z

Qo Qoo
(2.2.34)
This is consistent with the fact that we expect only two linearly independent z behaviors.
The connection formula (2.2.17) simplifies to

al a as1 , 2
A(® a0 -

Qoo ap t
a 1 1
= Z Z Moo (ao, a;a) M(_ g9/ (a, aoo; ap)t =% 2% F t_2z.7-'<at a™ sy it > .
o . ag (075 z
(2.2.35)
Explicitly, the connection coefficients are
Z MGO’(GOa a; at)M(fg)G’(av Qoo al)t_gae_%aaF =
o=%
B Z [(1 — 20a)T(—20a)T(1 4 20a0)T(—260' as, )t 7%~ 2% F
o_iF(%+9aofoaJrat)F(%JrﬂaofJafat)F(%faafG’aooJral)F(%fcrafﬁ’aoofal) '

(2.2.36)
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For future reference, the semiclassical block for small ¢ and z ~ 1 is given by

a(o‘oao‘“aw azJ;t,}%;)
(t— Z)]__(aoaaoo agp ™21 1, %:j) —limy g (£(1 — £))221 (¢ — 2)~2B20 Y o
at ay S(ao Qoo t)
ap Qa1

(2.2.37)
Similarly one can obtain the connection coefficients for the other t—expansions. As an
example, let us schematically consider the case t > 1. The semiclassical block for z ~ 0
reads

M»—A

(1 —1)"

_ o 0q 21
o o
Qoo (7]

1
téj’-"( a aa1 a0y az,l; - z) = lim (2.2.38)
Uoo ag t b—0 < op Q1 1)
S a7
Ao
Still the t—derivative decouples, leaving behind

1
u(®) = lim b2t log tA—At—A1—Rox < R ) . (2.2.39)

b—0 Qs Qo t

Note that the semiclassical BPZ equation formally remains the same, with the substitution®
of u® with u(®). Indeed, the intermediate momentum « is now determined in terms of
u(>®). The z ~ 1 expansion gives

o a0, @21 4 >
- _

3( 1
(t 1)%6207ra ( ag aa1 aop az, 1 1 1 ) -] b O(t _ 1)7A2’16207rba [eS]

71—
Goo ap’ - t ’
Ozoo Ozl
(2 2.40)
and the corresponding connection formula reads

té}‘<;:o a™ agg a;[’:; b Z> =iy Mo (a0, a1;a) (t — 1)zei0maF (aaoto a™ agy a;(’]l; A 1- z> :

(2.2.41)
All other connection formulae at ¢ > 1 can be obtained similarly. The same can be done
when ¢t ~ 1. Note that again the semiclassical BPZ equation looks formally as (2.2.28)
upon the substitution” of u(® with

. (0% (0%
u = lim b, logF | a1t . (2.2.42)
b—0 Qo (1
SFrom the gauge theory viewpoint this amounts to a change of frame from the electric to the monopole
one.

"This is the dyon frame.
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2.2.2 Confluent conformal blocks
General case
Consider the correlation function
(i, A[VA(1)D(2) | A) (2.2.43)
It solves the BPZ equation

2
(67283 _ (} . 1 1) o Adn 6(2;7 1?1 Ay n - 611)2 + % + % - AI) {u, A|®(2)V1(1)|Ag) =0,
(2.2.44)
and can be decomposed into confluent conformal blocks in different ways. They are all
given as collision limits of regular conformal blocks.

Small A blocks We focus first on the case where the conformal blocks are given as an
expansion in A. The block for z ~ 0 is defined as®

15 (,u a™ Qog (Z’)l; A, z) = AAZ§+€[)001§ (H a™ gy 02(’)1; A, z) = AA2§+9Z’“° hm,,_m%(% a™ Qg 02(")1; %, z) .

(2.2.45)
This is nothing but the standard collision limit of (A | and Vi(t) as defined in (2.1.11).
The tilde on the conformal block means it has no classical part, i.e. is normalized such
that the first term is 1. This conformal block can also be computed directly by doing the
OPE of ®(z) with |Ag), then the OPE of V(1) with the result which we specify to be in
the Verma module A,, and then contracting with (u, A|. In the diagrammatic notation

introduced in section 2.1.2, we represent it by

a1 Q21
| (2.2.46)

Qi 21
Qo

H ® a0

[0 o

The double line represents the rank 1 irregular state, and the dot the pairing with a primary
state. For z ~ 1, the corresponding block can be expressed as

g a1
ap 0 '
euAls (_:U’ o 19 ’ aAa 1- Z) = : ’
a1 1
—H ® . aq
(0% a1
(2.2.47)
8The argument 'H'T“ should appear with a minus sign as in Appendix 2.A.2. Here and in the following

we don’t write it due to the symmetry of the conformal block. The reader wishing to compare with the
Nekrasov partition function should take this sign into account as in Appendix 2.C.
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where the exponential factor and the argument —p arise from the corresponding Mobius
transformation?. In the intermediate region, where z > 1 but Az < 1, the corresponding
block is

—Ap1—A—A a1 Qi 1
z 21T AL 018<,u,a9 a Az, - | =
(&7s) z
J °

Q@

(2.2.48)
In the deep irregular region where z > 1 and Az > 1, the conformal block is given by a
different collision limit, proposed in [104]:

1 _ il
D <M a1 1o @ Oél;A’ ) — (ObAZ/2 A Az i+ (A2) Obpt G o
Qg Az

—5E =05 (=) ~ L= A
. n 2 2 (=" a1 _op 21 n
1 (1 _ > 2  ptn—06b ’ 5=, .
B U T AL S(ao “ T un Az)

(2.2.49)

Whenever z approaches an irregular singularity of rank 1, we denote the corresponding
conformal block by ©. This conformal block can also be computed directly by doing the
OPE between (u, A| and ®(z), then the OPE of the result with V;(1) and contracting with
|Ap). Diagramatically, we write

Q21 (o1
1
1
1
1

(2.2.50)

o @ 1
1D (u g o 5A, Az> =

e%y)
Ko «

The connection problem between 0 and 1 is solved in the same way as for the regular
conformal blocks, since we are never near the irregular singularity. The result is

15 (u a™ Qg 02(’)1; A, z> = > g—1 Moo (bag, bay; ba)erM F <,u a0 oy aoil; Al — z)

(2.2.51)
Diagrammatically:
51 Q21 [e7) a2 1
E =2 o=+ Moy E
1 ® : Qq —u ® . Qg
« pg « a1y
(2.2.52)

9 Actually, doing the Mébius transformation one gets —A but since the block depends only on A and
A? except for the classical part, one can trade —A for —p.
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Instead, to solve the connection problem between 1 and oo one has to do two steps: from
1 to the intermediate region, and then to oo. At each step we decompose the correlator
into conformal blocks in the different regions and then use crossing symmetry to determine
the connection coefficients. The relevant formulae for the irregular state are reviewed in
Appendix 2.B.1. We have

2

(1, A|®(2)Vi (1)] Ag) = / daowzcsgialcswao

049/
/dacﬂa § : Qg 10! 011040

0'==+

A %)) 2,1

2

_ A — « « 1
Atz (e g Oz, -
(&%) z

(2.2.53)
We recognize this condition from the hypergeometric function (2.1.5). Therefore we can
readily solve it in terms of the hypergeometric connection coefficients M and the connection
formula between 0 and the intermediate region is then

(e%)] a2 Ay — A — Qg Qaq 1
"M F (—,u a Calg a (A1 — Z) = > gy Moy (baq, ba; bag)z Az1-A1-Ro, & (u « oy ao’AZ’ 2) .

(2.2.54)
Diagrammatically:
g Q21 21 aq
E = D=+ Moo E
—u @ - [e%} 12 @ L g
« Qg a Qg
(2.2.55)

If one decomposes the correlator into conformal blocks in the intermediate region and near
00, one obtains the crossing symmetry condition

2

(1, AJB(2) VA (1)|Ag) = / 0 Cling 3 ConsCilsa

A — « « 1
TR AR w (gt A, -
()] z

2
1@ (/J, Q21 Lo A M)
(2.2.56)

This condition is analogous to the one we found for the Whittaker functions (2.1.21) so
that the connection formula between the intermediate region and oo reads

Mo’
/dO‘ alao Oﬂa'aBOQ,l#

babaz—Az,l—Al—Aolg (,u g @21 a31; Az, 1«) — Zefzi b*%*%p/\[ee,(ba’ bﬂ)1© (M Q21 L 1’ A, AZ)
0
(2.2.57)
with irregular connection coefficients as in (2.B.18):
1F(1 +20ba)  im(5) (§-buttba)
r (5 + 6ba — 9’b,u)

Nggl(ba, bu) = (2258)
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In diagrams:

= ZO’:i Noo

(o)) 1% : ® @0
Qg (0% jery (07

Qg o Q21 Qg
1 1
i i
1 1
1 1
.

(2.2.59)
Let us write explicitly the more interesting connection formula between 1 and oo, which
is obtained by concatenating the two connection formulae above. Since the § block in the
intermediate region has different arguments in formula (2.2.54) and (2.2.57), we need to
rename some of them. In the end we obtain the following connection formula from 1 directly
to oo:

A Qg 021,
M F (ILL o alg, a iAL L z> =

1
- Z b7%+92ba02703buM9192 (ba, be; baO)M—92)93 (bag,, bu)1 D (N a1 Hos 0o, al; A, ) :

0,05 —=+ @ Az

(2.2.60)

Again, in diagrams this is represented by:

g g 21 aq
E = 202,93:i M9102-N’(792)93 E
—H & ! aq 12 : ® [e%i}
« 19, 140, g,

(2.2.61)

where we have suppressed the arguments of the connection coefficients for brevity.

Large A blocks The conformal blocks considered up to now are expansions in A. One
can however play the same game using expansions in % For example, for large A and for
z ~ 0, we have

(2.2.62)

=2
Q
F---=- 1

1
o) <u M age M ,AZ> =
ag’ A "

%]
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One can compute it via OPE as in (2.B.1) or as a collision limit of a regular conformal
block as proposed in [104]:

« « 1 (] 1 bQ
19 <” " g ;(;15 ,AZ> —e— (W' =) A g Doo+2u" (' —p) 75" +0bao

A
) 21— -p)—1') ~ [ oy . ,77;—“ az1 n Az
xnlggo (1_X) %"glﬂt Qpp ao’X’7 .
(2.2.63)

Similarly, we have a conformal block for large A and z ~ 1, which as usual we can write in
the same form as the one for z ~ 0 by doing a Md&bius transformation:

Q
S
Q
F---- 1
i

A _ag agy 1 7
e 1®< BT — g a17A,A(1 Z)>

aq

@19

(2.2.64)
The first line of (2.2.64) is the diagrammatic representation of the conformal block, while
the second line is an equality of two a priori seemingly different conformal blocks, which can
be checked by explicit computation. This is consistent with the fact that the corresponding
DOZZ factors are equal:

B Cur ooy = Bl Cot g (2.2.65)

— o K10

as can easily be proven by using their explicit expressions given in Appendix 2.A.2. The
most exotic block is the one for large A and large z, which by a slight abuse of notation we
still denote by ©:

« « 11
1D (M 2! e ! // Qp; ’z> =
W

He '
(2.2.66)

This block is fully irregular in the sense that to calculate it, we have to perform two irregular
OPEs as indicated by the diagram. It is more convenient to calculate it as a collision limit
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of a regular block:

D </'L Qg1 110 aq ul ao; %7 1) _ eQbAz/ZAAQ,l (Az)fabqu% ef(,u’f,ug)AAA0+A1+2;/(;/7;L6)><
z
. 221 (me—p)(n=po) 7\ A= =po) =)= (' = o) (o —1) ~ [ ovg 1 o1 /%. n Az
< Jim (1-47) (1-%) St 3 )
(2.2.67)

Having defined all the necessary conformal blocks we now derive their connection formulae.
Let us start by connecting z ~ 1 with co. Expanding the correlator in these regions, we
get the crossing symmetry condition

2

(1 A[B(2)Vi (1) Ag) = / d! ZBﬁ;ao g CEl0

21 aq 11
19| p por oy oy

Qo o 1
e”A1fD<— p 0 = g Czl; X’A(l - Z))

_ ’ o’ !
= /dﬂ E Buaz,lBﬁa/alcu’,ao
0'=+

(2.2.68)
Using the following remarkable identity, which can easily be proven using the explicit ex-
pression of the structure functions given in Appendix 2.A.2,

BU, B Cuag = BB Clu s (2.2.69)

Horal —pao Ty — o1

we find that the above crossing symmetry condition (after relabelling the dummy variable
0’ — —6') becomes:
2

{1, AJ®(2)Vi (1) Ag) = / B S Cp oy €25,
0=+

I —p j : #9/ H
/ B—ﬂao BM —H,Q2,1 ”9/ 22125}

et « 1
6’“\19(* p 0 = g Oil; X’A<1 - Z)>

« « 1 1\|?
133(# g Tt 00§X’2>

(2.2.70)
We recognize this constraint from the Whittaker functions (2.1.24), and can readily write
the connection formula from 1 to oo:

a a L a a
pParenh D ( =0 = aag 021; A0 - Z)) =Yy bzt M N(—gry(bay, by — bju)1D (,u g T a0 4, %)
(2.2.71)

where A are the connection coefficients for the Whittaker functions (2.1.24). Diagrammat-
ically this is clear:

R = 2=t No(-o)

(2.2.72)
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To connect 0 and co we expand the correlator in the relevant regions. By crossing symmetry
we have:
(™ o o211y,
0 o ) A7

2
/gl a1 aq 11
= /dul Z B/;fg@ 1 MZ/CHC ! 00 1D (:u 22 :u/G’ Qo; X’ Z)

0'=+
(2.2.73)
for later convenience we have labelled the intermediate channel in the second line by sy,
instead of p/. By using an identity similar to (2.2.69):

2

(1 AV D2()180) = [ a3 Bl Cprons O
0=

)

Bl B0, Cp 0y = BIY B C (2.2.74)

Hgrs&o pon ,u’az,l Hgro?
the above crossing symmetry equation then becomes:

2

(1, AV (1)®(2) | Ao) = / au' B, 3 Cran it

.
/du Bﬂal Z B,u,eagl /U« 10

a1 agy 1
19 T— A
(M K @op o’ A Z>

a1 a1 11
19 p Y a0 107

(2.2.75)
We recognize this constraint from the Whittaker functions (2.1.21) and can readily write
the connection formula from 0 to oc:

(0% _1_pp, 8% (6%
pobao, D (M Y ang o a1, ,1\,/\2> =gy b2V Ny (bag, b’ )1 (M g Tl ao; Li)

(2.2.76)

Combining (2.2.76) with the inverse of (2.2.71) we obtain the connection formula from 0
to 1:

910 ay azy, 1
e "“1©<u ' age, o0 ;K-,AZ) =

1 _ 1
Z b2 08 Ny o (bag, by )b? 302000, ”)+9’bm./\/(* ez)ed(b“;h — by, bay )t D ( —u 1, — 1t Qg Cfill, XvA(l - Z)) :

62,03==%
(2.2.77)
Diagrammatically:

— et R Q21
- 202,63:i Ngl 92'/\/‘(_92)93

[e7s) Q19
/4/ Qpg, I ° ap

=2
Q
F----

(2.2.78)
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One might expect the existence of conformal blocks expanded in an intermediate region, as
was the case for small A. Indeed, in the case of large A one can define a block expanded in the
intermediate region % < z < 1. However, by the identity (2.2.74), this block is actually
the same as the block (2.2.66) corresponding to z ~ oo, in the sense that the analytic
continuation between the two is trivial. Similarly, one can define another intermediate
block in the region % <« 1 — 2z < 1 which is also the same as (2.2.66) by virtue of the

identity (2.2.69).

Semiclassical limit

In the semiclassical limit b — 0 and «;, u, A — oo such that a; = ba;, m = bu, L = bA are
finite. We denote the quantities which are finite in the semiclassical limit by latin letters
instead of greek ones.

Small L blocks The conformal blocks in this limit are expected to exponentiate, and the
z-dependence becomes subleading: schematically they take the form

S'(A, Z) ~ eb%F(L)+W(L’Z)+O(b2) , (2279)

and they diverge in this limit. The classical conformal block F'(L) is related to the conformal
block § without the degenerate field insertion, i.e.

15 <,uozzl; A> = AAea (FIIHO0Y) (2.2.80)
0

Normalizing by this block, we obtain finite semiclassical conformal blocks. Consider for con-
creteness the block corresponding to the expansion for z ~ 0. We define the corresponding
(finite) semiclassical conformal block by

= e 890 F L3 H000 (1 1 O(L, 2)).

« «
al as.1 ) (&%)
1.7:<ma agy ;L,z> = lim
ao b—0 aq
15 (MOé ;A)
(&%)
(2.2.81)

The term exp—%@aoF on the RHS of the above equation comes from the fact that the
leading behaviour of the numerator is expb 2F(agy) while the denominator behaves as
expb~2F(ag). The fact that the z-dependence is subleading means that to leading or-
der, the A-derivative in the BPZ equation (2.2.44) becomes z-independent, since we have
AONF (A, 2) ~ b 2A0\F(A)T(A,2). Then the BPZ equation in the semiclassical limit re-
duces to an ODE. In particular, multiplying (2.2.44) by b2, this semiclassical conformal
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block now satisfies the equation

1 2 2 1 2 1 2 2
u—s+ai+a I—a T—a L L
(62—1— 2 0 L L4 0 —I-fm —) 1F <m aalaogaj’l;L,z> =0.

z(z—1) (z—1)2 22 z 4 0
(2.2.82)
We have introduced
1
u = lim b*Adj log 1§ <,uaa1; A> = - —ad*+0(L) (2.2.83)
b—0 ag 4
Similarly, we define the semiclassical block for z ~ 1 to be
MM T (,u a0 a1y 02’1; AT — z>
1F (—m aao alg ag’l; L,1-— z) = lim !
aq b—0 aq
15 <M04a0;A>
(2.2.84)
1% <_,u « a0 a9 a271a A7 1- Z)
%)
= lim ! =e 20l (1 - z)%+0a1(1 +O(L,1—-2)),

b—0
7 15 <—MQZ?;A>

and in the deep irregular region:

a a 1 0 (“ R ZI’A’i> 0 1
1D(m 2 g a a(l);L, ,L) = limy_ob~2 7™ - 9 = e 2ImbfL2/2[ =5 =0m =0 (1 L O(L,1/Lz)).
1S<uaa(l);/\>
(2.2.85)

The explicit power of b is needed to combine with A to form L. All these blocks satisfy the
same equation (2.2.82). Note that in the connection formula (2.2.60) we have four different
conformal blocks on the right hand side. Since in the semiclassical limit the BPZ equation
becomes a second-order ODE, these four different blocks have to reduce to the two linearly
independent solutions near the irregular singular point. They are given by

1 21
1@ (,Uz Q21 Lo o 3(1)7 A, M) _ eGbAZ/ZAAQJJrA (Az)—ebu-‘r% 61)12 F(a)+W(a)+O(b2) 7 (2286)

where we have suppressed the dependence of F' and W on the other parameters. Instead,
in (2.2.60) we have

1 v2 1
D (M 21 g g Z(l); A, AZ> — POAZ/2 N Ao 1+ Ay (Az)*gbﬂ+7 o2 Flag)+W (ag)+0(b?)

(2.2.87)
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Since we are taking the limit b — 0, we can safely substitute W (ap) — W (a). This is not
true for F'(ag:) however, since it multiplies a pole in b?. Instead, in the semiclassical limit
we have

a1 o L\ ava,-Zo,F) Q2,1 o, L
19 </L Ho o Oé()’A7 AZ> A7 e 19| p Ho & Od(]’A7 Az ) asb — 0,
(2.2.88)

as in (2.2.34). Therefore, we can simplify the connection formula from 1 to co (2.2.60) in
the semiclassical limit and state it as

1F (fm a™ay aj’1§ L1- z) =9 (Za:i Moo (a1, a; a0)N(_oyo (a, m)L"ae*%aaF> 1D(ma2’1 me a Zl; L, i) ,
1 0
(2.2.89)
with connection coefficients

1-6'

27T b 1 7’77?.70'(1) g 5
. ca,—%0.F _ I'(1—20a)'(—20a)'(1+20a)e ( 2 )(7 Loae~ 30aF
th::t Mea(al’ a; ao)’/\/-(*a)g/ (a” m)L e > - Zo‘::l: F(%+0a1*Ua+a0)r(%+0a17Ua7a0)F(%*Ua70’m)

(2.2.905

Note that all the powers of b appearing in (2.2.60) have been absorbed to give finite quan-
10

tities.
The connection formula from 0 to 1 trivially reduces to the semiclassical one:

ap  az; a az 1
1 F (m a " agg a’ ;L,z) = E Moo (ag,ar;a)1 F <—m a Oaygy a7 ;L,l—z) .
0 1
6'=+

(2.2.91)

Large L blocks For the conformal blocks valid for large A, the story is analogous. Tak-
ing the semiclassical limit, the conformal blocks are expected to exponentiate and the
z-dependence becomes subleading. Schematically we have

DAL, 2) ~ B DI WD(L )50 (2:292)

Here Fp is the classical conformal block for large ' A and is related to the conformal block
without the degenerate field insertion, i.e.

D (N i ap; 11\) = e~ A N Do A2 (0 =) gz (FD(LTH+O(2) (2.2.93)

We use this block as a normalization for large A. For z ~ 0 we have

a
1D (u Ly ag 2’1;%,Az)
a a . o 'y 1 _
1D<m Y agg (12(’)1; 1 Lz) = limy_,q b0 = [Pw0e2%0 D yat000(1 4 O(L71, Lz)).

L>
(&3]
1D (u W ao;,{)

ONote also that the Gamma functions in the denominator precisely correspond to the one-loop factors
of the three hypermultiplets of the corresponding AGT dual gauge theory.
1 As the notation suggests, it is nothing else but the dual prepotential of the gauge theory.

(2.2.94)
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This block and all the other large-L blocks defined in the following satisfy the same equation
(2.2.82) as the small-L blocks, with the substitution

1
U —up = ll)i_rf(l) b2A0) log 1D (u @ 1 ag; A) . (2.2.95)

For z ~ 1 we have the block

o o
e““@(—u O u = o 2’1;,1\,/\(1—2))
ap a1, 1 1 p0ay Q1
1D —m " m' —moayy u —,L(1—2) fll)lmb

"L
1 —0 o (ualu'ao;}\)
1©<_Haoﬂl_uawCzil;jl\,/\(l—z)> , )
= i a = 10050 D (1 — 2)3H00 (1 4 O(L7Y L(1 ~ 2)),
19 (—u p — pan; i)
(2.2.96)
and for z ~ oo:
Qg1 Qg
. . - o 1©<u po ao;}\,i>
1D<m 2L me "t ag; =, > = lim b~z H(m'=m) =
L z b—0 a1 , 1
1D\ p pao g
_ eGLz/QefOL/2efg8mFDLf%Jr@(m’fm)zme(1 + O(Lfl, 271)) .
(2.2.97)

In the connection formula from 0 to 1 for large A (2.2.77), there appear four different
conformal blocks on the right hand side. In the semiclassical limit these four reduce to two,
by the same argument as for small A. Indeed we have

'™ D ( —n I, — I Q10 Og% %7 Al - Z)) = ﬂt)AAA“’“H“é’?We‘fﬂ)(1 - z)§+6baleb%FD("éz)+WD(“/92>
1
’ 2 ’ 1
~ e2L/2 \—02(2m'—m) ,— 28, Fp(m )eu/\lg ( —u Qg Py 1, Oé;.,l; KvA(l _ Z)) . asb—0.
1

(2.2.98)
The connection formula (2.2.77) from 0 to 1 in the semiclassical limit then becomes

a a 1
1D<m Lo/ aoy ;(‘)1;Z,Lz> =
P / - , 1
= Z <Z Nyo (ao, m/)/\/(ilaw(m, —m,ay)eFL Lo M e = 59 Fo(m )> 1D< —m™ ' —m ayy aj’l% - L(1— Z)) ,
1

L7
(2.2.99)
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where explicitly the connection coefficients read:
ZN@U ap, m ( 0)9’(m —m, al)eQLL o(2m’ m)e 0 Fp(m') _

(1 + 26ao)T'(— 29’&1)egLL_"(Qm/_m)e_%8W’FD(m/)e”(1770)(9@079,‘“727”%”1)
_Z [ (3+0ag—om/)T (3 —0a1 —o(m/ —m))

(2.2.100)
Again, all the spurious powers of b and A have beautifully recombined to give the finite
combination L.
The connection formula from 1 to co (2.2.71) on the other hand becomes

ap a1 1 a2,1 ay 1 1
1'D(7m m/fmaw ay ;Z7L(17Z)) :Zg,:iNg(,el)(al,m/7m)1'D(m me m/ aos >3 | >

(2.2.101)
where N is:
F(l + 29@1) iﬂ<1+79/>(;,(mlim)+9al)
Ny_on(ar,m' —m,) = 27 )\2 . 2.2.102
0( 9)(&1 m m ) F(%—|—0a1—|—0’(m’—m))€ ( )
2.2.3 Reduced confluent conformal blocks
(General case
Consider the correlation function
(A2IVA(1)(2)|Ag) (2.2.103)
which solves the BPZ equation
b (1,1 A0 —Aog—Ai—Ag | AL Ay A%\, -
<b o2 ( +— 1) 0 + e oot 3) WIREVIA) =0.
(2.2.104)

We can decompose it into irregular conformal blocks in different ways. The blocks corre-
sponding to the expansion of z around a regular singular point can be given as a further
decoupling limit of the confluent conformal blocks. For the blocks corresponding to the
expansion of z around the irregular singular point of rank 1/2, no closed form expression
presently known to us. The block for z ~ 0 can be defined as

AZ
1§ (a 1 og 04271; A2, z> = lim (417)A 15 (—17 ol g a1, —, z) . (2.2.105)
2 (7)) n—o0

ap ' 4n
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We multiply by the factor of (41)® to take care of the leading divergence in the limit. In
the diagrammatic notation of section 2.1.3, we represent it by

a; Qg
15 <Oé agg ;A272> =
2 (&7))

NNNNN®

o1 Q21
: (2.2.106)

e7)]
« o

As indicated by the diagram, all OPEs are regular in this case. The wiggly line represents
the rank 1/2 irregular state, and the dot the pairing with a primary. The block for z ~ 1
is then simply

)
S
Q
F---=- 1

; A2z o Q21
ezwAe ¥ <Ck 00419 a7 re
2

o
(07 19
(2.2.107)
The overall phase compensates the sign in e *"A2 such that the classical part is still A22.
In the intermediate region where 1 < 2z < ﬁ the corresponding block is

Q21 a1
1
Z—AQ,l—AI_AO S ap Oé2’1 O[al'A2Z 1 — :
Oéo’ y P !
ANNN@ :

NG

o
g o

(2.2.108)
Instead, in the deep irregular region, where z > ﬁ > 1, a decoupling limit of the form
(2.1.27) does not work. Of course one can still calculate this block by solving the BPZ
equation iteratively with a series Ansatz, or directly using the Ward identities determining
the descendants of the OPE with the irregular state (see Appendix 2.B.1). In any case we
will denote the conformal block in this region by

0) ap 4o 1 2\Ag 1 +A L5 ObAY/Z 2
1€ (042,1 a A ’A\/E> (A%) (Av/2)? {1+0 <A A\fﬂ
(2.2.109)

The ~ refers to the fact that this expansion is asymptotic. In diagrams we represent this
block by

(2.2.110)

6(9) (OZQ,l [0 1 A2 Ai/7>

1
2

a0
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The solution of the connection problems goes in the same way as for the (unreduced)
confluent Heun equation (section 2.2.2). In particular the connection problem between 0
and 1 works in the same way as for the general Heun equation. We have

%S <a @ op 02’1; A2, z> = > gr—t Moo (bag, bory; ba)e”rAeAT %S (a @0 o1p aj’l; eTImAZ 1 — z) )
0 1

(2.2.111)

To solve the connection problem between 1 and co one has to do two steps: from 1 to

the intermediate region, and then to co. In each step we decompose the correlator into

conformal blocks in the different regions and then use crossing symmetry to determine the

connection coefficients. The relevant formulae for the rank 1/2 irregular state are reviewed
in Appendix 2.B.2. We have

2

(A2|0(2)Va (1)|Ag) = t/ﬁﬂ?}jC%%xﬁwm

Ote/ —
/dac E OéQ Re7% Oélil’lO z

0'=+%

aq

A A2 o « _i
T 64 lg <O[ 00[1.9 2’1;6 ’L‘ITAQ’I_Z)
2

2

A — a « 1
Ao 1—A1—Ap 3« 2,1 Qg 1; AQZ, -
2 (e7))] z

(2.2.112)
This is precisely the same condition as for the hypergeometric functions (2.1.5). The con-
nection formula between 1 and the intermediate region is then

2 .
e “AeAT%S (a 10 0;2’1; eTmAZ 1 — z) =g Mg/ (bou, bay bao)z_A“_Al‘AO%S ( a2, Zl A%z —)
/1 0

(2.2.113)

Diagrammatically:

(e} 21 Q21 a1
=2 g—x Moo
ANNN® - (o3 ANNN @ - o
(67 10 « Qr

(2.2.114)

Now we decompose the correlator into conformal blocks in the intermediate region and near
o0, obtaining the crossing symmetry condition

2

~Baa—Ai-B 3 <ae az1 0 4o 1)
b) b
z

1
2 Q)

(9/) al 2 1
%Ci (042,104 A’Af)

Wwwmmw/m%%Z@m%
=+

/ daCS oy Y CaBay,

0'=+

2

(2.2.115)
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We recognize this condition from the Bessel functions (2.1.36). We then immediately find
the connection formula between the intermediate region and oo:

20ba ,— Az 1—A1—A @21 Q1 42 1) _ -1 o' al_ o 1
p2oba ,—NR21—0 o%g (ag aaO,A z, z) = p_4b 2Q99/(b0¢)%(’3( ) Qg1 aO’A e

(2.2.116)
with irregular connection coefficients as in (2.B.36):
20ba . 1—0/ 1
55 ) (5+20ba)
Qpy (bar) = r'(1 +29ba)e”( ) . (2.2.117)
s
In diagrams:
Qg1 o1 21 (e%1
= 2=z Qo
ANNN@ : o ANNNANNN@ Qg
(e 7] « o' «
(2.2.118)

Let us write explicitly the more interesting connection formulae between 1 and oo, which
is obtained by concatenating the two connection formulae above. Since the § block in the
intermediate region has different arguments in formula (2.2.113) and (2.2.116), we need to
rename some arguments. In the end we obtain the following connection formula from 1
directly to oo:

, A2 « Q21
TReT F (a 004191 a’ eTmA2 1 — 2 ) =
2 1

_1 o o 1
= Z M, 9, (bar, ba; bag) Q(—g,)6, (bava, )b 2 tb2b 9256(93) <a2,1 ag, a(l);AQ, A\/§> .

02,03=+%
(2.2.119)
Diagrammatically we have
g Qg1 Q21 o551
E = 292»93:i Mo, o, Q(*92)93 E ’
ANNN S : o ANNNANNNS Qo
o a1, 03 9,
(2.2.120)

where we have suppressed the arguments of the connection coefficients for brevity.

Semiclassical limit

The story works the same way here as for the confluent case. In the semiclassical limit the
BPZ equation becomes

1 2 2 1 2 1 2 2
u—35+aji+a I—a 7 a L
92 2 1 0 4 1 4 0o _ = =0 2.2.121
( =t z(z— 1) (Z_ 1)2 22 4z 13(3) ’ ( )
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for any semiclassical block. Here w is given by

1
u = lim b2A%9,2 log 18 <a z; A2> == a? + O(L?) (2.2.122)

by the same argument as before. The finite semiclassical conformal blocks are defined by

normalizing by the same block without the degenerate field insertion, i.e. the semiclassical
block for z ~ 0 is

o (6%
18 (Oé " agp 2’1;1\2,2)
2 (e7s)

1 F (a “ a0 a2’1; L2 z) = lim = e_gaaon%+6“0(1 + O(L?,2)).
2 ap b—0 Qo
1§ <Oé ;A2>
2 a1
(2.2.123)
Here F = limy_,q b* log [A‘2A1S <a Zl; A2>} )
2 0
e“rAeAT%% <a (&%) Q19 Og,l; e—lﬂ'A2’ 1— Z)
1 F (aa0a19a2’1;—L2,1—z> = lim ! =
2 al b—0

1
2 aq

ag
3 (04 1y

= lim

a1
TeTmAZ 1 — 2

aq
a A2
Qg

()

1
2

)

b—0

e 30mF (1 )3 t00 (1 4 O(L21 - 2)).

o .
1§ <Oé 0, 6”1\2>
2 aq

In the deep irregular region we define the semiclassical block as

(2.2.124)

1 ¢ <OtQ 1« o1 A27A\1f>
5 z
1EO (agy a L2 L) = limy,ob 2 a = (L\/E)_%egLﬁ(l+(9(L2,#)).
3 Lz ( o > Ly/z
15| pa A2
2 Q)
(2.2.125)

All these blocks satisfy the same equation (2.2.121). As for the confluent case, in the
connection formula between 1 and co we have four different & blocks appearing, which
should reduce to two in the semiclassical limit. Indeed, we have

1
56(9) (Oéz,l Qg

" Az

1

Az

Qa1 42
(A

&%)

[NIE

> ~ (AQ)O/“e_%a“F @) <a2,1 Q ZI;A2, > , asb—0,
0

(2.2.126)
as in (2.2.34). Now that we have defined the semiclassical conformal blocks, we state the
connection formulae. The connection formula from 0 to 1 (2.2.111) reduces trivially in the
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semiclassical limit to
1 F <aa1 aog a2’1;L2,z> = Z Moo (ag,ar;a) 1 F (aao aig 22, 1 —L%1— z> . (2.2.127)
2 aq Pt 2 a1

The connection formula from 1 to oo (2.2.119) becomes

ao a1
F <a ag
ai

=

oa,—50a / ar,
7_LQ,l _ Z) — 291 (Zo’:i Mea(al,a;aO)Q<7U)9/(G)L2 e 50 F) %5(9)<a11 a (LO,LQ., %ﬂ) )

with connection coefficients!?

Z Mo, (a1, a; aO)Q(fg)gl(a)LQ"“e*%f’“F _

o==%

2

—20.F jin(*5") (3 -200) (2.2.129)

_ Z (1 - 20a)(—20a)l(1 + 20a;)27 274 L27%
V2T (1 +0a; —oa + ao) T (% +0a; —oa — ao)

2.2.4 Doubly confluent conformal blocks
General case

Via a further collision limit we reach a correlator that solves the BPZ equation

1 A A2 AoO A A
(b—2az—zaz+”“ A | As0n, | p2hs 2)<m,A1|<1>< J]pz, Ao = 0.

4 22 2 4t
(2.2.130)
This correlator can be expanded in the intermediate region Ay < z < Afl and near the two
irregular singularities, that is either z > A7' > 1 or z < Ay < 1. Note that in (2.2.130)
one of the three parameters Ay, As, z is redundant. Indeed the conformal blocks will only
depend on two ratios. The conformal blocks in these regions can easily be computed as a
collision limit. Explicitly, in the intermediate region Ay < z < Al_1

~ n—p2 A
Qg A Do A A P21 obay ¢ a1 2
151 <,u1 Qg a g Az, z> = ADIAD 22 + anlglgo 15 1 « nﬁm;Alz, — .

This conformal block is the result of the projection of the Whittaker module |u2, A2) on a
Verma module A and of (u1, Ai| on Ag. We represent this block by the diagram

(6% A2
151 <H1 ap o pig; Ay 2, Z> =

021
1
1
1
1
1

251 ® ® 2

Qg «

(2.2.132)

12Note that the Gamma functions in the denominator precisely correspond to the one-loop factors of the
two hypermultiplets of the corresponding AGT dual gauge theory.
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The expansion near the irregular singularity at infinity can be obtained by colliding in
(2.2.49) the insertions far from the Whittaker state in the confluent conformal block. This
gives

2 ~ n—p2
191 (ul 1 g @ o Mg, A%Z) = PNEZATTRLAR (A 2) Pt limy 0019 (MlaQ’l 10 @ 2y Al,f”»ﬁ)
2
(2.2.133)
We represent this block diagrammatically by
021
Qg1 1 :
191 ( pg o po; AgAg, s = .
1 1
251 : @ @ w2
K16 «Q
(2.2.134)

Finally, the expansion near the irregular singularity at zero is easily obtained from (2.2.133)
by exchanging A; and Ag and sending z — 1/z, up to a Jacobian. The corresponding
conformal block is

- @21
Z72821,9, (M2 p26 a pi1; ArAg, AZ) =

M1 @ ® - H2
o H20
(2.2.135)
Expanding now the correlator first near 0 and then in the intermediate region, crossing
symmetry implies
2

(i1, A |8 (2) a2 o) = / 40 G ClaGa S B Cla
0=+

2 2A2,11©1 (M2 21 Hog o M1§A1A27 E)

2

(0% A2
151 (ul a Plag g Az, 7)

1 Qg
- / 10 G Crra 3 CaCrizay
0=+

(2.2.136)
We recognize this condition from (2.1.21), and we can readily write down the solution to

the connection problem:

o 1 b _ a
b9 &y (Ml a” g pg; Ay z, %) =Ygy b2 VP2 Ny (b, bpug) 2 2A2’11©1(M2 21 figgr a pas AqAs, A%) .

(2.2.137)
In diagrams:

= 0—+ N
H2 H1 ® ® * H2

Q

F----
=

Q

_————
i

[ ]
[ ]

1
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A similar argument works for the connection between the intermediate region and infinity.
We obtain

(6% _1_ g (6%
b9 3 (m ap Pl pgs Az, Aﬁ) =Ygy b 27N (b, bt )1D4 <M1 21 g pig; Ay A, Allz> .

(2.2.139)
Or, diagrammatically:
Qg1 g1
= 2or=s Noo
m * : o K2 p : ° ° 2
Qg a 1o/ «
(2.2.140)

Concatenating the previous connection formulae we can connect 0 directly with co as fol-
lows

—L_01bus —2A Q21 Z
e A I T 120, au1;A1A2,r =
2

_ _1 o «a 1
- Z b02baN0152(b/1’27b0‘)b 2 t2be0 bm’/\/(*ez)‘%(baezﬂbul)l@l (Ml ! Mg o, p2; Ao, Alz> .
0o, 05—t

(2.2.141)
In diagrams:
@21 g1
E =2 0205+ /\/:9:;2‘/\/(—92)93 E
1251 @ @ = 2 H1 * H2
« 1120, H1o5 g,
(2.2.142)

Semiclassical limit

Let us now consider the semiclassical limit of the doubly confluent conformal blocks. Once
again, the divergence as b — 0 is expected to exponentiate, that is

) T .
Z7 221D, <M2 a1 pag o pi1; ArAo, A%) = Z_QA“e%AQAJrAQ’IAlA (A2) Obuaty exp (b72F (L1Lo) + W (L1Lo, 2Ly ")) |

(2.2.143)
where F' is the classical conformal block defined by

181 (1 o po, A1As) = (AlAg)A exp (b_QF + O(bo)) , (2.2.144)

and the 1§ block is given by

(1, At pg, Ag) = /dacmcm &1 (1 a o, A1A) | . (2.2.145)
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We define the semiclassical block near zero to be

Q21 5

.2 191 | pe2 2o @ p1;A1A2,
a’271 . zZ 91}#2-"—* 72A2 1

21Dy (mg maog @ my; L1 Lo, L2) = limp_o b~ 3 ; O o AR ,

(2.2.146)

The semiclassical blocks satisfy the equation

mq L L2 U molL L z
(834—1271 S R R —2> 21131< D21 g aml;Lle,L> =0,
2

4 22 23 4 24
(2.2.147)
with the u parameter defined as usual to be the leftover of the Ay derivative, that is
1
u:17¥+LﬁbF@@g. (2.2.148)

Similarly, the semiclassical block near the irregular singularity at infinity is defined to be

)

" ) 1@1( Y1 g pa; My, A11Z>
1Dy <m1 > mig a ma; L1 Lo, L> — Jim b2 0+
12

b—0 151 (1 o po, AqAg)
(2.2.149)

and satisfies the same equation (2.2.147). In equation (2.2.141) 4 different blocks near
infinity appear in the RHS. However they collapse to two of them in the semiclassical limit
as in the previous cases. That is,

o la _0 ¢ o
191 (Ml >1 g agr po; AiAs, A%z) ~ (A1A2)? e 70 D, (#1 > g o oy ArAg, Allz) , asb—0,

(2.2.150)
as in (2.2.34). Finally, the connection formula (2.2.141) in the semiclassical limit becomes

as 1 z
21Dy (m2 mag a my; L1Lo, L) =
2

- _g a 1
- Z (Z Nio' (m2, )N gyor(a,m1) (L1 L2)™" e 28@F> 1Dy (ml > 'mig a ma; Ly Lo, L1z> ’

4 o=+
(2.2.151)
where explicitly the connection coefficients read

Z N9;1 (mQ’ Q)M—U)G’ (aa ml) (LlLQ)Ua e~ 50aF _

_ Z 1 = 200)0(=200) (LaLo)™ €73 ir(150) (- m—a) in (57 (4-m1=o0)
+ Omo — aa) r (5 —0'mq — aa)
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2.2.5 Reduced doubly confluent conformal blocks
General case

Counsider the correlation function

(11, A B(2)]A3) (2.2.153)
which solves the BPZ equation
- 1. phy A2 A30p A2
b 202 — -9, + — — =1L 2 - -2 A1|®(2)|A3) = 0. 2.2.154
( az Za + > 4 + 22 423 <,LL, 1| (Z)| 2> 0 ( 5 )

One of the parameters among Aj, As, z is redundant and can be set to an arbitrary value via
a rescaling. We keep them all generic for convenience. We have three different conformal
blocks, corresponding to the expansion of z near the two irregular singular points, and for
z in the intermediate region. The block for z ~ oo is given by the decoupling limit of the
corresponding doubly confluent block (2.2.133):
191 <“ O g o ALA, A%z) = M2 AR AN (AR (Ay2) P tim 1351<H 21 g o A#z) '
(2.2.155)
Equivalently, this block can be computed by doing the OPE (u, A;|®(z), projecting the
result onto the Verma module A, and contracting the result with |A2). We denote it
diagrammatically by

Q21
1
1
1
1

Q2,1 ) o L\ _
19% <u o o s ApA3, A1z> = (2.2.156)

Ko «

Also for the intermediate region A2 < z < A% we have a closed form expression, given by

A2 ~ A2
151 <M ag Pla Az, 2> = Afe(A%)Az§+9ba lim 1§ (M ap " a n; A1z, —2> .
2 z n—00 4dnz
(2.2.157)

This conformal block can also be computed directly by projecting |A2) onto the Verma
module A, then doing the OPE of ®(z) term by term with the resulting expansion and
then contracting with (i, Aq|. In diagrams

A2
181 (u ap P Az, 2) = (2.2.158)
2 z

2 °

ay «
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For the expansion around the irregular singular point of half rank no explicit, closed form
expression is known to us. In any case one can calculate the expansion iteratively via other
methods as for (2.2.109). We denote the corresponding conformal block in this region,
where 2 < A3 and A;A3 < 1 by
_1_32
16(19) <Maa271 : A1AZ, \A/QE) ~ b2 /VE (%22) 2 T 2Ba AA(A2)Ae+A {1 o) (\,{%,Aﬂ\%)} .
2

(2.2.159)

Diagrammatically,

(2.2.160)

z
16(5) (,uozozgl ;AlAg, f) =
2

Ao

" ® ON\NNNANNNNA
@ 0
To connect 0 with the intermediate region we decompose

2

)

1. M[8(2)A3) = [ daCiaGyt Y Cubin,
0=+

= /da C“aGgl Z Caefogg,,l,oé
0=+

193(;0) (M gy AA3,
2
2

2
012’1 A2
13% <u a Qgr ;A1z,z>

(2.2.161)
We recognize this constraint from (2.1.36). Its solution is

, A2
biél(’f(f) (uaag,l ;AlAg,ﬁ) = Z b2 baggel,(ba)lg% <u o &1 ag Az, 2> .
2

z

As
0'==+
(2.2.162)
In diagrams we write
21 21
E = Yot Qo E :
H ) O NNNNNNN 0 ° . ONNNN~
(67 0 (0% Qg
(2.2.163)
Instead, to connect from the intermediate region to co we decompose
az1 AR [
(1, A |®(2)|A2) = /da CaGy' Y CrayCSY 4 131 (M ag la Az, ;) —
0=+
« 1\
— ’ 2,1 .
= /da CaGal@; C’MQ,QBSSW 1@% </£ He’ a,A1A%»Alz>

(2.2.164)
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This is just the same constraint as for the Whittaker functions (2.1.21). The solution is

a21 .
(12 o s oL ).

1
2

b@balgé <M o0 o i Ayz, Aj) =Y b= 3—0bAL, (ba, bp)1 D

(2.2.165)
Diagrammatically
21 21
=2 g+ Now
H ® . ONNNN- H : ° ONNNN~
(07:] (&7 e’ (07
(2.2.166)

To connect from 0 to co we just need to concatenate the two connection formulae above to
obtain

1 (7] — _1 —0- [0}
b7z 16(% . </La(12,1 ;AIA%’ %) = 292,93:i ngQbaQGlbz (ba)b 2¥62be 9.317#/\/(792)93 (bO‘OQ? b/—”)lg% <,“’ ! Hos o, ;AlA%, ﬁ) .

(2.2.167)
In diagrams
06271 O¢2,1
E = Z%,Gg:i Q9_1192A/—(*92)93 E :
1% * OANNANNNNN- 1% ° ONNN-
(e} 0, Hos Qg
(2.2.168)
Semiclassical limit
The BPZ equation in this limit becomes
L} mLy u L3
2_ 1 Ly 22 —
<8Z 1 + ; + o 4z3> 13% 0. (2.2.169)
for any semiclassical block. Here w is given by
s 1242 2 1 2 2
u= ll)lg(l)b A505z log 13% (o; AjA3) = 1 +O(L1L3), (2.2.170)

where 151 (,u o; Aq A%) is the conformal block corresponding to (u, Ay |A%> with intermediate
2

momentum «. The finite semiclassical conformal blocks are defined as before by normalizing

by the same block without the degenerate field insertion, i.e. for z ~ 0

0 .
1@<1 ) (;LO(OCQ,I %AlAé,TQZ
2

) ~ PNELTE A (1 4+ O(La L3, V7 La))
(2.2.171)

E9 <maa2,1 . L1 L2, g) — limy o b2 -
2

% (u a;AlAg)
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For z ~ oo instead we have

«
191 <,u >1 g o; AAS, Allz>

az,1 5 1 1 om
D ’ N L L _— = 1 b 2 ~
! ;(m Mo @3 Sty le> b0 1%1 (o A1A3)
~ e 28 F 0L1z/2L 2 —om Z_em(1+O<L1L2,1/L1Z)).
(2.2.172)
Here
F = lim p*log [(AlAg)*Alg; (u a;AlAg)} . (2.2.173)
— 2

Both these blocks satisfy the same BPZ equation (2.2.169). Analogously to the previous
confluences, in the connection formula between 0 and oo we have four different ® blocks
appearing, which should reduce to two in the semiclassical limit. Indeed, we have

19% (,u 21 po g s A1AS A;) ~ (AlA%)e ae_%aaﬂ@% (,u 921 po oy AAZ Aiz) , asb—0,
(2.2.174)

as in (2.2.34). Now that we have defined the semiclassical conformal blocks, we state the
connection formula. (2.2.167) in the semiclassical limit becomes

_ oa _g a
155 (maag 1 ,L1L2, Lz) 29/ (Ea‘:i Q%l(a)/\/(_a)g/(a,m) (L1L2) a 3 0a F) 1'D% (m 2,1 Mg a,;LlL%7 ﬁ) .

(2.2.175)
With connection coefficients!?
> Qs (@N gy (a,m) (L L3) " e 3% 0 =
o=%
2 oa _ ol
Z 1—20;)1“( 2a)a) <L14L2) o~ G0uF y—in(L52) (1+204) i (55%) (3-m-o0a)
(2.2.176)

Note that the factors of b appearing in (2.2.167) precisely combine with all the factors of
A1, A to give the finite Ly, Lo.

2.2.6 Doubly reduced doubly confluent conformal blocks

General case

Decoupling the last mass we land on the last correlator of our interest, which solves the
BPZ equation

A21 A0y A21
-2 2_7 e _ 2 - 2 2y — 2.2.1
( - To. - m1y H T ) (na()ag) =0, (2:2.177)

13Note that the Gamma functions in the denominator precisely correspond to the one-loop factor of the
single hypermultiplet of the corresponding AGT dual gauge theory.
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Again, one of the parameters among A1, z, As is redundant and can be set to an arbitrary
value via a rescaling. We keep them generic for convenience. We can decompose the
above correlator into conformal blocks in three different regions, that is for z < A% < 1,
2> A2 > 1, or for z in the intermediate region A < z < A7?. The conformal block in
the intermediate region is again a block that can be expressed as a collision limit

A2 vQ ) . a1 _A2 A2
181 (ae a1 A3z, ;) = (A})20(A3)Rz 2 00 Jim 13y (77 ap ;Tnlz, ;) :
(2.2.178)

This conformal block can also be computed directly by projecting |A2) onto the Verma
module A, then doing the OPE of ®(z) term by term with the resulting expansion and
then contracting with (A?|. In diagrams we represent it by

21

A2 1
%3’% <a9 a1 A2z, 2) = : (2.2.179)

z 1

AN\NN@ L ON\NNN~
Qg o
The block corresponding to the expansion for z > AIQ
0 1 1,32 5 1
e (cnraida oz ) ~ (DS A VAT 0 (a3 )|
Q21
-’\/\/\/\)I’\/\/\/\/.—.’\/\/\/\r

0 !

(2.2.180)

and similarly for the expansion for z < A3

Z_QAz’ll
2

_1 32
€ (s hg, 2 ) ~ (a3 (apRen s s ()70 i 1o (g, L)
2 2 2

a 0
(2.2.181)
To connect the intermediate region with z ~ 0 we decompose the correlator as
A3\ |?
(A2|®(2)|A2) :/da Co Gt Z Cal . oCay |11 <a a1 g ; Az, 2) =
o1y 2 2 z
== (2.2.182)
-1 —20g1  (0") 242 VZ ?
= [ daCaGyl Y A 4 Cala7?00, €17 (aans; ATA, o

0'==+
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This is the same constraint as in (2.1.36). Therefore the connection formula is

b29ba13; <O(O[210[9,A12 > Z b~ 2Q00l bO[ 2A2’ll€(10/) ((1@21,A2A2 f) :
2 2 7 3 A2

(2.2.183)

Diagrammatically

Qg1 Qo1
| = o=+ Qoo |
NAN\/8 ' NN ANNNO———— O NNANANNN-
« (6 7:) « 0/

(2.2.184)

Similarly, the connection formula between the intermediate region and oo is

20bar A3 A ) 1
b %S% <a9a21a Alz > Zb 2Q99 ba ;@ <a21a AAQ, )

0=+ ¢ 2 Az

(2.2.185)

In diagrams:

ag1 a2
E = Zg/:i Q@@’ E
EAVAVAVAV, | : ON\NNN~ ANN\NNNNN\NNNAO———ONNNN-
(e7’] [e% o' (0%

(2.2.186)

As in the previous cases, we can easily obtain a connection formula connecting the two
irregular singularities, namely

bféz_QAZ’lée(;l) ((1 ()42 15 A AQ, A2 ) 292 O3= b?()gba 90—1192 (ba)b7%erzbag(,o?)o3 (bagz)%@(;%) ((1271 Ozg2 3 A%A%. All\/E) .
(2.2.187)
Diagrammatically:
@21 Q21
| 1 |
! = 2205, 65=+ 20,0, 2(=02)03 X
ANNNO———ONNNNANNNN- ANNNNNNNA—————ONNNN-
@ 91 63 C¥92
(2.2.188)

Semiclassical limit

The BPZ equation in this limit becomes

L2 o L2
2 1 o 2 _
<az 4z + 22 423) %S% =0. (2.2.189)
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for any semiclassical block. Here w is given by
1
u = lim b°A30,3 log 151 (o AIA3) = i a® + O(L3L3), (2.2.190)

where 1§1 (a; A7A3) is the conformal block corresponding to (A|A3) with intermediate
2 2

momentum «. The finite semiclassical conformal blocks are defined as before by normalizing
by the same block without the degenerate field insertion, i.e. for z ~ 0

() N e (an1indag A7) —1/2
z %gl <a az1 ;L%L%, fj) = limbﬁo b_1/2 . 51 (a'AQAQ) ~ eeLZ/\/ELQ Z3/4(1 + O(L%L%, \/E/LZ)) .
2 101 GAIAS

(2.2.191)
For z ~ oo instead we have

1 e® (az,l « ;A%A2 1

(0) L7272 1\ ~1/22 % P AvE
E% a2,1a7L1L27 I1vz = limp_0 b 3 (a;A%A%)

) o PLVELTVRA ORI L)),
(2.2.192)

=

101
2 2

Here
F = lim b log [(A%A%)‘A%S% (a;A%Ag)} . (2.2.193)

Both these blocks satisfy the same BPZ equation (2.2.189). Analogously to the previous
confluences, in the connection formula between 0 and oo we have four different & blocks
appearing, which should reduce to two in the semiclassical limit. Indeed, we have

1<
2 2

ol

1 1
¢l CAZAZ - b—0
1 (042,1040, 1 2’A1\/E Al\/g , asb—U,
(2.2.194)

as in (2.2.34). Now that we have defined the semiclassical conformal blocks, we state the
connection formula. (2.2.187) in the semiclassical limit becomes

)~ (434750 e (agasaa

[ z - oca —Z o’
218 (000 3, ) = S (S Q@ opp(@) (Lo 397 167 (a0 113, 112

161
(2.2.195)

2

With connection coefficients'4

Z Qa_al (a) Q(fa)ef(a) (L1L2)2(m e*%‘%F —
o=%

20a . —o’
L I'(1 - 20a)'(—20a) Il e_%a‘lFe*”(%)(%”‘m)em<%>(%_QM) .
2 4
o=+
(2.2.196)
Note that the factors of b appearing in (2.2.187) precisely combine with all the factors of
A1, As to give the finite L1, Lo.

1 Note also that there are no Gamma functions in the denominator corresponding to the fact that we
have no hypermultiplets in the corresponding AGT dual gauge theory.
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2.3 Heun equations, confluences and connection formulae

In this section we derive the explicit connection formulae for Heun functions and its conflu-
ences by identifying the semi-classical conformal blocks with the Heun functions and using
the results so far obtained.

2.3.1 The Heun equation

In the following we identify the semiclassical BPZ equation (2.2.28) with Heun’s equation
via a dictionary between the relevant parameters. Moreover, we establish a precise relation
between the Heun functions and the semiclassical regular conformal blocks. This is further
used to obtain explicit formulae for the relevant connection coefficients. WLOG, we focus
on the case t ~ 0. The connection formulae for ¢ ~ 1, ¢ ~ oo can be easily derived by
matching the Heun equation and its local solutions with the corresponding semiclassical
BPZ equations and the associated semiclassical conformal blocks.

The dictionary

Let us start giving the dictionary with CFT. The Heun equation reads

d? v ) € d aBz —q B
(dz2+<z+z—1+z—t>ciz,“—i_z(z—l)(z—t))w(z)0’ (2.3.1)

a+pf+1=v+0+c¢,

where the condition o+ 5+ 1 = 7 4+ § + € ensures that the exponents of the local solutions
at infinity are given by «, 8. Here and in the following we restrict to generic values of the
parameters. Define w(z) = Py(2)¢(z) with

Py(z) = 27721 — 2)792(t — 2)=/2. (2.3.2)

1(z) then satisfies the Heun equation in normal form, which is easily compared with the
semiclassical BPZ equation (2.2.28). We get 2* = 16 dictionaries corresponding to the (Zy)*
symmetry associated to flipping the signs of the momenta. We choose the following:

L—y
ag = ——
0 2 )
1-9
a] = ——
1 2 )
1—e¢
ay = 2 ) (233)
a—p
G0 = —5—

NOM —2q + 2taf 4 ve —t(y +0)e
B 2(t — 1) '
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The inverse dictionary is

a=1—ag—a; —a; + @,

B=1—ayg— a1 —a; — G ,

7:1—2%,
§=1-2a, (2.34)
€e=1-—2a,

1
=5 +t(a2 +a? + a? —aX) — ar — art + ap(2ar — 1+ t(2a1 — 1)) + (1 — )u(®.

The two linearly independent solutions for z ~ 0 of (2.2.28) are related by a9 — —ag. This
corresponds to the identification of the two linearly independent solutions of (2.3.1) for

z~0 as
w@(z) = HeunG (¢, q, o, 3,7,9, 2) , (2.3.5)
wf)(z) = z"""HeunG (t,g—(y=1)(td+€),a+1—78+1—~,2—7,6,2), o
where by definition
HeunG (t,q,c, B,7,0,2) = 1+ %z + 0O(2?). (2.3.6)

The Heun function can be identified with the semiclassical conformal blocks introduced
before. In particular comparing with (2.2.25) we get the two solutions

z
w@) (z) = Py(2) t;_“t_aoe_éaaoF(t)]—'< a1, ao— ag’l; t, ) ,
(075%) ap t

(2.3.7)

z
wf) (2) = Py(2) téatJraOe%aaoF(t)}"( a o ap+ a2’1; t, ) )
Ao ago t

Note that HeunG is an expansion in z, while the semiclassical conformal blocks are expanded
both in 2z and t. To match the two expansions one has to express the accessory parameter
g in terms of the Floquet exponent a as a series in ¢t. This can be done substituting the
dictionary as explained in Appendix 2.C.

The solutions for z ~ t are given by

t q-—tap z—1
t—1 1—t "’ 1—t)"’

w(j)(z) = HeunG (— a,B,¢6,0,——

O/ _ (s e t qftozﬁ_ B t _ _ _ z—1
wy’(z) = (t — 2) HeunG(—t_17 T—: (e—1) —t_15+7 ,a+1l—¢68+1—¢2 6767—1_t .

(2.3.8)
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Comparing with the semiclassical blocks (2.2.29) we get

wD(2) = Py(z) th-a0-a (] _ pyh-a1o- 30, F(0) <( )5;( Caz1, b t—z)) 7

ag o1 ¢
wE:)(z) = P4(z)t%—ao+at(1 o t); a1628atF(t) ( %]__ a2 1’ ﬁ, t_tz)> |
(2.3.9)
The two solutions for z ~ 1 read
wP(z) = <%>_“Heun(} (t,q+a(§75)7 , — 8,67, 1:5) ’

—a—146
wi”(z): (i:i) ' (1—2)1_6chnG <t,q—a(ﬁ+5—2)+(§—1)(a+[3—1—t’y),a+1—5,1—0—7—3,2—5,%%7;;) ,
(2.3.10)
and matching with (2.2.37) gives

l\)\»—t

w(f)(z) _ P4(Z)eiiﬂ'(a1+at)(1 _ t)*—ate 104, F(t) ((t(l )R (- z)]__(aoaaoo ar a2,1;t7 1- z))

a a1 t— =z

im(—a1+as 14, 1 _1 o 1—2
R L B (R e e I
(2.3.11)

The + ambuiguity in the overall phase depends on the choice of branch corresponding to

1-— .
P4(Z)f<aao aCLoo a1p aj,l;t’ t Z) x (t . 1)9a1+at — e:l:z7r(9a1+at) (1 o t)9a1+at ) (2312)
t 1 —Zz

Finally, the two solutions near z ~ oo are given by
t
wﬁf")(z) =z “HeunG (t,q—a,@(l+t)+a(6+t€),oz,oz—7+1,o¢—,3—|— La+p8+1 —7—6,Z> ,

w(OO)(Z):z—ﬁHeunG(t,q—aﬁ(l—&—t)—i—b’(&—i—te),&ﬂ—’y—i—lﬁ—a—&—l,a—i—ﬂ—i—l—7—5,2)

(2.3.13)
Comparing with (2.2.31) we get
W) (2) = Py(z)em1m o) 30 FO (t—éf(at o™ aoey i, 1)) :
ao Ooo z
(2.3.14)

W™ (2) = Py(z)eFmi-01=0t) =300 F (D) (t‘éz}(at o™ an- "1, 1)) )
aq a
where again the 4 in the phase depends on the choice of branch corresponding to

Py(z) = 2 3700(1 — ) 73401 (¢ — z)3tar = gFin(lmm—a) ,—ao(, _ q)=itar(, gy itar
(2.3.15)
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Connection formulae

Finally we are in the position to give the connection formulae for the Heun function. Let
us start with z ~ 0 and z ~ t. The corresponding connection formula can be read off from
(2.2.30), which in the Heun notation reads

T(e — 1)T()et (0 —%0)F
P (25 4 a() T (255 - (o)

w0y = — LAZQACTT g

I (M5 +al0) P (M5 ~alo)

11— 1) 5w (2),

(2.3.16)
for the other solution one finds

(e — DI (y)e (Dectu)F
I (555 +a(@) P (5 ~a(o)

_ — o3 (Pa;+0a) F s
wf)(z) = L= T2 — yjextTe o tl_“"(l - t)_%w(,t)(z) +

11— 1) 2w(z).
F(1+#+a(Q>)F(1+%7(z(q)) -1 *t()

(2.3.17)
Here a(q) has to be computed inverting the relation (2.2.27) and substituting the dictionary
as shown explicitly in Appendix 2.C, formula (2.C.13). The result to first order is

1
a(q) = 1o V3 =g +77 +2y(e — 1) + e(e —2)x

" <8_4(—1+2q—6(’7+6—2))(—3+4q+(Of—ﬂ)—72—5(5—2)—27(6—1)—6(6—2))
B—4g+72+2y(e—1)+e(e—2))(2—4g+ 2 +2v(e— 1) + e(e — 2))

t) +O(t%).
(2.3.18)

In Appendix 2.C we also explain how to compute the classical conformal block F' and its
derivatives (see formula 2.C.10). For example, to first order

(4a(q)* —a? +2aB — 2 —20+6%) (1 —¢)

Ou, F(t) = t+0(t?). 2.3.19

The connection formula for wf)(z) can be obtained from (2.3.16) by multiplying by z'~7,
substituting

g q—(Y=D)td+e), a—va+l—7y B—=B+1—7, y—=2—7 (2.3.20)

as in (2.3.5), and noting that

t—1" 1—t "’ 1—t

1- —tla+1- 1—7) = (y— 1)t —t
:(f) WHeunG(t_tl,q (o W)(Bﬁ_tw (v )(6+€),a+1f’y,ﬁ+l77,6,5,%_15).

(2.3.21)

HeunG (L q—tah a,ﬁ,e,&z—_t) =
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Similarly, the connection formula from z ~ 0 to z ~ oo can be read off from (2.2.35), and
gives

W) =3 T(1 — 20a(g))T(~20a(q))T(NT(B — a)t "5 04D 3 (%0 ~Oac +oda) Fpin(%57)
B =r (”%1 - Ua(q)> r (%*1 — oalg )) r (1 4 Bo=d aa(q)) r (W - aa(q))

S—
N—— ~—

B R L L L ) e e A
= ir(W ctl Ua(q)>I‘ (L;—l — galg )) r (1+ a4 faa(q))l“ (0‘—5“ — ga(q)
(2.3.22)

Let us conclude the section by giving the connection formulae from 1 to infinity. This can
be derived from (2.2.20), and gives

! (8 —a)l'(d
F(5 C“JFB—Faq

(0)e”
(9)
( BT (d)e”
(9)

(2.3.23)

The connection formulae involving the other solutions can be read off from the previous ones,
and the formulae involving different pairs of points can be similarly derived by considering
the corresponding semiclassical conformal blocks. We conclude by stressing again that the
connection formulae involving different regions in the t—plane are completely analogous to
the previous ones, since all the singularities are regular. This will not be the case in the
following.

2.3.2 The confluent Heun equation
The dictionary

Here we establish the dictionary between our results of section 2.2.2 on confluent conformal
blocks and the confluent Heun equation (CHE) in standard notation, which reads

d*w y o dw  az—q
— — — + —w=0. 2.3.24
d22+<z+z—1+6> dz+z(z—1)w 0 (2:3.24)

By defining w(z) = Ps3(2)¢(2) with Ps(z) = e=*/2277/2(1 — 2)=9/2 we get rid of the first
derivative and bring the equation to normal form, which can easily be compared with the
semiclassical BPZ equation (2.2.82). We can read off the dictionary between the CEFT
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parameters and the parameters of the CHE:

L -~
ag = ——
0 2 )
1-6
= ——
1 2 )
_ o o) (2.3.25)
€ 2
L=c¢,
1 (y+6—-1)2 e
e R
where
<72 Qg 1 2
u=Ilimb A8A10g13<,ua ;A>:—a +O(L) (2.3.26)
b—0 (&) 4

as in (2.2.82). This relation can then be inverted to find a in terms of the parameters of
the CHE: we denote this by a(q). We write the solutions to the CHE in standard form in
the notation of Mathematica, and their relation to the conformal blocks used before. We
focus first on the blocks given as an expansion for small L. Then, near z = 0 we have the
two linearly independent solutions

HeunC(q,Oé,’Y, 0, €; z),

1— (2.3.27)
z ’yHeunC(q—i_(l_7)(6_5)7a+(1_7)672_77576;2) )
where the confluent Heun function has the following expansion around z = 0:
HeunC(q, a,7,0,€6;2) =1 — %z +0(2?). (2.3.28)

Comparing with the semiclassical conformal blocks in (2.2.2) we identify
HeunC(q, a,7,0,€;2) = Pg(z)e_%a“OFl}' (m a® aog— a;’l; L, z) ,
0

2" "HeunC (¢ + (1 — e—0),a+(1—2)e2—7v,0,€z2 :P3ze%8a0F1}" maalao GQ’I'L,,Z
q v ) vy Y50, € + a ) )
0
(2.3.29)

where
F = lim b* log [Aﬁlg (luaal; A)] : (2.3.30)
b—0 (o))

Doing a Mobius transformation z — 1 — z we obtain solutions around z = 1, which being
a regular singularity can again be written in terms of HeunC. This amounts to sending
Y =08, =, €= —€, a—> —a, qg— q— . The two solutions are therefore

HeunC(q — a, —av, 0,7y, —¢;1 — 2)

- (2.3.31)
(1—2)'HeunC (g —a— (1 —68)(e+7),—a— (1 —8)e,2— 6,7, —1—2) .
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Again, comparing with the semiclassical conformal blocks in (2.2.2), we identify
HeunC(q — a, —av, 0,7y, —€;1 — 2) = Pg(z)e_%a“lFl]: <—m a ai_ a;’l; L1- z) ,
1
(1 —2)"HeunC (g —a — (1 =) (e +7), —a — (1 = §)e,2 — 6,7, —; 1 — 2) =

1 a a
= Pg(z)ezaalFlf <—m a OaH ;il;L, 1-— z) .

(2.3.32)
Around the irregular singular point z = oo, we write the solutions in terms of a different
function HeunC:
z_%HeunCoo(q, a,v,0,6 2

e Qs _1 (2.3.33)
e “ze T °HeunCoo(q — ve, a0 — €(y + 9), 7,0, —€; 27 ),

where the function HeunC,, has a simple asymptotic expansion around z = oc:

a? — (y+6—Dae+ (a— q)é?

HeunCoo(q, o, 7,6, 6, 271) ~ 1 + 3 14 0(z7?). (2.3.34)
€

Comparing with the semiclassical conformal blocks we identify

_a _ in§ 1 1 a a 1
2z~ eHeunCoo(q, o, 7, 0,6, 27 1) = T2 Pg(z)e28mFL2+m1D(m 21 my a 1;L,7>
z

ag
efezzgf“’*‘sHeunCoo(q —ve,a—e(y+6),7,0,—e 27 1) = qu?Pg(z)e*éa"’LFL%*mlD(mal’l m—a Z;; L, 2) .
(2.3.35)
The phase eF3* comes from the fact that near z = oo
Py(z) ~ e /2,702 (—5)70/2 = B emex/2,=0/2-6/2 (2.3.36)

The second solution around z = oo can be found by using the manifest symmetry (m, L) —
(=m, —L) of the semiclassical BPZ equation which according to the dictionary gives the
symmetry (q, o, €) = (¢ —ve, @ — €(y +6), —¢) of the CHE in normal form.

For the large-L blocks the story is analogous. The dictionary (2.3.25) is the same, up to
the substitution

u — up = limy_,0 b>Ad) log 1D (u U i) =—(m' —m)L+ % —a+2m'(m —m)+O(L™").

(2.3.37)
This relation can be inverted to find m/ in terms of the parameters of the CHE. We will
call this m/(¢). With this dictionary we can identify solutions of the CHE with conformal
blocks as follows: near z = 0 we have

, 1
HeunC(q, a,7,6, 6 2) = Py(z)e 200! 1D(ma1 m’ ao- a5’13 Zsz> 7
0

1
2 HeunC (g + (1= 7)(e — 6), @ + (1 —7)e,2 — 7,8, ¢, 2) = Py(z)e2%0FP 1D(ma1 m' ags 2 zyLZ) :
0
(2.3.38)
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with Fp given in (2.2.93). Near z = 1 we have

ai 3 La
(1 -2 HeunC (g —a— (1 =0)(e+7),—a—(1—08)e,2—6,7,—1—2) =

1
HeunC(q — o, —av, 0,7y, —€; 1 — z) = Pg(z)e_%aalFD 1D< —m® ' —m ai— @21, L(1 - z)) ,

1
= Pg(z)e%‘r’alFD 1D< —m®m —m ars a;’l; T L(1 - z)) .
1
(2.3.39)
While near z = oo we have

_a —_ ind 1¢ 1_ — a a 11
27 cHeunCoo(q, v, 7,0, 627 1) = eT2 Pg(z)e[‘/262‘)”‘F”L2 (m’ m)lD(m 21 my Lo/ (L(ﬁz,*)
z

o ind ; / 11
e_‘ZZT_W_SHeunCOO(q —ve, 0 — e(y +8),7, 9, —€; z_l) = e;TAPg(z)e_Lﬂe_%deDL%*'(m _'")17.7<m 421 my “a ao; A 7) .
z

(2.3.40)
As the careful reader should have noticed, we identify the small-L and large-L conformal
blocks with the same confluent Heun functions. The only difference is in the expansion of
the accessory parameter: in one case it is given in terms of the Floquet exponent a as an
expansion in L, and in the other case in terms of the parameter m’ as an expansion in L™1.

Connection formulae

The connection formula between z = 0,1 written in (2.2.91) for the semiclassical conformal
blocks can now be restated as:

I(l— 6)F(7)67%6<L0F+%6@1F

I (M52 +a(@) T (M52 - ala)
D(6 — 1)D(y)e” 200 50 F

T (2= +a() T (25 - al9))

HeunC(q, o, 7,9, €;2) = HeunC(q — o, —av, 6,7y, —€; 1 — 2)+

(1—2)'HeunC (¢ —a — (1 = d)(e +7), —a — (1 = 8)e,2 — 8,7, —;1 — 2) .

(2.3.41)
The quantities a(q) and F' can be computed as explained in Appendix 2.C.
The connection formula between z = 1,00 written in (2.2.89) reads in terms of confluent
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Heun functions:

HeunC(q — a, —a, 0,7y, —€;1 — 2) =

(v I'(—20a(q))T(1 — 20a(q))L(8)e~2~ 5 +23" +0a(q) £ 5% = 300 F4+30mF~50uF (a)

2 (5 eale) T (5 @) T (2 oa) )
2~ ¢ HeunCoo (q,0,7,0,€2) +
N 2531?(2aa@n)r(1gaa@n)r@ﬂeé 2= +0a(q) £ 5~ 500 F+50m F~50aF (a) )
= (5 - oa@) T (2 - 0a(q)) T (5572 + 2 — a(g))
X ez T 9 HeunCoo (q — ve, v — €(y +68),7, 6, —€; 2) . .

Here the phase ambiguity comes from (2.3.35), i.e. corresponds to the choice (—z)~%/2 =
et57279/2 A similar expression can be found connecting z = 0 and oo. All connection
coefficients given above are calculated in a series expansion in L. Therefore they are not
valid for large L and in that case one has to use different connection formulae, which are
derived in section 2.2.2 for the large- L semiclassical conformal blocks. Here we restate those
results in the language of Heun functions. The connection formula from z = 0 to z = 1,

valid for large L is given by

Heunc(Qv a, 7, 6a € Z) =

U(2m’(q)f%+A’T+6)e—%OQOFD-i-%aalFD— 0, /FDem(12 )(376 2m’(q))

Z L(7)T(1 —d)ez %

- X
LG -om@)r (1§ -0 (m@ -2 -34))
X HeunC(q - a, —q, 53/7) —€ 1-— Z) +
Z F(’V)F((s — 1)6%66_0(2’”7’,(‘1)_%'1"\/74—5)e—%aaOFD_%8(11FD—%am/FDeiﬁ(%)(%—?rnl(q)—l)
+ X
= LG o) (§ -0 (mo) - ¢ - 5°))
x HeunC (¢ —a— (1 =6)(e+7v),—a— (1 — )¢, 2 — 8,7, —¢;1 — 2)
(2.3.43)

where the quantities m’(q) and Fp are computed as explained in Appendix 2.C.
The connection formula from z = 1 to oo is simpler and reads

HeunC(q — o, —a, 8,7, —€;1 — 2) =

m(,,%im (q))
— 50100, Fp— 30 Fp — 3 — 2+ 2=/ (q) T(d)e 2 HounC: oG ey
F(*;+§+(5+m’( )) oo(d, 257, 0,6 )
+e SERECECA BMFDE_%+7_ T E_m/(q)Le_“ e HeunCoo(q ve, o — €(y + 6),7, 0, —¢; Z_l).

P (2.3.44)
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2.3.3 The reduced confluent Heun equation
The dictionary

Here we establish the dictionary between our results of section 2.2.3 on reduced confluent
conformal blocks the reduced confluent Heun equation (RCHE) in standard notation, which

reads
d*w 4 Y 4 ) dw Bz —q
dz? dz  2(2—1)

z z-—1
This is of course just the CHE specialized to'® ¢ = 0. The interesting difference with
respect to the CHE is the behaviour for z — oo, which is no longer controlled by e and
the degree of the singularity gets lowered to 1/2. By defining w(z) = Pa(z)1(z) with
Py(z) = 277/2(1 — 2)7%/2 we pass to the normal form which is easily compared with the
semiclassical BPZ equation (2.2.121). The dictionary between the CFT parameters and the
parameters of the RCHE reads:

w=0. (2.3.45)

1—~
a0:77
" 1-6
1= —5 >
2 (2.3.46)
L=2i\/8,
_1 (y+d-1)
where .
T 242 a1 a2\ _ L 2 2
u—%l_r}r(l]bAaAglogég(aao,A)—ll a+ O(L?) (2.3.47)

as in (2.2.121). This relation can then be inverted to find a in terms of the parameters of
the RCHE: we denote this by a(q). We therefore infer the relation between the solutions of
the RCHE in standard form and the conformal blocks defined before. Near z = 0 we have
the following two linearly independent solutions to the RCHE in standard form (2.3.45):

1_ (2.3.48)
z* "HeunRC (q_(1_7)67/672_7757z) )

where
F = lim b% log [AZ‘Alg <a o A2>] . (2.3.49)
b—0 2 Qg
Since HeunRC is nothing else than HeunC with € = 0, it has the following expansion around
z =0
HeunRC(q, f8,7,0;2) =1 — %z +0(2%). (2.3.50)

5This corresponds to the usual decoupling limit m — oo, L — 0 such that mL remains finite.
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Comparing with the conformal blocks in (2.2.3) we identify

HeunRC(g, 8,7, 6; 2) = Pa(2)e 290", F (“al ao- aj’l;L%Z) ,
2 0

21" 7HeunRC (¢ — (1 — )6, 8,2 — 7,85 2) = Pg(z)e%a‘IOF;]: (a “ ao+ a2’1; L2, z) ,
2

ag
(2.3.51)
Doing a Mobius transformation z — 1 — z we obtain the solutions around z = 1. Since
this is a regular singularity the solution can again be written in terms of HeunRC. This
amounts to sending v — 4§, § — v, 8 = —5, ¢ = g — 5. The two solutions are therefore

HGUHRC(Q - B, -8, 6)7? 1- Z) )

L (2.3.52)
(1_Z) HeunRC(q_ﬂ_(1_5)’77_/872_57771_2/)
Comparig with the conformal blocks we identify
HeunRC(q — B8, —0,9,7;1 — 2) = Pg(z)e_%aalF%}' <a 0 ai_ aj’l; —L%1— z> ,
1
(1 —2)' % HeunRC (¢ — 8 — (1 = &)y, —5,2 — 6, 1;1 — 2) = (2.3.53)

1 a a
:P2(2)628Q1Fl.7: <a 0a1+ (12’1;—L2,1 —z) .
2 1

The new behaviour arises for z — oo, where we write the solutions in terms of another
function HeunRC:

. 5
eQZmz%_%HeunRCoo(q, B,7,6; z_%)

P L 1 (2.3.54)
e “/EZZ_THeunRCOO(q,e By, 0527 2).

The function HeunRCy, has a simple asymptotic expansion around z = co:

Y+ 3\ (s 1

q—5+<T—1) (T_Z
iv/B

Comparing with the conformal blocks we identify

HeunRCy(q, 3,7, 9; z_%) ~1- >,z_é +0(z7Y. (2.3.55)

inwd

eQi%z%_WTHHeunRCoo(q,ﬁ,fy,é; z_%) = quTPQ(z)L% EHayq a

. . i 1
6721 BzzifﬁHeunRCm(q7 627”/6” v, 6’ Zié) = exTapz(Z)L%l(‘:(i) <(1271 a Zly L27 ) .
2
5
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Note that due to the nature of the rank 1 /2 singularity at infinity, the expansion is in

inverse powers of \/z. The phase ¢¥3° comes from the fact that near z = co
Po(z) ~ 2712 (—2)70/2 = 5 ,=/276/2 (2.3.57)

The second solution around z = oo can be found by using the manifest symmetry L — —L
of the BPZ equation which according to the dictionary gives the symmetry 8 — €2™f of
the RCHE in normal form.

Connection formulae

The connection formula between z = 0, 1 written in (2.2.127) for the semiclassical conformal
blocks can now be restated as:

[(1 = 8)L(y)e 2%0F 2o
r (”TM + a(q)) r (”TH - a(q))
T(§ — 1)D(y)e3%0 207
+ +0—1 +0—1
P (2= 4 a(g) T (25 - alg))

HeunRC(q, 8,7, d;2) = HeunRC(q — 8, —8,6,v;1 — 2)+

(1 - Z)1_5HQHDRC (q - ﬁ - (1 - 5)77 _/87 2 — 577) 1- Z) )

(2.3.58)
where the quantities a(q) and F' are computed as explained in Appendix 2.C.
The connection formula between z = 1, co written in (2.2.128) reads
HeunRC(q — 8, —5,6,7;1 — 2) =
I(~20a(g))T(1 - 20a(q))T(5) (¢78) 1740 H 5~ 300 - 50uT
= Z 1—v+3 +5-1 _
A (55— oa(o) ) (257 —outa)
T'(~20a(q))T(1 — 20a(q)T() (¢=74) 177 =5~ J0u F-g0uF
e
= 20T (152 — 0a(g)) T (5= ~ oa(o))

) AT HewnRCo (g, 5,705 2)

) 672i%z%7%HeunRCw(q, e*™ 3,7, 6; 27%) .

(2.3.59)

Here the phase ambiguity comes from (2.3.56), i.e. corresponds to the choice (—z)~%/2 =

imd . . .
et 2 2792 A similar expression can be found connecting z = 0 and .

2.3.4 The doubly confluent Heun equation
The dictionary
The doubly confluent Heun equation (DCHE) reads

> S+vz+22d  az—q
— — =0. 2.3.60
(dz2 + 22 PR ) w(z) ( )

Again putting the DCHE in its normal form via the substitution w(z) = P2(z)1(z) with

[N])

Py(z) = e2(277) - (2.3.61)
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we find the 22 = 4 different dictionaries with (2.2.147) corresponding to the Z2 symmetries
(my, L) = (—=m;, —L;) for i = 1,2. For brevity we only write one of them, namely

Ly=1,
Ly =6,
= 5 (2a—1)
=gl (2.3.62)
mo = 1-— 1
2 9
1
U=y (—4q—|—27—72—25) .
and the inverse dictionary is
a=1+m;—ma,
0= Lo,
v =2(1-my), (2.3.63)

1
¢=-3 (L2 + 2u + 2ma(mg — 1)) ,
Ly=1.
We denote the two solutions of the DCHE near the irregular singularity at zero as

HeunDC (¢, a, 7,6, 2) ,

s (2.3.64)
ez22 "HeunDC (6 + g+~ — 2,0 — v + 2,7, =0, 2) ,
where HeunDC has the following asymptotic expansion around z = 0:
—v)—ad
HeunDC (¢, v, 7v,9,2) ~ 1+ 4,4 Mf +0(2%). (2.3.65)

) 262
Comparing with the semiclassical block (2.2.146) we get

~ 1_
HeunDC (qa a, 7, 57 Z) = PQ(Z)LQQ m2€_%6m2F (Z 1D1 (mQ 92,1 mo_ a mi; Lo, %)) )
2

~ 1 P
HeunDC (0 4+ g+ v — 2,0 — v+ 2,7, -6, 2) = PQ(Z)L22+m2€%dm2F <z 1Dy (mg 92,1 mat a my; Lo, i)) .

Ly
(2.3.66)
The solutions near the irregular singularity at infinity are given by
_ 0
27 %HeunDC (¢ — a(a+ 1 —7),a,2(a+ 1) —v,0,—— | ,
z
(2.3.67)

e “z* "HeunDC <q +i+(y—a)(a—1),y —a,—2(a—1)+,—9, —> .
z
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Comparing with the semiclassical block (2.2.149) we find

1) ~ 1
HeunDC (q —ala+1—79),0,2(a+1) — 7,4, 77) = Pg(z)e%amlFlDl (ml 42,1 mis a ma; Lo, 7) ,
z z
9 B (L0 F az,1 1
HeunDC (g +d+ (v —a)(a— 1),y —a,=2(a— 1) +7,—06,—— | = Pa(z)e” 2"/ Dy my " mi_ ama; Lo, — ).
z z

(2.3.68)

Connection formulae

In this case the only connection formula is the one between zero and infinity. This can be
obtained from equation (2.2.151) and reads

5 T (—20a)T (1 — 20a)§~2+3100 y
FrG- (-3 - ool (1~ 25 - oa)

0
x ¢2(=0m =0mny=00a)F ,—af ey DO (q —ala+1—7),a,2(a+1)—~,9, —> +
z

HeunDC (¢, @, 7,9, 2) = (

14y

N Tl i (1Y ——
Ay I'(~20a)T (1 — 20a) 52 +3Foacin(5" —a ”a)e%(amlfamfaaa)ﬁ* .
2OTG-(-3) ea)r (3257 od)

x e *2% "HeunDC (q +o+(y—a)a—1),y—a,—2(a—1)+7~,-9, —5> ,
z
(2.3.69)

2.3.5 The reduced doubly confluent Heun equation
The dictionary

Here we establish the dictionary between our results of section 2.2.5 on reduced doubly
confluent conformal blocks and the reduced doubly confluent Heun equation (RDCHE) in
the standard form, which reads
dPw  dw N Bz —q+ex 0 (2.3.70)
- — —_— 0 = . .J.
dz2  dz 22
By defining w(z) = €*/24)(z) we get rid of the first derivative and bring the equation to the
normal form which is to be compared with the semiclassical BPZ equation (2.2.169). The
resulting dictionary between the CFT parameters and the parameters of the RDCHE is

Li=1,
Ly =20V, (2.3.71)
m=f3, -

U= —q.
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The fact that Ly =1 is of course consistent with the fact that it is a redundant parameter.
Here 1
u = lim b*A30,2 log 11 (1o AlA%) =~ —a*+O(L1L3) (2.3.72)
b—0 2 2 4
as in (2.2.169). This relation can then be inverted to find a in terms of the parameters
of the RDCHE: we denote this by a(q). We can now write the solutions to the RDCHE
in standard form and their relation to the conformal blocks by comparison. Near z = 0
we denote the two linearly independent solutions to the RDCHE in standard form (2.3.70)
by:

eQi\/€/723/4HeunRDCo (q,8,€6V72),

| , (2.3.73)
e 2iv 6/zz?’/A‘HeunRDCo(q, B,e™e; \/Z).

The two solutions are related by the manifest symmetry Ly — — Lo of the BPZ equation
which according to the dictionary (2.3.71) gives the symmetry ¢ — e?"’¢ of the RDCHE
in normal form. The function HeunRDCy has the following asymptotic expansion around
z=0:

i6 +4

iv/e

Note again that due to the presence of a rank 1/2 singularity, the expansion is in powers
of /z. Comparing with the semiclassical conformal blocks in (2.2.5) we identify

HeunRDCy(q, 8, €;v/z) ~ 1 — Vz+0(2). (2.3.74)

. 1
e?Ve/ % 3/ HeunRDCy (¢, B, € /2) = ez/2L22 1Si+) <maa2,1 L L3, \/2) ,

2 Lo
) Jz (2.3.75)
e 2V E/2,23/4HeunRDC0(q, B,e*Me; \/2) = eZ/QLglgg_) <maa271 L L3, Lz> )
2 2
For z ~ oo instead we have the two solutions
B L1
z"HeunRDC ,B,627 ),
(06,627 (2.3.76)

¢*z PHeunRDC o (q, — 3, —€; —27 1) .

The function HeunRDCo(q, 3, €; 27 1) has the following asymptotic expansion around z =
00:
HeunRDCoo(q, B, 6,2 ) ~ 1+ (q+ 8- 5%z +0 (272) : (2.3.77)

Comparing with the semiclassical conformal blocks we identify
1
ZzPHeunRDCo(q, 3, €; 27 1) = ¢*/2=50mF 1D1 <m 21 a; L3, ) ,
2 z

' (2.3.78)
ezzfﬁHeunRDCoo(q, —B,—e;—2z"1) = */2¢30mF 1Dy (m 22,1 my a; L3, ) .
p z



2.3. HEUN EQUATIONS, CONFLUENCES AND CONNECTION FORMULAE 127

These solutions are related by the symmetry (m,L;) — (—m,—L;) of the semiclassical
BPZ equation. Notice that one can rescale the BPZ equation such that it only depends
on the combination Lz and the coefficient of the cubic pole is —LiL3/4. By setting
L1 =1 according to the dictionary with the RDCHE, the above symmetry descends to the
symmetry (B,€,z) — (—f8,—¢€,—2z) of the RDCHE in normal form. Furthermore, in the
equation above

F =lim b log | (A1A2) 72151 (poy; AlAg)} (2.3.79)
b—0 2

as in (2.2.172).

Connection formulae

The connection formula between z = 0 and oo written in (2.2.175) for the semiclassical
conformal blocks can now be restated as:

e*Velz 34 HeunRDCy (g, B, € V/2) =

_ Z F(l - 20’1(14((]))].—‘(*20'04((]))6%+0a(q)e%8mngf)aFe—iﬂ(é+a'a(q))eiﬂ(%—ﬁ—o’a(q)) ZBHGU.HRDCOO(Q, 67 € 271)-’-
= VT (3+B—oalg))

I'(1 —20a(q))I'(=20a(q)) 1 0a(q) 20, F—20,F —in( - -
+ ei10U9) o30mF—F0.F im(3+oa(q)) e‘z ﬂHeunRDCoo(q,—ﬁ,—e;—z 1),
<a;: VTl (5 — 8 —oa(g))

(2.3.80)
where the quantities a(q) and F are computed as explained in Appendix 2.C.

2.3.6 The doubly reduced doubly confluent Heun equation
The dictionary

Here we establish the dictionary between our results of section 2.2.6 on doubly reduced
doubly confluent conformal blocks and the corresponding Heun equation (DRDCHE) which

reads
dw  z—q+ez !

dz? 22
This already takes the normal form of the semiclassical BPZ equation (2.2.189) and we
immediately read off the dictionary:

w=0. (2.3.81)

Ly =2,
Lo = 2iv/e, (2.3.82)
U= —q,

where )
u = lim b° A0,z log 181 (o ATA3) = i a® + O(L3L3) (2.3.83)
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as in (2.2.189). This relation can be inverted to find a in terms of the parameters of the
DRDCHE: we denote this by a(g). Near z = 0 we denote the two linearly independent
solutions to (2.3.81) by

e?v 6/Zz?’/4Heu]aDRDC(q, V7)),

. A (2.3.84)
e 2iv 6/”223/4HeumDRDC(q, e*me;\/2).
The DRDC Heun function has a simple asymptotic expansion around z = 0:
HeunDRDC(q, €; v/2) ~ 1 — 1€ Vz+0(z). (2.3.85)

ie
Note that in the expansion, z appears with a square-root, and therefore mapping z — e

gives another solution. Comparing with the semiclassical conformal blocks in (2.2.6), we
identify

271’1',z

eZi\/67Z2'3/4HeunDRDC(q7 €Vz) = zL%méé’f) <a asy;—4L3 Z> ,
2

29
’ L
2 (2.3.86)
e v E/Zz3/4HeunDRDC(q, e*e;\/Z) = zLé/Z%EE) <a as; —4L3, LZ> .
2 2
Around z = oo we have the two linearly independent solutions
V7 2 4 HeunDRDC (g, €; (62)7%) ) (2387)
: | -9
e*Qlﬁzl/leeunDRDC(q, € (e%lez) 2,
which we identify with the conformal blocks
. 1
eQZﬁzl/‘lHeunDRDC(q, €; (ez)f%) = \/Z;ESJF) ag1a;—4L3, —— |,
L 2z (2.3.88)

. N | _ 1
e_zlﬁzl/4HeunDRDC(q, €; (627”62) 2) = V21 5§ ) <a2,1 a; —4L%, N) )
2 3 1z

Connection formulae

The connection formula (2.2.195) from 0 to oo in terms of the DRDC Heun functions is

?Ve/% 3 HeunDRDC(q, €, v/2) =

=

= (21 E r(1- 20a(q))1“(—20a(q))e<11*‘m(q)ega“F> e?V7 /A HeunDRDC(q, €; (e2) ™2 )+
7r
o=%

1 o , . N |
+ (2 E NG 20a(q))F(—Qaa(q))ei“’a(q)e28’*F62m(’a(q)> e~ 2V /" HeunDRDC (g, €; (627”62) 2),
™
o=%

(2.3.89)
where the quantities a(q) and F' are computed as explained in Appendix 2.C.



Appendix

2.A DOZZ factors and irregular generalizations

2.A.1 Regular case

2
We use conventions where A = % — o2, i.e. physical range of the momentum is a € iR¥.

The formula proposed by DOZZ for the Liouville three-point function is then [110, 111]

<A1|V2(1)|A3> = Calagag =
- T;)(O)Tb(Q + 2&1)T5(Q + Qag)Tb(Q + 2043)

To($ + a1+ oz +ag)Tp($ + a1+ a2 — a3)To($ + a1 — az +a3) Ty($ — a1 + a2+ as)

(2.A.1)

We neglect the dependence on the cosmological constant since its value is arbitrary and
is not needed for the following discussion. We will not define the special function T, and
state all its remarkable properties, instead we refer to [122]. The most important property
for us is the functional relation

_ I'(x)
T = 1=2bey =t 2.A.2
o) = 1P P @) (@) = s (242
The normalization of the states is obtained from the three-point function by taking the
operator in the middle to be the identity operator, i.e. with A = 0 which in our conventions
means o = —%. One finds
IimC o =2m0(a1 — a2)Ga, , (2.A.3)

e—( a1,— 5 T€a2

with the two-point function G, given by

Tb(QOz + Q)
Go= —p o= 2.A.4
CT Tu(2q) (2.A.4)
We use it to raise and lower indices: For example, OPE coefficients are given by
0321&3 - Gtzllcalazas . (2.A.5)

129
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We will be interested in the case where one of the fields is the degenerate field ®9; with
2b+b~1 1 _ 32

ag1 = —=5—, corresponding to Az = —5 — 2. The fusion rules in this case impose
that only two Verma modules appear in the OPE of this field with a primary:
By 1 ( Z SEHeCn Ag) (14 0(2)) (2.A.6)
with
b b?
ar =at —5)> Ai:Aai—A:I:bafZ (2.A.7)

Since the degenerate field is not in the physical spectrum, ie. ag; ¢ iRT, the OPE
coefficients ng ..o have to be computed by analytic continuation of the DOZZ formula.
This is tricky and is most easily performed by considering a four-point function, where the
intermediate momentum is integrated over. During the analytic continuation one picks up
residues of poles that cross the integration contour, and this in fact automatically imposes
the fusion rules. In any case, the result is [123]:

2bav)
a1 a- no__(2ba) 2.A.
Cofia=1, C& a=b S0 1 2b0) (2.A.8)

2.A.2 Rank 1

In section 2.1.2 we introduced the rank 1 irregular state, which can be given as a confluence
limit of primary operators (here we consider only the chiral half):

(o Al o lim 1272 (AVi (1) (2.A.9)
with
Q? n+p Q? n—p U
A= I—a2 a:—T, At:T—a%, Oét:T7 t:K (2A10)

This reproduces the desired Ward identities for the irregular state. To determine its normal-
ization, we perform the collision limit on a (chiral+antichiral) three-point function, keeping
track of the DOZZ factors. Although irrelevant for the Ward identities, the signs of «, ay
n (2.A.10) are crucial now. We find

hm tt_)At A“/;j t ﬂ‘AO AA) 0 hm n —24 OC ntp n—p

2 7 2

(2.A.11)

N7l

Note that consistently with the main text, we consider the chiral and antichiral parts
formally as independent and distinguish them by letting the "complex conjugation" formally
act only on the coordinates ¢, A and not on the momenta «y, 1, 7. The asymptotic behaviour
of the T function, valid for large imaginary x is:

Q2

log T (g—ka:) :—%AzlogAx—i- log Ay + A +O(a"). (2.A.12)
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We therefore find the following asymptotic behaviour of the DOZZ factor:

Ao—p(Q—p) Th(Q + 2a0) _
To($ + 1+ o) To($ + 1 — an)

C_nis n-u o, ~ (—7°) (2.A.13)
2 7 2 7

This suggests that we get a finite limit in (320) if we substract the factor of (—n?) #Q@=#)
by hand. This can also be achieved by changing the power of ¢ that we substract in the
definition (2.A.9), but this would change the Lg-action on the irregular state, which we
avoid. It is however precisely what is done in [47]. In any case, we find the following
normalization of the irregular state:

(1, Al Do) = lim (—?)M@ W PAA A (1D Ag) = AP Chy . (2.A.14)

= lim
?’]—)OO
with normalization function

7’L’7’I’AT 9
Chia = ¢ (@ + 20) (2.A.15)

To(§+nta)To(§+p—a)

The choice of the branch for the phase is consistent with the result found in 2.B.1.

In the text we also consider a different kind of collision limit, which reproduces the OPE
between a primary operator and the irregular state. Performing this collision limit while
keeping track of the DOZZ factors, we can extract the corresponding irregular OPE coeffi-
cient. In particular, consider the following correlation function, which we expand for large

A:
1
19 (Mal 1 ag; A>

Here B,’jlal is the OPE coefficient corresponding to the OPE between the irregular state and
V1, Cyraq is the normalization function defined above and 19 is just the corresponding con-
formal block. Following [104], we can express an irregular three-point function equivalently
as a limit of a regular four-point function:

2

(1 AVADIA0) = [ db' B Crag (2.A.16)

<M1A‘V1(1)‘AO> = nli*g)lo(fnz)#(Q_ﬂ) /dulcoo;iq()n)}alCa(”])@t(n)@oX
A= (' =) (n—p") Aco(m)—A(n) — (=) (= 2
< |om-mon <7é) =) (n—p (é) n n (17Q)A1 (=) (n u)g( ai a(n)at(n);ﬁ) ’
U " A Qoo (1) ap ' A

(2.A.17)

with N

N+ p n—p n—p

asx(n) = 5 ar(n) = 5 a(n) = — = w (2.A.18)

Several comments are in order: First, notice that in line with the definition of the irregular
state we have multiplied by the same factors of (—n?)*(@=#) and (A]\/nQ)A"o(n)_At(n) as in
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(2.A.14). Second, the remaining factors which we have put by hand are equal to 1 in the
limit:

lim, o e~ (W 1A (,%)Alf(“/f“)("*‘/) (1= 2y gy e (1 B %>A1*(u’7#)(n7u') .

(2.A.19)
Therefore all the factors that we put by hand are the same as if we had computed (2.A.17)
by doing the OPE between Vi and |Ap) instead of between (u, A| and Vi. This ensures
crossing symmetry of the irregular three-point function. Furthermore, the factors inside the
modulus square in the limit give the irregular conformal block up to an overall divergence,
ie.:

, AN A= =) (n=n") 7 AN\ Boo(n)=Ae(n) Ar— (=) (n—p') )
—-ma (A A 1 aq ay(n). n
‘ < n> (n) ( A) g<%o(77)a(n) -

— A0 A 2 W) (M M ap; 1> ., asn— 0o,
(2.A.20)
This leaves us with
. 2 - 2\ —Ag—A1—2p/ (p' — (n) _
Jim (=)@ ()~ E0m BTN | Cota) ) o =
e—iw(Al—i-Q#'(u/_,u))Tb(Q + 2@1) e—iWAo'rb(Q + 2a0) (2.A.21)

Yo(§+ 1 —pn—o)To(§+ 1 — p+on) To($+ 1/ +a0) V(S + 4/ — o)
which remarkably has a finite limit. We recognize C\q, and therefore we can identify

B = e (B2 W =)Ly (Q + 20) . (2.A.22)
P (G — =) T($ 1 — i+ o)

Specializing this formula to the case when Vj is a degenerate field is again tricky and
involves analytic continuation. It is simpler to perform the collision limit again. The fusion
rules now imply that a(n) = ax(n) £ (=b/2), i.e. ' = pr = p =+ (—b/2). Performing the
collision limit using the degenerate OPE coefficients 2.A.8 one finds
) 2
Bro i (FH0urt) (2.A.23)

Ho2 1

in agreement with the result (2.B.17).

2.A.3 Rank 1/2

Unfortunately, for the rank 1/2 state the situation is not as nice. It is clear that if we
decouple another mass, the normalization function C),, will diverge badly, since there are
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no Yp-functions in the numerator to compensate the divergence of the denominator. Indeed,
it behaves as

_ e AT, (Q+20) 32,2 —M—HHA —inA
Cha = To (e Ta(Tna) — const. X e*H (—p)T 6 e Tp(Q+2a), asp— 0.
(2.A.24)

The constant comes from the O(2°) term in the expansion of the Y-function (2.A.12). We
neglect it in the following/consider it substracted by hand. This suggests we define

. _ 1492 CAA i
<A2|A> — |A2|2Aca — hmy,—>oo e 3#2(—u2) 3 +/‘2<—2—;|A> — |A2|2A2 40 p—2m AT};(Q + 2a) ,

(2.A.25)
where the factor of —1 is needed to reproduce the Ward identity (A%/L; = —ATQ(A2|. This

gives the normalization function for the rank 1/2 state as
Cp = 27427 AT (Q 4 20), (2.A.26)

in agreement with the result (2.B.34). Since no collision limit is known that reproduces the
OPE between a primary and the rank 1/2 state, we cannot determine the corresponding
OPE coefficient in the way we did in the previous section for the rank 1 state. For the case
of a degenerate field however, we determine the OPE coefficient in Appendix 2.B.2.

2.B Irregular OPEs
2.B.1 Rank 1

The form of the (chiral) OPE of a general vertex operator with the irregular state introduced
in section 2.1.2 is fixed by the Ward identities to be:

(s AV (2) = Y 22 Wm0 RASTB W = W mih= ) N (2.B.1)
k=0

Here VA (z) is a vertex operator of weight A which maps from the Whittaker module
spemﬁed by (i, A), to the module specified by (i, A). Furthermore (i, A; k| are the ("gen-
eralized") descendants of the irregular state. They take the form

(W Ak = ey A0 (W Al Ly (2B.2)

where ¢;;y are coefficients fixed by the Ward identities and the sum runs over ¢, j > 0 and all
Young tableaux Y such that i + j + |Y| = k. Furthermore we normalize (i, A; 0| = (i, AJ.
We then write the full (chiral-+antichiral) OPE between the irregular state and a degenerate
field as
e 2 2 2
AR = 3 Bl |3 A/ N Ot Sty Ot k| Ak E|, (2B.3)
= k=0



134

where B,’ffaz’l are the corresponding irregular OPE coeflicients. We have anticipated the
fact that for the OPE with the degenerate field ' = m4 = p + _Tb as will be shown later
from the BPZ equation. Furthermore we now have both chiral and antichiral descendants
which we label by k and k, respectively.

We want to determine the irregular OPE coefficients B and the normalization function C
introduced in (2.1.12). To this end consider the correlation function

(1, A|D(2)|A) . (2.B.4)

We can decompose it into irregular conformal blocks doing the OPE left or right as

2
« o 1
RS o (n o)

(2.B.5)
Here Cg?¢ | , is just the usual (regular) OPE coefficient given in terms of the DOZZ formula,
B is the irregular OPE coefficient to be determined, and C),, is the normalization function

of the irregular state, to be determined also. It is defined by

2

— § Ho!
- Baz,l,ucugla
0'==+

(1, A|()|A) =D Cat | oCuuay
0=+

(1, AA) = [APACig (2.B.6)
To determine B and C' we use the BPZ equation

B 1. A ph A2
<b 02— 0.4 5+ “7 - 4> (1, A|®(2)]A) = 0. (2.B.7)

2
This equation can be solved exactly and has the two solutions zb?Mbuiba(bAz), where M
denotes the Whittaker function. It has a simple expansion around z ~ 0:

My 50 (bA2) = (bAz)2 12 (1 + O(bAz)) . (2.B.8)

Comparing this expansion with the leading term in the OPE between ®(z) and |A) we can
identify

2
5 <u ag a;vl; Az> = A202T (bA) "2 0N, g (DAZ) | (2.B.9)
On the other hand, there exist two other solutions to the BPZ equation which have a simple

expansion around z ~ oo, namely the Whittaker W functions Wiy, po(£bAz). They have
an asymptotic expansion at co given by

Wippa(DAZ) ~ e PA/2(bA2)% (1 + O((bA2) 7)) | (2.B.10)
valid in the Stokes sector |arg(bAz)| < 2F. An important fact is that this function is

invariant under o — —a. We see that the expansion of the Whittaker W function (times
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the factor 2%/ 2) has exactly the form of the OPE between the irregular state and the
degenerate field, with
b
W=y =pk (—2> . (2.B.11)
(Note that with this convention, p4 corresponds to Wepppa(FOAZ). This may seem con-
fusing but we like to keep the expression p+ analogous to the fusion rules with a regular
state which give oy = a + 32).
Comparing the expansion of the W function with the irregular OPE (2.B.3), we can iden-
tify
1 . 2 4

o (M o H+ 0% Az) - AA+A2’1e_mbﬂbbu(AZ)%W—bu,ba(e_mbAZ) )

(2.B.12)

1 2
1D (u W Az) = ASHA2 (A 2) T Wiy pa(bAZ)

For simplicity we focus on the branch specified by —A = e™""A and use the asymptotic
expansion (2.B.10) for both bAz and e~*"bAz — oco. This is valid for —F < arg(bAz) < 2.
The modulus squared has to be understood as acting by sending Az — AZ and corre-
spondingly e ™Az — et AZ. Since we have assumed -5 < arg(bAz) < 37”, we also have
-5 < arg(e™bAz) < 37”, so all the asymptotic expansions are in their domain of validity.
Similar expressions hold in the other Stokes sectors.
We can now restate the crossing symmetry condition (2.B.5) in terms of Whittaker func-
tions and use the known connection formulae for them (see https://dlmf.nist.gov/13.14) to
determine the normalization function C and the OPE coefficient B. We have

Mn,,u(z) = F(li—i_ 2M) €iﬂ-(%7ﬁ+“)WmM(Z)+

— F(l + 2”) e—iTm
I'(3+6+p)

W_u(e7™2). (2B.13
Plugging this into (2.B.5) using the identifications of the conformal blocks with the Whit-
taker functions we obtain the condition

(1, A|®(2)|A) = |A[PA+20214+07 D b0 ClapT(1 4 26ba)?

a2 1,
0=+

im (L —bu-+6ba) 2

b2 efzﬁrbu b2

e .
2 Wy pa (DA 2T W_ppubale” DA

T (5 + bu + 6ba)

2

_ ‘A|2A+2A2,1+b23u+ CM +

2
—imbuybu il —im
o e b2 2 W_pppal(e” "bAZ)

+Q

2
2
+ ‘A|2A+2A2,1+b23u— Cu—»a b*b“zb7 Wb%ba(bAz)

Q2 1,1 9

(2.B.14)
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where we have used the fact that Wi, _,(z) = W .(2). Using the expression (2.A.8) for
the coefficients Cg¢ | ,, the cancellation of the cross-terms in the modulus squared gives the

following functional equation for Cq:

Chay _ o 2miborg 2bQ+dba 7(=2ba)y (5 + by + ba)

, 2.B.15
Cha_ Y(bQ + 2ba)y (5 + by — ba) ( )
which is solved in terms of the usual Tj-function:
—iWAT 9
Cro = (@ + 20) , (2.B.16)

Tb(%+u+a>Tb<%+u—a)

up to normalization and a periodic function of o with period b. We see however that the
minimal choice is consistent with the result obtained by the collision limit in 2.A.2. Once
we know the expression for C},,we can compute the irregular OPE coefficients ngw from
the diagonal terms in (2.B.14). The result is

) 2
pre = m(bEert) (2.B.17)

Q2 1,4

Again, we find that this is in agreement with the result found by the collision limit in
2.A.2. For completeness, let us write the connection formula for the conformal blocks §
and ©, which solves the crossing symmetry constraint (2.B.5). Using the identification of
the conformal blocks with the Whittaker functions with the correct prefactors we find

Oba a1, _ " a1 1

b F <,u049 a 7Az) = Z b2 Noer (bar, bi)1 D (,u Lo Q0 Az> ) (2.B.18)
0'=+

with irregular connection coefficients

LA +20ba)  im(152) (3-butbba)

Nogr (bev, bp) =
o0 (0001 = 1 e — 0o

(2.B.19)

The inverse relation is

1 a1 Sy 0'bax 21,
b=z, D (u “MAz) _921) Nogi (bp, bar) 1 § (Mag, . ,Az>, (2.B.20)

with

['(—260'ba)
L+ by — 0'ba)
As a final remark, note that the Whittaker W-functions have a non-trivial monodromy
around oco. However, since for the correlator we considered, the monodromy around 0 and

Nl (b b0) = 1= em(157) (tn=0be) (2B.21)
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oo is the same, and by construction we have no monodromy around 0, the combination
of W-functions appearing in the correlator expanded for large Az is precisely such that
the monodromy cancels. This can be checked also purely locally by carefully using the
asymptotic expansions of the W-functions and its Stokes sectors. In particular, any other
correlator involving this irregular state will have the same asymptotic behaviour and thus
the normalization function C),, ensures also the absence of monodromies for any other
correlator.

2.B.2 Rank 1/2

Let us repeat the same arguments for the rank 1/2 irregular state introduced in section
2.1.3. The (chiral) OPE between the irregular state and the degenerate field is fixed by the
Ward identities to be:

o 2 2
(N2 a(2) = SO(A2) 4T AT Bz by (2.B.22)
k=0

Here (A?; £| are the ("generalized") descendants of the irregular state. They take the form
k i
(A% 5\ = Z cijy A O (A?|Ly (2.B.23)

where ¢;jy are coefficients fixed by the Ward identities and the sum runs over 4,5 > 0
and all Young tableaux Y such that i + j + 2|Y'| = k. In particular, note that only the
integer descendants (i.e. k € 2Z) can contain Virasoro generators Ly. Furthermore we
normalize (A%;0] = (A2|. Since both z-behaviours in (2.B.22) given by =+ live in the same
Bessel module specified by A, there is no canonical way of choosing a basis of solutions, in
contrast to the rank 1 case. This ambiguity does not affect the physical correlator, since
we have to sum over both solutions with the corresponding OPE coefficients. Changing the
basis of conformal blocks changes the OPE coeflicients in a way that the physical correlator
is invariant. Consider the following correlation function involving the rank 1/2 state:

(A2]0(2)|A). (2.B.24)

We can decompose it into conformal blocks by doing the OPE left and right:
2 ) L2

18 (g a1 A\/E)‘ ==t Baz1Co |1 € (0‘271 % rﬁ)‘ '
(2.B.25)

(A?|®(2)]A) =Yg 82, o Cay

Here C,, is the normalization function of the irregular state, defined by

(A%|A) = |A%PAC,, (2.B.26)
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which is to be determined. We also want to determine the irregular OPE coefficient B, , .
To do so, consider the BPZ equation that the correlator obeys:

A A2

_ 1
<b 292 — ~0:+ 5 - 4z) (A%®(2)|A) = 0. (2.B.27)

Solving this differential equation one identifies the conformal block corresponding to the
expansion near 0 with a modified Bessel function:

bA

—260ba
. > 2% Ly (BAV/Z) . (2.B.28)

1§ (g a1 0 Ay/z) = T(1 + 20bar) A*2° (

2
The prefactors are fixed by looking at the OPE between ® and |A) and using the expansion
of the Bessel function:

(b A \/E /2>29ba
1 bA =-—""——"—(1+0O(bA . 2.B.29

On the other hand there are two other solutions to the BPZ equation given by the modified
Bessel functions of the second kind Kop, (£bA+/z). They have a nice behaviour at oo, given
by the asymptotic formula

s

SWE

Furthermore Kopo(bAv/2) = K_9po(bA+/z). This expansion has precisely the form of the
OPE between the irregular state and the degenerate field (2.B.22). We can therefore identify
the necessary prefactors and defilne the irregular conformal blocks for z ~ co:

1 20 _in _v2 —in
3 (“27”‘; Aﬁ) =\ T TR T2 E Kaa(e T ThAVE),

B 1 2b _bv2 bQ
%QE( ) (az’la; M) —V ?(A2)A T27 Kopa(bAVZ) .

We can now restate the crossing symmetry condition (2.B.25) in terms of Bessel functions
and use the known connection formulae for them (see e.g. dlmf.nist.gov/10.27) to determine
the normalization function C' and the OPE coefficient B,,,. We have

Kopa (bAYV/Z) ~ e PMWVEL 4+ O((bAVZ)TY). (2.B.30)

(2.B.31)

I(2) = %em”K,,(z) ~ %Ky(e_mz) . (2.B.32)

Plugging this formula into (2.B.25) using the identifications between the conformal blocks
and Bessel functions, one finds that the vanishing of the cross-terms gives the condition

Coc+ _ 2—8bo¢b2bQ+8bae—4ﬂ'ibaM (2B33)

Co_ ~(bQ + 2ba)
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We take the simplest solution, namely
Cp = 271 MAY(Q + 20) . (2.B.34)

This is in agreement with the result found in 2.A.3. Once we have the expression for C,
we can compute the irregular OPE coefficients from the diagonal terms of the crossing
symmetry condition. The result is

Bay, = 202" (2.B.35)

We see that the OPE coefficients are independent of +, which is a reflection of the fact that
we have a symmetry rotating the basis of conformal blocks into each other and leaving the
physical correlator invariant.

For completeness, let us write also the connection formula for the irregular conformal
blocks:

b26‘ba |
2

1 / 1
F(gazia; AVz) = Z 5_5996’(504)%@(9) <a2,1 a; A\/E) : (2.B.36)

0=+
with irregular connection coefficients
20bo

Vor

Qpo (bat) = I (1 + 20ba)e™ () (+2000) (2.B.37)

The inverse relation is

_1 1 by y—
b 2%(’3(6) <a2,1 o A\/?) = Z p20'0 Qeel,(ba)%g(agl azgo; AVZ) . (2.B.38)
0'=+
with irregular connection coefficients
—260"ba ) ,
Qyk (ba) = T(—260'ba)e (157 (3+20'ba) (2.B.39)

Ver
2.C Classical conformal blocks and accessory parameters

In this Appendix we give explicit combinatorial expressions for the classical conformal
blocks used in the main text.

2.C.1 The regular case

Let us start with the case of regular conformal blocks. Via the AGT correspondence [41]
the four-point regular conformal block is given by

3 <Oél a Oét;t> _ tAfAtho(l o t)72(%+a1)(%+at) %
Qoo Qg

! ) ) B (2.C.1)
1 3 1z (@ 7) T] vy (6,70 4 60 2y (6,701 4 b0 )
v o=+
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Figure 2.C.1: Arm length Ay (s) = 4 (white circles) and leg length Ly (s) = 2 (black dots)
of a box at the site s = (2,2) for the pair of superimposed diagrams Y (solid lines) and Y’
(dotted lines).

where the sum runs over all pairs of Young tableaux (Y7,Y2). We denote the size of the
pair |Y| = |Y1| + |Y2|, and [52, 124]

zhyp(@',?,u):H 11 (ak+u+b_1<i;>+b<';>>,

k=1,2 (i,j) €Yk
e (V) =TI I B - eV ¥i (i) TI Q=B (o0 — Y Vi (7,5))
kJ=1,2 (i,5)€Y}, (i,5)eY;
E (a’ Y1, Ya, (Z’])) =o— b_lLY2((i’j)) +b (Ayl((l,j)) + 1) :
(2.C.2)
Here Ly ((4,7)), Ay ((7,7)) denote respectively the leg-length and the arm-length of the box
at the site (i,7) of the tableau Y. If we denote a Young tableau as Y = (v] > v} > ...)
and its transpose as Y = (v > 15 > ...), then Ly and Ay read

AY(iaj):VZ{_ja LY(ivj):Vj_i' (2C3>

Note that they can be negative if the box (i,j) are the coordinates of a box outside
the tableau. Also, the previous formulae has to be evaluated at & = (a1, a2) = (o, —).
Comparing (2.C.1) with (2.2.24) we find the explicit expression for the classical conformal
block F":

F(t) = Ty o 0 log [ (1 — 1) 2(F+e)(E 400 530 t¥z 0 (0,F) Tlps 2y (8,70 + 000 2y (@, V1 + 0o )]
(2.C.4)
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This turns into a combinatorial expression of the v parameter defined as

1
u® = lim b*t0; log § <a1 « at; t> =~ —a’+d’+ad+t0F(t) (2.C.5)
b—0 Qo QO 4

in terms of the intermediate momentum «. After substituting the dictionary with the Heun
equation this gives a combinatorial expression of the accessory parameter ¢ in terms of the
Floquet exponent a = ba. Inverting this relation order by order in ¢ allows us to compute
the connection coefficients in terms of the accessory parameter. Let us carry out explicitly
a first order computation for the sake of clarity. At one instanton the relevant pairs of
Young tableaux are Y = ((1), (0)) and ¥ = ((0), (1)). The various contributions give

“hyp (0_27 ((1)7 (0))7H) =—-+ta+pu,

Zhyp (@, ((0), (1), ) = — —a+p,

(2.0.6)

and since A(O)(’L = 1,j = 1) = L(O)(Z = l,j = 1) = —1 and A(1)<’L = l,j = ) = L(l)(l =
1,j=1)=0,

therefore

Zvec (527 ((1)7 (O))) = H E! (a - Qy, (1)7Yla(i =1,j= 1)) H (Q ) (a _akv(l)vykv (7:/ = lv.j, = 1)))71

=12 k=1,2
_ 1
 —2a(Q+2a)’
Zvee (6, ((0), (1) = [ B (—a—ar, (1), Y0, (i=1,5=1) [] (@-E(~a— o0k (1), %, (@ =17 =1)))"
1=1,2 k=1,2
_ 1
T 2a(Q —2a)°

(2.C.8)
Note that and that every time (7, j) have to run into an empty tableau, the corresponding
term contributes with 1. Finally, substituting the previous results in (2.C.4) we get

1 2 2 2 (1 2 2 2
i—a —al-i-aco) (1—(1 —a; +aj
1_ 9,2
5 —2a

Fu):( )ﬁ+0@%. (2.C.9)
In the main text we will need the derivatives of F' expressed in terms of Heun parameters.
For example,

(4a* — a® + 208 — 2 — 20+ 6°) (1 —¢)

P F (1) = 2 — 8a?

t+O(t?). (2.C.10)
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Moreover,

(1—a?—af+a) (h—a?— o} +}

1 _ 2
5 2a

1
u® == —a® +a? +a}+ )t—l—O(tZ). (2.C.11)

4

Note that the relation between u(?) and a is quadratic at ¢ = 0, therefore we will have two
solutions for a(u(®):

1 —14 242 + 2a? — 2a% + 247 — 2u?) (=1 4 4a? — 2u®)
a::l:\/——u(o)—i-a?—i—ag - T I T Moo T o0 70 )g S )i v o)) .
4 2 (—1+4ad + 4a? — 4®) (=1 + 2a3 + 2a? — 2u®)

(2.C.12)

Substituting the dictionary (2.3.3) we obtain

1 t(6(qla+B+1) —v(aB+q) + (¢ — aB)(2q — y(a + B — 1)) + 6%(—q))
S O ey s 2y
:t? (a+B—0p—da¥ Vie+8-06)2%—49(4g— (a+B8—-0—-1)(a+B—-56+1)) +O(t)
(2.C.13)

Note that that all the connection formulae near the various singularity are all symmetric
under a — —a. The sign has to be carefully chosen only when connecting to the intermediate
region. Finally, we are in the position to expand the connection coefficients. For example,
one would have, choosing the lower sign in a,

F(1+;_6+a) NF<1+75\/4q+(a+[36)z> y

2

£ (5(gla+ B+ 1) — (0B +0) + (q — aB)(2q — A+ B — 1)) + 8(~q)) Yo (1”‘€‘V“;q+‘a+ﬁ‘“"’)

(a+B8—-0)2—4q4q—(a+p—-0—-1)(a+B—-0+1))

X |1+

)

(2.C.14)
where 1) is the Digamma function.

2.C.2 The confluent case

In order to discuss the confluent classical conformal block, let us write the four-point con-
formal block appearing in (2.2.39), that is

5 < Qy an; 1> _ t—A+A1+A0(1 _ t-1)_2(§+a1)(%+at)x
O Qo t
. . o o (2.C.15)
X Zt_|y|zvec (o_f, Y) H Zhyp (62, Y, o + 90[00) Zhyp <€f, Y, a1 + 90&0) .
% ==+

Note that in the decoupling limit (2.2.45), that is

A
Qoo =—f, g — Qo =17, t=— (2.C.16)
n
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where then n — oo,

> 2Y AN
Zhyp (O?,Y,Oét - aoo) ~ (at - aoo) Y1~ <t> )
o o Lo 2.C.17
Zhyp (a7 Y, o + aoo) = Zhyp (a, Y, _/1*) ) ( )

(1 — t~H2EFra(Fran) o~ (F+a)h

Therefore the confluent 3-point function (2.2.80) has the following combinatorial expression

15 (uag;; A) = AAe(%er)A Z? A|37|zVeC (O_Z, 37) Zhyp (52, 17, —,u) [To—s 2hyp (62, §7, a1 + an) .

(2.C.18)
As for the previous case, this turns into a combinatorial expression of the u parameter
defined in equation 2.2.83 in terms of the intermediate momentum a, that after substituting
the dictionary with the CHE gives a combinatorial expression for the accessory parameter
in terms of the Floquet exponent. Again, inverting this relation is useful for computing the
explicit connection coefficients. Similarly we can give an explicit expression of the classical
conformal block for big A appearing in (2.2.93), that is

(! : A= =) (n—p) = (§+01 ) (Q+n—
(1 ) = i AATS e (1 YR (Fren)i@inn

n—00
A 3(n), ¥ TR A () —n—p
X Z (K) Zvec <0[(’I’])’Y) G]i:[t Zhyp (Oé(ﬁ),Y, T —+ 9a0> Zhyp <a(n)7yaa1 + 9 5 > ’
1 —
(2.C.19)
where
&) = (_n;u e ﬂ”) - (2.C.20)

Again, this gives an explicit expression of the classical conformal block Fp(L~!) recalling
that

1 ’ / ’ -
D (M U a; A> — o~ (W =N\ Do+ Ar+2p/ (' —p) o5 (FD(LTH+0(b%) (2.C.21)

2.C.3 The reduced confluent case

To obtain the reduced confluent classical block we decouple the momentum g starting from
(2.C.15) as follows

, as [t — 00. (2.C.22)
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This gives
a A2 |?| . .
%3 <a al;A2> — A28 Z <4) Zvec (d, Y) H Zhyp <62,Y,a1 + 9a0> . (2.C.23)
0 v o=+
This gives for the classical conformal blocks
2\ 1Y . .
F(L?) = lm b log 3 (4) 2vee (V) T 2y (8, V,01 4+ 000) . (2.C.24)
v o=+

2.C.4 The doubly confluent case

Let us consider the following decoupling limit of (2.C.15):

AMA
al—l—ao:—ug,al—ag:n,A%g,asn%oo. (2.C.25)
n
This gives
A A Ve — — —
181 (1 o g, AAg) = (A Ag)R e 2 Sy (AlAQ)‘Y‘ Zvec (527 Y) Zhyp (557 Y, Ml) Zhyp (527 Y,—u2),
(2.C.26)

and

F(Ly1Ly) = limy 0 b? log [€A12A2 X9 (A1A2)m Zvec (077 57) Zhyp (077 Y, —Ml) Zhyp (077 Y, —M2)} :

(2.C.27)
2.C.5 The reduced doubly confluent case
We now decouple pug in (2.C.26) as follows
2
Ay — ——2 | as g — 00. (2.C.28)
4y
Again,
A3 A v Lo Lo
13% (u Q; A142> = (AlAg) Z (A1A3)| |zvec (a,Y) Zhyp (a,Y, f,u) . (2.C.29)

Y

Therefore the corresponding classical conformal block gives

] A2 |?‘ Lo Lo
F(L L3) = %E)% b2 IOgZ <A142> Zvec (a, Y) Zhyp (a,Y, —,u) . (2.C.30)
Y
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2.C.6 The doubly reduced doubly confluent case
Decoupling the last momentum g in (2.C.29) by setting

A2
A — -1 asp— o0 (2.C.31)
4
gives
Y|
CA2A2 2,2\4A ATA3 =
131 (03 A3A3) = (A3A3) Z:<16 fvee (6,7 (2.C.32)
The corresponding classical conformal block gives
A2A2 |}7| .
272y _ i 72 1449 =
F(Lle)—llg%b log E < 16 > Zvec (a,Y) ) (2.C.33)

Y
2.D Combinatorial formula for the degenerate 5-point block

As for the four-point blocks in the previous Appendix, we give an explicit combinatorial
expression for the degenerate 5-point conformal block introduced in 2.2.1 via the AGT
correspondence. It can be computed as the partition function of AV = 2 gauge theory with
four flavours and a surface operator, or equivalently as a quiver gauge theory with specific
masses fixed by the fusion rules of the degenerate field. Using the representation as a quiver
gauge theory we find

S(m o Ot g Q21 4 7) _ tAfAthogz§+9bag(l " 2L 4a1)(2—ar) ( _Z

Qo
t

—2(%+az)(%+az,1)
(675 (o5} t )

(1 _ Z)—Z(%+a1)(%+ozz,1)><

7 2\ Wl I I I I I
X Z t‘y‘ (;) Zvec (a7 Y) Zvec (a097 VV) H Zhyp (a7 Ya o) + O'aoo) Zhyp (000, W7 a2 + UO{()) Zbifund (a7 Ya @pp, W; at) )
o o=t

(2.D.1)
where the sum runs over two pairs of Young tableaux ¥ = (Y1,Y3) and W = (Wy, Wy).
ajgg has to be understood as (g, —agg) and we recall that as; = —%. Further-
more Zzyec and znyp are defined as in (2.C.2). The new ingredient is the contribution of a
bifundamental, defined as

Zblfund( Y,5,W )
[ (o = B1, Y, Wi, (4, 7)) — (%—Fatﬂ 11 {Q—E(ﬁl—@k,m7yk7(i/>j')) - (%4-0%)} ,

kl 1,2 (i,5) €Yy (i,3") W,

with F as in (2.C.2).

Since all other conformal blocks are defined in terms of this degenerate 5-point block, the
expression (2.D.1) can be used to compute any other block. In particular one can verify
explicitly that the various confluence limits are finite.






Chapter 3

Holographic thermal correlators from
supersymimetric instantons

In this chapter we study the thermal two-point function in a holographic four-dimensional
CFT! [126-128] using techniques coming from four-dimensional supersymmetric gauge the-
ories [42, 72, 73, 129, 130].

Finite temperature dynamics of CFTs is particularly rich in d > 2, where propagation
of energy is not fixed by symmetries. On the gravity side, this is related to the presence of
a propagating graviton in the spectrum of the theory, namely gravity waves.? On the field
theory side, it is due to the fact that conformal symmetry is finite-dimensional in d > 2.
This richness comes at a price that even for the simplest finite temperature observables no
explicit solutions are available in d > 2.3

Here we provide the first example of such an explicit result. The thermal two-point
function is computed by studying the wave equation on the black hole background [135—
137]. This equation is of the Heun type [17-19], and the retarded two-point function is given
in terms of its connection coefficients, which have been computed in the previous chapter
(2). Starting with [72], a growing body of problems of this class have been solved using
the connection to Seiberg-Witten theory and more precisely the Nekrasov-Shatashvili (NS)
functions. These ideas have been applied to the study of black hole perturbation theory in
[75, 138-144]*.

In particular this connection allows us to express the thermal two-point function in terms

"We consider a finite-temperature CFT on the sphere, S}, x S%, and on the plane, S}, x R3. The former is
related to the black hole geometry, and the latter to the black brane. The requirement of being holographic
implies a large CFT central charge (cr > 1), and a large gap in the spectrum of higher spin single trace
operators (Agap > 1) [125].

2 Another characteristic feature of black holes in d > 2 is the existence of stable orbits [99, 131, 132].

3Here we refer to the black hole phase. For the thermal AdS phase some explicit results exist [133].
They are also available in d < 2, see e.g. [134].

4See also [145-147] for a different approach based on Painlevé equations.

147
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of the NS free energy [72] of an SU(2) gauge theory with four fundamental hypermultiplets,
and to study some of its basic properties both analytically and numerically. One particularly
interesting regime is the large spin limit, where the exact formula produces the solution
to the heavy-light light-cone bootstrap [83, 84]. We reproduce the available perturbative
results from the literature [85-99] and make new predictions.

3.1 Holographic two-point function at finite temperature

3.1.1 Black hole

We consider a holographic conformal field theory at finite temperature. Above the Hawking-
Page transition [148], this theory is dual to a black hole in AdS [149|. Here we will specialize
to the case of AdSs, where the black hole metric is

ds® = —f(r)dt* + f(r)~t dr® + r?dQ3. (3.1.1)
Setting the AdS radius to 1, the redshift factor takes the form
2
7 R
f(?“) :7“2—'-1_* = ( _+) (T2+Ri+1)’ (312)
where the Schwarzschild radius is given by

v1i+4p -1

= 1.
R, . (3.13)
The dimensionless parameter p is related to the black hole mass M by
SGyM
= . 1.4
gy (3.1.4)

We are interested in the two-point function of a scalar operator O(z) with dimension
A, dual to a massive scalar ¢ in the bulk with mass [150]

m = /AA — 4). (3.1.5)

In order to compute this two-point function, we need to solve the wave equation on the
black hole background,

(O —m?*)p = 0. (3.1.6)

Expanding the solution into Fourier modes, we have

o(t, 7, Q) = / dw Y e Yy () (r). (3.1.7)
Lm
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Our conventions for spherical harmonics Y7 can be found in Appendix A of [12]. The wave
equation then takes the form (see [102] and references there)

1 3 w2 L+ 2)
<r38r(T f(r)o,) + O A(A —4) ) e =0. (3.1.8)
We are interested in the retarded Green’s function, and therefore we impose ingoing bound-
ary conditions on the solution ¢ at the horizon,

w R+

in (r) = (r — Ry) 2 2R% 41 4 (3.1.9)

wl
The solution 1™ behaves near the AdS boundary r — oo as
D(r) = Alw, O)(r3 T 4 + Blw, O(r +.). (3.1.10)

The two-point function is then the ratio of the response B(w, ¢) to the source A(w, ¢) [135],

Grlw,0) = (3.1.11)

Our conventions for the thermal two-point function in the CFT dual are collected in Ap-
pendix 3.A.
The wave equation takes a particularly convenient form under the transformations

,r.2

=5 p7 1 3.1.12
T RERI+1 ( )
, da\ 172
Yo (r) = (7“ f(?“)dT> Xwe(2) - (3.1.13)
We then obtain Heun’s differential equation in normal form,
o Az _pma-di-eitaltu joa  w  go@)
2 (z2—1)2 z(z—1) (z—1t)?  z(z—1t) 22 ¢ ’
(3.1.14)

Here the horizon is at z =t and the AdS boundary is at z = 1.
In (3.1.14) we introduced a set of parameters that acquire a natural interpretation in the
context of gauge theory that we discuss in the next section. They are defined in Table 3.1.1.

Finally, u is given by

0(0+2)+2(2R% + 1) + R2ZA(A —4) N R? w? '
4(R% +1) 1+ R2 4(2R? +1)

(3.1.15)

U = —
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Gauge theory t ao as ay o
Black hole i1 0 iw Ry A2 | w/REHL

2 2 5R2 2
2R1+1 2 2R7+1 2 2 2R7+1

Table 3.1.1: Map from gauge theory to the black hole wave equation parameters.

The purely ingoing solution behaves near the black hole horizon as
X(2) = (t—2)27% 4 .. . (3.1.16)
Close to the AdS boundary it takes the form

1—2

1—2z \3tm
1+ R% )

. 1o

X (2) o A, 0) )+ B0 (HR2+

The solutions to Heun’s equation are known as Heun functions, see e.g. [19], and these
can be written as an infinite series expanded around one of the singular points z = 0, ¢, 1, co.
The problem of finding the response function (3.1.11) therefore reduces to finding the so-
called connection formulae for the Heun function which express a given solution around
one singular point (3.1.16) in terms of the basis of solutions around another singular point
(3.1.17). The corresponding connection coefficients were computed explicitly in the previous

chapter (2), ® and we use these results in the present chapter.

3.1.2 Black brane

The black brane is dual to CFT on S' x R?, and can be obtained by taking the high-
temperature limit 7" — oo of the black hole, while keeping 7 = @ and % = |k| fixed.
Here @ and k are the dimensionless energy and three-momentum of the resulting theory on
S x R3 in units of temperature. Recall that for the AdS-Schwarzschild black hole [149]

1 14+4p
Vor\l VI+4du—1’

and the high-temperature limit corresponds to p — oo.

In this way we get the map between the gauge theory and gravity parameters for the
black brane (to avoid clutter we switch from @ to w), see Table 3.1.2.
For wu the relation takes the following form,

T —

(3.1.17)

w?—-2k? 1 5

5See also [37, 151-155] for explicit relations between NS functions and the Heun equation.
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Gauge theory t ao

ag

Black brane

1
2

w
4

151

Table 3.1.2: Map from gauge theory to the black brane wave equation parameters.

Finally, we define the two-point function as follows,

Ao (w, k) = lim
T—o0

see Appendix 3.B for the detailed derivation.

Re Gr(w, |k| = 1)

Figure 3.1.1: We plot the retarded two-point function G%#¢(w, |k|), given by (3.2.5) and

Im Gg(w, k| =1)

T4CL 1

Gr(wT, k|T)

9

(3.1.19)

(3.2.7), for |k| = 1, A = 5/2, as a function of w and the maximal number of instantons

Nmax 10 the truncated sum (3.2.8). a) The real part of the retarded two-point function

Re GYa7¢(w, 1). b) The imaginary part of the retarded two-point function Im G¥#2¢(w, 1).

We set T = 1. We also compare our results with the direct numerical solution of the
differential equation (we used NDSolve in Mathematica), see e.g. [156], and find beautiful

agreement between the two methods. An analogous plot can be generated for the |k|-

dependence as well, and again we observed perfect agreement between our formulas and

the direct numerical solution of the differential equation.

3.2 Exact thermal two-point function

Heun’s equation coincides with the quantum Seiberg-Witten curve describing the gauge

theory with four flavors (IV; = 4) and therefore it can be solved exactly using the Nekrasov-
Shatashvili (NS) functions [72]. Another way of understanding this connection is by using
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the AGT correspondence and the fact that Heun’s equation corresponds to the semiclassical
limit of the BPZ equation satisfied by the five-point function with one degenerate insertion,
see for instance [37, 152-154]. For a review and a detailed list of references see [157]. Let
us review the basic idea behind the exact solution of the connection problem. We consider
a five-point function in the Liouville theory where one of the fields has been analytically
continued to have degenerate quantum numbers. This five-point function satisfies the BPZ
equation, which expresses the shortening of the Verma module of the degenerate field [27].
The BPZ equation reduces to the Heun equation in the semi-classical (large central charge)
limit of the Liouville theory. The four singular points in the Heun equation correspond to
insertions of the four operators (the fifth operator being the degenerate field). Crossing
symmetry of the five-point function leads to crossing relations between the Virasoro blocks
in different OPE channels. In the semi-classical limit these descend to the connection
formulae for the solutions of the Heun equation. Thanks to the DOZZ formula [110, 111]
the three-point functions that enter the crossing relations are explicitly known. Similarly,
via the AGT correspondence [130] the relevant Virasoro blocks are expressed in terms of
the partition function of the four-dimensional gauge theory which enters our final result.
On the gauge theory side, the semi-classical limit corresponds to the so-called Nekrasov-
Shatashvili limit [72]. The resulting expression for the connection coefficients can be found
in [139].

From the gauge theory point of view, the parameters ag, a1, at, a are related to the
masses of the hypermultiplets, ¢ ~ e~1/9%m is the instanton counting parameter, and u
parameterizes the moduli space of vacua. The latter is related to the VEV a of the scalar
in the vector multiplet via the (quantum) Matone relation [158, 159]

1
u=—a’+a} — T a3 + to,F, (3.2.1)

where F' is the instanton part of the NS free energy defined in (3.C.2). The dictionary
(3.2.1) requires a careful treatment close to the points 2a = Z, where the NS function
exhibits non-analyticity, see e.g. [160, 161]. We leave a more detailed discussion of this
region for future work.

In particular this hidden connection between Heun’s equation and supersymmetric gauge
theory makes it possible to compute the connection coefficients A and B in (3.1.10) using
the NS free energy, as done in [139].

Let . )

XDy = (= 2)77% 4 . (3.2.2)

be the ingoing solution® of the wave equation (3.1.14) at the horizon (z ~ t) and let

Xc(ul)’i(z) =(1- z)%ial 4o (3.2.3)

SHere we have chosen the ingoing solution since we are interested in computing the retarded Green’s
function. Alternatively, the advanced Green’s function can be computed by choosing the outgoing solution,
resulting in a minor modification of (3.2.5).
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be the two independent solutions at infinity (z ~ 1). The connection formula reads

ng,in(z) - Z (Z M (ar, a;a0) M(_gypr (a, a1;aoo)t"ae_%3aF)

0'=+ \o==%
p200 =0 (] — )31 g5 (=00 =00y )JFy (D07 ) (3.2.4)
where
[(—20"aq) I'(1 4+ 20ayg)

Moo (g, aq; an) = )
00( 01 2) F(%+90&0—9’0¢1+O&2)F(%+90&0—9’O&1—042)

and F is the instanton part of the NS free energy defined in (3.C.2).
The exact formula for the retarded two-point function (3.1.11) then reads

Grlw.0) = (1+ RY)™ e F

Y oor—r M_or(ag, a5 a0) M (_g1y1 (@, as; aoo)t"/“e_%aaF (3.2.5)

Yoot Mg(a, a;a0) M _gy—(a,a1; oo )00 20aF

where the parameters t,ag, a;, a1, aoo, u were defined in terms of w,? and the mass of the
black hole p in Table 3.1.1 and equation (3.1.15). The instanton part of the free energy
F depends on all parameters, F'(t,a,ag,at,a1,as). Finally, we can eliminate a from the
problem using the Matone relation (3.2.1). In this way the right hand side of (3.2.5) is fully
fixed in terms of w, ¢ and pu.

Based on general grounds, Gr(w, ¢) should be analytic in the upper half-plane (causal-
ity), it satisfies Im Ggr(w,?) = —Im Gr(—w,¥) (KMS), and finally Im Gr(w,¥¢) > 0 for
w > 0 (unitarity), see e.g. appendix B in [162]. In fact from the standard dispersive
representation of Gr(w,?) it follows that

[Gr(—w,0)]" = Gr(w,?), weR. (3.2.6)

In the following we mostly limit our analysis to w € R and it is easy to check that
(3.2.5) indeed satisfies (3.2.6). The argument for this goes as follows. First, we notice
that for real w and ¢, the relevant a is either purely imaginary or purely real. Second,
we notice that (3.2.5) is invariant under the change a — +a, asx — Zao. Finally,
the instanton partition function for real t is a real analytic function of its parameters,
F*(a,ag, at,a1,000) = F(a*,ay,ay, a3, al,). The property (3.2.6) then follows.

For the black brane, upon taking the limit (3.1.19) the result takes the form

GR(LU, 6)

G}Ia%rane(w’ ‘k’) — 7T4a1 5o
(14 R2)™

(3.2.7)
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where Gr(w,¥) is taken from (3.2.5), but a;, ¢, and u are now mapped to (w, k) according
to Table 3.1.2 and equation (3.1.18). In (3.2.7) the temperature for the theory on S x R3
is set to 1.

The exact expressions presented above involve in a crucial way the NS free energy.
As explained in Appendix 3.C, the NS free energy is computed as a (convergent) series
expansion in the instanton counting parameter ¢,

(o)
F= ch(a, ag, Gt A1, Qoo )t" . (3.2.8)
n>1

The coefficients ¢, (a, ag, at, a1, ) in this series have a precise combinatorial definition in
terms of Young diagrams. Hence in principle we can determine all of them. Given (3.2.8)
one can straightforwardly solve the Matone relation (3.2.1) as a series in ¢ as well.

We can also write the above equation in a compact way by using the full NS free energy
FNS (3.C.6), which is the sum of the instanton part F, the one-loop part F171°°P and the

classical term FP = —2alogt. The formula becomes
I'(—2a1) G(t,a,ap,a1, a0, at)
Gr(w,?0) = (1+ R2)*n A LAt 3.2.9
rlw,£) = ( +) I'(2a1) G(t,a,ap,—a1, as,at) ( )
with NS
0. F
G(t,a,a9,a1,a00,at) = e~ 30 F™° ginh < - 5 > . (3.2.10)

This is the typical form of the Fredholm determinant in this class of theories [163, eq. 8.12],
[164, eq. 5.6], see also [165, 166]. Note that the result for the two-point function has the
following simple property: under A — 4 — A we have Ggp — GLR. This property is manifest
in (3.2.9) after noticing that under this transformation a; — —ay. It is also expected on
general grounds because sending A — 4 — A switches the boundary conditions [167], so
that the source and response are interchanged.

One case where the exact Green’s function (3.2.5) becomes analytically tractable is the
limit where £ is the only large parameter. On the gauge theory side this means that the VEV
of the scalar a is much larger than all other parameters. In this limit one can use Zamolod-
chikov’s formula for the Virasoro conformal blocks [168] and the AGT correspondence [130]
to show that [169]

F=a? <log Ly wK(l_t)) (3.2.11)
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Here K(t) is the complete elliptic integral of the first kind. Solving the Matone relation
(3.2.1) for a, we find

oM. (3.2.12)

(L+1)v/1—2tK(t)
= — - +
In Appendix 3.F we use (3.2.12) to show that the imaginary part of Gr is exponentially
small at large /.

Let us conclude this section with a practical comment. When doing the actual compu-
tations we truncate the series in ¢ at some maximal instanton number ny,x. Given npax
and the corresponding F™ < we then solve (3.2.1) for a as a function of u perturbatively
in t. This step requires solving a linear equation at every new order in ¢. Finally, we plug
both F™max and a™(u) in (3.2.9) and evaluate G'3*** (w, £). We present an example of this
procedure for nmax < 7 and the case of the black brane in Figure 3.1.1.7 We find a beautiful
agreement between our result and the direct numerical solution of the wave equation.

With the methods we used, going to higher npnax gets computationally costly rather
quickly. For example, in the case of the Ny = 4 theory that we are interested in, going
beyond 5-10 instantons appears challenging on a laptop. Hence to fully exploit the power
of our method it would be important to identify the range of parameters for which Gr(w, ¥)
can be reliably computed with a few instantons. It would also be desirable to develop a
more efficient way of computing the NS functions (either analytically or numerically).®

3.3 Relation to the heavy-light conformal bootstrap

The thermal two-point function computed in the previous section is directly related to the
four-point correlation function of local operators (OO OpOg) [171, 172]. Here Oy is the
light or probe operator of dimension Ay from the previous section,” and O is a heavy
operator with Ay ~ e that is dual to a black hole microstate, where ¢y parameterizes
the two-point function of canonically normalized stress tensors. For the precise relationship
between p ~ ﬁ—f, Ap and cr see e.g. [85].

More precisely, we define the four-point function as follows

G(z,2) = (0Og(0)0L(z,2)0L(1,1)Og(0)), (3.3.1)

where all operators for simplicity are taken to be real scalars. The insertion at infinity is
given by Op(00) = limg, o0 |4|>2# O (24). We also used conformal symmetry to put all
four operators in a two-dimensional plane with coordinate z = a! + iz?.

" Alternatively, we can use (3.2.5) to compute Gr(w,a) and we can use (3.2.1) to evaluate the map
£(w,a) (or k(w,a)). This is possible because the dependence on spin £ (or momentum k) enters the problem
only through the parameter u, which does not appear in the exact formula (3.2.5).

8For example using TBA-like techniques as in [170] and references there.

%In this section we switch from A to Ay to make the distinction between the light and heavy operators
more obvious.
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We choose the normalization of operators such that in the short distance limit z,z — 1
we have
1

G2 = T gm g T (3.3.2)

This four-point function admits an OPE expansion in various channels, see e.g. [173].
We focus on the heavy-light channel, in which the expansion of the four-point function
takes the form

AgL,—AH,L (Z 2)
)

_ Z N
G(Z’Z): )\%’ILOAE : 1 )
Oa 7 (Zz)a(AH+AL)

(3.3.3)

where Ag = Ay — A, and Ag,10,, € R are the three-point functions. Finally, the

expressions for the conformal blocks gﬁ’é’L mAHL (z,z) can be found for example in [174,

175].

We next consider the Ag,ep — oo limit of the expansion of G(z, z) above with p =
%é—f kept fixed. In this limit the spectrum of operators becomes effectively continuous

and the contribution of descendants is suppressed [173].10 Specializing to d = 4, we get the
following expression for the OPE expansion,

G+l _ 41

Glz2) = / dwgae(z2) 2 2—— 2 (3.3.4)
=077

zZ—Zz

where we introduced w = A, — Ap, and g, for the product of the three-point functions
)‘%L LOa,, and the density of primaries. Thanks to unitarity we have g, > 0 and KMS

symmetry implies that

G—wi = eiﬁwgwl . (3.3.5)

We can now state the precise relationship between the heavy-light four-point function
and the thermal two-point function [99],

+1 Im Ggr(w,?)
Wl = 5 3.3.6
It = 9n(AL — 1) (AL —2) 1— e Bw (3:36)
where 8 and Ap are related in the standard way, § = %AHH). In this formula S(Ap) is

the effective density of primaries of dimension Ag. This relation is the combination of the
eigenstate thermalization hypothesis [171, 172, 176, 177] and the standard relations between

10This requires an extra assumption on which operators dominate the OPE, see e.g. the discussion in
[99].
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various thermal two-point functions [162|. The factor ¢ + 1 originates from summing over
m of the spherical harmonics Yy, see Appendix A of [12] for details.

There is a natural limit in which the general expression (3.3.6) simplifies: it is the
large spin limit ¢ — oco. As explained in detail in [99, 132|, in this limit the relevant
states are orbits which are stable perturbatively in % These states manifest themselves in
GRr(w,?) as poles (also known as quasi-normal modes) with imaginary part which is non-
perturbative in spin ¢. Therefore, perturbatively in ¢, Im Gr(w,¢) effectively becomes the
sum of d(|w| — wpe), where wyp = A + £+ 2n + v,¢ and 7,0 — 0 at large spin. Notice that
for |w| ~ £, [(1 — e )Y, ert becomes a step function 6(w), and in this way g, , reduces
at large spin to the expected sum over heavy-light double-twist operators QO xO"d Oy, .

We can summarize this as follows

pert €+1
( )27T<AL - 1)(AL — 2)

Z Cned (W — wne) (3.3.7)

Tm G (w, )

where the relation holds for all the terms which contribute as powers at large spin £,
namely zi#' We signified this by writing Im Gpert (w,?) (see also Section 3.4 for a more
precise definition). Here ¢, is the square of the OPE coeflicients of double-twist operators.
In writing (3.3.7) we also used the fact that at fixed w, Im Gr(w,¥) is nonperturbative in
spin at large £.'' We establish this fact in Appendix 3.F.

The large spin expansion of the heavy-light four-point function was actively explored
in the last few years [85-98|. One of the basic observations of these works is that in d > 2
the effective expansion parameter is = = . We can therefore equivalently study the small p

expansion of the exact results. This is what we do in the next section.

3.4 Small i expansion

In the previous section we explained how to compute the dimensions and OPE data of heavy-
light double-twist operators using the exact two-point function (3.2.5). Now we would like
to carry out this procedure perturbatively in 1/¢. Note that the expected perturbative
parameter is % [85-98], so that instead of taking the large spin limit, we can equivalently
consider the limit of small black holes. This is a natural limit from the point of view of the
Nekrasov-Shatashvili functions, which are defined as a perturbative expansion in ¢ ~ y for
small p.

11n principle, non-perturbative in spin effects are accessible to the light-cone bootstrap [178] thanks to
the Lorentzian inversion formula [179-181]. However, such effects have not been yet explored in the context
of the heavy-light bootstrap.
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3.4.1 Exact quantization condition and residues

In the small p and large spin expansion, the Green’s function (3.2.5) simplifies considerably.
To see this, note that at small © the Matone relation (3.2.1) becomes

1
0= i% +O), (3.4.1)

where we plugged in the dictionary from Table 3.1.1. Since the Green’s function is invariant
under a — —a, it does not matter what sign we pick in (3.4.1). Choosing the minus sign
in (3.4.1), the ratio of the 0 = —1 term to the o = 1 term in both the numerator and the
denominator of (3.2.5) scales as u‘*!, which is exponentially small in spin. Neglecting this
nonperturbative correction, we find

G (w, ) = (14 R} )* e 0t

['(—2a1)T(1/2 —a+ a1 — aso)T(1/2 — a + a1 + aso)

['(2a1)T(1/2—a—a1 —ax)T(1/2 —a— a1 + ax)

In a sense, this expression is a generalization of the semi-classical Virasoro vacuum block
[182, 183] to d = 4. Indeed, via (3.3.7) it encodes the contribution of the identity and multi-
stress tensor contributions in the light-light channel, schematically O x O, ~ 14+T+T2%+ ...
. The effects non-perturbative in spin (which are intimately related to the presence of the
black hole horizon) are, on the other hand, encoded in the contribution of the double-twist
operators O, x O, ~ Or0"d'Oy,.

We can now explicitly read off the poles and residues of (3.4.2). There are poles in the
function I'(1/2 — a + a1 — ax) at positive energies w = wyy, which are nothing but the
dimensions of the double-twist operators. The locations of these poles are determined by
the following quantization condition,

(3.4.2)

Wpe: Mm=a+as —a;—1/2, n>0. (3.4.3)
Geometrically this corresponds to the quantization of the quantum A-period associated to
the Seiberg-Witten geometry. The relation (3.4.3) implicitly defines the scaling dimensions
of the double-twist operators w,, ¢ via the black hole to gauge theory dictionary in Table 3.1.1
and (3.1.15), along with the Matone relation (3.2.1). Computing the residues of the two-
point function (3.4.2) and using (3.3.7) and Table 3.1.2 then gives
L+ 1DI'(A+n—1)I(2a00 —n)
FAT(A -=1DI'(n+ DIN(2a00 —n — A + 2)
SRR o )
W=Wny ’

Cnt =

4.4
2 dw (3.4.4)

Note that, since F' is defined by a power series in u whose coefficients are rational functions,
it is straightforward to invert (3.4.3) to any desired order in p by perturbing around the
= 0 result. In this sense, (3.4.3) and (3.4.4) represent an exact solution for the bootstrap
data.
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3.4.2 Anomalous dimensions and OPE data

To organize the perturbative series, let us define

00
0 i (1
Wne = wa) + E /~L177(ZK) )
=1

= (1 3u)
i=1

We then plug these expansions into (3.4.3) and (3.4.2), using the dictionary in Table 3.1.1
and (3.1.15), the Matone relation (3.2.1), and the definitions in Appendix 3.C. At zeroth
order in p, we reproduce the OPE coefficients in generalized free field theory, see e.g. [86,
96/,

(3.4.5)

WO =A+042n, (3.4.6)
© _ (+ DDA +n—DI(A+n+0)

= 3.4.7
“nt T T(AY(A - )T(n+1)D(n+ L +2) (847)
namely we have the following identity
e PG NS R A
(0),  _\ “nt Z —Z 1
= . 4.
Now let us go to first order in . We find
2
(1) A®+ A(6n —1)+6n(n—1)
= — 3.4.9
Tnt 2((+1) ’ (3.49)
m_1 A_2_3(A—}-2n—1) i1
Cnt 2<3( e i s (3.4.10)

B +2n+A) = 2v) Q2+ L+ n) — O (A + 0+ n))) :

where (™ (z) = d"* ! log T'(z)/dz™"" is the polygamma function of order m. These results
agree with the light-cone bootstrap computations |89, 96, 98|.

At second order O(p?) the answers become more complicated, and are displayed explicitly
in Appendix 3.D. Already at this order only O(1/¢?) results are available in the literature,
which is the leading term in the large spin expansion. We find complete agreement with
the result of [96].

At k-th order O(u*) we find the following structure

2k+1 '
7 =3 R (n,0)A7, (3.4.11)
j=0
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where ng) (n,¢) are polynomials of degree k — j in n and are meromorphic functions of /.
The singularities occur at fgng € Z and —k — 1 < fgne < k — 1. These singularities are
however spurious and occur because for ¢ < k it is not justified to drop the ¢ = —1 term
when going from (3.2.5) to (3.4.2).

(k)

For the three-point functions ¢,/ the structure is very similar, the main difference being

that the analogs of Rg-k) (n,£) can also depend on (™ (A +n +£) — ™) (2 + n + ¢) with
m<k-—1.

3.4.3 The imaginary part of quasi-normal modes

Until now, in computing the position of the poles of Gr(w,¢), we have neglected the imag-
inary part, which is exponentially suppressed at large spin.'> This exponential suppression
of the imaginary part means that the large spin quasinormal modes thermalize very slowly,
so they give the leading contribution to the late time Green’s function to leading order in
the 1/cp expansion.

Let us now compute the leading behavior of the imaginary part, for which we must consider
the exact Green’s function (3.2.5). In the large spin expansion, the numerator of (3.2.5) is
finite, so the poles arise when the denominator vanishes. Therefore we must solve

0= Z M_;(ay,a; ao)/\/l(_o)_(a, ai, aoo)tme_%a“F. (3.4.12)
o=%

We make an ansatz

[e.9]
. k
Im wpe =i Z fqge),uzﬂ/ﬂk, (3.4.13)
k=1

where fT(L’;) are real. Note that the imaginary part behaves as u’ at large ¢, as expected from
the tunneling calculation in [99]. The first contribution to the imaginary part is at order
p3/2 which is consistent with numerical evidence [184]. As shown in Appendix 3.E, the
explicit form of the leading contribution to the imaginary part is

1 27Y? O F(A+n+¢) T(n++2)
nt (E—I— 1)2 nt F(A—l—n— 1) F(n—l— 1)F(€—|—Tl)4.

(3.4.14)

It should be possible to check this expression using the techniques of [185]. Note that
Im w,y < 0 as expected from causality.

12Physically, this is related to the fact that classically stable orbits can decay quantum-mechanically due
to tunneling, see e.g. [131].



Appendix

3.A Conventions

Here we collect our conventions for various thermal two-point functions. Let us start with
the case of the black hole. This is dual to a holographic CFT on S' x S2, with the radius
of ST being B and the radius of S3 set to 1. We have for the retarded two-point function

i0(t)([O(t, ), 0(0,7)]) 5 = A 11)(A 3 / dwe_“”tz (¢ +1)GR(w, E)SW
- (3.A.1)

where 7i - i’ = cos§ and 72 = 71’2 = 1, so that 7,7’ € S3. Gr(w, ) is given by (3.2.5). We

also used for partial waves Cél)(cos 0) = Sins(ﬁr 91)9

For the Euclidean two-point function we have

sin(¢ +1)0
sin 6

(O(r, )00, 7)) 5 = / dus =" Z P G Ly ) (3.A.2)

where g, ¢ is given in (3.3.6) and 7 is the Euclidean time. KMS symmetry or invariance
under 7 — 8 — 7 holds thanks to (3.3.5). We normalize the operators such that the unit
operator contributes as ([1—e*T+i§}_[Iie*T*i9})A'
through Wick rotation by taking 7 — € + it and then ¢ — 0.

For the black brane, or holographic CFT on S! x R4~! with the radius of S* set to 1,

we have for the retarded two-point function

B(O(O(1:3).00.0))p1 = s _11) = / " dw et / " P efexhrane 1.

The Wightman function can be obtained

(3.A.3)
Ghrane(w, k) is given by (3.2.7).
For the Euclidean two-point function we have
1 [o.¢] o X
O X)00.0p1 = - [ dwe™ / Pre*cg . 0<r<l,  (3.A4)
™ —0Q

161
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where 7 is the Euclidean time and g,, k is given by (3.B.2). We normalize operators such that
the unit operator contributes as m. KMS symmetry or invariance under 7 — 1 — 7
holds thanks to (3.B.5). The Wightman function can be obtained through Wick rotation
by taking 7 — € + it and then ¢ — 0.

3.B From black hole to black brane

Let us describe in a bit more detail the infinite temperature limit that takes us from the
black hole to the black brane. This is one example of the so-called macroscopic limits
considered in [173] and we simply apply the formulas of that paper to our case.

First of all, we introduce the limiting retarded two-point function as follows,

Gl}a%rane(w’ |k‘) — lim GR(WTv ‘k’T)

Jim S (3.B.1)

where Gr(w, |k|) is the retarded thermal two-point function for a CFT on S! x R? with
(w, |k|) measured in units of temperature on S*. Let us also introduce

1 Im GRane(w, |k|)
brane R )
= . 3.B.2
Tk TorA—1)(A—2) 1-e (3-B.2)
At the level of the two-point function we consider the following limit
GPrane (), ) = Tlgréo T_QAG(Z =1- %, z=1- %) (3.B.3)
Plugging this formula in the OPE expansion (3.3.4) we get
b A oo ) 0o (w4+) K e—wlkl _ o—wlk|
G (w,w) = lim T~ / dk||k| xT / dw X Tgype 2z @K =
T—o0 0 o ’ wW—w
00 00 - —wlk| _ —w|k|
= / dk| k| / dw gw,ke—( Tk e 7 (3.B.4)
0 —o0 w—w
where we converted the sum to an integral, >, — T [ d[k|.
The KMS symmetry becomes
J-wk =€ “guk- (3.B.5)

We next consider the two-point function on St x R%~1,

(O(7,%)0(0,0)5 = GPrane (T 4ilx], T — i]x]). (3.B.6)



3.B. FROM BLACK HOLE TO BLACK BRANE 163

In terms of these variables we get

-sin [k||x]

<0(T,x)0(o,o>5_/ dlK] |k|/ o s~

47r/ d3/ dw e'¥ T G k- (3.B.7)

The result is indeed invariant under KMS symmetry 7 — 1 — 7 (recall that we have set
B = 1). By analytically continuing to Lorentzian time we see that g, x is the Fourier
transform of the Wightman two-point function.

Note that taking the limit (3.B.3) does not change the normalization of the scalar
operator, since

. - 1 1 1
e T T e

In other words if the operator was unit-normalized it will continue to be unit-normalized
after taking the limit.

Let us finish with a few formulas for the vacuum correlators. In Fourier space, the
vacuum Wightman two-point function (O(t,x)0(0,0))o = W takes the form

Sl

0 ) ) 1
3 iwt—ik-x _ 2 2
/_Oodtd x et (—(t—ie)2+x2)A_9(w)0(w - k%)

273 w? —k%\A-2
rAIrA-1) ( 4 ) '
(3.B.9)

It is expected that (3.B.9) controls the large w asymptotics of the thermal correlators [186,
187].
From (3.B.7) we get that

_ 1 1 > 3 >~ —ik-x itw .
Kk _?—%W’/ood k/oo dwe e (O(e +1it,x)0(0,0)) 5. (3.B.10)

Formulas (3.B.9), (3.B.5) together with (3.B.2) imply that

- CT@-A) ey
brane ~ Lle—n)
‘w‘>>k|rur)1|>>|kl Im GR*"(w, |k|) ~ —sin WAF(A — 2)81gn(w)< 5 ) , (3.B.11)

Via dispersion relations for G%rane(w, |k|) this leads to the following asymptotic behavior
for the real part,

2(A—-2
Re GRrave(y, |k|)~coswAM(|‘”‘) (472 (3.B.12)

lim
lw>1,|w[> k]| I'A-2)
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where everywhere we tacitly assumed that A is not an integer. For the black hole case
(t < 3) we get in the same way

. riAsi [2-—A) /|w]\2(a-2)
~ miAsign(w)
‘w‘/l%{n»l’e Gr(w,l) ~e TA—2) (—2 ) . (3.B.13)

We can also derive the large w and fixed ¢ behavior of the Green’s function directly
from our exact expression (3.2.5). Let us start with the black hole case. By solving the
Matone relation (3.2.1) order by order in the instanton expansion, one finds in this limit
OuF = ici(t)w + OW?), 05, F = c3(t)(A — 2) + O(w™!), and a = ica(t)w + OW?), with
¢i(t) € R. Since the Green’s function (3.2.5) is invariant under a — —a, we can choose
¢y > 0 without loss of generality. With this specification, the ¢ = 1 term in (3.2.5)
dominates over the ¢ = —1 term. Expanding the gamma functions at large w and using
the dictionary in Table 3.1.1, we find

Gr(w,f) ~ (1+ Ri)Zalefa"lFiF(_%l) (o0 — a)*" (—a — aco)*™

F(2a1)
- F(Q — A) |W‘ A8 —miAsign(w) A2
P ( . . (c(t)) , (3.B.14)
where B 9 2
e _ _
o = <200 t)(4fizf)2t+ 282 -3t + 1) (3.B.15)

The OPE predicts that ¢(t) = 1.

We do not have complete analytic control over the constants ca(t) and c3(t), but we
checked that (3.B.15) approaches 1 by computing the first few orders in the instanton
expansion, see Figure 3.B.1. Hence we recover (3.B.13). The black brane results (3.B.11)
and (3.B.12) correspond to ¢ — 3 in Figure 3.B.1.

3.C The Nekrasov-Shatashvili function

We denote by Y = (v1,1,...) a partition (or Young tableau) and by Y = (v!,14,...) its
transpose. We also use Y = (Y1,Y3) to denote a vector of Young tableaux. The leg-length
and the arm-length are defined by hy (s) = v; — i and vy (s) = v/} — j, where s = (i,7) is a
box. We define

L o o1 o1
Zh(a,Y,N): H H <a1+u+el <22>+62 <J2>> 7
I1=1,2s€Y]

1

2
- 1
v _’7Y = .
z (a ) LJI_L SI;I/I ar — ay — vy, (s) + e2(hy, (s) + 1) sg] ar — ay + €1 (vy, (s) + 1) — e2hy, (s)
(3.C.1)
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Figure 3.B.1: ¢(t) defined in (3.B.15) as a function of the black hole mass (here parameter-
ized by t), and the maximum instanton number n,,. Based on the OPE we expect that
c(t) is independent of ¢ and is equal to 1.

In this paper we always take @ = (a, —a) and € = 1. The instanton part of the NS function
is defined as

F = limg,—0 €2 log ((1 — t)’%gl(%*“l)(%*‘“) >y Y15, (d’, 17) [To—s 2n (Ei, Y, a + ¢9a0) Zh (d’, Y,a + 0%0))

(3.C.2)
Physically, a corresponds to the VEV of the scalar in the vector multiplet, ¢; are two Q-
background parameters regulating the infrared divergence in the localization computation,
and ag, as0, a1, a; are related to the masses m; of the hypermultiplets via

mi = a; +ag, Mo =a;—ag, M3=0al+ A, M4=0a]— Ao - (3.C.3)

This function takes the form of a convergent series expansion in t,

[o.¢]
F = ch(a,ao,at,al,aoo)t", (3.C4)

n>1

where the ¢, coefficients are rational functions defined via (3.C.2). For example we have

(40 — 4af + 4af — 1) (4a* 4 4af — 4a2, — 1)

s (3.C.5)

Cl(aa ap, a¢, Ay, aoo) =
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The full NS function FNS includes, on top of the instanton part F, the classical and one-loop
parts. We have

1 1 1
FNS :F—a210gt—’¢)(72) <—a—a0 —a; + 5) —1/)(72) (a—ao —a + 5) —1!)(72) <—a+(10 —ar + 5)

1 1 1
— (=2 (a—O—ao—at—i-i) — (=2 (—a—al—aoo+§> — (2 (a—al—aoo+§)

1 1
— (=2 (w — a1 + o + 5) — (=2 (a — a1+ oo + 5)

+ 920+ 1)+ 91 - 24) ,
(3.C.6)

where (=2 () is the polygamma function of negative order, ¥~ (z) = ﬁ foz dt (z —
)" 2logT'(t) .

3.D O(y?) OPE data of double-twist operators

Here we display the results for the OPE data at order pu?. These expressions are in full
agreement with [96] at order 1//2, and provide new predictions at higher orders in 1/£. We
find

@ _ (A-1)A+6(A— 1)n+6n2)2 n(A+n—2)(A+2n—-22 (n+1)(A+n—1)(A+2n)?
Tne = 8((+1)° - 200+ 2) - 20
(A =1)A(BA +1) + 65n* + 130(A — 1)n® + (BA(27A — 43) +133)n? + (A — 1) (16A% + A+ 68) n
+ 16(¢ + 1)
(n=DnA+n-3)(A+n-2) (n+1)n+2)(A+n-1)(A+n)
32(0 + 3) 32(0—1) ’
g 1 @n+3)(A+n—1)(A+n) 3(A+2n—1)((A—1)A+6n%+6(A—1)n)
i = g(A-DOA-4) - 32(0-1) - A(0+1)3
N (A+2n—1) (A(16A — 71) +130n? + 130(A — 1)n +212) (A +n — 1)(A +2n)(A + 4n + 2)
32(0+1) 20
(n—1)n(2A+2n—-5) n(A+2n—2)(3A+4n—6)

— 1 (0) )]
32(0+3) 2(0+2) + 1@+ 0+2) =P (n+ 0+ 4))

89A  ((A—1)A+6n2+6(A—1)n)> 3(A+2n—1)((A—1)A+6n2+6(A—1)n)
x(oar =S5+ 20+ 1) - @+ 12
N (A = 1)(A(4A —73) +36) — 650t — 130(A — 1)n3 + (3(67 — 27A)A — 493)n? — (A — 1)(A(16A — 71) + 428)n
A0+ 1)
Mm(A+n—2)(A+2n—-2)2 2m+1)(A+n-1)(A+2n)? (m—-1Dn(A+n-3)(A+n—2)
0+2 + 7 + 8(0+3)
MGy Gh QQEZA_T)L —V@+n) <9A - %) £49) + (AD+2) 4607 +6n(A +0) + 36 + 3(A +1)0)°
WO+ €+2) — O+ L+ A2+ D4+ A) —pD(n4€+2)
% 81 1)

+ (18A — 89)n +

Similar expressions up to order ;° can be found in the supplemental files.
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3.E The imaginary part of quasi-normal modes

In this appendix we spell out some details for the computation of (3.4.14). The condition
for a pole in Gr(w,¥) follows from (3.2.5) and reads

20,00 F P(2a)l (~a —a; + 3) ’ _ T(ata —asx+3)T(a+ar+ax+3)
I(=2a)l (a —a; + 3) I'(—a4a1 —as+35)T (—a+ a1 + ase + §)
(3.E.1)
By using the ansatz (3.4.13) as well as the dictionary in Table 3.1.1 and the perturbative
solution for the real part (3.4.5), we obtain

=0.

I'(a+ar—aw+3)T (a+ar+as+3)
Im T I
F(—a+a1—am+§)F(—a+a1+am+§)

Im <t2a€aaF (F(%)F (ca—a+ %))2) _ 7/1,”1/2 <F( r (% + 1)4 (*1)(“’7(3) + O(N)) 7

P(=2a)T (a —a + 3) C+1)°T (¢ +2)? 3%(;? - 277(7;)

F'(n+1)I'(n+A—-1) (-1)* 1
_ 0412 ()
! (F(Z+n+2)F(€+n+A) 300 — 2,0 foe +0(1)

nl

leading to (3.4.14).

3.F The large //large k, fixed w limit

Using the asymptotic behavior (3.2.12), we can investigate the behavior of G at large /.
We start with the real part of Gg, for which the leading behavior comes from the o = 1
terms in (3.2.5). Expanding at large a, we find

_ { _ 2(A—2)
Re Gr(w,?) ~ (1 + Ri)A_Qggi _é;e_dalF(—a)Zml ~D2-4) <§> (3.F.1)

Note that this is independent of the temperature.
Now let us turn to the imaginary part. The leading contribution comes from expanding to

first order in the 0 = —1 term in both the numerator and denominator of (3.2.5). We find
Im Gr(w, () ~ 21+ R%)20160a =00 Fy=20 4i (27r0) sin(27ar) T'(2a)*T(—2a1)T (3 —a+ a1 — aoo) T (3 —a + a1 + ax)
5 cos(2m(a — a1)) + cos(2mass) ['(—2a)2T(2a)T (3 +a—a1 —ax) T (3 +a—a1 +asx)
r(l-a-a)’
x Im <M>
(§ +a— (lt)
71‘(_2(“) 1+ Ri)za‘68“F78“1Ft72a28“+1(7a)4a1 sin(2may ) sinh(27|a|),
F(2£L1)

where in the second equality we took the large a limit. Plugging in the asymptotic behavior
(3.2.12) and the dictionary given in Table 3.1.2 gives

msinh(rw/t(1 — AA-2)
Im Gr(w,¥) ~ 2 F(Ah(— 1)F(t(Al_ 22;)) (ﬁ) exp (—2(0 + 1)vV1 —2tK(1 —1t)).

(3.F.2)
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We see that the imaginary part decays exponentially with spin.
To compute the large |k| behavior for the black brane, we can take the infinite temperature
limit of (3.F.1) and (3.F.2). Using the definition (3.1.19) of the brane two-point function,

we find
. 2(A-2) o sinh (¥ 2(A-2)
G%rane(w, ‘k‘) ~ F(2 A) M 43 7SI (2) M exp [ — I |k‘ )
N(A-2)\ 2 LA -1I(A=2) \ 2 27 (3)2
(3.F.3)

The rate of exponential decay of the imaginary part matches the result from [135].



Conclusions

In this thesis we studied Heun’s equation and a class of its confluences, deriving exact
formulae for its connection coefficients. On the way, we studied novel objects in Liouville
CFT and their connection to 4d gauge theory. Finally we applied the results to the study
of black holes in the context of general relativity.

We started in chapter 1 by studying the confluent Heun equation with applications to the
4d Kerr black hole in mind. In this context, the confluent Heun equation is better known
as the Teukolsky equation [2]. We provided exact formulae for its solutions, expanded
around different singular points and for the connection matrices relating these solutions and
demonstrated their validity by comparing with the numerical integration of the Teukolsky
equation. This control of the solutions of the equation allowed us to study several physical
quantities of interest. First, we derived an exact expression for the greybody factor of the
black hole at finite frequency, which extends previously known results, obtained in differ-
ent approximations. It matches the result of Maldacena and Strominger [76] in the zero
frequency limit and the results obtained by studying the Teukolsky equation in the WKB
approximation [77] upon taking the semiclassical limit. Second, we studied the quasinormal
modes of the Kerr black hole which were conventionally calculated using purely numerical
techniques. In [68] an analytic quantization condition for the quasinormal modes was given
in the form of a well-motivated conjecture. We gave a physicist’s proof of their formula
by deriving it from first principles in Liouville CFT. An analogous quantization condition
was proven for the angular part of the Teukolsky equation, giving the eigenvalues of the
spin-weighted spheroidal harmonics. Finally, we studied the tidal deformations of the black
hole, encoded in the so-called Love numbers. Our exact solution, valid at finite frequency
allows to naturally distinguish the source and response term, a much discussed topic in
the literature [100, 101]. We compared our expressions to the recent results on the Love
numbers in the static [78] and quasi-static |79, 80| regimes.

In chapter 2 we extended the techniques introduced in chapter 1 to the general Heun equa-
tion and a class of its confluences, giving an extensive treatment of all the differential
equations, their fundamental solutions in different regimes, and their connections matrices.
On a more technical level, we studied in detail the role and the properties of the exotic rank
1 and rank 1/2 Whittaker states in Liouville CF'T, in particular their physical normalization
and interplay with Virasoro primary states, elaborating on results contained already (some-
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what obscurely) in [47]. We also gave a detailed treatment of the large-modulus expansions
of the corresponding confluent conformal blocks, extending and clarifying previous studies
[104, 105].

Finally, in chapter 3 we applied our techniques to the study of the 5d AdS-Schwarzschild
black hole and its holographically dual thermal CFT and managed to calculate the explicit
expression for the thermal two-point function in this dual CFT. This is a completely new
result and we checked its validity by comparing with previously obtained approximate re-
sults. In particular, exploiting the relationship between the thermal two-point function and
the heavy-light four-point function we connect with the heavy-light lightcone bootstrap [83,
84]. In the large spin limit, we explained how to extract arbitrarily many terms contributing
to the anomalous dimensions and OPE data of the double-twist operators from our exact
expression. To zeroth order we reproduced results of generalized free field theory [86, 96],
while to first order we found complete agreement with the lightcone bootstrap computa-
tions [89, 96, 98]. Already at second order we extended results which were previously only
partially known [96], while giving the recipe to compute arbitrarily many higher orders.
From our exact expression, we also extracted the imaginary part of the Green’s function at
large spin which is related to the thermalization properties of the quasinormal modes. We
reproduced properties expected from tunneling arguments [99] and from numerical com-
putations [184] and gave a recipe to extract arbitrarily many orders contributing to the
imaginary part of the Green’s function in the large spin regime from our exact formula.
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