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QUASISTATIC CRACK GROWTH IN ELASTO-PLASTIC MATERIALS
WITH HARDENING: THE ANTIPLANE CASE

GIANNI DAL MASO AND RODICA TOADER

ABSTRACT. We study a variational model for crack growth in elasto-plastic materials
with hardening in the antiplane case. The main result is the existence of a solution to
the initial value problem with prescribed time-dependent boundary conditions.
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1. INTRODUCTION

There are several models for elasto-plastic materials with hardening for which a complete
mathematical theory is available. For this subject we refer to the classical books [19], [20],
[22], [23], and papers [10], [11], [21], [25], [26], while for more recent results and for a review
of the literature we refer to [6], [15], [16], and [27]. In this paper we study a model for
the quasistatic crack growth in elasto-plastic materials with hardening, where an energetic
formulation for elasto-plasticity is combined with the variational approach to irreversible
crack growth. More precisely, we adopt the model of plasticity with hardening in the small
strain regime presented in [24, Section 4.3.1.1]. As for crack growth, we follow the variational
formulation introduced in [14] (see also [4]) and use some tools developed in [7]. In order
to avoid a lot of technical difficulties, we prefer to consider here only the case of antiplane
shear.

The reference configuration is a bounded open set Q in R%, d > 2, with Lipschitz bound-
ary, and the crack is described by a subset I' of Q of dimension d — 1. The displacement
is a function u: 2\ I' = R and the corresponding strain is determined by its gradient Vu,
which is additively decomposed into an elastic and a plastic part: Vu = e+ p. As in [24,
Section 4.3.1.1], we consider also the scalar isotropic-hardening parameter n: Q — R.

The energetic formulation of our problem is based on the energy used in linearised elasto-
plasticity with hardening and on a dissipation distance depending also on the cracks. The
energy is given by

E(e,p,n) = §llel® + 5lpll® + (nhlp) + Flnll?. (1.1)
Here and in the rest of the paper the symbols (-|-) and | - || denote the scalar product and
the norm in L2(;R?) or L?(Q), according to the context. In the previous formula a > 0
is the Hooke constant, § > 0 determines the kinematic hardening, v > 0 determines the
isotropic hardening, while h € R? is a vector reflecting possible coupling between kinematic
and isotropic hardening. We assume that |h|?> < 37, so that the energy satisfies a suitable
coerciveness condition.

If I'y C 'y the dissipation distance is given by

D(p2,m2,T25p1,m, 1) := / R(p2 — p1,m2 — m)dx + HPH T2\ T1), (1.2)
Q
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2 GIANNI DAL MASO AND RODICA TOADER

where R is a positively one-homogeneous dissipation potential satisfying the usual coercive-
ness and growth conditions (see (2.3) below), and H%! is the (d—1)-dimensional Hausdorff
measure. To force the irreversibility of crack growth we set D(p2, 2, 2;p1,m1,T1) 1= 400
i Ty ¢ Ts.

The evolution ¢ — (u(t),e(t), p(t),n(t),['(t)) of our system in the time interval [0,7]
is driven by a time-dependent Dirichlet boundary condition of the form wu(t) = w(t) on
00\ T'(t), where w: [0,T] — H(Q) is a prescribed absolutely continuous function. More
precisely, a quasistatic evolution ¢ +— (u(t), e(t), p(t),n(t),T'(¢t)) with boundary condition w
is a function that satisfies the following conditions:

(GS) (global stability) for every t € [0,T] we have Vu(t) = e(t) + p(t) in Q\ I'(¢),

u(t) = w(t) on ON\T'(¢), and

E(e(t), p():n(1)) < E(&,5,9) + D (B, 7, T; p(t), 0 (1), T(t)

for every crack I, every hardening parameter 7, and every (i, é,p) such that Vi =
é+pin Q\T and 4 =w(t) on 90\ T;
(EDB) (energy-dissipation balance) for every ¢ € [0,T] we have

E(e(t), p(t), n(t)) + Diss(p(-), n(-),I'(-); 0,2) = E(e(0), p(0),7(0)) +a/0 (e(s)|Vir(s))ds,

where Diss(p(-),n(-),IT'(-);0,t) denotes the dissipation in the interval [0,t] corre-
sponding to the distance D introduced in (1.2) (see (2.5) below).

The main result of the paper is that, given (ug, g, po, 70, o) satisfying condition (GS) at
t = 0, there exists a quasistatic evolution with u(0) = ug, e(0) = ey, p(0) = po, n(0) = no,
I'(0) =Ty (see Theorem 2.2). To obtain this result we use the standard variational approach
based on the construction of discrete-time approximate solutions obtained by solving incre-
mental minimum problems. Then we prove the convergence of these approximate solutions
to a continuous-time quasistatic evolution satisfying (GS) and (EDB).

In Section 2 we present a detailed description of our model and introduce the function
spaces used for a precise formulation of the problem. In particular, the estimates available
for the displacement u lead us to choose a subspace of the space GSBV () of generalized
special functions of bounded variation, for which we refer to [2, Section 4.5]. Unfortunately,
we cannot choose the space H'(Q2\ T') for the displacement, because there is no way to
guarantee that the set I' constructed in the proofs is closed, unless we impose additional
unnatural topological assumptions.

As a consequence of the choice of GSBV () for the displacement, the crack T' belongs
to the set Ry_1(Q) of (H?1,d — 1)-rectifiable subsets Q (see [12, 3.2.14(4)]).

In Section 3 we study the incremental minimum problems in detail. A nontrivial issue is
the existence of a solution. This is due to the fact that, while an estimate of the L?-norm of
Vu is easily available, there are no estimates on the L?-norm of the displacement u (nor on
any LP-norm), due to the presence of the cracks. For this reason the compactness theorem
in GSBV () by Ambrosio [1] (see also [2, Theorem 4.36]) cannot be applied. To overcome
this difficulty we rely on a recent result proved in [17], which provides the convergence of
a suitable modification of a minimising sequence. In this way we obtain the existence of a
solution to the incremental minimum problems. We conclude this section by showing that
a solution (u1,e1,p1,m1,L'1) of an incremental minimum problem satisfies also

5(617171»771) S g(é7ﬁa 77) +D(ﬁ7ﬁaf§P177I1,F1) (13)

for every crack f‘, every hardening parameter 7, and every (4,é,p) such that Vi = é + p
in Q\T and @ =u; on dQ\T;

In Section 4 we recall a notion of convergence in Ry_1(9), called o-convergence, intro-
duced in [18, Definition 6.1] and use its properties to prove the stability of the minimality
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condition (1.3) with respect to the natural convergences of e;, pi, 71, and to the o-
convergence of I'y. The proof relies on the jump transfer lemma of Francfort and Larsen
[13, Theorem 2.1], adapted to o-convergence in [18, Theorem 7.4].

In Section 5 we use the results of the previous sections to prove the existence of a solution
to the initial value problem for the quasistatic evolution described by conditions (GS) and
(EDB). As usual, we first construct approximate solutions by solving incremental minimum
problems and then prove the convergence of a suitable subsequence. To this aim we use
two variants of Helly’s Theorem, one for functions with bounded variation with values in
separable Hilbert spaces, and one for increasing functions with values in R4_1(92) endowed
with the o-convergence.

Condition (GS) for the limit functions is obtained thanks to the results of Section 4. The
upper energy-dissipation inequality can be easily obtained by semicontinuity, while the lower
energy-dissipation inequality, which in other papers (starting from the proof of [7, Theorem
3.15]) is obtained by approximating a Lebesgue integral with suitable Riemann sums, is
proved here through an easier argument (see Lemma 5.4).

The corresponding problem in linearly elastic-perfectly plastic materials (without hard-
ening) is much more difficult. The only result (see [9]), concerns the planar case and is
obtained under a constraint: the number of connected components of the cracks is bounded
by a prescribed constant. No result has been proved so far in dimension d > 2, not even
in the antiplane case. In our opinion the main technical obstruction is related to possible
interactions between cracks and concentrated plastic shears.

2. THE MODEL AND THE MAIN RESULT

In this section we present a variational model of a quasistatic crack growth in an elasto-
plastic material with hardening and state the main result of this paper. The model is based
on the energetic formulation for rate-independent processes described in [24]. As explained
in the introduction, we consider only the case of antiplane shear.

We assume that the elastic and plastic strains satisfy e,p € L%(Q;R?), while the scalar
isotropic-hardening parameter satisfies n € L?(Q). The energy &(e,p,n) is defined by (1.1).
We remark that the assumption |h|? < By implies that there exists 19 > 0 such that

Slrl? + ¢hom + 311 = vollm)® + [¢]%) (2.1)
for every m € R% and ¢ € R. We observe that by (2.1) the functional
E: LA RY) x L2 RY) x L2(Q) — [0,4+00)  is convex. (2.2)

To introduce the dissipation distance we consider a bounded closed convex set ¥ C R4 xR
containing (0,0) in its interior. The dissipation potential R: R? x R — R is its support
function:

R(m, ()= sup (7"7+ (7).
(m*,¢*)eD
It is well-known that R is convex and positively homogeneous of degree one. Moreover, it
satisfies the inequalities

cr(ml* +1¢)"? < R(. () < Cr(|n|* + [¢)V/? for every (m,¢) € R! x R, (2.3)

for suitable constants 0 < cg < Cr. The corresponding functional R: L2(€;RY) x L2(Q) —
[0, 400) is

R(p,n) = /QR(p, n)dzx .

To describe the contribution of the crack to the dissipation distance we introduce the

set Rq_1(Q) of (H?! d — 1)-rectifiable subsets Q (see [12, 3.2.14(4)]) and consider the
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pseudo-distance H on Ry_1(Q2) defined by

HIYWD,\Ty)  if Dy Ty
400 otherwise,

H(FQ,Fl) = {

where H4™1 is the (d—1)-dimensional Hausdorff measure. The complete dissipation distance
in L2(;R%) x L2(Q) x R4_1(2) is then given by

D(p2,m2,L2;p1,m1, 1) == R(p2 — p1,m2 —m) + H(T2,T'1). (2.4)
Given a time interval [s,¢] and three functions p: [s,t] — L2(Q;R?), n: [s,t] — L%(Q), and

I: [s,t] = Rq—1(2), the corresponding dissipation is defined by

k
Diss(p(-), n(-),T(-); 5,t) == sup > _ D(p(t:),n(t:), T(t:); p(ti—1), m(ti-1),T(t:1)),  (2.5)
i=1

where the supremum is taken over all k¥ € N and over all subdivisions s =ty <t; < --- <
ty =t. In the same way we define
k
Dissp(p(-),n(-), T();5,t) :=sup > _R(p(t:) — p(ti1),n(t:) = n(ti1)) . (2.6)
i=1

If T'() is increasing on [s,t], i.e., T'(71) C I'(r2) for every s < 71 < 72 < t, it is clear
from (2.4) that

Diss(p(-),n(-),T(); 5,) = Dissp(p(-),n(-), T(-); 5, 8) + HHT @)\ (), (2.7)
while
Diss(p(-),n(-),I'(-); s,t) = 400
if T'(+) is not increasing on [s,t].

To describe the energetic formulation of our evolution problem it is convenient to consider
the displacement u as a function defined £%-a.e. in Q, where £¢ denotes the d-dimensional
Lebesgue measure. Since u might have essential discontinuity points on I', it is natural to
assume that it belongs to a suitable function space which allows for discontinuities along
(d — 1)-dimensional sets.

The estimates available for u lead us to choose a subspace of the space GSBV () of
generalized special functions of bounded variation, for which we refer to [2, Section 4.5]. We
recall that for every v € GSBV () the approximate gradient Vv is well-defined £%-a.e. in
Q, the jump set J, of v is a countably (H?~!,d — 1)-rectifiable subset of € (according to
[12, 3.2.14(3)]), and the trace of v on 9 is well-defined H% '-a.e. on IQ (see [2, Theorem
4.34]).

To be precise, we consider the subspace GSBV?2(Q) defined by

GSBV?(Q) := {v € GSBV(Q) : Vv € L*({;RY), H1(J,) < +oc}

and recall that GSBV?2() is a vector space (see, e.g., [7, Proposition 2.3]). In our model
we assume that v € GSBV?(1), that the equality Vu = e + p takes place L£%-a.e. in Q,
and that J, CT', where AC B means H}(A\ B) =0.

The Dirichlet boundary condition is prescribed through a function w € H'(Q), imposing
that the traces of u and w satisfy u =w H% 1-a.e. on 9Q\T.

To simplify the exposition, given I' € R4 1(Q) and w € H'(Q), it is convenient to
introduce the set A(T',w) of admissible pairs defined as the set of (e,p) € L?(;R%) x
L?($;RY) such that there exists u € GSBV?(Q) with the following properties:

Vu=e+p Llae. inQ, (2.8)
Ju.CT, (2.9)
u=w Hlae ondQ\T, (2.10)
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where the last equality is intended in the sense of traces.

We study the evolution problem on the time interval [0,7] with T > 0. The time-
dependent boundary condition is given by means of a function ¢ — w(t). We assume
that w € AC([0,T]; H(Q)), the space of absolutely continuous functions from [0, 7] with
values in H'(Q). We recall that Vi(t) is well-defined for L!-a.e. t € [0,7] and that
Vi € LY((0,T); L?(2;R?)) (see [5, Appendix]).

We are now in a position to give the precise definition of a quasistatic evolution for our
model in the framework of the notion of energetic solutions for rate-independent systems.

Definition 2.1. Given w € AC([0,T]; H'(Q)), a quasistatic evolution with boundary con-
dition w is a function t — (e(t), p(t),n(t),[(t)) from [0,7] into L%(Q;R?) x L2(;RY) x
L2(2) x Rq_1(Q) that satisfies the following conditions:

(GS) (global stability) for every ¢ € [0, 7] we have (e(t),p(t)) € A(T'(¢),w(t)) and

E(e(), p(t),n(t)) < E(&,p,7) + DB, T p(t), n(), T (1))
for every T' € Rq_1(9), (¢,p) € AT, w(t)), and 7 € L2(Q);
(EDB) (energy-dissipation balance) the function t + e(t) belongs to L°°((0,T); L(Q; R?))
and for every t € [0,7] we have

E(e(t), p(t),n(t)) + Diss(p(-), n(-),T'(); 0,2) = E(e(0), p(0),1(0)) +a/0 (e(s)|Vair(s))ds.

We are interested in the study of the existence of a quasistatic evolution with a prescribed
initial condition (eq,po,n0, o) € L2(Q;R?) x L2(Q; R?) x L2(Q2) x Rg—1 (). From the global
stability condition it follows that the initial data must satisfy:

(307270) S A(FQ,U}(O)), (211)
g(eOupOu 770) S g(é7ﬁ7 ﬁ) + D(ﬁ? ﬁ7 f;pO; 7o, FO) ) (212)

for every T' € Rq_1(Q), (¢,p) € AL, w(0)), and # € L*(Q).
We are now in a position to state the main result of this paper.

Theorem 2.2. Let w € AC([0,T]; H'(2)) and let (eo,po,m0, o) € L*(%; R?) x L2(£; RY) x

L2(Q) x Rq—1(Q) be such that (2.11) and (2.12) hold. Then there exists a quasistatic
evolution with boundary condition w such that (e(0),p(0),n(0),T(0)) = (eo, o, N0, 0) -

Theorem 2.2 will be proved through the usual variational approach. We first construct a
discrete-time approximation by solving incremental minimum problems, then we prove the
convergence of these approximate solutions to a solution according to Definition 2.1.

3. THE INCREMENTAL MINIMUM PROBLEM

In this section we study the incremental minimum problems, which have the following
general form. Given py € L2(;RY), no € L2(Q), Ty € Ry4—1(), and wy € H(Q), the
problem is to find (ey,p1,m1,T1) € L2(Q;R?Y) x L2(;RY) x L%(Q) x Rq_1(Q) such that

(e1,p1) € A(T1,wr),
E(er,p1,m) +D(p1,m,T1:p0,m0,T0) < E(E,p, M) +D(P, 1,15 p0,m0, o) (3.1)
for every I' € Ry—1(Q), (&,p) € A(l',wy), and 7§ € L?(2).

To solve this problem it is convenient to express it in terms of the displacement u. In
order to deal with the boundary condition we introduce a bounded open set ' C R? with
Lipschitz boundary such that Q C €' and we extend pg, 7o, and w; to functions (denoted
by the same symbols) belonging to the spaces L(Q/;RY), L2(Q'), and H*(Q'), respectively.

To express (3.1) in terms of Vu and .J, we introduce the function f: R? x R? x R —
[0,4+00) defined by

f(&m¢):== min g(&7,(7,Q), (3.2)

#eRd,CeR
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where g(&,m,¢,#,() = $l¢ =42 + 517+ hi 4+ FC12+ R(F —7,¢ = (). By (2.1) we have
g€, m ¢, 7,Q) = §1€ = 7% + vol&]* + ol (3.3)
Since g(&, 7, ¢, 7, ¢) tends to 400 as |(#,()| = oo, the minimum in (3.2) is attained.

Moreover, since g is strictly convex in (7, (), the minimum point is unique. We introduce
two functions 7 : R? x R x R — R? and ¢ : RY x R x R — R defined by

F=#(E ),
¢=¢(&m Q).
By the uniqueness of the minimiser, the functions # and ¢ depend continuously on &, m0Q).

This implies that the fAunction f is continuous.
Taking # =0 and ¢ = 0 in (3.2), we obtain from (2.3) that

(ﬁ,f) is a minimiser of g(¢,m,(,+,) < {

F(E,m,0) < Sl + R(=m,—¢) < SI¢* + Cr(la* + [¢)/2, (3.4)
while by (3.3) we deduce that there exists 1o > 0 such that
F&m,0) = molgl®. (3:5)
From (3.3) and (3.4) we infer that there exists a constant Ay > 0 such that
[7(&m, Ol + 1€, Q)1 < Aofé] + Ao(J| + )1/ (3.6)

By (2.1) the function (7,() §|ﬁ|2 +Cht+ %\é|2 + R(# — 7, — ¢) is convex. Hence we
can conclude that
£ f(€,m,¢) s convex in R? for every (m,¢) € RY x R. (3.7)

We consider the following auxiliary problem

win, [ J(Vupom)de +HIH A T), (38)
u€GSBV?(Q') Q
u=w; L%a.e. in Q'\Q
and study the existence of a solution.
Theorem 3.1. Let py € L2(V;RY), no € L2(Q'), Ty € Ra—1(Q), and wy € H('). Then
there exists a solution to (3.8).

Proof. Let (ug)r be a minimising sequence for (3.8). By (3.5) we can apply [17, Theorem
3.1] with

Ey(v) ::/ |Vo|?dz + HYY(J,) and  hy = w;
Q

for every k € N. We obtain a subsequence (not relabelled), modifications (yg)r of (uk),
and a function u such that the following conditions hold:

yr,u € GSBV2(QY) and yp=u=w; L%ae inQ\Q, (3.9)

yp —u  L%a.e. in Q, (3.10)

Vyr — Vu and Vu, — Vu weakly in L2(;R?), (3.11)

HIH T, NA) < likm inf H~*(J,, N A) for every open set A C (', (3.12)
bde el

Jim HI( Ty \ Juy) = 0. (3.13)

In [17, Theorem 3.1] inequality (3.12) is proved only for A = ©'. The result for an arbitrary
A in (3.12) follows from Ambrosio’s compactness theorem ([2, Theorem 4.36]) applied to
GSBV?(A). Inequality (3.13) can be obtained by a slight modification of the arguments
used in [17]. Indeed, a careful inspection of the proof of (7)(i)-(ii) in [17, Theorem 3.2
allows us to replace (9)(ii) with the estimate HY1(J, \ J,) < Opf for the functions u
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and v and the constants Cp; and 6 in [17, Corollary 3.3]. This leads to the inequality
HI(Jy, \ Ju,) < + instead of (34)(i) in [17, Theorem 3.8].
By the convexity of & — f(&,po(z),n0(z)) for Lé%-ae. z in Q' (see (3.7)) and by (3.11)

we have

F(Vu,po,mo)da < liminf [ f(Vuy, po, 1) da - (3.14)
Q/ — 00 Q/

Since H4~1(Ty) < +oo, for every £ > 0 there exists a compact set K C Iy such that
HI~Y Ty \ K) < e. By (3.12) and (3.13) we have

HTH TN\ To) < HTHT,\ K) < liminf HH(J,, \ K) < liminf H(J,, \To) +¢
k—o0 k— o0
Passing to the limit as ¢ — 0 we obtain

HIT(T, \To) < nkrggmd—luuk \To).

Recalling that (uy)s is a minimising sequence, this inequality together with (3.9) and (3.14)
shows that u is a minimiser of (3.8). O

Given a solution u; of (3.8) we set

D= ﬁ-(vulapOa 770) , €11= VU1 —P1, M= 5(VU1,po, 770) ) Fl = JU1 U FO . (315)

Then py,e; € L2(Q;RY) and n; € L2(Q') by (3.6), while T'y € Rg_1().
We now prove that (e1,p1,71,'1) solves the minimum problem (3.1).

Theorem 3.2. Let uy be a solution of (3.8) and e1,p1,m,T'1 be defined by (3.15). Then
(e1,p1,m1,1'1) is a solution to the minimum problem (3.1).

Proof Condition (p1, 171) € A(T'y,wy) is satisfied by definition. To prove the minimality we
fix I' € Rg_1(Q) with I' 5 Ty, (&,p) € A(F wy), and ) € L?(Q). Let 4 € GSBVQ( ) be
such that Vi =é+p L%-ae. in Q, J; C F and 4@ = w; H4 l-a.e. on 6Q\F We now
extend u,é,p,n to Q' by setting 4 := wy, é —Vw1 Do, P:=po, N:=mnp in Q' \Q. Then
URS GSBVQ(Q’), hence by (3.8) we obtain

F(Fur, po, 1o)ds + HI=1(J,,, \ Tp) < / £(Vii, po, 10)dz + HI (3 \ To),
Q, Q/
which gives
/ F(Vuy, po,mo)dz +H¥ (T, \ To) < / F(Vii, po,no)dx + H (T \ To) .
Q Q

By the definition (3.2) of f and (3.15) the previous inequality gives

%/ |e1|2dx+§/ |p1|2dx+/n1h-p1dx+%/ Im |*dx
Q

/ R(pr — po,m — mo)dx + H* " (Ju, \ To)

/| Pdx + = /\p| dx+/77hpda:+ /|n\ dz
+/ R(p — po, 7 — mo)dx + H 1 (Ja \ Tp).
Q

Since H4(J,, \ To) = HE 1T, \ Ty) and HI1(Jy \ To) < H41(I'\ I'p), the previous
inequality gives £(e1, p1,m)+D(P1,m1,T1;p0,m0,To) < E(€,D,1)+D(H, 1,15 po,no, To) , thus
proving that (e1,p1,m1,T1) is a solution to the minimum problem (3.1). O

In the proof of Theorem 2.2 we shall use also the property of the solution of (3.1) provided
by the following proposition.
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Proposition 3.3. Let (e1,p1,m,1) be a solution to the minimum problem (3.1). Then
E(er,prom) < E(&,p,9) + D(p, 7, T3 pr,m, T1) (3.16)

for every T € Rg_1(Q), (&,p) € AT, w1), and 7 € L*().

Proof. 1t is enough to observe that

D(ﬁ7ﬁ7f§p07nO7FO) - D(p17n17 Fl;p077707:[‘0) S D(ﬁ7ﬁ7 f‘;phnly Fl)
by the triangular inequality. O

4. A NOTION OF CONVERGENCE FOR CRACKS AND STABILITY OF MINIMISERS

In this section we recall a notion of convergence for cracks introduced in [18] and use its
properties to prove the stability of condition (3.16) (see Theorem 4.4).

Let Rq_1(Y') be the set of (H9~1,d—1)-rectifiable subsets of Q' see [12, 3.2.14(4)]. For
the definition of o-convergence we refer to [18, Definition 6.1]. The following proposition
summarises the basic properties of o-convergence.

Proposition 4.1. Let (T'y)r be a sequence in Rq—1(2'). Then

(a) (compactness) if (H 1 (Tk))x is bounded, then there exist a subsequence, not rela-
belled, and a set T € Ry—1(SY) such that

'y,  o-converges in ) toT;
(b) (semicontinuity) if Ty o-converges in Q' to T' then

HITHT N A) < lilcnl)i()réf’}-ld’l(Fk NA) (4.1)

for every open subset A of ' ; ~
(c) (stability) if Ty, o -converges in ' to I' and (I'y)x is a sequence in Rq-1(€Y') such
that HE Y (TR ATy) — 0 then Ty o-converges in Q' to T.

Proof. Property (a) is proved in [18, Proposition 6.3]. Under the assumption of (b) we
observe that Ty, N A o-converges in A to ' N A for every open set A C Q. Therefore
(4.1) follows from [18, Proposition 6.3] if liminfy . H? 1 (['y N A) < +oco and is trivial
otherwise. Property (c) is proved in [18, Remark 6.2]. O

The following proposition presents the main property of o-convergence. According to
[7, Definition 2.6], we say that a sequence (uy), converges to u weakly in GSBVZ(Q)
if up,u € GSBVAQ), up — u L%-ae. in ', Vup — Vu weakly in L?(;R?), and
(H?1(Jy,))x is bounded in R.

Proposition 4.2. Let (T'y)r be a sequence in Rq—1(QY) that o-converges in ' to T €
Ra—1(). Let (ug)r be a sequence in GSBV*(Q) with ur — u weakly in GSBV?(Q')
and H¥Y(Ju, \Tx) = 0. Then J, CT.

Proof. If, in addition, ug € BV(¥) N L>(Q') and (ug) is bounded in L>()'), then the
result follows from [18, Proposition 6.8]. The general case can be obtained by truncation,
arguing as in [7, Proposition 4.6]. O

In the proof of the stability result for (3.16) a crucial role is played by the following
theorem which extends the jump transfer argument introduced in [13, Theorem 2.1].

Theorem 4.3 (Jump transfer in GSBV?). Let (T'x)r be a sequence in Rq_1(Q) o-
converging in Q' to ' € Ry—1(Q) and let v € GSBVZ(Q). Then there exists a sequence
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(vi)k in GSBV2(Y) such that

v =v L%-a.e inQ\Q, (4.2)
v =~ v L%ae inQ, (4.3)
Vour — Vo  strongly in L?();R?), (4.4)
lilrcn sup HO (T, \T) < HEH(J,\T). (4.5)
— 00
Proof. If, in addition, v € BV (£)'), then the result follows from [18, Theorem 7.4]. In the
general case we conclude arguing as in [7, Theorem 5.3]. (]

We are now ready to prove the stability result for (3.16).

Theorem 4.4 (Stability of minimisers). Let (ex)k, (Pr)k, M)k, Tk, (Wi)r be sequences
in L2(Q;RY), L2(Q;RY), L2(Q), Ra—1(Q), and H'(Q), respectively. For every k € N we
suppose that (eg,pr) € ATk, wy) and

g(ekvpka nk) < g(évﬁv 77) + D(ﬁv f}a f;pka Nk Fk) (46)
for every T € Ra_1(Q), (&,p) € AT, wy), and i € L2(Q). Assume that

er, — e weakly in L?(;RY), (4.7)
pr — p weakly in L?(£;RY) (4.8)
e — 1 weakly in L?(Q), (4.9)
Ty o-converges in Q' to T, (4.10)
wy — w strongly in H(Q). (4.11)

Then (e,p) € A(T',w) and
E(e,p.) < E(&,p,9) + D(p. 4, T p.,T) (4.12)
for every T € Rg_1(Q), (&,p) € AT, w), and i € L*(Q).
To prove the theorem we use the following lemma.
Lemma 4.5. Let e € L?(;RY), p € L2 Q;RY), n € L2(Q), T € Ry_1(Q), and w €
HY(Q). The following conditions are equivalent:
(a) (e,p) € A(T,w) and
for every T € Rg_1(Q), (&,p) € AT, w), and i € L*(Q);
(b) (e,p) € A(l',w) and
0 < a(ele) + §lléll + B(plp) + S1BI1* + (nhlp) + (7h|p) + (7ihlp)
+y(l7) + 3117]1* + R(B,7) + HTHT\T) (4.14)
for every T € Rq_1(Q), with T ST, (¢,p) € A(T,0), and 7 € L*(Q).
Proof. (a)=(b) Let T € Rq_1(Q), with T 5T, (¢,p) € A(T,0), and 7 € L*(Q). Define
I'=T,é=e+é, p=p+eé, n=mn+1, and observe that (é,p) € A(T',w). Substituting

in (4.13) and using the definition of £ and D we obtain (4.14). The proof of the other
implication is similar. O

Proof of Theorem 4.4. Since (ex,pr) € A(Tk,wg) for every k € N there exists uy €
GSBV?(Q) such that

Vui, = ey, + pp L%a.e. in Q, (4.15)

Ju, C Tk, (4.16)

up, = wy, H¥ t-a.e. on N\ T . (4.17)
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We extend uy to Q' \ Q by setting uy := wy, in '\ Q and observe that u, € GSBV?(Q')
and that by (4.16) and (4.17) the jump of the extension in ' satisfies J,, C k.

By (4.7) and (4.15) we deduce that (Vuy)y is bounded in L?(Q;R?). Since also
H?1(J,,) is bounded we can apply [17, Theorem 3.1] and obtain a subsequence (not re-
labelled), modifications (yx)r of (ux)x, and a function u satisfying (3.9)-(3.13), with w,
replaced by w. Applying Proposition 4.2 we conclude that .J, C I', hence .J, NQ C I' and
u=w on IN\T in the sense of traces. By (3.11), (4.7), and (4.8) we obtain that Vu = e+p
L%-a.e. in Q, which together with the previous remarks gives (e,p) € A(T, w).

Let us fix T € Ry_1(Q) with T ST, (¢,p) € A(T,0), and 77 € L*(Q). Then there exists
a function 9 € GSBV?2(Q) such that

Vi =é+p L%ae. in Q,
Jy C T,
o=00n9Q\T.

We extend © to '\ Q by setting o := 0 on Q' \ Q and observe that ¥ € GSBV?2(Y).
By the Jump Transfer Theorem 4.3 there exists a sequence (¥); in GSBV?(Q)') which
satisfies (4.2)-(4.5). We define &, := Vi, — p and Iy :=TLU Js, - Then é; — € strongly in
L2(Q;RY) by (4.4), and (&, p) € A(Tk,0) for every k.

Using the implication (a) = (b) in Lemma 4.5, from (4.6) we deduce that

0 < alerlér) + Slél® + Bwelp) + SIIBII* + (mehlB) + (Fhlpe) + (iih|D)
+y(neli) + 20711 + RB, 7) + H (J5, \ Tk)

for every k. Passing to the limit as k¥ — oo and using (4.5) we obtain

0 < afele) + §lel* + B(plp) + FUIBlI* + (nhlp) + (hlp) + (ith|)
+y(nla) + FI71% + R(B,7) +HTH (5 \ T) .

Since Jy C T, from this inequality we obtain (4.14). The conclusion follows from the
implication (b) = (a) in Lemma 4.5. O

5. PROOF OF THEOREM 2.2

In this section we prove Theorem 2.2. We use the standard procedure based on the con-
struction of discrete-time approximate solutions obtained by solving incremental minimum
problems. To this aim for every k € N we consider a subdivision 0 = t% < t,lC <-oo<th=T
of [0,T] such that

giagxk(t; —t7h =0 (5.1)
as k — oo.

Given w € AC([0,T); H(Q)) and (eq,po,n0, o) € L2(RY) x L2(RY) x L2(Q) x
Ra-1(Q) satisfying (2.11) and (2.12), the values of the approximate solutions at times ¢i
are defined in the following way. For every k € N we set ¢} := eq, pj := po, 7}, := 1o, and
I'% :=Tg. Then, for i = 1,...,k we define €., pi, ni, and I'} inductively as a solution
to (3.1) with eg, po, 1o, Lo, and w; replaced by e};_l, p};_l, n,i_l, F}:l, and w(t}),
respectively.

A crucial role in the proof of Theorem 2.2 is played by the following energy estimate for
the discrete-time approximate solutions.
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Lemma 5.1 (Discrete energy estimate). There exists a sequence ap, — 0+ such that

) i j j j j—1 j—1 j—1
g(ekvpk»nk)+ZD(pian£7Fi;pi 777i 71—‘?@ )
j=1

1
< &(eg,po,mo) + aZ(eﬂVw(ﬁc) — V(™) + ax (5.2)
j=1
for every k € N and every 1 <i < k.
Proof. Let us fix k and i. For every 1 < j < i we take I' := I‘?;l, é:= ef:l + Vw(ti) —
Vzp(tifl), p = pg;l, and 7 := 77[1 as competitor in the minimum problem satisfied by
(e1.,pr.m7,, %) and we obtain the inequality
R
(et vl ) + Dol T ol T4 Y)
-1 -1 -1 j j i—1 j i—1
<Em pp ) FalegVw(t) = V() + §IVw(t,) — Vw(t, )|
Summing this inequalities for 1 < j < i we obtain (5.2) with

k
k= %leVw(t-’ — Vuw(t )2 <Mkliup IVw(t]) — Vw(E ),
; <5<

k
where M, = %an (t) — Vw(t ). Since w € AC([0,T); H(Q)), by (5.1) we

conclude that ay, % 0+ O

The discrete energy estimate proved in the previous lemma leads to the following a priori
estimate for the discrete-time approximate solutions.

Lemma 5.2 (A priori estimate). There exists C' > 0 such that
leill® + lpill® + lInk|I* + #4=H(Ty) < © (5-3)
forevery ke N and 1 <i<k.

Proof. Let My, := maxi<;<g(|let]|* + IpL)|* + |75 ]1*). From (5.2) and the coerciveness (2.1)
we obtain that there exists a constant Cy > 0 such that

k
ler I + 117 + i l1” + H T3\ To) < Co Y [ledll [IVw(t,) — Vw(E ). (5.4)
j=1
Since w € AC([0,T]; HY(Q)) there exists a constant C; > 0 such that

D IVw(t) = Vot )l z2re) < Cr

Jj=1
for every k € N, hence
' ; j 1/2
leklI? + k112 + i1 < CoCr M,/
for every 1 < ¢ < k. Taking the supremum with respect to i we obtain that M; <

C2C?. Taking into account (5.4) we now deduce that H4~}(T%) < CZC? + HI1(Ty),
which concludes the proof. O

To prove the global stability condition (GS) in Definition 2.1 we observe that the approx-
imate solutions satisfy a discrete-time version of the same property.

Remark 5.3. By Proposition 3.3 the quadruple (e, pi,nt T%) satisfies
E(ehs P i) < E(6,5,9) + DB, 1, T; pjs i, Th) (5.5)
for every I € Rq_1(Q), (é,p) € AT, w(ti)), and i € L3(Q).
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Proof of Theorem 2.2. Let e, pi, ni, and I} be defined as at the beginning of this section.
For every k € N and every t € [0,7] we consider their piecewise constant interpolations
defined by:

er(t) = e ', pe(t) = p " me(t) =70 Tw(t) =T, we(t) = w(t™h) (5.6)
for every t € [ti~',ti) for 1 <i<k,and t € [t} ', t}] for i = k.

Note that ¢ — T'y(¢) is increasing, (ex(t),pr(t)) € ATk (t), wk(t)), and by Remark 5.3
we have

E(en(t), pi(t), k() < E(,5,9) + DB, 2, T; p(t), i (1), Ti (1)) (5.7)
for every T € Rq_1(Q), (¢,p) € AT, wi(t)), and 7 € L*(Q).
By (5.3) we obtain that there exists C' > 0 such that

lex(®II* + IO + llne(O)1* + 7 (Tw(t) < C (5.8)

for every k € N and every ¢ € [0,7].
Recalling (2.5)-(2.7), by (5.2) it follows that there exists a sequence by, — 0+ such that

E(en(t), pr(t), mi(t)) + Dissg(pr, mk; 0, 1) + H 1 (Tk(t) \ To)
< E(co, poso) + a / (ex ()| Vib(r))dr + by (5.9)

for every k € N and every ¢ € [0,7].

Since Vi € LY(0,T); L?(;R?)), by (5.8) and (5.9), we obtain that there exists a constant
Mp > 0 such that Dissg(pr,n%;0,T) < Mg for every k € N. By (2.3) this implies that
the functions t — py(t) and ¢ — 7 (t) have equibounded variation. By Helly’s Theorem for
functions of bounded variation with values in a separable Hilbert space (see, for instance,
[3, Theorem 1.126]) there exist a subsequence, not relabelled, and two functions p: [0,T] —
L*(Q;RY) and n: [0,T] — L?(Q2) with Dissg(p,n;0,T) < Mg, such that for every ¢ € [0, 7]

pr(t) = p(t) weakly in L*(;R?), (5.10)
ne(t) — n(t) weakly in L3(Q). (5.11)

The arguments used in [8, Theorem 6.3] and [7, Theorem 4.8] lead to a variant of Helly’s
theorem for increasing functions with values in R4—1(£2) endowed with o-convergence. More
precisely, the bound on HI~1(Tx(¢)) in (5.8) implies that there exist a subsequence, not
relabelled, and an increasing function I': [0,7] — R4—1(92) such that

I (t) o-converges to I'(t) for every t € [0,T7]. (5.12)

Let us fix ¢t € [0,7]. By (5.8) there exist a subsequence (e, (t));, depending on ¢, and a
function e* € L2(€;RY) such that

ex; (t) — e weakly in L*(;RY). (5.13)
By Theorem 4.4 we obtain that (e*,p(t)) € A(I'(¢),w(t)) and
E(e*,p(t),n(t)) < E(&,p,0) +D(B, 7, L5 p(t), n(t), (t) (5.14)

for every I' € Rg-1(Q), (6,p) € A(T,w(t)), and § € L*(Q).
By taking p = p(t), 7 = n(t), and T' = T'(¢) in (5.14) we obtain

lle[I* < lle]* (5.15)

for every é € L?(Q;R?), such that (&, p(t)) € A(L(t), w(t)).

We claim that there exists a unique function e* € L2(Q;R?) such that (e*,p(t)) €
A(T(t),w(t)) and (5.15) holds. Indeed, if e, satisfies the same properties then ||e = llexll
and if ¢* and e, do not coincide £%-a.e. in Q, then the function & := ée* + 26* satisfies
(é,p(t)) € A(T(t),w(t)) and, by strict convexity, ||€]|> < |e*||*, which contradicts the

minimality of e* and proves the claim.
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This uniqueness property implies that for every t € [0, 7] there exists e(t) € L2(;R)
such that the whole sequence satisfies

ex(t) — e(t) weakly in L?(Q;RY). (5.16)

This shows that the function t +— e(t) from [0,7] into L?(Q;R?) is weakly measurable,
hence it is strongly measurable. Recalling (5.8) this proves that e € L>(0,T; L?(£;R%)).
Moreover, by (5.14) we have (e(t),p(t)) € A(T'(t), w(t)) and

E(e(t), p(t),n(t)) < E(&,p. ) + D, 7, L5 p(t), n(t), T(¢)) (5.17)
)

for every T' € Rq_1(Q), (¢,p) € AT, w(t)), and 7 € L*(Q). This proves condition (GS) in
Definition 2.1.

We now prove condition (EDB). By the convexity of £ (see (2.2)) and the weak conver-
gence of the functions (see (5.10), (5.11), and (5.16)) for every t € [0,T] we have

E(e(t),p(t), (1)) < lin inf & ex (1), pr(t), (1) (5.18)

For every subdivision 0 =tg <t} < --- < t,, =t we have

> R(p(ti) = plti—1),n(t:) — n(ti-1)) < lim inf > R(pr(ti) = prltior), me(t:) — m(tio1))
- < likrgior;f Dissr(pr (Tilnk(-); 0,t).
Passing to the supremum over all subdivisions we obtain
Diss(p(-),n(-); 0,¢) < lim inf Dissr(py,(-), ik (-); 0,¢) ~ for every ¢ € [0,77. (5.19)
By Proposition 4.1 we have
HTHD(8) \ To) < liminf 7! (T (1) \ To) (5.20)
By (5.16) for every 7 € [0,T] we have
(ex (1) V(7)) = (e(T)[ V(7)) -
By (5.8) we can apply the Dominated Convergence Theorem and we obtain
/Ot(ek( )| Vu(r))dr — / T)|Vw(r))dr (5.21)
Passing to the limit in (5.9) by (5.18)-(5.21) we obtain
E(e(t), p(t),n(t)) + Dissr(p(-), n();0,1) + H*"1(L(t) \ To)
< £(eo,pos10) + a/ot(e(Tww(T))dT (5.22)
for every ¢ € [0,T].
To prove the opposite inequality we use the following lemma. Given ¢t > 0, let
st = %t for every k€ Nand i =0,1,...,k. (5.23)
For every s € (0, s},) we subdivide [0,¢] by means of the points

T,S)S =0, T1i, =5 —sforl=1,...k, T,f'gl t. (5.24)

yS

Lemma 5.4. Let X be a Banach space, let t > 0, let st and T]ivs be defined by (5.23)
and (5.24), let f:[0,t] — X be a Bochner integrable function, let f: (0,t] — X be the
piecewise constant function defined by

f(r) = frig) forTe (i i=1,.. k+1
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and let f¥:[0,t] — X be the Bochner integrable function defined by

1
1 [
fF(r) =< f&¥(r)ds  for every T € [0,1].
Sk 0
Then
lim / 1f5(7) = f(7)||xdr =0. (5.25)
k—o0
Proof. 1f 3};—1 <71 <si for some i € {1,...,k— 1} an elementary change of variables gives

s,lgfk(T) = :71 f(0—|—s,1€)dcr_|_/5k flo)do = /T (f(g—ks,lc)—f(a))da—k/j: flo)do (5.26)

i—1
k k
If sﬁ_l < 7 < sk =t the same argument gives

spfR(r) = /;1 f(t)do + /sk f(o)do = /;1 (f(t) = f(o))do + /:: flo)do. (5.27)

k k

Let fk: [0,¢] = X be the piecewise constant function defined by

1[5
= —1/ flo)do
Sk szfl

for i € {1,...,k} and Sf;l < 71 < st. It is known (see, for instance, [5, Appendix]) that
lim / 175 () = F(D)llxdr =0. (5.28)
k—o00

From (5.26) and (5.27) we deduce that

I£40) =Pl < 5 [ Mo+ sb) = 1@l xdo
k /s

if sj7' <7 <si for some i € {1,...,k— 1}, while
1 k
175(r) = T (@)l < . / 1f(t) = f(o)llxdo
k
if sk l<r< sk = t. Integrating these inequalities with respect to 7 and adding with

respect to ¢ we obtain

k
Sk

‘/Wk 7 @lxdr< [* ot sh - s@lxdo + [ 150 - 1o xdo.

Sk

By the continuity in L' of translations and by the absolute continuity of the integral, from
this inequality we obtain

i [ 154) = 7 llxar =0,
k—o0
which, together with (5.28), gives (5.25). O

Proof of Theorem 2.2 (continuation). We fix t € (0,7]. For every ke N let sj, and 7}

be defined by (5.23) and (5.24). For every s € (0,si) let e¥: [0,¢] — L2(Q;RY) be the
piecewise constant function defined by

6’:(7’) = 6(7’;2)5) for T € (T,é g177']i Jyi=1...k+1
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and let eF: [0,¢] — L2(£;R?) be the Bochner integrable function defined by
1 [
ek (r) = —1/ ek (r)ds for every T € [0,1].
Sk 0
By Lemma 5.4 we have

hm/ ek (r) — e(r)[|dr = 0. (5.29)

Given k € N, s € (0,s1), and i € {1,...,k + 1}, we use the inequality (5.17), with
t= le:s‘l’ e = 6(7—]678) Vw<7-k 9) + Vw(Tk 31)7 ﬁ - p(Tk,s>’ 77 - ’r](Tk7s)7 dT' = F(Tk,s)’
obtaining

Ele(r 1) p(7; 51)777(7;1 ) < Eleli ) p(E ), n(T )

)

+R(p(7}. ) = p(T )y ( &) =0T +HH(T (Tks)\F(;Z )
—a(e(r; )| Vu(r,,) = Vu(r 1) + §[Vu(r ) — Vu(r ]2
Summing for i =1,...,k 4+ 1 we obtain
£(e(0),p(0),n(0)) < E(e(t), p(t),n(t)) + Dissr(p(-),n(-); 0,¢)
HAN(T(E) \ To) —a/ DIV (r))dr + ex(w, 1), (5.30)
0
where
)= § sy [9utrt) = Vw19l
Since w € AC([0,T]; HY(Q)) we have
klirrgo ex(w,t) =0. (5.31)

Taking the mean value for s € (0,s}), from (5.30) we obtain

E(e(0),p(0),1n(0)) < E(e(t), p(t),n(t)) + Dissgr(p(-),n(-); 0,t)
FHAN (D) \ Ty) — a/o (" (r)|Vio(r))dr + ex(uw, 1)

Passing to the limit as & — oo, from Lemma 5.4 and from (5.31) we obtain the inequality
opposite to (5.22), thus concluding the proof of condition (EDB) in Definition 2.1. O
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