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Critical points in the CP"Y~! model

Youness Diouane'?, Noel Lamsen' and Gesualdo Delfino!

1SISSA and INFN — Via Bonomea 265, 34136 Trieste, Italy
2ICTP, Strada Costiera 11, 34151 Trieste, Italy

Abstract

We use scale invariant scattering theory to obtain the exact equations determining the renor-
malization group fixed points of the two-dimensional C PN ~! model, for N real. Also due to
special degeneracies at N = 2 and 3, the space of solutions for N > 2 reduces to that of the
O(N? — 1) model, and accounts for a zero temperature critical point. For N < 2 the space
of solutions becomes larger than that of the O(N? — 1) model, with the appearance of new

branches of fixed points relevant for criticality in gases of intersecting loops.
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1 Introduction

Determining if and how an additional local symmetry affects the universality class of a statistical
model is a relevant issue in the theory of critical phenomena. A basic example is provided by
the RPN~ model, in which N-component spin variables at each lattice site interact through
an Hamiltonian invariant under global O(N) rotations and local spin reversals. The local sym-
metry makes the difference with the usual O(N) model and amounts to the head-tail symmetry
characteristic of liquid crystals [1]. In three dimensions, the weak first order transition observed
in numerical simulations of the ferromagnetic model [2] is consistent with the mean field scenario
[1]. On the other hand, in the two-dimensional case — the one we focus on — fluctuations are
stronger and minimize the reliability of mean field predictions (see e.g. [3]), as illustrated by the
phase transition of the three-state Potts model, which becomes continuous on planar lattices
[4]. For the RPY~! model, the absence of spontaneous breaking of continuous symmetry in two
dimensions [5] generically suggests that criticality is limited to zero temperature, and numerical
studies for 7' — 0 show a fast growth of the correlation length which makes particularly hard to
reach the asymptotic limit and draw conclusions about universality classes [6, 7, 8, 9, 10, 11, 12].
On the other hand, the possibility of finite temperature topological transitions similar to the
Berezinskii-Kosterlitz-Thouless (BKT) one [13] — which should definitely occur for RP! ~ O(2)
— and mediated by ”disclination” defects [14, 15] has also been debated in numerical studies
[16, 17, 18, 19, 20, 21, 22, 23, 24]. While two-dimensional criticality has allowed for an impres-
sive amount of exact solutions thanks to lattice integrability [25, 26] and conformal field theory
[27, 28], models with local symmetries traditionally remained outside the range of application

of these methods. Recently, however, we showed in [29, 30] how the renormalization group fixed



points of the RPY~1 model can be accessed in an exact way in the scale invariant scattering
framework [31], which implements in the basis of particle excitations the infinite-dimensional
conformal symmetry characteristic of critical points in two dimensions and has provided in the
last years new results for pure and disordered systems [32, 33, 34, 35, 36, 37, 38] (see [39] for a
review). We found that only O(N(N + 1)/2 — 1) fixed points exist for! N > 3 and account for
zero temperature criticality, while a line of fixed points yielding a BKT transition exists only
for N = 2. Our framework automatically yields results for N real, corresponding to the known
fact that lattice models such as O(N) admit loop gas formulations [3, 26] in which /V plays the
role of loop fugacity and does not need to be an integer. For RPV~! we found new branches of
fixed points emerging below N = 2.24421.. [30].

In this paper we consider the basic lattice model with a continuous — U(1) — local symmetry,
namely the C PV~ model realized in terms of complex N-component spin vectors at lattice
sites. In two dimensions, this model has been studied in the high energy context (since [40,
41, 42]) for the similarities — in particular asymptotic freedom — which it shares with quantum
chromodynamics, in statistical mechanics in relation with loop gases [43], and in condensed
matter in relation with quantum antiferromagnets (see e.g. [44]). The remarks that we made
above for RPN~ concerning the continuous nature of the symmetry, zero temperature criticality,
the possibility of topological transitions, and the absence of previous exact results, apply to
CPN~1 as well. We use scale invariant scattering to determine the exact fixed point equations
for CPN~! symmetry, and find that the only solutions for N > 2 are of O(N? — 1) type, also
due to a special degeneracy emerging for N = 2,3. This is consistent, in particular, with the
known correspondence CP! ~ O(3). Our results again extend to real values of N, allowing
us to see that quasi-long-range order and a BKT transition occur only for N = ++/3, where
O(N? — 1) = O(2). Also here the space of solutions enlarges and new branches of fixed points
appear below a threshold value of the symmetry parameter, which in this case turns out to be
N =2.

The paper is organized as follows. We recall the generalities of scale invariant scattering in
section 2 and illustrate its application to the O(M) model in section 3. Section 4 is devoted
to the derivation of the fixed point equations for the CPY~! model, whose space of solutions
is analyzed in section 5. The results for the RPY~! model are briefly recalled in section 6 for

comparison, while the last section contains some final remarks. Two appendices complete the

paper.

2 Generalities of scale invariant scattering

We begin our discussion by briefly recalling the generalities of scale invariant scattering [31],
referring the reader to [39] for a review. The method relies on the fact that the continuum limit
of a critical statistical system in two dimensions is described by a Euclidean field theory, which

is the continuation to imaginary time of a quantum field theory defined in one space and one

1See section 6 below for a question mark that we had left at N = 3.
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Figure 1: Pictorial representations of the scattering amplitude Sjj;, (left) and of the product of

1% M v

amplitudes entering the unitarity equations (1) (right).

time dimension and exhibiting conformal invariance. In the quantum theory massless particles
describe the excitations above the ground state (vacuum) and correspond to the fluctuation
modes of the statistical system. Since in two dimensions conformal symmetry possesses infinitely
many generators [28], the scattering processes of the particles are subject to an infinite number
of conservation laws, which force the final state to be kinematically identical to the initial one
(completely elastic scattering). Moreover, scale invariance implies that the scattering amplitude
of a two-particle process is a constant, namely does not depend on the center of mass energy,
which is the only relativistic invariant and is dimensionful.

These features are specific to two-dimensional criticality and substantially simplify the uni-
tarity and crossing equations [45] that generally apply to relativistic scattering?. Let us denote
by u=1,2,...k the particle species, by S the scattering operator, and by S, = (po|S|uv) the
scattering amplitude for a process with particles ;4 and v in the initial state and particles p and

o in the final state (figure 1). Then the unitarity and crossing equations take the form [31]

ZS” ST = Sup0ue s (1)

Stw = [8te]” (2)

respectively®. Invariance under charge conjugation, time reversal and spatial inversion provides

the relations

Shy = S”" =Sph =S80 (3)

3 Fixed points of the O(M) model

Before turning to the C PN~ model it will be useful to briefly recall how scale invariant scattering
applies to the O(M) model [31, 36], which is defined on the lattice by the Hamiltonian

amy=—JY si-sj, (4)

(.4

2See [46] for a review on the off-critical regime in two dimensions.
*We denote by fi the antiparticle of .
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Figure 2: Scattering amplitudes appearing in (5); time runs upwards.

Solution ‘ M ‘ 1 ‘ 02 ‘ cos ¢

I (—o0,00) | 0 +1 -

1. [—2,2] 1 0 +3V2 - M
Iy 2 0,1] | +/1-p? 0

Table 1: Solutions of equations (8)-(10), corresponding to the renormalization group fixed points
with O(M) symmetry.

where s; is a real M-component unit vector at site ¢ and the sum is taken over nearest neighbors.
As usual, averages over configurations are performed with the Boltzmann weight e Houn/T,
where T is the temperature. The order parameter variable s; corresponds in the scattering
description to a vector multiplet of self-conjugated particles a = 1,2,..., M. The O(M) tensorial
structure involved in the scattering of a particle a with a particle b is preserved once the scattering
matrix is written as

S — 81 apGed + S2 6acObd + 53 Oadbhe (5)

with the amplitudes S7, Ss and S3 accounting for annihilation, transmission and reflection,

respectively (figure 2). The crossing equations (2) then yield

Sy = 83
Sy = S

P1 eid’, (6)
P2, (7)

and lead to the parametrization of the amplitudes in terms of ps and ¢ real, and p; > 0. It

follows that the unitarity equations (1) can be written in the form

pitp=1, 8)
pipzcosd =0, (9)
Mp? + 2p1pacos ¢+ 2p? cos 26 = 0. (10)

Table 1 contains the solutions of equations (8)-(10) [31, 36] (also shown in figure 3), which yield
the renormalization group fixed points with O(M) symmetry. While a detailed discussion of
the solutions is given in [36], here we recall some basic features relevant for the remainder of

the paper. The solutions II; are characterized by nonintersecting particle trajectories (namely
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Figure 3: Solutions of the O(M) fixed point equations (8)-(10). The two branches of II corre-
spond to the critical lines for the dilute and dense phases of nonintersecting loops, I1I accounts
for the BKT transition of the XY model, and the upper branch of I corresponds to the zero

temperature critical point of the model for M > 2.

Sy = 0, see figure 2), are defined in the range M € [—2,2], and meet at M = 2. They are
then identified as the critical lines of the dilute and dense regimes of the loop gas model, whose
mapping on the partition function of the O(M) model is well known [3, 26]. A particularly
relevant feature of the loop formulation is that it implements on the lattice the continuation
to noninteger values of M that we see realized by equations (8)-(10) directly in the continuum.
The statistical properties of self-avoiding walks correspond to the limit M — 0 [47]. The
correspondence between nonintersecting loop paths and nonintersecting particle trajectories was
originally observed in [48] for the off-critical case.

The fact that solutions Il defined only for M = 2, possess p; as a free parameter immedi-
ately identifies them with the line of fixed points at the origin of the BKT transition in the XY
model [3, 13]. III; and III_ meet at p; = 1, the BKT transition point where the field driving
the transition is marginal [31, 36]; it is instead irrelevant along III,, so that this is the BKT
phase in which correlations decay algebraically in the XY model (quasi-long-range order).

Finally, solutions I are purely transmissive (S; = S3 = 0) and correspond to noninteracting
bosons for So = 1 and noninteracting fermions for Sy = —1. I, describes zero temperature

criticality in the nonlinear sigma model with reduced Hamiltonian
1
Hsu = /d% (Vs)?, s°=1, (11)

where s(z) replaces in the continuum the lattice variable s;. The sigma model with M > 2

describes the continuum limit of the O(M) model in this range of M and is characterized by



exponentially diverging correlation length and vanishing interaction for 7" — 0 (asymptotic
freedom) [3, 49].

The solution I_ yields a realization of the symmetry in terms of M free fermions and is
not relevant? for the critical behavior of the vector model (4) for generic M. The case M = 1,
however, allows some observations that will be useful in the subsequent sections. The symmetry
O(1) = Zy is that of the Ising model, which in two dimensions has a critical point described by
a free neutral fermion [28]. The corresponding amplitude Si{ = —1 is of course realized by 1_ in
the purely transmissive form Si{ = Ss. On the other hand, it is also realized by II_ in the form
SH = 8 + 83, as required by the fact that also the Ising partition function has a ”geometrical”
representation in terms of self-avoiding loops. This illustrates that a specific critical point may
allow different diagrammatic realizations at the scattering level. Clearly, this is due to the fact
that at N = 1 there is a single particle species, and transmission, reflection and annihilation
are not physically distinguishable®. At the same time, some geometrical observables in the Ising
model need to be computed in the limit N — 1 [50, 51], and in this case solution II_ provides

the right analytic continuation.

4 Fixed point equations of the CPV~! model
The C PV~ lattice model is defined by the Hamiltonian

Hepyv = =T Isi-siP, (12)
where s; is a N-component complex vector at site j satisfying s; -s; = 1. The Hamiltonian (12)
is invariant under global U(N) transformations (s; — Us;, U € U(N)) and site-dependent U (1)
transformations (s; — €'®s;, a; € R). These symmetries are represented through the tensorial

order parameter variable
1
b by *
Qi" = si(s{)" —  Oab - (13)

The presence of an invariant linear in the order parameter components is excluded by the
* __
=
The implementation of scale invariant scattering for the two-dimensional C' PV =1 model at

constraint s; - s 1, which in turn makes be traceless.

criticality proceeds through steps analogous to those seen in the previous section for the vector
model. We first of all observe that in the continuum limit the order parameter field is now the
Hermitian tensor Qu(z), which creates particles that we label by® p = ab, with a and b taking

values from 1 to N. A state containing a particle ab transforms under the U(N) symmetry as

jab) —> | = 3" U uU5 lab) (14)
a,b

“Notice that, due to the quadratic nature of the unitarity equations (1), solutions differing for a change of sign

of all amplitudes are always simultaneously present.
°In a relativistic scattering process only the initial and final states are observable [45].
In the U(N) model, instead, the Hamiltonian differs from (12) for the absence of the modulus square, the

order parameter variable is the vector s;, and the particles are labeled by a single index a.



X xo X X X

Sl 52 Sg 54 S5 56

X 2O X XX
St Ss So S1o S11

Figure 4: Amplitudes entering (17). Time runs upwards

so that a scattering amplitude S;l]:’cg; = (ef, gh|S|ab, cd) with particles ab and cd in the initial

state and particles ef and gh in the final state transforms into

’ /7 % gh
52/5/73d/ - Z Z Ua/,aUl;k’7bUC/,CUc>lk’7dUcik’,eUf/,fU;’79Uh/,h52£’gd . (15)
abe,d e f.g,h

Taking also into account the relations (3), which can now be written as

ef.gh _ afe,hg _ qghef  qab,ed
Sab,cd - Sba,dc - Scd,ab - Sef,gh’ (16)

U(N)-invariance corresponds to

el 9% = 1 60,a0,c0n8 1, + 52 0ac0b, 10e,g0an + 53 0a,g0,10c.c00 1
+ 84 (64,d0b, £ 0c,g0¢,n + Ob,c0a,e0d,10f,9) + S5 (b,c0a,g0d, fOe,h + Oa,db,n0c,e01,g)
+ S6 (0a,e06,10d,f0c,g + Ob,f0a,90¢,e0a,n) + S7 (0ab0e, fe,g0dn + Oc,d0g,n0a,e0b,f)
+ Ss (0c,a0e, {0a,g0b.h + 0a,b0g,h0¢.c0d,f) + 59 [0e, f (8a,d0b,10c,g + Ob,c0a,g0dh) (17)
+ 0c,d (O, 0a,g0e,n + 0a,e0b,10t,g) Oa,b (3d,Oc,g0¢,n + Oc,ebd,n0f.g)
+ 0g.n (8a,d0, fOc.e + Ob,.c0aedd,f) | 4 510 0apOc,dde, fOg,n
+ 511 (0a,p0c,d0e,h0f,g + Oc, £0g 1h0a,d0b,c) 5
with amplitudes S, ..., .S11 depicted in figure 4. In this figure each incoming or outgoing particle
has two terminals corresponding to its two indices, and a line connecting two indices corresponds
to a Kronecker delta identifying them.

Crossing symmetry (2) translates into
ef,gh ef,dc *
Sab,cd - [Sab,hg] : (18)

The crossing equations for the amplitudes S;<3 preserve the form (6) and (7), and we keep for

these amplitudes the same parametrization in terms of p1, ps and ¢. The crossing relations and



the corresponding parametrizations for the remaining amplitudes are

Sy = S5 = pye?, (19)
S5 = S; = ps, (20)
S7= 57 = pr, (21)
Sg = 571 = pse’?, (22)
Sy = S = po, (23)
S10 = S70 = p10» (24)
with ps, p7, p9, p1o, € and ¥ real, and ps and pg nonnegative.
The unitarity condition (1) can be written as
N N .
SN sus[STE] = et pdegban, (25)
ij=1k,=1
and gives rise to the 11 independent equations
1= pf + p3 + 203, (26)
0= 2p1p2 cos ¢ + 293, (27)
0= N2pf + 2p% cos 2¢ + 2p1 pa cos ¢ + AN p1py cos(0 — @) + 4N p1p5 cos ¢
+ 203 + 4paps cos 0 + 2p3 + 2N p1 pg cos(1h + ¢) + 8py1pg cos ¢ + 4psps cos 1)
+ 8paps cos B cos b + 8N pgpg cos ) + N2p2 + 8p3, (28)
0 = 2p1p5 €08 ¢ + 2papa cos 0 + Npi + NpZ + 8papg cos 0 + 4pspg + 2N pj, (29)
0 = 2p1pg cos(B + @) + 2paps + 2N paps cos O + 8papg cos O + 4pspg + 2N pg, (30)
0 = 2p1p4cos(0 — @) + 2papy cos b, (31)
0 = 2p1ps cos(¢ + @) + 2pap7 + 4po(pa cos 0 + pr + pgcos ) + N(p2 + p§ + 2p3), (32)
0 = 2p1p7 cos ¢ + 2paps cos P + 4pg(pa cos O + pr + ps cos ) + 2N (prpg cosyp + p3),  (33)
0= 2p1pg cos ¢ + 2papy + pie > + papse™ " + 2papy cos O + 2pspge™ cos O
+ Npapoe™ ™ + pspr + pspse™ + Npspg + Nprpg + Npspee'™ + 4p3, (34)

0 = 2p1p10 €os ¢ + 2pap1o + 4paps cos(0 — ) + 8p7ps cosp + AN prp10 + 6N pgpip cos Y

+ 207 + 4pg cos 20 + (N? 4 2) p§ + 8N pgpg cos 1 + 8p3 + 8pop1o + N piy, (35)
0=2p1pae” ) + 4e7 pypg + 2¢7 pyp1o + 26 pap1o + N2psproe™ + N2pypge ¥ F)

+ 2N pypse” ") 1 2N pge*™ + 2N pspge™™ + 2N prpse™ + AN prpge ™™

+ Npiproe " + Npi + 4N popro + p2pse” ™ + papse™ + dpgpoe ™™ + 8pspge’?

+ p1pse @) 4+ 3p1pse’ YT + 201 pre ™™ + dpspy + dp7pg + 20510 - (36)

The choices of the indices yielding these equations are given in table 2, where the notation ab

implies a # b; we checked that no new constraints arise from different choices.



‘Equation‘,u‘u‘p‘a‘

(26) ab | cd | ab | cd
(27) ab | cd | cd | ab
(28) ab | ba | cd | dc
(29) ab | be | ad | de
(30) ab | be | de | ad
(31) ab | cd | ad | cb
(32) aa | cd | bb | ed
(33) aa | cd | ed | bb
(34) aa | cd | bd | cb
(35) aa | bb | dd | cc
(36) aa | bb | cd | de

Table 2: External indices used in (1), (25) to obtain the unitarity equations (26)-(36).

We still need to take into account that the field Qu(x) that creates the particles is traceless.
We do this requiring that the trace mode

T=> aa (37)
does not interact with the generic particle c¢d and can be discarded. This corresponds to
S|Ted) = So|Ted) , So = +1, (38)

where the sign factor Sy takes into account that the trace mode can decouple as a boson or a

fermion. The last equation translates into ), Ssg’gg = 500¢f0cg0an and yields the relations
So = p2+ Np7 + 2py, (39)
0 = p1e'® + Npge ™ + 2pg, (40)
0 = 2pgcosf + ps + Npog, (41)
0=p7+2pscos + Npig . (42)

These can be used to express S;>7 in terms of S;<¢ through

pr =5 (So = p2+ % (2pacos O + ps)) | (43)
pgcost) = 3 (—p1cos g+ & (2pacos b+ ps)) (44)
pgsing = xp1 sin ¢, (45)
py = = (2pa cos  + ps), (46)
P10 = % (2p1 cos g+ pa — Sp — % (2p4 cosf + p5)) . (47)



Solutions ‘ N ‘ p1 ‘ 2 ‘ cos ¢ ‘ 04 ‘ 05 ‘ cosf ‘

Al R 0 +1 - 00| —
A2: | [-V3,V3] 1 0 |+£3V3-N2|0 | 0| —
A3 +/3 V1-p3 | [-1,1] 0 00| —
B, 3 : +1 F1 T p2| 1

Table 3: Analytic solutions of the CPN~! fixed point equations (48)-(53).

When substituting (43)-(47) in (26)-(36), the imaginary parts of (34) and (36) vanish, while
their real parts as well as (32), (33), (35) become linear combinations of the first six equations.

This reduces the unitarity equations (26)-(36) to six independent equations given by

L= pi +p3 + 203, (48)
0= 2p1p2 cos ¢ + 23, (49)
0= (N? —1)p? + 2p? cos 2¢ + 2p1pa cos ¢ + 4 (N — %) p1 (pgcos(0 — @) + ps cos @)

— & p1pacos(f + @) + %pi cos20 +2 (1 + %) p4 (pa + 2ps5 cos 0)

+2(1+ &) Pk, (50)
0 =2p1ps5cos ¢+ 2papscost — %pi cos 260 + (N — %) P2 — %p4p5 cos 0

L) o
0 =2p1pgcos(0 + @) + 2paps — %pi cos 20 — %pi +2(N - %) P45 oS 6 — %p%, (52)
0 =2p1pscos(0 — ¢) + 2papscosb. (53)

The solutions of these equations, which we discuss in the next section, correspond to the renor-
malization group fixed points with CPN~! symmetry in two dimensions. Notice that, since
we derived the equations relying only on the symmetries of the Hamiltonian (12), the space
of solutions contains both the fixed points of the ferromagnetic case (J > 0) and those of the
antiferromagnetic case (J < 0). This point is explicitly illustrated in [33, 39] for the case of the
g-state Potts model.

5 Solutions

The solutions of the equations (48)-(53) that we determined analytically are listed in appendix A
and summarized in table 3. The remaining solutions, which we determined numerically for
N > 0, are shown in figure 5 together with the analytical ones. The figure shows values of N
up to 2, since it turns out that only the solutions Al and B exist beyond this value. Another
visualization of the solutions is given in figure 6.

We start the discussion of the solutions observing that when ps = ps = 0 equations (48)-(53)
reduce to the equations (8)-(10) of the O(M = N? — 1) model”. As a consequence, the C PN~1

"N? — 1 is the number of independent real components of the order parameter variable (13).

10
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Figure 5: Solutions of the CPV~! fixed point equations (48)-(53).

model contains in particular the fixed points of the O(N? — 1) model. This immediately allows
to identify the solutions A1, A2 and A3 of table 3 as corresponding to the O(M = N? — 1)
solutions I, IT and III, respectively, of table 1. The fact that N> — 1 = 2 when N = ++/3
explains the domain of definition of solutions A2 and A3.

Since continuous symmetries do not break spontaneously in two dimensions [5], the Hamil-
tonian (12) is expected to possess only a zero temperature fixed point for N > 2. For N > 3 we
only have solution A1, which corresponds to an O(N? — 1) fixed point®. For N = 3 the situation
is apparently complicated by the existence of solution B. However, while solutions Al and B
., 511, it can be checked that they yield the
same scattering matrix (17). Hence, through the same mechanism we illustrated in section 3
for the Ising model, the solutions A1l and B of the C'P? model correspond to the same O(8)
fixed point?. This is possible because for N < 4 the particle indices do not take enough different

clearly differ at the level of the amplitudes Sy, ..

values to make physically distinguishable all the terms entering the decomposition (17).

Having clarified what happens for N > 2, let us now consider N = 2. Figures 5 and 6
show that N = 2 is the value at which several pairs of solutions existing for N < 2 meet and
terminate. The list of solutions at N = 2 is given in table 4 in appendix A. Such a proliferation
is at first sight problematic, since we already argued that for N > 2 the Hamiltonian (12) should
possess only a zero temperature critical point. This is also fully consistent with the fact that
CP! corresponds to the Riemann sphere, and then to O(3). We can then suspect that, by the
same mechanism observed for solution B at N = 3, the solutions of table 4 reconstruct the
same scattering matrix (17) as solution A1, and we checked that this is indeed the case. More
specifically, solutions C3, C4, C7, C8, D3 and D4 correspond to Al,, while C1, C2, C5, C6, D1
and D2 correspond to Al_.

8When discussing the Hamiltonian (12) we refer to the bosonic realization Al of the symmetry. The fermionic
realization Al_ is not relevant for that Hamiltonian.
In three dimensions, where the symmetry can break spontaneously, a finite temperature critical point in the

O(8) universality class has been observed in numerical simulations of the antiferromagnetic C'P? model [52].

11
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= Numerical
-1.0
2

Figure 6: Solutions of the C PV~ fixed point equations (48)-(53) in the parameter subspace
(p1cos @, pa).

We then see that for N > 2 all solutions of the CPN~! fixed point equations (48)-(53)
correspond to O(N? —1) fixed points, and we already know that this is also the case for solutions
A2 and A3. We finally need to consider the solutions that we determined numerically, which
extend up to N = 2, where they meet in pairs (see figures 5 and 6). Since the meeting points
at N = 2 are O(3) fixed points, and the O(M) model does not possess branches of fixed points
terminating at M = 3, we can anticipate that the CPV~! branches terminating at N = 2
correspond to new universality classes. We illustrate this fact considering the U(N)-invariant

two-particle state
N

9) = 3 (lab,ba) — :laa, b)) (54)

a,b=1
which scatters into itself, i.e. satisfies S|¢)) = A|¢), with an amplitude A\ which is a phase by

unitarity and is given by
1 2
A:(N2—1)51+52+53+2<N—N>(54+55)—N56- (55)

Such a phase is related to the conformal dimension A, of the chiral field that creates the particles
as [31, 39]
A = e 2l (56)

The values of A, obtained through (55) and (56) for the different solutions of the fixed point
equations (48)-(53) are shown in figure 7. Equation (56) defines A, modulo integers'®, and we

plot the most relevant (in the renormalization group sense) interval A, € (0,1). The values 0

This corresponds to the fact that in conformal field theory, given a primary field with dimension A, there
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0.2 — Numerical
0.0 : : l ‘ — N

0.5 1.0 1.5 2.0 2.5 3.0

Figure 7: The conformal dimension A, for the different solutions of the CPN~! fixed point
equations (48)-(53).

and 1/2 correspond to the O(N?—1) sigma model (solution A1, ) and to the fermionic realization
(solution A1_), respectively'!. The figure clearly exhibits the collapse on the O(N? —1) solution
A1 of the additional solutions existing at N = 2,3. We also see that the numerical solutions at
N < 2 correspond to values of A, — and then to fixed points — different from the O(N? — 1)
ones (Al, A2, A3).

It appears from figure 5 that the numerical solutions have nonvanishing po and p4. Hence,
they correspond to intersecting particle trajectories (see figure 4) and should describe criticality
in gases of intersecting loops. Actually, the relevance of RPY~1 and CPYN~! models for gases
of intersecting loops was discussed in [43]. Here we are finding the corresponding C PN~ fixed
points and showing that they exist up to N = 2.

We then see that the fixed points of the C P ~! model coincide with those of the O(N? —1)
model only for N > 2, where — at least for NV integer — the notion of continuous symmetry
holds and does not allow for long range order. O(N? — 1) fixed points are then obtained as a
consequence of the fact that for N > 2 there are only solutions with py = ps = 0 (or equivalent
to them at N = 2,3). When moving away from criticality, on the other hand, ps and p; are
expected'? to develop nonvanishing values, thus producing deviations'® from the off-critical
O(N? — 1) behavior that vanish as T — 0. These conclusions parallel those we reached for the

RPN~1 model in [29, 30], whose basic findings we recall in the next section.

are descendants with dimension A +n, n = 1,2,.... In addition, the duplication of solutions pointed out in
footnote 4 causes A, to go into itself under shifts by half-integers.

H1Gee [36] for details about A, in the O(M) model.

2Not for N = 2, given that CP* ~ O(3).

13In particular, contrary to the O(N? — 1) model [53], the CPN ™! model is not expected to be exactly solvable

away from criticality [54, 55].
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Figure 8: Solutions of the fixed point equations for RPY~! symmetry [29, 30]. The dashed
vertical line indicates the value N = 2.24421.. .

6 Parallels with the RPY ! model

We briefly point out similarities and differences between the above results for the C PN =1 model
and those obtained for the RPY~! model in refs. [29, 30], to which we refer the reader for the
detailed derivation. The RPN~1 model, defined by the lattice Hamiltonian

Hppy-1 ==Y (si-s))% (57)
(i,)

differs from C' PN~ for the fact that the spin variable s; is real, so that the model is invariant
under global O(N) transformations and local spin inversions. The scale invariant scattering de-
scription proceeds through steps analogous to those of the present paper, starting from an order
parameter that is now a traceless symmetric tensor. This allows a larger number of contractions
between pairs of particle indices, but there are still 11 amplitudes Sy, ..., S1; parametrized as in
(6), (7), (19)-(24). When ps = p5 = 0, the fixed point equations reduce to those of the O(My)
model, with My = N(N +1)/2 — 1. As a consequence, there are solutions Al, A2 and A3 that
correspond to the solutions I, IT and III, respectively, of table 1 with M = Mp. Al is the only
solution for N > 2.24421... More precisely, at N = 3 there is an isolated solution B3, but we
have now checked that it is equivalent to Al by the same mechanism discussed in the previous
section for solution B in CP%. At N = 2, solution A3 goes along with two additional solutions,
B1 and B2, which also possess a free parameter and provide alternative realizations of the BKT
phase in the RP! ~ O(2) model. Finally, we show in figure 8 how for N < 2.24421.. there is a

rich pattern of solutions that we determined numerically.
We can again use (56) to determine the conformal dimension A, taking into account that

(55) is now replaced by

WD) G, 4 Gy 4 Gy + 2 WUV (g | 6py 4 9 N=2 g (58)
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Figure 9: A, for the different RPN~ solutions.

in terms of the RPN~ amplitudes S; given in [29, 30]. The result for the different solutions
is shown in figure 9. Notice that N = 2.24421.. is the threshold value below which solutions
that are not (or not equivalent to) O(M) solutions appear, a threshold that in CPN~! occurs at
N = 2. While in the previous section the correspondence C' P! ~ O(3) allowed us to anticipate
that all the ”threshold solutions” should be equivalent to Al, a similar argument is absent at
the RPN~ threshold, and indeed figure 9 illustrates that the solutions at N = 2.24421.. are not
related to Al.

7 Conclusion

In this paper we used scale invariant scattering theory to determine the exact fixed point equa-
tions of the two-dimensional C PN~1 model for real values of N. We found that only solutions
of O(N? — 1) type exist for N > 2, and account for a zero temperature critical point. Addi-
tional solutions existing at N = 2,3 actually correspond to alternative scattering realizations
of the same O(N? — 1) fixed points. We also found that a topological transition of BKT type
only exists for N = ++/3, where O(N? — 1) = O(2). Several branches of fixed points that are
not of O(N? — 1) type appear below N = 2 and are expected to describe criticality in loop
gases. These solutions are characterized by amplitudes with nonvanishing transmission and cor-
respond to gases of intersecting loops, examples of which were considered in [43] and related to
the RPN~1 and CPV~! models. It is interesting to observe how these new fixed points only
emerge for N < 2, where the model only makes sense within the loop gas continuation to real
values of N. For integer N > 2, the continuous symmetry does not allow ordered phases in two
dimensions, and the fixed point equations have solutions only in the subspace with ps = p5 = 0,
where they coincide with those of the O(N? — 1) model. On the other hand, for N > 2, these
scattering parameters are expected to develop nonzero values, so that the O(N? — 1) behavior

only arises asymptotically in the zero temperature limit. An exception is provided by N = 2,
since C P! ~ O(3). We recalled for comparison how in the RPN~ model, where RP* ~ O(2)
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has a finite temperature BKT transition, the space of fixed point solutions becomes larger than
that of the O(N(N +1)/2 — 1) model for N < 2.24421.. [29, 30].

It is also worth stressing that scale invariant scattering theory only exploits conformal in-
variance of critical points and the internal symmetry of the Hamiltonian, so that the space of
solutions of the fixed point equations includes the critical points for both the ferromagnetic and
the antiferromagnetic cases, a circumstance illustrated in more detail in [33, 39] for the g-state
Potts model.

We finally point out that our results for the fixed points of the renormalization group,
characterized by diverging correlation length and scale invariance, add nothing to the debate
[56, 44, 57] about the possibility of a first order transition for N large in CPN~! and RPN ~!
models, for which a first order transition at N = oo was deduced in [58, 59] and shown to be

absent in numerical simulations performed up to N = 40 [17].

A Analytic solutions

We list in this appendix the solutions of the fixed point equations (48)-(53) that we deter-
mined analytically. With respect to table 3, we also use the equations (43)-(47) to express the
amplitudes S;>7.
e Solution Alay is defined for N € R and reads

p2 =50, pr =ps=ps=ps=p7r=py=pio=0. (59)
e Solution Alb4 is defined for NV € R and reads

p2=—S0, pr=ps=p5s=pg=pg =0,
_250 . pP7 (60)
P7—N , P10 = N’

e Solution A2, is defined for N € [—+/3,/3] and reads'

1
pr=1,pa=ps=ps=py=0, cosp=(£)5V3—-N?,

2
in ¢ (j:)1 1+ N2 ) R ) (N) cos ¢ 61
Sin = — = = CO = —Sgn COS
2 PTENCRTND 8 ! (61)
9 S,
sinty = sgu(N)sin g, pro = —s? ~ 20

e Solution A3, is defined for N = +4/3 and reads

Y
Plz\/l_pg7p2€[_1=1]aP4:P5:P9:07 ¢:(i)§7¢:i¢,

=l =P P
|N| 2 N N

1Signs enclosed in parenthesis are both allowed.
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Solution ‘

pooss |

P2
Cl | & (-5-3VIT) |~y /5 (95— 7VI7) | & (-23-VIT) | £y/3(95-7VIT) | L(VIT-1) | & (5+3VIT)
C2 5 (=5 =3V1T) | /3 (95-7V17) | & (=23 =V17) | —5/5 (95— 7V1T) | L (VIT—1) | 25 (5+3V17)
C3 L (-3V1T) | =&\ /3 (95+7VIT) | L (23-VIT) | Ly /i (95+7VIT) | T(1+VIT) | & (3VIT-5)
C4 = (5-3V17) | £4/3(95+7V17) | &£ (23—-V1T) | —5/3(95+7V1T) | Lt (1+V17) | & (3V1T-5)
C5 L (BVIT=5) | = /2 (95+7V17) | & (VIT—23) | L/ (95+7V1T) | 4 (-1-V17) | & (5-3V1T)
C6 L (3VIT—5) | /L (95+7V1T) | & (VIT—23) | —&\/L(95+7VIT) | L (-1-V1T) | & (5—3VIT)
C7 5 (5+3VIT) | = /3(95-7V1T) | & (234 V17) | H54/3(95-7V17) | £ (1—-V17) | 55 (-5 —-3V17)
Cs L (G+3VIT) | HE05-TVIT) | 23+ VIT) | =L /E(95-TVIT) | 1(1-VIT) | & (=5 3V1T)
D1 -4 -~ -4 <2 : :
D2 _3 V15 _3 _V15 1 3
4 8 16 16 8 4
D3 3 _ V15 3 V15 1 _3
4 \/% 136 1615 ? ;1

D4 : 5 16 ST . —3

Table 4: Solutions of equations (48)-(53) at N = 2; we omit Al.

e Solution B4 is defined for N = 3 and reads
1 1 T T
PL=pi=ps=g5, p=p=p==t;,d=gEo=0+T=0+,
63
_p2+50 _opr 1 (63)
= 3 » P10 = T3 T3

In the next appendix we show that solutions (59) and (60) differ only for the way the trace
mode decouples (as a free fermion or a free boson); this is why they both appear in table 3 as
solution Al. Table 4 gives the solutions at N = 2.

B Mapping of nonmixing solutions

Equation (46) shows that the solutions with ps = p5 = 0 also have pg = 0, and then Sy = S5 =
S¢ = S9 = 0. Figure 4 shows that the vanishing of these amplitudes eliminates the mixing of
indices coming from different particles, and for this reason we refer to this type of solutions
as "nonmixing”. We now show how, through a change of basis, these nonmixing solutions can
all be expressed as those of a system consisting of an O(N? — 1) vector and a scalar that are
decoupled. The amplitudes for such a system, in which the scalar and the vector in general

interact [37], are shown in figure 10 and take the form

S = 85 = phe', (64)
Sy = S5 = ph, (65)
Si = S§ = phe™’, (66)
S5 = Sg" = pk, (67)
S7 =87 =" (68)




. 4 . 4 4 .
S L SN S ¢, AN
~- .~ ¢ ,' ~
*
N A3 .
2R . S
. ~ . ~
. S S S

S S S S, St Sk St

Figure 10: Scattering processes for a vector particle multiplet (continuous lines) and a scalar

particle (dashed lines).

The change of basis that we perform in the C PN ~! model is

B0) = 3 laa).
) =4 HHlab) + FHba), p=ab, a#b, (69)
k
7F<Z+l)<21m> k|<k+1><k+1>>> w=kk, k=1..N-1
z

with (®,|®,) = 6,,, and the trace mode ®g being the scalar of the vector-scalar system. The

scattering matrix for the non-mixing case of the C PV~! model can now be expressed as

S0 = (10,677 + S58607 + 5565,60) 690064508 + S4(8,,6608 690, + 0569677 655 )

o _ o o 70
+ 5500600668 + S6(85,60066080 + 685 850085) + 57606056 0,06 + 81,8505 6055 ) )
where 5” =1-4,, and

St = (,,[S]9,,) = Si, (71)
Sy = (9,9,[S|®,P,) = Ss, (72)
S = (8,8,[5/9,8,) = S, (73)
Sﬁ,l <@0@0‘S‘@ ) > = <q)y(I>V’S’(I>Oq)O> =51+ NS1; (74)
SL = (Do ®g|S|PoPo) = Sy + Sz + S3 + 2N (S7 + Ss) + N%S1o + 2N 11, (75)
S = (@, D0[S|Po®P,) = (PP, [S|P, D) = 53+ NSs, (76)
S7 = (PoP,[S|Po®,) = (P, Po[S|®, Do) = Sz + NS7. (77)

Using the trace decoupling equations (43)-(47) the relations (71)-(77) reduce to
Si - Sl 5 S2 SQ 5 S3 53 5 54 56 == 0 S5 57 SO, (78)

which exhibit the decoupling between the vector and the scalar (recall that Sy = +1). Table 5
gives the explicit form of the C PV ~! nonmixing solutions in terms of the vector-scalar ampli-
tudes. One sees, in particular, that solutions Alas and Alb+ only differ for the nature of the

decoupled scalar (fermionic or bosonic).
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/

Solution ‘ N?2 -1 ‘ o ‘ 0 ‘ cos ¢’ ‘ o4 ‘ A ‘ 0%

Alay R 0 So - 0 | Sp | So
Alby R 0 —So - 0 | So | So
A2 | [-2,2] 1 0 (£)2V3-N2| 0 | Sy | So
A3 2 V1-0p% | [-1,1] 0 0 | So| So

Table 5: Nonmixing solutions of the C’ PN~ model in terms of the amplitudes of the vector-scalar

system. Signs in parenthesis are both allowed, and Sy = +1.
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