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Abstract

With a view toward sub-Riemannian geometry, we introduce and study H-type foliations.
These structures are natural generalizations of K-contact geometries which encompass as special
cases K-contact manifolds, twistor spaces, 3K-contact manifolds and H-type groups. Under an
horizontal Ricci curvature lower bound on these structures, we prove a sub-Riemannian diameter
upper bounds and first eigenvalue estimates for the sub-Laplacian. Then, using a result by
Moroianu-Semmelmann [38], we classify the H-type foliations that carry a parallel horizontal
Clifford structure. Finally, we prove an horizontal Einstein property and compute the horizontal
Ricci curvature of these spaces in codimension more than 2.
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1 Introduction

1.1 Motivation

A sub-Riemannian manifold is a smooth manifold M equipped with a bracket-generating distribu-
tion H ⊂ TM and a fiber inner product gH on H. The distribution H is referred to as the horizontal
distribution. The bracket-generating condition means that if we denote by L(H) the Lie algebra of
the vector fields generated by the global C∞ sections of H, then span{X(x) | X ∈ L(H)} = TxM for
every x ∈ M. Broadly speaking, sub-Riemannian geometry is the study of the intrinsic properties
of the triple (M,H, gH). Sub-Riemannian geometry is at the interface of many fields, including:
geometric control theory, metric geometry, analysis of subelliptic partial differential equations,
stochastic analysis and Riemannian geometry. As such, it has been studied, possibly under differ-
ent names, from many different viewpoints. To get an overview of this rich and vibrant subject,
one may consult the monographs [1], [3], [26], [37], or [41].

The purpose of this paper is to introduce and study a new class of sub-Riemannian manifolds
generalizing the H-type groups introduced by Kaplan in [36]. We call such manifolds H-type sub-
Riemannian manifolds. Due to their symmetries, H-type sub-Riemannian manifolds provide an
ideal framework to develop a program reducing the study of global geometric, metric, or analytic
properties of the ambient space to the study of local sub-Riemannian curvature type invariants.
This geometric analysis program will be further developed in a subsequent work. In the present
paper, we study H-type sub-Riemannian manifolds arising from a special type of totally geodesic
foliations, which we will refer to as H-type foliations. Roughly speaking, H-type foliations concern
a special case of Riemannian manifolds (M, g) that are foliated transversely to a sub-Riemannian
structure. We will write this data as (M,H, g), where the bracket-generating distribution H has
constant rank and crucially its complement V = H⊥ is integrable and tangent to the foliation. At
each point p ∈ M, one has a representation denoted by J of the Clifford algebra Cl(Vp) onto the
space of horizontal endomorphisms Hp → Hp. We will call the sub-Riemannian manifold M,H, gH)
obtained by restricting the metric g to H an H-type sub-Riemannian manifold. In the case of an
H-type group, the complement V is given by the center of the group. In the case of a regular
K-contact or 3K-contact structure, this complement is determined by respectively the orbits of a
U(1) or a SO(3) isometric action on M.

The main motivation that led to the construction and study H-type sub-Riemannian manifolds
was the desire to provide a unified framework for many results obtained in the last few years in
the geometric analysis of sub-Riemannian manifolds through different techniques (see for instance
[2], [4], [10], [42]). The interest of H-type foliations as model spaces in sub-Riemannian geometry
is demonstrated in Section 2.6 of the present paper, where we show that on H-type foliations the
generalized curvature dimension inequality introduced in [10] can be controlled using information
from only the horizontal Ricci curvature of the Bott connection. Some consequences of this fact are
pointed out in Corollary 2.23, but we refer to the survey [7] for many other known consequences
of the generalized curvature dimension inequality. In the subsequent paper [13], we show that the
techniques developed in [12] extend to H-type sub-Riemannian manifolds as well, and as conse-
quence we will obtain for those structures sharp Bonnet-Myers theorem and sharp sub-Laplacian
comparison theorems.

1.2 Main results

A first highlight of the paper is Theorem 2.19, where we prove that H-type foliations are necessarily
Yang-Mills. As a consequence, the sub-Laplacian of an H-type foliation satisfies a simple Bochner’s
type formula and the validity of the generalized curvature dimension inequality depends only on
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horizontal Ricci curvature, see Proposition 2.22. Applications of generalized curvature dimension
inequalities in sub-Riemannian geometry have extensively been studied in the last few years (see
[8, 10, 27]) and, in the present setting, some corollaries are pointed out in Corollaries 2.23 and
3.20. In particular, sub-Riemannian diameter upper bounds and first eigenvalue estimates for the
sub-Laplacian are obtained.

A second highlight of the paper is the classification of H-type foliations that carry a parallel
horizontal Clifford structure. Roughly speaking, from Theorem 3.6, an H-type foliation carries a
parallel horizontal Clifford structure if ∇HJ = 0 and for all vertical vectors u, v ∈ V,

(∇uJ)v = JΨ(u,v),

with Ψ(u, v) = −κ(u · v + 〈u, v〉), where J is the representation of the Clifford algebra Cl(V) on
the space of endomorphisms of H, ∇ the Bott connection of the foliation (see Section 2.1), and κ
is a constant such that κ2 is the sectional curvature of the leaves of the foliation.

In the influential paper [38], A. Moroianu and U. Semmelmann introduced the related concept of
parallel even Clifford structures on Riemannian manifolds. In a sense, for n 6= 8, H-type foliations
with a parallel horizontal Clifford structure are to parallel even Clifford structures on Riemannian
manifolds what Sasakian and 3-Sasakian manifolds are respectively to Kähler and quaternion Kähler
manifolds; see Corollary 3.14 for a precise statement. We show in Theorem 3.16 that H-type
foliations with a parallel horizontal Clifford structure are always horizontally Einstein if the rank
of V is greater or equal than 2 and different from 3. More precisely, for m ≥ 2, m 6= 3, we prove
that one has

RicH =
κ

4
(n+ 8(m− 1))gH,

where n is the rank of H, m the rank of V and RicH the horizontal Ricci curvature of the Bott
connection. The case m = 3 is special, due to the Lie algebra splitting so(4) = so(3) ⊕ so(3), and
we prove in that case that if the structure is of quaternionic type then

RicH =
κ

2
(n + 8)gH.

In Theorem 3.11 we prove that if κ 6= 0, then the vertical distribution V of a H-type foliation
(M,H, g) lies in the curvature constancy (in the sense of Gray [25]) of the metric

ĝ = gH ⊕ 2κgV ,

where gH and gV respectively denote the projections of the original Riemannian metric g on H
and V. Interestingly, we note that if κ > 0, ĝ is a Riemannian metric, whereas if κ < 0 then
ĝ is a semi-Riemannian metric. From Theorem 3.7 in [38] (which describes all the Riemannian
submersions with non-trivial curvature constancy) one deduces therefore the complete classification
of complete simply connected H-type foliations with a parallel horizontal Clifford structure coming
from a globally defined submersion π : M → B and κ 6= 0. Those submersions are described
in the following two tables. In Table 1, the H-type foliation is obtained from a totally geodesic
Riemannian submersion π : M → B whose fibers coincide with the curvature constancy of M.
Notations, conventions and terminology are standard, but for further details we refer to [38] from
which this table taken. In particular, for n = 4 the quaternion-Kähler property is understood in the
sense that B is Einstein and anti self-dual (see [19], Chapter 13). In Table 2, the H-type foliation
is obtained from a totally geodesic semi-Riemannian submersion π : M → B whose fibers are in the
curvature constancy of M. We note that Table 1 contains the quaternionic and octonionic Hopf
fibrations and that Table 2 contains the quaternionic and octonionic anti-de Sitter fibrations. We
also note that all the examples of M in Table 1 are compact.
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M B Fiber rank(H) rank(V)

Twistor space Quaternion-Kähler with posi-
tive scalar curvature

S
2 4k 2

3-Sasakian Quaternion-Kähler with posi-
tive scalar curvature

S
3 4k 3

Quaternion-Sasakian Product of two quaternion-
Kähler with positive scalar
curvature

RP3 4k 3

Sp(q++1)×Sp(q−+1)
Sp(q+)×Sp(q−)×Sp(1)

HP q+ ×HP q−
S
3 4(q+ + q−) 3

Sp(k+2)
Sp(k)×Spin(4)

Sp(k+2)
Sp(k)×Sp(2) S

4 8k 4
SU(k+4)

S(U(k)×Sp(2)U(1))
SU(k+4)

S(U(k)×U(4)) RP5 8k 5
SO(k+8)

SO(k)×Spin(7)
SO(k+8)

SO(k)×SO(8) RP7 8k, k ≥ 3,
k odd

7

Spin(k+8)
SO(k)×Spin(7)

SO(k+8)
SO(k)×SO(8) S

7 8k, k = 1,
k even

7

Exceptional cases
F4

Spin(8)
F4

Spin(9) = OP2
S
8 16 8

E6

Spin(8)U(1)
E6

Spin(10)U(1) = (C⊗O)P 2 §9 32 9
E7

Spin(11)SU(2)
E7

Spin(12)SU(2) = (H⊗O)P 2
S
11 64 11

E8

Spin(15)
E8

Spin+(16)
= (O ⊗O)P 2

S
15 128 15

Table 1: H-type submersions with a parallel horizontal Clifford structure and κ > 0.

M B Fiber rank(H) rank(V)

Negative Twistor
space

Quaternion-Kähler with nega-
tive scalar curvature

S
2 4k 2

Negative 3-Sasakian Quaternion-Kähler with nega-
tive scalar curvature

S
3 4k 3

Negative
Quaternion-Sasakian

Product of two quaternion-
Kähler with negative scalar
curvature

RP3 4k 3

Sp(q+,1)×Sp(q−,1)
Sp(q+)×Sp(q−)×Sp(1) HHq+ ×HHq−

S
3 4(q+ + q−) 3

Sp(k,2)
Sp(k)×Spin(4)

Sp(k,2)
Sp(k)×Sp(2) S

4 8k 4
SU(k,4)

S(U(k)×Sp(2)U(1))
SU(k,4)

S(U(k)×U(4)) RP5 8k 5
SO(k,8)

SO(k)×Spin(7)
SO(k,8)

SO(k)×SO(8) RP7 8k, k ≥ 3,
k odd

7

Spin(k,8)
SO(k)×Spin(7)

SO(k,8)
SO(k)×SO(8) S

7 8k, k = 1,
k even

7

Exceptional cases
F−20

4

Spin(8)
F−20

4

Spin(9) = OH2
S
8 16 8

E−14

6

Spin(8)U(1)
E−14

6

Spin(10)U(1) = (C⊗O)H2
S
9 32 9

E−5

7

Spin(11)SU(2)
E−5

7

Spin(12)SU(2) = (H⊗O)H2
S
11 64 11

E8
8

Spin(15)
E8

8

Spin+(16)
= (O ⊗O)H2

S
15 128 15

Table 2: H-type submersions with a parallel horizontal Clifford structure and κ < 0.

The case κ = 0 is special. It corresponds to H-type foliations for which the leaves are flat.
Such foliations are described in Theorem 3.8 where we prove that if the foliation comes from a
totally geodesic submersion, then the base space of that submersion is Kähler for m = 1, locally
hyper-Kähler for m = 2 or m = 3 and flat for m ≥ 4. We conclude the paper with several estimates
on sub-Riemannian diameter and first eigenvalue of the sub-Laplacian.
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2 H-type foliations

2.1 Totally geodesic foliations

Let (M, g) be a smooth, oriented, connected, Riemannian manifold with dimension n + m. For
notational simplicity, for X,Y ∈ Γ(M) we will often denote 〈X,Y 〉 = g(X,Y ). We assume that M

is equipped with a Riemannian foliation with bundle-like complete metric g and totally geodesic
m-dimensional leaves. The sub-bundle V formed by vectors tangent to the leaves is referred to as
the set of vertical directions. The sub-bundle H which is normal to V is referred to as the set of
horizontal directions. If one denotes by L the Lie derivative, from Theorem 5.19, p. 56 in [48], the
bundle-like property for a Riemannian foliation is equivalent to the fact that for every X ∈ Γ(H),
Z ∈ Γ(V),

LZg(X,X) = 0,

and from Theorem 5.23, p. 58 in [48], the totally geodesic foliation property is equivalent to the
fact that for every X ∈ Γ(H), Z ∈ Γ(V),

LXg(Z,Z) = 0.

We simply refer to these structures as totally geodesic foliations (the bundle-like property of the
metric is always assumed in this paper). We refer to [7, 48] and references therein for details about
the geometry of totally geodesic foliations. For later reference, we note that those definitions extend
to the case where g is semi-Riemannian.

Important: From now on, unless stated otherwise, we will always assume that (M, g) is a foliated
Riemannian manifold such that the foliation is both Riemannian and totally geodesic. We let V
be the subbundle tangent to the leaves, with an orthogonal complement H which we assume is
bracket-generating. We will denote this structure as (M,H, g).

Preliminary examples of such structures include the following.

Example 2.1. (K-contact manifolds) Let (M, θ) be a 2n+ 1-dimensional smooth contact manifold
with Reeb vector field Z. The Reeb foliation on M is given by the orbits of Z. From [44], it is
always possible to find a Riemannian metric g and a (1, 1)-tensor field J on M so that for all vector
fields X,Y

g(X,Z) = θ(X), J2(X) = −X + θ(X)Z, 2g(JX, Y ) = dθ(X,Y ). (2.1)

The triple (M, θ, g) is called a contact Riemannian manifold. The Reeb foliation is totally geodesic
with bundle like metric if and only if the Reeb vector field Z is a Killing field. In that case, (M, θ, g)
is called a K-contact Riemannian manifold. Observe that the horizontal distribution H is then the
kernel of θ and that H is bracket-generating because θ is a contact form. Sasakian manifolds are
the K-contact manifolds for which J is integrable (i.e. has a vanishing Nijenhuis tensor); see [21]
for further details on Sasakian foliations.

Example 2.2. (Positive and negative 3K-contact manifolds) Consider a smooth (4n+3)-dimensional
Riemannian manifold (M, g), admitting three distinct K-contact structures i.e. non-degenerate one-
forms θα, for α = 1, 2, 3 such that (M, θα, g) is a contact Riemannian manifold and each Reeb vector
field Zα is Killing for the Riemannian metric g. Define Jα relative to the contact structure (M, θα, g)
as in (2.1). Furthermore, we assume that

(a) g(Zα, Zβ) = δαβ , (b) [Zα, Zβ ] = 2ǫαβγZγ ,
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where ǫαβγ denotes the Levi-Civita symbol. Following [35] (see also [34, 47]), we call (M, g) a
3K-contact (resp. negative 3K-contact) structure if for distinct α, β, γ it holds

JαJβ = ǫαβγJγ , (resp. JαJβ = −ǫαβγJγ).

The bundle generated by the Reeb vector fields V = span{Z1, Z2, Z3} is integrable and, thanks to
the Killing condition, the leaves of the corresponding foliation are totally geodesic with bundle like
metric. Therefore, letting

H =
⋂

α

ker θα,

we have TpM = Hp ⊕ Vp, with H ⊥ V, and (M,H, g) is a totally geodesic foliation.

Remark 2.3 (Notation for the foliation). For a foliated Riemannian manifold, it is admittedly
a bit unconventional to denote the foliation by the transverse bundle H rather than by bundle V
tangent to the foliation or the collection of leaves of the foliation itself. However, since the H and
V determine each other through the Riemannian metric g, and since much of our investigation is
related to the sub-Riemannian manifold (M,H, g|H), we permit this slight abuse of notation.

Remark 2.4 (Bracket-generating condition). If H is bracket-generating subbundle of TM, then
by the Chow-Rashevskii theorem, any pair of points can be connected by a curve tangent to H. In
particular, this means that any function whose derivatives are zero in the directions of H, has to be
constant. Furthermore, if ∇ is any connection, then any tensor that is ∇-parallel in the directions
of H is uniquely determined by its value at one point.

2.2 The Bott connection

There is a canonical connection on M that preserves the metric and the foliation structure (see [7]
and Chapter 5 in [48]), the Bott connection. It is uniquely characterized by the following proposition
which is a special case of Lemma 2.13 in [32].

Proposition 2.5. Let (M,H, g) be a totally geodesic, Riemannian foliation with vertical bundle V.
There exists a unique metric connection ∇ on M, called the Bott connection of the foliation, such
that:

• H and V are ∇-parallel, i.e. for every X ∈ Γ(H), Y ∈ Γ(TM) and Z ∈ Γ(V),

∇YX ∈ Γ(H), ∇Y Z ∈ Γ(V);

• The torsion T of ∇ satisfies

T (H,H) ⊂ V, T (H,V) = 0, T (V,V) = 0.

More explicitly, the Bott connection is given as follows:

∇XY =























πH(∇g
XY ) X,Y ∈ Γ(H),

πH([X,Y ]) X ∈ Γ(V), Y ∈ Γ(H),

πV([X,Y ]) X ∈ Γ(H), Y ∈ Γ(V),

πV(∇g
XY ) X,Y ∈ Γ(V),
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where ∇g is the Levi-Civita connection of the metric g and πH (resp. πV) the projection on H
(resp. V). It is easy to check that the Bott connection has a torsion which is given by:

T (X,Y ) = −πV([πHX,πHY ]).

Then, for Z ∈ Γ(V), there is a unique skew-symmetric fiber endomorphism JZ : Γ(H) → Γ(H) such
that for all horizontal vector fields X and Y ,

gH(JZX,Y ) = gV(Z, T (X,Y )), (2.2)

where T is the torsion tensor of ∇. We then extend JZ to be 0 on Γ(V). Also, if Z ∈ Γ(H), from
(2.2) we set JZ = 0.

Example 2.6. Let (M, θ, g) be a K-contact Riemannian manifold. The Bott connection coincides
with Tanno’s connection that was introduced in [46]. In the case where (M, θ, g) is Sasakian, the
Bott connection coincides with the Tanaka-Webster connection.

Example 2.7. Let (M, θ1, θ2, θ3, g) be a 3K-contact Riemannian manifold with dimension strictly
greater than 7. The Bott connection coincides then with the Biquard connection. See Section 1.2
in [4] for the definition and basic properties of the Biquard connection.

The following lemmas will be used several times.

Lemma 2.8. Let (M,H, g) be a totally geodesic foliation such that ∇HT = 0, i.e. ∇XT = 0 for
every X ∈ Γ(H). Then

(∇ZJ)W = −(∇WJ)Z , ∀W,Z ∈ Γ(TM).

Proof. Since the torsion is horizontally parallel, and by definition (2.2) of J , we only need to prove
the statement for Z,W ∈ Γ(V). Let R denote the Riemann curvature tensor of ∇. Using the first
Bianchi identity, with � denoting the cyclic sum, we have for any Z ∈ Γ(V) and X,Y ∈ Γ(H)

0 = 〈R(X,Y )Z,Z〉 = 〈� R(X,Y )Z,Z〉 = 〈(∇ZT )(X,Y ), Z〉.

Therefore (∇ZJ)Z = 0 for all Z ∈ Γ(V), which implies the statement.

Lemma 2.9. Let (M,H, g) be a totally geodesic foliation with ∇HT = 0. Let R denote the Riemann
curvature tensor of ∇. Define for U, V,W ∈ TM,

RH(U, V )W = R(UH, VH)WH, RV(U, V )W = R(UV , VV)WV .

Then,
R(U, V )W = RH(U, V )W +RV(U, V )W + (∇WT )(U, V ).

Proof. The result follows from considering each of the possible projections, the first Bianchi identity
and formulas relating to the anti-symmetric part of the curvature tensor. Note first that since ∇
preserves H and V, we have 〈R( · , · )VV , VH〉 = −〈VV , R( · , · )VH〉 = 0. It follows that

〈R(X,Y )V,W 〉 − 〈RH(X,Y )V,W 〉 − 〈RV(X,Y )V,W 〉
= 〈R(XH, YV)VH,WH〉 + 〈R(XV , YH)VH,WH〉 + 〈R(XV , YV)VH,WH〉

+ 〈R(XH, YH)VV ,WV〉 + 〈R(XH, YV)VV ,WV〉 + 〈R(XV , YH)VV ,WV〉
(2.3)
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Using the first Bianchi identity, we have

〈R(XV , YV)VH,WH〉 = 〈� R(XV , YV)VH,WH〉 = 0,

and we similarly have 〈R(XH, YH)VV ,WV〉 = 〈(∇VV
T )(XH, YH),WV〉. To obtain the remaining

terms of (2.3), we will use the following result found in [11, Appendix]. Define the tensor

A(X,Y ) := T (X,Y ) − JXY − JYX.

Then for any connection preserving the metric, we have

2〈R(X,Y )V,W 〉 − 2〈R(V,W )X,Y 〉 =〈(∇XA)(Y, V ) − (∇YA)(X,V ),W 〉
+ 〈(∇WA)(V,X) − (∇VA)(W,X), Y 〉.

If we use the property (∇XJ)Y = −(∇Y J)X , we obtain

〈R(X,Y )V,W 〉 − 〈R(V,W )X,Y 〉 = 〈(∇V T )(X,Y ),W 〉 − 〈(∇XT )(V,W ), Y 〉. (2.4)

Using equation (2.4), we have

〈R(XH, YV)VH,WH〉 = 〈R(XH, YV)VH,WH〉 − 〈R(VH,WH)XH, YV〉
= 〈(∇VH

T )(XH, YV),WH〉 − 〈(∇XH
T )(VH,WH), YV〉 = 0

and similarly 〈R(XV , YH)VV ,WV〉 = 0. Inserting all of these identities into (2.3), we have the
result.

2.3 H-type foliations

Definition 2.10. We say that (M,H, g) is an H-type foliation if for every Z ∈ Γ(V) and X,Y ∈
Γ(H),

〈JZX,JZY 〉 = ‖Z‖2〈X,Y 〉.
Moreover:

• If the horizontal divergence of the torsion of the Bott connection is zero, then we say that
(M,H, g) is an H-type foliation of Yang-Mills type.

• If the torsion of the Bott connection is horizontally parallel, i.e. ∇HT = 0, then we say that
(M,H, g) is an H-type foliation with horizontally parallel torsion.

• If the torsion of the Bott connection is completely parallel, i.e. ∇T = 0, then we say that
(M,H, g) is an H-type foliation with parallel torsion.

Remark 2.11. We note that due to the normalization (2.2), the unit odd-dimensional sphere S2n+1

with its canonical metric is not H-type for the standard Reeb foliation, since one can compute that
in that case

〈JZX,JZY 〉 = 4‖Z‖2〈X,Y 〉.
However, if one considers the canonical variation of the metric g given by gε = gH ⊕ 1

ε
gV , ε > 0,

then (M,H, gε) is a totally geodesic foliation and the corresponding J-map is given by Jε = 1
ε
J .

Thus, if (M,H, g) is a totally geodesic foliation such that

〈JZX,JZY 〉 = λ‖Z‖2〈X,Y 〉, (2.5)

for some λ > 0, then (M,H, gλ) is an H-type foliation. This rescaling does not affect the intrinsic
sub-Riemannian geometry of the triple (M,H, gH). The condition (2.5) is a special case of a
generalized H-type condition introduced for Carnot groups in [6, Definition 8].
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Structure Torsion Reference

Complex Type, m = 1, n = 2k

K-Contact YM [2] [16]

Sasakian CP [2] [21]

Heisenberg Group CP [23]

Hopf Fibration S
1 →֒ S

2k+1 → CPk CP [15]

Anti de-Sitter Fibration S
1 →֒ AdS2k+1(C) → CHk CP [22] [49]

Twistor Type, m = 2, n = 4k

Twistor space over quaternionic Kähler manifold HP [28] [43]

Projective Twistor space CP1 →֒ CP2k+1 → HP k HP [17]

Hyperbolic Twistor space CP1 →֒ CH2k+1 → HHk HP [9] [22]

Quaternionic Type, m = 3, n = 4k

3K-contact YM [35] [47]

Negative 3K-contact YM [35] [47]

3-Sasakian HP [20] [42]

Negative 3-Sasakian HP [20]

Torus bundle over hyperkähler manifolds CP [31]

Quaternionic Heisenberg Group CP [23]

Quaternionic Hopf Fibration SU(2) →֒ S
4k+3 → HP k HP [17]

Quaternionic Anti de-Sitter Fibration SU(2) →֒ AdS4k+3(H) → HHk HP [9] [22]

Octonionic Type, m = 7, n = 8

Octonionic Heisenberg Group CP [23]

Octonionic Hopf Fibration S
7 →֒ S

15 → OP1 HP [39]

Octonionic Anti de-Sitter Fibration S
7 →֒ AdS15(O) → OH1 HP [22]

H-type Groups, m is arbitrary CP [24] [36]

Table 3: Some examples of H-type foliations.

Remark 2.12. Obviously, parallel torsion =⇒ horizontally parallel torsion =⇒ Yang-Mills. The
Yang-Mills assumption plays an important role in the theory of generalized curvature dimension
inequalities (see [10], [27]) and will be shown to always be satisfied, see Theorem 2.19. The meaning
of the other two assumptions will be apparent in the next sections.

Remark 2.13. As a consequence of the H-type condition, one has for every X ∈ Γ(H), Z ∈ Γ(V),
−πV([X,JZX]) = T (X,JZX) = ‖X‖2Z. Thus for any X ∈ Γ(H), we have that TM is generated
by [X,H] and H and in particular H is automatically bracket-generating.

From the H-type condition, Hp is for every p ∈ M a Cl(Vp)-module, where Cl(Vp) denotes the
Clifford algebra of Vp. Algebraic properties of Clifford modules are well-known a (see for instance
[24]) and we shall make use of some of the most basic ones without further reference. To motivate
the study of H-type foliations and stress that they provide a unified framework for many structures
previously studied in the literature, we point out in Table 3 several distinguished classes. More
examples will be obtained as a consequence of the results of Section 3.3 (see the two tables in
the Introduction). For the Torsion column, YM means Yang-Mills, HP means horizontally parallel
and CP means completely parallel. As a possible guide to the reader, in the Reference column we
point out some references in the literature where the structure has been studied, sometimes with a
sub-Riemannian point of view.

2.4 Quaternionic structures

In this section, we introduce a remarkable subclass of H-type foliations which encompass 3K-
contact and negative 3K-contact manifolds. Let (M,H, g) be an H-type foliation. Consider the
map Z → JZ . By the universal property of Clifford algebras, at any p ∈ M, such map can uniquely

9



be extended into a bundle algebra homomorphism, still denoted J , from the Clifford algebra Cl(Vp)
to the algebra of horizontal endomorphisms End(Hp), where the product on End(Hp) is given by
the composition rule of operators. The Clifford multiplication will be denoted by a dot ·. In
particular, we explicitly note that J1 = IdH and Jv·w = JvJw.

Lemma 2.14. Let (M,H, g) be an H-type foliation. Let p ∈ M.

• Consider End(Hp) as a Lie algebra with Lie brackets being the usual commutator brackets.
Define a(p) as the Lie subalgebra generated by maps Jz, z ∈ Vp. Then one of the following
holds:

(i) a(p) = {Jz : z ∈ Vp} and it is isomorphic to either R or so(3);

(ii) a(p) = {Jz0 , [Jz0 , Jz1 ] : z0, z1 ∈ Vp} and it is isomorphic to so(m+ 1).

• Assume that {Jz : z ∈ Vp} forms a Lie algebra under the commutator brackets. Define

A(p) = {Jz : z ∈ R⊕ Vp}.

Then A(p), with product given by the composition of endomorphisms is a field isomorphic to
the field of complex numbers C or the field of quaternions H.

Proof. If m = 1, then for every p ∈ M, a(p) is a Lie algebra isomorphic to R and A(p) a field
isomorphic to C, so we assume that m ≥ 2. If we endow the vector space Vp ⊕Cl2(Vp) with the
Lie bracket Z1 ·Z2 −Z2 ·Z1, then Vp ⊕Cl2(Vp) is a Lie algebra isomorphic to so(m+ 1). The map
Z 7→ JZ is a surjective Lie algebra homomorphism between Vp ⊕Cl2(Vp) and the Lie subalgebra
a(p) of End(Hp). If m 6= 3, then the Lie algebra so(m + 1) is simple, so we actually have a Lie
algebra isomorphism. Therefore a(p) is isomorphic to so(m+1). If m = 3, then so(4) is isomorphic
to so(3) ⊕ so(3). So the surjective Lie algebra homomorphism Vp ⊕ Cl2(Vp) → a(p) is either an
isomorphism, in which case, we conclude as for m 6= 3, or a(p) is isomorphic to so(3).

We now prove the second part of the statement. If the maps Jz form a Lie algebra and
m ≥ 2, then from the previous argument, we have m = 3. Let then z1, z2 ∈ Vp be such that
‖z1‖ = ‖z2‖ = 1 and z1 ⊥ z2. Denote z3 as the element such that 1

2 [Jz1 , Jz2 ] = Jz3 . It is easily
seen that due to the properties of J , the triple z1, z2, z3 is an orthonormal basis for Vp such that
J2
z1

= J2
z2

= J2
z3

= Jz1Jz2Jz3 = −IdH. Thus A(p) is isomorphic to H.

Lemma 2.15. Let (M,H, g) be an H-type foliation with horizontally parallel torsion. Then for any
p, q ∈ M, a(p) is isomorphic to a(q).

Proof. Let γ be an horizontal curve (i.e. γ′ ∈ Hγ) joining p to q. Such a curve always exists
from the Chow-Rashevskii theorem since H is bracket-generating from the H-type condition. The
∇-parallel transport along γ induces a Lie algebra isomorphism between a(p) and a(q), because
∇HJ = 0. Let Pγ : TpM → TqM be the ∇-parallel transport along γ as above. Thanks to the
properties of ∇, Pγ maps Hp to Hq and Vq to Vq. Then it induces a Lie algebra isomorphism
Θ : End(Hp) → End(Hq) given by

Θ(A) = Pγ ◦A ◦ P−1
γ , ∀A ∈ End(Hp).

Furthermore, if Z ∈ Γ(V) and X ∈ Γ(H) are parallel along γ, then also JZX is parallel along γ
since ∇HJ = 0. It follows that for any z ∈ Vp we have Θ(Jz) = JPγz, so that Θ maps generators of
a(p) to generators of a(q), concluding the proof.

10



Definition 2.16. Let (M,H, g) be an H-type foliation. We say that (M,H, g) is a quaternionic
type foliation if for every p ∈ M, A(p) ≃ H.

In particular, the leaves of the foliations have dimension m = 3. We also note from Lemma
2.15, that if (M,H, g) is an H-type foliation with horizontally parallel torsion, then for it to be
quaternionic, it is enough that A(p) ≃ H at some point p ∈ M.

Example 2.17. The examples given in Table 3 under the category Quaternionic Type are examples
of such structures.

Remark 2.18. While the quaternions yield rich classes of structures, octonions do not. Indeed, we
will see that for m = 7, n = 8, the octonionic Heisenberg group, the octonionic Hopf fibration and
the octonionic anti de-Sitter fibration are the only examples of simply connected H-type submersions
that carry a parallel horizontal Clifford structure, see Section 3.3 and Tables 1, 2. However, those
three examples are still algebraically remarkable, because even though JR⊕V is not an algebra, one
has for every X ∈ Γ(H), JR⊕VJR⊕VX = JR⊕VX. This is the so-called J2 condition in Clifford
modules, see [23] and [24].

2.5 H-type foliations are Yang-Mills

Although H-type foliations are not necessarily horizontally parallel, they are always Yang-Mills.
The importance of this result will be shown in Section 2.6.

Theorem 2.19. Let (M,H, g) be an H-type foliation. Then it satisfies the Yang-Mills condition.

To prove this result, we will use the following Lemma.

Lemma 2.20. We have the following relations for the covariant derivatives of T and J .

(a) If X,Y,Z ∈ Γ(H), then � (∇XT )(Y,Z) = 0.

Furthermore, for arbitrary vector fields X,Y ∈ Γ(TM) and a vertical vector field W ∈ Γ(V), the
following relations hold.

(b) JW (∇XJ)WY = −(∇XJ)W JWY ,

(c) 〈X, (∇Y J)WX〉 = 0,

(d) 〈JWX, (∇Y J)WX〉 = 0,

(e) (∇JWXJ)WX = (∇XJ)WJWX = −JW (∇XJ)WX. In particular,

(∇JWXJ)WJWX = −‖W‖2(∇XJ)WX.

Proof. The first relation is a result of the Bianchi identity. For any vertical vector field W ∈ Γ(V),
we have 〈� (∇XT )(Y,Z),W 〉 = 〈� R(X,Y )Z,W 〉 = 0. Taking the covariant derivative of the
H-type condition

J2
W = −‖W‖2IdH,

proves (b). Property (c) follows from the skew-symmetry of (∇Y J)W . Property (d) follows from
(b). Finally, for Property (e), we note that

0 = 〈� (∇JWXT )(X,Y ),W 〉
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= 〈(∇JWXT )(X,Y ) − (∇XT )(JWX,Y ),W 〉 + 〈(∇Y T )(JWX,X),W 〉
= 〈(∇JWXJ)WX − (∇XJ)WJWX,Y 〉 − 〈(∇Y J)WX,JWX〉
= 〈(∇JWXJ)WX − (∇XJ)WJWX,Y 〉,

which completes the proof, as Y was arbitrary. We note also from (b) that

(∇JWXJ)WJWX = −JW (∇JWXJ)WX = J2
W (∇XJ)WX = −‖W‖2(∇XJ)WX.

Proof of Theorem 2.19. Let p ∈ M be arbitrary. Note that if Z ∈ Vp is a unit vector and if
X1, . . . ,Xn is an orthonormal basis of Hp, then so is JZX1, . . . , JZXn. Hence for any horizontal Y ,
we have

〈TrH(∇×T )(×, Y ), Z〉 =
n
∑

i=1

〈(∇JZXi
J)ZJZXi, Y 〉 = −

n
∑

i=1

〈(∇Xi
J)ZXi, Y 〉 = −〈TrH(∇×T )(×, Y ), Z〉.

Hence TrH(∇×T )(×, · ) = 0 and the foliation is Yang-Mills.

2.6 Curvature dimension inequalities on H-type foliations

In this subsection we show that on H-type foliations, the generalized curvature dimension condition
introduced in [10] is only controlled by the horizontal Ricci curvature and deduce several corollaries.
Let (M,H, g) be an H-type foliation. We assume that the metric g is complete. The Riemannian
gradient will be denoted ∇ and we write the horizontal gradient as ∇H, which is the projection
of ∇ onto H. Likewise, ∇V will denote the vertical gradient. Let µg denote the Riemannian volume
measure. The horizontal Laplacian ∆H of the foliation is the generator of the symmetric closable
bilinear form in L2(M, µg):

EH(u, v) =

∫

M

〈∇Hu,∇Hv〉 dµg , u, v ∈ C∞
0 (M).

We adopt the convention that ∆H is a negative operator. The H-type hypothesis implies that H
is bracket-generating, therefore it follows from Hörmander’s theorem that the horizontal Laplacian
∆H is locally subelliptic. The completeness assumption on the Riemannian metric g implies that
∆H is essentially self-adjoint on the space of smooth and compactly supported functions (see for
instance [45] or Proposition 5.1 in [7]).

Remark 2.21. For H-type foliations, one can easily check that the Riemannian measure µg is
proportional to the intrinsic Popp’s measure of the sub-Riemannian structure obtained by the
restriction g|H. Therefore, the operator ∆H defined above coincides with the intrinsic sub-Laplacian
(see [5] and [37, Section 10.6]). As such, we will indifferently refer to ∆H as the horizontal Laplacian
or the sub-Laplacian.

We denote by RicH the horizontal Ricci curvature of (M,H, g) i.e. the horizontal trace of the
Riemann curvature tensor of the Bott connection.

Proposition 2.22. Let (M,H, g) be an H-type foliation such that RicH ≥ KgH with K ∈ R. Then
(M,H, g) satisfies the generalized curvature dimension inequality CD

(

K, n4 ,m, n
)

, i.e. for every
f ∈ C∞(M) and ε > 0, one has the following Bochner’s type inequality:

1

2

(

∆H‖∇Hf‖2 − 2〈∇Hf,∇H∆Hf〉
)

+
ε

2

(

∆H‖∇Vf‖2 − 2〈∇Vf,∇V∆Hf〉
)

≥ 1

n
(∆Hf)2 +

(

K − m

ε

)

‖∇Hf‖2 +
n

4
‖∇Vf‖2.
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Proof. The key point is that H-type foliations are Yang-Mills (see Theorem 2.19). The proof is
then similar to the proof of this result in the case of Sasakian foliations (see Theorem 2.24 in [10]),
so we omit it for conciseness, but refer to Remark 2.25 in [10].

As a corollary from Proposition 2.22 and [7, 8, 10] one deduces the following results:

Corollary 2.23. Let (M,H, g) be a complete H-type foliation with RicH ≥ KgH with K ∈ R. Let
us denote by d the sub-Riemannian (a.k.a. Carnot-Carathéodory) distance.

1. If K ≥ 0, then the metric measure space (M, d, µ) satisfies the volume doubling property and
supports a 2-Poincaré inequality, i.e. there exist constants CD, CP > 0, depending only on
K,n,m, for which one has for every p ∈ M and every r > 0:

µ(B(p, 2r)) ≤ CD µ(B(p, r)),
∫

B(p,r)
|f − fB |2dµg ≤ CP r

2

∫

B(p,r)
‖∇Hf‖2dµg,

for every f ∈ C1(B(p, r)), where we have let fB = µg(B)−1
∫

B
fdµg, with B = B(p, r).

2. If K > 0, then M is compact with a finite fundamental group and

diam(M, d) ≤ 2
√

3π

√

(n+ 4m)(n + 6m)

nK
.

3. If K > 0, then the first non zero eigenvalue of the sub-Laplacian −∆H satisfies

λ1 ≥
nK

n+ 3m− 1
.

Proof. Point 1. follows from [8, Theorem 1.5], and Point 2. from [10, Theorem 10.1] or [7, Theorem
6.1] for a simpler proof. Point 3 follows from [7, Theorem 4.9] with the values, ρ1 = K, ρ2 = n,
κ = m and d = n.

Remark 2.24. The volume doubling property and 2-Poincaré inequality are central for the validity
of covering theorems of Vitali-Wiener type, maximal function estimates, and represent the central
ingredients in the development of analysis and geometry on metric measure spaces, see for instance
[29] and the more recent [30]. It is not known if the generalized curvature dimension implies the
significantly stronger 1-Poincaré inequality. We point out that the diameter upper bound which
is obtained when K > 0 is not sharp. In the subsequent paper [13], under stronger geometric
assumptions (lower bounds on partial traces of the tensor RH), both the 1-Poincaré inequality
(actually even the measure contraction property) and sharp diameter upper bounds are proved.

More consequences of the generalized curvature dimension inequality are given in [7, 8, 10],
for instance Li-Yau estimates for non negative solutions of the sub-Riemannian heat equation or
subelliptic Sobolev and log-Sobolev inequalities.

3 Horizontal Clifford structures

We now turn to the second part of the paper and study H-type foliations that carry a parallel
horizontal Clifford structure. One should have the understanding that H-type foliations with a
parallel horizontal Clifford structure are to general H-type foliations what Sasakian and 3-Sasakian
manifolds are respectively to K-contact and 3K-contact manifolds.
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3.1 Parallel horizontal Clifford structures

Definition 3.1. Let (M,H, g) be an H-type foliation with horizontally parallel torsion. We say
that (M,H, g) is an H-type foliation with a parallel horizontal Clifford structure if there exists a
smooth bundle map Ψ : V × V → Cl2(V) such that for every Z1, Z2 ∈ Γ(V)

(∇Z1
J)Z2

= JΨ(Z1,Z2). (3.1)

Remark 3.2. If m = 1, then the parallel horizontal Clifford assumption is always satisfied with
Ψ = 0.

Proposition 3.3. Let (M,H, g) be a H-type foliation with parallel horizontal Clifford structure.
Then the map Ψ is unique.

Proof. The proposition follows from the following fact: at any p ∈ M, the map J : Cl2(Vp) →
End(Hp) defined by the restriction of Z 7→ JZ to Cl2(Vp) is injective. We prove this claim. If m is
even, then Cl(Vp) is a central simple algebra, thus the map J : Cl(Vp) → End(Hp) is injective and
so is the restriction J : Cl2(Vp) → End(Hp). If m is odd, then the even Clifford algebra Cl0(Vp)
is central simple. Thus the map J : Cl0(Vp) → End(Hp) is injective and so is the restriction
J : Cl2(Vp) → End(Hp).

We have the following lemma concerning some algebraic properties of the map Ψ.

Lemma 3.4. Let Ψ be defined by (3.1). Then, for every u, v ∈ V we have

1. Ψ(u, v) = −Ψ(v, u);

2. Ψ(u, v) · v + v · Ψ(u, v) = 0.

Proof. Fix non zero u, v ∈ Vp. The first statement follows from (∇uJ)v = −(∇vJ)u and the
uniqueness of Ψ. For the second one, since Ψ(u, v) ∈ Cl2(Vp), one can find a, b ∈ Cl2(Vp) such that
Ψ(u, v) = a+b, and such that v ·a = −a ·v and v ·b = b ·v. The second statement is then equivalent
to b = 0. If we apply ∇u to the relation JvJv = −〈v, v〉IdH one obtains that Ψ(u, v) · v+ v ·Ψ(u, v)
belongs to the kernel of J : Cl(Vp) → End(Hp). Therefore, we obtain

(a+ b) · v + v · (a+ b) ∈ ker J.

Using the properties of a, b we obtain b · v ∈ ker J or, equivalently, b ∈ ker J . Since b ∈ Cl2(Vp) and
J : Cl2(Vp) → End(Hp) is injective by the proof of Proposition 3.3, we have b = 0.

The previous lemma imposes strong algebraic conditions on Ψ. The next theorem characterizes
the set of possible expressions Ψ may have. We shall first need the following lemma that allows us
to relate the norm of ∇J to the sectional curvature of the leaves of the foliation.

Lemma 3.5. Let (M,H, g) be a H-type foliation with horizontally parallel torsion. Then for every
X ∈ Γ(H), Z,W ∈ Γ(V),

‖(∇ZJ)WX‖2 = 〈R(Z,W )W,Z〉‖X‖2 .

Proof. Recall first the second Bianchi identity for connections with torsion,

� (∇uR)(v,w)+ � R(T (u, v), w) = 0.
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From Lemma 2.9 we have that R(X,Y )W = (∇WT )(X,Y ) and R(Z,X) = 0 for any X,Y ∈
Γ(H), Z,W ∈ Γ(V) and so

−R(T (X,Y ), Z)W = (� (∇XR)(Y,Z))W = (∇2
Z,WT )(X,Y ).

We now note that for any W ∈ Γ(V) and X ∈ Γ(H), we have as a consequence of the H-type
condition

T (X,JWX) = ‖X‖2W.
Therefore, we have

〈R(Z,W )W,Z〉‖X‖2 = −〈(∇2
Z,ZT )(X,JWX),W 〉 = −〈(∇2

Z,ZJ)WX,JWX〉. (3.2)

We then claim that
‖(∇ZJ)WX‖2 = 〈R(Z,W )W,Z〉‖X‖2 .

Since both sides are tensors, it is sufficient to prove the above identity at any given p ∈ M. Therefore,
once we have fixed p, we can assume, without loss of generality, that ∇ZZ = ∇ZW = ∇ZX = 0
along the geodesic with initial vector Z(p). In this case the following holds:

0 = 1
2∇

2
Z,Z〈JWX,JWX〉

= ∇Z〈(∇ZJ)WX,JWX〉
= ‖(∇ZJ)WX‖2 + 〈(∇2

Z,ZJ)WX,JWX〉
= ‖(∇ZJ)WX‖2 − 〈R(Z,W )W,Z〉‖X‖2,

where everything is computed at p, and in the last line we used (3.2).

We are now in position to prove the following theorem.

Theorem 3.6. Let (M,H, g) be an H-type foliation with parallel horizontal Clifford structure. Then
there exists a constant κ ∈ R such that for every u, v ∈ Vp, p ∈ M

Ψ(u, v) = −κ(u · v + 〈u, v〉), (3.3)

where u · v denotes the product in the Clifford algebra Cl(Vp). Moreover the sectional curvature of
the leaves of the foliation associated to V is constantly equal to κ2. In particular, if the torsion is
completely parallel, the leaves are flat.

Proof. We first remark that by linearity, and since Ψ is skew-symmetric and takes values in Cl2(V),
it is sufficient to prove (3.3) for unit vectors satisfying u ⊥ v. In this case, fix an orthonormal basis
for V given by u, v, w1, . . . , wm−2. Since Ψ takes values on Cl2(V), we have

Ψ(u, v) = ψuvu · v +

m−2
∑

i=1

ψuiu · wi +

m−2
∑

i=1

ψviv · wi +
∑

i<j

ψijwi · wj,

for some ψuv, ψui, ψvi ∈ R. Using Lemma 3.4 we obtain ψui = ψvi = ψij = 0. Using again
Lemma 3.4 combined with the bilinearity of Ψ one also obtains that ψuv = −κ does not depend on
u, v, but may still depend on p. Applying Lemma 3.5 with orthonormal z, w ∈ Vp and unit u ∈ Hp,
we obtain for the sectional curvature of the vertical plane generated by z and w:

〈R(z, w)w, z〉 = ‖(∇zJ)wu‖2 = ‖JΨ(z,w)u‖2 = κ2‖Jz·wu‖2 = κ2.
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We now prove that κ is constant as a function on M. For X,Y ∈ Γ(H) and orthonormal Z,W ∈
Γ(V), using Lemma 2.9, we obtain

〈R(X,Y )Z,W 〉 = 〈(∇ZJ)WX,Y 〉 = −κ〈JZ·WX,Y 〉.

Differentiating the above equation with respect to V ∈ Γ(H), and summing cyclically over V,X, Y ,
Bianchi’s second identity and the fact that ∇ is metric imply that

0 = 〈� (∇VR)(X,Y )Z,W 〉 = − � (V κ)〈JZ·WX,Y 〉.

By choosing X = JWV and Y = JZV , one obtains V κ = 0 for all V ∈ Γ(H). But this means that
κ is constant along any curve tangent to H, and since H is bracket-generating, implying that any
pair of points can be connected by a horizontal curve, κ has to be constant by Remark 2.4.

Remark 3.7. We write (3.3) with −κ instead of κ because in next sections, we will see that the
sign of κ is important and decides of the topology of M in a crucial way. In particular, we will prove
that if κ > 0, then M is necessarily compact with a finite fundamental group. See Corollary 3.20.

3.2 H-type foliations with completely parallel torsion

We first study H-type foliations with completely parallel torsion. This corresponds to a parallel
horizontal Clifford structure for which κ = 0 and so Ψ = 0. We have the following result that
essentially shows that H-type sub-Riemannian manifolds with completely parallel torsion which are
not H-type groups may only exist when m = 1, 2 or 3.

Theorem 3.8. Let π : (M, g) → (B, h) be a Riemannian submersion with totally geodesic fibers.
Assume that B is simply connected and that (M,H, g) is an H-type foliation with completely parallel
torsion, where H is the horizontal space of π. Then one of the following (non exclusive) cases occur:

• m = 1 and B is Kähler;

• m = 2 or m = 3 and B is locally hyper-Kähler;

• m is arbitrary and B is flat, thus isometric to a representation of the Clifford algebra Cl(Rm).

Proof. From Theorem 3.6, we first note that the fibers of π have zero sectional curvature. Let
Z1, · · · , Zm be a local orthonormal vertical frame with ∇Zi

Zj = 0. Since for every Z ∈ Γ(V),
∇Z(JZi

) = 0, one deduces that JZi
is projectable onto B. Thus, there exist (1, 1) tensors J̄Zi

on B

such that for any basic vector field X on M, J̄Zi
X̄ = JZi

X where X̄ denotes the projection of
X onto B. Since the Bott connection projects onto the Levi-Civita connection, one deduces that
the J̄Zi

are parallel almost complex structures on B. Therefore, if m = 1 then B is Kähler and if
m ≥ 2, then B is locally hyper-Kähler. Let us now assume that m ≥ 4. We want to show that
B is flat. The argument is similar to [38], proof of Theorem 2.9. We reproduce it in our setting
for convenience of the reader. Since B is locally hyper-Kähler, it has to be Ricci flat. Let us first
assume that B is irreducible. Then, from Berger-Simons classification theorem (see [19], page 300),
B is either locally symmetric or its holonomy is included in SU(n/2), Sp(n/4) or Spin(7). If B is
locally symmetric then it is flat due to the fact it is Ricci flat. On the other hand, it is impossible
that the holonomy of B is included in SU(n/2), Sp(n/4) or Spin(7) because m ≥ 4 implies that
the space of parallel two-forms on B has dimension at least 4 which is larger than the dimension of
the centralizer of the Lie algebras of SU(n/2), Sp(n/4) and Spin(7). One concludes that B is flat.
If B is not irreducible, one can use the de Rham decomposition theorem to conclude as above.
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We note that the first case in the previous theorem corresponds to the case where (M,H, g) is
a Sasakian foliation and the last case corresponds to H-type groups. The second case, when m = 3
and (M,H, g) is of quaternionic type corresponds to the hyper f -structures considered in [31].

Since totally geodesic foliations with bundle-like metric are always locally described by a totally
geodesic Riemannian submersion, one deduces the following corollary.

Corollary 3.9. Let (M,H, g) be an H-type foliation with completely parallel torsion. If m ≥ 2,
then M is horizontally Ricci flat, i.e. RicH = 0 where RicH is the horizontal Ricci curvature of
the Bott connection. If m ≥ 4, then M is horizontally flat, i.e. RH = 0 where RH is defined as in
Lemma 2.9.

3.3 Parallel horizontal Clifford structures and curvature constancy

In this section, we show how H-type foliations with a parallel horizontal Clifford structure can be
obtained from totally geodesic Riemannian or semi-Riemannian foliations associated with curvature
constancy. Conversely, all H-type foliations with a parallel Clifford structure arise in this way, up
to rescaling the metric in the vertical direction (which does not change the intrinsic geometry of the
corresponding sub-Riemannian structure gH). Using a result from [38], this will yield a classification
of simply connected H-type foliations with a parallel horizontal Clifford structure coming from a
Riemannian submersion. Let (M, g) be a semi-Riemannian manifold. Denote by Rg its Riemannian
curvature tensor (for the Levi-Civita connection). Following [25], we give the following definition.

Definition 3.10. For ρ ∈ R, the ρ-curvature constancy of (M, g) is the distribution given by

Cp(ρ, g) = {v ∈ TpM | Rg(v, x)y = ρ (〈x, y〉gv − 〈v, y〉gx) ∀x, y ∈ TpM} , ∀ p ∈ M.

As proved in [25], assuming that rank Cp(ρ, g) is constant and ≥ 1, the ρ-curvature constancy
is an integrable distribution and the leaves of the corresponding foliation are totally geodesic. If
we further assume that the metric is bundle-like along Cp(ρ, g), letting H = Cp(ρ, g)⊥, we have that
(M,H, g) is a totally geodesic foliation in the sense of Section 2.1. We have then the following
theorem:

Theorem 3.11. Let (M,H, g) be a totally geodesic foliation with vertical distribution V. Let κ 6= 0.
The following are equivalent:

1. (M,H, g) is an H-type foliation with parallel horizontal Clifford structure such that for every
Z,W ∈ Γ(V), (∇ZJ)W = JΨ(Z,W ), with Ψ(Z,W ) = −κ(Z ·W + 〈Z,W 〉).

2. Vp ⊂ Cp
(

κ
2 , gH ⊕ 2κgV

)

, ∀p ∈ M.

Remark 3.12. One can equivalently rewrite Theorem 3.11 as follows. Let (M,H, g) be a totally
geodesic foliation with vertical distribution V. Let K 6= 0. The following are equivalent:

1. Vp ⊂ Cp (K, g), ∀p ∈ M.

2. (M,H, gH ⊕ 1
4K gV) is an H-type foliation with parallel horizontal Clifford structure for which

κ = 2K.

As a preliminary for the proof of Theorem 3.11, we first rewrite O’Neill’s formulas using the
notations of this paper.

17



Lemma 3.13. Let (M,H, g) be a totally geodesic foliation. Let us consider the canonical variation
of g, i.e. the one-parameter family of (semi-)Riemannian metrics defined gε = gH ⊕ 1

ε
gV , ε 6= 0.

Let Rgε denote the Riemannian curvature of the Levi-Civita connection for gε. Then, for every
V ∈ Γ(V),

Rgε(V,X)Y =







−1
2(∇V T )(X,Y ) − 1

2ε(∇XJ)V Y + 1
4εT (X,JV Y ) if X,Y ∈ Γ(H),

RV(V,X)Y if X,Y ∈ Γ(V).

Proof. We note that the Levi-Civita connection of the (semi)-Riemannian metric gε, is given by

∇gε
XY = ∇XY − 1

2
T (X,Y ) +

1

2ε
JXY +

1

2ε
JYX X,Y ∈ Γ(TM).

We can then either proceed by direct (but lengthy) computations or use the O’Neill’s formulas
(Theorem 9.281 in [19]) noting that the O’Neill’s tensor Aε of the totally geodesic foliation (M,H, gε)
is given by

Aε
XY = −1

2
T (X,Y ) +

1

2ε
JYX, X, Y ∈ Γ(TM).

Proof of Theorem 3.11. 2. =⇒ 1. Let ε = 1
2κ and denote the inner product gε by 〈·, ·〉ε. For

X,Y ∈ Γ(H) and V,W ∈ Γ(V), one has from Lemma 3.13

−〈Rgε(V,X)Y +Rgε(V, Y )X,W 〉ε = − 1

4ε
〈T (X,JV Y ) + T (Y, JVX),W 〉ε

=
1

4ε2
〈(JV JW + JWJV )X,Y 〉.

Using 2. we therefore obtain JV JW + JWJV = −4ε2κ〈V,W 〉εIdH = −2〈V,W 〉IdH, which implies
that (M,H, g) is an H-type foliation. We now prove that T is horizontally parallel. From Lemma
3.13, one has

− 1

2ε
(∇XJ)WY = πH (Rgε(W,X)Y ) = 0.

Therefore, (∇XJ)WX = 0 which implies that T is horizontally parallel. It remains to compute
(∇V J)W . This can be done by using once again Lemma 3.13. Indeed,

−〈Rgε(X,V )Y,W 〉ε = − 1

2ε
〈(∇V J)WX,Y 〉 +

1

4ε2
〈JWX,JV Y 〉.

Therefore, using 2., we have

〈(∇V J)WX,Y 〉 = − 1
2ε〈JV JWX,Y 〉 − κ〈X,Y 〉〈V,W 〉,

and the proof is complete since ε = 1
2κ .

1. =⇒ 2. Let ε > 0. From Lemma 3.13 we have for X,Y ∈ Γ(H) and V,W ∈ Γ(V),

〈Rgε(X,V )Y,W 〉ε =
1

2ε
〈(∇V J)WX,Y 〉 − 1

4ε2
〈JWX,JV Y 〉

= − κ

2ε
〈JV JWX,Y 〉 − κ

2ε
〈X,Y 〉〈V,W 〉 − 1

4ε2
〈JWX,JV Y 〉

=

(

κ

2ε
− 1

4ε2

)

〈JWX,JV Y 〉 − κ

2ε
〈X,Y 〉〈V,W 〉.

1Note that [19] uses the opposite sign convention for the Riemannian curvature tensor
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Thus, if ε = 1
2κ , one has

〈Rgε(X,V )Y,W 〉ε = − 1

4ε2
〈X,Y 〉〈V,W 〉 = − 1

4ε
〈X,Y 〉〈V,W 〉ε.

On the other hand, still by Lemma 3.13 and ∇HJ = 0, one has πH(Rgε(X,V )Y ) = 0, thus

Rgε(V,X)Y =
1

4ε
〈X,Y 〉HV =

κ

2
〈X,Y 〉HV.

Then, from Theorem 3.6 and Lemma 3.13, we have that for X,Y ∈ Γ(V),

Rgε(V,X)Y = RV(V,X)Y = κ2(〈X,Y 〉V − 〈V, Y 〉X).

Using then the symmetries of the Riemannian curvature tensor Rgε and Bianchi’s identity one
concludes that for every V ∈ Γ(V) and X,Y ∈ Γ(TM),

Rgε(V,X)Y =
κ

2
(〈X,Y 〉εV − 〈V, Y 〉εX) .

This theorem allows to construct many examples of H-type foliations with parallel horizontal
Clifford structures coming from a submersion. In particular, we point out the following corollary:

Corollary 3.14. Let (M, g) be a Riemannian manifold that carries a rank m+ 1 parallel non flat
even Clifford structure in the sense of Moroianu-Semmelmann [38]. Then, if n 6= 8, the sphere
bundle of this structure is an H-type foliation with horizontal parallel Clifford structure for which
κ > 0.

Proof. This follows from Theorem 3.11 and [38, Theorem 3.6]. We note that condition (b) of [38,
Theorem 3.6] is satisfied thanks to [38, Proposition 2.10].

We note that parallel even Clifford structures are classified in Theorem 2.14 in [38]. Because of
triality, the case n = 8 is special and sphere bundles over 8-dimensional manifolds that carry parallel
even Clifford structures do not necessarily yield H-type foliations with horizontal parallel Clifford
structure. We are now in position to justify Table 1 of the introduction. Indeed A. Moroianu and
U. Semmelmann proved the following very nice result:

Theorem 3.15. [38, Theorem 3.7] There exists a Riemannian submersion from a complete simply
connected Riemannian manifold M to a complete simply connected Riemannian manifold B whose
vertical distribution belongs to the curvature constancy of M, if and only if the couple (M,B) appears
in the Table 1 of the introduction.

Table 2 of the introduction is then obtained from Table 1 by using the non-compact Cartan duals
of the compact symmetric spaces appearing in 1. Justifying Table 2 requires the semi-Riemannian
counterpart of [38, Theorem 3.7] which is proved in a similar way. For further details, we refer to
the comments after Theorem 3.7, Page 965 in [38] and to the Footnote 1, Page 955 in [38].

3.4 Horizontal Einstein property

In this section, we prove the following theorem:

Theorem 3.16. Let (M, g,H) be an H-type foliation with a parallel horizontal Clifford structure
with m ≥ 2 such that:

Ψ(u, v) = −κ(u · v + 〈u, v〉), u, v ∈ V,
with κ ∈ R, then:
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• If m 6= 3, RicH = κ
4 (n+ 8(m− 1)) gH.

• If m = 3, then at any point H orthogonally splits as a direct sum H+ ⊕H− and for X,Y ∈
Γ(H) and

RicH(X,Y ) =
κ

4

(

(n+ 8)〈X,Y 〉 + (dimH+ − dimH−)〈σ(X), Y 〉
)

,

where σ = IdH+ ⊕ (−IdH−).

• If m = 3 and moreover (M, g,H) is of quaternionic type then H+ = H,H− = {0}, and thus
RicH = κ

2 (n+ 8) gH.

Remark 3.17. For m = 3, dimH+ and dimH− are independent of the point where they are
computed. Indeed, the proof will show that ∇Hσ = 0 and that both H+ and H− are parallel along
horizontal curves.

In particular, if m 6= 3, then (M, g,H) is always horizontally Einstein. In the case m = 2, the
fact that (M, g,H) is horizontally Einstein is related to the fact that quaternion Kähler manifolds
are Einstein manifolds (see Berger [18], Ishihara [33] or Theorem 14.39 in Besse [19]), and the
algebraic structure of our proof below somehow parallels the one of Ishihara and Besse (in the
choice of a special horizontal basis). The key lemma is the following:

Lemma 3.18. Let (M,H, g) be a totally geodesic foliation with ∇HT = 0. For any X,Y ∈ Γ(H)
and Z ∈ Γ(V), we have

[

RH(X,Y ), JZ
]

= (∇T (X,Y )J)Z + J(∇ZT )(X,Y ).

Proof. Write the Hessian operator for ∇ as ∇2
X,Y = ∇X∇Y − ∇∇XY . Using that J is parallel in

horizontal directions and that R(X,Y ) = ∇2
X,Y −∇2

Y,X +∇T (X,Y ), we observe that for X,Y ∈ Γ(H)
we have

R(X,Y )J = ∇T (X,Y )J.

However, for W ∈ Γ(H) and Z ∈ Γ(V), we can also write

(R(X,Y )J)ZW = R(X,Y )JZW − JR(X,Y )ZW − JZR(X,Y )W

= RH(X,Y )JZW − J(∇ZT )(X,Y )W − JZRH(X,Y )W.

The result follows.

We will also need the following lemma:

Lemma 3.19. Let (M,H, g) be a totally geodesic foliation with ∇HT = 0 and m = 3. Let
Z1, Z2, Z3 be a local orthonormal frame of V. Then (M,H, g) is of quaternionic type if and only
if JZ1

JZ2
JZ3

∈ {−IdH, IdH}. If (M,H, g) is not of quaternionic type, then σ = JZ1
JZ2

JZ3
is a

non-trivial horizontal isometry such that σ2 = IdH and that commutes with JZ1
, JZ2

, JZ3
.

Proof. Let p ∈ M and Z1, Z2, Z3 be a local vertical frame of V around p. Let us denote by A(p) the
algebra (for the composition of operators) generated by JZ1

, JZ2
, JZ3

. We note that JZ1
JZ2

JZ3
is an

isometry which is in the center of A(p). If A(p) ≃ H, then the center of A(p) is R · IdH. Therefore
JZ1

JZ2
JZ3

∈ {−IdH, IdH}. Conversely, if JZ1
JZ2

JZ3
∈ {−IdH, IdH}, then one can check that

{Jz , z ∈ R ⊕ Vp} is an algebra and thus A(p) ≃ H. If (M,H, g) is not of quaternionic type, the
statement of the lemma is immediately checked.
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Proof of Theorem 3.16. Let Z1, . . . , Zm be a local vertical orthonormal frame. We will denote
Ji = JZi

and for i 6= j, Jij = JiJj . We first observe that from Lemma 3.18 together with the
parallel horizontal Clifford structure assumption, one obtains that for every X,Y ∈ Γ(H),

[

RH(X,Y ), Ji
]

= (∇T (X,Y )J)Zi
+ J(∇Zi

T )(X,Y )

= −κJT (X,Y )·Zi+〈T (X,Y ),Zi〉 + J(∇Zi
T )(X,Y ).

Then, we note that

T (X,Y ) · Zi + 〈T (X,Y ), Zi〉 = −
m
∑

j=1,j 6=i

〈JjX,Y 〉Zi · Zj,

and that

J(∇Zi
T )(X,Y ) =

m
∑

j=1

J〈(∇Zi
T )(X,Y ),Zj〉Zj

=
m
∑

j=1

J〈(∇Zi
J)Zj

X,Y 〉Zj
= −κ

m
∑

j=1,j 6=i

〈JijX,Y 〉Jj .

Therefore, we have

[

RH(X,Y ), Ji
]

= κ

m
∑

j=1,j 6=i

(

〈JjX,Y 〉Jij − 〈JijX,Y 〉Jj
)

. (3.4)

We now fix i, and j 6= i. Note that Ji, Jj , Jij satisfy the quaternion relations, J2
i = J2

j = J2
ij =

JiJjJij = −IdH and choose a local orthonormal basis {Xℓ} of H such that if Xℓ is in the basis, so
are JiXℓ, JjXℓ, JijXℓ (up to a ± sign). We then compute for X,Y ∈ Γ(H),

RicH(X,JiY ) = −
n
∑

ℓ=1

〈RH(X,Xℓ)JiY,Xℓ〉

= −
n
∑

ℓ=1

〈[RH(X,Xℓ), Ji]Y,Xℓ〉 −
n
∑

ℓ=1

〈JiRH(X,Xℓ)Y,Xℓ〉

= −
n
∑

ℓ=1

〈[RH(X,Xℓ), Ji]Y,Xℓ〉 +

n
∑

ℓ=1

〈RH(X,Xℓ)Y, JiXℓ〉 .

On one hand, one obtains from (3.4):

n
∑

ℓ=1

〈[RH(X,Xℓ), Ji]Y,Xℓ〉 = κ
n
∑

ℓ=1

m
∑

j=1,j 6=i

(

〈JjX,Xℓ〉〈JijY,Xℓ〉 − 〈JijX,Xℓ〉〈JjY,Xℓ〉
)

= κ
m
∑

j=1,j 6=i

(

〈JjX,JijY 〉 − 〈JijX,JjY 〉
)

= 2κ(m− 1)〈JiX,Y 〉.

On the other hand, noticing that the set of −JiXℓ ⊗Xℓ and the set of Xℓ ⊗ JiXℓ will be identical
as Xℓ varies across the whole basis, one obtains

n
∑

ℓ=1

〈RH(X,Xℓ)Y, JiXℓ〉 =
1

2

n
∑

ℓ=1

(

〈RH(X,Xℓ)Y, JiXℓ〉 − 〈RH(X,JiXℓ)Y,Xℓ〉
)
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=
1

2

n
∑

ℓ=1

〈RH(X,Y )Xℓ, JiXℓ〉 ,

where the second equality follows from Bianchi’s identity and symmetries of the curvature tensor. It
therefore remains to compute

∑n
ℓ=1 〈RH(X,Y )Xℓ, JiXℓ〉. We use the fact that the set of Xℓ⊗JiXℓ

and the set of JjXℓ ⊗ JijXℓ will be identical as Xℓ varies across the whole basis to obtain

2

n
∑

ℓ=1

〈RH(X,Y )Xℓ, JiXℓ〉 =

n
∑

ℓ=1

〈RH(X,Y )Xℓ, JiXℓ〉 + 〈RH(X,Y )JjXℓ, JijXℓ〉

=

n
∑

ℓ=1

〈RH(X,Y )Xℓ, JjJijXℓ〉 + 〈RH(X,Y )JjXℓ, JijXℓ〉

=

n
∑

ℓ=1

−〈JjRH(X,Y )Xℓ, JijXℓ〉 + 〈RH(X,Y )JjXℓ, JijXℓ〉

=

n
∑

ℓ=1

〈[RH(X,Y ), Jj ]Xℓ, JijXℓ〉 .

Now, from (3.4):

n
∑

ℓ=1

〈[RH(X,Y ), Jj ]Xℓ, JijXℓ〉 = κ

n
∑

ℓ=1

m
∑

k=1,k 6=j

(

〈JkX,Y 〉 〈JjkXℓ, JijXℓ〉 − 〈JjkX,Y 〉 〈JkXℓ, JijXℓ〉
)

.

If k 6= i, one has 〈JjkXℓ, JijXℓ〉 = 0 and if k = i, 〈JjkXℓ, JijXℓ〉 = −1. Therefore, one obtains:

n
∑

ℓ=1

〈[RH(X,Y ), Jj ]Xℓ, JijXℓ〉 = −κn〈JiX,Y 〉 − κ

m
∑

k=1,k 6=j

n
∑

ℓ=1

〈JjkX,Y 〉 〈JkXℓ, JijXℓ〉 .

The analysis of the sum
∑n

ℓ=1 〈JkXℓ, JijXℓ〉 will depend on m. If m = 2, then one has
∑n

ℓ=1 〈JkXℓ, JijXℓ〉 = 0, because one must have k = i. If m ≥ 4, then one can pick an index
s which is different from i, j and k so that by using invariance of the trace by a change a basis:

n
∑

ℓ=1

〈JkXℓ, JijXℓ〉 =

n
∑

ℓ=1

〈JkJsXℓ, JijJsXℓ〉 = −
n
∑

ℓ=1

〈JkXℓ, JijXℓ〉 .

Therefore
∑n

ℓ=1 〈JkXℓ, JijXℓ〉 = 0. Summarizing the above computations, one deduces that for
i 6= j 6= k,

RicH(X,JiY ) =

{

−κ
4 (8(m− 1) + n)〈JiX,Y 〉, if m 6= 3

−κ
4

(

(16 + n)〈JiX,Y 〉 + TrH(JiJjJk)〈JjkX,Y 〉
)

, if m = 3.

Therefore, substituting Y by JiY one concludes

RicH(X,Y ) =

{

κ
4 (8(m− 1) + n)〈X,Y 〉, if m 6= 3
κ
4

(

(16 + n)〈X,Y 〉 + TrH(J1J2J3)〈J1J2J3X,Y 〉
)

, if m = 3.

By denoting σ = J1J2J3, H+ the 1 eigenspace of σ and H− the −1 eigenspace of σ, one then
concludes with Lemma 3.19. We note that σ2 = IdH, thus ∇Hσ = 0.

22



3.5 Sub-Riemannian diameter and first eigenvalue estimates

Combining Theorem 3.16 with the results of Section 2.6, one obtains the following result.

Corollary 3.20. Let (M,H, g) be a complete H-type foliation with a parallel horizontal Clifford
structure: Ψ(Z,W ) = −κ(Z ·W +〈Z,W 〉), with κ > 0. Then, M is compact with finite fundamental
group. Moreover,

• If m 6= 3 then its sub-Riemannian diameter is bounded above by 4
√

3 π√
κ

√

(n+4m)(n+6m)
n(n+8(m−1)) , and

we have the following estimate for the first eigenvalue of the sub-Laplacian λ1 ≥ κ
4
n(n+8(m−1))

n+3m−1 .

• If m = 3 and (M,H, g) is of quaternionic type, then its sub-Riemannian diameter is bounded

above by 2
√

6 π√
κ

√

(n+12)(n+18)
n(n+8) , and we have the following estimate for the first eigenvalue of

the sub-Laplacian λ1 ≥ nκ
2 .

As already pointed out in Section 2.6, the diameter bounds should not expected to be sharp.
However, from [14] the eigenvalue estimates might expected to be. Indeed, consider the quaternionic
Hopf fibration

SU(2) →֒ S
4n+3 → HPn,

on the unit sphere (S4n+3, gs) where gs is the standard metric. Then, one has Vp ⊂ Cp (1, gs),
∀p ∈ S

4n+3. Therefore, from Remark 3.12, κ = 2 and the above estimate yields λ1 = 4n. This is
sharp, because one actually has λ1 = 4n (see [17, 40]).
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