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Abstract

We study the regularity of the flow X (¢, y), which represents (in the sense of
Smirnov or as regular Lagrangian flow of Ambrosio) a solution p € L (R4*!) of
the continuity equation

d;p + div(pb) = 0,

with b € L! BV,. We prove that X is differentiable in measure in the sense of
Ambrosio—Maly, that is

X, y+rz)—X(t,y)
r

—>O W(t, y)z in measure,

where the derivative W (¢, y) is a BV function satisfying the ODE

d (Db),(dt)
—W(t,y)=———W(t—,y),

& (t,y) T— ) (=, y)

where (Db),(dt) is the disintegration of the measure f Db(t, -) dt with respect to
the partition given by the trajectories X (¢, y) and the Jacobian J (¢, y) solves

%J(t, y) = (div b),(dr) = Tr(Db),(dr).

The proof of this regularity result is based on the theory of Lagrangian repre-
sentations and proper sets introduced by Bianchini and Bonicatto in [16], on the
construction of explicit approximate tubular neighborhoods of trajectories, and on
estimates that take into account the local structure of the derivative of a BV vector
field.
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1. Introduction
We consider a vector field b : R x RY — R4 of class L[1 BV,, and a solution
p € C([0, T], LSVO(Rd )) to the continuity equation
dp +div(ph) =0,  (t,x) € (0, T) x R?, (1.1)

We assume that b and p are compactly supported. From the results of [16], it follows
that o has a unique representation is terms of characteristics, that is absolutely
continuous solutions to the ODE

d
v = bt,y(®), 1€©T).

More precisely, there exists a unique flow X : [0, T] x RY — R4, defined for
(0, )£ -almost everywhere y € R?, such that

p(t,-) = X(t,):(p(0, )L,

which means that, for every test function ¢ € C°((0, T') x Rd),

/<p(t,x)p(t,X)dx=/ @(r, X(t,y))p(0, y)dy.
R4 R4

For the precise statement, see Theorem 3.5 of Section 3.2. The appropriate notion of
flow for ODEs driven by rough (non-Lipschitz continuous) vector fields, introduced
in the seminal papers [8,40], is the one of regular Lagrangian flow, which consists
of a measurable selection of characteristics such that X (¢, ')ﬁLd < C £4 holds (see,
for example, [9, 10] for further information).

The main result of this paper is the differentiability in measure of the flow X
(in the sense of Ambrosio-Maly, see [13]). Let (Db), be the rescaled conditional
probabilities associated with the disintegration of Db along the trajectories of X;
that is, if

F=Jxw. 7).y,

yeF

where F is a o-compact set where p (0, -) is concentrated, then (up to a negligible
(0(0, )L)-se)

Db_y= / (Db),(dr) L4 (dy),
F
or, equivalently, for every test function ¢ € C.(RT x RY),
/ @(t, x)Db(dr dx) = / (/ p(r, X (1, y))(Db)y(dt)>£d(dy)-
F F R+
Similarly, for the divergence div b, we can write
divb. r= / (div b)y(dt)Ed(dy), (divb)y, = Tr(Db),.
F

Our main theorem is as follows:
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Theorem 1.1. (Differentiability in measure of the flow associated to a BV vector
field) The flow X : [0, T] x R? — R is differentiable in measure at any time
T > O: that is, for every ¢ > 0, we have

> e}) =0,

(1.2)

, X(T,y+rz)— X(T,
}%LZd({(y,z)eRdef’(O): (Ihy+r2) ( y)—W(T,y)-z

r

for some matrix valued function W (T, y). Moreover, the matrix W (¢, y) satisfies
the ODE

d _(Db),(dr)
=T

Wi—,y), W(QO,y)=y, (1.3)
and the Jacobian J (t, y) satisfies the ODE

d .

a](t, y) = (divbh), = Tr(Db),(dr), J(O,y) =1 (1.4)

In the statement W (t—, y), J(t—, y) are the left limits of W (-, y), J(-, y),
whose existence follows from the fact that they solve their respective ODE with
measure right-hand side and then are BV functions of time; we also notice that, in
general, W (-, y) and J (-, y) are discontinuous due to the singular measure (Db),.
We remark that the convergence in measure expressed by formula (1.2) can be
written equivalently as

X(T, — X(t,
lim// 1/\‘ T, y+r2) (y)—W(T,y)~z dydz = 0.
R4 J B¢ (0)

r—0 r

1.1. Uniqueness and regularity of the flow associated to a rough velocity field

The study of the well-posedness of transport equations driven by rough velocity
fields started with the pioneering paper [40], where DiPerna and Lions introduced
the notion of renormalized solution and proved existence and uniqueness for (1.1)
in the case of Sobolev W!-? vector fields (with p € [1, oo]) with bounded diver-
gence (or divergence in a suitable L” space). Ambrosio extended the theory to
BV vector fields with bounded divergence in [8] (see also [32,48]). More recently,
Bianchini and Bonicatto proved a uniqueness result in the more general case of
nearly incompressible BV vector fields (see [16]), obtaining, as a consequence, a
positive answer to Bressan’s compactness conjecture (see [27]). We refer also to
the more recent [17] for a variation of the strategy in [27].

A locally integrable vector field is called nearly incompressible if there exists a
solution C~! < p(r, x) < C for £4~-almost everywhere (7, x) € (0, T) x R¥ to
the continuity equation (1.1); such assumption is implied by the stronger condition
—b € L*°. We refer the reader to [9,10,37] and the references therein for a more
comprehensive overview of this area of research.
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Incase b € L} le’l and divergence-free (plus some growth assumptions), in
[46], Le Bris and Lions proved that, if X (¢, y) is the unique regular Lagrangian
flow generated by b, then there exists a limit for the incremental ratio

X, y+er)— X, y)
3

— W(t, y,r) in measure,
e—0

and W (¢, y, r) is a renormalized solution to
oW, y,r)=Vyb(X(t, y)W(t,y,r), WQO,y,r)=r, X =b@,X),
or, equivalently, any renormalized solution to
oot x,w) +b(t,x) - Vip(t,x,w) + (Vb(t,x) - w) - Vyo(t,x,w) =0
is given by
o, X(t, y), W(t, y,r)) = ¢, y,r).

In [13], Ambrosio and Maly proved that W (¢, y, r) = W (¢, y)r, and compared this
differentiability in measure to other notions of differentiability. As it turns out (see
[13, Section 5]), this property is much weaker than approximate differentiability
(see [11, Section 3.6]).

Approximate differentiability of regular Lagrangian flows generated by W!?
vector fields, with p > 1, was first obtained by Ambrosio, Lecumberry and Maniglia
in [12]. In [33], Crippa and De Lellis improved this result by proving a quantitative

estimate of Lusin—Lipschitz type for the flow generated by a L ,1 le’p vector field
with bounded divergence, with p > 1: for every ¢, one can remove a set of measure
e and X (¢t = T) on the remaining set coincides with a Lipschitz continuous function
having Lipschitz constant e/¢. Their approach is based on a priori estimates for
a functional measuring a “logarithmic distance” between two flows associated to
the same vector field (see also [21,24,34,44,45,49,53-55,57,58] for related results
that rely on this strategy). However, as noted in [31], this approach cannot be used
to prove a regularity result for the flow associated to a BV vector field.

A quantitative Lusin—Lipschitz regularity results for the flow X associated to
a vector field b implies lower bounds on the mixing scale of passive scalars driven
by b through the transport equation (1.1) (see [56]). In particular, extending the
result by Crippa and De Lellis to the case p = 1 would give a positive answer
to the well-known Bressan’s mixing conjecture proposed in [28] (see also [5—
7,15,29,30,35,36,41,43,47,50,51,59,62] for related results on both transport and
advection-diffusion equations).

For the special case of bounded autonomous divergence-free vector fields b
BV (R?; R?) with compact support, in [23], Bonicatto and Marconi proved a Lusin—
Lipschitz regularity result and showed that the Lipschitz constant grows at most
linearly in time. In this setting, the analysis is facilitated by the Hamiltonian structure
of the vector fields (see [2-4,18,20,22]).

In the present paper, we establish the differentiability in measure for a nearly
incompressible vector field b € L ,1 BV,. Our approach is based on the localization
of the problem (which relies on the theory of proper sets introduced in [16]): we
exploit the local structure of the vector field b to prove differentiability in measure
locally; then, Theorem 1.1 is obtained by suitably combining the local estimates.
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1.2. Notations

For an integer d = 1, the d-dimensional Euclidean real vector space is de-
noted by RY. We write the component of a d-dimensional point or vector as

x = (x1,...,Xxq); we also write x;; 7 . to denote the point obtained by removing
the coordinate component i, j, ... from x. The unit vector along the i-coordinate
is €;.

The d-dimensional ball in R of radius r centered at x is written as B;l (x).
Givenacurvet — y(t) € RY, we write

UJr® + BE© = {(t,x) L ef0,T) [x —y()] < R}.
t

The relative closure of the set A in the topological space B is denoted by
clos(A, B); we also write clos A when the ambient topological space is clear. Simi-
larly, the interior of a set A is written as int A or int(A, B). The boundary is denoted
by Fr A or Fr(A, B) or, sometimes, by the standard notation 0 A. We write A € B
if clos A is a compact set contained in B.

Iis the identity matrix, the minimum between two quantities a, b is denoted by
a A b, and the maximum by a V b.

The d-dimensional Lebesgue measure is denoted by £¢, and the k-dimensional
Hausdorff measure by H¥.

If X is a set and <7 is a o-algebra on X, we will call (X, &) a measure space.
A measure w is concentrated on aset C C X if |u|(X\C) = 0. Let u be a measure
on (X, &) and A € o/ . We define the restriction L of u to A as the measure on
o givenby uLa(E) ;== u(ANE)forany E C .

The o-algebra generated by open sets is called Borel o-algebra and will be
denoted by A(X). Let X, Y be two metric spaces, u a measure on (X, #(X)) and
f : X — Y aBorel function. We define the push-forward of u with respect to f
as the measure on (Y, #(Y)) given by fiu(B) = w(f~Y(B)) forall B € B(Y).
In particular, for a Borel map g : ¥ — R it holds that

/Y s (far)(dy) = /X (g0 FHOR().

The disintegration of a measure | with respect to a partition {Ag} is written
as

n= /Mafnu(da),

where f is the partition function, that is f -1 (@) = Ay (see [42, Section 452]).
The Lebesgue spaces L? (X, u; Y) are defined in the usual way; if X = R4 and
w = L9, we just write LP(Rd; Y); if, moreover, Y = R, we write L?(R9). We
use the standard notation for Sobolev spaces. We denote by [M;,-(X)]" and by
[M(X)]™, respectively, the space of R™-valued Radon measures and the space of
R™-valued finite Radon measures. The space [M(X)]™ is a Banach space with the
norm |||l pmq = || (X), where || is the fotal variation of the measure w. In the
casem = 1, we denote the set of signed Radon measures, positive Radon measures,
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and finite Radon measures by M(X), M*(X), and M, (X) respectively (see [11,
Chapter 1]).

We say that b € L'(Q; R™) has bounded variation in 2, and we write b €
BV($2; R™) if Db is representable by a R"*“-valued measure with finite total
variation in . Endowed with the norm [|b|lpv(Q) = fQ luldx + |Db|(R2) =
b1l L1 (q) + I Dbl M), the space BV(€2; R™) is a Banach space (see [11, Chapter
3]). We will use the notation

Db = Dcontb+ Djumpb = D*p 4+ Dcantorb+ Djumpb

for the continuous, jump, absolutely continuous, and Cantor parts of Db.
Given a Banach space X, by L?([0, T]; X) we denote the Lebesgue-Bochner
space of strongly measurable maps f : [0, T] — X with ||f||1L’,,([0 LX) =

fOT I fII%; df < oc. For the sake of brevity, we often write L} X, to indicate
LP([0, T]; X). We add the subscript loc to denote properties which holds locally.

For a vector field b : R9t! — R4, sometimes we also use the notation b(7) :
RY — RY: moreover, for the vector field b € L [1 BV,, we write Db to denote the

measure
/(p(t,x)Db(dtdx) :/[/w(t,x)Db(t,dx)]dt,

while Db(t) denotes the space derivative of b at time ¢. Similar notations are used
for |Db|.

We write f(x=+) to denote the right/left limit of f in x (when such limit exists,
for example in case f € BV(R), see [11]).

If A is a Borel set of positive measure, we write the average integral of f €
L'(u) as

1
]if(x)u(dx) = mAf(x)u(dx).

We say that y : (t7,¢t7) — R? is a characteristic of the vector field b :
R x RY — R? if it is an absolutely continuous function such that

d
Ey(t) =b(t,y () for £!-almost everywhere r € (t7, ™). (1.5)

If the ODE above generates a flow, we use the notation X (¢, s, y) for the solution to
(1.5) with initial data y at time s. The graph of X in a time interval (s, ¢) is denoted
by X ((¢, s), y), and when we restrict the curve to some open set 2 we will use the
notation X (¢,77(y), y), withy € 9Q and X (¢~ (y),t (v), y) = y; the exit time
is denoted by T (y). For the sets (perturbed proper sets) that we are considering
in this paper, all quantities (entering/exiting time 7= (y) with respect to the regular
Lagrangian flow X) are well defined (cf. the discussion in [16]).

If K is a compact set of initial data, we use the notation /C to denote the union
of its trajectories,

K= X m.on.».

yekK
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2. Structure of the Paper

The proof of our main result is quite technical. In this section, we outline its
structure and the reason of the technicalities. Moreover, we provide a sketch of
the proof under the stronger assumption b € L ,1 W,Cl’1 (which makes the argument
much easier) and show where the difficulties for the BV case lie.

In Section 3, we present some preliminary results that are needed in the proof of
our main theorem. In Section 3.1, we collect some technical results on the existence
of open sets  C [0, T'] x R? with particularly nice properties for the vector field
(1, b), the so-called proper sets, introduced in [16]. Roughly speaking, these are
open sets where the problem can be meaningfully localized. Since the argument of
the proof is based on the analysis of local properties of the vector field b, the tool
of proper sets plays a fundamental role. The main results are Lemma 3.2, which
states that there are sufficiently many of them, and Theorem 3.4, which allows us
to perturb them so that there are finitely many “time-flat” boundary regions where
the majority of the flow of (1, b) is entering or leaving. The motivation for this
construction is that it is much easier to state the differentiability of the flow X when
it is parameterized by its crossing point y on a flat surface; we acknowledge that it
is also possible to avoid this, but we decided to use perturbed proper sets since this
tool has already been established in the literature (see [16]).

Section 3.2 deals with Smirnov’s decomposition of (1, ), which is stated in
Theorem 3.5: that is, thanks to the superposition principle, which has been estab-
lished by Ambrosio in [8] (see also [60] in the context of a general normal 1-current
and [61]), every non-negative (possibly measure-valued) solution to the PDE (1.1)
can be written as a superposition of solutions obtained via propagation along the
characteristics of b (such representation is also called a Lagrangian representation,
see [16, Section 5]). Theorem 3.5 is used to construct L solutions p satisfying
(1.1) by considering the curves y, of the decomposition which start from 0 and
arrive to T, and such that the Jacobian of the transformation y(0) +— yq(¢) is
uniformly bounded.

In Section 3.3, we observe that our main theorem also gives the differentiability
in measure of the Smirnov decomposition of (1, b): by a countable partition of the
set of curves {y,}q used in the Smirnov decomposition, one can find countably
many L*-solutions p; L4, i € N, of (1.1) defined for r € , tl.+) such that

Z oi =1 L% almost everywhere,
ieN

and apply Theorem 1.1 to this set of trajectories. Finally, in this section, we also
select the curves for which we address the differentiability in order to have a uniform
control of the rescaled conditional probabilities (Db), and (divb), and to have
y — X(-, y) continuous in C°. The precise statement is in Proposition 3.6, which
is an application of Lusin’s theorem.
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2.1. Caseb € L} wi!

We sketch the proof of differentiability in measure for the case b € Ltl le’l.
Under this assumption, we can directly estimate

. X(T,y+ - X(,
hm/ / 1/\‘ Ty 7)) =XV wer elp. ) dzdy,
™0 Jrd J B (0) r

where W (¢, y) solves the ODE

d
aW(t, y) =Vb(t, X, y)W(t,y). 2.1

Here we make use of the fact that the rescaled conditional probabilities (Db), are
given by Vb(t, X (¢, y))J (¢, y) due to the change of variable (¢, x) — (¢, X (¢, ¥))
and Fubini’s theorem. We remark that, by Fubini’s theorem, we also have
Vb(t, X(t,y)) € L' (0, T), so that the ODE (6.1) is well-defined.

Being that W (¢, y)z is a Lipschitz continuous function in z and an absolutely
continuous (a.c.) function in ¢, we can use the following estimate for Lipschitz
semigroups (see [25, Lemma 4] or [26, Theorem 2.9], applied here as in Corol-
lary A.2): for p(0, L4 -almost everywhere y € R4, if tT(y,rz) € [0, T] is the
exit time of the trajectory X (¢, y + rz) from the set

Xy + B = {(t,x) 1[0, 7] |x — Xt )| < R},
t

then

’X(I“L(y, rz),y+rz) — Xt (y,r2), y) — Wt (y, rz), y)rz

tt

T »,rz)
<eh 'D”'“X(l*mdf/ |b(t, X(t,y +r2)) —b(t, X(t,y)) (22)

0
— Vb X(t ) (X (1, y +72) — X(t, ) ‘ dr.

This estimate follows from integrating of the infinitesimal error at time ¢ > 0
b(t,X(t,y +rz)) —b(t, X(1,y) — Vb, X1, ) (X (1, y +rz) — X(1, ),

T
along the trajectory, and multiplying it by the Lipschitz constant eJo 1P?1(.X(t.y)ds
of the semigroup generated by (2.1). Since we are considering trajectories

{X (-, ¥)}yek such that

T
/ IVb|(t, X(t, y))dt <M, forally e K 2.3)
0

for some fixed M (this is part of the statement of Proposition 3.6, see discussion
above), we have the exponential factor in (2.2) is bounded by eM and the Jacobian
is controlled by

J(t,y) €[1/C,Cl, (2.4)
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and then, integrating for all (y, z) € K x Bi’ (0), we obtain the bound

/K/Bd(()) ‘X(I+(y, rz),y +r2) — X" (y,r2), y) = WtT (v, r2), y)rz| dzdy
1

*(y,rz)
< oM / / / Ib(t, X (1, y +r2)) — b(t, X (1, y))
Q2.2 Kk JB{©0) Jo

— Vb(t, X1, y)(X (. y +r2) — X(1, y))‘ drdzdy (2.5)

R\ _ T
< Cd(—> CZgM/ ][ / ]b(t, x +w)—b(t,x) — Vb(t, x)w‘ dr dw dx
Q.4 r K JB%©) Jo

R\AHL . T
< Cd<—> C2eMy / ][ / |Vb(z, x+w)— Vb(, x)| drdw dx,
r JR4 JBE(0) JO

where Cy is a dimensional constant and

K={]Jxqo.71.y.

yek

The last integral in (2.5) converges to 0 due to the continuity of translations in L',
and this shows that the set of trajectories starting in B;’ (y) and exiting the cylinder
X(t, y) + B%(0) with

R =2eMr (2.6)

can be made arbitrarily small and, for the remaining ones, the double integral
converges to 0: more precisely, since by (2.1) and (2.3) one has |W(z, y)| < M,
then, by Chebyshev’s inequality,

ﬁ”({(y,z) € K x B{(0) : ]X(zﬂy,rz), y+rz) — X(tT(y, r2), y)’ > 2eMr})
= 52[1({(% )€K xB{(0): )X(ﬁ(y,rz),y +rz) — Xt (y,r2), y)
- W@t (y,ra), y)‘ 2 eMr})
= ﬁ /K /Bi’m) ‘X(tJr(y’ rz),y +rz) = X" (v, r2), y)

—Wt(y, r2), y)rz

dzdy

T
< Cd(ZeM)d+lC2/ ][ / |Vb(t, x + w) — Vb(t, x)| dt dwdx — 0.
RI B;ieMy(()) 0 r—0

This yields the convergence in measure.
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2.2. Case b € L! BV,.

The argument above also highlights what is the key difficulty of the BV case:
the dependence R? > y +— (Db), € M(R) is only weakly continuous, and then
(2.5) gives only a bound in terms of the constant |Db|,(0, T) < M, and the last
integral of (2.5) does not converge to 0. The present paper deals precisely with how
to remove this difficulty.

The following diagram represents a general scheme of the proof and outlines
its various components as well as the relations among them:

Section 4: the analysis of Section 6: the local
the linearized ODE (1.3) differentiability for the
with useful estimates. a.c. D*<b.

NS

Section 5: the general
argument on how to
prove differentiability in
measure from a local
approximate version of
differentiability in

measure.

Section 8: the
construction of a

Section 7: the local suitable partition into

differentiability for the proper sets by piecing

singular part D*"2p. together the estimates
for the singular and a.c.
parts of Db.

The sections are almost independent from each other, and their arrangement in the
paper could be altered. We first study the ODE (Section 4) to obtain some useful
bounds on W (¢, y), and then present the local-to-global argument (Section 5), in
order to have a clear picture of the local estimates one has to prove. As one can
imagine, the most complex part of the paper is the one concerning local estimates
for the singular part DS"2p.

In the remaining part of this introduction, we present a detailed description of
these core sections. According to the notations of Section 1.2, we write (¢, t™) for
the interval of time a trajectory spends inside an open set €2 (and (7; (y), ti+ () if
the trajectory is X (¢, y) and the open set is €2;). When we are considering a single
proper set €2, trajectories are parameterized by their entrance point y, and are
considered distinct after reentering. This is in accord with the property of proper
sets that the restriction of a Lagrangian representation to a proper set is still a
Lagrangian representation (see [16, Section 5]).
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In Section 4, we study the ODE (1.3) for the Jacobian matrix W (¢, y), that is

iy = DB

Since this is not the classical setting, we provide a constructive proof of the well-
posedness theorem (Theorem 4.1) based on the convergence of an Euler scheme.
An interesting observation (Remark 4.3) is that if we require the ODE for W to be
time invertible, that is that W (T — ¢, y) satisfies

Gty = _PLED

W(T —t+,y), W(QO,y) =y,
” Ta+.y) ( +.5) 0, y)=y

the rank-one property of the vector field is needed (see [1]). This remark could be
used in the case of 2d-autonomous vector fields to have another proof of Alberti’s
rank-one theorem, because in this case the well-posedness does not require rank-
one (see [4]), although clearly there are much simpler proof of rank-one property
in the literature (see, for example, [38,39,52]).

The core of the proof is in the next four sections: in order, first, we present
the argument to prove the differentiability in measure if there exists a partition
into perturbed proper sets where suitable properties are satisfied (Section 5), then
these properties are proved for the a.c. part of the derivative (Section 6) and for the
singular part (Section 7), and finally the partition is constructed (Section 8).

The local-to-global argument is in Section 5: we prove that the existence of
a partition into (perturbed) proper sets where approximate local differentiability
assumptions are satisfied implies a global result on differentiability in measure. In
the beginning (page 18), the key assumptions on the partition into perturbed proper
sets are stated, which can be explained as follows: apart from the smallness of a
measure 4 p controlling the total error (Assumption (1)) and the fact that the trajec-
tories considered for the differentiability are sufficiently close (Assumptions (2) and
(3)), the key assumption is that there exists an approximate flow X, y; t, z) which
approximates both the perturbation X (¢, y 4+ z) — X (¢, y), when the latter quantity
has R¢-norm smaller than r, and also the derivative W (¢, )z (Assumptions (5) and
(7)). Moreover, the approximate flow X has a controlled growth, as in Assump-
tion (6). The reason why we need to introduce this approximate flow X is because
y > (Db), is only weakly continuous, as we explained before in Section 2.1, so

we choose a flow X that solves an ODE for which the convergence of X to (Db) y
is in mass and not in the weak sense (or, equivalently, their difference in norm is
small). This comparison works only at the initial and final time (as shown also in
Assumption (7), where the comparison is directly between X (r, y + z) — X (¢, y)
and W (¢, y)z). There are some additional technical assumptions, in particular that
the estimates are valid only after removing some trajectories (Assumption (4)),
which is also the reason why we obtain only differentiability in measure (instead
of approximate differentiability).

The argument to pass from these local assumptions to a global differentiability
result is presented in Proposition 5.1. First, we remove all trajectories which do
not satisfy the previous estimates in some of the sets €2; of the partition: these
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are controlled by the measure u p, which is assumed to be small (Step 1-3 of the
proof). Second, we control the perturbations X (¢, y + z) — X (¢, y) which do not
remain close to 0 (that is X (¢, y 4+ z) not close to X (¢, y)) for all r € [0, T] (Step
5-11 of the proof): the idea here is that, in order to exit the ball B;‘g (X, y)),a
trajectory has first to growth much more of the approximate flow X (R, y; t,z),and
a suitable choice of the initial distance r and of R yields a control on these runaway
trajectories (similar to (2.6)). For the remaining ones, a suitable comparison with
the linearized flow W (¢, y)z holds. This yields the differentiability in measure (Step
12-13).

Sections 6 and 7 show that it is possible to construct proper sets where the local
estimates required at the beginning of Section 5 are satisfied. The analysis of the
absolutely continuous part is roughly the same as the one sketched in Section 2.1
for the b € L,1 W;’l case; as an additional error term, the mass of the singular
part DS"€p inside the proper set also appears. The analysis of the singular part is
instead the core of the paper, and requires many technical estimates. The first step
is to consider a small neighborhood of a Lebesgue point of the singular part of the
derivative (Section 7.1). This allows us to write Db ~ & ® 7| Db| (by Alberti’s
rank-one theorem), and to use the latter measure to build an approximate vector

- ~H
field whose flow is X. The definition of the approximate vector field b (r, y; £, w)
is in Section 7.2, and its explicit expression is in formula (7.5), namely assuming

i =e and £ = £1e; + &res,
£ —|Db|(t, X(t, y) + [w1, 0] x QH(r)) if w <0,

~H
brnyitow) = Zon ey IDb|(t, X (1, ) + [0, wi] x Q" (r))  ifw; > 0,

where
0" (r) = [-Hr, Hr] x BY%(0).
The choice of H follows the ideas of [8,16]. The parameter H needs to be suffi-
ciently large, while » < 1 in order to be inside the neighborhood of the Lebesgue
; ~H
points of DS"8p. How close b  is to Db is estimated in Proposition 7.1. The choice
~H
of b is based on the following considerations. First, the derivative depends es-
~H
sentially on first coordinate wy, so that b depends only on the first coordinate.
Secondly, the solution X " to the ODE (7.11), that is
d -H ~H ~H
EXI (rvy; tsZ) =b1 (r’y;tvxl (r9y; tsz))v
has the property that the flux across the cylinder

X +10. X7 (n y: 1,201 x @7 (),
t

is small (see Lemma 7.5). An important consequence of the control of the flux
across the boundary is that the quantity

0 _y B
/ b (r,y;1, X?(r, y;1,z1))dr s close in mass to (Db)y (1~ (), 17 (y)),
= (y)
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where (17 (y), t*(y)) is the interval of time where the trajectory is inside the per-
turbed proper set €2. This is the main difference in using the approximate flow

X H(r, y; t, z) instead of the linearized flow W (¢, y)z. The precise estimate is in
Proposition 7.7, Section 7.4.3.

. . < H .
The next step is to prove that the approximate vector field X (r, y; 7, w) is
close to the perturbation X (¢, y + w) — X(¢, y). The components not along & are
the easiest ones to estimate (see Lemma 7.9). The component along n = e; is

analyzed in two steps. First we assume that £; = 77 - & < 0, that is the flow X " isa
contraction (Lemma 7.2). In this case, the analysis relies again on the estimate (2.2)
and it is done in Proposition 7.3. The case 7 - £ > 0 is studied in Section 7.8. The
key observation here is that the control on the Jacobian J € [1/C, C] implies that
we can change coordinates from the initial point to the end point, so that reversing
time we come back to the contractive case: the key point is Point (4), page 45. The

main difficulty concerns the components along the direction of £ perpendicular to

7 (which we choose to be £ - ¢ = &): in this case, the approximate flow X 2
is not Lipschitz continuous, so that we cannot use estimate (2.2). The idea is to

exploit the fact that X H(r, v; t, x) depends only on w1, and we have a control on
Xi(t,y +w) — Xq1(t,y) — X{i(r, y; t, z): this allows to prove that removing a
small set of trajectories we still have that X, (¢, y +2) — X2(¢, y) — Xg(r, yit,2)

is small (see Proposition 7.11). The final step is to show how X " (r, y; t, z) isclose
to the W(z, y)z; this is analyzed in Section 7.6: first, we can replace (Db)y with
& ® n|Db|, with a controlled error; then, the explicit solution to the ODE

(t_v )’)

Wi, y)=E® r_)|Db|y(dt)VJ‘~/ . where J(z,y) = det(W(, y)),

is
W(t,y) =1+& ®ij|Dbly(t~(y), 1),

which turns out to be close to the perturbed flow X H. This concludes the estimates,
which are collected in Sections 7.7 and 7.8 .

Finally, Section 8 concerns the construction of a disjoint partition of [0, T'] x R?
into perturbed proper sets as required in Section 5 and is based on the analysis of
the absolutely continuous part (Section 6) and the singular part (Section 7) of the
derivative Db. First, we cover a large portion of the singular part DS"¢h with
disjoint perturbed proper sets so that the required estimates holds, and then the
remaining part. This is done in Theorem 8.1 and Proposition 8.2. The proof of our
main theorem is thus concluded.

In Appendix A, we give a proof of the estimate (2.2) in our setting.

3. Preliminaries and Setting of the Problem

In this section we collect some preliminary information on proper sets and the
decomposition of a BV vector field; then we present the setting of our problem.
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3.1. Proper sets

The analysis of open sets 2 such that bLg maintains suitable regularity prop-
erties has been carried out in [16]. In this section, we present the main definitions
and results.

Definition 3.1. (Proper sets) An open bounded set 2 C R4+ is called p(1, b)-
proper if the following properties hold.
(1) < has finite H?-measure and it can be written as
0@=JuiuN,
ieN

where N is a closed set with H4(N) = 0 and {U;};en are countably many
C!'-hypersurfaces such that the following holds: for every (r,x) € Uj, there
exists a ball B¢*!(¢, x) such that 3 N BI*1(z, x) C U;.

(2) If the functions ¢%% are given by

5 :
dist((z, x), R4\ Q) 1}
5 g,

¢* T (1, x) 1= max {1 _ dist(#, x), &) 0}7

o> (1, x) = min{ (3.1)

then

;1{% lo(1,b) - Vo> £ = |p(1,b) -n|HLyq,  weakly-star in M, (RIH).

where n is the outer normal to 9€2.

The condition (2) above can be seen as the requirement that the distributional
flow is actually crossing the boundary, for example there are no regions where the
flow is O but the trajectories hit the boundary: it requires indeed that the flux seen
by the functions ¢®* (which sees the trajectories next to d€2) converges in norm
to the distributional flux. See [16] for a deeper discussion.

It is possible to prove that balls B, (¢, x) and cylinders

Cylf:;‘ = {(r, y):|lt—t| <Lr|y—x—>b( x)(t —t)| < r}

are proper sets for almost everywhere r > 0 (see [16, Lemma 4.10]).

Lemma 3.2. For every (t, x) consider the family of balls {Brd'H (t, x)}r>0 and the
family of cylinders {Cyl?ﬁ}wo with L > 0 fixed. Then for L'-almost everywhere
r > 0 the ball B,”H'1 (t, x) and the cylinder Cyllrzf are proper sets.

The finite union of proper balls and proper cylinders is proper. More generally,
it can be showed that, if 2, €2, are proper sets with Hd<Fr (891 Nay, 092 U

892)) = 0, then their union 21 U2, is a proper set (see [ 16, Proposition 4.11]) and

their difference €21\2; is also a proper set. We prove the last claim in the following
lemma:
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Lemma 3.3. Let 21, Q25 be proper sets such that
H(Fr (9921 N 992, 921 U 9%) ) = 0.

Then Q1\S2; is a proper set.

Proof of Lemma 3.3. 1f  is proper, so is int(R?+1\ Q) since the conditions to be
proper are given on 92 = 3(int(R?*t1\Q)). Thus, by writing

Q1\ Qs = int (RdH\(int(RdH\Ql) U Qz)), 3.2)

the result follows from [16, Proposition 4.11]. O

Furthermore, it is possible consider a perturbation 2° of a proper set €2 in order
to have a large part of the inflow and outflow of p(1, b) across dQ2¢ occurring on
finitely many time-constant hyperplanes, that is regions of the boundary 92° such
that their outer normal isn = (£1, 0). We shall call §; the union of the hyperplanes
of inflow and S> the union of the hyperplanes of outflow. More precisely, the
following theorem holds true (see [16, Theorem 4.18]):

Theorem 3.4. (Perturbed proper sets) Let Q@ C R be a p(1, b)-proper set. For
every ¢ > 0 there exists a proper set QF such that

(1) @ C Q° C Q+ BI(0);
(2) if

9 = {(z, xX) € 99 :n = (1,0) in a neighborhood of (t, x)},

then 02} is made of Lebesgue points of p(1, b) and

/ pH”’—/ pI(1,B) - n]*H
0 Bl

<

(3)if
9Q5 = {(t,x) € 9Q° :n = (=1, 0) in a neighborhood of(t,x)},

then 325 is made of Lebesgue points of p(1, b) and

/ pHd—/ pl(1,b) -n]~H4
Ele33 a0

Here, we denote by p[(1, b) - n]* the positive/negative part of the trace p(1, b) -n
respectively.

< €.
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3.2. Decomposition of BV vector fields

The following result summarizes [16, Main Theorem 1, p. 18] applied to the
PDE

divex (1, b) = +b(1) = u,

n € M(RI*!). The validity of the assumptions for proving [16, Main Theorem
1, pag. 18] are shown in [16, Theorem 11.6, p. 128; Theorem 8.9, p. 105; Main
Theorem 2, p. 18].

Theorem 3.5. (Partition via characteristics) Letb € L ,1 BV, be a compactly sup-
ported vector field in BzH (0). Then there exists a Borel map £ : R4t — A C R,
named a partition via characteristics of (1, b), such that

(1) £71(a) is the graph of some characteristic yq : Iq — R4 of b, where 1 is an
open interval of R;

(2) £ disintegrates LI for any a, there exists a positive function wg € L' (I4)
such that

L i )= /(H, va)s(wa(@) L dD)m(da), m = £,LT pan g
(3.3)

and wqLp,> 0;
(3) when wq is extended to 0 outside 1, then it is a BV function,

Diwq = dq, Ha € MR), 3.4

and
divh = /(H, Ya)siham(da), |divh| = /(H, Ya)ilalm(da);  (3.5)

@) if p € L®((0, T) x RY) satisfies the PDE
+x(p(1,B)) = v,

where v € M(RITY), then £ is a partition via characteristics as above also for
o (1, b) (with the requirement p(t, ya(t))wqaL,> 0), that is the same results as
above are true replacing

Diwg = pa with Di(p(t, Ya(t))wa(t)) = va
and |4, (g With v, vq in (3.5).

A possible choice of f is to take countably many sets {t = t;};en and define
f(y) = y(t). This choice is more suitable when one wants to construct a flux from
the partition via characteristics. Indeed, with this choice, the function wq becomes
naturally the Jacobian J (¢, y), where y(;) = y and (3.4) is the equation for the
evolution of J.
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A corollary of formula (3.3) is that, given a proper set €2, we can estimate the
flux across its boundary as follows. Let ya_l(Q) = U; I a, I;,a C I4 open intervals
with a — [; 4 Borel. By [16, Proposition 5.11] the Lagrangian representation of
p (1, b)Lg is written as the sum of the Lagrangian representation of p (1, b) restricted
to the sets ; = Uq (I, ¥4) (i ). Since yqLy; , is not crossing the boundary of €2,
we have

divex (p(1.B)ig,) = / Do, ya)wa)x1,, (0))m(da)
- / Di(p(t. ya () wa(®) 11, . (Hm(da)
+ / p(t, va(®)wa(®) Do, . (Ym(da).

Summing up with respect to i and observing that the first integral in the last formula
above is the divergence of p (1, b) inside €2 while, being €2 proper, the last integral
becomes the trace of —p (1, b) on 92, we conclude that

p(1,b) - wH! + divex p(1, b)o= /Dt (p(t, YaO)wat) X, -1 (q) (t))m(du),

where n is the inner normal to €2. In particular, from [16, Theorem 6.8 and Propo-
sition 6.10], we obtain that, for N C 0€2,

m({a: Graphy, NN # 0}) g/ |p(1, b) - n|H, (3.6)
N

that is the flux through N controls the measure of trajectories crossing N.

3.3. Setting of the problem

We consider the set of trajectories starting from + = 0 and arriving to t =
T living inside the ball of radius Ry and such that J(z,y) € [1/6_', Cl. By an
elementary partition argument, the partition via characteristics of (1, b) can be
decomposed as a countable union of such a sets by varying C and the initial and
final time (here for definiteness we have assume them to be 0, T', respectively). We
can define p = 1/J and obtain a solution to div; (o (1, b)) = 0 which is nearly
incompressible in [0, T'] x R4,

We denote with g a compact set made of these trajectories, that is

Ko=) X(0.7T1.y). 3.7)
y€Ko

Being y — X(-, y) a Borel function, the above sets are compact, and K¢ can be
parameterized by the initial data, that is Ko = Ko N {t = 0}.

Since the values of b outside (0, T') are not important, we assume that b(¢) = 0
fort ¢ (0, T), and also outside the ball of radius 2Rg. We will often write Ré+l
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in the estimates, even if we are working in the ball of radius 2Ry. In the set Ky we
disintegrate

Db, (dr dx) = /(Db)y(dt)m(dy), m=L+m*, mt Lo,

according to the partition (3.7), and the uniqueness of the normalization for (Db),
is assured by requiring || Db||, = 1 for m=*-almost everywhere y € R?. Hence the
measure

(Dbik,)" = /(Db)y(dt)mj‘(dy)

is uniquely defined, and it corresponds to the part of Dbk, whose image measure
is not absolutely continuous, and we have

Db i, (dt dx) = /(Db)y(dt)ﬁd(dy) + (Dboi,)"

Being the flow defined for £%-almost everywhere y € Ko, we can assume that
(Db_i,)" = 0 by removing a negligible set of trajectories.
Since

T
| Db :/0 |Db| (B}, (0)) dt < oo,

then, for every M,
ML ({y € BE (0) : [(Db),[(10. T]) > M}) < || Db|.
by Chebyshev’s inequality; so, if

. _ Db 58)
M = M ’ .

then there exists a compact set K1 C K of trajectories such that
LY(Ko\K}) < ey and |IDb|,([0,T])) =M Vy e K;.

We also define X'y C Ky as the union of the graphs of the trajectories starting in
K1, asin (3.7).

We observe that, by the monotonicity properties of measures, if X’ is another
compact set of trajectories such that X' N K} = @, then

lim |Db i |(K1 + BE(0)) = 0.

Summing up, we are in the following situation:

Proposition 3.6. We can restrict to a compact set of trajectories K1 C Kq such
that

(1) LY(Ko\K1) < eum;
(2) Xvk, is continuous;
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(3) we have

DbL/cl(dth)=/K(Db)y(dt)ﬁd(dy), |(Db),|([0, TT)
1

= [(Db)y((0, T))| = M,

where K1 = X ([0, T], K1),
(4) the Jacobian J (t, y) satisfies

1 -
J(t,y) e <E’C)'

for some constant C.

(3.9

(3.10)

In Point (3) above we have observed that Db x,= Dby, n©,) because
Db({t € N}) = 0 for every L!-negligible set N C R!, which implies that

(Db)y10,r1= (Db)yL(0,T1) for £4-almost everywhere y.

4. The ODE Satisfied by the Derivative of the Flow

We consider the Cauchy problem

d _(Db),(d)
V=T

W(t_5y)7 W(()’y):y’
where the Jacobian J (¢, y) satisfies

d .

EJ(I’ y) = (div b),(dt) = Tr(Db),(dr), J(O,y) =1,
and, by assumption,

1 -
J(t,y) € <E’C>'

In this section the variable y is a fixed parameter.

4.1)

4.2)

(4.3)

Theorem 4.1. Then there exists a unique left continuous solution t — W (t, y) to

the Cauchy problem (4.1) such that

(W(t, y)| < eCIPPIOD  Tor Var (W (-, y), [0, t]) < C|DbI([0, 1))eC PP,

Moreover; it is the limit of every sequence of Euler scheme solutions W% (t, y)
corresponding to a partition {[t;, ti+1)} of [0, T) as §t = max; |ti11 — t;| — O.
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Proof. For the sake of brevity, we use the notation
(Db),(dt)

(Db),(dt) = =)

so that the ODE is

W, y) =y.

By the assumptions on the disintegration and near incompressibility, we have

{(?—,W(t, y) = (Db), AW (t—, y).

|(Db),|((0, T)) < CM. (4.4)

As afirst step, we prove existence of a solution to the ODE by means of an Euler
scheme (see [14]). Secondly, we prove uniqueness by a Gronwall-type argument.

Step 1. Construction of a solution. The construction of a solution is done by
the Euler method: for every partition of [0, 7') made of intervals {[#;, t;+1)}o<; <>
such that g = 0, #; = T, and 8¢ = max;{t; — t;_1}, we define the approximate
solution W% as

(Y%

(Db)y([ti-1,1:))
Wﬁf , _ I Y )
- E[( T T G-y
L=t
(Db)y([tifl’ti))) ( (Db)y([tl,tz))) ( (Db)y([(),ll)))
=1+ —""7). . . |(I4+—2). T4+ ———"7
(+ J(@ti—,y) * J(t—,y) * 1 '

(4.5)

where

N
]_[ A= AjA ... ArA,
1<i<1

and we have used the fact that J(0, y) = 1. With an abuse of notation, we used
the apex §¢ (the maximal size of interval of the partition) to denote the partition
with point {#;};, later we will also denote a sequence of functions depending on
the partitions {#/'}; with the apex ¢, (again the maximal size of the interval of the
partition).

The function W?' is piece-wise constant, right continuous, and its jump at each
t; is given by

(Db)y([ti—1, 1))
J(ti—.y)
We have that W is uniformly bounded. Indeed,

WO (ti+, y) = W (1, y) = W' (t;—, y) + WO (t;—, y).

Col (DB (i 1) ! _
wiha, ) < [T+ ————= ‘ < 1+ C|(Db)y([ti-1, 1))
@.5) ,l:[, Ji—=y) 143, ,ll ( 00y D

< eXico I (i1l < CM
3.9
(4.6)
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Moreover its total variation is controlled by

(Db)y [ti—1, 1))

Wt y) — W (-1, y) ‘ W (ti1, y)

Xl:| l - |(4 S)Z J@i—,y) l
< CeCMZKDb)) i1, )| £ CMeM,
4.6), 3.9)

4.3)

Therefore, by Helly’s Compactness Theorem (see [26, Theorem 2.3]), for ev-
ery sequence of intervals such that §# — 0 there is a subsequence 8¢, such that
Wt (¢, y) — W(,y) for £!-almost everywhere ¢+ € (0, T), and the function
W(.,y) € BV((0, T), RI*9),

By the estimate on the total variation, for every < T we have

(WO (z, y) — Wz, y)|

— (Db)y([ti—1, ;) ~ (Db)yqn_l,t,-)))’
= e I —2—
H( J(tic1—, y) ) H( LT

T <t

<
(Db)y [fi-1, tl))) (H (Db)y([ti—l’ti)))_ﬂ‘
E[( ey || ) e ey

A

- ﬁ( M) 3 (Db), ([ti-1, 1))
J(ti-1—,y) J(ti—1—,y)

<
( 1—[ <]I+ (Db)y([t] latj))>>‘
J(tjfl_vy)

4.7)

t<t;<t

1<tj<ti
(Db),([ti—1, t;))‘)( (Db)y([til,t,-))D
< 1+ Nt A
B tl:[{( J(ti-1—,y) X; J(ti—1—,y)

< CeM|(Db),|((t — 81, 7).

where we have used the estimate

HGH—A)—]I_ZAH(]H-A) (4.8)

j<i

in the third line, and the Jacobian bound (4.3) with the fact that max; {t; —t;_1} < §
in the last line. In particular, if Wwétn (t,y) — W(t, y) for a fixed t, then

lim sup |W‘S’" (T, y) — Woin(z, |
Sty

= limsup [Wo (z, y) — W(t, y)| < C_‘eCMl(Db)yK[t,r)). 4.9)
8t,—0 @7
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As the set of times for which W (z, y) is convergent dense in [0, T'], it follows
by letting + 7 t that the limit W® exists for every ¢t and moreover ¢ — W(t, y)
is left continuous by (4.9): clearly W (0, y) = I. A similar result can be stated for
J(t,y), defining

Ve, y)y = J(ti—1—,y) ift€lti1,1),
then we have that

Iy > J(—,y). (4.10)
§t,—0

In this case, the proof is elementary.
Hence, we can pass to the limit to the approximate ODE for W% its equation
is
d — —~— 3ty
oW = ( 3" (Db)y([ti-1. 1)), (dr)) W (i—, y) = (Db), ()W (-, y).
t
4.11)

—~— 3ty
where, as in the previous equation, the matrix valued measure (Db), (df) is
defined as

—~—— 3ty (Db)y([li—h tl))
Db), (dr) =) ~—2 175 (dr).
(Db), " (dt) Z Ty a@)

We write the ODE (4.11) in integral form:

/‘\_/Sln
WO (1, y) =1 + / Dby, " (ds) W (s—, y)
[0,1)

W(Sl,, ,
- 11+/ (Db)y(ds)#
[0,max({t;,t; <t}] Jotn(s, y)
Wi (s, y) W (17, y)
=1 +/ (Db),(ds) ———= — (Db),([t;, 1)) ———.
0.) y Jdt (s, y) PAL Jét (t, y)

4.12)

Here we observed that W (¢, y) is equal to Wt (ti—1, y) inevery interval [t;_1, t;)
by (4.5) so that

WO (t;_1, y)

Jotn(tiy,y)
W(St,, ti_1,
= / (Db)y(dt)%, (4.13)
[tic1.t) Jom(ti_q, y)

and we have to leave out the final interval for which ¢ € [t;_1, #;).
From the pointwise convergence, we obtain that

(Db)y([ti—1, ;)W (t;—, y) = (Db),([ti—1, 1;))

Wit (s, y) / W, y)
Db),(ds) ———== Db),(d ,
/[o,»( WOOTEED T o PP TG
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while, from &7, — 0 and the boundedness of W (¢, y)/J (¢, y),

Woin(t;, y)

(Db), (I1;, D ot y)

Hence, for every §t — 0, there exists a subsequence converging to a solution.

Step 2. Uniqueness of the solution. The uniqueness of the solution can be
proved by observing that

d —_—
/W@l < [(Db)y |(dD)|W (1=, y)I,

which gives

_ 1 pem > Wi, )l
Dylog |W(t, y)| = wa. )ID (W, y)| + log<|W(l ’y)|)51,-(dt)
Wi+ |
<|(Db)y | § 8. (d
= ) |( 0F (IW(z D] ) /(40

< |(Db),|(d1),

where we have allowed the initial data to be general, and the 7;’s denote the jump

setof W(., y), asubset of the set where the jump part of (Db), (d¢) is concentrated:
the first inequality follows from (4.1) for the a.c. part and log(x) < x — 1, the
second inequality again from (4.1) for the jump part.

Thus, we conclude that

W, y)| < W, 0)]el PP, (4.14)
which gives the uniqueness. O

Remark 4.2. (Time reversibility of the ODE) We note that the ODE is time re-
versible. Being b(¢) a BV function, by Alberti’s rank-one theorem we can write for
the singular part of (Db), as follows:

(DBY"™ = £(t, y) - 17 (1, )| (Db),|(dn),
' (t,y) £ WIDb)y|({t}) = J(t,y) = J(t—, y). (4.15)
The ODE for W(T — ¢, y) is then
%W(T —1,y) = =D{""W(T —1t,y) - Z (W(i+. y) = W(ti—, )81y (dr)
(Db)S™(T — 1) |
J(T —1t,y)

— > & y) 0" (1, y)

W(T —t,y)

|(Db)y|(zi)

Tt ) W(ti—, y).
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By (4.15), we have the relations
<H+ Et,y)- nT(t,y)lDny({t}))1 _ (]1— E(t,y)- nT(t,y)lDbly({t}))
J(t+.y) = J—y)+n" (t.y) - £ y)|Dbly({1}),

so that
£ - nT|<Db>y|(r,-)>‘
Wti—,y) = (H-i- S — Wi+, y)
§ - nTI(Db)yl(ti)>
=(1—-————= W+, ),
< T+ ) it )

which is

(Db)y(7;) (Db)y(7;)

WEi—,y) - Wi+, y) = ————W(@i+,y) = ———W(ri—, y).
Y Y J(ti+,y) Y J(ti—,y) g

In particular, we have that

W ‘Cl+9 W Ti_s

(Db)ym)( Gt,y) WA y’) o,
J(Ti+,y) J(Ti—,y)
Substituting, we conclude that
d
EW(T —t,y)= —(Db)‘;"m(T —WW(T —1t,y)
Db),|(z;)
- T, ° T tlv |(—yW ‘Ci+9 )
Xi“s( $) -0 ) G =W )

which is the ODE

d
EW(T —1,y) = (Db)(T —)yW(T — 1)+, y).

Remark 4.3. (Time reversibility and rank-one property) We remark that, in turn, the
invertibility of the ODE does not imply that the vector field satisfies the rank-one
property. The invertibility condition is that for the singular part

(11+ %) <]1 — %) =1, Jt—J" =TrA, A= (Db),(u),
which is equivalent to

A? = (TrA)A. (4.16)
Howeyver, it turns out that the above condition is valid also for the matrix

0 0 0 O

— - O
— O O
S O O
oS O O

which is not of rank one.

In the 2 x 2 case, on the other hand, where the proof of the existence of the
flow is independent from the rank one property (see [18]), condition (4.16) is a
characterization of rank-one matrices (since it is equivalent to detA = 0).
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5. Local-to-Global Argument

The key idea of our proof is to build the derivative in measure by patching
together local estimates. In this section, we show how the existence of a partition into
(perturbed) proper sets where an approximate differentiability in measure property
is satisfied leads to a global estimate on the differentiability in measure.

We assume that there is a finite partition {€2;} of [0, T] x B;éo (0) into disjoint
(perturbed) proper sets (up to the negligible set made of their boundaries) such that
the following local estimates hold true.

ey

2

3)

“)

®)

Measure controlling the total error: there exists a measure up with
pwpRT < ep

for some ep > 0.

Removal of a small set of initial points: in each set 2; of the partition,
let S; 1, Si2 be the part of the boundary where the outer normal is (1, 0)
respectively, as in the paragraph following Lemma 3.3. Then there exists a set
of initial point Si’,1 C Si.1 N Kp whose co-measure is

H((Sia NKo\S] ;) < 1ep(S). (5.1)

The set S; 1 is the boundary part of the (perturbed) proper set €2; defined in
Theorem 3.4, with ¢ = pp(€2;). Moreover, up to a Hd-negligible set, S; 2 is
containedinU;S; 1U{t =0, T}uptoa H-negligible set: this means that the
trajectories exiting one (perturbed) proper set from S; » are entering another
(perturbed) proper set trough §; 1 (or are initial-final points). An equivalent
way of expressing (5.1) is to say that the measure of trajectories we remove
is less than up (€2).

Cylinders where the linear approximation is constructed: there exists R;
such that for every y; € Slf’] the set X (¢, 7; (i), yi) + Bji?[ (0) is contained in
2; for every ¢ such that X (¢, y;) € €; (¢; (y;) is the time coordinates of the
points on S; 1). In particular, y; + Bl‘éi (0) C Si.1, and similarly for the exit
point X(tl.+ ), y)+ Bl‘éi (0) C S; 2, being tl.+ (y) the exit time of the trajectory
X(t,y) from ©;, so that € (¢ (i), £, ().

Bad set of trajectories for the linear approximation: for every y; € Sl.’,1
andr; £ R; there exists a set of initial points Ej ; (r;, ¥;) C B;f O)NKo—yi)
such that

[ £ < £ B O @)
i1

Error estimate for the flow generated by an approximate vector field:
for every y; € Si’y1 and r; < R;, there exists an approximated vector field

I;,- (ri, yi; t, wi) such that the flow X generated by

d v 7 g —
3 Xi i yis 6,2 = biri, yis 1, X3, yis 1, 2)), 1 € (67 (), tr (),

X(ri,yist; (v, 2) = 2,
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satisfies

/st{1 /(B;j ONKo—

— X (i, yis > 2i)

LX(" 1O i+ 2) — XG0t (30, vi)
iDNE1i (i, yi)

5.2)
dz; dy; (
O (it iz i

< ri LYBELO) p (),

where tl.+ (¥i, zi) is the exit time of the trajectory X; (-, ; (i), yi + z;) from
the cylinder X (7" (i), ;” (i), yi) + BZ(0).

(6) Control on the approximate flow: the approximated solution X (r;, y;; t, z;)
satisfies for r/ < r;

/’{,1 /3;1((0) |X(ris yis - zi) — zi ||C°(t,-‘(y,-).,t,-+(y,-)) dz; dy
< Cr{L? (B (0))| Db|(2). (5.3)
(7) Comparison with the linearized flow: let E; ; (r;, y;) be the initial set of the

trajectories starting in (X (z; (i), yi) + Br”f (0)) N Ko which exit before t;r (yi)
from X ((z;” (i), tl-+ i), yi)+ Br{ (0): then the remaining trajectories satisfy

/,{vl /(Brdi(o)m(lcoYi))\(El,i(ris)’i)UEZ.i(rb)’i))

X i) 17 i)y yi +20) — X@F i) 17 (i) i) (5.4)
— W i) 157 i), y)zi | dzi dyi < ri L (BE(0) ap (20),

where W (t;” (31), ti+ (i), yi) is the solution W (-, ; (y), y) to the linearized
ODE (4.1) with initial data W (17 (y), #; (), y) = ».

With the above assumptions, we proceed to prove the differentiability in mea-
sure of the flow.

Proposition 5.1. Under Assumptions (1)—(7), the following properties hold:

(1) there is a set K» C K of initial points of co-measure
LY(K1\K2) < Cep;

(2) for every y € Ky thereisaset E,UF,UG, C Bfl(O) N (Ko — y) whose total
measure is

/ LYE, U F, UG, dy < O()ey “? £4(B%(0)),
K>

where the factor O(1) depends only on M, C and d;
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(3) in the remaining set, we have

/ / X(T,y+2—X(T,y)—W(T,y)z|dydz
Ky J (BLO)N(Ko—y)\(EyUF,UGy)

< oMy et (B (0)).

Together with Point (1) of Proposition 3.6, this gives the differentiability in

measure of Theorem 1.1, under the assumptions (1)—(7) above. In the following
sections, we will show how to construct the partition and obtain the estimates.

Proof. The proof is organized into several steps. The idea is that one uses the
comparison with the linear flow when the perturbed trajectory X (¢, y + z) is not
exiting the cylinder X (¢, y) + B;j (0), while the estimate using the approximated
flow controls how many trajectories are exiting from X (¢, y) + B%(O), 0<r <R.
Then, a suitable choice of r, R allows to prove the claim.

(D

2)

3)

Removal of trajectories which are not inside Sz{,l' We remove trajectories
of Ko for which X (¢, (), y) ¢ Sl.’,1 (and we control also the trajectories not
entering in S7 ; or leaving from S5 ;, that is the ones which cross on the lateral
boundaries, because of the last part of Point (2) of the assumptions: by nearly
incompressibility and formula (3.6), the measure of trajectories we remove is
less than

CY HUSunKo\S,) = CY up(@) < Cup®™) < Cep.
i Point (2) i Point (1)

(5.5)

Thus we restrict to acompact set K» C K| whose co-measure in K3 is bounded
by Cep. This set is the set of Point (1) of the statement.

Choice of the radius of the cylinders and definition of the partition of sets
crossed by a trajectory. Let R = min; R; and, for each y € K>, let iy be
the sequence of proper sets €2; which the trajectory X (¢, y) is crossing. We
will abuse the notation, writing (i — 1), for the predecessor of iy, 1, for the
initial iy, 0, = 0, and so on; we also note that one trajectory may cross a given
Q; several times, however from [16, Corollary 6.9] the number of crossings
is finite for £¢-almost everywhere y € K>, so there are only finitely many
indexes iy. The exit time of a trajectory X (7, y) from €2;, will be denoted by
..

R)emoval of the set of perturbations which do not behave mildly. For every
y € Ky, remove all z € B;%(O) N (Ko — y) such that

X(tG-1),.y +2) — X(ti-1),.y) € E1i, (R, X(ti-1),. ) (5.6)

This means that at time 7y, we remove the trajectories which do not satisfy
(5.2) while in Qiy. Here we have used the notation

(1, 0. W) = (-, 1,)- (.7
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“4)

®)

The i ranges from 0, to z_'y (z) corresponding to the index of the set €2; such
that the trajectory X (¢, y + z) is exiting for the first time from X (¢, y) + B% 0)
within €2;.

This new set

Ey = {z e BL(0) N (Ko — y) : Jiy s.t. (5.6) holds}

has measure bounded by (we use the nearly incompressibility property of the
map z — X (¢, y 4+ z) — X(t, y), which is the Lagrangian flow of the vector
field (7, 2) — b(t, X(1, y) +2) — b(z, X(1, y)))

LYEndy = C / [ch(El,,-mé,X(r,-v,y»)]d
K> 3.10) Ky Lo ) )

(3.10) and Fubini < CZZ// LYE1i (R, ) dy; 5.8)

Point (4) < C2 > " LY (BLO0)p ()

Point (1) < C*LY(BE(0))ep.

Change of coordinate for the disintegration. The disintegration formula of
(5.4), Point (7) of page 19, is computed in the coordinates y; on the surface
S1.;- When using instead the coordinates y at ¢ = 0, we have to replace

W, 1y (yi), yi) > W(t,y),  where yi =X (vi),y). (5.9)

Indeed this is just the composition properties for the solution to (4.1).
Estimate on the growth of the perturbation. We now use the estimate of
Equation (5.4) up to the last time #;_ 1, @) such that the trajectory remains

at distance R from X(z, y), that is when crossing Q(;_l)y. We define, for
1, <iy = <(@- Dy,

Aiy(y,2) = Xy, y+2) — X4, y), Wi, (v) = Wi, 1i-1),, ¥)-
Let us set the initial data as
Ao, (y,2) =2,
and consider the difference equation
Aiy(v,2) = Wi, D AG-1), (3, 2) + [Ai, (9, 2) = Wi, () A1), (v, 2]
By Duhamel’s formula for the difference equation, that is

a, = bya,_1 + ¢y, (Hb )ao + Z ( 1_[ b~)ck, (5.10)

j=k+1
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we obtain
iy i iy
a0l < [T Wl + 3| 1 ij(y)“Aky(y,z)
5.10) Jy=1y ky=1y " jy=(k+1)y
= Wi, M Ax=1),(, z)‘ (5.11)

) Iy
ek < eCM(IzI+ 3 \Aky(y,o—ka<y>A<k_n,v<y,z>\).
Thm. 4.1 ky=1,

(6) Choice of the initial radius r. Let M’ be a constant to be chosen later, and

set
e~ CM—CM' _
r=————m~R. 5.12
) (5.12)
(7) Estimate on the trajectories with large growth. Consider first the trajectories
such that
_ e—CM' _
max  |A; (y,2)| 2 20°Mr =~ R=/r", |z|<r (5.13)
Oy =Dy (2) 2
From (5.11), we obtain the estimate
(-1, o—CM—CM' _
> A0 = WM Aen, 0| 2r =R (514)

4
ky=1,

(8) Measure of trajectories with large growth. Thus, using (5.4), we get

/Kz £d<[z € (B{(0) N (Ko — yD\Ey : 1AG_y), | 2 286M’}> dy

bl
5.14) T /K2 J(BLONKCo—y)\Ey

(G NE

> a0 00 - W aG, 02| dzdy
ky=1,

2
Fubini, (3.10) < —
ubini, ( )”Xi:/,{][

‘X(f;r(yz‘), 17 yi +20) — X i), 17 i), vi)

/<B;5(0>m</co—yl->)\<E1,l-<R,yl->UEz_,~<R,yl->)

- W(ti+()7i)’ ti_ i)z

C? -
dz; |dyi < — Y Rc4(BLO Q
] NSy Z (BEO)p ()

~2 R a dpd d+1
=¢ (7> £ (B O)up R

(5<12) C_'2(4eC(M+M/))d+1Epﬁd(B;i(O)).
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€))

(10)

In the third line, we have used that the trajectories under consideration are not
exiting X (¢, y) + B% (0) in €2;, see the definition of E3 ; (r;, y;) in Assumption
.

Hence, we can remove a set Fy C (B;i(O) N (Ko — y))\Ey such that

/ L4(F,)dy < C2(4CMHMN gL £d (B2 (0)) (5.15)
K>

and all trajectories in (Brd(O) N (Ko — y)\(Ey U Fy) remain inside X (¢, y) +
Brd, (0) up to (i — 1),(z), with r’ defined in (5.13). In other words, for r, r’
chosen as in (5.13), we have an estimate of the trajectories remaining inside
X(t,y)+ B;’é (0) and such that their distance from X (¢, y) is actually bounded

by r' < R up to the time !(i-1),(x) The rest of the growth needed to exit
X(t,y) + B%(0) while in the set ©;

i, () 1s studied in the next step.

Estimate of the trajectories exiting at z_'y (z). For the trajectories for which
) e~ CM' _
B0l < g3y =5k 610
and exit at lTy (z), we can write that
R< (1 - e_ZM )R
R—|A; (v, 2)] (5.17)

|XCy+2 = X6 = Ag )0 9)|

O (y) (0 A ’
(llfy(}),tlfy(y, (iyfl)(y)(y’z)))

where ti'+ (y, A(I‘V—l)(y) (y, z)) is the exit time of the trajectory X (¢, y +z) from

X(t, y) + B%(0).
Measure of exiting trajectories. We have the estimate

/K Ld({z € (BY(0) N (Ko — y)\(Ey U Fy)
: ||X( y+2) — X(, y)”C([O,T]) 2 R}) dy

2
=[] [xCv+2 - X0y
5.17) R JK2 J(BION Ko=)\ (E;UFy)

—A G, Z)‘

A

zdy

0(— + B
O O 0287, 102

2C?
< =¥ | xC.vi+2)
5.16)Fubini B 57U, JBLONK—y)\EL

=X, i) — 2

dy; dz;
COw ot iy
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L2 )3 / / XCyi4+20) = XCoyi)
S — Vi Zi) — Vi
R = Js, JBLONK\E i

iR, yis - 20) COU7 )t (i) e
2C? V(R
+__2/ / | Xi (R, yi: - 20)
R = Js;, JBLONKo—)\Ei
—Zi ||CO(t—(y,-),l‘;r(y,A,’-V (y,2))) dzi dyi
207
< T D RLIBROIMpE@)
5.2),(5.3) i

2C2 ! pd pd
+T Zr LE(B(0)|DbI(£2;)

1

< 2C2(4CMEMIN £d (B (0))e p
5.12),(5.13)

24 G2 C@M=M") pd (d ())| Dp|().
Choosing (see also (5.23))

e—éM’ _ (EP)I/(d—&-Z)’ (5.18)

we obtain

| ei(fze B n k- ury
2

D XCoy+2) - XC, y)||c([0ﬂ) > R}) dy (5.19)

< 0e TP £ (B4 (0)).

The factor O(1) depends only on M, C and d.
(11) Final estimate of the exiting trajectories. Thus, we can remove the set of

trajectories
Gy = {z € (B (0) N (Ko = Y\(Ey U Fy)
Xy 42— XC y)“C([O,T]) 2 R}
of measure
/ £4GHdy £ 0Me) i), (5.20)
K> .19
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and the remaining trajectories lie inside X (¢, y) + B%(O). The total set of
trajectories Ey U Fy U G, we remove from (Bf (0) N (Ko — y)) has measure

LY(E, UF,UG,)dy < C*LY(BL(O0))ep
K> (5.8),(5.15),(5.20)
+ C2(4eMHMYAH £d (B (0))ep
+0)e ) £ (B4 (0))
<0,/ P £ (B4 (0)).
(5.21)

The factor O(1) depends only on M, C and d. This proves Point (2) of the
Statement.

(12) Comparison with linear flow. We estimate now the difference of the trajectory
with the composition of the linear maps (I 4+ B;): we have

iy
o (fm)

< ‘Ai}, = Ag-1), — Wi, A1),

Jy=ly
(i—1)y
+ Wi [|Ai-1), — ( 1_[ W,-y>z .
Jy=ly
Hence, using ]_[ =l = W(tl-+ (yi), ¥), again the solution formula (5.10)

gives (note that in thlS case the initial data is 0)

iy iy
i —W(ti,,y)z’§ > < [T 1wyl

ky=ly *jy=(k+Dy

Ak, — Wi, Ag—1),

(13) Estimate of the error with respect to the linear flow. Integrating as in the
previous points

/ / )Aiv AU y)z’ dydz
Ky J (B4 (0)N(Ko—y))\(EyUF,UGy) .
<

< M / /
(5.22) K> J (B ON(Ko—y)\(EyUF,UGy)

)

(5.22)

A

- lv
M( > (Aky = Wiy, Age—),
k

y=ly

Iy
‘Ak} kaA(k 1), dzdy

k,_l

Fubini, (4.3) < C2eM Y / /
; /S, /B

(BEN(Ko—yD\(E1,i (R.yi)UE2,i (R.y))
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Xt 17 i), yi +20)
=X (O 7 )2 y) = W ). 17 (). yi)zi | dai dy
< C2MRLA(BLO0))ep
5.4),5.9)
< 624d+1e(:‘((a'+2)M+(d+1)M/)r£a'(B;j(o))gp
5.12)

= 0l " rcd(BL(0)). (5.23)
(5.18)

The factor O(1) depends only on M, C and d.

In particular we can choose 7y as the last index i;aSt, for which tilgsl =T and
A (y, 2) = X(T, y +2) = X(T, y),
obtaining the last point of the statement. O

Remark 5.2. We observe that the estimate gives some sort of differentiability in
measure even with i, depending on y. This is not surprising since the sets S; 1
are subsets of finitely many sets {# = const}. However, the set K> depends on the
partition: indeed, the derivative W (¢, y) has discontinuities; thus, at any time t; of
discontinuity, we have, in general,

/ X(ti,y+2) — X(5j, y) — Az|dydz = O(1)
(B(O)N(Ko—y)\(EyUFy)

for every linear map A. As an example one may consider the vector field in
(t,x1,x) e RxR xR

(1,0) ifx; <0,

X, y) = 1t ),
WD ifx >0, t.y)=y+ (. [t +yl")

b(t,x) = {

so that at any time T the set of trajectories for which the differential cannot be
computed is y; = —T.
Thus for every T the set of trajectories which have to be removed is different.

In next two sections we will show how to prove Assumptions (2)—(7) in two
cases:

(1) when one takes into account only the a.c. part of Db (Section 6);
(2) in the Lebesgue points of the singular part of Db (Section 7).

The choice of the measure  p will be obtained by piecing together these two cases.
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6. Local Estimate with the Absolutely Continuous Part

We fix a perturbed proper set 2; and in it we consider the following vector field:

(DB (1)
J(ls yl)

b(t, yi, w;) = w.
In order to make the notation lighter, going forward we will neglect the index i.
Define

wp = ep(L + |DB)),

where ¢ p will be chosen at the end.

(1) Control of the derivative. First, for M > 0 chosen in Proposition 3.6, we
have

(D)1~ (), 17 (y) = M,

because |(Db)2y"°'|LQi§ |(Db),|.

(2) Cylinders where the linear flow is constructed. By choosing R < 1, we can
also assume that the cylinder X (¢, y) + B;i2 (0) has bases inside the entering
and exiting flat parts of €2;: again we can assume that we remove a set of
trajectories of measure smaller than eL411(Q), where ¢ — 0 when R — 0.
Let S| C S be the set of initial data of the remaining trajectories: the choice
of R corresponds to Point (3) of page 18. In order to satisfy Point (2) of page
18, we will choose ¢ < 5p/(2T£d(BI‘$0 0)).

(3) Choice of the approximated flow. For the a.c. part we can use directly the
linearized flow as approximated flow X;, because we have a good control on
the error. Inside the ball of radius R; we compare the flow with the linear flow

, (DbY < (dr)
{Wa'c'(l, Y) = —Jaym W@y,

6.1)
W@t (y), y) = y.

This flow has Lipschitz constant bounded by e by Point (1) above and The-
orem 4.1, and moreover if W(z, y) is the solution to
: Db),(d
Wt y) = DD wi—, y),
W= (), y) =y,

then, by Duhamel’s formula and the same estimate as in the proof of Theo-
rem 4.1, we have

(W, y) — W< (2, y)| £ CeSM (DB (), 17 (). (6.2)

Hence, (5.3) of Point (6) of page 19 holds with C = ¢M for both wae w.
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(4) Comparison with Lipschitz flow. We can compare the evolution of a trajec-
tory with the evolution of the Lipschitz linear flow as follows:

Xy +72) = X 3) = W, )]

g eC_‘M /t
1=(y)

(X(s,y+2) — X(s,)

b(s, X(s,y +2)) = b(s, X(s,y)) = (DT (s) (6.3)

ds,

where we have used the estimate for the Lipschitz flow z — W< (¢, y)z given
by Corollary A.2 and Point (1) of page 51.

(5) Estimate up to exit time. Integrating the above estimate with respect to the
initial data in the ball y + Bj‘g (0) we obtain up to the exit time t T (y, z)

/Bd(o)ﬂ(](: ) )‘X([+(y’ Z), t_(y)’ y + Z) _ X([+(y’ Z), y)
0=y

— WSt (3,2, )z

4
COt=(3).1%(3,2))
< eCM

/ /ﬁ(y,z)
63) BLONKo—y) 1= ()

— (DB)F*()(X (s, y +2) — X (5, 7))

e (y)
WL
3.10 1= () JB(0)

ds dw.

b(s, X(s,y+2)) —b(s, X(s,y))
(6.4)

ds dz

b(s, X(s,y) +w) —b(s, X(s,))

— (DB (5)w

(6) Integral over all trajectories. The last integral can be evaluated after inte-
grating with respect to y as follows:

cem [0
|
1Jimo B

—(DB) (s, X (s, )w

b(s, X(s,y) +w) —b(s, X(s,))

dsdwdy

(6.5)

_ 1
< ézeCM/ |w|/ |(DBY(t, - + Aw) — (DBY*< (¢, )| ddw
= ’ ’ M Q
3.10) sy Jo @

< C2e“M Rey(R) L4 (B4 (0))| DI () + C2eCM RLI (B4 (0))|(DB)™™|(R2),

where o is the modulus of continuity in L' of the a.c. part of Db.

Conclusion. We now show that Assumptions (2)—(7) hold with the choice of

— C2CM = cu [(DB)"8](Q)
ep = C2eMy(R) + 202 ) (6.6)

More precisely,
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(1) concerning Point (4) of page 18, we set
Ey(r,y) =;

(2) concerning Point (5) of page 19, by Point (3) and Point (6) above we have

// HX(-,erz)—X(-,y)—W(t,y)z‘
s; J B&(0)

< C2MRw(R)LI(BL(0))| DBI(RQ) + C2 M RL(BL(0))|(Db)™E|(2)
6.4),(6.5)

+// |W(t,y) — W (@, )|zl dzdy 6.7)
1/ BR(O)

zdy

d
CO=(y),1+(y,2))

S C2eM Reo(R) L (B%(0))| DB|(2) + 2C2eM RL(BY(0))|(Db)*™2|()
6.2)

& RLY(BE(0)) (),

which shows (5.2) if R < 1;

(3) the above estimate implies also estimate (5.4) of Point (7) of page 19, in
the Lebesgue points of the a.c. part of Db, if the diameter of 2 is sufficiently
small. Note that ep < 1 as R — 0 and |Db|(2) — 0if it is a Lebesgue point
for the a.c. part of | Db|.

This concludes the analysis of the a.c. part of Db.

7. Local Estimates with the Singular Part

The analysis of the singular part is more complicated and depends on the choice
of several parameters: in particular, we will need the set E| of Point (4) of page 18,
which collects the perturbed trajectories which do not behave mildly. As before,
we will neglect the index i; moreover, here we assume that the perturbed proper
set is in a small neighborhood of a Lebesgue point of the singular part D¥"¢p. We
will first compute our estimates in the case of “contracting” flow, that is divh < 0.
Then, we will show how to deduce the general case from this.

7.1. Localization and coordinates

Let £ < 1 be given. For every Lebesgue point of the singular part DS"2p of
Db, we can choose 2 as follows.

(1) Entering and exiting sets: the (perturbed) proper set €2 is a proper small
perturbation of a ball centered in the Lebesgue point, such that the set of
trajectories Ngq not entering from S; and not leaving from S, has n-measure

n(Ng) < L), 7.1)

where 7 denotes the Lagrangian representation of p(1, b)£4*! as in [16, Def-
inition 3.1].
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(2) Lebesgue point of the derivative: by the rank-one property of the singular
part of the derivative of BV functions [1], there exist vectors &, 7 such that

|Db — & ® it |Db||(Q) < &|Db|(Q).

We assume that § = § e1 + ézeg, n = ey, by a linear change of coordinates.
With the above choice of £, n we have

Db — & @ e |DBI| (9,

Db —E @ e1|Dib12l|(@) < EDBI). (7.2)

In particular almost all of the derivative occurs when moving along the 1-
direction, and the variation lies in the 1,2-directions. Hence the other compo-
nents have small derivative.

(3) Contraction in time: by reversing time if necessary, we assume that

n-E=&<=0. (7.3)

This implies that the flow is essentially contracting forward in time. However
the nearly incompressibility (3.10) yields that the contraction is controlled, as
we will see later on.

The proof of the needed estimates is divided into several subsections.

7.2. Construction of the approximate vector field

Let

> 1, (1.4)

and define
O (ry=[—Hr, Hr] x B*2(0) = r¢=1 0" (1).

Sometimes will will consider it as embedded into R¥: in this case its definition
refers to the coordinates (x2, xy,7) € R x RI-2,

~H
Let b be the approximate vector fields defined by

) ) o
5 (1. 0) — 3 { |Db|(r, X (1, y) + [w, 0] x 07 (1) if w; <0,

LA=YQH () | 1DbI(2, X (2, y) + [0, w11 x QF(r))  if wy > 0.
(7.5)

Notice that it depends only on the first component wj.

In order to simplify the notation, we will often assume w; = 0, mainly when
we need to integrate in intervals [0, w1]; the other case gives exactly the same
estimates, as one can check.

. . . . +H
We begin with a series of estimates for the vector field b .

Proposition 7.1. The following estimates hold:
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(1) there exists Rg > 0 and Kg C S| compact such that
HY((S1 N Ko)\Kg) < OE)(L9TH(Q) + |DbI(Q)), (7.6)

and each trajectory starting in y € Kgq satisfies X(t,y) + B;ie ) C Q forall

€ (™ (), 1T(), and X(tF (), y) + Bg(0) C Sy
(2) if2Hr < R it holds

()
L[ b xay +w - bu X
Ko Ji=(v) JB(0)

- EH(r, v;t, w)‘ dwdrdy < SC_’«/ErEd(Bf(O))|Db|(Q);

(71.7)

(3) finally forr' < r
t+(y) ~H -
/ / / 6" (r, y; t, w)|dwdr dy < Cr'LY(B%(0))|DbI(2).(7.8)
Ko Ji=(») /B ©)

In particular from the first point, since

V2+ H?r <2Hr < R thatis r < %R,
then the set
X v, y) +=r ] x 0% () c Q. (7.9)
The choice of R; of Point (3) of page 18 is done at this step by setting R; = /¢ R/2.

Proof. The first point follows with the same reasoning as in Point (2) of page 24:
let K be a compact set of initial points y € S; N Ky with X (z, y) + Bj’e 0) C «,
te (@ ), tT(y)and Xt (y), )+ B;‘g (0) C $>. We can assume that the amount
of trajectories we are neglecting is of order

| Db|(£2)
M

HA((S1 N Ko)\Kq) <ELit(Q)

for R « 1. This is (7.6).
For the second point of the statement, by (7.5) we can estimate

()
[ Jpa o +w) — b X
Ko Ji=(v) JB(0)

—l;H(r, v t, w)‘ dwdrdy

t(y)
triangle ineq. < /K N /B o 121200 X € 0
QJt7(y r

—byy(t, X(t,y))| dwdr dy

t(y)

+£7(BY(0)) /K bia. X(t. y)

= ()
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drdy

_][QH( )bl,z(t,X(t,y)-i-Z)dZ

()
oo
Kq Ji=(y) JB4(0)

—][H bio(t, X(t,y) + wie; + z)dz
Q1 (r)

t(y)
oo
Ko Ji=() JBI©O)

—b1a(t, X(t, y) + z)) dz

bia(t, X(1,y) +w)

dwdtdy

Fou, (2 X0 4w 2
r

_ sign(w))§
L4=1(QH (1))

X QH(r))‘ dwdrdy

|Db|(X(t, ) + [0 A wi, 0V wi]

)
bring aver. out g/ / / by, X (1, y) + w)
=) JBLO)

—byy(t, X (¢, y))| dwdrdy

Jod ()
+L (BR(O))][ [/ / |b12(t, X (1, )
of(r) Ko Jt=(y)

—=b12(t, X(t,y) +Z)‘ dtr dy:| dz

()
wf L e xe +w
0H(ry JKq Jt=(y) JBI(0)

~b12(t, X(t,y) + wier + z), dwdrdydz

tT(y)
Diby1(t, X(t, y)
M ETToIE)) I(QH(r)) /KQ/,U) /B;z(m‘ LE Y

+[0 A w1, 0V wi] x Q7 (r))
—E|Db|(t, X(t, y)

0 A w0V wi] X QH(r))‘dwdtdy

estim. transl. BV < CrL9(B%(0))| Dby () + CHr LY (B (0))| D2b1 2|(R2)
+C (1 + Hyr£ (B (0))|D2b1 21(R)
+CL4(BY(0))er|Db| ()

< 2GrLi(BY0)EIDBIR) + ~r L (BY(0)E DBI(R)
(7.2.(7.4) VE

+2—;r£d(3f(0))é|Db|(Q) < 5CVErL£4(B4(0))|Db|(S).
£
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This yields (7.7).
Finally, for a fixed w € Br1 (0), w; = 0, recalling that ti(y) are the enter-
ing/exiting times for the trajectory X (¢, y) and using (7.5)

Oy
/ / |b (r, y; t, u))’dtdy
Ko Ji=(y)

/ /’W |DBI(X (7, y) + [0, wi] x Q7 (r)) L)
7.5 Jka i LT(QH (r)) Y

near. incompr. < Clwy||Db|(RQ).

Thus integrating we get for every v’ < r (Jwy| £ r)

(y) . _
/ / / |bH(r, yit,w)| dwdrdy £ Cr'£9(B(0))|Db|(R).
Ko Ji=(y») JBY(0)

This concludes the proof of (7.8). O

7.3. Estimate on the first component €

The ODE for the first component is

d -H ~H - H < H
X1yt =by (ry;t, X\ (ny;t.2), X (rnyitT(»).2) =z
(7.11)

The first observation is that by the choice (7.3), it holds for z; < 7z,

-H -H
(by (r.y:t.21) = by (r,y:1,22))(21 — 22)

& H
- — > |Db|(X(t, , - < 0.
.5 E"“(QH(V))| X)Lz, 2] x QPO —22) 1.3)

We have thus proved the following result.

< H . . .
Lemma 7.2. The first component X | (r, y; t, 2) is a contraction with respect to the
o < H
initial data z, and X | (r, y; ¢,0) = 0.

Hence in particular solutions with initial data w; = 0 remain positive.

. . . <H .
We can use thus Bressan’s estimate on Lipschitz flow to compare X| with the
real flow, Corollary A.2 and Point (2) of Page 2. For almost everywhere trajectory
X(t,y), let Ui(t; (v, ¥, ti+(y, y’)) be the set of time where it belongs to the
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cylinder X (¢, y) + B¢ (0), so that for every t € (7 (v, y'), t.;" (y, ¥)) it holds

S H —
X103 = X1 3 = X (31, X067 00,

- X163y ))|
t

Corollary A.2, Lemma 7.2 < /
(.Y

~H
— b, (r, y;s, Xi(s,y) — XI(S»)’))

bi(s, X(s,y)) — bi(s, X (s, )

ds

(. )
< [0 b X6 = bt X5
(3.

by (i, X165 3) = X165, ) ) ds,

Integrating over all y' € Kq we obtain

e

- X 0)) | v
](l (y y) y) Lw(t’(y,y’)’ﬁ(y’y/)) Y

s H —
Xi(t,y) = X1y = X7 (i 0 X067 0050, 9)

1t (.Y
< / / ‘bl(s, X(s,¥) —bi(s, X (s, )
Ko Jt7 (v,
~H
— by (ryi 5 iy = Xi5, ) [ ds dy’
_ (y)
near. inc. as in (5.8) £ C ’b1 (s, X(s,y)+2) —bi1(s, X(s,y))
BZ(©0) J1=(y)

— l;?(r, v; s, z)‘ ds dz.

Integrating over all y € Kgq and repeating the computations for (7.7) we obtain

o

— X1t (.Y, H 1y
]( (y y) y)) Loo(ti’(y,y’),ff(ysy/)) y e

~H _
X1t y) = X1(t,y) = Xy (ryi 6, X107 (v, ¥), )

_ (y)
§C/ / / b1, XG0 +2) = bi(s, XG5,y (T12)
Ko JBL(0) J1=(»)

- l~71H(r, y;s,z)|dsdzdy

< 3CErL(BY(0)|DbI(R),
asin (7.7)

Note that since we are estimating only the first component the constant is improved.
We collect the above estimate in the following Proposition:
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Proposition 7.3. We have the following estimate: if X (¢,y') € B% (X(t, y)) for
te @ (v, y), tH(y,y)), then
< H _
|0 = xien = & 6o X067 0000
Ko JR4

1670030, ) Lo G oo
< 3C2VeErL£4(B(0))|Db|(S2).
From Proposition 7.3, by means of the Chebyshev’s inequality, we obtain

Corollary 7.4. The set

ElG.n = [z e BO) N (Ka =)

PASTEES ASOES TR (7,14)

O (v ). (Y))
> @'

has measure bounded by

/ L4(E (v, 1) dy
Ko

<;// Hxl(. y+2)
= @Y Jx Jpao 7 (7.15)

~H _
= X169 = X Gyt 50909 oy gy 429
< 4C*@) 1LY (BL(0))|Db(Q).

7.4. Comparison with the disintegration

. . L. ~H . ..
Aim of this section is to compare b (r, y; t, w) with the disintegrated measure
(Db 7)ywi. Being these measures singular, the estimate is done by considering
their time integral: this reflects the fact that we want to compare the flow generated

~H
by b and (Db),, not the vector fields themselves.

Here we need to consider the flow X 1H generated by the vector field (7.11). The
proof of the final theorem requires several steps, which are listed below.

7.4.1. Estimate of the flow across the lateral boundary We have the following

Lemma 7.5. The flow

<1>L<y>=/ . (1,b) -nH?,
Ure— (et o X N0, XY (ry;8,w1)]1x QF ()
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across the lateral boundary of the set

~H
U X@»+10, Xy, wnl x 07 ),
tet= (.1t ()

for every 0 < wy < r, can be estimated as

/ @ (y)dy < é(Cd«/5+ M)mncdl@ﬂ(m)wbum, (7.16)
Ko

lwi]
where Cy is a constant depending only on the dimension d of the space.

Proof. We write, as before,

Ko={J X(¢=. 7). y),

yeKq

and estimate

(1) the flow across the surface {0} x QH (r), whose normal is (0, —ep): by using
nearly incompressibility

(y)
[ b X +0 - b X dzayar
Ko Ji=(y) JOoH @)

< C_'/ / |b1(t,x+Z)—b1(t,x)|dzdx
Ka JOH(r)

C/ (/ |Dyb1|dxdt>|z|dz (7.17)
o) Q

< CHrL7 ' (0" (r)&|Db|(2)

2)
ETYE 12971 (0™ () | DBI():
) |wi]

A

~

(

~
NI

(

(2) the flow across the surface {(z, X?(r, yit,w)),t € ¢t~ tT ()} x Q¥ (r),
whose normal is (—l;{{(r, y;t, X’f](r, yit,wr)), er):

I
Ko Ji=(») JOoH()

~H - H
by, X6 ) = by (1 v, X[ vt w) | dzdydr

/ t*(y)/
(7.12) /Ko Ji=(y) JQH(r)

~H
_][QH( )bl(T,X(t,y) + X, (r,y; t, wy)e +7))d7’
r

< H
bl(t, X, y)+ X, (r,y;t,wpe; + Z)

A

< H
bl(t, X(t,y)+ X, (r,y;t,wpe + Z)

dzdydr
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t(y)
ko
Ko Ji=(y) JOH®m)

—][ bi(s, X(t, y) +2)dZ
0H(r)

1T (y)
+// / ][ bi(s, X (1, y)
Ko Jt=() JOH @) o1 (r)

+5(f1(r, yvit,wier +2) —bi(s, X(t,y) +7)dZ
s

LA=1(QH (r))
x Q" (r))|dzdy dt

< C(lwil +2Hr) L9710 ()2 DBI(Q)

bi(r, X(z,y))

dzdydr

IDb(s)|(X (£, y) + [0, X\ (r, y: 1, w)]

£+ zr—)lwllﬁd‘(Q”(r))IDbl(Q)

(2F

)|w1|£d—1(QH(r>)|Db|<sz); (7.18)

(3) the flow across the surface (0, X’?(r, y;t,wy)) X [—Hr, Hr] X 83?‘2(0): if
bt is the component not 1 or 2, then, as above,

) ,
/ /~H b~ (1, X (1, y) + 2)
Ko Ji=(y) JO.X{ (ry;t,w)x[=Hr, Hr1x 9B 7> (0)

— b (1, X(1,y))| dzdy ds

near. inc. < C/ / y
Ko J0,.X) (ry:t,w) x[—Hr, Hr]xB{ > (0)

bt (t, x +2) — b (1, x)| dzdx dt

X contr. < é/ (/ |Dbl|dxdt>|z|dz
(0,w)x[—Hr,Hr1xdB22(0) Q

(Iz| £ 2Hr) £ CQHr)?*|lwi|/H* 73 (0 BI72(0))€| Db|(2)
d—3 d-2

_ e M 0BI20)

L4=2(Bf72(0))

< CCaVEIu L0 ()| DBI(S);
7.4

(7.19)

lwi|(Hr£972(BI~%(0)))&| DbI()

(4) the flow across the surface [0, X?(r, yit,wyp)] x {Hr} x Brd_z(O), whose
normal is e):

()
/ / Y |b2(t, X(t, ) + Hre; + 2)
Ko Ji=(» J10.X) ¢yt w)]xBI2(0)
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—by(t, X (¢, y))| dzdy dr

. t(y)
X contr. < / / |b2(t, X(t,y)+ Hrey +z2)
Ko Ji=(») J10,w11xBI72(0)

—by(t, X(t,y) + Hrey)| dzdydt

1 (y)
+/ / / |ba(t, X (¢, y) + Hren)
Ko Ji=(y) J[0,w1xBI72(0)
—by(t, X (¢, y))| dzdy dr

near. inc. < C‘/ (/ Il)l72|d)Cdl>|Z|dZ
0,wilxB20) \JQ

+CHrlwi|£772(BI72(0))| D2b2 | ()
< Clwi |+ r)lwi1£472(BI72(0)) | Db (2)
+CHrlwi|£972(B{72(0)E| DbI(Q)

_ (1 g
< C( =+ 2 Jlwil 271" ()| DBI(Q)
H 2
< CCqVEIw L7710 ()| DB|(R). (7.20)
The same for the surface [0, w{] x {—Hr} x B;‘f’z(O).
Summing up the estimates (7.17), (7.18), (7.19) and (7.20) we obtain the statement

(7.16). O

7.4.2. First selection of initial point in order to have continuity of the flow
and disintegration Consider a compact set Ko 1 C Kgq of trajectories X (¢, y),
where y — X(t,y) € C([0, T], Rd) is continuous in the Co-topology, and such
that the disintegration y — (Db), is weakly continuous in the sense of measures
and m_gg, = £ Ka.1» Which means that the singular part of m has measure 0 on
Kq,.

Since we have

/IDb(t)I(Rd)dIZ/ [(Db)y|(N)m(dy),
N Rd

then it follows that if £ (N) = 0,
[(Db)y|(N) =0  m-almost everywhere y.

In particular we can assume that the initial and end sets {t ™ (¥) } yekq ; » (tT () Yyekan
have measure O with respect to (Db),, and thus in Kq 1 it holds that

y = (Db)y((t (), t+(y)) is continuous with continuity modulus wygjs.

We can also take a second compact set K » made of Lebesgue points of K¢ 1
and such that the limits

£4(Bd(y) N K1)
L4(B{(0))

— 1,
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]i‘l(())ﬂKg 1 [XC. 542 = Xt D] o082 = 0

]id((» ‘(Db)y+z((t_(y), () — (Db)y (1= (), 1T (y))|m(dz) — 0

are uniform with continuity modulus wgis(r) (eventually changing wgis of (7.22)).
The total error can be taken

HY(Ko\Kqp) < ELTH(Q)

by Egorov and Lusin Theorems.
We thus have proved the following lemma:

Lemma 7.6. There exist two compact sets Koo C Kq,1 C Kq such that the
following holds:

(1) their difference in measure is small, that is
HY(Ko\Kq.2) < L91(); (7.21)
(2) the maps Kqg1 > y — X(t,y) € C([0, T1,R?) is continuous in the C°-

topology with modulus of continuity wgis;
(3) for every y € Kq 1 it holds

(DB),({r* (M) =0
and
y = (Db)y((t™ (y), t(y)) is continuous with modulus wgis; (7.22)
(4) the compact set Kq 7 is made of Lebesgue points of Kq 1 such that

LB (y) N Kq.1)
L4(B{(0))

— 1| = wqis(r), (7.23a)

]i ok [ Xy +2 = X0 9 | cog (.0t 92 S @ais (), (7.23b)
S(O0)NKq 1

]id(o) ’(Db)y+z((t_(y), () = (Db)y (1~ (), 17 ()))|m(dz) < wqis(r).

(7.23c)
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7.4.3. Comparison of approximate flow with the disintegration Aim of this
part is to prove the following results:

Proposition 7.7. If r < 7 (&), it holds that
l*()) "
/ B (. yi 1. X1 ys 1, wn)) dr — (Dby 2)y (0, 1))w]| dw dy
t

/KQ 2 /Bd(o) )

< C4CVErL(BR )L (@) + |DbI()] + CIDb|(Q2\Ko)r L (BL(0)).
(7.24)

~H ~
Proof. We estimate the difference of the approximate vector fields b; (r, y; ¢, X fl
(7, y; t, wy)) and the disintegration (D1 b;),w; forafixed wy (> O for definiteness),
with i = 1, 2. The proof is given in several steps.

Step 1. By using (7.5)
T _y
/ / byy(r. y:t, X1 (r, y; t,w1)) dt — (D1b12)y (¢~ (), 1T (»))wi|d
Ko | Jt7(y)
B / /t+(})S|DbI(X(t y) + [0, Xl (r,y; t, wy)] x QH(r))
1.5 Koo | Ji=() LA=1(QH(r))

—(D1b1 )y (¢~ ), tH(y)wi|dy

g/ /Ny) ;[Eww(xc,y)
Koo | Ji-(yy L47HQH(r))
HO, X1 (i, w1 x 07 (1)

—(DB) 12 (X (1) + 10, X1 (7, y5 1, w))] X QH(r))} dr|d

1 ()
%oz |w1|£d—1<QH<r>>[/,—<y) (DB)1.2(X (2, 5)

+0, X1 (r, yi £, w1) x 0F (1) dr
(D1b12): (U (X3 +10, X7 ¢y 1, w0)] Q”(r)})dz]
1

Kqo |w1|£d_l(QH(r)) Ko

+10, X1 ¢, yi 1, wi)] x @7 (1)} ) dz

+|wi]

dy

Ko

+wi] (Dib12): (U {X (0. 9)

—(D1b12)y((17 (¥), t+(y))’ dy,

< &lw1]|Db|() + Clw:||Db|(2\Ko)
(7.2),(3.10)
1

[wi L9710 (1)) Jk,

+Clw|

(Dib12)(Ur {X (0, »)
Kqo
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+0, X', yi 1, w)] x 0% (1)} ) dz
—(D1b12), (), mm‘ dy, (7.25)

where in the last step we use the definition of disintegration.
We estimate the integral

(Dib12): ({ Uy X6, ) +10, X ¢ yi 1, w0)] x 07 (1)} ) dz

[..]dz = {/ / } ldz, (7.26)
Ko Q. 51 KQ\KgIZ1 1)

where Kg"l(y) are the trajectories in Kgq 1 which remain inside U, X (¢, y) +

Ko

by

[0, X’fl(r, y;t, wy)] x O (r). Recall that we denote with /Cq the union of the
graph of the trajectories starting in K¢, and the same with Cq .
Step 2. We write the last term of (7.25) as

/ 1
Koo

[wi | £971(QH () Jkq

1
..o ]d
(7 26) ./ng |w1|£d I(QH(r)){/Ql(y ~/KQ\K5'J }[ ] ‘

— (D1b12)y (1~ (¥), t+(y)))‘ dy

</ !
Kq»

i L1 () Jxin )

1
+
Kap»

[wil L7717 (1) Jka\kin
‘We have

[...1dz — (D1b12),((t™ (), t+(y)))‘ dy

[...]1dz— (D1b1,2)y((t_(y),t+(y)))’ dy

[...]dz|d

(1) term K 5‘ 1(): in this set the measure (D1b;); are continuous by (7.22) and the
trajectories remain inside the set by the definition of K 5‘ 1 (), so that

/1;&2.2

—(D1b12)y (1~ (), 17 ()

1
i £-TQH () Jxin )

[...1m(dz)

dy

1

traj. are inside
! LT (r))

MLKG | <Ld w/I{Q,Z

/, (D1b12): (1~ (»), 7 (y) dz
K51



Differentiability in Measure of the Flow Page 707 of 734

—(D1b12)y (1~ (y), t+(y)))‘ dy

[ LYKE ()
[wi|£4=1(QH (r))

(D1b3), continuous §/ wdis(Hr)

Kao

_|_

(D1b1,2)y (1~ (), 17 ()

( LYUKE () —1N}d
w1 L9 T(QH (1) Y

LYKD ()
- :
(D1b3), bounded :/KQ’Z |:|wl|£d_1(QH(r))

LYKD ()
M(1-— > d
* < deﬂd‘(Q”(ﬂ))} Y
[ LYKE ()
w0 L7107 (1)

wdis(Hr)

see below §/ wdis(Hr)

Kq o

meZHfﬂ?(BihGD)}}
lwi[L9=1(QH (r))
(exiting flow)

+M min {1,

+M d
Koz [WIIETT(0F ()
d(pd
in d < . wdis(2Hr) L (BZHr(O))} d
Ko 1(y) C SN By, (v) (7j6) 2M min {1, o1 Z-T(0H (1) LY(Kq2)
+MC_‘(Cd«/§+ ‘:Lf)|0b|(9),
1

where we have observed that

z€[0,wi] x Q7 (r\KE
C (BSy, (O\Kq.1) U (Ka.1

N (trajectories exiting from U X(,y) + [0, Xfl(r, yit,w)] x 07 (r))),
t

and, by (7.23a),

LY (B, (0\Kq,1) < waisQHr) L (B, (0));

(2) term Ko\K gl: these trajectories satisfy |(D1b;);| < M and exit, so that
1
lw|£4=1(QH (r)) Ko\K§

/Ksz,z
M

<
= L9710 (1) Jkq,

[...]dz|dy

[m-measure of exiting/entering trajectories] dy
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M
<
= w210 (1) Jxas [flow on the boundary] dy

u e
T Ca/e + = |y |£47! Db sz}
(7.16) lelﬁd-l(QH(r»[ ( E+ S |) 11£971 Q" ()| DBI()
<Mc<cdf+ |f|>|Db|(sz)

wi

Finally, collecting all estimates,

/IV(Q_Z

§2Mmin{1

1
lwiL9-1(QH (r)) Jkq
wais QHr) L4 (BE,; (0))

lwi|L4=1(QH (r))

_ 4
+ 2MC<Cd n |—r|)«/§|Db|(Q).
w1

[...Im(dz) — (D1b2)y (1~ (y), 1T ()| dy

}Ed(Ksz,z) (7.27)

Step 3. We thus have

/ng /Bd(O)

t*(y) L
/ (r,y; t, X, (r,y;t, wl))dt
=(y)

— (D1b12)y (= (), 17 (y)wi| dw dy

= / lel[élDbl(Q)+C|Db|(gz\/c0)
(7.25).(1.27) / B ©

wais Hr) L4 (B, (0))
lwi|L4=1(QH (r))

n 2Mé<cd + #)ﬁmz;um] dw

(wi] £r) <2M/ min {|wy |, Cqwais QHr)H'r} L% (K g 2) dw
d(o

+2M min {1 },cd(KQ,g (7.28)

+2MC(Cy + 4)rv/z|Db|(2) LY (B4 (0))
+ r&|Db|(2) L4 (B (0)) + C|Db|(2\Ko)r LY (BZ(0)).

Step 4. Observing that

/ min {|wi|, Cywais QHNH"'r} dw £ C,L% (B (0)wais QHr)H ™',
BI(0)

(7.29)
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we obtain

/Ksz 2 /B"(O)

— (D1b2)y (1~ (), 17 () wi| dw dy

t*()) -
/ (r,y; 1, X| (r,y; 1, wy))dt
= (y)

< 2Mm min {|wi|, Cqwais QHrH''r} LY (Kq ) dw
(7.28) BZ(0)

- _ Jood (7.30)
+2MC(Cq + Hrv|Db|(Q) LY (B (0))

+r&[ Db L (B (0)) + C|Db|(2\Ko)r L4 (B (0))

< 2MCiLYBY0)wais QHNH T r LY (K g 2)
29)

+2MC(C4 + 4)rvE|Db|(2) L (B4 (0))
+ rg| Db () LY (B (0)) + C|Db|(Q\Ko)r L (B (0)).

(.

Conclusion. For r < 7 = r(g) < r such that

2
wasQHHH ™ LY (K 2) = w(})w—wc (Ko2) < VELM (@),
(7.31)
we obtain
t*(y) o
/ / / (r,y; L, X, (ry;t, wl)) dr
Koo JBO) | Ji=(y)
— (D1b2)y (= (), 1T () w ' dwdy
(7.30), (7.31) < 2M Carv/e L4 (B (0)) L7+ ()

+2MC(Cy + 4)rv/z|Db|(2) L (B4 (0))

(7.32)

+ r&|Db|() LY (B (0)) + C|Db|(2\Ko)r L (BZ(0))
<rcd(B? (O))\/E[ZMCdEd“ (Q) 4+ 2MC(Cyq + 6)|Db|(Q)]

+ C|Db|(2\Ko)r LY (BZ(0))
< CaCVarL (B O)[ £ (@) + |1 DBI()]
+ C|Db|(Q\Ko)r L4 (B (0)).
We have removed a set of trajectories of measure
(7.6), (7.21) < 2&L7T(Q)
and the estimate holds for

r<F =)
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This concludes the comparison with the disintegration, which will be used when
analyzing the approximate flow with the linear one in Point (7) of page 19. Using
(7.2) we have also

Corollary 7.8. It holds that
O -l
/ B (r yi 1. X ys 1. w)) df — (DB (0, 1))w| dw dy
t

/1;g_z /B;j(o) -~ (7 33)

< Ca(1 + O L4(BLO)VE[ LT (Q) + |DbI(D)]
+ C|Db|(2\Ko)r L (B2 (0)).

7.5. Estimates on the approximated flow

The approximated flow is defined by solving the ODE

d o= ~H < H
X oyt =b (ry;t. X (r,y;1,2)),

in the time interval of interest for X (¢, y), thatis t € (t~(y), t*(y)), with initial
data z at ¢~ (y). We recall that

£

Byt = o
R S LT (r))

IDBI(X (1, y) + [0, wi] x 01 ().

The first component X ]H(r, y; t, z) has already been studied in Section 7.3.

7.5.1. The part not along e;, e; The component of b along the direction ey, y is
clearly O because £ lies in the 1, 2-plane by assumptions, so that

< H
Xyo(ryit,2) =zyy.
In particular this flow is perfectly 1-Lipschitz.
We can use Corollary A.2 to compare the real flow Xy »(t, y +2) — Xy,2(t, y)
with the approximate flow until the exit time ™ (y; z) from the ball Brd 0).

Lemma 7.9. It holds

Xyp(,y+2)—Xya(,y) —zy, d
/Ksm /35(0) ” ey Py 7 COt=(y).t+(y.2)

< C?rL%(B4(0))8| Db|(), (7.34)

zdy

where t*(y, z) is the exit time from the ball X (t*(y, z), y) + B%(0) or it coincides
with the final time tT ().
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Proof. Corollary A.2 withb =0, L = 1 gives forall t € [t~ (y), +(y; 2)]
‘Xy,z(t, y+2)— Xyt y) — Zy,z‘

t
é/ |by2(s. X(s,y +2)) — byy(s, X(s, y)|ds. (7.35)
t

Let(y, z) € [t~ (), tT(y, 2)] be such that

‘Xyzz(t(y, 2),y+2) — Xypt(y,2),y) — Zyz‘
(7.36)

_HXJ/Z( y+2) = Xya(, y)_zyz‘co W=+ 02

Integrating with respect to z € Bf (0) and y € Kq » we obtain

[ ] xats+a =Xt
Koz JBI(0)

= Xyt(y,2),y+2)
(7.36) /KQ,Z /Bﬁ’(O) ‘ '

— Xyt (y.2), ) — z”’ dzdy

1(y,2)
é / / / |by.2(s, X (s, y +2))
7.35) /Ko BA(0) J1~(y)

—byy(s, X (s, y))‘ dsdzdy

1T (y.,2)
t(y,2) 1T (y,2) / / / |by,2(s, X (s, y +2))
Ko JBIO) Ji=(y)
—by (s, X(s, y))| dsdzdy

()

0 dzdy

near. incompr. with respecttoz < C_’/ / / |bya(s, X(s,y) + w)
Koo Ji=(») JBO)
—bya(s, X (s, y))‘ dwdsdy

near. incompr. with respecttoy < C 2 / |b y2(s, x +w)
le(o)

— by (s, x)! ds dx dw

< C*r£%(BY(0)z|Db|(R).
(1.2

which is (7.34). O
Corollary 7.10. If
E}v.r) = {2 € BIO) [ XpaC v+ 2 = Xy ) = 2p2] 0 2 Vor)
(7.37)

then

LYE(y, r))dy < C2L4(B(0))VE|Db|(R). (7.38)
Ko



Page 712 of 734 STEFANO BIANCHINI & NicoLA DE NITTI

Proof. Indeed, by Chebyshey,

cEomy € [ Xty
Kq o Kqp JBE(0)
— Xy2(, ) o920y
< C°LYB(0)VEIDBI(R).
(7.34)
which is the statement. O
Defining

Ei(r,y) = E}(r, y) UE}(r, y) (7.39)

where Ell(r, y) is defined in (7.14) and E%(r, y) in (7.37), we conclude that

/ LYE(y, r)dy < 5CHEVALY(BL(0))|IDI(Q)  (7.40)
Kqo (7.15),(7.38)

forg < 1.
The estimate (7.40) gives Point (4) of page 18.

7.5.2. The part along e; The part along e; satisfies the ODE
d - H ~H < H
g Xyt =b (r,yit, X5 (r, 51, 2)).

Since b’ depends only on z1, the solution is for t € [t~ (), tT(y,2)] ¢ (v, 2)
being the exit time from B;l 0))

- H rog “H
X, (r,y;t,2) =22 +/ b, (r, vis, X, (r,yit, zl)) ds. (7.41)
1=(y)

By (7.8), we have that, for every Borel function z > t(y, z) < t+(y),

~H
/ / |X2 (raYQI()’aZ),Z)—Zz|dzdy
Ko JBl(2)

1y, z)
/ / / (r v; s, Xl (r, y,tzl))ds
. 41) Ko JBi(z) | Jt
t(y,z) -H
/ by (r.y:s,z1)ds
t

)
< H .
X contraction
Ko JBi(@2) | /1=(»)

< CrLY(BY(0))|Db|(S),
(7.8)

dzdy

dzdy
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which in particular is equivalent to
~H -
/ / | X5 (ry yi - 2) — 2] o dzdy < CrLd (B (0)IDBI(RQ). (7:42)
Ko J B2 (2)

Here we can allow the time ¢ (y, z) to be larger than the exit time from the cylinder

X, y)+ B;i (0) because of the particular form of the flow X " : the first component is
acontraction, and the second depends only on the first. Clearly it will be meaningless

~H
when exiting X (¢, y) + [—r, r] x Q¥ (r) because of the form of b .
In the following proposition, we estimate the quantity

< H
Xa(t, 3 +2) = Xt 9) = X3 (i1, 2).
Proposition 7.11. If E|(r, y) is the set defined in (7.39), then it holds

o H
|/ X265 42 = %ot = K33, 2|
Koo JBYO\E1(r,y)

< 7CrLY(B4(0))()/*| Db|(R). (7.43)

0 dzdy

This proposition corresponds to Point (5) of page 19, Equation (5.2).

Proof. In this case the flow X f is not Lipschitz (take for example a single jump
discontinuity), so we cannot use Corollary A.2 and instead proceed as follows:
let t2(y, z) € [t (y), tT (v, z)] be the time where

‘Xz(lz(% 20,y +2)—Xot2(y,2),y) — X?(n ;i 2(y,2),2)

< H
= [x26v 40 = X200 = X5 (31,0

co’

The above quantity can be written as

(Xz(tz(y, 0,y +2) — Xa(ta(y, 20, ¥) — X3 (r, 3 23, 2), z)’

0(y,2) ~H < H
/ [bz(s, X(s,y+2) = bals, X(s,y)) —by (r,y; 5, Xy (1, y; 5, 21))] ds
= (y)

A

0 (y,2)
/ |:b2(s,X(s,y+z))—][ by(s, X1(s,y + 2)e; +w)dw:| ds
= (y) o (r)

12(y.2)
/ [][ bas. X1 (s, y + e + w) dw
= (y) 0f (r)

< H
_7[ b2(s’X(5vY)+X1 (V»y;s721)el+w)dw:|ds
0 (r)

—+

(7.44)

2(y.2) 1 - H "
+ /t*(y) W[(lez)(x(& »)+10, Xy (r,y;s,z1)] x Q (V))

— &IDBI(X (s, ») + 10, X\ (55,201 x 0% (1) | s

12(y,2)
+/ [lu(s,X(s,y))—f bz(s,X<s,y)+w)dw]ds
t=(y) 0" (r)
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‘We have used

][ bz(s,X(s,y)—l—f(fl(r,y;s,zl)e] +w)dw—][ ba(s, X (s, y) + w) dw
o 0 (r)

1

= gy PP (X 6+ 0.1 0 s, 201 x 07 0).

Integrating the third term with respect to y and using (7.2), we get

n(y,2) 1
/ / / e | Dib2(X G, )
Kqo Bﬁ’(O) t

~w LN )
+10, X} (r, yi 5,201 x Q7 ()

— BIDBI(X (5. ) + 10, X[ (. yi 5,201 x 07 () | ds| d

1 (y,2) _
D1b>) — | Db||(X (s,
/KQZ/B"(O)/t o L4 1(QH( ))|( 152) = &IDBI|(X(s. ) (7.45)

+10, w11 x 0" ()] ds dy

- 1 )
=¢ “at om oy |(P1b2) — &[Dbl|((s,
N ~/Brd(0)/52 [_:d_l(QH(r)) |( 1 2) $2| ||((S x)

+10, wi] x Q" (r)) ds dx

< CrL%(BY(0))E|DbI(R2),
7.2)

-~ H . . .
where we used the factthat X| (r, y; s, z1) < wj inthe firstinequality and |w; | < r

in the last one.
Integrating, we obtain, for the fourth term,

1 (y,2)
/ / / [b2<s, X(s.y)
Koo JBLO) | Jt

6]
- ][ bo(s, X(s,y) +w) dw] ds
o)

ool 1
Koo JBLO) Ji=(y) JOH()

—by(s, X(s,y) +w)’dwdsdzdy (7.46)

dzdy

by(s, X (s, y))

near. incompr. < CL4(B?(0)) ][ / |b2(t, x + w) — by (t, x)| dx dt dw
0" /o

(lwl £ A+ H)r) = C+ HirL(BL(0)|D2b2|(R)
< 2CHrL4(B4(0))&|Db|(S)
)

< 2CrL4(BY(0))VE|Db|(R).
a.4)

~
&)

(
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The above estimate is the same for the first term:

1(y,2)
/ / / [bz<s,X<s,y+z>>
Kqo B;‘,(O)Z

6]

_][H ba(s, X1(s,y +2)eq ~|—w)dw:|ds dzdy
0f(r)

*(y,2)
<Jo ), 1
Kq.o JBL(0) J1=(y) 0H(r)

—ba(s, X1 (s, y + 2)e1 + w)) dwds dzdy

*(y,2)
ool 1
Kq.o JBL(0) J1~(y) OH+1(r)

dwdsdzdy

ba(s, X(s,y +2))

(7.47)
by(s, X(s,y +2))

—by(s, X(s,y+2) +w)

near. incompr. < CL4(B4(0)) / |b2(t, x +w) — ba(t, x)| dx dr dw
ot+1(n) Je

< CQ+ H)r£4(B4(0))&|Db|(2)
< 2CrLY(B4(0))Vz| Db|(R).
Here in the third step we have used

Xi(t,y+2e + 07 () c Xt,y +2)+ 07 (),

valid until the exit time 7, (y, z).
Recalling that for z € Bfl (O\Eq(r, y) it holds that

[xicyro-xien-X ey <@V a4

we obtain (the interval in the second line may have the extremals exchanged depend-
. . < H
ing on s, here for definiteness we assume X (r, y; s, 2) <X (s, y+2)—X (s, y))

][Q”(r)
= ;Ilezl(X(S, y) + [)?fl(r, yis,z1), X1(s,y +2)
= LNQH(r)) (7.49)

— X165, )] x 0" (1)

- H
bo(s, X1(s,y +2)er +w) — ba(s, X(s,y) + X (r, y;5,21)e1 + w)|dw

< ID1ba| (X (s, ) + [ — &4, @41 x 0% (1)).
4

(7 8) Ed_l(QH(r))
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Then integrating the second term

1(y,2)
/ / / I:][ by(s, X1(s,y + 2)e; + w)dw
Koo JBEONEI(ry) | J1=(y) 0 (r)

— ][QH( )bz(s, X(s,y) +z1e1 +w) dwi| ds|dzdy
-

- / / /”(“’ (7.50)
(7.49) /Koo JBIO) Ji=(y)

ID1bo(X (5. ) + [ = @V4r, @) 4r] x 0H (1))
LA-1(QH (r))
< 2CE)Y4r LB (0)|D1b2|(),

dsdzdy

where we used the fact that Bf ON\E(r,y) C Bfl 0).
Finally, collecting all estimates,

< H
| [ X260+ 2 = Xt = X5 03,0
Koo J B O\EI ()

2C(&)*rL?(B2(0))|D1b21(2)

o dzdy

(7.44),(7.47),(7.<50),(7.45),(7.46)
+ CrL4(B4(0))&| Db| ()
+2Cr LY (B4 (0)VE|Db|(2) + 2Cr LY (B (0))vz| Db|(S2)
< 7CrLY (B (0))(®)'/*| Db|(%).

(7.51)

which is the statement. O

7.6. The linearized ODE

We compare now the approximate flux X " (r, y; t, w) with the linearized flow
of Section 4, namely the solution to

: W(t—, y) - _

Wi, y) = (Db)y(dt)ﬂ, Wi (), y) =L te @ (.7 ().

Let W(r, y) be the solution to the following approximated ODE (whenever it
exists, that is whenever J (¢, y) = ¢ > 0)

. ) Wi .
W(t,y>=5®ﬁ|Db|y<dr>j“—y)), WOy =1 (7.52)

(t_sy

where J (1, y) = det(W (2, ¥)). Clearly due to the simple form of the right-hand
side one gets

Jay) =k 71Dbly(dr) = & |Dbly(dr), TG~ (y),y)=1.  (1.53)
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Lemma 7.12. There exists a set Ko, C Kq with co-measure
HY(Ko\Ka3) S VE (7.54)
such that, if J(t, y) is the Jacobian of the flow X (t, y) (see Proposition 3.6),
TG =T i yat o S VE (7.55)

In this set the solution to (7.52) is defined for all t € [t~ (¥), tT(y)] and it holds

/ W) = WE D ooy (@Y S 3C2* M VeI DBI(). (7.56)
Ko3

Proof. We can write

d N )
E(J(t, y) = J(t, y)) = (divh),(dr) — E - 7| Dbl (dr) (7.57)

Hence integrating in K one obtains

/ [7C) =T oo it oy
Kq

t(y)

= / |(Db), — & ® 7|Db|y|(dt)dy < &|Db|().
(71.57) /Ko J1=(y) 1.2)

Hence by Chebyshev’s inequality we can remove a set of trajectories of measure
< JE|Db|(£2) and in the remaining set the estimate (7.55) holds:

”J(v }’) - J(’ y) HLoo([—(y),ﬁ—(y)) é \/g

In particular we deduce that

174N
| =

Vi

[\ e}
QI' -
A
~
A
N\
+
=
[IN
[\®]
E'}l

so that the solution W (7, y) does exist on this set, and in the same way as in (4.14)
one gets

Wt y)| < XM (7.58)
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Write for these trajectories

%(W(,, y) = W(t,w)) = (Db)y(dt)‘;/((%_:;)) -£i® ﬁlDbly(dt)VJ?((%”yy))
- %(W(f—,y) —W(@—,y)
" (Db)y(dt)v;v((%yy)) —E® ﬁ|Db|y<dr>v;((%”yy))
- %(W(f—,y) —W(@—,y)
+[(Db)y(d) € ® ﬁIDny(dt)]VJv((%_:yy))
+E® ﬁ|Db|y(dt)<J(t_’ SR y))W(r—, ¥).

Integrating in time and using Duhamel Formula together with (4.4) and (7.58), we
get

W y) =W, ) ”LOO(I‘(y)J"'()’))

A

o (y) _
Ce3CM/ o |(Db)y — & ® ij| Db|,|(dr) (7.59)
t—(y

+2C2MNTC ) = T fo . o DB ), 17 ().
Integrating in Kq 3 one deduces that

/ IWE ) = WE D ooyt ) Y < 3C23M /6| Db|(RQ).
Kqj3 (7.59),(7.2),(7.55)

O

The solution to (7.52) can be computed explicitly when y € Kq 3: the equation
for the first component is

Wii(t—, y)
whose unique solution (from Theorem 4.1) is clearly
Wi, y) = J(t. y).

The only component non constant besides WU is le(t, v), which satisfies

. ] Wiy - o
Wia(t, v) =sz|Db|y<dr>J31t(t—§) — B Db, y), Wial~ (), y) = 0,

)

Wiz, y) = & |Dbly(dr) L W (). y) =1,

whose solution is

Wia(t, y) = E|Db|y(t~ (), 1).

Hence, we obtain
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Lemma 7.13. If y € Kq 3, the explicit solution to (7.52) is given by

W(t,y) = 1+& ®ij|Dbly(t~ (y),1). (7.60)

7.7. Collecting the estimates for the singular part

Here we prove that the assumptions of Section 5 are verified with the measure
with a suitable measure wu p, which will be given in Section 8, when collecting all
estimates.

More precisely

(1) Point (2) of page 18: there exists a set of trajectories S| = Kgq 3 such that

< ELTN(Q) + /| Db|(Q2)
T.21),(7.54) (7.61)

< ®Y1DbI(2) + LTH(Q)];

H(S1\S))

(2) Point (6)of page 19: there exists an approximated solution X H(r, y;t, w)
such that forall 7 € (1= (y), T (y), r' <r

- H
/1(9,3 /Brdf(z) ”X i) = w”CO dwdy

O g
S / / / 6" (r, y; 5, w)|dsdwdy (7.62)
(7.11) /Ko JBE©) J1=(y)
=

Cr'£4(B%(0)| Db|(Q).
)

~
]

.
(3) Point (4) of page 18: for every y € Kq 3 there exists a set of initial points
Ei(r, y) C B4(0) such that

/ LYUE N,y dy < 5CH@Y4 LA (BL(0))DBI(RQ);  (7.63)
Kos (7.40)

(4) Formula (5.2) of Point (5), page 19: for the remaining trajectories it hold

/ / |XCy+2)— XC,y)
Ka3 J BLO)\E(r,y)

- XH(V’ i 2) ”C‘)(t*(y)ﬁ(w)) dzdy
(7.13), (7.34), (7.43) < 3C*Ver£4(B%(0))|Db|(R2) (7.64)
+ C?rL4(B%(0))z| Db|(S2)
+7CrLY(B4(0)) ()41 Db|(2)
< 11C%&)4r£4(B2(0))| Db|();
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(5) Comparison of approximate solution with the linearised flow: recalling
that

t

X'H(r,y;t,z) —z:/ I;H(r,y;s,Xfl(r,y;s,z))ds, (7.65)

=(y)

for the approximate vector field
< H -
/ / ‘(X r,y; 1t (), w) —w) = Wt (), 1~ (»), y)w|dwdy
Ko 3 J BZ(0)

- H
< ] & e o - u)
(7.60 /Ka3 J B(0)

—~ E@ Db, (( (). 1 (m)wn | dw dy

+/ |w|dw/ WEy) = WeE D s dy
B{(0) Ko ” I (G CORRC)))

(7.65).(7.56) /KQ,S /B;’(O)

—E®7IDbly((t~ (), tT(y))wi

Oy u
/ b (r,y;s,X (r, y; s, w))ds (7.66)
1= (y)

dwdy

1+ 3C23M [5|Db|(Q)

S CaCVErL! (B O)[LT(Q) + |DBI(Q)]
(71.24),(7.2)

+ CrL%(BY(0))| Db|($2\Ko)
1+ 3C23M /2| Db|(%2).

(6) Point (7)of page 19: if E;(r, y) is the set of trajectories which exit from
X(t,y) + B4(0) before 7 (), then

| X )y +2) = XU (), ) = W, y)z|dzdy
Ko J BEO\(E1(r,y)UE2 (1))

< 11C% (&) *r£4(B(0))| Db|(R2)
(7.64),(7.66) Do

+Ca(1+ Or L4 B ONE LM (Q) + 1 DbI()] (7.67)
+ CrL?(BY(0))| Db|(2\Ko) + 3C23CM [5|Db|(Q)

< 16C*Car £ (B (0))(®) [ £ (Q) + | DbI(2)]
+ CrL (BY(0)| DbI(2\Ko).

This concludes the local estimates in the case the singular part is contracting,
thatis & -7 < 0.
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7.8. The time reverse case

To study the case & - 7 > 0, we use the estimates we have already proved by

reversing time or, equivalently, by changing variables and using as initial set the
set S instead of the set S;. In order to have more flexibility in the proof, we will
choose the parameter H determining Q" () later.

€]

2

3)

We proceed as follows:

First of all, we will consider as initial points S, the image of the set K¢ 3, that
is S» N Kq 3: by the near incompressibility and the fact that up to C ELTH(Q)
all trajectories start from S and leave from S, for a perturbed proper set, we
obtain that

H(SH\S) L9TNQ) + CEVA(1DB|(Q) + LT
(52\53) (7.61;7.1)8 (2) (&)/*(1DbI() ()

_ (7.68)
< 2CE*(1DBI(R) + L1TH()).
e
We estimate the flow exiting or entering the sets
UX@n+10. %70y x 070 or
t
(X @w + XY ¢ yi 1. =), 01 x 05 (). (7.69)

t

One can repeat the analysis of Lemma 7.5, letting the dependence with respect
to H be explicit, and obtain that the flow @ (y) is controlled by

/ @ (y)dy < CaC(1+ Hyr£*~ (M Db|(2)
Ko (7.17),(7.18),(7.19),(7.20)

< c,CH?*er?\Db|(Q). (7.70)

As usual, the constant C; may increase line by line. Hence, if

Et(r,y) = {y’ € X(t*(y), y) + B4(0), y' end point of a trajectory crossing

the boundary of (7.69)},

we have
/ LYET(r, y)) dy < C,C*H?er?|Db|(Q). (1.71)
Ko (7.70), near. incompr.
By Chebyshev inequality applyed to (7.71), we remove a set of initial points

Z1 C Kq 3 of measure
HY(Z)) < CVE|Db|(R), (7.72)

for the rest of the trajectories X (¢, y), y € Kq 3\Z1, the flow crossing the
< H
boundary of |, {X(t,y) + [0, X| (r,y;t,r)] x Q¥ (r)} or U, (X, )
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+ [Xfl(r’ y;t,—r), 0] x Q”(r)} is controlled by (one H in (7.70) has been
incorporated in Q (r))

®L(y) < CaCVEHFLIT Q). (7.73)
The set S5 of final points is thus the image of K 3\ Z1, which satisfies by near
incompressibility
HY(5,\85) 2C(&)*[IDbI() + L4 ()] + C>VEIDBI(R)

<
(7.68).(7.72) (7.74)
<3C®"*[IDbI() + L))

This is Point (2) of page 18 for the case £ - 77 > 0.
(4) Using the bound (7.73), we can estimate the size of X{(r, y; t*(y), r): by the
balance

final area + lateral flow = % initial trajectories,
one gets
X 0yt ). 0L () + CaCHVE LT (M (1) 2 ér.cd—‘ "y,
where we have used (7.73). The above equation gives for y € Kq 3\Z; that

X ooyt o). 2 %(1 — C4C*VEH)r = rt(r). (7.75)

This lower bound on X {1 (r, y; tT(y), r) will be used in the next section to
bound EI" r,y).
Note that r+(r) = O(1)C~'r by the choice of H in the next points, as one has
to expect from the near incompressibility (4.3).

(5) We can thus estimate the subset Ef(r, y) of Bf+(r)(X(t+(y), y)) coming from
trajectories crossing the boundary of (7.69):

/ CUEFryndy € CaCPHEr| D)
Ko 3\Z .71
d
=, C2H%( ———) £4(B% (0))|Db|(@T6)
r+(r) r¥(r)
Cdéd+2§H2

7 . £%(B%.,,(0)| Db|(S).
(1.75 (1 - CdCZ\/gH)d ( (0)|Db|(2)

rt(r)

We also estimates the set X (t1(y), y) + E5 (r, y) C X(tT(y), y) + B;ﬁ(r)(O)
of trajectories arriving from points which do not belongs to Kgq 3:

/ LUES (royndy £ ELYUBL L ONLTNQ),  7.77)
Kq3 for r<|1
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where we have observed that H?_ s,-almost everywhere point in S» N Kgq 3 is
a Lebesgue point.
Finally we have that if

EY(ry) = Ef(r,y)UES(r,y)
then

/ LYUET(r, y))dy
Ka3\Z;

< C,C2EH?
(7.76).7.77) (1 — C4C>/EH)4
+8L7 (B, (DL ().

LY (B4, (0)| Db()

(6) The remaining trajectories in X (¢t 7(y), y) + Br+ (r)(O) are arriving from some
set which we denote as

Xt~ (), y) +AQY) CX@ (), y) +[-r7]
xQ"(r) € Kas N (y + B4 1) (0).

and are not crossing the boundary of (7.69); hence these trajectories cannot
arrive from E>((1 + H)r, y)), being the latter defined as the set of trajectories
in Xt (y),y) + BfHH)r(O) which exit X (¢, y) + B;I(O) before ¢ (y). Thus
by changing the coordinates from the initial points y, z at time ¢~ (y) to the end
points at time ¢+ (y) and using the near incompressibility we can write

/ / ’X(t,y+z)—X(t,y)—W(t+(y),z’(y),y)z dydz
Ko 3 J AG\EI(1+H)r,y)

w—Wet ), (). y)

> o
@.3).(1.79) C* Jxkan JL,  O\EC+0).3)

(X7'O +w) = X7 ()| dwdy’ (7.78)

O+ w) - XN

7CM/ /
|(Db), \<M C? Jx(kos) BY, O\EGH().y)
Thm. 4.1

— W ) ), yw|dwdy.
For shortness we have used the notation y(y’) inverting the function

X oM. yo")) =



Page 724 of 734 STEFANO BIANCHINI & NicoLA DE NITTI

The set E(r*(r), y) is the set not covered by the trajectories startingin X (1~ (y), y)+

ngl H)r (0), which satisfy the estimate for which we can use (7.67): using again

that the exiting trajectories have already been counted in E 1+(r+(r), y)
ECH )y = Ef o UEF (0 U [ (X (50 y + En( + B y)
U E2((1 + H)r,y)) = X (), 9)) N B, 0)]
=E[(ny)VE}(ry)
V(X0 y + B + H)ry) = X (). 0) N B, 0.
(7) Noting that
W) (), ) = Wa (). 17 (), XA (), 3) = W 0. 17 G, ),
the bound (7.67) with r replaced with (1 4+ H)r gives

e~ M
-1 71 ’
_2/ / J O +w) =X 0)
€% JxKas\z) JBY, | ONEGH(0).y)

— W), (), Y| dwdy’

o e |
7.78) Y Ka3\Zi JAW\EI(

A(y)Cl- rrlXQ”(r) /Km\Zl

—Wet, (), y)Z‘ dydz

< 16C*CarLh(BE(0) ()£ (Q) + | DbI(R)]
67) (7.80)

+ CrL (B(0)|Db|(2\Ko)

(7.79)

X(t,y+2)—X(t,y) —Wat(y), 17 (), y)z|dydz
1+H)7,Y)

/ X,y +2) — Xa.y)
Bd

¢+ 1y ONCEL (1 H)r.y)UE (14 H)r.y))

(.

d+1
=16C*Cy(1 + H)"“(#) rtrc? (Bm,)(()))(g)l/“

[+ (@) + |DBI(R)]

/o \dtl
c<r+(r)> rH (! (BY, ., (0))] Db (Q\Ko)

(€)1 + H)ydH
= d —
(1.75) (1 — C4C2/EH)

&L (B, N[ (@) + | DbI(@)]

é(%)dﬂ T L4 (BY, ,,(0)|DbI(2\Ko).
(8) Choosing
H = (&) 106+ 5, (7.81)
we obtain that
r+(r) _ i(l _ Cdéz(é)(8d+7)/(16d+1e))r

(1.75 C
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€))

and the estimate of (7.76) becomes

LYET(r, y)) dy
Kq
Cy (é)d+2 (é)(8d+7)/(8d+8)

= (1 = C,C2 () Bd+D/(16d+16))d

(7.82)

LBy, (0)| DbI().

The image of the set E1((1 + H)r, y) is controlled by (7.63): hence using the
nearly incompressibility its image has are controlled by

LYXET (), 17 ), Er(r, ) dy

Ka»
< 5C°@"* LY (BY(0))|Db|(Q), (7.83)
(7.63)

so that we conclude with

C C d+2 7\ (8d+7)/(8d+8)
Ed(E(’;I»’ y)) dy é d( )_ _(8)
Kas 7.820.17.83) (I — CqC2(F)B4+1)/16+16))d

£4(BY, . (0)|Db|(R2)

0]
+5C3 @) LBy, (0)|DB|(Q)
Cd(é)d+2(§)(4d+3)/(8d+8)
(1 — C4C2(5)Bd+7)/(16d+16)yd
L4BL (X (y), 1)) DbI(R)

rt(r)

+ 5C329(5)BdH/A6dFIO) pd (pd (X (1T (y), y)))| Db|(S).

rtr)

(7.84)

(1+H)=2H)=

Up to pushing the measure £ y) to the end points X (+1(y), ™ (y), y)) (thus
multiplying the right-hand side by C when integrating in £ (dy’)), the estimate
(7.84) corresponds to Point (3) of page 18, as well as the evaluation of the
measure of E;(r, y) of Point (7) for the expanding case.

We note in particular that the fraction of E»(r, y) can be made small around a
large set of initial points: this is what is proved here for the final points, but the
argument can be repeated also in the contractive case.

The remaining trajectories start in BfHH)r D\E1((A + H)r,y) U Eo((1 +
H)r, y)), because of the choice of E(r*, y) and the assumptions that they do

not leave B(d1 H)r (0). Hence we can use (7.80) together with (7.81) to obtain

/X<KQ) /B;’ﬂ,‘)\arﬂy’)

C_v d+3 1 H d+1
16Cd%
(1 —C4C2VEH)

X6+ = X 0 = W00, 10, ] dy dz

< @4 LBL O L (@) + IDBI(R)]
(7.80)

) é d+1
+é (m> ()L (BL. ) (0)) DBI(2\Ko)
— L4
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y 2d+1 Gd+3 (7)3/16 o .
781 Ca 1— CdéZ(g)(8d+7)/(16d+16))dL (B () OD[L7 (@) + 1DBI()]

_ C_v d+1
+C(1 _ Cd@z(g)(sd+7)/(16d+16)) (LB, (0)IDBI(R2\Ko).  (7.85)

Since the trajectories not in E(rT, y) are not exiting, we can just use Point
(7) of page 19 for the previous two points: (5.3) follows from the properties
of the disintegration applied to the linear flow W (-, y).

This concludes the proof that the assumptions of Section 5 hold around Lebesgue
points of the singular part of the derivative.

8. Construction of a Suitable Partition into Proper Sets

The differentiability in measure follows from the estimates in the previous
sections if we can find a suitable partition into perturbed proper sets such that the
assumptions of Section 5 hold.

Theorem 8.1. For every open set Q D K there exists a finite partition {Q?ing} lN: U
Q™™ of the compact set Ko € [0, T1 x R¢ made of disjoint perturbed proper sets,
such that

Koc QMU Qe C Q,

1

and such that Points (2), (3) of Theorem 3.4 hold with ¢ replaced by LTI,
and Qfmg satisfies the assumptions of Section 7.1 and | D"2b|(Q"™) < &.

Proof. Fix Q open neighborhood of Ky, and let 2’ be another open set such that
KcQcQ ca.

Without loss of generality, we can assume that ' is a proper set. The construction
of a disjoint covering is done as follows:

(1) Consider a Lebesgue negligible set S where | DS"¢b| is concentrated. By Besi-
covitch’s Theorem (see [11, Theorem 2.17]), we can cover S with countably
many disjoint closed proper balls such that the estimates of Section 7.7 and
Section 7.8 hold: these are collected in Point (2) of page 49 in the proof that
the partition satisfies the assumptions of Section 5.

(2) Hence we can consider finitely many closed proper balls {B;‘i*l(ti, xi)}fV: I
contained in €', such that

N
|DS"ep| (sz/\ U B+ @, x,-)) <&

i=1
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(3) Being these balls at positive distance from one another and from RN\ Q, we
can perturb them into disjoint proper balls {Qfmg}f\’: 1 Q?mg C £, such that
the estimates of Point (2) of page 49 for the singular part D*"2p hold with ¢
replaced by

. L@\ N e
min { sL9TH(Q"ME), & ( \lel el (8.1)

(4) The complement of the union of the closure of these perturbed proper balls is
the set

N
o = sing
Qrem _ Q/\ U Qi )

i=1

In order to show that the sets {Q‘;mg, Qre™M} satisty the statement, we just need to
prove that Q™™ is a perturbed proper set: by Lemma 3.3, it is a proper set, being the
difference of two proper sets whose boundaries have empty intersection. It remains
to show that the flow occurs mostly on the time-flat parts of the boundary.

To this end, we need to estimate the trajectories in C which cross Q™™ outside
{t =0, TIUU;S; ™ UU; Sj."c‘: indeed these are the non flat parts of the boundary of
Q"™ from which a trajectory in K may enter. We observe that these trajectories are

leaving one of the Qflng, Q';‘C not from some flat parts, so that their total estimate

is bounded by (8.1) by ££4H1 (Qrem). o

We conclude this section by proving that the partition constructed in Theo-
rem 8.1 satisfies the assumptions of Section 5 with a suitable measure pp. This
will conclude the proof of Theorem 1.1.

Proposition 8.2. The partition into perturbed proper sets {Q?ing}[N: | U QM) sar-
isfies the assumptions of Section 5 with

p = Ca(®1(L4 + |Db|)Cq| D¥"b|grem+Cy| DBI(2\Kp),  (8.2)

whose total mass is of order £3/1°.

Proof. We consider separately Q?ing and Q™.

(1) Estimates for "™. We can use the comparison with the a.c. part D* b of Db
in order to obtain the estimates for every perturbed proper set Qj‘.'c':
(a) Point (2) of page 18: by Point (2) of page 24, restrict to a set of initial data
§}.j whose co-measure is small than gLatl(Qremy,
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(b) Points (4), (5), (6), (7) of page 19: By (6.7), we have the following error
estimate with respect to the linear flow W (-, y) solving (6.1):

/ / [ XCoy+2) = XCoy) = WE 2] co ()0t (5.9 42 Y
1/ BRO) o

~2 M dpd rem
(57) C7e” Rw(R)L (B%(0))|Db|(2™™) 83)

+ C2eMRLY(BE(0)|(Db)™ 2 |(Q"™)
< CaC?RL! (Biy(0)) (21 DBI(@"™) + | D™2p| (™))

for R <« 1. ] .
(2) Estimates for Q?mg. By construction, the sets Qfmg satisfy the assumptions of
Section 7.1. Moreover, we prove that the following properties hold true.
(a) Point (2) of page 18: There exists a set of trajectories Si’i such that, for
£ K1,
deg. \ o ~\1/4 sing d+1,osingyy.
HE(S1,i\S1.) (7.61>,<<7.74) 3(8) H(IDBI(2; %) + LTHRT™));

(b) Point (6) of page 19: There exists an approximated vector solution
XH(r, v; t, w) such that, for all ¢, ¥’ < r,

L JE 0 el dway
1i 2

< 2CrL4(B%(0))| D|(2™).
(7.62)

(8.4)

We have used the estimates on the norm of conditional probabilities for the
disintegration, since in the time reverse case the approximate vector field is
exactly the disintegration (Db), (see Point (9) of page 47).

(c) Point (4) of page 18: For every y € S’ .i» there exists a set of initial points
Ei(r, ) C B4(0) such that

/ LUEr yndy < @'2LY(BL0)|DbI(Q)™)
f (7.63)

1,i
or

| el

1,i
Cy (C')d+2 (5)(4d+3)/(8d+8)

(7§4) (1 — C4C (8)®d+7)/(16d+16))d
< Ca(8)¥10LY (B ()| DBI(2").

£4(B%(y)))| DbI(2]™)
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(d) Point (5) of page 19: For the remaining trajectories, we have

”X("y—i_z)_x('*)’)_}?H(’ﬁ)’?'az)” 01 (v 1+ (oyy d2dy
/ Li /B£1<0>\E1<r,y> Ot (@)

%5 11C2@) " 4r £ (BL(0))| DBI(2)™)
od+1 C_vd+3 (é)(3d+3)/(|6d+ 16)
+ 14CqM

d pd d+1 sing
- Cdé(g)(8d+7)/(16d+l6))d £ (B"+(r)(0))[£ €

. (8.5)
+1Db|(2;")]

_ b d+1 )
+ d pd sing
+ C(l _ CdéZ(g)(8d+7)/(16d+16)) rrnL (Br+(r)(0))|Db|(Qi \Ko)

< Ca®' L BION[L @)™ + 1DbIR]™)]
+ Ca LY (B ()| DBI(R ™\ K).

(e) Point (7) of page 19: By the choice of the singular point,

[ XG0,y 0 - X))
1i ¥ BEONE(r,y)UE (1))

— W), T (), y)z\ dzdy
< oo 14CaCored (B O)@) L@ + Dbl ™)]
(7.67),(7.85)

2d+1 C_‘d+3(5)(3d+3)/(16d+16)
+ 14CyM

dpd d+1 ,~Sing
(1— Cdé(g)(8d+7)/(l6d+16))d'c (Brw)(O))[L (Qi )

+DBI(Q"™)]

) ¢ d+1 .
+ C(l _ Cdéz(g)(8d+7)/(l6d+16) > r+(r)£ (BrJr(r) (0))|Db|(Q;mg\’C0)

< Ca®' L BION[LT@™) +1DbI@]™)]
+ CaLY (B ()| DBI(2)™\Ko).

We then define the measure p as
wp = Ca(®)¥1[ L9 + | Db||Cy| DSEb|Lgrem+Cy| DB (2\Ko),

whose total mass is less than O (83/1©). This gives the Point (1) of page 18. O
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Appendix A. Bressan’s Lemma on the Approximation of Lipschitz
Continuous Flows

A key tool in the proof of our main result is the following lemma (see [25, Lemma 4] or
[26, Theorem 2.9]): given an absolutely continuous curve y and a Lipschitz continuous
semigroup Sy, we can estimate the distance between y and the trajectory of the semigroup
starting at y (0).

Lemma A.l. Let t — y(t) be an a.c. curve, and Sy is a L-Lipschitz semigroup. If there
exists an Ll—function f:RT = R such that

t
IS — 8 < / F()dr,

then

T v+ = Sy )]
_ <
|y (T) — Sry )] £ L/O h}rln\%lf - dr.

Proof. Let us consider the curve
1= X() =Sy ().
We have
|X(t+h) = XO)] = |ST—1-nyt +h) = STy ®)]
= Sr—i—n(y @ +h) = Sy )| < LIy +h) = Spy ().

Using the assumption on S;, we have
t+h
|X(t+h) —X0)| = L/ (I71() + £ (5)) ds,
t

so that the curve is absolutely continuous. Moreover, in each point of differentiability,

e =Sy o)
- ,

X+ — X0l
h

|X|(+) = lim < Llimin
AN\O h™\0

which concludes the proof. m|
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We use Lemma A.1 to compare a nearly incompressible flow X (¢, y) generated by a vector
field b with a L-Lipschitz flow Y (¢, y) generated by the vector field b that satisfies

. Y@t +hx)—x
lim ———

Jim - — b1, x) (A.1)

on a set of full £41_measure.

Corollary A.2. If X (¢, y) is a nearly incompressible flow generated by b(t, x) and Y (¢, y)
is a L-Lipschitz continuous semigroup such that (A.1) holds for L4941 _almost everywhere
(t,x) €[0,T] x RY, then, for £4-almost everywhere y € RY,

T 3
|X(t,y) =Y )| < L/O |b(t, X (2, y)) — b(t, X (2, y))| dr.

Proof. Lemma A.1 yields
|X(T,y) = Y(T,y)|

T X vy ¥
éL/ liminf| t+hy (t+h, (”y))ldt
AN h

T
=L / lim inf
0o M\O0
By the nearly incompressibility and Fubini theorem, for £4-almost everywhere trajectory

the above limit is equal for £1-almost everywhere ¢ to |b(¢, X (¢, y)) — I;(t, X(t,y))|. We
thus proved the claim. m|

In particular, we remark that assumption (A.1) holds in the following two cases (which are
relevant to Sections 6 and 7 respectively):

(1) the linear flow generated by a matrix A() € L! (0, T));
(2) the solution to the differential inclusion

X e —A(t, x),

with A(¢) a quasi monotone operator defined in R? and such that |A(t,0)] € Ll

The first case is elementary; the second one is analyzed in [19].
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