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Abstract

We prove that quadratic pair interactions for functions defined on planar Poisson
clouds and taking into account pairs of sites of distance up to a certain (large-enough)
threshold can be almost surely approximated by the multiple of the Dirichlet energy
by a deterministic constant. This is achieved by scaling the Poisson cloud and the
corresponding energies and computing a compact discrete-to-continuum limit. In order
to avoid the effect of exceptional regions of the Poisson cloud, with an accumulation
of sites or with ‘disconnected’ sites, a suitable ‘coarse-grained’ notion of convergence
of functions defined on scaled Poisson clouds must be given.
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1 Introduction

The object of this paper is an analysis of the asymptotic behavior of quadratic energies
on Poisson random sets. Loosely speaking such sets are characterized by the property
that the number of their points contained in a given set has a Poisson probability
distribution, and that the random variables related to disjoint sets are independent.
Even more loosely, on average the number of points contained in a set is proportional
to the Lebesgue measure of the set. We denote by 1 such a random set.

In order to define some almost-sure properties of 1, we use a discrete-to-continuum
approach that has been fruitfully used to derive continuum theories from microscopic
interactions (see Alicandro and Cicalese 2004). A simple interpretation of this method
is as a finite-difference approximation. If n is a deterministic periodic locally finite
discrete set in RY, then we can consider real-valued functions u : n — R and quadratic
interaction potentials between points on 7. The corresponding Dirichlet-type energy
is

D @) —u))?, (1.1)

(x,y)

where (x, y) indicates summation over nearest-neighboring pairs (x, y) in . We can
then introduce a small parameter ¢ and scale both the environment and the energies
accordingly; namely, considering u : ¢ » — R and

D) —u(y)?, (12)

(x,y)

now summing over nearest-neighboring pairs (x, y) in € n. By letting ¢ — 0, we
obtain a limit continuum energy, of the form

/ AVu - Vudx, (1.3)
R4
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where the matrix A carries information about the microstructure of the original set 7.
Note that in order to perform this passage to the limit, we have to embed our energies
in a common environment identifying functions on n with suitable interpolations. The
limit is meant in the sense of I"-convergence, which implies that minimum problems
for the limiting energies are approximations of the discrete ones and can also be
performed ‘locally’, by considering interactions only for x € en N U for a fixed open
setU.

In order to define analogs of (1.1) and (1.2) for the realization of a Poisson cloud n we
face a choice regarding what to consider as ‘interacting sites’, whether nearest neigh-
bors in the sense of Voronoi cells or points ‘close’ in the sense of the ambient space.
For the random set 1, these two choices are not equivalent since nearest-neighboring
points on n may be indeed arbitrarily distant in the ambient space, and conversely a
very small distance between points of 77 does not ensure that they are nearest neighbors
in 1. We choose the second option, which also seems closer to applications; namely,
we introduce an interaction radius ). > 0 and consider the energies

Fewy= > &) —uy)?, (1.4)

x,yeQnNen,
|x—y|<er

defined for u : e n N Q — R, where Q is the unit coordinate cube centered in 0 (for
ease of notation we treat only this case, which anyhow, up to scaling and localization,
implies the result for any bounded Lipschitz open set in RY). Note that, if a [-limit
of such energies does exist then, thanks to the invariance properties by rotations of 7,
it must be a multiple of the Dirichlet integral [i.e., A in (1.3) is equal to a multiple of
the identity matrix], which we expect to be almost surely deterministic.

The main issue in proving the convergence of F. consists in providing a suit-
able notion of convergence for discrete functions u, to a continuum parameter u, for
which a compactness theorem can be proved under an assumption of boundedness of
the energies. While for periodic 1, we can use piecewise-constant interpolations on
Voronoi cells (or, equivalently, piecewise-affine interpolations on the related Delau-
nay triangulation), for a Poisson point process we cannot control the behavior of such
interpolation due to the presence of arbitrarily large and arbitrarily small Voronoi cells.
Nevertheless, we can prove that the union of ‘regular’ Voronoi cells with suitably con-
trolled dimensions form an infinite connected set in which we find ‘paths’ of cells
such that also cells at distance A are regular. This is done by exploiting a Bernoulli
site-percolation argument. In the planar case d = 2, the complement of this set of
Voronoi is composed of isolated sets with controlled dimensions, so that the ambient
space can be thought of as a “perforated domain”, in which we do not have a control of
the discrete functions only in isolated ‘holes’ of controlled size. This allows to define
a suitable convergence by choosing a subset G, of ¢n composed of paths mentioned
above whose union V. (G;) has the geometry of a square grid (see Fig. 1) We thus
use these grids to define a suitable convergence notion: given a sequence of functions
ug : en — R, we say that u is the L2-limit of u, if
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Fig. 1 A representation of a Q
regular grid in Q with two
‘paths’ highlighted

/ i — ul*>dx — 0; (1.5)
Ve(Ge)

namely, if the L2-distance between the piecewise-constant extensions i, of u, and u,
restricted to the Voronoi cells of the grid G vanishes as ¢ — 0. Regular grids allow
also to give a meaningful notion of boundary-value problems; in particular, we can
consider affine boundary condition as in the cell problems

m(§; TQ)
v:n—> R
;= inf > > ) - v(I? | v(x) =& - x forallx € 5 such that
xen(T Q) yenNBy, (x) dist(x, 9(T' Q)) < 2x

(1.6)

Using subadditive ergodic theorems, we then can prove that, if £ # 0, the constant &
given by

ERT m(; T Q)
E:= lim ————

T—o+o00 T2|E|?
exists and is deterministic. Moreover, by the invariance properties of 7 it does not
depend on &. This allows to state and prove the main result of the paper, which is the
almost sure I"-convergence in the planar case d = 2 of functionals (1.4) to

Fu) = 5/ [Vu|>dx (1.7)
0

with respect to the convergence in (1.5), from which we can deduce the convergence
of the related Dirichlet boundary-value problems. Note that more in general we may
consider energies of the form
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Fw =Y e ()@ —um)?, (1.8)

&
x,yeQNen

with a positive and with compact support, recovering the case in (1.4) as a special
case when a (&) is the characteristic function of the ball centered in 0 and radius A.
If a is radially symmetric the same limit result holds with obvious modifications in
the statements. We note moreover that, even though we treat quadratic energies, the
linearity of the corresponding Euler—Lagrange equations is never used, and we may
replace the power 2 by any power p > 1 with the due changes, and replace the function
f(z,€) = a(z)|€)* in (1.8) with a general f(x, &) positively p-homogeneous in &.
Such a general dependence would require some growth and decay assumptions for
which we refer to the recent book (Alicandro et al. 2023). For the sake of clarity of
exposition, here we limit our analysis to the quadratic case.

The convergence theorem can be compared with various results in the literature. Our
result is inspired by the recent paper Braides and Piatnitski (2022), where perimeter
energies on Poisson random sets are considered. In that context, a simpler compactness
result can be obtained with respect to the convergence is measure of sets, by using a
covering lemma that ensures that the energy cannot concentrate on non-regular Voronoi
cells. In the present context, this would correspond to an extension theorem for Sobolev
functions from regular sets, which seems hard to obtain due to the random geometry
of clusters of non-regular Voronoi cells Furthermore, we can compare our approach
to that in Blanc et al. (2007) and Alicandro et al. (2011), where a notion of stochastic
lattice 7 is given for which energies of the form (1.8) can be considered. Differently
from Poisson random sets, stochastic lattices are more regular, in that all Voronoi cells
have controlled dimension and hence, are regular in the terminology above, a condition
that seems a considerable restriction in terms of applications. The regularity of the
lattice implies that functionals F; are coercive with respect to the L? convergence of
piecewise-constant interpolations on Voronoi cells. Conversely, in general the limits
of functionals 73, which exist under ergodicity and stationarity assumptions, are not
isotropic even if a is radially symmetric, except for specially constructed examples
Ruf (2019). More general random distributions of sites have been considered within
problems in machine learning by Caroccia et al. (2020), Trillos and Slepcev (2016)
and Slepcev and Thorpe (2016) (see also the references therein). In their approach,
the convergence is given in terms of suitable interpolations of discrete functions using
optimal-transport techniques. The presence of non-regular Voronoi cells is mitigated
by considering kernels a® with increasing support as ¢ — 0, which also allow to
obtain isotropy in the limit (see also Braides and Solci 2020 for variational limits
using a coarse-graining approach). Energies (1.8) have a continuum approximation in
terms of a convolution double integral, for which random homogenization has been
considered in Braides and Piatnitski (2021) (see also Alicandro et al. 2023). We note
that the existence of regular paths can be proved in any dimension d > 2, but if
d > 2, the geometry of regular grids can be thought as a set of “fibers” rather than
a perforated domain. We believe that the same asymptotic result holds but with an
even more complex argument. Finally, we mention, following a remark by D. Slepcev
in a private communication, that our results may also have practical implications for
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the study of the graph Laplacian. Namely, one can show that if one drops all of the
eigenmodes of the graph Laplacian on a low degree random geometric graph where
the eigenvector has large L° norm (in other words concentrates at few nodes) one
still recovers the continuum spectrum. Finally, we remark that even though our result
is two-dimensional due to technical issues, it is likely that the use of techniques used
for supercritical percolation clusters as in Braides and Piatnitski (2012) for interfacial
energies and more recently in Armstrong and Dario (2018) for elliptic problems (where
also quantitative homogenization is addressed) may lead to the solution also in higher
dimension. In particular, for energies on Poisson point clouds at a larger scale than just
nearest neighbors interaction we refer to Caroccia (2022) where a general compactness
Theorem is addressed in d > 2.

We briefly outline the plan of the paper. In Sect.2, we introduce the necessary
definitions and notation for Poisson point clouds. This allows to give a definition of
Dirichlet energy on a Poisson cloud 7 and to prove some asymptotic properties as
the Poisson set is scaled by a small parameter 1 and correspondingly the energies F
as in (1.4). We introduce the notation for Voronoi cells and define grids of paths of
regular cells G, ; depending on an additional parameter ¢ > 0. This allows to define
the convergence of piecewise-constant functions u, on Voronoi cells to a continuum
function u as the successive convergence of averages of u, computed on G, ; at the
“mesoscopic scale” ¢ to piecewise-constant functions u’ defined on a square grid and
then of such u’ to a limit u# as r — 0 (Definition 2.7). This is proved to be equivalent
to the L? convergence on grids as in (1.5), and actually independent of the choice
of the family of grids. In Sect.3, we state the main results of the paper. Theorem
3.1 states the pre-compactness the sense of the convergence above of sequences with
equi-bounded Dirichlet energy; Theorem 3.3 is an almost-sure homogenization result
characterizing the I"-limit of Dirichlet energies as a deterministic quantity as in (1.7).
Section4 is devoted to the proof of the Compactness Theorem, based on the geometric
properties of the grids that allow the use of Poincaré inequalities. In Sect. 5, we prove
the Homogenization Theorem. The lower bound is obtained by using the Fonseca and
Miiller blow-up method, which is possible thanks to the use of cut-off functions that
are locally constant close to non-regular Voronoi cells. The construction of recovery
sequences is also made possible thanks to these ‘regular’ cut-off functions. Finally,
Sect. 6 (the “Appendix”) contains the proof of the existence of regular grids.

2 Notation and Preliminaries

In this section, we introduce the main ingredients required to perform our analysis. For
the sake of simplicity, and since our analysis will take place in this context, we always
consider the ambient space dimension to be two-dimensional, even though some of
the definitions and results can be extended to general space dimension.
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2.1 General Notation

Welet Q := (—1/,! /z)2 denote the unit coordinate square centered in 0. We will also
write O, =rQ, Q,(x) = x 4+ r Q. The same notation applies to B, (x), being B the
unit ball of R?. For a Radon measure v € M (R?) and A C R?, the space L?(A; v)
is defined as the space of all measurable functions u : spt (v) N A — R such that

/ [u(x)|? dv(x) < +o0.
A

When v = £2, the Lebesgue measure, we simply write L2(A). We denote by Bor(A)
the collection of all Borel subsets of A. The notation |E| stands for the Lebesgue
measure of E. For aset A and for ¢z > 0, we define

(A); := {x € R? | dist(x, A) < t}.

If no confusion arises, the notation {x; € X;};<s is used for a family x; indexed by /,
such that x; € X;

2.2 Poisson Point Clouds

Some basic properties of the stationary stochastic point process called Poisson point
cloud are here recalled. A complete treatment of this subject can be found in Daley
and Jones (2003) and Schneider and Weil (20085). In order to formally introduce this
notion, we consider the family Ny of simple measures; i.e.,

Ng = {Z% € MT(R?) | {xi}ics € R%, x; #xj foralli, j € I,i # jand I asubset of N

iel

Here and in the sequel, 8y is the Dirac delta at x. For any Borel set E € Bor(Rz) and
k € N, we define the subset Ag  := {0 € Ny | u(E) = k} of Ny and consider the
o-Algebra N generated by {Ag i | E € Bor(R?), k € N}.

Definition 2.1 A Poisson point process on R? with intensity y is a random element 7
on (Ny, AV); that is, a map from a probability space (2, F, IP) onto (Ny, ), such that

ENk

(1) Py e Apg) = LEL nie,

(2) denoted by n(B) : (2, F,P) — N the random variable induced by n when fixing
B, (namely n(B) := n(w)(B) for o € Q) then, for any By, ..., B, pairwise
disjoint Borel sets we have that n(By), ..., n(B;,) are independent.

For any Poisson point process 1, we can observe that its probability distribution I,
on (Nj, N) satisfies

P(m(A) =k) :=Py(Aax) =P € Aak)
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k
=P{w e Q| n(w) € Axi}) = %e—yw.

We will often make use of the notation x € n, or x € n(w) by meaning that x €
spt (n(w)) for some realization w € 2. Accordingly, x € & n(w) will stand for x €
& spt (n(w)).

Definition 2.1 implies (see Giinter and Mathew 2017, Proposition 8.3) in particular
that the Poisson point process on R? with intensity y is stationary: if we define
7, (A) := n(A+x), then 7, is equal in distribution to ;) for any x € R?. This implies
in particular that P(n(R?) < +00) = 0 (see Giinter and Mathew 2017, Proposition
8.4). In the sequel, whenever we speak of a Poisson point process we always mean a
Poisson point process on R? with intensity y .

2.3 Dirichlet Energy on Point Clouds

Let n be a Poisson point process. Without loss of generality, we fix the intensity to be
y = 1 and we carry out our analysis on the unit square Q. This is not a restriction
since we may localize our energies on regular subsets of Q where the analysis applies

unchanged, while we can deal with arbitrary bounded regular open sets by rescaling
them to subsets of Q. We set

ne(A) == n(e "' A), spt(n:) = espt ().

For 1 > 0, a fixed parameter (the interaction radius) and for u € L%(Q; ), for a
subset A C Q define

Few; A=y Y w0 —umP,

X€ENeNA yeneNBye (x)
Remark 2.2 The definition of F, takes into account the values of u in a Ae-
neighborhood of A. As a consequence, the energy F, is subadditive on essentially
disjoint sets, namely

Fe(u; AU B) < Fo(u; A) + Fo(u; B) forallA, B C R?,|ANB| =0.

Indeed, the energy of a function u on some open set A takes into account also the
contribution of all those points

BA ={ye (RZ\A) N ne | there existsx € A N n, such that|x — y| < ie}.
Note that F; is not local, since we may not have F, (u; A) = F.(v; A)ifu =von A
due to the interaction around boundary points. However, if # = v on A, we can infer

that

Fo(u; A\N(0A)re) = Fe(v; A\(9A) ).
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We now give some estimates on the asymptotic behavior of F; and 7, by means of
a kind of (spatial) Mean Ergodic Theorem. We show that, almost surely, the average
number of points in some open set A, lying at a distance less than L& can be bounded
from above by the Lebesgue measure of A (the proof of Proposition 2.3 follow the
lines of the proof of Giinter and Mathew 2017, Theorem 8.14).

Proposition 2.3 There exists a constant C, depending on A only, such that the following
property holds almost surely:

limsup Y &%5:(Bye(x)) < C|A @1
e=>0 xen:NA

forany A C Q with Lipschitz boundary.
Proof We consider a sequence {&, },cn such that ¢, — 0 and

1 &
— E n
C En+1

<C, 2.2)

where C > 1 is a fixed universal constant. For an open set A, we define the following
objects

Z(A) :={J e AZ* | Q3 (J) N A # B},
Q(A) == {0,(J) | J € T(A)},
N(A) = #(Z(A)),

and consider, for any J € AZ? the random variable X ; := n(O(J ))2. Note that

+00 ()\)2k

E(Xy) = eiAz Zsz = v < 400.
k=1 :

Let R := (0,a) x (0, b) for a, b € R. Then, we can relabel each square 0, (J) €
Q(EH_IR) in such a way that

1 N('R)

1
_— Y= —- Xy.
NGTR) > Qi) TR > Xy

JeI(ey 'R k=1

If we now invoke the law of large numbers (see for instance Giinter and Mathew 2017,
Theorem B.11), we have that

1
lim ——— Y Q) = =EXy)

e N(E” R) Jel(e 'R
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almost-surely. Since sgN(s,le) — %' and 1, (Qxe, (enJ)) = n(Q1(J)), we have
that

R
(0L — %UA

T 2 (O () = N R) g

N _l
Jel(e;r ' R) ( " ) JeZ(e; ' R)
for almost all w € 2. Let now

pe(R)i= Y &ne(Que@)?, pa(R) = pie, (R),
JeI(e~1R)

Ro:={R=10,p] x[0,9]| p,q €Q, p.q, <2}

Qi=1weq] ) — B S 206, (Quey (end)? — Oforall R € R
0= )@ Kn 32 Vs nen (Lare, (En 0f(-
JeI(e; "aR)
Since Ry is a countable family of rectangles we have that P(2g) = 1. Let now

R:=1[p,p'l1x1lq,q'] C Qwith p, p’,q,q" € Q and define

R :=1[0,p'1x[0,9],  Ry:=10, p] x [0,4']
Ry :=1[0,p] x[0,q],  R4:=10,p'1x[0,4]

so that R = R4\(R; U Ry), |R| = |R4| — |R1| — |R2] + | R3|. Moreover,
Mn(R) =ty (R4) — un(R1) — n(R2) + tn(R3) + sn,
with
4
sn=CY D epe, (Qae, (en ).
J=lyeZ(e aR))
Since s, — 0, we immediately have u, (R) — ‘%lvk. In particular, having defined

R:={lp,p1xlg.41C Q1Ip.p.q.94" €Q},

we have i, (R) — %vk forallw € QpandR € R.
Let R € R, let w € Qq be a realization and let {§; = &, (w)}ren be a sequence
along which

limsup Y e*n(@)(Qi()))* =

e—0

Jim 3T &)@

JeI(e'R) JEIE'R)

Consider &,, < & < &,,—1. By (2.2), we can find R € R with |R| < C|R| (for a
universal constant C') and such that 5,:1 R C ¢7'R forallk € N.Note thatI(é,:1 R) C

ni
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I(sn’klﬁ) and thus,

Yo En@ Qi) = Y ek n@)(Qi())?

JEIE'R) JeZ(en, R)

<C > @)’

JeX(en, R)
By taking the limit and exploiting that R € R, w € Qp, we achieve

limsup ) £*n(@)(Q:(/)* = CIR|,
20 Jeze1r)

where C depends on A only. In particular, we have that

limsup 11 (R) =limsup > &*n(Q.(J))* < C|R]|
e—0 e—0 7 4
€Z(¢~'R)

almost surely. For any open set A C Q and for any § > 0, we can find a finite
covering of disjoint rectangles {Rk},iv;‘1 C R with Z,]CV;‘I |Rx| < |A| + §. Then, since
e 1s sub-additive on disjoint sets, we conclude that

Na Na
pe(A) <Y pe(Ry) = limsup e (A) < C Y | Ryl
k=1 e—0 =1

almost surely. Now, since

DO nBr()) < C Y Mne(Qae(e))) = Cpe(A)

xeANN, JeI(e~1A)

for a universal constant independent of A, n, @ we obtain the claim for all ® € o,
which has probability 1. O

Corollary 2.4 Fix A > 0. There exists a constant C depending on )\ only such that
almost surely it holds

limsup]—"e(u;A)gC/ |Vu|? dx (2.3)
e—0 A

lim &? 20 (B c/ 2d 2.4
lime* > wG)’ne(Bre@) <C [ lul’dx 24

xensNA

forany u € C'(Q) and for any A CC Q with Lipschitz boundary.
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Proof Fix A C Q. Let Q,, := {Q"}ien be a division of Q in disjoint squares of size
%. Since u € C! for any fixed §, we can find K > 1 such that

' max {u(x)} — min {u(x)}| <6 forall Q" € Q;, such that Q' N A # ¢

sup  {|[Vu)|}— inf  {|Vu@)[}
xe(le)ksn xe(Q;”)ksn

< § forall Q" € Qy such that Q' N A # 4

whenever m,n > K. Moreover, (A), D UQ;,LQA#M Q" and

/ u(x)2dx5/u(x)2dx+5, / |Vu(x)|2dx§/ |Vu(x)|? dx + 3.
(A)z), A (A), A

Then,

e Y neBreux)?’ < Y mgﬁ{umz} Y ne(Bre(x).

xe;
xX€EN:NA QI'NAH#Y ! xensNO

In particular, by invoking Proposition 2.3, almost surely we have

limsupe® D" ne(Bre(0))u(x)?

e—>0 xensNA

=C ). maxw@MQ=C ) ma {u(x)?} dx

m
ornAZp” S ornazs? &' <

<Cc Y / (u(x)? + 8% dx = c/ u(x)?dx + €52 Q|
o (A)x,

Q" NAZY

< C/ u(x)*dx + C8|0|
A

for a constant that depends on A only. Since § is arbitrary, we get (2.4). Also,

Few; Ay= Y Y Ju@) —u

x€NeNA yeneNB)e (x)

< > DD e —umP

O NAF#D xeneNQY" yENNBye (x)

<A? Z sup  |Vu(x)|)? Z 20 (B (x)).
0" NAA ¥ Qe xen.nQY
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Then, Proposition 2.3 almost surely yields

lim sup Fe(u; A) < C Z / sup  {|Vau(x)|*}dx
e—0 Q;”ﬂA;ﬁM Q;'nxe(le)}»s

< C/ [Vu(x)|* dx + C8%| 0|
A

for a constant that depends on A only. The arbitrariness of § yields (2.3). O

2.4 Voronoi Cells and Paths

We now consider n : 2 — Ny a Poisson point process. For a given realization w, we
identify the Voronoi cell of x € n as

Cx,m):={yeR¥ ||y —x| <|y—z| forallz € n\{x}}.
_ X
Note that C(x, n.) = 8C(§, n).

We say that x, y are nearest neighbors if C(x, n) shares a common edge with
C(y, n). In this case, we write (x, y). Given x € R2, we define

7y (x) := argmin{y € n | |x — y[},
where, in case of multiple choices we consider the lexicographical order. We say that
p(x,y) = {xil st xiM}

isapathinn connecting x to yifx;,, € nform =1,..., M, x;, = m,(x), x;), = 7y(y)
and (x;,, X;,,,) form = 1,..., M — 1. Moreover, we let £(p) := #(p) denote the
length of a path p. This notion induces a natural metric on n

7p(x,y) ;= min{{(p(x, y)) | p(x, y) is a path in n connecting x to y}.

We say that a sub-cluster S C 7 is connected if for every x, y € S, there is a path
p(x,y) :={xi,...x;,, € S} connecting x to y.

2.5 Piecewise-Constant Extensions

Let q C n, be a family of points in the point cloud. We define

Ve(@) = Clx, ne).

xeq
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For u : n. N Q — R, we define the piecewise-constant extension

u:0—-R, ukx):= Z u(y)Lc(y,n) ().

yen:NQ
2.6 Geometric Structure of Poisson Point Processes
Now, we state and prove some statistical properties of Poisson point processes that we

find useful in the treatment of the Dirichlet energy on point clouds. For t € R, and a
Borel set A C R2, we define

7,(A) :={J €72 Q)N A £ @},

Qi (A) :=(0QY == 0/(J), J € L;(A)},

ki (A) :==[#(Z,;(A))].
When it is clear from the context that A = Q, we sometimes write k; in place of k; (Q).
For J € Z,(Q), we have J = t(i, j), i, j € Z. Therefore, we set Q', = ng e 9,
the square placed on the i-th row and j-th column.

Fori=1,...,k,j=1,...,k, we define the vertical and horizontal rectangles
as

k; ke
Rl =[]0, Riw:=]0,
j=1 i=1
2.6.1 Selecting a Sub-cluster: Percolation Theory

For a Poisson point process 1, we consider the sub-cluster
() = {x en ‘ in(C(x,m) > a, diam(C(x, n) < o™, n(By(x)) < o122 } ,
where the in-radius of a set in(A) is defined as

in(A) := sup{s > 0 | there existsB;(x) C A}.

Definition 2.5 Fix « and A. Let ¢, t > 0 be fixed. We say that a family of vertical and
horizontal paths

Ge = by Vi i j € (Lo k) e (1, Me))

is a regular t-grid with Y bounds for 1., if the following properties are satisfied

(a) all the paths are in en®(A);
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Fig

(b)

(©)
(d)

(e)

()
(2)

]

t
Qi

.2 A graphic visualization of Definition 2.5

foranym = 1,..., M, hﬁn connects the two opposite sides of th (1) of size t
and is strictly contained in th (1);
foranym = 1,..., Mg, v£1 connects the two opposite sides of R;? (1) of size t
and is strictly contained in RY(¢);

the following bounds hold for any i, j € {1, ..., k;},m € {1,..., M}
L . Yt ot ; Yt
westhne,)=— gse(mne,) =+
to_ M. < Tt 25
Ye — et = < ) .

dist(hi , hi’) > 3ie and dist(v},, vi ) > 3he, forall i # ', j # j' € {L,..., ki),
m,s €{l,..., Mg} (withm # s fori =i’ or j = j');

Ifx € (hy)3e N7e, (x € (Vi)3ne N 7e) it holds ne (Bje(x)) < é?»z;

Ifx,ye hfn, (x, y € vj,) neighboring points, then |x — y| < Ae;

For the family of (e, t) regular grids with Y bounds, we use the notation G,(Y'; n,).

We invite the reader to confront Definition 2.5 with the situation depicted in Fig. 2,

which has the only purpose of being illustrative. For any ¢t > 0, we consider the

k?

~ 1/t? squares covering Q. Then, we consider horizontal and vertical rectangles

made by union of these squares and labeled suitably (from left to right for the vertical,
and from bottom to top for the horizontal). We define a grid to be regular if inside
each rectangles we can find a certain number of paths of points with properties (a)—(g)
of Definition 2.5. These paths are further labeled inside each rectangles (from left to
right in the vertical rectangles, and from bottom to top in the horizontal rectangles).
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Fig. 2 depicts the sets V, (v,) and V, (hfn) composed of the Voronoi cells of the points
of the path. Theorem 2.6 ensures the existence of such grids with uniform bounds, by
exploiting a Bernoulli site-percolation argument (see Sect. 6).

The following result ensures that we can find a universal constant Y such that
G (Y;ne) # @ for a suitable choice of the parameters ¢, ¢, &, A. It comes as a re-
adaptation of a percolation result in Braides and Piatnitski (2022) coupled with a
technical geometric construction. We postpone the proof to “Appendix 6”.

Theorem 2.6 There exists ag, Lo with the following properties. Provided
2
o <oy, A>maxi—,Ao¢, (2.6)
o

we can find a constant Y > 0, depending on o only, and, for anyt € R4 and for almost
all realizations w, a constant eo(w, t) > 0, such that, if ¢ < &g, then G,(Y; ne) # 0.

In order to lighten the notation, we now choose «, X satisfying (2.6) and we consider
them to be fixed for the rest of the paper. We are covering Q with squares of size ¢ and
in horizontal, and vertical rectangles given by union of squares from the subdivision.
We are considering the paths lying inside the rectangles and satisfying geometric
properties (a)—(g). In particular, we find sometimes convenient to work on Qy, O O,
which represent a slightly bigger square and can be divided in exactly k,2 squares of
size 1.

2.7 A Notion of Convergence for Functions on Poisson Point Clouds

For a fixed ¢, we introduce the set of simple function on Q as the space

k7
X; = {U)ELZ(Q”O)‘U): ZC,’JI[Q[{[}. 2.7
ij=1 h
Fix now (e, t) and consider a grid G.; € G;(Y; ne). Forevery i, j = 1,... k;, we
denote by
Ge, 1
Wy = > ul), 2.8)

Ne (G&, n ij> xeGg,tﬁQ,t-,j

and we consider the operator T : L'(Q; n,) — X, to be
ke

i j=1
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Definition 2.7 A sequence of functions u; : n. N Q — R, u, € L2(Q; ne) is said to
converge tou : Q — R, and we simply write u, — u, if there exists Y € Ry such
that, for any ¢+ € R and for any sequence of grids {G.; € G;(Y; ng)}e=0, it holds

T (ug) — u' in L2(Qu,)as e — 0,
where {u’ € X;};er, satisfies
u' = u inL*(Q) as t — 0.

Remark 2.8 We note that in order to have a meaningful notion of convergence, it is
necessary to prove that the convergence is well defined; that is, it is independent of
the choice of the grids. This will be a consequence of Lemma 4.3. Also note that
this convergence implies (and, along sequences with equibounded energy, is in fact
equivalent to) the L2 convergence of the piecewise constant extension 7, restricted to
the (Voronoi cells of the) grids (see Propositions 4.4 and 4.5)

Remark 2.9 (Convergence up to subsequences) Note that with this notion of conver-
gence, a sequence u, converge to u up to subsequences if there exists {&,},en such
that for any sequence of regular grids {{G, /}nen € G/ (Y5 1g,) }ieRr., it holds

T Censt (ug,) — u' asn — —i—ooian(Q,k,), u — u ast— Oian(Q).

3 The Main Results

We have now introduced all the basic notation and we are thus ready to state our main
results, which regard the asymptotic behavior of F,. The first one is a compactness
result.

Theorem 3.1 (Compactness theorem) Let U D Q be an open set and let .y > 0 be
given as in Theorem 2.6, if . > Mg the following holds. If {u. € LZ(U; Ne)les0 IS a
sequence satisfying

supd Y Y @ P+ Y i) < 400, (B.)

€20 | xenenA yen NBuc (x) xen:NQ

where Q C A C U isany open set strictly containing Q, then there existsu € W2(Q)
such that uz converge to u, up to subsequences, in the sense of Definition 2.7.

Remark 3.2 Note that in requiring to a sequence to have equibounded energy on Q we
need to take into account Remark 2.2 and the fact that the energy is carried also on
BQ. For this reason, we state the compactness Theorem in terms of u, € L2(U 3 Me)s
with a uniform bound for the energy assumed on a set A, provided Q C A C U.In
other words, we are asking to the functions u, to be defined on a slightly bigger open
set than just Q.
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With this compactness theorem in mind, that will be proved in Sect. 4, the following
I" convergence result is then meaningful.

Theorem 3.3 (I"-convergence) There exists a deterministic constant B such that, for
almost all realizations w, the energy F.(-; Q) I'-converges to

Flu; Q):E/ [Vu(x)|? dx
0

in the topology induced by the convergence of Definition 2.7. Namely

(liminf) if u, — u in the sense of Definition 2.7 then
lim inf F; (ue; Q) > E/ |Vu()c)|2 dx;
e—0 0

(lim sup) for any u € WL2(Q) there exists a sequence {u; € L2(Q: 1) }e=0 such
that us — u in the sense of Definition 2.7 and

lim sup Fe (ug; Q) < 5/ |Vu(x)|? dx.
0

e—0

The constant E is identified by the relation

o g mE 0D

o= m ——7F
T—+oo T2[E|2

’

where, for any open set A, m(-; A) denotes the cell problem

v:ng—>R
m(&; A) :=inf Z Z lv(x) — v(y)|2 v(x) =& - x forallx € nsuch that § .
XenNA yennB; (x) dist(x, 0A) <2\

(3.2)

This theorem will be proved in Sect. 5. More precisely, in Sect.5.1 we will prove the
relation between E and cell problem (3.2), in Sect. 5.3 the lower bound and finally, in
Sect. 5.4 the upper bound.

4 Proof of the Compactness Theorem
This section is entirely devoted to the proof of the compactness Theorem 3.1. We first

need a few technical lemmas in order to guarantee that the convergence of Definition
2.7 is well defined and that any sequence with bounded energy is pre-compact.
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Q.
2%
Q! .
\ i 1,9+1
, Y P AT
Ve, (P(i )
\\ X

Fig.3 The “skeleton" obtained in Lemma 4.1. The blue part is carrying less energy than the grld (inred). In
particular, this allows to link each y € Q’ tow e Qf i,j+10n particular paths that follows p( e Again,

for illustrative reason we are depicting the V0r0n01 cells of the point clouds

4.1 Preliminary Lemmas

For u € L2(Q; n,), we adopt the shorthand

Dau(x):= Y |u(y)—u).

YENNBye (x)
For any ¢, t fixed, we set
Hor(i; Ge,) = [bf,....m, |
Ver(j; Ge) : HV ) VM“}

Next lemma ensures that we can choose a “skeleton” of G, ; connecting two neigh-
boring squares and carrying small energy (see Fig. 3). This lemma is stated and proved
for horizontal neighboring squares, but it holds also for vertical neighboring squares
with obvious changes in the proof. It will be used in the proof of Theorem 3.1 (in
particular, in the proof of Lemma 4.2).

Lemmad4.l Fixe > 0. Lett € Ry, G., € G/(Y;ne) and u € L*(Q; n;). For all

;y]., 51 11 (horizontal) neighboring squares, there exist two vertical paths and a
horizontal path

v/ e Ver(j; Gey), v/t eVer(j+1:Gey), h' eHor(i; G,,)
such that, setting
;= (Vj N Q§1j> U (v/“ N QE,HI) U (B" N (Qﬁ,j U Qgst)) ,
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we have

Z D.u(x) < 2’:8}_8 (W ( f] ) Q;,jJrl)) )

XEP(; )
Proof Since both horizontal and vertical paths are all disjoint, we have that

Me s

3 3 Deutx) < Fo (w: (0} ;U 01 1))

—1 .
=L ven,n(0f U0 ;.,)

Me M,
Z Z Deu(x) + Z Z Deu(x) < Fe (l/ﬁ Q?j)'f']:a (W Qg’j+1)~
m=1xev;’;zﬁQ§_j mzlxev{;f'ﬂQ;ij

In particular, there are three paths h' € Hor(i; Get), v e Ver(j; Get), vitl ¢
Ver(j + 1; G¢,) such that

> Deu(x) < Ml

—. P P &t
xehin(Q} 0!

Fe ("ﬁ Q;j U Q;,j+l) s
)

Z Dgu(x) + Z Deu(x) < Ml I:fg (u; Qﬁ,j) + Fe (u; Qi,j-i-l)] .

4 . &t
xev!ﬂQl’.J xevJ“ﬂQ;_Hl

Note that, by the properties of the grid we have ML” < T%. Therefore, we conclude.

]

We now provide a lemma that allows to estimate the difference of 7 (u,), defined
as in (2.9), between neighboring squares of the squares partition Q,. Once again, we
limit ourselves to prove the statement for horizontal neighboring squares since the
vertical case follows in the same way up to changing the notation accordingly.
Lemma 4.2 There exists a constant C > 0 independent of ¢ and t such that for any
Ger € Gi(Yine) any u € L*(Q:ne) and any pair Qﬁ’j, Q?,j—t—l of neighboring
squares there holds

2
G N G |t . t t
@7y @i = cF (w0l 00l n).

Proof Let h', ¥/, ¥/*! be the paths given by Lemma 4.1. Let p := p{' j and let
WP, = S doou@), @l = o > u).
- Mn (P N Qt ) LIt Ua(p N Q;Hl)

L xepﬁQ;.j xepﬁQl’.’jJrl

We will make use of the above quantities (namely the average of the function u on the
. G
skeleton p) to estimate (u);”}".
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Forany x e pN Q’ we now build a family of paths P; ;(x) which links x to all
points y € G, ;N Ql’ i The construction will be such that we may control the number
of times a path path passes through apointy € G ;N Qﬁyj. Wesaythaty € G¢ ;N Qﬁyj
is a horizontal point if it belongs to some horizontal path h € Hor(i; G, ;) and does
not belongs to any v € Ver(j; G.;). We say instead that it is vertical if the converse
happens. We say that it is nodal if it belongs to the intersection of horizontal and
vertical paths. We briefly describe the construction: if y is horizontal, say it belongs
to hi, the m-th horizontal path, then we consider the path starting from x, following
p untll we meet h’ and then following hl until we reach y If instead y is Vertlcal

and belongs to Vz , we start from x, follow p until we meet Vl and then, follow Vl to
reach y. If it is nodal, we follow any of the two possibilities. This family of paths,
call it P; j(x), has the following property, which is crucial in what follows. For any
xepn Ql o each point y € (G.; N ngj)\p belongs to not more than % paths
t € P; j(x). Indeed, if y € hﬁn, then it belongs only to the paths with initial points
in h),, which do not exceed Ct/¢. Moreover, the length of each path does not exceed
Ct/e as well.

We now divide the rest of the proof in two steps.

Step one: Comparison between (u)E j and (u)f;”. For the sake of brevity set,

Nji=n:(pN Q). Nji=ne(Ger N QL))

Then, by using Jensen’s inequality twice and property (g) of Definition 2.5 we have

()‘*‘—()?]} _NN, YooY @ —uP

J xepﬁQ’ yeGsrﬁQ’

_NN, Yo > ) Deuy).
J

7 xepﬂQ' teplj(-x) yet

By invoking property (d) and the properties of p, we can further deduce

Ge 2
(u)ist — (M)Ej 8N N, Z Z Dgu(y) Z lt(y)
J xepnQ; ; ¥€Ge,NQ; teP; j(x)
<N, N, Y > Day) Y L)
xemQ’ y€(GeNQ; D\P teP; j(x)
TN, N, Do 2Dl Y L)
J xepnQj ; YEP teP; j(x)

_(8)2N N Z Z Deu(y)

T xepnQj ; ye(GeNQ; H\P
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(8)31\, v > 2D

J xepngj ; yep

Cr? Cr3 ¢

S_gZN]( Fe (us Qﬁ,j) + —£3N} ;fg(u; Qﬁ,]’ U Qi,Hl)’

where the last inequality follows from the particular choice of p given by Lemma 4.1.
Since the properties of the grid (property (d) of Definition 2.5) also imply that

N > Ct?
J=Tg2
we conclude that

2
‘(M)GN (l/l)?’]‘ < C]-"s(u; QE,]' U Q;,j-H)' “.1)

The same exact computation shows also that

2
‘(”)z J+1 (u)?,j+1‘ < CFe(u; O ;U Of j11)- (4.2)

Step two: Comparison between (”), it and (u) ..Forx e pN Ql I letP’ 1)
be the family of paths t on p which link each point of pNo; j1tox. By Con51der1ng

one path foreachy € pN Ql j+1-Wecan build P, (I (x) inaway thateacht € P j+1 (x)
contains not more than Ct / & points. Moreover each point z € p is contalned n at
most Ct/e paths. With the notation introduced above, we then compute

2
@y ;= @y 4 _N Nj+1 Z Z lu(x) — u(y)|?

xepnQ; ; yepnQ;} ;1

—NN,+ Yo ) W) Deu(y)

xepﬂva_] teﬁ,+1(x) yet

Ct
Sm Z Z Dgu(y) Z 1e(y)

xemelt\_,‘ yEPm(QfM/UQ,t-‘H_]) tGP;_H(X)
Ccr?
<
<N > > Deu(y)
xepNQf ; yepn(Q] ;UQ] ;)

I
=C Z ;fE(WQi,jUQi,jH)

xepﬁij

SC}-S( Ql J U Ql j+1) “4.3)

Conclusion By means of Step one and Step two, in particular by collecting (4.1),
(4.2) and (4.3) and by means of a triangular inequality, we conclude. O
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4.2 Properties of the Convergence for Sequences with Equibounded Energy

We now state and prove some useful properties of the convergence in Definition 2.7.
We start with the following lemma, which ensures that the limit of sequences with
equibounded energy, when it exists, is unique and does not depend on the choice of
the sequence of regular grids {G,; € G;(Y; ns)}s,1~0 When g, t — 0.

Lemma4.3 If {u. € LZ(Q_; Ne)}e=0 is a sequence of functions satisfying (3.1) and
{Ger € Gi(X3ne)ler>0, {Ger € Gi(X'3me)}er>0 (with possibly T # Y') are two
sequences of regular grids such that

0

£— £—>O _
T (ug) =5 !, T (up) =5 it

, then
lim/ lu () — &' (0)] dx = 0.
t—0 0

Proof Fix Q’ € Q; and let p, p be the union of paths given by Lemma 4.1 relative to
0! J (and one of its neighbors, say Qi, i+ without loss of generality) and to the grid
Ge.1, Gg,y, respectively. Now, by construction we have that p N Q’ i pN Q share
at least two points. In particular, for any x € pN Ql’. _j wecan still build a famlly P(x)
of paths that link each y € p N Q} ; to x containing only points inp Up N 0; j- We
can also ensure that each t € P(x) contains not more than Ct /¢ points and that any
pointinz € pUpnN Qt is contained in at most Ct /¢ paths in P(x). With the notation
introduced in the proof of Lemma 4.2, we now compute

/\

(ue>§f,-—<ug)§",,-)2_ Y e —uP

NiN 7 xepn@} ; yepno!
X D By D)
NiN xemef teP(x) yet

C}—s(us; Qi,j U Qi,j+1)’

I A

IA

where we have used the properties of p, p and of t € P(x). Now, by recalling that
(4.1),(4.2) are in force, respectively, on G.;, p and G.;, p by means of the same
arguments used to prove Step one of Lemma 4.2, with a triangular inequality, we
obtain

~ 2
Gz?t Ge
(us) —(u )i,j

< CFe(ue; Qj ;U Q) jy1)-
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If we sum up over all i, j and we observe that the energy of each square is counted at
most a finite number of time (independent of #, n), we reach

3 oy -y

i,j=1

< CFe(ug; Qlk,) < CFe(ue; A).

By means of this last relation, we have

/ ‘TG”(u )(x) — TG”(ug)(x)) dx = 12 Z ‘(ug)G” — o) <o

i,j=1

In particular, if 7% (u,) = u’, TGer (ug) — it', then
/ | (x) — i’ (x)|” dx < €12,
0

and we conclude. O

Now, we proceed to state and prove Propositions 4.4 and 4.5, which will give us a
useful characterization of the convergence in Definition 2.7. We will make use of the
notion of piecewise-constant extension introduced in Sect. 2.5.

Proposition 4.4 (L? convergence onthe grids) Let {u, € L?(Q; 1¢)}e=0 be a sequence
satisfying (3.1) and assume that u, — u in the sense of Definition 2.7. Then,

lim lim sup/ it (x) — u()c)|2 dx =0 “4.4)
Ve(Ge,)NQ

=0 ¢
for any sequence of regular grids {G¢; € G (Y; 1e)}e.r>0-

Proof By means of similar computations as the ones used in the proof of Lemmas 4.2
and 4.3, we can infer also that for any x € G, N Q! j (adopting the same notation)

2 C
we@ = @l = Y e —wmP = Y Y Danty)
/ yepﬂQ}j Nj teP; j(x) yet
Cc
S Y Deuc(y) Y Ly
yeGg_,ﬂQl’.’j teP,-,j(x)
S aDD W4 Y D
u u
~ Nje Deue(y eltely
y€GeNQ; \P J yepﬂQi ;
Ct Ct
EN'S Z Dgus(y)"i_NJE]:g(ué" Qi’jUQf’]+1)
yEGs.thf-,j\P
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<CF; (ua; Q,t] U Q?j_;_l) 4.5)
for a constant independent of ¢, ¢. In particular, by collecting (4.5) and (4.1) we have

2

Get
ug(x) — (ua)i’j’ = Cf(ua; Ql{,j U Q?j_;_l)» (4.6)
which, summed up over x € G, and i, j € {l,...,k:}, and taking into account

property (d) of Definition 2.5 (implying that #(G, ; N Q; j) < Cr/), yields

Y

xeG./NQO

e (x) — T () (x) o Ct*Fe(ug; A). (4.7)

In particular, if u, — u, and {4’ € X;};er , denotes the sequence of intermediate
functions with respect to G ;, then

23w =P =50

JeZ(Q)
and thus
2
&Y @ @P = Y fueln) = T )|
xeGg,NQ xeGeNO
2
+Cr? Z ‘(ug)?”—utj
JeZ(Q)
2
< CPRws+C? Y |wof -

JeL;(Q)

We here switched to the more compact notation J = (i, j). This implies that

/ liie (x) — u(x)]* dx
VS(GE,[)QQ

< (/ lie (x) — u' (x)]* dx +/ lu' (x) — u(x)lzdx)
Ve(Ge.)NQ 0

2
<ct i+ Y ’(ug)?”—utj‘
e (0)

+C/ lul (x) — u(x)|> dx
0

and then, also (4.4) holds for any sequence of regular grids {G.; € G;(Y; 1¢)}e.1~0-
O
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Proposition 4.5 Let &y, t, be two sequences. Set 0, := 1. Let {u, € L*(Q; 12))}nen
be a sequence satisfying (3.1). If there exists a sequence of regular grids {G, €
G1, (Y5 n)}nen such that

lim liin(x) — u(x)]?dx =0 (4.8)
n=>+%0 Jy,, (GNQ

then, up to subsequences, u,, — u in the sense of Definition 2.7.

Proof We first show that

lim / ITO (un(x)) — u(x)|>dx = 0. 4.9
0

n——+00

Indeed, by means of the same computation as in the proof of Proposition 4.4 we can
achieve (4.7); that is,

e Y lun(x) = T ) (x)|* < Ctp Fe, (1 Q).
xeG,NO

This implies that

lim |ty (x) — T (1) (x)|* dx = 0,
n=>+00 Jy, (G,NQ

which, together with hypothesis (4.8) implies (4.9).

We now fix t+ € R and we provide a suitable rearrangement of G, in order to
obtain a grid Gn,, € G;(T; n,), provided n is large enough. We describe the con-
struction. Inside each Rf’ (t) we can find at least ¢,, = [“ 2w/, | horizontal rectangles

th/ (ty), ... th/ o (1) strictly contained in Rl.h (#) and each containing M,, disjoint hor-
izontal paths hiy el hsvl,, from the grid G,,. Note that

t

2 < tyc, <2t (4.10)
In particular, we relabel the paths of G, as {hfn, m=1,...,M,c,} C Rf‘ (t) for each

horizontal rectangle accordingly. We repeat the same argument for vertical paths, and
we obtain a grid G, ;. Thanks to (4.10), we have that G, ; € G; (27, n,).
Let now J € Z;(Q) and consider

7,(0)) = {1 €L,Q): Q% c 0%}, () =#T.(Q).
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Note that, by construction, G, agrees with CN?,,,Z on Qtj”, for J' € I,,(Q’J). Recalling
the notation

Ny = nnl(Gn n oY) Ny = n,i(én,[ noy)
Gn . G,
)y =~ DL ) @)= D o)
I xeGuno™, I xeG,.no,

we have

/ 1T ) (6) = T ) @)Pdr =Y /
0

Jezi(@) 7 &

2 2
@)™ = T )| dx

Gn[ G, 2
< > ’(un), )G @.11)
JEL(0).
V€L, (0:(J)
Gnt n 2
+ Y / W) g™ = G| dx. 4.12)
0/ ()NQy, (I

JeL(Q),
J'¢Ln(Q:(J))

The term (4.11) is easily estimated by (4.6) and the fact that, by construction G, = G, ;
on Q,,(J") C Q/(J):

~ 2 t2 ~ 2
n, Gn Gn.
D DN AV OOV HEND DI D IO B AV
JeZ (Q), JeL;(Q), ' xeG,nQ",
V€L, (0) JVeL,(Q) !
1
2 . N2t
@6 =Cty Y N > Fluni 0F)
JEL(Q). Y xeG,nQ™
J'€T,(0) !
<C Y (D Fe, (un; QF) < C12Fe, (n: A).
JET(Q)

To estimate (4.12), we observe that the set

E.:= |J (2/nah)
J€Z:(0),
J'¢Z,(0:(J))

has the property |E, | = Ct,t — 0asn — +00. Observe that, for any J € Z;(Q) we
have [because of (3.1)]

2 2
1 & 50
77n( n.,t Q.I) xeGn,;ﬂQlj XEGn.tﬂQlJ

Gn.t

‘(”n)]
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Gn .
Therefore, we can find {g;,, }men such that (uy,); ml w’J. Up to a diagonal
extraction argument, we may find {e,,, },nen such that

G
(tn,);"" — why forany J € {1,... k)%
This means that we can find a subsequence {&,,, }men such that

TGt (uy,) 2w’ in L2(Que,)-

Thence, up to subsequences,

1€T,(0). /’f”Q’f"/
J'¢1,(0")

G, G
(un)Jnt — (un) /"

2 -
dxs/|ﬂ%wu—T®muFm
E,

< c/ lw' — u|?dx,

which vanishes since |E,| — 0. In particular, we have

lim > /
m——+00 1<T10). tJanJn/m
J €T, (QY)

Gnm,t Gnm 2

(unm)] - (unm)J/ dx = 0.

Being the limit independent of the chosen subsequence, we conclude that (regardless
of t)

G W2
W)™ = ()| dx = 0.

lim )" /
T ydrie). TOne)
J$T,(0,(7)

Thence, by combining these estimates on (4.11) and (4.12) we achieve

lim lim sup/ TG (u) — T ()2 dx = 0
0

=0 400

which, combined with (4.9) implies that

lim lim Sup/ 1T 6t (1) (x) — (x)[? dx = 0.
0

=0 p—+4o0

This implies that the limit of u, is thence, up to subsequences, u in the sense of
Definition 2.7. O
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Remark 4.6 Note that Propositions 4.4 and 4.5 imply also that the stronger convergence
on the piecewise-constant functions implies the convergence in the sense of Defini-
tion 2.7, provided the sequence has equibounded energy. Indeed if u. is a sequence
satisfying (3.1) and

lim liie(x) — u(x)|>dx = 0,
£=~>0Jv,. )0

then, in particular it converges when restricted to any sequence of regular grids, allow-
ing us to invoke Proposition 4.5 and thus to conclude that u, — u in the sense of
Definition 2.7. This has some useful consequence, as in the proof of the locality of the

convergence (Lemma 4.7) and the fact that we can diagonalize in the L? convergence
(Lemma 4.8).

Lemma4.7 Letu, — u in the sense of Definition 2.7 and satisfying (3.1). Let A C Q
and suppose that u; = w on A for some w € C'(A) and for all ¢ > 0. Then, u = w

on A.

Proof Let {G:; € G;(T, ne)}e.r~0 be a sequence of regular grids. Then, Proposition
4.4 gives

lim lim sup/ lde(x) — u(x)> dx = 0.
=0 c50 JV,(Ge)NA

Moreover, since ugs(x) = w(x) on ne N A and since |x — y| < Ae for x € Gy,
y € C(x; n.) (property (g) of Definition 2.5) and |C (x; n.)| < Cs2, we have

e (y) — Zdy = / _ 24
/1?5(G£_,)MA|M () —w@)|“dy Z . lw(x) —w)|*dy

x€GgNA (x;me)NA

<ClVwly, Y &t =ce,
xensNA

where C depends on «, A and | A|. Here, we have used Proposition 2.3. Then, for some
subsequence {e,, ,},en and by means of a triangular inequality we have

lim lu(x) — w(x)|>dx = 0.
n=H0 SV (G )NA

Observe now that 1y, (c,, ,)—f weakly L?(A) and f(x) > so > 0 due to the good
properties of the grids. Indeed

fdx = lim Ve, (Ge,r,) N Q0| = lim_ aer#(Ge, 1) N Qr (1))
Qr(y) n—+00 n nstn n—+00 n nstn
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and (due to Property (2.5) and to the fact that Q, (y) contains approximately ;—; cubes
) n
of size t,) we can estimate #(G,, ;,, N O, (y)) > 2;’552 ;—; Thus,

o
dr= 1i N li 2y N =2
/Qr(y)f(x) x n_ngrrlOOIVen(Gsn,zn) Or(yI > lim o (Geypr, N Or(y) = St

Thus, forall » and all y € Q
50 1= Lz < ][ f(x)dx = f >sp almosteverywhere onQ.
2Y 0:()
In particular,

S()/ [u(x) —w(x)|dx = lim lu(x) — w(x)|dx = 0.
A n=>+00 Jy, (Gey.iy)NA

Being 5o > 0, we conclude u = w on A. |

Lemma4.8 Let {u, , € L%(Q; Ne,), T > &y > 0} be a sequence such that

(a) Foranyr > 0, uy , — u, as n goes to 400 in the sense of Definition 2.7;
) {u,}r-0 C WI’Z(Q), ur — uasr goesto0in LZ(Q)for some u € WI’Z(Q);
(©) sup,..,~olFe, (Un,r; A)} < 400 on some open set A D Q.

Then, there is a sequence r, >> &, such that r, — 0 and for which, up to subse-
quences, U, ,, — u in the sense of Definition 2.7.

Proof By invoking Proposition 4.4, we have (up to a subsequence)

lim sup/ i (x) — up(x)]> dx = 0.
Ve, (G)NQ

n—-+00

Since also u, — u, we have
lim lim sup/ |t (x) — u(x)|* dx = 0.
=0 400 JV,, (G)NQ
Hence, we can select the sought sequence r;, to satisfy
n—+o00

lim sup/ ity r, (x) — u(x)|>dx = 0.
Ven (Gn)NQ

Property (c) and Proposition 4.5 imply now that u, ,, — u (up to subsequences) in
the sense of Definition 2.7. O
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4.3 Proof of the Compactness Theorem

We are now ready to prove Theorem 3.1. We rely on the following Lemma 4.9, which
comes as a consequence of Alicandro and Cicalese (2004, Theorem 3.1). Recall that

Q) == {J = (i, j) € tZ* N Q}.

If|J —J'| = t, we write (J, J'), meaning that the square Q' = Q] ; and Q') = Qj, i
are neighboring squares. 4

Lemma4.9 Let {u' € X;}er, be a sequence of functions such that

sup Z Z lu'y — u'y)|* + 1 Z lu'})? ¥ < +oo.

1€R N jeZ,(0) ez, (0): JET(Q)
(J.J

Then, there exists a function u € W2(Q) and a subsequence {t;};cn such that the
piecewise-constant interpolation of u; converge to u in L*(Q).

Proof of Theorem 3.1 Let «, A be fixed and ensuring the validity of Theorem 2.6 and
choose {G.; € G/(Y; n:)}es to be a sequence of regular grids. Then, by invoking
Lemma 4.2 and by summinguponi, j € {1, ..., k;}, we infer that

DS \(ug)?f*’—wg)?f*’zscf8<u8;A)<+oo, (4.13)

JeL1(Q) J' €L, (Q):
(.79

where we have adopted the shorthand (ug)ga" = (ug)f;" for J = (i, j). Moreover,
by Jensen’s inequality and the properties of the grid we have

Y Jwi e Y wor

JE€L(Q) J€L(Q) yeGe:NQY,
<Ce? Y Y weMP=CE Y fue( < +oo.
J€L(Q) yen.nQ" yenNQ

(4.14)

Fix now a sequence {;}cn € R going to zero and observe that, for any J € Z;,(Q),
we have

Geyy |2

1 2
o) Y w@PsS Y kel < oo

B —
< 7
Ne(Gey, N Q)
eI v,y n0! ' veG,,n0"
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G
Therefore, for such a fixed 7; € R, we can find {&, }men such that (ue,,) ; il _y utj’

Up to a diagonal extraction argument, we may find {&,, },,<n such that

anh
(g,) ;""" — u" forany J e {1, ..., k,}*, 1 € N.

This means that we can find a sequence of functions {u" € X, };en and a subsequence
{&m }men such that

Tt (uy, ) = u in L2(Q).
If we now invoke Lemma 4.9, combined with estimates (4.13) and (4.14), we can find
a subsequence of {#1};cn and a function u € WI*Z(Q) such that, with a slight abuse of

notation, u” — u in L?(Q) along the subsequence. But then, by Proposition 4.4 we
have

lim lim Sup/ lite,, (x) — u(x))? dx = 0.
Ve (Gepy.y )NO

= +00 j— 400

and by invoking Proposition 4.5 this means that there is a subsequence of {u,, }men
converging to u in the sense of Definition 2.7. O

5 Proof of the '-Convergence Theorem 3.3
In this section, we prove Theorem 3.3. We state and prove some preliminary results,

subordinated to the identification of the constant = and to the development of the
technical machinery required to present the proof.

5.1 The Cell Problem

We recall the notation for the boundary-value problem

v:ing—>R
m(§; A) :=inf Z Z lu(x) — v(y)l2 v(x) = & - x forall x € nsuch that
xenNA yennBy (x) dist(x,0A) < 2A

The first thing we need is the following lemma on the asymptotic behavior of the “cell
problem” m(&; Q7) when the boundary values are fixed on a cube Q7 and T diverges.
This behavior turns out to be deterministic thanks to the ergodicity of the process.

Lemma 5.1 There exists a deterministic constant & € |R such that for any & € R? it
holds

. . m(§; 0r)
E = 1 —_—
g1 = im =

independently of the realization.
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Remark 5.2 In light of Lemma 5.1, the constant = can be identified as

_ . m(er; Or)
= lim ——~.
T—+00 T2

The proof of Lemma 5.1 comes as a consequence of Proposition 5.3 below.
We denote by M () a clockwise rotation of an angle ¥ around the origin.

Proposition 5.3 Almost surely the following holds. For all & € R?, the limit

m(&; Or)

f&) = TETOO 72

exists and is independent of the realization. Moreover, there exists a function g : Ry —
R such that

lim g(R) =+o0
R—+o00

and such that, for any sequence yr with |yr| < Tg(yr) and any rotation M () we
have

lim MEMNOrGr) - mEOr) £8).
T—+oo T4 T—>+o0 T4
Proof Note that
m(§; AU B) =m(§; A) + m(§; B)
whenever |A N B| = 0. Invoking the uniform version of the sub-additive ergodic

theorem (Krengel and Pyke 1987, Theorem 1), we can achieve the existence of an f
such that for any R and any family of translations {yr}ren satisfying |yr| < TR it
holds

f® =_lim m(&; M) Qr ()

—+00 Td

The existence of g as desired follows by a diagonal argument on R (see the proof of
Braides and Piatnitski (2021), Lemma 5.1 for details). O

We now focus on proving Lemma 5.1. During the proof, we find it convenient to

explicit the dependence of F and m on 7. In particular, if 7" is another Poisson point
process, we write

Fiws A= Y Y ) —vmP

xen'NA yen'NB; )
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and

v:p - R
m(&; A, ) :==inf { Fi(v; A, n') | v(x) =& - x forall x € n’such that
dist(x, dA) <2\
We also refer, whenever needed, to f;(§) as the limitin 7" of m@;;’",) (which exists
because the argument in Proposition 5.3 applies to a generic Poisson point process
).

Proof of Lemma 5.1 We argue as follows. We prove the following two relations on f:

SM(@)§) = f(§) foralld € [0, 27) 5.
fre) =r2f(€) forallr € Ry. (5.2)

Equations (5.1) and (5.2) tells us that, setting & := f(e;) then f(§) = 5|&[>. We
proceed then to the proof of (5.1) and (5.2) separately.
Step one: invariance by rotation. Observe that

Fiw; Qr.m= Y, Y. | —vmP

xenNQr yenNB;.(x)

_ 3 > M =9)2) — oM (—Hw)]?

2€M@)N(M (9)Q7) weM (9)nNB;.(2)
= F1(wM(=0)-), M) Qr, M(D)n).

Ifv=&-xon(0Qr)m, thenv(M(—9)x) =&-(M(—9)x)forx € QM )QOT1))2x.
In particular,

m(M(=9)&; M(=9)Qr,n) =m(&; Or, M(3)n)

By dividing by 72 and taking the limit, recalling that the limit exists (Proposition 5.3),
we get

m(; Or, M(¥)n)

S &) = TETOO )
. m(M(—=1)&; M(=v)Q07,n)
= TETOO 2 = f(M(=9)&). (5.3)

Noting that M (¢¥)n = n in distribution, we conclude that m(&; Q, M (9)n)
m(&; Qr,n) in distribution. This equality in distribution implies that f,(§) =
Sm)y(&) in distribution. Since f; and fa (), are independent of the realizations, as
stated in Proposition 5.3, we conclude that

Jn&) = fuwm (). (5.4
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Thus, by combining (5.3), (5.4) we get (5.1).
Step two: positive homogeneity of degree two. Fix r € Ry and observe that for
anyv =rE-xonx € nN(3Q71)2, then v, (x) := @ satisfies v, (x) = & - x on

x €nN(@Q7)2 and
Fi@; Qr.n) = r*Fi(v; Q. n) = r’m(&; Or. ).
yielding
m(ré: Or.n) > r’m(; Or, ).

Analogously if w = & -x onx € nN (@07)2, then w,(x) := rw(x) satisfies
w,=rE-xonx € nN(@Qr)2, and

r2Fi(w; Or, n) = Fi(w,; Qr, n) = m(réE; Or, n)
yielding
r*m(E; Qr, n) > m@ré; Or, n)

Thence

m(r&; Qr,n) = r’m(; Qr, ).

Dividing by 7 and sending to T — o0, still by Proposition 5.3 yields f,(r&) =
r2 f,(&); that is, (5.2). -

5.2 A Boundary-Value Fixing Argument

We now concentrate on a key ingredient of these types of results; that is, the possibil-
ity of modifying boundary values. Before proceeding, we introduce the notation by
referring to Fig.4. We fix § > 0, N > 0 and we divide (0 Q)5 N Q (depicted in soft
grey on the left in Fig.4) in N sectors S; of size §/N (see one of them in dark grey
on the left). Given G,,;, € G, (Y; n,) inside each sector, we can find c’i, e c"Kn
disjoint “annuli” (one of them is depicted in red on the right) composed of portions of
paths from the grid and all contained in ;. Still the good properties of the grid allow
us to estimate K, ~ §/¢,. We consider this annuli labelled increasingly from the outer
one, and we call Q(cj.) the portion of the square bounded by the Voronoi cells of cj.
and including them (on the right: the union of the region depicted in dark grey and all
the red regions). Clearly Q(cg,) C Q(c;) for j/ > j. We use this geometry to build
cut off functions h; that we will use to change the boundary data of a sequence of
functions u,, converging to u in the sense of Definition 2.7.
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Fig.4 In the proof of Proposition 5.4, we refer to the notation depicted here

Proposition5.4 Let U C Q, be an open set with Lipschitz boundary. Let {x,},eN be
a sequence of points and pick {Gg, i, € G;, (Y5 £,(n — xu))}neN a sequence of grids
and a sequence of functions {u, € L2(Q; en(n — X)) }nen such that

lim liin(x) — u(x)|?dx =0
"=+ Y, (G )NU
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for some u € C'(U). Suppose that the sequence also satisfies

sup{F,(un; A, e,(n — X))} = ¢ < +00
neN

for a supset A D Q. Then, for any § > O there exists a sequence {v,}neN Such that

vy =u on(ey(n—x,)) N@U)sNU,

lim 100 (x) —u(x))>dx =0
=400 Ve (G iy)NU

and

hminf]: w(s U, e,(n —xp) < 11m mf]: (un; U, g,(n — xp)) + CP(U)||V14||oo
n—

(5.5)
where C = C (o, A) depends on a and A only and P (U) denotes the perimeter of U.

Proof For the sake of simplicity we will prove the result only in the case U = Q since
the general case results only in a heavier notation. So we assume U = Q and we fix
8 > 0and N > 0. Consider

S; = Ql—%S\QI—%S’ i=1,...,N.

For any fixed n > 0, if G, ;, € G, (T; en(n — x5,)) is a regular grid, by joining the
paths of the grid suitably, as in the proof of Theorem 2.6 (see “Appendix™) for any S;

we can find (and eventually relabel) annuli ¢, . . , ¢l K, where
8 TS
= Kn = —
Ye, &n

for a Y uniform in n (see Fig.4). We moreover observe, due to the properties of the
grid, that

dlst(c c ) > 3rs, foralli,j,i'j'; (5.6)
dlst(cj, BSi) > 3rg, foralli, j. 3.7

Moreover, adopting the shorthand 7, := &,(n — x,), we have
. i ~ ~ [
ifx € (cj)Sken N 7, then nn(Bksn x)) < (;)k . (5.8)

Both properties (5.6) and (5.7) derive from property (e) of Definition 2.5 and from
the fact that c’j is made of paths of G, ;,. Property (5.8) is instead consequence of
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Fig.5 The situation in the proof T Va (C )
of Proposition 5.4. The A N A
difference hy (x) — hy (¥) is ]
different from O only on pairs
(x, y) satisfying the relation

(5.10) A k

Q(cjt1)

Q(c;) \ Q(cjt1)

Rz

Property (f) of Definition 2.5. Let Q(c;.) denote the portion of the square bounded

by c; and containing the Voronoi cells of points in c; (we refer to Figs.4 and 5). For
i=1,..., N, weset

' 0 ifxeQ(c)
hy(x) =13 %  ifxeQ(e)\o(c_,) (5.9)
1 if x € O(ck,)-

Note that

N

YYD ) = ua(y)? < 2Fn(un: Q\Q15. iin)

i=1 xeS$;iNi, yEBig, ()N,

where the constant 2 arises since the interaction around 9.S; are counted twice when
summed up over i. We can thus pick i = 1, ..., N for which it holds

YooY ) — () + wx) —u())?

X€SiNiy YEBie, (X)Nijy

2 - -
=y Fnttn; ONQ s, iln) + Fu(u; Q\Q 15, 71n))
Then, we set h, = hi), ¢; = c; and
Un (%) i= (1 = hp (X))u(x) + 1 (X)1ap (X).
Set also G, := G, ;,. We immediately conclude that

gr Y (@) —u@)? = Y (a(x) = u(x)h,(x)?

xeG,NQO xeG,NS;

<& Y () —u)?,

xeG,NQO
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giving v, — u. We also note that

Un(X) = va(y) = (1 = hy () @ (x) — u(y)) + hn(y) (up (x) — un(y))
+ (hn(x) = hn (V) (n (x) — u(x)).

Thanks to the structure of v,, we thus have

Yo @ v Y D ) = va())?

xeQNijy yEBAsn (xX)N7jyy XE(Q\S[)QF],, yeBken (xX)Njy

+ Y ) @ = vk’

XES; Nijy yEB)\en ()N
< Fulun; Q, 0y) + Fu(u; O\Q1-s, 1n)

+ Y ) @ —w())

xX€8;iNijy YEBye, (X)Nijy

where the second inequality exploits property (5.7) and the fact that v, agrees with
u and u, on a slightly bigger sets than the two connected components of Q\S;. The
choice of i now allows to estimate

YooY ) —u)’

xES,ﬂﬁn yGB}Lgn (X)mﬁn
C - -
< N(]:n(”n; O\Qi-s, ) + Fu(u; O\Q1-5, 11n))
+C Y (unx) —u(x))?
x€S8;Niiy

> () = ha(3)*,

yEBlan (xX)N7y

where C, here and in the rest of the proof, stands for a constant depending on «, A
only and that may vary from line to line. We now exploit property (5.6): the annuli
paths lie at a certain distance between each other, and therefore, we have that

2 . ~ .
B 2 &n ifx ¢ Q(cj),y € 1, N Q(c;) for some j
(h(x) = i (3)) 1, 0(0) = €5 o r "yl =
(5.10)
(hy(x) — h,,(y))2]13w o =0 otherwise. (5.11)

In particular, we get

D wa@) —u@)t Y (ha(x) — ha ()’

XES;Nijn YEBig, (X)Nijy
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= Y () = u@) (ha(x) = ha())

(x,y)
satisﬁes(S. 10)
g2 &
<C3). 2 D uax) —u(x))?
j=l xei ¥EBi, ()NQ(C)
x€Q(c;)N(€¢j)rep
g2 &
n 2
=03, Z (U (x) = u(x))?,
Jj=1 XEly:
x€Q(e;)N(c))ey

where the last equality follows from property (5.8) of the annuli. Forx € 7,NQ(¢;)“N
(€j)re, let zy € ¢; be such that [x — zx| < Ag, (see Fig.5). Then,

Y ) —ux)? = C D ) — un(zn))?
XEMp: XEQy:
x€Q(c;)N(C))rey, X€Q(¢;)N(€)) ey
+ D ) —u)?
XEMp:
x€0(c;)N(¢j)rep

+ Yoo nlan) —u(z))?
XEMNp:
x€Q(¢;)N(¢j)rep

<CY Y ) —ua () + @) —u(y)?
Xee; yEB)\sn (xX)N7gyy
+C ) (un(x) — u())?,

X€EC;

where the last inequality follows from property (5.8) and the fact that |x — z,| < Aeg,,.
Thus, by summing up over j = 1, ..., K, we obtain

Ky
YooY ) —u))? < CFaun; Q. iin) + CFalus Q. i)
Jj=1 X €y

x€Q(€;)N(€e;)ne,

+C Y (un(x) —u(x))?

xeG,
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Then, we conclude that

Fn(ons Q. 1in) < Fn(un; Q, ) + Fn(u; Q\Q1-5, 1n)

C
+ ﬁ(]:ﬂ(u}’l; O\Q1-5, 1) + Fn(u; Q\ Q15 7n))

C - -
+ 5 [aﬁﬂ(un; Sisiin) + enFu (s iy iin) + 5 Y (un(x) — u(x))z} :
xeGy

where the constant C is independent of n, N, §. We now use Corollary 2.4 (by observ-
ing that n — x,, has the same distribution than 7) and consider the limit in » and
achieve

lim inf 7, (va; Q, flx) <liminf 7, (s Q, iia) + CP(Q)[|Vu[ %8
n——+oo n——+oo
C
+ o+ P(Q)||Vul%5).

A further limit in N yields (5.5). O

Proposition 5.5 (Blow-up) Let u, — u, u € W12(Q) and pick xy € Q a Lebesgue
point of Vu. Fix a sequence of regular grids {G., ; € G;(Y; ng,)}ier,. Such that

lim lim sup/ lun(x) — u(x)|? dx = 0.
GeyiNQ

=0 p—s4o0
Then, for any p > 0 it holds

Ge,,,t N Q,o — X0

Go (xg) == € Gisp (T ),

where

p.xo . Men — X0
ne 0 = .
0

Moreover, for any § > 0 we can choose two sequences t,, p, — 0 such that

t
In g g Ml §g<|x0|>, (5.12)
Pn Pn Pn &n

where g is the function given by Proposition 5.3. Finally, setting

G N —X
Goxg) = Lo L 220
P

we have

lim |70 (x) — Vu(xo) - (x — x0)|>dx = 0, (5.13)
n=>+00 )Y, (Gn(x0)NQ
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where

uy (xo + px) — u(xg)

ul*(x) = forx e ng N Q

Proof We start by proving that Gg 1 (x0) € Gyyp (T; ngn’xo). Indeed, property (b) and
(c) follow immediately by construction. By scaling, we also get property (e), (f) and
(g) from their validity on G, ;. Since G¢, ; € €,7%()), we also obtain property (a):
Gﬁn’ +(x0) C (n“(ﬁ_i—m) Property (d) is immediate since, by replacing ¢ with #/p and
&, with g,/ p the bounds (2.5) given by Y are still in force.

The second part of the statement comes just from a diagonalization argument in
n, t, p and by exploiting that xq is a Lebesgue point of Vu. O

5.3 Proof of the Lower Bound

We follow the blow-up method by Fonseca and Miiller (1992) (see also Braides et al.
2008 for its adaptation to homogenization). Let u, — u in the sense of Definition 2.7.
Without loss of generality, we can assume that

lim i(r)lffg(ug; Q) < +oo.
e—

Fix xp € Q a Lebesgue point of Vu and u, and a subsequence ¢, — 0 achieving the
lim inf. Define

Hn(A) = ]:s,, (uen; A).

Then, w, A w (up to a subsequence) for some measure p, and u, := u,, — u in the
sense of Definition 2.7. Moreover, u € W12(Q) due to Theorem 3.1. We would like
to show that

dp

0= E|Vux)l?

for £2-almost every x € Q. This would imply that
liminf F,(ue; Q) = lim  Fe, (up; Q) = E/ [Vu(x)| dx.
e—0 n—-+o0o 0

Note that

lim tim Fr(@e(0)

du u(Qp(xo))
p2 - p—0n—+o0 p2

a2 o) = limy

Since u, — u then, for any € Ry and any grid G, ; there exists a u’ € X, (cf
with (2.7)) such that TG (u,) — u’. With fixed 8, by invoking Proposition 5.5,
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we can find two subsequences p,, t,, such that (5.12) and (5.13) holds. By relabeling
& = &n/Pn> th = ty/Pn, Xn = x0/&, and by invoking Proposition 5.4, we can find
{vn € L*(Q, &x(n — x))}nen such that

vy (x) = Vu(xo) - (x —xp) on Q1\Q1-s
and

liminf 7z, (va; Q, &:(n — x5)) < limJirnf Fe, f; Q. 8, (n — x0)) + C|Vu(xo)[*s.
n— 400

n—-+o00

Observe now that

du . T (up; Qpn (x0); €nn)
—> (@)= lim 3 .

Moreover, the following holds

Fn(un; Qp, (x0), €nn) = > > lun (x) = un () >

X€Q py (x0)Nenn YEB) e, (x)Nenn

= > > i (X0 + %) — un (x + )
x€Qp, N(Enn—x0) YEB).g, (X)N(enn—x0)

= 3 > lin (x0 + pnx) — ttn (x0 + pny)I?
XEQH%(U—Xn)yeB,\%(X)ﬁ%’,(n—xn)

2
=2 Y > 0 () — w0 )

x€QNEy (n—xn) yEB g, (X)N&n (n—xn)

= p2Fs, "5 0,80 () — xp)).

In particular, we have

du . Fulun; Qp,(x0), €a7)
—5 (o) = lim 3
dL n—+00 Yok

> —C8IE|* + liminf F, (vn; O, 8, (n — X)),
n—>+oo
and finally,

Fayns Q. En( —xn)) = Y > [on () = va ()

x€0NEn(n—2xn) yEBkén (X)NEn (n—xn)

% oy

X€Q1/g, (xn)Nn yEB(x)Nn

Vn (Bn(x = X)) va(Enly —xa) 2

&n n

Since v, (x) = Vu(xg) - (x — xg) forx € (Q\Q1-5) NEx(n — xp,), we get

vy (En(x — Xxp)) __ Pn +1

- Vu(xg) - xo = Vu(xpg) - x
En &n
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for any x € (Q 178, @\ Q1/5,(1-5) (xn)) N 7. In particular, by adding and subtracting
the constant p”g—:qu(xo) - X0, we have

Fz,(n; Q, 8n(n — xn)) = E2m(Vu(xg) - x; Q1/z,(xn)) = E2m(Vu(xg) - x; 01z, (xn)).

Considering T,, = é and observing that

X X
|(3| ETnl 0l

Pné€n Pn

|2, = < Tugs(xal),

we conclude that

, m(Vu(xp) - x; Or, (xn))
m

n—+00 T,

f(Vu(xo)) = E|Vu(xo)|*

Jim Em(Vu(xo) - x5 @1y, (¥a)

by Proposition 5.3. Hence,
du 2, = 2
d_L',z(XO) > —C38|Vu(xo)|” + EVu(xo)|”.

By considering the limit as § — 0, we get

du

o200 = E|Vulxo)|*,

as desired. O

5.4 Proof of the Upper Bound

We prove the statement in several steps, in order to clarify the diagonalization process
that we use. The strategy will be to approximate a generic function u € W12(Q) with
a sequence of functions {vi}reny Which are piecewise affine on simplexes and then,
show how to recover the energy of each vy. Then, we will exploit a diagonalization
procedure (by means of Lemma 4.8). The recovery sequence for piecewise-affine maps
is constructed in Step two below. The major technical point consists in handling the
interaction at the common boundary between two simplexes S, S’. To deal with this
issue we build, for a generic simplex S and for an affine function v on S, an almost
recovery sequence, which agrees with v in an internal neighborhood of 9S. This is
done in the Step one below.

Step one: We prove that for any triangle S € Q, for u(x) =& -xon S C Q and
for any fixed 5 > 0 there exists a sequence {ug, 5 € LZ(S; Nn) }neN such that

uns — & - x in the sense of Definition 2.7 (5.14)
ups =&-x on(dS8)sNS. (5.15)
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A
15

m

v/
1
m

Fig. 6 construction of recovery sequences on a triangular domain
lim_ 7, (ug,,: S\(38)1s,) < EIS|IE]* + C8 (5.16)

n——+00

with C depending on S and |&| only.

The construction is illustrated in Fig. 6: we fix § > 0, m € N and we pick a grid of
squares of size 1/m. For a square Q1,,,(J) that intersect in a non-trivial way (98)s NS
we define ug ;s =& - x on Q1 (J) N S. If instead Q1 (J) is well contained in S,
we consider u; ;5 to agree with the quasi minimum v, of the cell problem m on a
the subsquare Q (1—s)/m(J) and ug ;.6 =& - x on Q1/m (JI\Q(1-8)/m(J). In this way,
Ugms =&-xo0n Afn and this construction ensures convergence and the lim sup upper
bound for the function u(x) = & - x on S.

We now formalize this argument. Fix § > 0, m € N and introduce the sub-class of
indexes

Lin(S) :=1{J € (Z)N Q| Qy(J) CS, Qu(J) N (38)s = 0}
Lon(S) :=1{J € (hZ?)N Q| O ()N (3S)5 N S 5 B},

For J € I ,,(S) consider ugj € LZ(I/EQWM/,,,(J); n) such that
usj,m,ﬁ(x) =¢&-x forallx € nN1eQa-s(J) : dist(x, 9(V/eQa-s,,(J)) < 21
and

> 3wl @) —ul, s < mE:eQusy (1) + 1.

xenNfeQa-s,,(J) yenN By (x)
For J € 15 ,,,(S) consider just
ul () =& x forallx € nN (/eQ1,(J) N1:S).
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In particular, setting

suim’a(x/s) for x € e N Qu-»,(J) N S;

J R
Ve m3(¥) = {g x for x € 11 N [Q1 (JI\Qu-s/, ()] N S, .17

we see that, for J € Z; ,,,(S), we have

8
vgjm s(x) =& -x forallx € n. N Qv (J) : dist(x, 301, (J)) < 2Ae + —
S m

and, by applying Corollary 2.4,

1)
> Y 0@ =l s 0P = E2mE e Quny, (D) + 6% + ClEP 5,
2€n:N Q1 (J) yENNBye (2)

while vsj,mys(x) =¢&-xforallx € n.NQy,(J)NSif J € Iy ,,(S). Hence, we define

Ve,m,s (X) 1= Y Lguns@vl,, 5.
jeIl.m (S)UIZ,W!(S)

In this way, by applying again Corollary 2.4

fs(”s,m,&? S\(08)xe)
= Y FBams QN+ Y Falemsi Qu(INO)e)

JeLim(S) JeIom(5)

<C > EPIQuWNSI+ Y Felwems: Q)

J€Lr i, (S) JELy 1 (S)

<CPOEPS+ Y Felvems: Q)
JEII.W(S)

1)
<CPE)EPs+ Y (gzm(é;l/ggua>/,,1(1>>+82+qg|2m>,

JETi m(S)

The existence of the limit of m(-; Q7) given by Lemma 5.1 yields the existence of &g
such that, for all £ < gy we have also

1
e*m(&; /e Qu-0,(J) < EIEP1Qa-s,(J)| + — for all J € Ty, (S).

Therefore,

]:a(va,m,é; S\(as))usn)
1)
<CP©®IEPs+ ) (ezm@; VeQu-ny, (J)) + €% + cm%)

J€Ti m(S)
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1
< ZlEP §:|Qwunu(—rmﬁ#aww»+awa
P
JEII,m(S)
1
<5 / €17 + (— + 82m2) IS| + CIE|?S. (5.18)
S m
Moreover,

sup {]:s(vs,m,(S; S)} < +o0.

Un>e>0

Thanks to the compactness Theorem 3.1, we can thus conclude that vg, .8 — Up,s
in the sense of Definition 2.7. Observe also that vg, ;. s(x) = & - x for all x € A,‘;,
where

A= | fresdist o0 =miul | on(hns

Jelim(Q) JeIom(S)

This in particular implies that u,, s = & - x on Afn. Since uy, 5 € W1'2(S) and
— 2 S - 2 1
o) [Vuy,,s|”dx < liminf Fg, (ve, m,s; S) < EISIEI"+C | —+6
S n——+00 m

we also have that, up to sub-sequences u,, 5 — & - x in L>(S). Hence, by applying
Lemma 4.8 we can find m,, = m,;, — +o00, with &, m, — 0 and for which u,, 5 :=
Ve,.m,.s — & - x and also (5.16) and (5.15) hold.

Step two: we prove the existence of a recovery sequence for the piecewise-affine
function

V= Z vs(x),

N

with S a finite family of essentially disjoint triangles partitioning Q and vs(x) =
ve (x) for x € 35S N 3S’. Note that, being each vg affine it can be represented as
vs(x) =&s-x 4+ bson S.Fix§ > 0 and for any S € S let {”5,5 e L%(S; Nn)}nen be
the functions constructed in Step one and satisfying (5.16), (5.15), and (5.14) relatively
to &s. Set

Va5 () 1= Y Ls(x) (1 5(x) + bs).

SeS

We have that v, 5 — v in the sense of Definition 2.7. Moreover,

FenWnss Q) < Y Feess S\(re,) + D Feo (Wn53 (ie,)-

Ses N
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Then, we just observe that

Y Fouusi Se) =Y. Y Do Tves() —vesI.

SeS SeSxeN,N(S)ae, YENMNBg, (x)

Recall that, by construction we have that, for x € S, v, s(x) = v(x) on (5),,, and,
since it is continuous and piecewise affine, it is in particular a Lipschitz map. Then,
we have

> Fensi ne) =Y. Y Do s — s

SeSs SeSxen,N(8)e, YENMNB)g, ()

=cy > S =yl

SeS§ X€NN(S) e, YENNBjg, (x)

<CY DY (B, (0)e;
SeSxen,N(S)s
<CY P(S)s,

N

where in the last inequality we have used Proposition 2.3. Thus,

lim sup Fy, (.5 (x); Q) < Z ZISEI> + C8 = E/ |Vu|?dx + C8.
0

n—-+00 ses

By now diagonalizing along &, with the aid of Lemma 4.8, we find u,, — v such that

lim sup Fe, (v,.5(x); Q) < E/ |Vu|? dx.
0

n—+00

Step three: we prove the existence of a recovery sequence for a generic u €
Wl2(Q). We just observe that for any u € W12(Q) we can find a sequence of
piecewise-affine functions {vy }ren with the structure as in Step two such that vy — u

in L2 and
/|Vvk|2dx—>/ |Vu|? dx.
0 0

The construction developed in Step two, for each k, and a further application of the
diagonalizing procedure (Lemma 4.8) conclude the existence of the desired sequence.
O

We finally state the following property of convergence of Dirichlet boundary-value
problems as an example of application of the convergence theorem. Analogous results
can be shown for mixed-type boundary value problems, or for purely Neumann prob-
lems, possibly adding some non-trivial continuous term as is usual in I"-convergence.
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Corollary 5.6 (convergence of boundary-value problems) Let U CC Q and let u €
C'(Q). Then, the solutions of the minimum problems

min{F,(v; U) : v=u on Q\U}

converge to the solution of
min{E/ |Vv|2dx v =uon 8U},
U

together with the minimal values.

Proof By the compactness of minimizing sequences and the property of convergence of
minimum problems for I'-converging energies, it is sufficient to show that the boundary
condition is compatible with I"-convergence, which follows from Proposition 5.4.
Indeed, we can first apply that result with fixed § > 0 to a sequence {g,} and the
related recovery sequence u,, for u, obtaining a sequence ug, s with u,, s = u ona
d-neighborhood of U and then, use a diagonal argument giving 6, = J;,. O

Remark 5.7 Note that we can also directly define the boundary values of the discrete
energies on a §-neighborhood of dU. In that case, the argument above proves the
convergence of solutions of the problems

min{F,(u; U) : u = ¢ if dist (x, dU) < §}

to the solutions of the continuum problem as ¢ — 0 first and then, § — 0.
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Appendix
6.1 Existence of Regular Grids

We here focus on proving Theorem 2.6. Let

, TS Ts T T
Ry s(x0) == |x0— —x0+ — | X |X0— 5>% + = |,

2 2 2 2

R (o) T n T TS n TS
= - =, — | X - —, — .

7.8X0 X0 ) X0 5 X0 > X0 5

Definition 6.1 Let {X;} jez? be asequence of i.i.d random variable such that

X, = { 1 with probability p ©.1)

0 with probability 1 — p.

We say that { ji}i’i | is an open path for the realization w if X, (w) = 1 for all i =
1,..., M and j;, ji4+ are neighboring squares.

We recall the following percolation property from Kesten (1982).

Theorem 6.2 (Property of Bernoulli site percolation) There exists a probability pe;
such that for p > pe; the following holds. Let C be a compact set, for any § > 0 there
exists K suchthat for almostall o € Qwe can find To(w) > 0for which any rectangles
R%S(xo), Rl%’a(xo) with T > Ty and xo € T C contains at least KsT disjoint, open
paths that connects the two opposite sides of R% 5(x0)s R}T” 5(x0), respectively, in the
horizontal and in the vertical direction.

For the sake of brevity, we introduce the following notation confined to this section. For
R?,(;(XO), R%’a(xo), we denote by th (x0), ..., h/{,, (xp) and by vlT (x0), ..., V;,, (x0),
the families of horizontal (and, respectively, vertical) disjoint paths connecting the two
opposite sides of R’}, 5(x0) (and R;’ 5 (x0), respectively).

Proposition 6.3 Let C C R2 be a compact set. There exists K, Y5, ag, Lo such that,
provided

2
o <ogA > max{—, )»o},
(07

for almost all @ € Q we can find To(w,C) > 0 for which any rectangles
R;’S(xo), Rl}ﬁa(xo) with T > To and xo € TC contains at least KsT disjoint paths

th (x0)s .-+, hiﬂ(xo), satisfying the following properties.

(a.1) hiT (x0), V]T (x0) are paths in n®(A) N Qr foralli, j;
(d.1) foranym =1,..., KsT, h,{, connects the two opposite sides of R?’a(xo) and
is strictly contained in R% s (x0);
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(c.l) foranym =1,..., KsT, V;; connects the two opposite sides of R%’a(xo) and
is strictly contained in R;’ s(x0);
(d.1) the following bounds hold for any m € {1, ..., KsT},

T T
T = ¢(hl N R} s(x0)) < 15T o e(vh N RY 5(x0)) < YsT  (6.2)
s ' s '

(e.1) dist(hf(xo),h{(xo)) > 32, dist(vf(xo),vlf(xo)) > 3\ for all i,j =
1,....KsT,i# j; '

(£.1) If x € (] (x0))3: N1, then n(By(x)) < a™'2%;

(gD Ifx,y € hl (xo), (x,y € hj (xo)) satisfies (x, y), then |x — y| < A;

Proof Fix A € N and consider the division of R? in the grid

I:=1{i € AAZ? | Qp5.()) N Q7 # 0}
Q:= {0 () |iel)

and, for any QO (i) € Q consider the refinement

J(@) = 1{j € MZ* | 05.(j) N Qi) # B}
Qi) =10:(j) | j € J)}
N'G) :=#(J' (i) = A>.

For any i € I, we introduce the following events Q;“ of all the realizations w with
the following properties

M 1< n(Q:())) < %A% forall j € J(0);
D) dist(x, y) > 2« forall x,y € Qax(i) Nn;
(1) dist(x, dQax(i)) > 2« forall x € Qar() N 1.

We also define
£ () = 1o ().
Observe that the probability of the set of realizations satisfying properties (II) and (IIT)

tends to 1 if « — 0 (we refer to the same argument as in the proof of Braides and
Piatnitski 2022, Lemma 4.1). Moreover,

—1
L%5—22)
) 06_1)\.2 . 8 )“Zm
P <1 <=n(0,(j)) < A ) =t Z i pa(a).
m=1 :

In particular, setting

1

-1
A%t = {a) e Q|1 <n(0.())) < %kz forall j e I(i)},
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we have that IP)(A?“’\) = p (@)’

If « — 0, we have p; (@) —> 1 — e‘kz. In particular, for any choice of A > 1,
y > 0 we can find ¢g(A), Ao(A) > 0 such that

P(e* =1) = p(a, 1) > 1 —y foralla < ag, A > Ao
Thus, for a suitably small & and big A we can invoke Theorem 6.2 and find a K inde-
pendent of the realization and 7o = Ty(w, C) such that, for any R;’ s(x0), R?ﬁ s (x0)
(note that this is uniformas xo /7T € C) contains at least K57 disjoint paths (connecting
the two opposite sides of R;, s(x0), R’}’ s (x0) vertically and horizontally, respectively)
of neighboring squares from Q. We now define the Voronoi paths as follows. Consider,
for instance {i; }?’:] to be the first (from the bottom) horizontal path in R}T” s(x0) and
let sy, ..., sy be the segment joining the centers of neighboring squares (for instance
(sm joins the centers of Qax (i), Oy (im+1). We set

h] (xo) :={x en: (Cx;n)Ns,;,) #@forsomem =1,..., N}.

We define all the other horizontal paths accordingly, as well as the vertical paths. We
refer to h]T (xp) without loss of generality in proving the properties. By arguing as in
the proof of Lemma (Braides and Piatnitski 2022, Lemma 4.1), we can derive also
that

diam(C(x; n)) < l I(C(x;1) > a.
o

Moreover, by choosing A > max {%/o, Ag}, Wwe can guarantee additionally that

N
Woocl) U am

j=1 med(;):
05.(m)Ns j 7Y

In particular, if x € th(xo), then x € Q,(m) CC Qax(ij) for some m € J(ij)
intersecting s ;. In particular, B, (x) is contained in the union of the eight squares whose
boundary intersects in a non-trivial way the boundary of Q, (:m) and this union, call it
0, is still contained in Q45 (i;) and made by at most 8 of such squares. Therefore,

n(B;(x)) < n(0) <a '3

This implies that th (x0) is a path on n*(A) and we get property (a.1). Properties
(b.1) and (c.1) are immediate from Bernoulli site percolation. Also, property (e.1l) is
a consequence of the fact that any path is contained in a square around the segment
joining the centers and thus, the distance between two paths is at least 3. By the same
principle, if A was chosen big enough from the very beginning (say bigger than 10)
whenever x € (h]T (x0))3», then it belongs to a square of size A contained in QA (i)
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and the same estimate applies on 1(B; (x)), achieving property (f.1). If instead x, y
are neighboring points in a path, then [x — y| < % < A yielding property (g.1).
It remains to show property (d). Due to the fact that diam(C (x; 1)) > o~ !, we have
¢(n) R ) = at
foranym =1, ..., KsT.Fix L > 0 and consider

I(L):={m=1,.. KT | Z(hfl n R’;’a) > LT).

Then, since the paths are disjoint, we have

Ts
U viby) c R 500, ‘ U V(hi)‘sta, #UL)) < T

mel (L) mel (L)
If we now choose L = L; large enough, we can ensure that

8

KsT —T
s Lo’r

= KT

with K5 < K. Then, up to discarding the paths labeled by 7 (L) (which do not affect
properties (a)—(g) ) we can reduce ourselves to K3 T paths satisfying also property (d)
with Y5 = max{Ls, @~ 1}. O

Observe that the above proposition is not sufficient to conclude the validity of Theorem
2.6 yet, since a straight application of Proposition 6.3 on R?t(x) (that would be
required to get the horizontal and vertical paths connecting the opposite side of Q)
would yield the constants given by property (d) of Proposition 6.3 dependent of ¢.
We instead require a uniform geometry. Moreover, we need to localize the estimate
given by property (d) of Proposition 6.3 to each square Q! J Therefore, an additional
construction is required.
The following corollary comes as an application of Proposition 6.3.

Corollary 6.4 There exists Y, ag, Ao such that, for any fixed t > 0 and provided o, A
satisfies

2
o <agh > max{—, )»o},
o

then for almost all w € Q we can find eo(w, t) > 0 for which, if e < e any rectangles

Rth,l/z(x), sz,1/2(x) with x € Qq, contains disjoint horizontal paths hy, ..., h)lifla.;’

(and, respectively, vertical paths vy, ..., vj‘vfm ) satisfying the following properties.

(a.2) all the paths are in en®(\);

(b.2) foranym =1, ..., M, ;, W}, connects the two opposite sides othhﬁl/2 (x) of size
t and is strictly contained in Rﬁ1/2 (x);
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(c.2) foranym =1, ..., My, v;, connects the two opposite sides oth”, 12 (x) of size
t and is strictly contained in sz, 12 (x);
(d.2) the following bounds hold

t
Te
t

T_e =< e(V; N RK1/2(X),) <

< (b VR (), <

Yt
&
Tt
— 6.3)

&

(e.2) dist(h?,, h¥') > 3ne and dist(viy, vi) > 3ae forall i,i", j, j' € {1.....k},
m,s €{l,..., Mg ;} (withm # s fori =i or j = j');

(£2) If y € (0),)30e N e, (v € (V)30e N Me), it holds 0 (Bye(y)) < é)\z;

(g2) Ifz,y e}, (z,y € v;,) neighboring points, then |z — y| < Ae;

Proof By invoking Proposition 6.3, (applied with /e in place of T) for almost all
realizations, we can find K = Ky, Y = Ti2, ag, Ao such that, provided o, A
satisfies (2.6) then for almost all realizations w we can find &g = gg(w, t) for which
any R,}; " (x0), R,';H,, /Z(xo), (provided xo € Qy,.) contains at least K’/ disjoint paths
satisfying properties (a)—(g) of Proposition 6.3. In particular, by scaling back to n, =
en we have that, for any x € Q,, € < g we can find hy, ..., h’1‘<% € en*(\)
disjoint horizontal (and, respectively, vertical) paths contained in Rl}", p (x) (R;f " (x))
such that properties (a.2)—(g.2) of Corollary 6.4 are implied by Properties (a.1)—(g.1)
of Proposition 6.3 by considering T = max{K ~!, Y'}. o

We can now finally prove Theorem 2.6. Let us briefly explain how we will proceed.
We will consider rectangles Rff 1, (X) whose edge proportion is fixed and for which
Corollary 6.4 ensures the existence of the sought paths. These paths are not long enough
to join the opposite sides of Rih, R}?, but the geometry of the paths is independent of
t, & (since it depends only on the edge proportion 1/2). Thence, we will perform a
construction that will allow us to exploit such rectangles to build a grid on the whole
square Q, without affecting the constants and all the other properties. We introduce
some definitions in order to clarify the construction. We focus on vertical paths, since
the construction will be performed in just one direction (the other following in the
same way).

Definition 6.5 Let R be a rectangle and h, v be a horizontal and vertical path in R
connecting opposite sides of R in the respective directions. Let x € n N R. We adopt
the following terminology:

— We say that a point x lies below h in R (and we write x /g h) if any pathin n N\ R
that links x to the fop of R intersects h;

We say that a point x lies above h in R (and we write x Ag h) if any pathin n N R
that links x to the bottom of R intersects h;

We say that a point x lies on the left of v in R (and we write x <l v) if any path
in n N R that links x to the right of R intersects v;

We say that a point x lies on the right of v in R (and we write x I>g V) if any path
in n N R that links x to the left of R intersects v;
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Fig.7 The notation adopted in
the proof of Theorem 2.6. Here
are depicted the sets Ve (vj), and
Ve(hj) fori =1,2
j=1....M

t
2,1

t
1,1

Proof of Theorem 2.6 Let Y, g, Ao be given by Corollary 6.4. Fix «, X satisfying (2.6),
let + > 0. Then, for almost all realizations we can find gp such that, if ¢ < &,
the existence of paths in Rt | 2()c) Rl . 2(x) is guaranteed for x € Qy,, according to
Corollary 6.4. We set the notation with the aid of Fig. 7. Consider, for instance, the first
square Q’ly1 on the bottom-left corner corner. Consider the three rectangles depicted
in Fig.7 with edges proportion of 1/2, namely the vertical one on the bottom left
R}, C Q1 ,, the horizontal one on the top R,op C Q1 and the vertical one on the

top right R}, 1ntersect1ng R" and the adjacent square Q5 ;. Each of them contains at

top
least M, ; > T paths satisfying properties (a.2)—(g.2) of Corollary 6.4 relatively to

their own rectangle. Now, we label these paths from the

hy,...hy € Rmp, vi,...vl, €RY, Vi,...vi €RL,

with the shorthand M = M, ;. Now, the strategy is to join them and then, refine the

family in a way that all the properties (a)—(g) are ensured.
Consider a generic V] LetR = R”ZOR R= RV .NR"

top- We define the following
path (see for instance Fig. 8).

top>

pj = {)CGV1 xR hy j}U{thM_j:V}<1Ry<11€,V?}U{x€V X Ap hy J}

Note that p; is a path which has the same starting point than V} and the same ending
point of v?. Moreover, with this definition we note that

dist(p;, pj+1) > 3Ae.
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Fig. 8 The paths p; in the box R built in the proof of Theorem 2.6. Again, we are depicting the Voronoi
cells of the paths Ve (-)

Indeed, suppose that for some (y;, yj+1) € pj X pj+1 we have

lyj — yj+1l < 3Ae.

Then, one of the following is necessarily in force

(D yj €hy—jand yji1 €V,
(I y; ehy_jandyj € V?_H;
(D) y; € vjand y; € hy—j—i;
av) yj € V? andyj S hM—j—1~

The other possibilities are ruled out by the fact that
dist(vi,v}y)) > 3xe,  dist(v],v5,,) > 3he,  dist(hy_j. by, ;) > 3he.

Now, case (I) cannot be attained since it would imply y; 11 Vg hy— ;1 and thus,
hy;; would get too close to hy,— ;1. Analogously for case (II), since we would have
Vi <5 v? and thus, v? would get close to v? 41 The other cases follow the same line.

In particular, none of them can be achieved and thus, we must get that
dist(p;, pj+1) > 3Ae.

By applying this construction, we can prolong V} a bit outside Q’l,l. If we shift this
construction and we repeat it, we can extend each path further until we reach Qltq,l’
In this way, we are able to obtain a family of M., paths in each rectangle RY(r).
By exploiting the same argument, with the required modification we also obtain the
horizontal paths. This produces a family of vertical and horizontal paths G, ; which
satisfies properties (a), (b), (¢), (f) and (g) (from the validity of properties (a.2), (b.2),
(c.2), (f.2) and (g.2) of Corollary 6.4). Property (e) instead follows by the previous
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argument and the care adopted to junction the paths. It remains to show that they also
meet the requests of property (d). Up to discarding some paths (operation that never
affects the other properties), we can ensure that M, ; < T é Moreover, each vfn N Qﬁy j
(as well as the vertical ones) is the junction of a finite number (independent of 7, ¢) of
paths of length satisfying (6.3). Therefore, up to increase a bit Y (but independently
of ¢, €) we can guarantee that property (d) is in force. This concludes the proof. O
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